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Abstract
We propose in this paper a new spectral method based on a fictitious domain approach
for solving elliptic interface problems in complex domains. Firstly, we embed the complex
domain into a larger fictitious domain whose boundary is a proportional extension of the
interface. Assuming the data can be smoothly extended to the fictitious domain, we formulate
a Petrov-Galerkin weak form in the fictitious domain under the constraint that its solution
satisfied the original boundary condition and interface condition. Secondly, by introducing an
appropriate coordinate transformation, wemap the fictitious domain to a circular domainwith
the interface mapped to an inner circle. Thirdly, we develop an efficient Fourier-Legendre
spectral method for solving the mapped equation in the circular domain. We present ample
numerical examples to validate the efficiency and accuracy of our approach. In particular,
our numerical results indicate that our method can achieve exponential convergence if the
interface and domain boundary are smooth.

Keywords Elliptic interface problem · Complex domain · Fictitious domain approach ·
Spectral method

1 Introduction

Second-order elliptic interface problems have wide applications in fluid dynamics, elec-
tromagnetics, biomedicine, and materials science [2, 3, 12, 13, 21, 44, 46], particularly in
reservoir simulation, seismic wave propagation, and porous media diffusion. However, the
fact that the solution may exhibit singularities due to coefficient jumps (such as differences in
permeability), along with the complexity of interface geometries, pose significant challenges
in its numerical approximation.
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Numerous numerical methods have been proposed for the second-order elliptic interface
problems, including the finite element methods [5, 9], finite volume methods [15, 36, 38],
and finite difference methods [4, 11, 42]. For instance, the finite element (FE) methods face
challenges in mesh adaptation for complex interface scenarios; the finite volume methods
suffer from accuracy degradation near interfaces; and the finite difference methods struggle
to accommodate complex geometries. To overcome geometric constraints, Lin et al. intro-
duce an immersed finite element (IFE) method and achieved mesh-independent convergence
by modifying basis functions at the interface [1, 30–32]. Subsequently, this idea has been
extended to immersed finite volume methods [8, 14, 20, 40] and immersed interface methods
[25, 27–29].

Recently, the elliptic interface problems attracted increasing attentions. Zhang et al. [45]
proposed a numerical method based on variational discretization, which address the interface
optimal control problem by using a uniform grid independent of the complex interface and
the immersed finite element method. Coco et al. [10] proposed a second-order accurate finite
difference method with real and ghost values to address non-homogeneous jump conditions
in two-dimensional and three-dimensional elliptic problems with complex interfaces. Mu et
al. [33] introduce a novel weak Galerkin (WG) finite element method, by simplifying the
variational form and reducing the number of unknowns, this method can efficiently solve
second-order elliptic interface problems on general polyhedral meshes. Oruç [34] proposed
a meshless algorithm based on Pascal polynomials and a multiscale method, by discretizing
the strong form, it can effectively deal with two-dimensional and three-dimensional ellip-
tic interface problems with sharp corner interfaces. Guo et al. [19] propose an IFE method
based on Cartesian grids. They construct a local IFE space that satisfy the interface jump
conditions using piecewise trilinear polynomials, thereby achieving efficient solutions for
three-dimensional elliptic interface problems. Guittet et al. [18] proposed a simple algorithm,
called the Voronoi interface method, for solving elliptic interface problems with disconti-
nuities on the interfaces of irregular regions, it can achieve second-order accuracy for the
solution and first-order accuracy for the gradient on arbitrary grids, and is applicable to cases
with large ratio of diffusion coefficients. For additional related work, we refer to [22, 26, 35,
47].

It is well known that spectral methods can deliver superior accuracy for problems posed on
regular domains with smooth solutions [6, 37], and that the spectral element method (SEM)
combines the geometric flexibility of finite elements with the high precision of spectral
approximations [7]. In recent years, several non-conforming least-squares spectral element
methods have been proposed for solving elliptic interface problems. For instance, Kumar et
al. [24] developed a least-squares based non-conforming SEM for two-dimensional elliptic
problemswith smooth interfaces, achieving exponential convergence in the H1 norm through
the use of a preconditioned conjugate gradient solver to correct the non-conforming solution;
Khan et al. [23] extended this framework to three-dimensional elliptic interface problems.
However, these approaches face significant challenges. The method in [24] requires addi-
tional correction steps to obtain a coordinated solution, which increases implementation
complexity. Moreover, when coefficients exhibit large jumps, both the number of iterations
and the computational cost rise sharply. Similarly, the three-dimensional method in [23]
shows limited robustness in the presence of large coefficient jumps, leading to substantial
iteration counts and high computational expense. In addition, the use of non-coordinated dis-
cretization and analytical mappings further complicates programming and mesh generation.
Consequently, non-conforming least-squares SEMs often struggle with grid construction,
computational efficiency, and numerical accuracy, particularly for elliptic problems involv-
ing heterogeneous media and complex interfaces in irregular domains.
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In summary, traditional numerical methods for elliptic interface problems generally
require explicit meshing of the computational domain and careful design of interface trans-
mission conditions, which may incurs a large number of degrees of freedom and introduce
additional errors due to boundary approximation. As a result, achieving high-accuracy solu-
tions often demands significant computational resources in terms of both time and memory.

