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1. Introduction

The binary phase field model, also known as the diffuse interface model, is a tool to resolve the motion of free interfaces
between two distinct fluid components, whose origin can be traced back to Rayleigh [23] and Van der Waals [30]. It was
first formulated to study material mixtures and later adopted as a technique to resolve motion of the interface between
different material components in material mixtures [2,4,37]. With the new development in advanced algorithms and com-
putational technologies recently, it has emerged as an efficient method to resolve complex dynamics in interfacial fluid flows
involving complex topological changes. An advantage of the phase-field approach is that the model is often derived from a
variational principle with an energy dissipation law, making it possible to carry out rigorous mathematical analyses, includ-
ing the existence and uniqueness of the solution of the governing partial differential equations. It also makes it plausible
to design the numerical scheme that obeys an analogous discrete energy dissipation law, warranting nonlinear stability in
the numerical computation [3,11,12,22,28,29,34]. For more details about the numerical methods developed for phase field
models, readers are referred to some recent review papers [15,25] and the references therein.
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Recently, Shen and Yang [27] developed a new numerical scheme for solving a hydrodynamic phase-field model for
binary mixture flows of liquid crystals and viscous fluids, where the phase field transport equation is the Allen-Cahn equa-
tion [27]. Since the commonly used Allen-Cahn equation does not conserve the fluid volume, they used the Lagrangian
multiplier method to enforce the volume conservation in their scheme. They proved that the new scheme satisfies a semi-
discrete energy law, leading to decoupled, elliptic equations to be solved at each time step, and is unconditionally stable in
time. The type of schemes that obeys an analogous, discrete energy dissipation law is customarily called the energy stable
scheme. In order to prove the energy stability for the scheme, however, they did not use the time invariant derivative in the
director transport equation and in the meantime omitted the corresponding elastic stress for the liquid crystal component
in the model as well. The mathematical convenience leads to a model that no longer describes the liquid crystal component
well in flows of the fluid mixture, i.e., the model is no longer frame indifference.

In this paper, we extend the previous study to a hydrodynamic phase field model for the binary mixture flow of liquid
crystals and viscous fluids, in which the Cahn-Hilliard equation is adopted as the transport equation for the phase variable
so that the volume of the mixture fluid is automatically conserved. We devise a new semi-discrete scheme in time and then
prove the scheme is energy stable for the full model without any modification. This is by no means an easy task due to
highly nonlinear couplings among the velocity, the hydrostatic pressure, the phase field function (or variable), the director
field for liquid crystals, the time invariant derivative and the nontrivial elastic stress tensor. We note that this approach
also applies to the Allen-Cahn model with the correct invariant time derivative for the director vector and elastic stress,
extending the work of [27]. In addition, the anchoring energy, where the liquid crystal has preferred orientation at the
interface, has also been considered. Specifically, we design an energy stable numerical scheme in a semi-discrete form in
time and show that it satisfies the following properties: (a) it is unconditionally stable in time; (b) it satisfies a discrete
energy law; and (c) it leads to decoupled, elliptic equations to be solved at each time step so that fast solvers for elliptic
equations can be employed. We then implement this numerical scheme on graphic processing units (GPUs) using CUDA to
conduct the mesh refinement test and to study rupture dynamics of a nematic liquid crystal drop or a filament immersed
in a viscous fluid matrix [32]. Numerical experiments demonstrate the desired accuracy in the mesh refinement test in time
and the presented numerical examples capture some interesting phenomena when the liquid crystal filament ruptures.

The rest of the paper is organized as follows. In Section 2, we describe a hydrodynamic phase-field model for the
mixture flow of nematic liquid crystals and viscous fluids using the Cahn-Hilliard equation as the phase transport equation
and derive the associated energy dissipation law. In Section 3, we develop the decoupled, energy stable numerical scheme
for the coupled nonlinear hydrodynamic equation system. In Section 4, we prove the semi-discrete energy law for the
new numerical scheme. In Section 5, we present the mesh refinement test results and a couple of numerical examples to
illustrate the efficiency of the proposed scheme and study dynamics of nematic liquid crystal drops and filaments immersed
in a viscous fluid matrix.

2. Two-phase hydrodynamic model for mixtures of nematic liquid crystals and viscous fluids

We consider a two-phase hydrodynamic phase field model for immiscible mixtures of nematic liquid crystals (LC) and
viscous fluids. The volume fraction of the liquid crystal phase is represented by a phase function ¢,

1 liquid crystal,

0 viscous fluid, (21)

¢(X,t)={

with a thin smooth transitional layer of thickness & separating the liquid crystal phase from the viscous fluid phase. The
interface of the mixture is described by the level set 'y = {x: ¢ (x,t) = %}. Without loss of generality, we assume all model
parameters are already non-dimensionalized and therefore dimensionless.

