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ERROR ANALYSIS OF PRESSURE-CORRECTION SCHEMES
FOR THE TIME-DEPENDENT STOKES EQUATIONS
WITH OPEN BOUNDARY CONDITIONS*
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Abstract. The incompressible Stokes equations with prescribed normal stress (open) boundary
conditions on part of the boundary are considered. It is shown that the standard pressure-correction
method is not suitable for approximating the Stokes equations with open boundary conditions,
whereas the rotational pressure-correction method yields reasonably good error estimates. These
results appear to be the first ever published for splitting schemes with open boundary conditions.
Numerical results in agreement with the error estimates are presented.
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1. Introduction. In this paper we consider the time-dependent Navier—Stokes
equations with normal stress boundary conditions prescribed on parts of the boundary.
These conditions are usually imposed to model outflow boundaries or free surfaces.
For Newtonian flows, the boundary conditions in question take the form

[pn — v(Vu + (Vu)T)n] |r = b,

where u is the velocity vector field, p is the pressure, I' is the boundary of the domain €2,
n is the unit outward normal, and b is the prescribed data.

There are numerous ways to discretize the time-dependent incompressible Navier—
Stokes equations in time. Undoubtedly, the most popular one consists of using projec-
tion methods. Most of these techniques are based on the original ideas of Chorin [2]
and Temam [22]. They are usually fractional step methods composed of two substeps
such that either the Laplacian of the velocity or the pressure gradient is made ex-
plicit in one substep and (implicitly) corrected in the other substep. In both cases,
one substep always consists of the projection of some vector field onto a divergence-
free space. Following the terminology introduced in [11], a scheme is classified as a
pressure-correction (resp., velocity-correction) method if the pressure gradient (resp.,
Laplacian of the velocity) is treated explicitly in one substep and (implicitly) corrected
in the other substep. In the present paper we restrict ourselves to pressure-correction
methods. Each of the above two classes of methods has a standard form and a ro-
tational form (see [9, 10]), and each of them can be implemented either in algebraic
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form (cf. [4, 5, 15]) or in differential form. However, to the best of our knowledge,
no rigorous error analysis of any of these schemes with open boundary conditions is
available in the literature. Moreover, there is some confusion in the literature over
the performance of these methods with this type of boundary condition. The aim of
this paper is to discuss some of these issues and to derive error estimates.

We show that the standard pressure-correction schemes, implemented either in
algebraic form or in differential form (in fact, they can be shown to be equivalent),
are not suitable for approximating the Navier—Stokes equations supplemented with
open boundary conditions. However, we show that the rotational pressure-correction
schemes yield reasonable error estimates. More precisely, assuming full regularity
of the Stokes problem, the second-order rotational pressure-correction method yields
O(At*?) convergence rate for the velocity in the L2norm and O(At) convergence
rate for both the velocity in the H!-norm and the pressure in the L?-norm. These
estimates deteriorate if the Stokes problem does not possesses full regularity, as is
probably the case in three dimensions.

2. Preliminaries. We shall consider the time-dependent Navier—Stokes equa-
tions on a finite time interval [0,7] and in an open, connected, bounded domain
Q Cc R? (d = 2, or 3) with a boundary I' sufficiently smooth. We assume that
the following nontrivial partition holds: T' = T’y UT2, Ty N Ty = 0, meas(T'y) # 0,
meas(Iy) # 0.

2.1. Notation. We denote by H™(Q) and || - ||, (m = 0,=£1,...) the standard
Sobolev spaces and norms. In particular, the norm and inner product of L?(Q) =
HO(Q) are denoted by ||+ || and (-, ), respectively. We shall also make use of fractional
Sobolev spaces H*(€2) which are defined by interpolation. To account for homogeneous
Dirichlet boundary conditions on I'1, we define

(2.1) X ={ve H Q) : v, =0}.

Owing to the Poincaré inequality, || Vv]|o is a norm equivalent to |[v||; for all v € X.
Henceforth, we redefine the norm || - ||; in X such that |[v|1 := || Vv|lo-
We introduce two spaces of incompressible vector fields,

(2.2) H={vel?*Q)% V-v=0; v-n|p, =0},
V ={ve H(Q)% V-v=0; v|p, =0},

and we define Py to be the L2-orthogonal projection onto H, i.e.,
(2.4) (u — Pgu,v) =0 Yue L*(Q)?, Vv e H.
We also denote

(2.5) N ={q€ H'(9); q|r, = 0}.

The following well-known lemma plays a key role in the analysis of projection methods.
LEMMA 2.1. The following orthogonal decomposition of L?(2)® holds:

(2.6) L*(Q)*=H®VN.

Since the nonlinear term in the Navier—Stokes equations has a marginal influence
on the splitting error, we shall hereafter consider only the time-dependent Stokes
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equations written in terms of velocity, u, and pressure, p:

Ou+Au+Vp=f inQx[0,7T],
Vau=0 inQx[0,7],
ulp, =0, and (pn —v(Du)n)|r, =0 in [0,7],

u|t=0 = U in Q.

(2.7)

Henceforth, the operators A and D may assume one of the two following forms:

(2.8) Av = —2vV-Du,
ivo case 1
2 ) )
(2.9) Dv=<¢7 -
5(Vu+(Vo)'), case 2.

We recall that the symmetric positive definite bilinear form
(2.10) a(u,v) = v(Du, Dv)

induces a norm on X that is equivalent to the H'-norm. We denote by « the coercivity
constant of a:

(2.11) a(v,v) > a||Vo|j3 Vv e X.

In case 1, a = v, whereas in case 2, a = cv, where c is a constant that can be derived
by using a Korn inequality; see, e.g., [1].

To simplify our presentation, we assume that the unique solution (u,p) to the
above system is as smooth as needed.

