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Journal of Computational Mathematics, Vol.8, No.3, 1990, 276-288.

ON AN UNCONDITIONALLY STABLE SCHEME FOR THE UNSTEADY
NAVIER-STOKES EQUATIONS*

Shen Jie
(Department of Mathematics, Indiana University, Bloomington, IN 47405, U.S.A.)

Abstract

Theoretical time step constraints of semi-implicit schemes are known to be more
restrictive than should be in practice. We intend to alleviate the constraints with more
smoothness assumptions on the solutions. By introducing a new scheme with modifi-
cation on the treatment of the nonlinear term, we are able to prove that the scheme
is unconditionally stable and convergent. Further more, we show that the modified
scheme and the original semi-implicit one are equivalent under a weak condition on the
time step and the number of space discretization points.

§1. Introduction

In numerical simulations of incompressible flow represented by the Navier-Stokes equa-
tions (1.1), one of the major difficulties is to construct a suitable time discretization scheme.
The origin of such difficulty consists essentially of two parts:

(i) The pressure and the velocity in Navier-Stokes equations are coupled by the incom-
pressibility constraint (1.1b) such that a direct inversion of the resulting discrete system is
very expensive. A great number of fast Stokes solvers have been developed by using either an
iterative method or a Green’s function method (also called influence matrix method, see for
instance [8]). Another remedy for removing this difficulty is to use the so called projection
method initially proposed by A.J.Chorin and R.Temam (cf. [4], [11]) which separates the
calculation of the pressure from that of the velocity. However, this kind of splitting schemes
suffers from a large time splitting error which can only be removed by a sophisticated ex-
trapolation process (cf. [10]).

(ii) The treatment of the nonlinear term: usually, explicit treatment of the nonlinear term
leads to in some cases a restrictive theoretical time step constraint (see for instance [12])
while implicit treatment makes the resulting discrete system very difficult to be resolved.

In this paper, we concentrate on improving existing theoretical stability constraints for
semi-implicit schemes in which the diffusion term is treated implicitly, leaving the convection
term (i.e. nonlinear term) treated explicitly.

In many cases, one observes that a semi-implicit scheme gives stable results under a time
step constraint which is much weaker than what the theoretical results predict, especially
in cases where a smooth solution exists. A natural question one can ask is: can we improve
the existing stability conditions by giving more smoothness assumptions on the solutions?

We will give a positive answer to this question by considering a concrete space discretiza-
tion, namely, the Chebyshev-Galerkin approximation (we refer to [7] for a detailed presen-
tation of this method). For other space discretizations, similar results could be obtained by

* Received January 11, 1988.
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On an Unconditionally Stable Scheme for the Unsteady Navier-Stokes Equations 277

using the same technique. The idea used here can also be applied to other time-dependent
elliptic nonlinear systems.
The unsteady Navier-Stokes equations in the primitive variable formulation are written

as
%—uAu+uVu+Vp=f(z,t), (,t) €Q =0 x [0,T], (L.1a)
divu=0, inQ, (1.1b)
u(z, 0) = uo(z), (1.1¢)
u(z,t) =0|aq Vt€[0,T), (1.1d)

where 0 is an open set in R? (d =2 or 3) with sufficiently smooth boundary, the unknowns
are the vector function u (velocity) and the scalar function p (pressure). For the sake of
simplicity, we assume that the velocity satisfies the homogeneous boundary condition.

We will restrict ourselves to the two dimensional case. More specifically, we consider
1= (-1,1) x (—1,1). The Chebyshev weight function defined in 0 is_

w(z)=1-23)"31-23)"3% for z=(zy,25) €N
The following functional spaces will be used in the sequel:
X = N&,u (),
¥o={ueli(): divu=0, u-7 =0},
Vo={u€ X: divu=0},
Vo={ueX: div(u w)=0},
where w is the Chebyshev weight function, and £2(12) and X, (Q) are weighted Sobolev
spaces. To alleviate notations, we use calligraphic letters to denote vector function spaces,
for instance, £2 = (L2)32.
With the help of these functional spaces, we can reformulate the problem (1.1) as
find u(t) € V, such that
a ~
at(u, v)w + va,(u,v) + (B(u),v)y =< f,v>, , Yve,, (1.2)
u(0) = uo

where we have

(¥, v)w = (u,ww) = /r; uwwdz , a,(u,v) = (Vu,V(v-w)),

d
B(u)=) w

=1

:: and < .- >, the duality relation between X’ and X.