The total energy of the mixture fluid system & is given by

1
g=/[§p|u|2dx+ Fldx, (2.2)
Q

where the first part is the kinetic energy Ej;, with p the volume averaged density of the mixture and u the volume-averaged
fluid velocity and the second part is the material system’s free energy. The free energy contains three parts: the mixing free
energy Ep, the bulk free energy for liquid crystals Eq, and the anchoring energy for liquid crystals Eguen [34],

F=Ep+Eq+ Eqnch- (2.3)

Specifically, we denote f(¢) = ;—Zqﬁz(l — ¢)? as the Ginzburg-Landau double-well potential and define the mixing free
energy by

1
Ep= f y(iwmz + f(#))dx, (2.4)
Q

where y is the strength of the energy proportional to the traditional surface tension [34] and the gradient term measures
the conformational entropy.
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We assume that the bulk energy for liquid crystals is given by the modified Oseen-Frank distortional energy with a
penalizing bulk term for handling potential defects in the liquid crystal phase [8,16,17,20,35]:

Ed:/%&wm)dx, W(d):K(%IVd|2+g(d)) (2:3)
Q

where K is the Frank elastic constant [6] and g(d) = ‘J?(ld|2 —1)2 is a Ginzburg-Landau type penalty term, introduced to

approximate the unit length constraint of d [18,19], where § is a model parameter measuring the size of the defect core.
At the interface between the viscous fluid and the liquid crystal, a surface energy known as the anchoring energy is
necessary to yield a preferred orientation for the liquid crystal [6,13]. The anchoring energy is given by

o = [ 15 @977 + 22 (1071967 - @- V) dx 26)
Q

where Aq and A; (A1 > 0, Ay > 0) are the strength for the planar and hemotropic anchoring energy, respectively.

Assuming (i) the phase field variable obeys the Cahn-Hilliard dynamics, (ii) the nematic director follows a relaxation
dynamics in the Allen-Cahn form [2,9,21,22], (iii) the two fluids have a matching constant density p =1 and viscosity 7,
we obtain the following dimensionless governing system of equations:

ou+u-Vu=-Vp+nAu+V-1. —¢pVu —hvd,
V.-u=0,

(2.7)
ood+u-Vd—W-d=aD-d + M1h,
¢+ V- (up) =MrApu,
where
1
Te = —%(dh#—hd) +5(dh— hd),
n=y(Ad— f($) — KW (d) — (Ay — A))V - ((d - Vo)d) — A,V - (|d[* V),
K 2 2
h=V . CLvd) + L) (A1 — A V)V — Aol Vpld. 28)
Here p = 55 is the chemical potential [36], h= —%4 F the molecular field, 7. is the elastic stress tensor associated with liquid

= s ¢
crystal dynamics [33], Dyg = j(aﬁua + dgup) is the rate of strain tensor, Wy g = j(aﬂua — dyug) is the vorticity tensor, p is
the hydrostatic pressure, 1/M; is the relaxation time parameter of LC director dynamics, M, is the mobility parameter of
the phase field function, a is a geometry parameter of liquid crystal molecules and 7 is the volume averaged viscosity.

Remark 2.1. When the two fluids have different densities with a relatively small difference, one can use the Boussinesq
approximation [22]. The case of different viscosities can usually be dealt with in a straightforward manner by assuming the
viscosity is a linear or harmonic average of the phase function.

Throughout the paper, we assume the following boundary conditions for the hydrodynamic variables and the internal
variables:

u3o=0, V¢-njza=0 Vu-njze=0, Vd-njzo=0, (2.9)

with n the unit outward normal, which warrants the boundary effect does not contribute to the energy dissipation. In fact,
all results presented in this paper are valid for periodic boundary conditions as well.

Notice the fact that this system is energy dissipative, which enables us to prove the existence and uniqueness of the
weak solution with certain smoothness by a standard Galerkin procedure [7]. The time rate of change of the total energy is
given by

d& 6F a0 SF od
/u-atu ¢ dx

a T Seac Tsdar
Q
a 1
:/u-(—u-Vu—Vp—l—nAu—qbVM—th—i-V-(—E(dh—|—hd)+§(dh—hd))
Q
+ U(=V - (up) + MaAu) —h(—u- Vd+W-d +aD - d + Mih)dx

2 2
=/ @+ B w v w4 pvu - v g
Q
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1
V. (—%(dh +hd)u+ 2 (dh — hd)w) + V - (quVu) — 7| Vul’
— Mi|h® + V- (MapuV ) — Ma| Vi |Pdx

=— / (MIVu? + M1 |h|2 + M3 |V |?)dx. (210)
Q

Clearly, the parameters 1, M1 and M, affect the magnitude of the dissipation rate.
3. Decoupled semi-discrete scheme

One of the desirable properties for the discretized dissipative system to have is to maintain its own energy dissipation
law that is consistent with the energy law obeyed by the continuous differential system. Practically, this is an indication for
a good approximation to the differential dissipative system. In the following, we will design a semi-discrete energy stable
scheme that addresses the following issues:

e the coupling of the velocity and pressure through the incompressible condition;

e the stiffness in the phase field equation and the director equation associated with the interfacial width & and the defect
core size §;

e the nonlinear couplings among the momentum transport equation, the phase transport equation and the director equa-
tion.