To perform the temporal discretization of the problem, we define At > 0 to be
a time step and we set t* = kAt for 0 < k < K = [T/At]. Let ¢°,¢',...,6% be a
sequence of functions in some Hilbert space E. We denote by ¢a: this sequence, and
we use the following discrete norms:

K 1/2
(212)  [|patller) = (AtZW’“II%) v oadles s = max ([16°]z) -

0<k<K
k=0

We denote by ¢ a generic constant that is independent of small parameters like
€, At, and h but possibly depends on the data and the solution. We shall use the
expression A < B to say that there exists a generic constant ¢ such that A < ¢B.

Let p be a positive real number. We shall repeatedly make use of the following
interpolation result, whose proof is fairly standard and so we omit it due to the space
limitation.

LEMMA 2.2. For all 0 < s <1, there exists an operator I,, s : H*(Q) — H{(Q)
such that for all r in H*(Q) we have

(2.13) Ir = Zysrllo S w2 7|
(2.14) |Zpsrly S w3

Hs(Q)»

THHS(Q)'

2.1.1. The inverse of the Stokes operator and its regularity index. In
this section we recall properties of the inverse of the Stokes operator. Let X’ be the
dual space of X. We denote by (-,-) the duality pairing between X’ and X. The
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inverse of the Stokes operator, which we shall denote by S : X’ — X, is defined as
follows. For all v in X', S(v) € X is the solution to the dual problem

(2.15)

a(w,S)) = (r,V-w) = (v,w) Yw € X,
(¢,V-S(v)) =0  Vqe L*Q).

Obviously, we have
(2.16) VweX', S+ lIrllo < cllvllx.

It is well known that when Dirichlet boundary conditions on the velocity are
enforced on the entire boundary and €2 is smooth or convex, we have ||r||1 < ||v]lo
(see, for instance, [23]). In the present case, where boundary conditions are mixed,
it is a nontrivial task to determine the regularity of r. It is generally expected that
the H!'-regularity does not hold in the three-dimensional case. However, it is possible
that regularity in some fractional Sobolev space holds. To account for this, we make
the following definition.

DEFINITION 2.1 (regularity index of the Stokes operator). The regularity index of
the Stokes operator is the largest number, s, such that for all v € L?(2)?, the solution
r € L*(Q) to the dual Stokes problem (2.15) satisfies ||7||z=() < ||v]lo-

We observe from (2.16) that s > 0, and it is clear that s < 1. Hence, the case
s = 0 is referred to as no regularity while the case s = 1 is referred to as full reqularity.
We refer to [14] for techniques to evaluate this index in two dimensions.

The operator S has interesting properties, as listed below.

LEMMA 2.3. Forallvin X, all 0 <y <1, and all 0 < p < 1, we have

a(v,$(v)) = (1 =Nvl§ = c(v) (W IV-l§ + p>2 v = PyolF) ,

with ay = § and az = 1 — 5 and s being the regularity index of the Stokes operator.

In particular, for allv € V, (VS(v), Vv) = |jv||3.
Proof. Owing to the definition of S(v) and to the fact Z. 4r is zero on I's, we have

a(v, S(v)) = [v[l§ + (

= |[v]|g + (r — L7, V-0) + (VI 57, 0)

= [v]2 + (r = Zyu,s7, V-v) + (V1m0 — Prro)

> |ollg = (e IV-vllo + =% lv = Prrollo) 17| (-

r,V-v)

r

Then using the fact that s is the regularity index of the Stokes operator (see Defini-
tion 2.1), we derive the desired bound. |

LEMMA 2.4. The bilinear form X' x X' 35 (v,w) — (S(v),w) := a(S(v), S(w)) €
R induces a seminorm on X' that we denote by | - |+, and

weX',  Jul=a(S@),S@)"? S lvllx.

Proof. Tt is clear that the bilinear form is symmetric, (S(v),w) = a(S(v), S(w)) =
(S(w),v), and positive, (S(v),v) = a(S(v),S(v)); hence, (S(v),w) induces a semi-
norm on X’. Furthermore, |[v|? = (S(v),v) = a(S(v),S(v)) < ||lv]|%,- The proof is
complete. 0
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3. Standard pressure-correction methods. For purely Dirichlet boundary
conditions, the second-order pressure-correction scheme is known to be one-order more
accurate than the original projection scheme of Chorin—Temam (cf. [25, 3, 21, 7]).
Using the second-order backward difference formula (BDF2) to discretize the time
derivative, the second-order pressure-correction scheme takes the following form:

Set u® = wug, p° = p|t=0, which can be computed from the data, and compute
(@', ut, pt) by using the scheme below with BDF2 replaced by the backward Euler
formula. Then, for k > 1, compute (@*+*, u*+1 pF*1) such that

3akt — gy 4kt
(3.1) 2A¢
@ p, =0 and (p*n —v(DTF )|, =0

+ AT 4Vt = (Y,

and
3uk+l _ 3&k)+1 b1 i
(3.2) V.urtt =0,
uktt -njp, =0 and (pk’Jrl 7pk)|1"2 =0.

The first substep accounts for viscous effects, whereas the second one accounts for
incompressibility. The second substep is usually referred to as the projection step, for
it is a realization of the identity u*+! = Py a**!. We emphasize that it is essential,
for stability considerations, that (p**! — p*)|r, = 0 is enforced. Otherwise, (3.2) can
not be interpreted as a projection step. Note that the boundary conditions in (3.2)
lead to the series of equalities

0 k+1 9 k 9 1
(33) an |F1 - anp |F1 - - anp |F17
P, =, = = p'Iry,

which are certainly inaccurate since they are almost never satisfied by the exact
solution. In the purely Dirichlet case, i.e., 'y = (), it is possible to deduce a reasonably
good approximation result for the pressure in the L?-norm. But when I'y # @ the
pressure approximation is severely degraded.

Not being aware of any published convergence result for the scheme (3.1)—(3.2),
we shall prove the following result.