Due to the Chebyshev weight function involved here, the formulation (1.2) is not symmetric
such that the existence of solutions for (1.2) is not covered by the conventional theory.
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278 SHEN JIE

It is proved in [5] and [9] that the bilinear form a,(-,-) is continuous and coercive on
X x X. More precisely, we have

aw(u’ v) S a”ulllyw”v”l'w ) vu|v € x’ (1 3)
au(u,u) 2 Bllu|ll, , Vue L. '
Therefore, ||- ||o = au ()% is a norm equivalent to || -||1,, on X. We will use in the sequel

the norm || - ||, instead of || - ||;,. and we will denote the norm on £2(1) by |- |
In order to formulate a discrete Chebyshev-Galerkin approximation of (1.2), we define
Sn: The set of polynomials such that the order of each variable is less than or equal to
N;
In=SvNX,Vn=58ynY, and ¥y = Sy N V..

Let us consider first the following fully discretized scheme which consists of the second
order Crank-Nicolson and Adams-Bashforth scheme in time and the Chebyshev-Galerkin
scheme in space:

Let u} =TIyuo, find u}; € Vv such that
%(uﬁ“ —ufy,v)u + Lau (Ut + uf,v) =< Pt v >, (1.4)
—1.5(B(u%), v)w + 0.5(B(u%!),v)u , YV E Yy

T .1 [lat)E
where k = & time discretization step and f"*7 = E / f(z,t)dt;
n

Iy : a projection operator X — X such that
au(uv—Iyu,v) =0, Yve Xy, uel. (1.5)

Throughout the paper, we will use ¢ and ¢; to denote constants which can vary from one

equation to another.
We infer from (1.5) and (1.3) that

au(u—NMyu,u—Tyu) =a,(u—Myu,u—¢) <cllu—Tnu|l,|ju— ¢,
Vvue X ,V¢eXn. (1.6)

Since the following is true (cf. [9]):

. _ 1—» 8
énrfu llu = @llo < cN'7°jullow , VueE N(A)NX

we deduce from (1.3) and (1.6) that
[lu—Tnullw < cN7°||ullsw , VueEN(D)NX. (1.7)

R.Temam analyzed in [12] this kind of scheme in a general space discretization form. He
introduced two quantities S(N) and S, (N) defined by

{ lluw|l < S(N)jun| , Yun € Sn,

(1.8)
[((un - V)on,wn)| < S1(N)|un]| - |lon]l - lwn| , Yun,vn,wn € XN
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On an Unconditionally Stable Scheme for the Unsteady Navier-Stokes Equations 279

and proved that the semi-implicit schemes are stable and convergent under the conditions:
kS%(N) < ¢, kS%(N) < C,. (1.9)

These conditions are somewhat restrictive especially when a spectral method is adapted
to the space discretization. For instance, we have S(N) = O(N?) for the Chebyshev or
Legendre approximations (cf. [6]). It means that we should have a time step at least less
than ¢cN—* to ensure the stability. This is evidently not a reasonable constraint in practice.
It is then necessary to lighten this constraint by assuming more smoothness of the solution.

In the next section, we will introduce a modified scheme which differs from (1.4) in the
treatment of the nonlinear term. We will prove the new scheme is unconditionally stable
provided that the solution u is uniformly bounded in Q. Then, we will prove in Section 3
that the new scheme preserves the second order accuracy in time and the spectral accuracy
in space. Finally, we will prove in Section 4 that the modified scheme and the original one
are equivalent under a very weak condition.

§2. A Modified Scheme and Related Stability

We assume that u is uniformly bounded in Q, i.e.
(H1) There exists M > 0 such that |u|r=(q) < M.