In doing so, we develop the scheme based on a stabilization technique [26]. To prove energy stability of the scheme, we
have to put some constraints on the potential function f(¢) and g(d), i.e., they satisfy the following conditions: (i) f and g
have continuous second order derivatives, (ii) there exist constants L1 and L such that

max H(d)| <Ly, max|f"(¢)| <L, (3.1)
|d|eR3 |pleR

where H(d) is the Hessian matrix of g(d).
One immediately notice that this condition is not satisfied by the double-well potentials f(¢) = sizzpz(d) — 1)2 and

gd) = 41?(|d|2 — 1)2. However, we can modify f(¢) to the quadratic growth outside of a physically meaningful interval
[—M, M] without affecting the solution if the maximum norm of the initial condition ¢ is bounded by M. Analogously,
we can modify the function g outside a ball in R3 of radius M. For instance, we propose the following modifications:

29, ¢ <0,
f@)={ 56’0 -9)? 0<¢=<1, g(d)={
FA-¢)?  ¢>1,

(=122 d <1, 652
g —1dp> > 1. ‘

Therefore, it is common (cf. [5,14,26]) to consider the Cahn-Hilliard equation with a modified double-well potential f(d))
and the Allen-Cahn equation with a modified g. In the following, we drop the tilde ® and assume both f and g satisfy
conditions (i) and (ii) listed above.

We now present the numerical scheme as follows.

Semi-discrete scheme
Given the initial conditions d°, ¢°, u® and p° =0, and having computed d", ¢", u" and p" for n > 0, we compute
(@1, "1 w1 p"+1y in the following sequence.

(1) Step 1: update d"*':
d"*(;—t—d"—}-uf-Vd” —W".d" —gD" - d" = M{h"+1,
= (dn+1 - dn) +V. (%(«p”)zva"“) _ %(qﬁn)zg/(d”)

(3.3)
— (A1 — A (A - V¢")V" — AV 2,
ad|.  _
Taloe =0,
with W2 = § (Ve — (7u)T). D2 = (VL + (V") and
1- 1
ol = u" — "IV 5tV - (T —; Opntign), (3.4)
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We impose an additional boundary condition u}|3q = 0 in this step when physical boundary conditions are imposed
instead of the periodic boundary condition. This condition sometimes is satisfied automatically if the liquid crystal
phase (denoted by ¢ = 1) is completely inside €2, namely, ¢|sqo =0 and V¢|sq = 0. By definition, h"*1|3o = 0 and
u?5o = u"|ye = 0. Otherwise, this new boundary condition serves as a bona fide intermediate boundary condition
for d"*1,

(2) Step 2: update ¢"*+1:

¢n+1

8;‘1’" +V. (ug*(pn) — MZA/J’nJrls
p = CR@M = ¢ + CH(AP"! — AP +y (A" + f(¢™)

(3.5)
+ ¢n+1w(dn+1) _ (A] —A)V- <(dn . V¢n)dn+1> — A,V (|dl’l+1 |2v¢n+1)’
n+1 a,,n+1
ad)Tlasz =0, aMTIBQ =0,
with W (d™t1) = K(%lVd”“lz +g(d"+1)) and
u’, =u — st vt (3.6)
(3) Step 3: update u™t1:
ﬁn+;t,un + (l.ln . V)ﬁ”""] — nAﬁn+1 _ Vpn _ ¢nvun+l
_ hn—H vd"+ V. (—%(d"h”'H 4 hn+1dn) 4 %(dnhn-&-l _ h”'Hd”)), (3.7)
ﬁnJrl lag = 0.
un+l_ﬁn+1 _ n+1 _ .n
—5 — = -V p". (3.8)

V.utl =0, u™t!.n|yo=0.

In the above, C, C} and Cj are stabilizing parameters to be determined. The above scheme is constructed by com-
bining several effective approaches in the approximation of Cahn-Hilliard equation [26], Navier-Stokes equations [10]| and
phase-field models [1,24].

Remark 3.1. A pressure-correction scheme [10] is used to decouple the computation of the pressure from that of the velocity.

Remark 3.2. We note that the explicit discretization of f’(¢) = 82—2¢(1 — ¢)(1 — 2¢) often leads to a severe restriction on
time step 8t when ¢ « 1. Thus, we introduce a “stabilizing” term to improve stability while preserving simplicity in (3.5),
which allows us to treat the nonlinear term explicitly without subject to any time step constraint [26]. This stabilizing term
introduces an error of order O (8t) in a small region near the interface, the same order as the error introduced by treating
f(¢) explicitly; so the overall truncation error of the scheme is essentially the same with or without the stabilizing term.
A similar approach is applied to the director equation for the treatment of g(d).

Remark 3.3. The scheme given by (3.3)-(3.8) is a fully decoupled, linear scheme. Hence, one only needs to solve a series of
elliptic equations, which can be done very efficiently using fast solvers. Of course, some of these elliptic equations may be
of variable coefficients.

Remark 3.4. If we don’t study the embedded phase and boundary interaction when the boundary is primarily adjacent to
the other phase, the new intermediate boundary condition on d™*! in practice can be avoided so long as we don't allow
the embedded phase (for example, denoted by ¢ = 1) to touch the boundary. This boundary condition is unnecessary if we
deal with a periodic boundary condition.

We shall show next that the above scheme is energy stable unconditionally assuming each step can be solved uniquely.
4. Semi-discrete energy dissipation law

In this section, we prove that the scheme derived in the previous section is unconditionally energy stable. Instead of
going directly to the proof, we first provide some lemmas to help readers to better follow the detail of the proof.