Motivated by these challenges and by the success of domain embedding approach intro-
duced in [16, 17], we propose a novel spectral method that integrates the domain embedding
approach with domain mapping. Compared to existing approaches, our method incorporates
the following key innovations:

• We develop a spectral element framework based on regional embedding and mapping,
applicable to problems with heterogeneous media, complex interfaces, and intricate
boundaries.

• After extending the original problem to a large fictitious domain with boundary being a
proportional extension of the original interface (see Fig. 1), we transform the extended
problem in the complex domain into a problem in a circular domain in which Fourier-
Legendre spectral methods can be efficiently applied, while enforcing the original
interface conditions and boundary conditions in a Petrov–Galerkin weak formulation.

• The proposed algorithm attains spectral accuracy, requiring significantly fewer degrees
of freedom to obtain highly accurate numerical solutions.

The rest of the paper is structured as follows: In Section 2, we describe the second-order
elliptic interface problem. In Section 3, we extended the original problem to the fictitious
domain and derived its variational form in Cartesian coordinates. In Section 4, we introduce a
coordinate transformation andderive an equivalent variational formunder this transformation.
In Section 5, we establish a discrete variational form and describe our approach for solving
the associated linear system. In Section 6, we present a series of numerical examples to
validate the robustness and accuracy of approach. We provide some concluding remarks in
Section 7, followed by an appendix with detailed.

2 Description of the Elliptic Interface Problem

We consider the following elliptic interface problem [9]:

− ∇ · (�∇σ) = F, in �− ∪ �+,

σ = 0, on ∂�,

[σ ]� =
[
�

∂σ

∂n

]
�

= 0,

(2.1)

where � ∈ R
2 and �− ⊂ � are simply connected domains with at least piecewise C1

boundaries; let �+ = � \ �̄−, and � := ∂�− ∩ ∂�+ denotes the interface separating the
subdomains �− and �+; hence � = �− ∪ �+ ∪ � (see left of Fig. 1). The jump conditions
across the interface are as follows:

[σ ]� = σ |�− − σ |�+ ,

[
�

∂σ

∂n

]
�

= �−
∂σ

∂n

∣∣∣∣
�−

− �+
∂σ

∂n

∣∣∣∣
�+

,

with a general non-uniform medium given by

�(x) =
{

�−(x), x ∈ �−,

�+(x), x ∈ �+.
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Fig. 1 The diagram of domain embedding and transformation

To fix the idea, we assume that ∂�− and ∂� can be parametrized by K (θ) and G(θ),
θ ∈ [0, 2π), respectively. Therefore

� := {x ∈ R
2 : |x| < G(θ), θ ∈ [0, 2π)},

�− := {x ∈ R
2 : |x| < K (θ), θ ∈ [0, 2π)},

�+ := {x ∈ R
2 : K (θ) < |x| < G(θ), θ ∈ [0, 2π)}.

3 Domain Embedding and Variational form in the Cartesian Coordinate
System

First, we choose R > 1 such that RK (θ) ≥ G(θ) for all θ ∈ [0, 2π), and denote:

�̂ = {x ∈ R
2 : |x| < RK (θ), θ ∈ [0, 2π)}, �̂− = �−,

�̂+ = {x ∈ R
2 : K (θ) < |x| < RK (θ), θ ∈ [0, 2π)}.

Next, we extend the original problem (2.1) from � to �̂:

− ∇ · (ε∇δ) = F, in �̂− ∪ �̂+,

δ = 0, on ∂�,

[δ]� =
[
ε
∂δ

∂n

]
�

= 0,

(3.1)

where F is a smooth extension of F to �̂, ε(x) > �0 > 0 is a general non-uniform medium,
and

ε(x) =
{

�−(x), x ∈ �̂−,

�+(x), x ∈ �̂+,

where we also assume that �+(x) is smoothly extended to �̂+.
Let L2(�̂) and H1(�̂) denote the standard Sobolev spaces, with their inner products and

norms defined as outlined below:

(�, v) =
∫

�̂

�v dx, ‖�‖ = √
(�,�);

(�, v)1 = (∇�,∇v) + (�, v), ‖�‖1 = √
(�,�)1.

123



Journal of Scientific Computing            (2026) 107:5 Page 5 of 21     5 

By employingGreen’s formula, interface transmission conditions and boundary condition,
we can derive a weak form of (3.1), namely, find δ ∈ H1(�̂) such that{

H(δ, ν) = Y(ν), ∀ν ∈ H1
0 (�̂),

δ = 0, on ∂�,
(3.2)

where

H(δ, ν) =
∫

�̂−
�−∇δ∇νdx +

∫
�̂+

�+∇δ∇νdx, Y(ν) =
∫

�̂

Fνdx.

4 DomainMapping and Equivalent Variational Form

Based on the work in references [39, 41, 43], we similarly introduce the following coordinate
transformation:

x = r K (θ) cos θ, y = r K (θ) sin θ, (r , θ) ∈ [0, R) × [0, 2π), (4.1)

which transforms the complex domains �− and �̂ into regular domains D− and D (see Fig.
1):

D := {(r , θ) : (r , θ) ∈ [0, R) × [0, 2π)},
D− := {(r , θ) : (r , θ) ∈ [0, 1) × [0, 2π)},
D+ := {(r , θ) : (r , θ) ∈ (1, R) × [0, 2π)},
D∗ := {(r , θ) : (r , θ) ∈ (1,G(θ)/K (θ)) × [0, 2π)}.