Following an idea of Bressan and Quatteroni (cf. [2]), we introduce the truncated function
H: R — R defined as
Y, if |yl <2M,

Hy)=4{ 2M, if y>2M, (2.1)
-2M, if y<-—-2M.
Let us set

2
N(u(z) = ¥ 5 (Hlwl@)ula)) , Vue .

=1

We observe that

U|po S2M
{ [ule=(a) implies N(u) = B(u).

ueV

We consider now the following modified scheme in which we replace B(u) in (1.4) by
N(u):

Let u) =IIyuo, findul € Vy such that
£ = o, o)y + Zou (uR + ufr,v) (2:2)
= —(1.5N(u}) — 0.5N(u} 1), v)u+ < i us>, , Ywe Uy
To start (2.1), one needs to know also u},. We assume that u}, is given such that the

truncation error at time ¢t = k is O(t?). Such a u}, may be obtained by for instance the
Runge-Kutta scheme.
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280 SHEN JIE

At each time step, the scheme (2.2) can be interpreted as a discrete Stokes type equation
which admits atinique solution as proved in (3] by means of the following lemma which is
essential for our analysis.

Lemma 1. Vue Vy, 3 ¢ € HZ A NSy such that

u=rot¢ and wlcurl(gw) € Vy.
We define the operator T: Vy — Yy by

Tu = w lcurl (¢w). (2.3)

Then
(4, Tu)y = (curl ¢, curl (¢w)) = au(, ¢) = ||#||2 > a|ul?, (2.4)
au(u, Tu) = (A4, A(gw)) > BlI41Z,. > Allull2. (2.5)

d¢ 3¢
dy’ az)

Let us prove first a stability result.

Lemma 2. Letup € V,, and f € L2(0,T, X'). We assume morcover that the solution
u of (1.1) satisfies (H1). Then the scheme (2.2) is unconditionally stable. More precisely,
for 0 < m < K, we have

where curl ¢ = (=

w12 + kv Y |luft + w12 < Li(f, uly, wo), (2.6)
n=0

m-—1

Y it — w2 < Li(f, ul, o) 2.7)

n=0

Proof. In order to alleviate notations, we will ignore the sub-index N whenever no
confusion is possible.

Replacing v by 2k - T(u"*! + u”) in (2.2) and using Lemma 1, we obtain
211712 — lg™12) + kBrlig+? + 6713,

N (2.8)
=k <2f**3 —3N(u") + N(u""1),T(v"*! + u") >, .
where ¢" is the function associated to u}, (cf. Lemma 1).
We derive from the Schwarz inequality that
<arthosugallr el < LlolE + Sl (29

The modified nonlinear term can be easily handled thanks to the definition of the function
H. Actually, we derive from integration by parts and the Schwars inequality

(N(u),v)w = Z / —(H(w%) - yj)vjwdz = — Z / H(u; )u,a(  Lod ‘)

1,7=1 ,3=1

3
<2M Z / luilw; - ("’w‘)lu,d z;. (2:10)

,9=1
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On an Unconditionally Stable Scheme for the Unsteady Navier-Stokes Equations 281

Then, by using the following result (cf. [5]):

_10(v;w
Wy ! (J ‘)I c||vs|lws
we arrive at
(N(u),v)w < caM|ul||v|]w- (2.11)
We recall that (cf. [9])
/ $%w8dz < ay||4||2 and / ¢$*wdz < Bi||¢ll3. , VoEX. (2-12)
0 0

One can then readily check that
IT(u™* + u™)ll < e2|lg™*! + 67|20
We infer from (2.9), (2.10) and (2.12) that
lk <2 frt¥ —3N(u") + N(u*~1), T(u"t! + u") >, |
< TR0+ 81+ ol

M3k
+2Z Z(|1677 12 + 16712)- (2.13)

Now summing (2.13) forn=1,...,m -1 (m < K), we get

k
2/|4™ |12 + ”” T 47+ + 4nl

n=1

2c, M2k g "
E F~* 4 + 2062 + 2= Z g™ 12 (2.14)
"_1 n=0

(2.6) can then be established by using the following simple remark:
Let ay,,b,, and c,, be three positive sequences with c,, increasing and such that

m-1
ao+bo<co, Gm+bn<cm+A Zan ,Vm2>1
n=0
with A > O, then
am + by < exp(Am)em , YVm > 1. (2.15)