Lemma 4.1. Denote §¢™ 1 = ¢" 1 — ¢" and §8¢™1 = ¢t — 29" + ¢~ 1. Then, the following equalities hold,
2(¢n+] _ ¢n)¢n+1 — |¢l’l+] |2 _ |¢I’l|2 + |¢n+1 _ ¢l‘l|2
2(¢n+] _ ¢n)¢n — |¢n+1|2 _ |¢ﬂ|2 _ |¢n+1 _ ¢n|2
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2(v¢n+1 _ v¢n) . V¢ﬂ+] + |v¢n+1|2 _ |V¢n|2 4 |v¢n+1 _ v¢ﬁ|27
2(v¢n+] _ v¢n) . V¢n — |v¢n+]|2 _ |v¢n|2 _ |V¢n+1 _ V¢Tl|2.

(41)

Proof. We can obtain the equalities by simply expanding the inner product on the right hand side and then combining the

common terms. O

Lemma 4.2. If F € C2(RK), where k is the dimension of the space, and

max |[HX)| < L,
xeRK

where H is the Hessian matrix of F, ¥x"*1,x" € R, the following inequality holds,

(xn+l _xn) . VF(X”) > F(xn+1) _ F(xﬂ) _ L|xn+] _xn|2.

Proof. Notice the fact,
xn+1
FX™) =Fx") + VFX") - X" —x") + / " —x"TH(x) - dx
o
> F(Xn) 4 VF(X”) . (xn-H _xn) _ L|xn+1 _ xn|2'
Then, we obtain

(xn+l _ xn) . VF(XI’!) > F(xn-H) _ F(xn) _ len—H _ X”|2. 0
Lemma 4.3. The following identity holds,

/(V~V)u-udx:0,
Q

(4.2)

(4.3)

(4.4)

(4.5)

provided that n - v|yq = 0, v and u are sufficiently smooth and V - v = 0, where n is the unit external normal of the surface 9<2.

Proof. It is straightforward to show the following:

2 2
/(v~V)u-udx:/V-(v%)— %Vvdx
Q

Q
2
u
:/n-vuds
2
R
=0. O

Lemma 4.4. If C§, C§ and C} satisfy the following conditions,

KL, 1
n> 7||¢”||§o + 5 max(Ay =243, 0)[ V9" o,
>yl

1
Cl = 5 max(4; — 242, 0)[d" oo — 2.,
then
(¢ﬂ+1 _d)ﬂ M"H‘]) _ (dn+l _ dl’l hn+1) > Fn+l _ Fn
where F" is the semi-discrete free energy defined as
F'=Fp + Fg+ F},

anch’®
F=y(5IV"7 + F@M.1),
FI = (%(¢”)2W(d”), 1), wd" = K(%IVd”I2 + g(d”)),

F %((w".d")z,l)+%(|d"lzlv¢"|2—(v¢”"'")2’1)'

anch =

(4.7)

(4.8)

(4.9)

(4.10)
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Proof. Using the definition of x"*! in (3.5) and h™*! in (3.3), the first term on the left hand in (4.9) can be expanded as
@™ — " Ty = Cg||¢n+l e +ng||v¢n+1 — Vo2
+ 2 (V"I — IV I + V™ — V") 4y (67T — ", £(@")
+ (9" g W @) - (47 - 9", (A1 - AV - (@ Vo)
+ <¢n+1 —$" A,V - (|dn+l|2V¢n+1)>. (411)
The second term on the left hand in (4.9) can be rewritten into the following

K
_(dn+1 _ dn, hn+]) — C?||dﬂ+1 _ dn||2 _ (dn+] _ dﬂ’ V.- (E(¢n)2vdn+]))

K
+ (@ —d", (9" (@) + (A — Ay @™ —d", @ Vg V")
+ Ay —d", Vo' 2d"TT. (412)
We denote

T = (¢n+l _ ¢n Mn+1)
To=Chll¢"™ — ¢"|1 + ChIVe™ ! — V|2,

Ti=y(@"" —¢", f'(¢") + %(nw“ 1> = IVl + Vo™ — Vo™ %),

To=(¢"! —¢" " W@y,

T3 = —(A1 = A) (" = ¢, V- (@ - V"),

Ta= —Az(q)"“ " V. (™! |2v¢“+1)). (413)
In addition, we introduce

P = _(dn-H —d" hn—H)
Po=Cl|d"! —d"|?,

Pi= @ —d V(@AY
Py=(d"™! —d", §<¢")2g/<d">>,

P3 = (A1 — Ay (@ —d", (" - Vo) Vo),

Py = Ay(d! —d", |Ve"Pd" ), (4.14)
such that
4 4
T:ZT,-, P:ZP,-. (4.15)
i=0 i=0

Next, we analyze these terms one-by-one. For T, we have,
14
Ti=y @™ = ¢" f'@") + SV 2 = IVQ" |2 + V9" = Vo)

=y(f@") = f@"), 1) — yLillg" —¢"[1* + %(nw»"“ 12— IVe™ I + V"t — V" |1?), (4.16)

Ty > Fpth — Fp + %nvw“ — V"> — yLille™ — "2 (417)
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For T, we have,
Ty = (¢n+l _ ¢n’ ¢n+1W(dn+1))
_1 n+12_1 ny2 n+1 1 n+1 _ (n\2 n+1
=GO = 3@ W@ + 2 (@ - w@h)
> GO~ @D, W), (418)

if W(d) >0, vd € R?, which is true in our case.
For Pq, we have

K
Pl — (Vdn+l _ le’l’ E(¢n)2Vdn+1)
K ., 1 1 K 1
= (= ("% S (Vd" H2 — —(Vd")?) + (= (¢M?, (VA" — vd")?
(2(¢) 2( ) 2( ))+(2(¢>) 2( ))
K 1 1
> (@M% (Va2 — —(vd")?). (419)
2 2 2
For P, we use Lemma 4.2 and obtain