THEOREM 3.1. If (u,p), the solution to (2.7), is smooth enough in space and
time, the solution to (3.1)—(3.2) satisfies the following error estimates:

~ 1
IPat — patllesr2()) + luae — Gatllee a1 )2y S At2,

s+

1
2
bl

luat — uatllez2@)ay + luae — dacllez2)e) S At

where s is the regularity index of the Stokes operator.

Proof. As will become clear in the course of the proof, using BDF2 instead of
the backward Euler formula does not improve the accuracy in the presence of open
boundary conditions. So to simplify the presentation, we consider the backward Euler
formula for the time derivative:

QR ok

U -
(3.4) A ATV =S,

ﬂkﬂ\pl =0 and (pkn — V(Dﬁk+1)n)|p2 =0
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and

At
V-uFtt =0,

uF T onlp, =0 and (p

(3.5)

i _pk)|F2 = 0.

Technically, the proof is very similar to those in Shen [21] and Guermond [6]; hence
we show only those steps where the consistency error is degraded.

Let us introduce the interpolation operator Zas1 : H(Q) — HE(Q) defined in
Lemma 2.2. This operator is such that for all » in H!(Q),

1
(3.6) [Zatar —rllo S Atz ||,
1
(3.7) IVZararilo S A2y
Without introducing any essential extra error, we can take p° = Za;1p|i=o, which
implies p*|p, = 0 for all k.
Now we introduce the following notation:
b =u(th) —uF, ek =u(th) — ak,
UF = Tanap(t") = p*, ¢ = Tarip(t*) —p".

The weak form of the error equation that corresponds to the viscous step (3.4) is
given by

1
Kt(ékJrl - eka ”U) + a(ék+1,v) - Wk, VU) = (R(thrl)a'U)
+ (p(t*+1) — IAt’lp(tkH), V) Wue X,
where R(tF*1) = & (w(t*t!) — u(t?)) — u, (t*+1) = O(At). Note that the surface
integrals resulting from the integration by parts cancel on both I'y and I'y due to the

boundary conditions in (3.4).
Taking v = 2Até* ! in the above equation and using (3.6), we can derive

2At(p(t"11) — Tarp(t*F1), V-*F1) S AP + at|e" |,
(3.8) [ UG + 1€ Tt — e IF + ant]e T — 28t (", Vet ) < lef|ff + cAt®.

Note that the consistency error is degraded at this step; more precisely, a At factor
is already missing in the above estimate.
The error equation corresponding to the projection step (3.5) can be written as

Lkt k+1 L k1 k
— Vgt = —é&tl 4 vk,
e + Vg A6 + Vo
V.eftl =0,
tnlp, =0 and ¢"p, =0.
Taking the square of the first relation above and multiplying the result by At?, we
infer

(39) [+ ARIVEHR = 1843 + AR YUk 3 - 280(4F, V),
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Note that integration by parts can be performed on both sides owing to the fact that
", = 0 = ¥¥|r,. Now we have

A VYF|2 = A2 ||V + YV (Za(p(t* ) — p(t*))]12,
< AP(|[Vg [ + At E [V lp + AT
< AL (L+ AV + AP,

where the consistency error is also degraded by a factor of O(At). Combining this
result and the previous one, we have

le" S + AL Vg G < [IEFHIE + At (L + A[IVe*

(310) —2At(¢k+1,v-ék+l) +0At2.

The first error estimate of the theorem is obtained by combining (3.8) and (3.10),
using the discrete Gronwall lemma, and repeating the whole argument for time in-
crements. The second estimate can be derived by a duality argument similar to that
used in the proof of Lemma 4.4. |

REMARK 3.1. Note that the error on the pressure in the L*-norm is O(At%),
whereas it is O(At) when Dirichlet boundary conditions are enforced on the whole
boundary. It is clear that the artificial Dirichlet boundary condition (3.3) is re-
sponsible for this poor convergence property. Since using an inexact factorization
(cf- 4, 5, 15, 16, 17, 13]) of the discrete Stokes operator does not enforce the Dirichlet
boundary condition on I's explicitly, some authors have argued that the inexact factor-
ization scheme does not suffer from the error due to the artificial Dirichlet boundary
condition. However, it can be shown (see [12] for details) that the inexact factorization
scheme actually enforces the artificial Dirichlet boundary condition weakly and hence
suffers from the same accuracy loss as its PDE counterpart. In other words, mere al-
gebraic manipulations cannot overcome essential difficulties encountered in functional
analysis.

REMARK 3.2. Note that the need to integrate by parts the term 2At(Vyk+t ektl)
in (3.9) is critical, and it is made possible by enforcing the homogeneous Dirichlet
boundary condition on the pressure at T's in the projection step (3.2).

We finish this section by recalling that to simulate outflow boundary conditions,
an alternative set of conditions is p|r, = 0, u X n|r, = 0. This set of conditions is
not equivalent to the zero normal stress conditions studied above. Nevertheless, an
interesting property of these boundary conditions is that they are compatible with
the pressure-correction algorithm (3.1)—(3.2); i.e., they yield near optimal convergence
rates. We refer to [8] for other technical details on this matter.

4. Rotational pressure-correction methods. In this section, we show that
the rotational pressure-correction scheme introduced in [24] improves, by a factor of
At/ 2 the error estimates of the standard pressure-correction scheme. It is proved in
[11, 10] that when Dirichlet boundary conditions are enforced on the entire boundary,
the same improvement holds. The main result is stated in Theorem 4.1.