It is proveed readily by induction that
am +bm < (14 A)™cm,

and (2.15) follows then from (1 + A)™ < exp(Am).
We apply (2.15) with

mi||2 kl/ﬂ ~ n+1 n||2
am = 206715 5 bm === D ll4"H + 6”1,
n=1
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282 SHEN IJIE

and
8k ot 2
m= o5 3 141l + 2181,
n=1

By taking into account (2.4) and (2.5), we obtain

kuﬁ m-—1
2afum} + 22 Y Ut + w2
n=0
CQMZT

v

8 caM3k
S (E”f”zz(o_ryrl) + 2|u}vlz + —V Iug,lZ)exp( ) , v 1 S m S K.

Similarly, by the aid of the last inequality, we can prove (2.7) if we replace v by
2kT (u}*! — u},) in (2.2) and proceed exactly as we did for proving (2.6).

In virtue of the previous lemma, we can prove, by using a compactness argument exactly
as in §3.5 of [12], the following convergence theorem.

Theorem 1. Let uk n(t) be the function from [0,T] in Vy defined by
uen(t) =ul , Vt€[mk,(m+1)k), m=0,1,..., K- 1
Given ug €V, f € L2(0,T, X') and we assume that the solution u satisfies (H1). Then
uk,n(-) = u(), when k,N"1 =0

in L2(0,T,V.,) weakly, L*°(0, T, X.,) weak-star and L2(0, T, X.,) strongly.

The proof of this theorem is quite long and technical. We refer to [12] for a detailed
presentation.

Remark 1. Theorem 1 also implies that
u€ L3(0,T,V,) N L*>(0,T, X.) (2.16)

where u is the solution of (1.1). Actually, the hypothesis (H1) can be removed if we work
directly on the scheme (1.4); we get instead a conditional stability and convergence result,
but (2.16) still holds.

§3. Error Estimates

In this section, we will derive first an error estimate by assuming that the solution u is
sufficiently smooth. Namely, we assume

(H2) u"'(t) € £2(0,T,V.,) and u"(t) € £3(0, T, X').

We then prove that, by using this error estimate and an inequality which controls the L™
norm by L2 norm in the discrete space Sy, the schemes (1.4) and (2.2) are equivalent under
a very weak condition which we will describe late on.
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On an Unconditionally Stable Scheme for the Unsteady Navier-Stokes Equations 283

We establish first a preliminary result explaining the truncation error of the scheme (2.2).
Lemma 3. We assume that the solution u of (1.1) satisfies (H1) and (H2). Then

K-1
k> |lekl% < La(u, )k (3.1)
n=1
where €& is defined by
<ex, 9 >u= ¢ (u(n +1) - u(n),v)u + Jau(u(n + 1) + u(n), v)
—(f**¥ - 1.5N(u(n)) + 0.5N(u(n - 1)),v), , Yv eV, (3.2)
where we have set u(n) = u(n-k), n=0,1,...,K.

Proof. We develop u(n—1),u(n) and u(n+1) at t = k(n+ %) by using Taylor’s formula
with integral residue

k(n+=)
u(n—1)=u(n+ 1) — 1.5ku'(n + l) + :—’k/ 2°(t - k(n — 1))u"(t)dt,
2 2 k(n—1)

1
u(n) =u(n+ ) —0.5ku'(n+ = ) + lk[k "2 (t — kn)u"(t)de,

1
< u(n),v>, =<u(n+ —) — 0.5ku'(n + 5) + Zkzu”(n + E),v >,

1 k(ﬂ‘.’ )
—gk’ < / 2(t—k(n+= ))u'"(t)dt v >,
kn

<u(n+1),v>, =<u(n+ -) + 0.5ku’(n + -) + -kzu”(n+ —),v >y

1 k(n+1)
+ s [ 1 (6= k(n+ 2)u"(2)dt,v >, .
8 k(n+§

A direct computation leads to

[(1:5(n) - Vau(n) ~ 05u(n — 1) - Vuln = 1) — u(n + 3) - Vuln + 2), o)u|
k(n+ 5)
ek [ 2 u0lhde ol
k(n-1)

k(n+1)
(Gt 1) =) =t )0l < cak [ (el il

1 k(n+1)
Jow 0500t + 1)+ ) =+ ) vl S eak [ @)1zt ol

We then substract (2.2) from (3.2). Using the above inequalities and the relation N(u(n)) =
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284 SHEN JIE

B(u(n)), we can get

k(n+1

ekl < eok [k (" @llz: + e O llo)de.