K K
Py > (5<¢")2, g@™y — g(d") — (5(¢">2, Lyd! —d")?)
K oK
> (5<¢”)2, g(d™h) — g(d") — 27 (@™ lloc 1™ — d™||2. (4.20)
Combining T, P1 and P,, we obtain

Ty + P14 Py > Fyt — Ff— %nw”)znooud"“ —d"2. (4.21)

Combining T3 and P3, we have
T3+ P3

= (A — A2)<<dn+1 —d", (d"- V(j)“)Vq)”) _ <¢n+l —¢" V. <(dn ) V¢n)dn+1)))

= (A — A2)<<dn+1 —d", d"- V¢n)v¢n> + <V¢n+l — Vet d"- V¢n)dn+1))

= (A — A2)<(dn VP A vty — (d" . Vgt dt - V¢n)>

_ %(”dnﬂ VT2 = ||d" - VT2 — d"H L Vet —dn V¢n”2>. (4.22)
Adding T4 with P4, we have

T4+ Py

=A ((V¢n+l — V¢n’ |dn+1 |2V¢"+1) + (dn+1 _ d", |V¢"|2d"+1))

A

A A A
= 2 (1P — @V T) SRV - Ve ) SR - d' V"), (423)

Combining T3, T4, P53 and P4, we have

Al — A
2

A A
+ S AVE = VAP 4 S (A V"), (4.24)

(”dn+] . V¢n+l _ dn . V¢Tl”2)

T3+Ta+P3+Pa=Fylh —Fo oy —

anch —
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Note that
_”dn+1 . V¢n+1 —d". V¢n ”2
— _”dn+1 . V¢n+1 —drtt. V(l’n +dn+1 . V(b" —dr. V¢n”2
> —[d" (V" — Vg2 — [Ve" - (d"t! —d")|?
> —([d" 2, |V — Ve ?) — (Ve 2, | — d" ). (4.25)
Then, we have

T3+ T4+ P3+Pa= Forh — Fug,
1
— 5 max(A; = 242, 0) (@™ oc [ V™" = V4" I + (V" o™ — "), (4.26)
Adding up (4.17), (4.21), (4.26), To and Py, we have
(¢n+1 _¢n Mn+]) _ (dn+1 _ dl‘l hn+1)
4 4

= Z Ti + Z P;

i=0 i=0

KL
+ gnw"+1 — V"2 = yLillg"! —o"? - 72||¢"||§0||d"“ —d"?
1
— 5 max(A1 = 242, 0) (I @)1 [V4™! = V"I + (V4" o [d™" — d"|2)
n+1 n n KLy n,2 1 n n+1 ny2
= F" = F" 4+ (C = == 119" 15 — 5 max(Ar = 242, 0)[[V" o) [ — ")

1
(€= YLV = VU2 4 (] + T - 2 max(Ar — 242,014 )| V" — V"R, (427)

By the assumption, we have,

KL 1
Cl> T||¢n||§o + 5 max(A1 —2A2,0)|IVe" [ s
G >yl,
1
Cl = 2 max(A1 — 242, 0)d" ! - % (4.28)

Finally, we arrive at

(¢n+1 _ ¢n’ Hn+1) _ (dn+1 _ dn, hn+1) > Fn+l — F". O (4'29)

Theorem 4.1. Under the conditions in Lemma 4.4, the scheme (3.3)-(3.8) admits a unique solution satisfying the following semi-
discrete energy dissipation law:

1 3t2 _
SO T S VM2 st (VAP + MoV + My )

1 nj2 n Stz n2
SEIIU I“+F +7||VP [t (4.30)
where the semi-discrete energy F" is defined in (4.10).

Proof. From the definition of u? in equation (3.4) and uf, in equation (3.6), we can rewrite the momentum equation as
follows

ﬁn+1 —u"

T** + @ - a! — pviat! L vpt =o. (431)

Taking the inner-product of (4.31) with 28t@™!, we obtain,

a2 — ul, 12+ @ =l |12 + 2nst| Va2 + 280(Vp", 6" = 0. (4.32)
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To deal with the pressure term, we take the inner product of (3.8) with 25t2Vp" to arrive at

SEVP R = V"2 — VP = Vp|?) — 28e@™t, vp™) = 0. (433)
Taking the inner product of (3.8) with 25tu™*!, we obtain

a2 — @R 4 et — a2 =o. (4.34)