Note that after the transform, the boundary of the original domain � is still a complex curve,
that is, r = G(θ)

K (θ)
, θ ∈ [0, 2π) (see Fig. 1).

Utilizing the transformation (4.1) and the chain rule, we derive that

∂

∂x
=

(
cos θ

K (θ)
+ sin θ

K 2(θ)
∂θ K (θ)

)
∂

∂r
− sin θ

r K (θ)

∂

∂θ
,

∂

∂ y
=

(
sin θ

K (θ)
− cos θ

K 2(θ)
∂θ K (θ)

)
∂

∂r
+ cos θ

r K (θ)

∂

∂θ
.

Through direct calculation, we obtain that the Jacobian determinant for the coordinate trans-
formation (4.1) is:

|J (r , θ)| = r K 2(θ).

For the sake of brevity, we introduce:

ξ1(θ) = cos θ

K (θ)
+ sin θ

K 2(θ)
∂θ K (θ), ζ1(θ) = sin θ

r K (θ)
;

ξ2(θ) = sin θ

K (θ)
− cos θ

K 2(θ)
∂θ K (θ), ζ2(θ) = cos θ

r K (θ)
.

Then, we define the following weighted Sobolev spaces:

L2∗(D) := {
p :

∫
D
r K 2(θ)p2drdθ < ∞};

H1
� (D) := {

p :
∫
D
r K 2(θ)[(ξ21 + ξ22 )(∂r p)

2 + 2(ξ2ζ2 − ξ1ζ1)∂r p∂θ p

+ (ζ 2
1 + ζ 2

2 )(∂θ p)
2 + p2]drdθ < ∞, ∂θ p(0, θ) = 0, p(r , θ) = p(r , θ + 2π)

};
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endowed with the inner products and norms:

(p, ϑ)∗ =
∫
D
r K 2(θ)pϑdrdθ, ‖p‖∗ = [(p, p)∗]

1
2 ;

(p, ϑ)1,� =
∫
D
r K 2(θ)[(ξ21 + ξ22 )∂r p∂rϑ + (ξ2ζ2 − ξ1ζ1)(∂r p∂θϑ + ∂θ p∂rϑ)

+ (ζ 2
1 + ζ 2

2 )∂θ p∂θϑ + pϑ]drdθ, ‖p‖1,� = [
(p, p)1,�

] 1
2 .

We also set H1
0,�(D) := {

p ∈ H1
� (D) : p(R, θ) = 0

}
, and denote

ε̂−(r , θ) = �−(x), ε̂+(r , θ) = �+(x), δ̂(r , θ) = δ(x), F̂(r , θ) = F(x). (4.2)

Then, the problem (3.2) can be reformulated as: Find δ̂ ∈ H1
� (D) such that

{
Ĥ(δ̂, ϑ) = Ŷ(ϑ), ∀ϑ ∈ H1

0,�(D),

δ̂(
G(θ)
K (θ)

, θ) = 0, ∀θ ∈ [0, 2π),
(4.3)

where

Ĥ(δ̂, ϑ) =
∫
D−

r K 2(θ)ε̂−
[
(ξ21 + ξ22 )∂r δ̂∂rϑ + (ξ2ζ2 − ξ1ζ1)(∂r δ̂∂θϑ + ∂θ δ̂∂rϑ)

+ (ζ 2
1 + ζ 2

2 )∂θ δ̂∂θϑ
]
drdθ +

∫
D+

r K 2(θ)ε̂+
[
(ξ21 + ξ22 )∂r δ̂∂rϑ

+ (ξ2ζ2 − ξ1ζ1)(∂r δ̂∂θϑ + ∂θ δ̂∂rϑ) + (ζ 2
1 + ζ 2

2 )∂θ δ̂∂θϑ
]
drdθ,

Ŷ(ϑ) =
∫
D
r K 2(θ)F̂ϑdrdθ.

5 Discrete Variational form and its AlgorithmDescription

5.1 Equivalent Linear System

Firstly, we construct a set of basis functions in the approximation space. Let

r =
{

t1+1
2 , r ∈ (0, 1), t1 ∈ (−1, 1),

(R−1)t2+R+1
2 , r ∈ (1, R), t2 ∈ (−1, 1),

(5.1)

and
�k(ς) = Lk(ς) − Lk+2(ς), 0 ≤ k ≤ N − 2,

where Lk(ς) denotes the Legendre polynomial of degree k.
Define the internal basis functions:

�1,k(r) =
{

�k(t1(r)), r ∈ (0, 1),

0, r ∈ (1, R),
�2,k(r) =

{
0, r ∈ (0, 1),

�k(t2(r)), r ∈ (1, R),

�1,N−1(r) =
{
1 − r , r ∈ (0, 1),

0, r ∈ (1, R),
�2,N−1(r) =

{
0, r ∈ (0, 1),
r−1
R−1 , r ∈ (1, R),
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and interface basis function:

�∗(r) =
{
r , r ∈ (0, 1),
r−R
1−R , r ∈ (1, R).

Denote

X
M
1N := span

{
�1,ke

imθ : |m| ≤ M, k = 0, 1, . . . , N − 1 − sign(|m|)},
X

M
2N := span

{
�2,ke

imθ : |m| ≤ M, k = 0, 1, . . . , N − 2
}
,

X
M
3N := span

{
�∗eimθ : |m| ≤ M

}
, X

M
4N := span

{
�2,N−1e

imθ : |m| ≤ M
}
.