(n+1)
(n—1)

It follows that
k(n+

1)
ek 12 < csk® /,. o U1 + (012

The summation of the last inequality for n =1,-- -, K — 1 leads to

n—-1

K-1
2 2
kD llek)E < cak*(llu" ()I2ao,r, 21y + e (Ol 2301 v.))-

n=1

We can now prove the following theorem.
Theorem 2. Assuming that the solution u satisfies (H1), (H2) and

we (o, T), X2(Q) ,u' € C([0,T), ¥:~1(Q)), s<2.

Then .
m—
lu(m) —uRf2 + kv Y [lu(n+ 1) + u(n) — uly — u}F|2
n=0 ’

< La(k* + |u}, — Myu(1)2 + N2(1-9)) | 1<m< K.
Proof. Let us set
e =Iyu(n) — uy and €, =u(n)—IMyu(n) for n=0,1,---, K.

We can then reformulate (3.2) in the discrete form by the help of €, and Ily:

(T (u(n+ 1) = u(n), v)u + Sou (T (uln + 1) + u(n)), )
—(f**t% - 1.5N(u(n)) + 0.5N (u(n — 1)), v),,

- 1(5 5 J
=<ek v>, —%(Ent1 —%n,v)0 , YVE VN

Using Taylor’s formula as we did in the proof of Lemma 3, we can get

k(n+1

1 1 )
[(En+1 —En,v)u] < {Ju'(n+ 5) - yu'(n+ g)lw + clk/k [lu" (2)||x de}lv]lw

+
(n-1)
k(n+1

1 1 ) 1
< |v'(n+ 5) - yu'(n+ 5)!3 +4C1k°/ [lu"(¢)||x-dt + §|Iv||3-

n-1)

We subtract (3.5) from (2.2)

. 1
% (en*t —em,v)0 + %a«, (et + e v) =< ek v >, —E(E"“ — &n, V)

+1.5(N(u(n)) = N(u"), v)y = 0.5(N(u(n = 1)) = N(u""1),v), , ¥ v € n.
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On an Unconditionally Stable Scheme for the Unsteady Navier-Stokes Equations 285

Let us majorige first the nonlinear terms. By definition

N(u (n))—N(u")—Z 32, H (wi(m))u(n) - H(u7)u")

= 3 oy ()~ )+ H) ) =)

One can readily check from the definition of H that
|H(z) - H(y)| < |z—y|, Vz,yeR.

which implies that
|H(u) — H(v)|u <lu—vlu, Yuve L2(Q). (3.8)

We then take the scalar product of (3.7) with v and integrate by parts. Using (3.8), (1.5)
and (H1), we obtain:

IV (u(n))= N(u"),v)u| < {2Mu(n) — u™|y + |u(n)|2=(a)|u(n) — u™|u H]v]l
< ca(le™ + [Enlo)llvlle < calle™]Z + [2nlZ) + Fezllvll3. (3:9)
Replacing v by k- T(e®*! + ¢) (where T is the operator defined in Lemma 1) in (3.7) and
taking into account (3.6), (3.9) and Lemma 1, we find
kv n _ _
e e = 1™l + =l + €2 < cak{|e™ 2 + e E + [Enl + [En-alZ + Iek] 3
1 1 k(n+1)
+Hu'(n+ 2) - T’ (n+ 2)2 + k3/ [lw" (£)]1% dt}.
2 2 k(n—1)