It follows from (3.8) directly that

Adding up (4.32)-(4.35), we obtain
™2 =l 12+ @ =l 2+ s VP T2 = IV P"IP) + 2nst| Va2 = 0. (4.36)
If we take the inner product of (3.3) with —28th™*!, we get
28tMq |h" 112 — 28¢(h™ T, (u? - v)d") — 2(d"H! —d", WY + zat(h"“, (W" +aD") - d”) =0. (4.37)
Taking the inner product of (3.4) with 2u!, we obtain
n2 n2 n nj2 n+1 n n 1_annJrl 1+a n+14n n
lul]l* — a1 + Ju} —u"||“ +25th" T vd", u})) — 28t(V . (Td h — Th d ),u*) =0. (4.38)
Adding (4.37) with (4.38) and noticing the fact that
1—a 1+a
(v- (- amn %h”“d"), o) = (B, (W +apl) -d"), (4.39)
we arrive at
[ ]? = [0 + [[u} — u" > + 26tMy [0 )2 — 2™ — @, W) =0. (4.40)
If we take the inner product of (3.5) with 28t.™!, we obtain
20" — @™, ) 4 28t (V - (¢"u), u"TY) + 2Mast | V12 = 0. (4.41)
Taking the inner product of (3.6) with 2uf,, we have
Il 117 = [l + ul, —u}|® + 28t l,, ¢" V™) =0. (442)
Adding (4.41) with (4.42), we arrive at
Il 112 = )+, —ul[? + 2" — ", w1 + 2Mast [V =o0. (443)

Finally, adding up the equations (4.36), (4.40), (4.43) and dividing both side by 2, we obtain

(12 = 12 4 T ul2) 4 28V~ V1) + stV
4 SEMa [V 2 4 SEM IR + (¢! — o7, M) — (@ — a7, n) = 0. (4.44)
According to Lemma 4.4

@ — " Yy — (@ — @ Ty > P (4.45)

hence, we finally obtain
Tonit2 et O O it 2 Snt )2 n+12 n+12
S T SO st (VAP 4 MoV + My )

St2
™2 + F" + 7||Vp”||2. O (4.46)

N =

<
Here are several remarks regarding the constraints for C{, CJ and Cj in Lemma 4.4.

Remark 4.1. Without the anchoring energy, the conditions in Lemma 4.4 reduce to C} > %H(b””%o and C} > yL;. When
the anchoring condition is weak such that % > %max(m —2A,,0)||d™t1||2, the stabilizer C% is not necessary.

Remark 4.2. The constraint for C3 is due to the explicit treatment of f'(¢) in the scheme (3.5) for ¢"t1. This constraint can
be removed if we adopt convex splitting strategy [31] for f’(¢) or allow nonlinear schemes, i.e. treating f(¢) implicitly.
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Remark 4.3. Although C] explicitly depends on dntl, C% only exists in the scheme (3.5) when solving ¢"t1, while d"t! has
already been obtained. In this sense, as long as the constraint for C} is satisfied, this scheme is energy stable for any time
step 4t.

5. Decoupled energy stable scheme for a reduced model

In the flow regime where ||W|| and ||D|| are small, a reduced model is obtained as follows:

dtu+u-Vu=—-Vp+nAu—¢Vu —hvd,
V.-u=0,

(5.1)
otd+u-Vd=Mih,
¢+ V- (up) = MaAu,
where the chemical potential ;& and molecular field h are given respectively by
1=y (A — f($) — KW (d) — (A — A)V - ((d - V)d) — AV - (|d[* V),
K¢? K¢?
h=V . (CLvd) + L)~ (A1 — A V)V — Aol Vld. (52)

An energy dissipation law exists for this model. In [27], a slightly different model in which the phase transport equation
is the Allen-Cahn instead of the Cahn-Hilliard equation was studied. A first order energy stable scheme was devised and
proved. For this model (eq. (5.1)), we devise a decoupled scheme below following our approach alluded to earlier.

Semi-discrete scheme
Given the initial conditions d°, ¢° u® and p® = 0 and having computed d?, ¢", u" and p" for n > 0, we compute
(d™1, ¢+ "1 p™+1y in the following sequence.

(1) Step 1: update d**1:

dn-H — M1h”+l,
dr! = eyt v,
W= (! —d) £ V- G2V - o @) (53)
— (A1 — Ap)(d" - Vg™ V¢" — Ay| V" |2d" T,
%lm =0,
with
u=u" - sth'+1vd". o

(2) Step 2: update ¢"+1:

¢n+1 — MzA,LLn+1,
/’Ln+1 — C121(¢n+1 _¢n)+cg(A¢n+l _ A(ﬁn)—i-)/(—Ad)n—H +f/(¢n))
5.5
@I @) = (A = AV - (@ V@A) = AV - (A 2V, 59)
apn+1 a,n+1
%lan =0, %|39=0,
with
n+1 n
in+1 _ ¢ —¢ . n on
¢) - St +v <utt¢ )7

u), =ul —ste" v,

W@ = k(5 1Vd 4 g@ ). (56)
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Fig. 6.1. Variable locations on the 3-D staggered grid.

(3) Step 3: update u™*1:

ﬁn+;t_uﬂ + (un . V)ﬁn+1 — nAﬁn+] _ Vpn _ ¢nVLLn+1 — pt! vd", 57

ﬁn+l|8§2:0- ( ' )
n+1__ &=n+1

= —V(p"tt —p"), (5.8)

V.u"t1 =0, u"t!.njyq=0.

It can be proved analogously that the scheme is energy stable with respect to any §t. We omit the details since the proof
is identical to the one we discussed previously in the paper. We comment on this reduced model because it has been a
subject of intensive investigations by many numerical analysts and PDE analysts; physically it’s applicability is limited, but
it may be of mathematical and numerical values to some extend. In the next section, we will focus on the full model, its
discretization and a couple of numerical results computed using it.