4.1. Rotational form. When applied to problems with open boundary condi-
tions on I's, the rotational pressure-correction scheme takes the following form:

Set u® = wug, p° = ply=o, which can be computed from the data, and compute
(@', ul,p') by using the scheme shown below with BDF2 replaced by the backward
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Euler formula. Then, for k¥ > 1, compute (@*+1, u**1, pk*+1) such that

3akt — quk 4 k1 .
(4.1) 24 + AT 4Vt = f(),

1lk+1|p1 =0, (pkn — V(Dﬂk+1)n)|p2 =0,

3’(Lk+1 _ 3ak+1

A Vet =,
(4.2) Vbt =0,
u ol =0, @M, = 0.
(4.3) PFHL = ph+l _ pk 4yt

where x is a tunable positive coefficient.

REMARK 4.1. As originally introduced in [24], the coefficient x was taken to be
equal to «, defined in (2.11), which is simply v in the Newtonian case. The analysis
performed in [11, 10] shows that this choice is sufficient to guarantee stability and
convergence when Dirichlet boundary conditions are enforced. However, when natural
boundary conditions are enforced on parts of the boundary, the analysis (see below)
shows that x should be chosen such that

e [Vl
4.4 0 2 f .
(44) SX S IVl

Owing to the inequality ||V -v||*> < d||Vv|?, where d is the space dimension, it is
sufficient to choose

2
(4.5) 0<x< Pl

4.2. A corresponding singularly perturbed system. To better understand
the behavior of the scheme (4.1)—(4.3), we examine first a singularly perturbed system
corresponding to the limiting case as At — 0 (with € ~ At). This system of PDEs
is obtained by eliminating u* from (4.1)-(4.2) and dropping some higher-order terms
in €:

ou® + Aut +Vp° = f, ulp, =0, (»°n—v(Du)n)|r, =0,

L6 . 9 e 0¢° .

(4.6) V-u® —eVep® =0, 87|F1:0a ¢|F2:Ov
€0 = ¢° — xV-us,

with uf|;—o = u(0) and p°(0) = p(0).

4.2.1. An estimate on V-uf. The following lemma is the key to obtaining
improved error estimates.
LEMMA 4.1. Provided u and p are smooth enough in time and space, we have

5
||V'UE||L°°(L2(Q)d) + \@HV¢6|\LN(L2(Q)) Sen.
Proof. We set e = u® — u and ¢ = p® — p. Subtracting (4.6) from (2.7), we find

(4.7) et +Ae+Vq=0; elr, =0, (gn—v(De)n)|r, =0,
8 5

(4.8) Vee—ev24f =0, 2| =0, ¢|r, =0,
on

(4.9) eqp = ¢ — xV-e —epy,

with e(0) = 0 and ¢(0) = 0.
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Taking the inner product of the time derivative of (4.7) with e;, we find

1

(4.10) 3 Oilledlls + all Vel — (g, V-er) <0.
The inner product of (4.9) with V-e; yields

_ 1 £ X 2
(411) (qt,V'et) = g((]ﬁ ,V'et) — (pt,V'et) — %BtHVeH s
and the inner product of the time derivative of (4.8) with ¢° yields

1
(412) ~(6°,V ) = —(V6;, V°).
The above two relations lead to
1 . X
(413) (0, V-0) = =500V [ = (pi, Vo) = 20,V el
Substituting this expression into (4.10) we obtain
1 2 2 1 2, X 2

(4.14) 0lecllo + allVello + 50:lIVello + S0l V-ellg < —(pe, V-ex).

At this point, one would like to replace V-e; by eV2¢5 in (p;, V-e;) and integrate
by parts. The integration by parts is not possible since neither p; nor 9, ¢; is zero at
the boundary I's. To account for this fact, we introduce the interpolation operator
Je : H'(Q) — Hj(Q) C N such that J. = Z z, where I, ; has been defined in
Lemma 2.2. Recall that for all r in H'(Q), Lemma 2.2 (with g = /g, s = 1) yields
(4.15) 1Ter = rllo S exlirlly,  IVTerllo S & Hirlh
We rewrite (4.14) as
1 2 2 4 X 2 2 <
500 (ledld + 196717 + X1 7-€l3) + allVerlld = ~(pe — Tepe, V-e0) + £(VTepr, V)
Note that we used the fact that J.p; is zero at I's to integrate by parts. This is the
key argument in this proof. Since e(0) = 0 and ¢(0) = 0, we infer €,(0) = 0. Since

V- uf(0) = V- u(0) = 0, we derive from (4.8) that ¢°(0) = 0. By integrating in time
between 0 and ¢, we obtain

1 . X ¢
3 (el + 196713 + X19-¢l) + [ [ ealar
€ 0
t
S —(Pt - jsptvv'e) +/ (pTT - Jep‘r’rvv'e)dT
0
t
+e(VTapr, V7) — / £(VTeprr, VoF)dr
0

1 X 2 €112 /t X 2 €112
< (4 . A .
< 3 (CIvel+1verlE) + | (Z1V-elid +1vol3) ar

+ cellpe = TePtlTos 0.1:02(0)) + € €N TePel Toe 0,001 (02))

+ cellpi — jspttH%Z(O,t;LQ(Q)) +¢ 52Hjeptt”%Z(O,t;Hl(Q))'
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Using the estimates (4.15), we infer

1 % t t % s
1 (1B + 1981+ 219 -¢13) +a [ 19ear < [ (X19-ellf+ 196°1F) ar + 3.

An application of the Gronwall lemma leads to
t
X 3
(4.16) Jed + V613 + XIV-elf + [ [9e, I < e,

The proof is complete. ]

4.2.2. L?-estimate on the velocity. An estimation of the error on the velocity
in the L2-norm is given by the following lemma.
LEMMA 4.2. Provided u and p are smooth enough in time and space, then

54s
(4.17) Ju—ulz2z2)e) S+,

where s is the regularity index of the Stokes operator.
Proof. We multiply (4.7) by S(e). Owing to Lemma 2.4 we infer

1
3 0ilel +ale, S(e)) = 0.
Using Lemma 2.3 with pu = /e, we obtain
1 1 _
L00el2 + Lel3 S e 19-¢l3 + = e — Py}

From the definition of ¢¢, it is clear that eV¢® = e — Pye; we then derive from the
estimates in Lemma 4.1 that

1 1
SOel? 4 S lelld S e IV-elf + 1= el Ve 5 eF (e 4 e170).