We then sum this inequality for n = 1,...,m — 1. Using (3.1) and (H2), we get

-1 m-—1
le™ |2 +— Z e+t + e*||2 < cak® + ]2 +csk > |e™]2
n_l n=0
m—l
+esk Z{lu’(n+ =) —Tyu'(n+ )Iw + [eal2 }.
n=1

We can now apply (2.15) to the last inequality, which gives

m-—-1 m—-1
le™(2 +kv Y [le™*t +e™|2 < cok? + [e'2 +cok Y [enl?
n=1 n=0
m-—1
+egkle® |w+cekz:{|u'(n+ =)= Tyu'(n + )I’}
n=0

The proof is complete by combining (1.7), (3.3) and the relations

lu(n) - uy < e + [Enlw,
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[enlw < ¢||Enll and =0

into the last inequality.
By using Theorem 2, we can now prove the following interesting result.
Theorem 8. We suppose that all the conditions of Theorem 2 are satisfied. Then, there
ezists No > 0 such that the schemes (1.4) and (2.2) are equivalent as long as N > Ny and
1
kN2 —0.
Proof. 1t is sufficient to prove that

. 1
oax, |y} — u(n)]co = 0 (N — 0) provided kN3 — 0.

Let us prove first that
Iqloo < qulw ) v q€ SN;

which is a kind of inverse inequality.
We recall the following orthogonality formula satisfied by the Chebyshev polynomials:

/ Te(a)Ti(z)u(z)dz = ;ck&,(

where co =2 and ¢, = 1 for k > 1.
We infer from this formula that

N 2 N
™
Vo= auTe(z)Ti(y), laf2 = T > ckadd.
ki=0 k,=0

Since |Tk(z)| <1, V z € I, we deduce that

N 2 N N .
l9l% = | Z leTk(”)Tt(y)Lo <{ E lake|}? < (N +1)? Z (qut)? < W—Q(N+ 1)%|qlu?.
k=0 k=0 kJl=0

We know from Theorem 2 that

max luf — Tyu(m)]o? < c(k* + Juy — l'INu(l)L.,2 + N2(1-9)),

m=0,1,-,
The last two inequalities imply that
[uf —u(m)l3, < 2(juff — v u(m)[Z + |u(m) - v u(m)[3,)
< M e Myu(m)la? + fu(m) — Twva(m)
< cN2(k* + [uk — Tivu(1)l® + N20=2)) + |u(m) — Ty u(m)|%. (3.10)
The first terus on the right-hand side of (3.10) tends to zero provided that
EN? =0 . (3.11)

In virtue of the following Sobolev inequality (ef. for instance [1]):

lul?, < cllullz - |u| , ¥ u € H3}(N) (3.12)
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and by taking into account (1.7) and (3.3), the second term on the right-hand side of (3.10)
also tends to zero. It means that

o Jax, |uf —u(n)|]owo =0, N—0

under the condition (3.11).

Consequently, there exists Ny > 0 such that

Og‘asxx |[ufy — u(n)loo < M, VN < No.

Hence
MaxXm=0,1,K |45 |ec < Maxo<n<k Ul — 4(n)|oo + Maxocn<k |u(n)leo
<M+M=2M

which implies N(u}}) = B(uf).

Remark 2. By giving more smoothness assumtions on the solution u, we can reduce
the very restrictive time step constraint (1.9) for the scheme (1.4) to the very weak condition
(3.11) which is evidently not a constraint in practice since we should keep the time step k
reasonably small to balance the spectral precision of the space discretization.

Acknowledgement. This work consists of part of my thesis done at the University of
South-Paris under the direction of Professor Roger Temam. I would like to express my deep
thanks to him for his continuous guidance and encouragement.

References

[1] S.Agmon, Lectures on Elliptic Boundary Value Problems, New-York, 1965.

[2] N.Bressan and A.Quarteroni, An implicit/explicit spectral method for the Burger’s equa-
tions, Calcolo, 23, 265-284.

[3] C.Bernardi, C.Canuto and Y.Maday, Generalized inf-sup condition for Chebyshev ap-
proximation of the Navier-Stokes equations, C.R. Acad. Sci., Paris 303, serie I, 971-974.