6. Numerical implementation and mesh refinement results

The first step (eq. (3.3)) in this semi-discrete, decoupled scheme is implicit. It involves a variable coefficient fourth order
spatial operator with the coefficient proportional to 8t. In order to solve this fourth order equation system, an additional
boundary condition must be supplied as alluded to earlier. The solvability condition for this system is not yet established, not
mention the uniqueness. However, if we drop the term proportional to §t in uf and use u" instead, the scheme remains first
order in time and becomes a fully decoupled elliptic equation system. In the following, we will implement this simplified
version of the scheme and study its behavior in mesh refinement. For simplicity in the implementation, we approximate
u, by u", which doesn’t affect the order-of-accuracy of this scheme, i.e., it is still first-order accurate in time. Numerical
tests show that energy decreases in time; so, the discrete energy dissipation law still holds numerically.

We denote the computational domain in space by [0, Lx] x [0, Ly] x [0, Lz] where Lx, Ly, Lz are the length in x, y,z
directions, respectively. In all the numerical studies presented below, we set

st=2x10"% £=0.01, §=0.03, a=12, y=10, (6.1)

where the choice of a = 1.2 indicate that the liquid crystal is rodlike. Then, we vary values of the other parameters in the
various examples to be studied. We note a detailed parameter study is essential for investigating the physical properties of
this LC model. However, in this paper, our goal is to illustrate the effectiveness of the proposed scheme instead of focusing
on such a detailed parameter investigation.

6.1. Spacial discretization and GPU implementation

For the spatial operators in the scheme, we use second-order central finite difference methods to discretize them over
a uniform spatial grid, where the velocity fields are discretized at the center of mesh surfaces, and pressure p, phase
variables (¢ and d) are discretized at the cell center, as shown in Fig. 6.1. The boundary conditions are handled by ghost
cells to maintain the spacial accuracy.

The fully discretized equations in the scheme are implemented on GPUs (graphics processing units) in 3 dimensional
space and time for high-performance computing. To better utilize the performance of GPU, we store all variables in the
global memory and store all parameters and mesh information (which do not change during the simulation) in the constant
memory, which is the on-chip memory, such that it greatly reduces the latency of data access.

All the spatial discretizations are implemented the basic linear operators, such as the gradient, Laplacian, and divergence
operator. For each time-step, we use a preconditioned Bi-Conjugate Gradient method to solve the linear equations, where
the pre-conditioner is solved using FFT. For instance, in each time step, we need solving

[yl = (6.2)
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Fig. 6.2. 2D schematic of mapping from GPU threads to the mesh elements. This figure shows a 2D schematic on how each thread in a GPU implementation
maps into a corresponding mesh element. Here, we have a 16 x 16 uniform mesh and claim 4 x 4 blocks in a grid, where each block contains 4 threads.

ssse

Table 6.1

CPU time vs. degrees of freedom.
Mesh 483 963 1443 1923 240°
CPU time (seconds) 0.04 0.12 0.37 0.87 2.02

with ¢"*1 the variable, L" a linear operator, f" the right-hand-side, depending only on the variables in the n-th time step.
We approximate L" by a linear operator L, = Zf:o LAl where 2k is less than or equal to the highest spatial derivative in
L™ and A; are numerical weights. After having calculated Zn‘ 1 by FFT, we solve

i;lLﬂwTH*l — il;l fﬂ' (63)

Instead of constructing the stiffness matrix (which takes memory storage on GPUs), we only need to apply linear operator
in‘ 1I™ on intermediate vectors (i.e. matrix vector multiplication), since we are using the Bi-Conjugate Gradient method,
which is one of the Krylov subspace methods.

One advantage in using GPUs is its virtual allocations of processors (we can claim as many threads as we desire, even if
it is beyond the existing number of multiprocessors on the physical device). Therefore, in our implementation, we allocate
as many processors as the degree of freedom of the computed problem. A schematic is shown in Fig. 6.2, where we have
a 16 x 16 uniform mesh, so we can claim 4 x 4 blocks with each block containing 4 threads. In this situation, there is a
one to one mapping from the thread to the mesh point such that each thread calculates the respective component for the
matrix vector multiplication. This strategy turns out to be very effective.

Remark 6.1. We note that the stability property of the full discretized scheme with the finite difference discretization in
space is not yet established. Nor, are the corresponding fully discretized schemes with finite element, finite volume and
spectral method, etc. Research in this direction still is ongoing.

6.2. Mesh refinement test

In order to have high resolution of spatial mesh size to eliminate the spatial error, here we test the code in 2D with the
spatial mesh-size 512 x 512 and time step 8t =2 x 1073, 1073, 5x 1074, 2.5 x 10~* and 1.25 x 10~4, respectively. At t =1,
the numerical solutions are compared. Here, we calculate the error by calculating the difference between the numerical
result with the one of its nearest finer time step (which is regarded as the approximation to the accurate solution). The
errors in L1, Ly and Lo, norms are shown. The numerical tests demonstrate that the numerical scheme is at least first-order
accurate in time. The mesh refinement test results are shown in Fig. 6.3.

In addition, we also summarize the CPU time for each time step versus varying mesh sizes (different nodes of freedom)
in Table 6.1, where we choose 8t = 10~3. Our implementation is shown to be effective.