(5.2)

Define two finite element approximation spaces as follows:

XMN := X
M
1N ⊕ X

M
2N ⊕ X

M
3N , X̂MN := X

M
1N ⊕ X

M
2N ⊕ X

M
3N ⊕ X

M
4N .

Then, a discrete scheme of (4.3) reads: Find δ̂MN ∈ X̂MN , such that{
Ĥ(δ̂MN , ϑMN ) = Ŷ(ϑMN ), ∀ϑMN ∈ XMN ,∫ 2π
0 δ̂MN (

G(θ)
K (θ)

, θ)e−inθdθ = 0, |n| ≤ M .
(5.3)

Using the basis functions defined in (5.2), the above discrete scheme can be reduced to a
linear system

Aū = f̄ , (5.4)

where A is the stiffness matrix associated to the linear system (5.4), ū is the unknown vector
whose elements are the expansion coefficients of δ̂MN , and f̄ is the right side vector. For the
reader’s convenience, the detailed description and entries of A, ū and f̄ are provided in the
Appendix. Since (5.3) is a Petrov-Galerkin formulation, A is not symmetric positive definite.

Evidently, when themedium ε is piecewise constant, the coefficient matrix of system (5.4)
exhibits sparse characteristics due to the orthogonality of the Legendre polynomials [37].
Consequently, we can efficiently solve the linear system (5.4) by using fast sparse solvers.
When ε represents a general non-uniformmedium, the coefficientmatrix of system (5.4) is no
longer a sparsematrix. Its elements can be accurately computed using the Gaussian-Legendre
quadrature. In this case, we can solve (5.4) efficiently by employing the Preconditioned
Biconjugate Gradient Stabilized method (PBiCGSTAB).

To improve the efficiency of the iterative solver, it is crucial to ensure that the precondi-
tioning systemmaintains sparsity while ensuring the condition number of the preconditioned
system relatively small. This can be achieved by replacing the variable coefficients in (5.3)
with suitable constant coefficients so that the resulted linear system will be sparse and has
similar spectral properties as the original problem. To this end, we set

ε̃− =
∫
D− r K 2(θ)ε̂−drdθ

π
, ε̃+ =

∫
D+ r K 2(θ)ε̂+drdθ

π(R2 − 1)
,

and consider the following discrete scheme: Find δ̃MN ∈ X̂MN such that{
H̃(δ̃MN , ϑ̃MN ) = Ỹ(ϑ̃MN ), ∀ϑ̃MN ∈ XMN ,∫ 2π
0 δ̃MN (

G(θ)
K (θ)

, θ)e−inθdθ = 0, |n| ≤ M,
(5.5)

where

H̃(δ̃, ϑ̃) =
∫
D−

r ε̃−
[
∂r δ̃∂r ϑ̃ + 1

r2
∂θ δ̃∂θ ϑ̃

]
drdθ +

∫
D+

r ε̃+
[
∂r δ̃∂r ϑ̃

+ 1

r2
∂θ δ̃∂θ ϑ̃

]
drdθ, Ỹ(ϑ̃) =

∫
D
rF̃ ϑ̃drdθ.
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The above weak formulation leads to a linear system Bū = f̄ with B being sparse. It is
noteworthy that the interfacial transmission conditions and boundary constraints employed
in (5.5) are identical to those in (5.3). This ensures that the primary characteristics of the
original problem are essentially preserved. Therefore, we choose B as the preconditioner for
A.

6 Numerical Experiments

In this section, we present a series of numerical examples to validate the algorithm’s effec-
tiveness.

We first describe the discrete norms which will be used to measure the errors. Let θi =
2π i
n , i = 0, 1, . . . , n − 1, and t j , j = 1, 2, . . . , N be the standard Legendre-Gauss points

in [−1, 1]. We set

r1 j = t j + 1

2
, r2 j = (R − 1)t j + R + 1

2
.

We define the discrete L∞(D) norm as follows:

‖ f ‖L∞(D) = sup
(rk j ,θi )∈D̃

| f (rk j , θi )|,

where

D̃ := {(rk j , θi ) : i = 0, 1, . . . , n − 1, j = 1, 2, . . . , N , k = 1, 2}.
Similarly, we can define the discrete L2(D) and H1(D) norms.

To facilitate comparison, we utilize Example 1 from [45] as our first numerical example.
Note that the interface in Example 1 is circular and the medium is piecewise constant, so the
coefficient matrix A is sparse and can be efficiently inverted without a preconditioner.

6.1 Examples with Solutions which are Smooth inÄ− andÄ+

We present in this subsection several examples with solutions which are smooth in �− and
�+ but are not smooth across interfaces.

Example 1 We first consider the original problem (2.1). We assign �− = 1, �+ = 1000,
R = 3, and choose the following exact solution that satisfies both the boundary and interface
conditions:

σ(x, y) =
{

(x2 + y2 − 0.25)(x2 − 1)(y2 − 1)/�−, (x, y) ∈ �−,

(x2 + y2 − 0.25)(x2 − 1)(y2 − 1)/�+, (x, y) ∈ �+,
(6.1)

where �−, �+ and the virtual domain are depicted in the left of Fig. 2.
Through coordinate transformation (4.1), we can rewritten (6.1) as:

δ̂(r , θ) =
{

(r2K 2(θ) − K 2(θ))(r2K 2(θ) cos2 θ − 1)(r2K 2(θ) sin2 θ − 1)/ε̂−, (r , θ) ∈ D−,

(r2K 2(θ) − K 2(θ))(r2K 2(θ) cos2 θ − 1)(r2K 2(θ) sin2 θ − 1)/ε̂+, (r , θ) ∈ D∗,

where K (θ) = 0.5 and ε̂± is given by (4.2).