Since ay = 1 — ap, we find

1 1 5 s
S0lel? + 5 llellf S et =7

The proof is completed using an integration in time. ]

4.3. Error estimates for the time discrete case. The main result in this
paper is the following.

THEOREM 4.1. Let 0 < x < 2%. Assuming that the solution to (2.7) is smooth
enough in time and space, the solution (u*, ", p*) to (4.1)-(4.3) satisfies the estimates

. 5ts

luat —uatlle 2@y + lluar — Gatllez 2@ S AL,
~ ts

luat — @atllemr @) + Ipar — paclle @) S AL+,

where s is the regularity index of the Stokes operator.

REMARK 4.2. With full Stokes regqularity, i.e., s = 1, the L?>-norm of the error on
the velocity is O(At%), and the H'-norm of the error on the velocity and the L?-norm
of the error on the pressure are O(At). In view of Lemma 4.1 and of the first estimate
in Lemma 4.3, we believe that the H'-estimates can be improved up to O(At%) by a
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sophisticated argument using weighted seminorms in time as in [18, 20]. However,
the details of this proof are beyond the scope of this paper. Numerical results reported
in section 5 seem to confirm this conjecture, at least in two dimensions.

The proof of Theorem 4.1 is carried out in a way similar to that of Theorem 4.1
in [10], but since there are several important differences in the proofs of the underlying
lemmas, we give all the details. In particular the error analysis reveals why a homo-
geneous Dirichlet boundary condition must be enforced on ¢**! on I'y; it explains
also the origin of the factor y in (4.3).

Let us first introduce some notation. For any sequence ¢°, ¢!, ..., we set

5t<,0k = 90k - 90’("‘71, 5tt90k = 5t(5t90k)7 5ttt90k = 5t(5ttsﬁk),

and

k— y(t%) — ok F — u(t*) — gk
(4.18) {6 = u(t") , (%) ;

PP =p(tF ) — ¥, " =p(t") - p".

It is straightforward to show that (@', u!, p!) obtained by using the scheme (4.1)—(4.3),
with BDF2 replaced by backward Fuler, satisfies the following estimates:

le llo + 1 lo + Atz ([ Vel [lo + Ve [lo) S A%,

(4.19)
lg'flo < At.
Note that for any bilinear form (-,-) and any sequences a®,al,..., and b° b, ...,
the following holds:
(4.20) 6¢(aF L DRy = (8,;aF T 0T + (aF, 6,07,

The error estimates of Theorem 4.1 are proved through a succession of lemmas.
The following result is the discrete counterpart of Lemma 4.1.
LEMMA 4.3. Under the hypotheses of Theorem 4.1, we have

IV @il e (L2 (@) + VAL Varllem(r2(y S ALt
loteatllezmr )y S At
8:8a¢ — Sreatllez(r2 ey S At

Proof. Upon defining

3u(th) — du(t*=1) + u(th—2)
2At ’

then, for & > 2, the equations that control the time increments of the errors are

(4.21) RF = dpu(th) —

38,E+1 — 48,ek + 6,eh !
(4.22) 24t
§e" M, =0, (8e*n — v(D&E*)n)|r, =0

+ Abe" 4 Yok = 6, RF,

and

3 okl okl
AL Ve =

(4.23) Vo8t = 0,

s onlp, =0, ¢, = ¢F|r, = 0.

i ~k+1 _ k
2At6te V¢ ’
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We take the inner product of (4.22) with 4At §;**! and obtain
2(6:8F 1 36,881 — 48k + 6,71 + daAt|| VR T2
(4.24) — 4AL(V-6,8F L 8,0F) = 4At (6,81, 6, RFY)
< Va8 THE 4 cAtT,

where ~ will be chosen later, and we have used the coercivity of the bilinear form a
together with the fact that ||6;R*t'|o < At®. Note also that we have used the
inequality 2ab < vya? + b2 /7, which holds for all v > 0. We shall repeatedly use this
standard trick hereafter without mentioning it anymore.

Let us denote I = 2(6;681, 36,6* 1 — 46,eF + 6;eF71); then we have

I — 6(6ték+l,6ték+1 _ 6tek+1) + 2(5télc+1 — 5,6 36,eR Y — 45,k + 6tek71)
+ 2(6tek+17 36.eP ! — 48,eF + 6tek_1).
Let I, Is, and I3 be the three terms in the right-hand side. Using the algebraic
identities
(4.25) 2(a" L aR L gR) = @R Y2 o okt — gFJ2 — |k 2,
(4.26) 2(a" 1, 30K — 4ak 4 aF) = |aF T2 4 208+ — B2 4 |8at LR
—Jak|? — |2a* — aFT1P2,
we derive
I = 3|62 |7 + 3[|8pe* T — 2" — 3[|8re 3,

Iy = [|8ie™ G + 11260 — 60e® (17 + 180e™ G — [0 [[§ — [1260€® — 6" 3.

Owing to (4.23) and using the fact that e € H, we derive the following equality:

%12 = —2(V&; "1, 36,eFTL — 45,e" + 6,eF7) = 0.

Collecting all the above results, we obtain
3116815 — 316" HIE + 16ee™ T HF 4 [[280e" T — Spe”I7
+ 3[|8pe" T — 8 TG + [
+ (4 — ) aAL|| V82 — 4AL(V- 6,8, 8,9F)
<cAtT + |6:€%12 + [|126:€” — 61|12

(4.27)

Taking the square of (4.23) and integrating over the domain, we obtain

4 4
3 6 k412 *At2 V k+12 =3 6 ~k+12 7At2 v kn2
(4.28) l[6:" 7115 + 3 Vo™ lg = 3[16:6" 7 IG + 3 INCAn

+ AAL(V 6,851 oF).