[4] A.J.Chorin, Numerical solution of the Navier-Stokes equations, Math. Comp., 23 (1968),
341-354.

[5] C.Canuto and A.Quarteroni, Spectral and pseudo-spectral methods for parabolic prob-
lems with non-periodic boundary conditions, Calcolo, vol. XVIII, fasi. III, 1981.

[6] C.Canuto and A.Quarteroni, Approximation results for orthogonal polynomials in Sobolev
spaces, Math. Comp., 38 : 157 (1982), 67-86.

[7] D.Gottlieb and S.A.Orszag, Numerical analysis of spectral methods, theory and applica-
tion, CBMS Regional Conference Series in Applied Mathematics, SIAM, Philadelphia,
1977.

[8] L.Kleiser and Schumann, Treatment of incompressibility and boundary conditions in
3-D numerical spectral simulation of plane channel flow, Proc. of the 3th GAMM con-
ference on numer. methods in fluid mechanics, ed. by E.H.Hirshel (Viewig-Verlag Braun-
schweig), 1980, 165-173.

This content downloaded from
128.210.107.130 on Mon, 02 Nov 2020 20:29:54 UTC
All use subject to https://about.jstor.org/terms



288 SHEN JIE

[9] Y.Maday and B.Métivet, Chebyshev-spectral approximation of Navier-Stokes equations
in a two dimensional domain, Modélisatson Mathématique et Analyse Numérique, 21 : 1
(1987), 93-123.

[10] S.A.Orssag, M.Israeli and M.Deville, Boundary condition for incompressible flow, J. Scs.
Comp., No. 2, 1987.

[11} R.Temam, Sur ’approximation de la solution des équations de Navier-Stokes par la
méthode des pas fractionnaires II, Arch.Rat.Mech.Anal., 33 (1969), 377-385.

[12] R.Temam, Navier-Stokes equations: Theory and Numerical Analysis, North Holland,
1979.

This content downloaded from
128.210.107.130 on Mon, 02 Nov 2020 20:29:54 UTC 34:56 UTC
All use subject to https://about.jstor.org/terms



	Contents
	p. [276]
	p. 277
	p. 278
	p. 279
	p. 280
	p. 281
	p. 282
	p. 283
	p. 284
	p. 285
	p. 286
	p. 287
	p. 288

	Issue Table of Contents
	Journal of Computational Mathematics, Vol. 8, No. 3 (July 1990) pp. 195-288
	Front Matter
	A NEW METHOD FOR EQUALITY CONSTRAINED OPTIMIZATION [pp. 195-201]
	COMPARATIVE TESTING OF FIVE NUMERICAL METHODS FOR FINDING ROOTS OF POLYNOMIALS [pp. 202-211]
	þÿ�l ��-�S�T�A�B�I�L�I�T�Y� �O�F� �D�I�F�F�E�R�E�N�C�E� �M�O�D�E�L�S� �F�O�R� �H�Y�P�E�R�B�O�L�I�C� �I�N�I�T�I�A�L� �B�O�U�N�D�A�R�Y� �V�A�L�U�E� �P�R�O�B�L�E�M�S� �[�p�p�.� �2�1�2�-�2�2�2�]
	A NEW CLASS OF VARIATIONAL FORMULATIONS FOR THE COUPLING OF FINITE AND BOUNDARY ELEMENT METHODS [pp. 223-232]
	ON THE PROBLEM OF BEST RATIONAL APPROXIMATION WITH INTERPOLATING CONSTRAINTS (I) [pp. 233-240]
	ON THE PROBLEM OF BEST RATIONAL APPROXIMATION WITH INTERPOLATING CONSTRAINTS (II) [pp. 241-251]
	SYMPLECTIC COLLOCATION SCHEMES FOR HAMILTONIAN SYSTEMS [pp. 252-260]
	PROJECTIVE APPROXIMATION OF DOUBLE LIMIT POINTS FOR NONLINEAR PROBLEMS [pp. 261-275]
	ON AN UNCONDITIONALLY STABLE SCHEME FOR THE UNSTEADY NAVIER-STOKES EQUATIONS [pp. 276-288]
	Back Matter