123
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Fig. 2 Diagram illustrating the
relationship between the circular
interface, square boundary, and
virtual boundary

Fig. 3 Error curves under various
norms for different values of M
and N = M

Fig. 4 Plot of approximate solution δMN (x, y) (left) and error (right) with N = 8 and M = 8

We depict the geometry of the problem in Fig. 2, plot the error curves under various norms
for different values of M and N = M in Fig. 3 from which the exponentially convergence is
clearly observed.

In Fig. 4, we present the plot of approximate solution and error (right) with N = 8 and
M = 8.

For the sake of comparison, we present the errors of approximation solutions under various
norms in Tables 1 and 2 for both the spectral method and the IFE method proposed in [45].

123
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Table 1 Errors in the L2-norm IFE method Spectral method

h ‖u − uh‖L2 Order N M ‖δ̂ − δ̂MN ‖∗

1/8 5.1370E−03 – 3 3 9.7560E−04

1/16 1.3368E−03 1.94 4 4 1.1422E−05

1/32 3.0153E−04 2.14 5 5 8.0657E−07

1/64 6.4095E−05 2.23 6 6 3.7828E−16

1/128 1.3788E−05 2.21 7 7 3.3545E−16

Table 2 Errors in the H1-norm IFE method Spectral method

h |u − uh |1,h Order N M ‖δ̂ − δ̂MN ‖1,�
1/8 1.0446E−01 – 3 3 7.6000E−03

1/16 4.4963E−02 1.21 4 4 3.1770E−04

1/32 2.1327E−02 1.07 5 5 2.8544E−05

1/64 1.0345E−02 1.04 6 6 6.5754E−15

1/128 5.1766E−03 0.99 7 7 7.5568E−15

From Tables 1 and 2, it is obvious that, for this problem with solution that is smooth in
�− and �+ but discontinuous at the interface, our method converges exponentially.

For the sake of brevity, the reference solutions for the next three examples are presented
in polar coordinates.

Example 2 We assign ε̂− = 1, ε̂+ = 1000, R = 3, and choose the following exact solution
that satisfies both the boundary and interface transmission conditions:

δ̂(r , θ) =
{
r(r − 1)(r − G(θ)

K (θ)
)/

ε̂−
K (θ)

, (r , θ) ∈ D−;
r(r − 1)(r − G(θ)

K (θ)
)/

ε̂+
K (θ)

, (r , θ) ∈ D∗,

where

K (θ) = esin θ + ecos θ − sin θ, G(θ) = 3.6 + 0.8 cos θ + 0.2 sin 4θ.

We plot the interface, boundary and the virtual domain in Fig. 5, and the errors under various
norms for different values of M and N in Fig. 6. An exponential convergence is also observed
for this example.

In Fig. 7 we plot the approximate solution (left) and error (right) with N = M = 12.
To examine the stability and convergence of the iterative algorithm (PBiCGSTAB), we

have specifically presented the errors between the approximate solution and the reference
solution for various iteration counts, as well as different values of M and N in Table 3.

From the numerical results presented in Table 3, we observe that the PBiCGSTAB algo-
rithm demonstrates remarkable stability and rapid convergence speed in solving the system
A.4.

Example 3 Let K (θ) = 0.65 + 0.1 sin 6θ, G(θ) = 1.2 + 0.3 cos 3θ . We set ε̂− =
r K (θ) cos2 θ , ε̂+ = 1000r K (θ) sin2 θ , R = 3, and choose the following exact solution

123
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Fig. 5 Diagram illustrating the
relationship between the complex
interface, boundary, and virtual
boundary

Fig. 6 Error curves under various
norms for different values of M
and N = M

4 5 6 7 8 9 10 11 12
10-14

10-12

10-10

10-8

10-6

10-4

10-2

Fig. 7 The approximate solution δMN (x, y) (left) and the error with N = 12 and M = 12

that satisfies both the boundary and interface transmission conditions:

δ̂(r , θ) =
⎧⎨
⎩

r4(r−1)4

R4(R−1)4
(r − G(θ)

K (θ)
)ε̂+(1, θ), (r , θ) ∈ D−;

r4(r−1)4

R4(R−1)4
(r − G(θ)

K (θ)
)ε̂−(1, θ), (r , θ) ∈ D∗.

Compared to Examples 1 and 2, this problem has a more complex interface. We plot the
problem geometries in Fig. 8, and the errors under various norms for different values of
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Table 3 Error under the L∞(D) norm for various values of N = M and iteration counts

N Number of PBiCGSTAB iterations

5 10 15 20 25 30

6 5.9050E−05 7.3993E−07 7.3991E−07 7.3991E−07 7.3991E−07 7.3991E−07

8 7.4628E−05 1.6824E−08 5.1768E−09 5.1768E−09 5.1768E−09 5.1768E−09

10 2.1000E−03 6.2259E−07 5.8852E−10 3.5744E−11 3.5744E−11 3.5744E−11

12 2.4000E−03 3.6962E−06 3.9093E−10 2.1601E−13 2.1545E−13 2.1546E−13

14 7.6000E−03 3.4234E−05 2.0236E−09 1.9433E−11 2.1983E−13 2.1975E−13

Fig. 8 Diagram illustrating the
relationship between the complex
interface, boundary, and virtual
boundary

Fig. 9 Error curves under various
norms for different values of M
and N = M

M and N in Fig. 9. It is clear that an exponential convergence is also achieved for this
example.