Note that integration by parts on (6;e¥+1, Vo**1) and (§;68*1, VoF) is legitimate
because both ¢¥T1|r, and ¢*|r, are zero. Since ¢*F = pF — pF~1 — \V.é* we can
bound the inner product in the right-hand side of (4.28) as follows:

ANV -6, oF) = 4AH(V 6,88 pk — ph=t — \V.&F)
(4.29) = 2} AL(—[[V-E S + V- [1F + 1V-6:8T113)
— 4AL(V-8,8F L 8,0F) 4 4AH(V -6, 6,p(tFT1)).
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To control the troublesome term At||V-§;6%*1(|2 we use
(4.30) XIIV-vl|2 < 29/a||Vu||2 Vo e X.

Due to the condition , (4.4), we know that the constant +' is such that 0 < +' < 1.
Summing (4.27), (4.28), and (4.29), and using (4.30), we finally obtain
[6:"F 1S + 112606 — 8,13 + gAt2||V¢kHI|§ +2x ALV -3
(4.31) + (4 =49 = 7)aAt|[VETE + 3[|6p (P — EFIF + (180G
< [[60e® ][5 + [1260e® — 8" HF + %Alelwﬁk\l% +2x AtV &[5
+ 4AH(V 6,851 6,p(tF 1)) + cAL.

At this point, we are formally at the same stage as (4.14). To integrate by parts in
time the term (V-6;e+1 §;p(tF*1)), we use (4.20) as follows:

(V.éték+1,6tp(tk+l)) — 6t(V.ék+1,6tp(tk+l)) o (v'ék75ttp(tk+1)).

Next, we use the interpolation operator defined in (4.15). Let us denote RF*1 =
p(t* 1) — Tas(p(t**1)) (where Ja; = Z /az.1)- Then we have

(M

1
g0 RS + 1VonTar ()G < At

Since Ja¢(p(t**1)) is zero on T'y, we have

(V6,8 6up(t7H1)) = 80 (V-1 6 R 4 6,(V -8 6. Tau (p(EH1)))
_ (v~ék’ 6ttRk+1) _ (Vék’ 6ttjAt(P(tk+1)))

2At
= 6(V-e"t! 6 RFTT) 4+ ?@(Vgﬁk“? V& Ta(p(t*1)))

2At
- (V'éka 5ttRk+1) - T(Vqﬁk, V5ttjAt(P(tk+1)))

2At
< 6 (V-EFTL RN + ?5t(v¢k+17 V& Ta(p(t*t))

o
3

YA

+ 25 IV + -9 6F | + eat.

By inserting this bound into (4.31), we obtain

4
80" MG + 128, F = 811§ + S ALV TG + 2 AL V-G
+ (4= 49 = )alt[[V6,e [ + 3]|8: (5T — @) IF + [|8eee™ 3
< [16e€® (I3 + l126¢e" — 8" M3

4
+ AL+ A1) V6" § + 2 AL + AL V-2

(VL V8, Tar(p(tFT)) + c At>.

At?
+ 4At6, (V-8 L 5 R 4 %@
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Summing up the relation above for I = 2,...,k and taking into account (4.19), we
obtain

4 i
160e™HIG + 11260e™ = bre®[I§ + S ALV TG + 2xAH]| V-

k k
(A= —y)adt) [VEEtF+3) llse Tt — e
=2 =2

< (18?13 + 11280 = 81 |3 + AP V6?3 + ALIV-¢23 + At? )

k
4 ~
+ a3 (FACIVOIE + 2xaev-2113)
=2

A?
— 4AH(V-F T 5 RET) — ST(V‘J%H, Vé:Iar(p*1)))

8AL?
3

2
< At + ZAR[VH R + x AL V-3

+AAL(V 82, 6,R?) + (Vo?, V6 Tat(p(t2)))

k
4 ~
a3 (FAPIVOIR + 2xaev-2113) .
=2

Since 0 < +' < 1, we can choose « such that 4 — 49" —~ > 0. Then an application of
the discrete Gronwall lemma yields the desired result. 1]

REMARK 4.3. Note that to balance the term —(V-8,¢5T1 yk) in (4.27) it is nec-
essary to integrate by parts the term (65T, VoF) in (4.28). This is possible only
because the Dirichlet boundary condition ¢*|r, = 0 is enforced. This fact is the main
reason why we enforce a homogeneous Dirichlet boundary condition on ¢F*+1 in (4.2).
This argument shows the importance of the error analysis (or stability analysis) per-
formed in the proof of Lemma 4.3. The necessity of the Dirichlet boundary condition
also becomes clear when one understands that (4.2) is a realization of u**! = Prak+?,
since the orthogonal complement of H is VN according to Lemma 2.1.

REMARK 4.4. The introduction of the parameter x together with the bound (4.4)
is justified by step (4.30). Whether the bound (4.4) is sharp is not yet clear.

LEMMA 4.4. Under the hypotheses of Theorem 4.1, we have

~ 54s
luat — @aclle 2@y + lluar — uatllez 2@y S AL+

Proof. By using the relation e! = &' + QTNVqSl, for all [ > 2, one obtains

3ek+t — 4k 4 bt
(4.32) 2At
¢ py =0, (Y*n = (D Nn)lr, =0,

+Aék+1 +v,yk :Rk+17

where V~* stands for the collection of all the gradient terms.