7. Numerical examples
7.1. Example 1: breakup of liquid crystal filaments

To demonstrate the power of this phase field model and the numerical code resulted from the new scheme we conduct a
numerical simulation of the LC filament breakup phenomenon induced by capillary instability. The computational domain is

chosen as [0, 0.25] x [0, 1] x [0, 0.25] with 128 x 512 x 128 grids. The initial orientation of the LCs parallels to the filament.
We denote

r= \/(x —Lx/2)2 4+ (z—1Lz/2)2, R=0.03+0.005sin(2 x w(y — Ly/2) + 0.57). (71)

The initial profile of the phase function ¢ is given by

1 R—r
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Fig. 6.3. Mesh refinement test in time. Here, we use spatial mesh size 512 x 512, and choose time step 8t =2 x 1073, 1073, 5 x 107%, 2.5 x 1074,
1.25 x 1074, respectively. The log, (L1, Ly, Lo, norm of the error) for ¢, v and d vs. log, (§t) are plotted. The slope of the lines is 1.

The simulation result is shown in Fig. 7.1. In this computation, we do not impose any anchoring condition assuming the
anchoring effect is weak. The filament eventually breaks up into satellite drops, where each drop shows a pair of defects
located at the north and sole pole, respectively. The bead on a string morphology is demonstrated, where we observe
multiple small beads near a bigger one connected via thin liquid bridges. In order to observe the LC orientation and give
a better view of interfacial dynamics, LC orientation is shown in Figs. 7.1(h)-(n), where 2D slices at x = 0.5Lx are plotted.
We observe that the LC aligns roughly in the direction of the axis of filament symmetry in the bulk; whereas at the
LC-viscous fluid interface, the LC orientation is orthogonal to the normal of the interface at the interface leading to the pair
of defects at the north and south pole. This phenomenon agrees qualitatively with the experimental finding.
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Fig. 7.1. Capillary instability of free liquid crystal jets. This figure shows beads formation induced by capillary instability with mesh 128 x 512 x 128 and
domain size [0, 0.25] x [0, 1] x [0, 0.25]. A time series (t =0, 1,2,3,4,5,6) of 3D view is shown in (a)-(g), respective 2D view is shown in (h)-(n). The
parameters are 8t =5.0 x 1074, n =1.0, M\; =1.0 x 1071%, M3 =1.0 x 1073, K =0.025, A; = Ay =0.

7.2. Example 2: a liquid crystal drop in a shear flow of viscous fluids

In this example, we simulate the shear induced rupture of a liquid crystal drop. Initially, a spherical liquid crystal drop is
placed in a viscous fluid matrix with the same density and viscosity. The parallel plates (y = 0, Ly) moves in the opposite
direction with relative speed vy = 20. One numerical result is shown in Fig. 7.2 and Fig. 7.3. The drop first elongates due to
the shearing flow. After it elongates into a filament, it ruptures into satellite drops or beads. We also conduct a comparative
study on the rupture phenomenon of liquid crystal drops with respect to various Frank-elastic constant K and plot the
results in Fig. 7.4, where we observe that a high Frank-elastic constant facilitates the rupture of the drop into more satellite
drops than it is small.

8. Conclusion

In this paper, we present a hydrodynamic phase field model derived using the generalized Onsager principle, which obeys
an energy dissipative law even with the anchoring condition incorporated. We then design a linear, first-order, decoupled,
energy stable scheme for the full model and show that the semi-discrete scheme satisfies an analogous, discrete energy
dissipation law. While we have only considered the semi-discrete scheme in time, the results can be carried over to the
fully discrete scheme for any consistent finite element or spectral Galerkin approximations since the proof is based on the
variational formulation with all test functions in the same space as the trial function. We further implement the scheme
with a finite difference method in space on GPUs for high performance computing. Two 3D numerical examples are shown
to illustrate the power of this code in resolving complex interfacial fluid dynamics. More detailed studies on dynamics of
nematic liquid crystal drops will be given in a sequel.
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Fig. 7.2. 3D simulation of shear induced rupture of a liquid crystal drop in a viscous fluid. This figure shows a time sequence (t =0,0.4,0.8,1.2,1.6,1.8,2.0)
of a liquid crystal drop in a viscous shear flow field induced by a moving boundary. The moving speed, which is also the shear rate in this paper, is 20 in
the simulation. The domain is [0, 0.5] x [0, 1] x [0, 10] with mesh 64 x 128 x 1280, 8t =5.0 x 1074, n = 0.1, M; =2.5 x 10~5, M3 = 1.0 x 103, K =0.05,
A1 =A;=0.

e
o

Fig. 7.3. 3D simulation of shear induced rupture of liquid crystal drop in a viscous fluid. This shows a 2D view of the dynamics shown in Fig. 7.2 at
(t=0,0.4,08,1.2,1.6,1.8,2.0).
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(a) Viscous drop at t = 2.0 (K = 0)

(¢) LC drop at t = 2.0 (K = 0.05)

Fig. 7.4. The effect of distortional elasticity K on the shear induced rupture of the liquid crystal drop. These figures show that the micro-structure of the
liquid crystal enhances the shear induced rupture in that the stronger the distortional elasticity of the liquid crystal is, the more satellite drops are produced
by shear. All the other parameters are the same as in Fig. 7.2, except: (A) K =0; (B) K =0.01; (C) K =0.05.
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