In Fig. 10 we plot the approximate solution (left) and error (right) with N = M = 10.

6.2 Examples with Solutions Having Limited Regularities inÄ− andÄ+

In this subsection, we present two examples where the solutions only have limited regularities
in �− and �+.
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Fig. 10 Approximate solution δMN (x, y) (left), and error with (10, 10) (right)

Fig. 11 Diagram illustrating the
relationship between the complex
interface, boundary, virtual
boundary

Example 4 We assign ε̂− = 1, ε̂+ = 10000, R = 3.5, and choose the following as the exact
solution which satisfies both the boundary and interface transmission conditions:

δ̂(r , θ) =
{
r2(|r − 0.7|5 + |r − 1.2|5)(r − 1)(r − G(θ)

K (θ)
)/

ε̂−
K (θ)

, (r , θ) ∈ D−;
r2(|r − 0.7|5 + |r − 1.2|5)(r − 1)(r − G(θ)

K (θ)
)/

ε̂+
K (θ)

, (r , θ) ∈ D∗,

where

K (θ) = 1.3 + 0.3 sin θ + 0.2 cos 3θ, G(θ) = 2.3 + 0.4 cos θ sin 5θ.

We plot the problem geometries in Fig. 11, and the errors under various norms for different
values of M and N in log-log scale Fig. 12. We observe that for this example, our algorithm
only leads to algebraic convergence rate due to the limited regularity in each subdomain.

In addition, we present the images of the reference solution and its approximate solution
in Fig. 13.

Example 5 In the previous examples, all solutions are explicitly given. For this final example,
we choose the right-hand side of equation (2.1) F = 1, and set ε̂− = 0.01, ε̂+ = 0.1, and
R = 1.5. The interface and the outer boundary are specified in polar coordinates by

K (θ) = 1.8 + e0.3 cos 3θ , G(θ) = 2.5 + e0.2 sin 3θ ,

respectively. Due to the choice of F and the difference between ε̂− and ε̂+, the unknown
solution only has very limited regularity.
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Fig. 12 Error curves under
various norms on a log-log scale
for different values of M and
N = M

Fig. 13 The images of the reference solution δ(x, y) (right) and its approximation δMN (x, y) (left) with
N = 14 and M = 14

Fig. 14 Diagram illustrating the
relationship between the complex
interface, boundary, and virtual
boundary

We plot the problem geometry in Fig. 14, and present the error curves under various
norms in log-log scale for different values of N = M in Fig. 15 which indicates an algebraic
convergence.

In Fig. 16, we present the approximate solution and its error with (N , M) = (18, 18).
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Fig. 15 Error curves under
various norms for different values
of M and N = M

Fig. 16 Plots of approximate solution (left) and error with (N , M) = (18, 18) (right)

7 Conclusions

In this work, we introduced an efficient spectral method for second-order elliptic interface
problems in two-dimensional complex domains. The proposed approach features three main
attributes:

• It is well-suited for problems involving general heterogeneous media, complex interfaces
and complex domains.

• It is based on a fictitious domain approach with circular embedding, transforming the
original interface problem in a complex domain to an interface problem in a circular
domain in which Fourier-Legendre spectral methods can be efficiently applied.

• For problems with smooth solutions in each subdomains, the resulting algorithm can
achieve exponential convergence, requiring significantly fewer degrees of freedom to
obtain highly accurate numerical solutions than usual lower-order methods. However,
for problems with solutions having limited regularity in each subdomains, our algorithm
leads to algebraic convergence rate.

Our numerical results indicate that the discrete Petrov-Galerkin formulation for the elliptic
interface problem are well posed. However, how to prove its well-posedness in the discrete
and continuous cases is challenging and will be investigated in the future.

The approach proposed in this paper can be extended to problems with multiple layered
interfaces. And in principle, the framework developed here can also be extended to three-
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dimensional interface problems. These topics will also be the subjects of investigation in the
future.

Acknowledgements This research is partially supported by National Natural Science Foundation of China
(Grants 12461078, W2431008 and 12371409), Technology Fund of Guizhou Province (Qiankehe Foundation
ZK [2024] Key 053).

Funding This work is supported in part by National Natural Science Foundation of China (Grants 12461078,
W2431008 and 12371409), Technology Fund of Guizhou Province (Qiankehe Foundation ZK [2024] Key
053).

Data Availability Enquiries about data availability should be directed to the authors.s

Declarations

Ethics Approval This study did not involve any human or animal subjects. Therefore it does not require
approval from an ethics committee.

Competing Interests The authors have not disclosed any competing interests.

Conflicts of Interest The authors declare that they have no competing interests.

A Details on the Entries of the Linear System (5.4)

We introduce some symbols as follows:

ζ1,1(t1, θ) = sin θ

r(t1)K (θ)
, ζ2,1(t1, θ) = cos θ

r(t1)K (θ)
, r ∈ (0, 1);

ζ1,2(t2, θ) = sin θ

r(t2)K (θ)
, ζ2,2(t2, θ) = cos θ

r(t2)K (θ)
, r ∈ (1, R).