As in the time continuous case, we make use of the inverse Stokes operator. By
taking the inner product of (4.32) with 4AtS(é¥*1) and using the identity (4.26), we
obtain

EHE 285 — &R 4 (80 T + dAta(@H, S(EH)

— (R, S(@EH) + 2 + 2t —
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Using Lemma 2.3 with = VAt and Lemma 4.3, we infer

(@, S(E1) > 2 — (A [V 4+ Aren e - k)
> 2R — c(Ar V-8R 4+ At AV

> 2||eF |12 = cAETE > 28R |2 — AR

We also derive from the Cauchy—Schwarz inequality and (2.16) that
AAH(RFTY S(5 ) < eAH|RFFHX 4+ At|| &5 < I AE + Atf|eF 2.
Combining these two estimates, we obtain
|EFHL2 4 [287HE — @82 4 AR < (R[4 267 — &P 4 cAtHE

The desired result is now an easy consequence of the discrete Gronwall lemma. The
estimate on ||uar —ua¢||o is obtained by using the triangular inequality |jua: —uatllo <

luat — @atllo + 2TMHVQ#MHO (derived from (4.2)) and Lemma 4.3. d

The key for obtaining improved estimates on [|€a¢l|e2(m1(0)ey and [|qacllez(z2(q))
is to derive an improved estimate on ﬁ(?)éték*l — 46:8% 4 6;"~1). To this end, for
any sequence of functions ¢°, ¢!, ..., we define

Dt¢k+1 = %(3¢)k+1 o 4¢k + ¢k71).

LEMMA 4.5. Under the hypotheses of Theorem 4.1, we have

3+s

AtH|(De€) atllez(r2(yey S At

Proof. We use the same argument as in the proof of the L?-estimate, but we use
it on the time increment 6,6¥*1. For k > 2 we have

36,88 T — 48,8k + 68kt

N + Ab et 4 VAT = 5, RFHL

Taking the inner product of the above relation with 4AtS(8;¢**1), using Lemma 2.3
with © = VAt, and repeating the same arguments as in the previous lemma, we
obtain

6,88 T2 4 (26,881 — 6,8%|2 + |61eE" T2 + At]|6,6TH|2
< A5 RMTH + cAH AL |V -8R H[E + A2 |65 T — 8 TH|])
+ (6,872 + 26,87 — 6,852,

Applying the discrete Gronwall lemma, and using the initial estimates and Lemma 4.3,
we obtain

~ 74s
I8eeaclli(rzyey S AL

We conclude by using the fact that 2D,é**+1 = 36,68+ — §,é*. O
We are now in position to prove the remaining claims in Theorem 4.1.
LEMMA 4.6. Under the hypotheses of Theorem 4.1, we have

_ 34s
luae — datllez(mr)ay + lIPat — padlle@ ) S AL+ .



254 J. L. GUERMOND, P. MINEV, AND J. SHEN

Proof. By adding the viscous step and the projection step, it is clear that we have
(4.33)
{A'ék‘+1 4 v(qk+1 4 Xvé’k+1) — hk+1

V'ék+1 _ gk+17 ék+1|F1 _ 0’ ((qk+1 + XV'ék+1)n o (Dék+1)n)|F2 _ 07

where

(4.34) RE+L — RE+L _ DLICH, ghtl = _LNVQ(bk-H.
At 3

Owing to Lemma 4.3, we have

(4.35) " lo = V-8 0 S AT k.

Since e* = Pyé*, owing to Lemma 4.5, we infer

_ _ _ 3+s
At 1||6t€At||l2(L2(Q)d) S At 1||6teAt||l2(L2(Q)d) S At + .
Hence, we have
_ N 3+s
(4.36) Ihatllezxry S IRatllerziysy + At HIDiéaclliraiayay S AL T .

Now, we apply the following standard stability result for nonhomogeneous Stokes
systems to (4.33) (cf. [23]):

(4.37) 1+ 1@+ x V- Yllo < 1R x + 16° o

Owing to (4.35) and (4.36), we derive

3+s

lleatllez(mr@yey + 1(q +xV-E)llez(r2) S At T .
Then, from

lg" o < 1" + xV-e"* o + x[IV-"Flo,
we derive ||th||12(L2(Q)) SAtT. a0
Thus, all the results in Theorem 4.1 have been proved.
5. Numerical results and discussions.

5.1. Standard pressure-correction scheme. We take the exact solution (uy,
ug, p) of the linearized Navier—Stokes equations to be

ui(x,y,t) =sinzsin(y + t), uz(x,y,t) = coszcos(y +t), p(x,y,t) = coszsin(y + t).

We set 2 =0, 1[2, Iy = {(z,y) € T, x = 0}. This solution satisfies the following open
boundary conditions:

—amU2|F2 = O7 p— 8$U1|F2 =0.

To confirm the results in Theorem 3.1, we have carried out convergence tests
in time using Py/P; finite elements as well as the IP’%V x Pn_o Legendre—Galerkin
method [19] (where P), denotes the space of polynomials of degree less than or equal
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1.0x10° S T T
, Second-order pressure-correction scheme: standard form
10 T T
1.0x107! 4 - —
9 +—’4*—/k’
10°
1.0x107% 4 e e
JSlope 172 E
5 10"
1.0x107 E
= ® . pressure, L2-norm | ] )
+ +: Velocity, Hl-norm 10
1L0x10° 4 - “ % Velocity, L2-norm | |
. - slope = 1
~ 1
7
Slope 1.257 b3
1.0x10°% T T T r e o
0.0001 0.001 0.01 0.1 1 At
Finite elements with h = 1/20, 1/40, and 1/80. Legendre—Galerkin with N = 40.

Fi1G. 5.1. Errors vs. At, standard pressure-correction scheme: Note that the curves correspond-
ing to the error on the velocity in H'-norm and the pressure in L?-norm almost coincide.

to k). We use the standard BDF2 pressure-correction scheme, which enforces a homo-
geneous Dirichlet boundary condition on the pressure increment at the open boundary
in the projection step.

For the finite elements, the errors at ¢ = 1 for three meshes (h = 1/20, 1/40,
1/80) and 5.10~* < At < 10! are reported in the left panel of Figure 5.1. Note that
the error for small time steps is dominated by the spatial discretization error. The
reference slope represents the asymptotic convergence rate as h — 0.