Let D = (−1, 1) × [0, 2π). By substituting the transformation (5.1) into (5.3), we obtain a
more explicit form of (5.3):∫

D
(1 + t1)K

2(θ)ε∗−
[
(ξ21 + ξ22 )∂t1δ

M
1N ∂t1ϑ

M
1N + 1

2
(ξ2ζ2,1 − ξ1ζ1,1)(∂t1δ

M
1N ∂θϑ

M
1N

+ ∂θ δ
M
1N ∂t1ϑ

M
1N ) + 1

4
(ζ 2

1,1 + ζ 2
2,1)∂θ δ

M
1N ∂θϑ

M
1N

]
dt1dθ

+
∫
D
(
R + 1

R − 1
+ t2)K

2(θ)ε∗+
[
(ξ21 + ξ22 )∂t2δ

M
2N ∂t2ϑ

M
2N + R − 1

2
(ξ2ζ2,2 − ξ1ζ1,2)

(∂t2δ
M
2N ∂θϑ

M
2N + ∂θ δ

M
2N ∂t2ϑ

M
2N ) + (R − 1)2

4
(ζ 2

1,2 + ζ 2
2,2)∂θ δ

M
2N ∂θϑ

M
2N

]
dt2dθ

= 1

4

∫
D
(1 + t1)K

2(θ)F1ϑ
M
1Ndt1dθ + (R − 1)2

4

∫
D
(
R + 1

R − 1
+ t2)K

2(θ)F2ϑ
M
2Ndt2dθ,

(A.1)
and ∫

D
δM2N (

2G(θ)

K (θ)(R − 1)
− R + 1

R − 1
, θ)e−inθdt2dθ = 0, |n| ≤ M, (A.2)

where

δMiN (ti , θ) = δ̂MN (r(ti ), θ), ϑM
iN (ti , θ) = ϑMN (r(ti ), θ), Fi (ti , θ) = F̂(r(ti ), θ),

ε∗−(t1, θ) = ε̂−(r(t1), θ), ε∗+(t2, θ) = ε̂+(r(t2), θ).
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Let us denote

�1,∗(t1) = �∗(r(t1)), �N−1(t1) = �1,N−1(r(t1)),

�2,∗(t2) = �∗(r(t2)), �̂N−1(t2) = �2,N−1(r(t2)), �̂k(t2) = �k(t2).

Then, we can expand δM1N and δM2N as follows:

δM1N =
M∑

|m|=0

[δ∗,m�1,∗(t1) +
N−1−sign(|m|)∑

k=0

δ
(k)
1,m�k(t1)]eimθ ;

δM2N =
M∑

|m|=0

[δ∗,m�2,∗(t2) +
N−1∑
k=0

δ
(k)
2,m�̂k(t2)]eimθ .

(A.3)

Next, we derive the equivalent matrix form for the discrete formulation (A.1). Firstly, we
define the elements of the coefficient matrix that are associated with the internal basis func-
tions, that is,

am,k
n, j =

∫
D
(1 + t1)K

2(θ)ε∗−
[
(ξ21 + ξ22 )∂t1�k(t1)∂t1� j (t1)

+ 1

2
(ξ2ζ2,1 − ξ1ζ1,1)[−in∂t1�k(t1)� j (t1) + im�k(t1)∂t1� j (t1)]

+ 1

4
(ζ 2

1,1 + ζ 2
2,1)mn�k(t1)� j (t1)

]
ei(m−n)θdt1dθ,

and

bm,k
n, j =

∫
D
(
R + 1

R − 1
+ t2)K

2(θ)ε∗+
[
(ξ21 + ξ22 )∂t2�̂k(t2)∂t2� j (t2)

+ R − 1

2
(ξ2ζ2,2 − ξ1ζ1,2)[−in∂t2�̂k(t2)� j (t2) + im�̂k(t2)∂t2� j (t2)]

+ (R − 1)2

4
(ζ 2

1,2 + ζ 2
2,2)mn�̂k(t2)� j (t2)

]
ei(m−n)θdt2dθ.

Secondly, we define the elements of the coefficient matrix that are associated with the
internal basis functions and interface basis functions, namely,

cm,k
1,n =

∫
D
(1 + t1)K

2(θ)ε∗−
[
(ξ21 + ξ22 )∂t1�k(t1)∂t1�1,∗(t1)

+ 1

2
(ξ2ζ2,1 − ξ1ζ1,1)[−in∂t1�k(t1)�1,∗(t1) + im�k(t1)∂t1�1,∗(t1)]

+ 1

4
(ζ 2

1,1 + ζ 2
2,1)mn�k(t1)�1,∗(t1)

]
ei(m−n)θdt1dθ,

cm,k
2,n =

∫
D
(
R + 1

R − 1
+ t2)K

2(θ)ε∗+
[
(ξ21 + ξ22 )∂t2�̂k(t2)∂t2�2,∗(t2)

+ R − 1

2
(ξ2ζ2,2 − ξ1ζ1,2)[−in∂t2�̂k(t2)�2,∗(t2) + im�̂k(t2)∂t2�2,∗(t2)]

+ (R − 1)2

4
(ζ 2

1,2 + ζ 2
2,2)mn�̂k(t2)�2,∗(t2)

]
ei(m−n)θdt2dθ;

and

dn, j
1,m =

∫
D
(1 + t1)K

2(θ)ε∗−
[
(ξ21 + ξ22 )∂t1�1,∗(t1)∂t1� j (t1)
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+ 1

2
(ξ2ζ2,1 − ξ1ζ1,1)[−in∂t1�1,∗(t1)� j (t1) + im�1,∗(t1)∂t1� j (t1)]

+ 1

4
(ζ 2

1,1 + ζ 2
2,1)mn�1,∗(t1)� j (t1)

]
ei(m−n)θdt1dθ,

dn, j
2,m =

∫
D
(
R + 1

R − 1
+ t2)K

2(θ)ε∗+
[
(ξ21 + ξ22 )∂t2�2,∗(t2)∂t2� j (t2)

+ R − 1

2
(ξ2ζ2,2 − ξ1ζ1,2)[−in∂t2�2,∗(t2)� j (t2) + im�2,∗(t2)∂t2� j (t2)]

+ (R − 1)2

4
(ζ 2

1,2 + ζ 2
2,2)mn�2,∗(t2)� j (t2)

]
ei(m−n)θdt2dθ.

Thirdly, we define the elements of the coefficient matrix that are associated with the
interface basis functions, namely,

εmn
1 =

∫
D
(1 + t1)K

2(θ)ε∗−
[
(ξ21 + ξ22 )∂t1�1,∗(t1)∂t1�1,∗(t1)

+ 1

2
(ξ2ζ2,1 − ξ1ζ1,1)[−in∂t1�1,∗(t1)�1,∗(t1) + im�1,∗(t1)∂t1�1,∗(t1)]

+ 1

4
(ζ 2

1,1 + ζ 2
2,1)mn�1,∗(t1)�1,∗(t1)

]
ei(m−n)θdt1dθ,

εmn
2 =

∫
D
(
R + 1

R − 1
+ t2)K

2(θ)ε∗+
[
(ξ21 + ξ22 )∂t2�2,∗(t2)∂t2�2,∗(t2)

+ R − 1

2
(ξ2ζ2,2 − ξ1ζ1,2)[−in∂t2�2,∗(t2)�2,∗(t2) + im�2,∗(t2)∂t2�2,∗(t2)]

+ (R − 1)2

4
(ζ 2

1,2 + ζ 2
2,2)mn�2,∗(t2)�2,∗(t2)

]
ei(m−n)θdt2dθ.

Finally, we define the elements related to the constraint conditions, namely,

zm,k
n =

∫ 2π

0
�̂k(

2G(θ)

K (θ)(R − 1)
− R + 1

R − 1
)ei(m−n)θdθ,

�mn =
∫ 2π

0
�2,∗(

2G(θ)

K (θ)(R − 1)
− R + 1

R − 1
)ei(m−n)θdθ.

Next, we will proceed to define the elements in the right-hand vector, specifically,

f1, j,n = 1

4

∫
D
(1 + t1)K

2(θ)F1� j (t1)e
−inθdt1dθ,

f2, j,n = (R − 1)2

4

∫
D
(
R + 1

R − 1
+ t2)K

2(θ)F2� j (t2)e
−inθdt2dθ,

f∗,n = 1

4

∫
D
(1 + t1)K

2(θ)F1�1,∗(t1)e−inθdt1dθ

+ (R − 1)2

4

∫
D
(
R + 1

R − 1
+ t2)K

2(θ)F2�2,∗(t2)e−inθdt2dθ.
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By substituting (A.3) into (A.1) and (A.2), and taking ϑMN across all basis functions in
XMN , we find that (A.1) and (A.2), i.e., (5.4) can be written as the following matrix form:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

H−M
−M · · · H0−M · · · HM−M
...

. . .
...

. . .
...

H−M
0 · · · H0

0 · · · HM
0

...
. . .

...
. . .

...

H−M
M · · · H0

M · · · HM
M

S−M
−M · · · S0−M · · · SM−M
...

. . .
...

. . .
...

S−M
0 · · · S00 · · · SM0
...

. . .
...

. . .
...

S−M
M · · · S0M · · · SMM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

U−M

...

U 0

...

UM

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Y−M
...

Y0
...

YM

0
...

0
...

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A.4)

where

Hm
n =

⎡
⎣ Am

n 0 D1,n,m

0 Bm
n D2,n,m

C1,m,n C2,m,n εmn
1 + εmn

2

⎤
⎦ , Smn = [0, Zmn,�mn],

Um = [U 1,m,U 2,m, δ∗,m]T , Yn = [Y1,n, Y2,n, f∗,n]T ,

and

Am
n = (am,k

n, j ), Bm
n = (bm,k

n, j ), C1,m,n = (cm,0
1,n , . . . , cm,N−1−sign(|m|)

1,n ),

C2,m,n = (cm,0
2,n , . . . , cm,N−1

2,n ), D1,n,m = (dn,0
1,m, . . . , dn,N−1−sign(|n|)

1,m )T ,

D2,n,m = (dn,0
2,m, . . . , dn,N−2

2,m )T , Zmn = (zm,0
n , . . . , zm,N−1

n ),

U 1,m = [δ(0)
1,m, . . . , δ

(N−1−sign(|m|))
1,m ], U 2,m = [δ(0)

2,m, . . . , δ
(N−1)
2,m ],

Y1,n = [ f1,0,n, . . . , f1,N−1−sign(|n|),n], Y2,n = [ f2,0,n, . . . , f2,N−2,n].
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