For the Legendre—Galerkin method, the results with N = 40 are reported in the
right panel of Figure 5.1. For the range of time steps explored, the spatial discretiza-
tion error is negligible compared to the time discretization error.

These tests clearly indicate that the L?-error of the velocity (resp., the pressure)
is of order At (resp., At%), which are consistent with Theorem 3.1.

5.2. Rotational pressure-correction scheme. We again use the analytical
solution described above to test the time accuracy of the rotational pressure-correction
scheme (4.1)—(4.3).

We first report the results with Py/P; finite elements. We use h = 1/80 to
guarantee that the error in space is significantly smaller than the splitting error. The
results are reported in the left panel of Figure 5.2. The convergence rate of the error
on the velocity in the L?-norm is close to O(At3/2), and that of the H'-norm behaves
like O(At>/*), which is higher than the O(At) rate predicted by Theorem 4.1 (see
Remark 4.2 and Lemma 4.3). The convergence rate of the error on the pressure in the
L*-norm is O(At), and that of the L?-norm is between O(At) and O(At%). These
rates are mostly consistent with the error estimates in Theorem 4.1. The accuracy
saturation observed for small time steps comes from the spatial discretization error.

The results using the Legendre—Galerkin method are reported in the right panel
of Figure 5.2. We note that the convergence rate for the error on the velocity in
the L2-norm is of order O(At%)7 as predicted by Theorem 4.1. The convergence
rates on all the other quantities are also close to O(At%), which is higher than what
Theorem 4.1 predicts (see Remark 4.2).

To complete this series of tests, we have performed convergence tests in three
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1.0x10° — — — -
1 |* *: Velocity, L2-norm 7
+ + : Velocity, Hl-norm . Second-order pressure-correction scheme: rotational form
1.0x10"' 4 |Y ¥ : Pressure, L2-norm il 10 T T
. 1 ® B Pressure, Max norm
10° E|
1.0x102 E
10° 4
1.0x1073 E

E 1 10" 4
1.0x107* 4 § 5

E E 10° - slope =3/2 E
1.0x107 = .

E 3 10 E|
1.0x107 i 0" ]
1.0x107 - — o . 100 - - .

10 10 10 10
0.0001 0.001 001 0.1 1 at
Velocity: (A) L2-norm; (+) H'-norm. Velocity: (*) L2-norm; (O0) H'-norm.
Pressure: (V) L2-norm; (M) L>-norm. Pressure: (o) L?; (+) H'; (A) L.

F1G. 5.2. Rotational pressure-correction scheme: Left, finite elements; errors at t = 1 vs. At
(using h = 1/80). Right, spectral method; error vs. At with N = 40 fized.

1 T T T T T 1 T T T

0.14

0.014

44 Velocity, max(L2) norm

0.001 = 0.001

VV : Pressure, max(L2) norm

Aa. Velocity, max(L2) norm

,/' V ¥V : Pressure, max(L2) norm P
0.0001 min - ‘ 0.0001 ‘ ‘ :
0.001 0.01 0.1 1 0.01 0.1 1
h = 1/40. Standard form (dashes) vs. rota- h = 1/10, 1/20, 1/40. Rotational form, x =
tional form (solid line) 2/3.

Fic. 5.3. Pressure-correction scheme with P2/P1 finite elements in three dimensions. Errors
vs. At. Velocity: (A) L?-norm. Pressure: (V) L%-norm.

dimensions using Py /P; finite elements. The boundary conditions and the source
term in the Stokes equations are set so that the solution is given by

ui(x,y, z,t) =sinasin(y + z + t), us(x,y, 2,t) = cosx cos(y + z + t),
us(z,y, z,t) = cos(x) sin(y + t), p(z,y,t) = cosxsin(y + z + t).

Both the standard and the rotational forms of the BDF2 pressure-correction
scheme were tested. We show in Figure 5.3 the maximum in time of the L?-norm
of the errors on the velocity and the pressure for both schemes. On the left panel we
compare the standard and rotational forms of the scheme using h = 1/40. Unfortu-
nately, using a higher uniform resolution in space was not possible due to the high
cost of the computations. The grid with a stepsize h = 1/40 already contains close to
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500,000 P nodes. On the right panel we show the errors for the rotational form of the
scheme using three different meshes: h = 1/10, 1/20, 1/40. The convergence rates of
the standard version of the scheme are clearly lower than those of the rotational form.
The slopes for both the velocity and the pressure errors obtained with the rotational
form of the scheme are slightly lower than the best possible estimate following from
the claim of Theorem 4.1. The rates O(At%) and (’)(At%) seem to correspond to a
regularity index s < 1.

6. Concluding remarks. In this paper, we have analyzed pressure-correction
schemes for approximating the incompressible Navier—Stokes equations with pre-
scribed normal stress boundary conditions enforced on parts of the boundary. Our
conclusions are twofold.

First, we have shown that the convergence rates of standard pressure-correction
methods are too poor to be recommendable for approximating the Navier—Stokes
equations in these circumstances. The main reason for the poor accuracy is that
an artificial homogeneous Dirichlet boundary condition on the pressure has to be
imposed to ensure stability.

Second, we have shown that the rotational pressure-correction method leads to
reasonably good error estimates. More precisely, assuming full regularity of the Stokes
problem, we have shown that the second-order rotational pressure-correction method
yields O(A#*?) accuracy for the velocity in the L2-norm and O(At) accuracy for
the velocity in the H'-norm and the pressure in the L?-norm. To the best of our
knowledge, the results presented in this paper are the first published convergence
estimates for a splitting method solving the time-dependent Stokes equations with
open boundary conditions.

Finally, it is clear that even though the second-order rotational pressure-correction
method yields the best error estimates to date, these are still suboptimal and more
research is needed to find a splitting scheme with better properties.
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