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1. Introduction

This paper deals with the error estimates for a numerical approximation of the incompressible viscous flows with
variable density, which are governed by the time-dependent Navier-Stokes equations:

pe+u-Vpo=0, in £ x(0,T], (1.1)

plus+u-Vu)+ Vp—puAu=f, in £ x(0,T], (1.2)

V-u=0, in £ x(0,T], (1.3)
supplemented by the following initial and boundary conditions for u and p:

p(x,0) = po(x),  p(x, t)lr-=a(x, t), (1.4)

u(x, 0) = up(x), u(x, t)|r= b(x, t), (1.5)

and pressure mean-value fQ p = 0 where I" = 3£ and I"~ is the inflow boundary defined by '~ ={x e I' : u-i < 0}.
In the above, the primitive variables are the (vector) velocity u, the (scalar) pressure p and the (scalar) density p, u is the
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dynamic viscosity, £2 is an open bounded polyhedral domain in R, with d = 2 or 3. As in [1], we shall assume that the
boundary is impermeable, i.e. '~ = ¢ and b(x, t) = 0.

It is challenging to construct stable and efficient numerical schemes for the system (1.1)-(1.3), since in addition to all
the difficulties with the incompressible flows with constant density, it involves a transport equation for the density p
which enforces that the mass density remains unchanged during the fluid motion [2] and preserves the positivity of the
density.

It is now well established [3] that the difficulties associated with the incompressibility can be effectively handled
by using a suitable projection type scheme, originally proposed by Chorin [4] and Temam [5], and very popular in the
computational fluid dynamics community. Over the years, a large amount of efforts have been devoted to develop more
accurate and efficient projection type schemes, we refer to [3] for comprehensive and up-to-date review on this subject.
This approach has also been used in [6], among others, for incompressible flows with variable density. However, for
the more accurate version which is based on the incremental projection scheme (i.e., the pressure-correction scheme)
presented in [6], two projection steps (i.e., two pressure-Poisson solvers) are needed to preserve the stability of the
scheme. Since the pressure-Poisson solver consumes a significant part of the total computational effort, this approach
could increase the total computational cost significantly as opposed to the schemes with only one projection step.

On the other hand, the Gauge-Uzawa method[GUM] has been constructed in [7] to solve Navier-Stokes equations
with variable density, through a Boussinesq approximation in [8] and directly in [9,10]. In [9] two Gauge-Uzawa schemes
for incompressible flows with variable density is presented. It is shown in [9] that the GUM has many advantages over
the original Gauge method and the pressure-correction method. More precisely, these two schemes only involve one
projection step and have been proved unconditionally stable.

While the error analysis for the incompressible flows with constant density has been well studied (cf., for instance, [3]
and the references therein), the case with variable densities is much more difficult and very few results are available. In
[1] the error estimates for the momentum equation (1.2) are obtained under the assumption that the numerical density
is obtained from another approach and remains to be bounded. On the other hand, no error estimates are given for the
schemes presented in [9] and no fully discrete scheme was constructed for the convective Gauge-Uzawa scheme in [9].

The aim of this paper is to provide an error analysis for the Gauge-Uzawa schemes introduced in [9] without making
bounded assumption on the numerical density. Based on the stability results for the two Gauge-Uzawa schemes for
incompressible flows with variable density [9], we prove the density approximations for the semi-discrete schemes is L*®
bounded and positivity-preserving, then we derive the corresponding error estimates for each variable (see Theorems 1
and 2). As far as we know, this is the first error estimates for the system (1.1)-(1.3). We also construct a new finite element
algorithm for the convective Gauge-Uzawa scheme in [9] and prove that it is positivity-preserving and unconditionally
stable (see Theorem 3).

The paper is organized as follows. In Section 2, we recall the convective GUM and the stability results in [9], then
we prove that the numerical density of the schemes is L* bounded and positivity-preserving. We will establish a first
error estimate for the velocity in Section 3, followed by an improved error estimate for the velocity in Section 4 which
allows us to derive an error estimate for the pressure in Section 5. In Section 6, we construct and analyze a new fully
discrete algorithm for the convective Gauge-Uzawa scheme in [9]. Finally, some numerical experiments will be presented
in Section 7.

We now describe some notations to be used hereafter. Let £2 be an open bounded domain in R¢ (d = 2, 3). We denote
by H*(£2) and Hj(2) the usual Sobolev spaces. We set L(£2) := (L*(£2))* and H(£2) := (H*(£2)), and denote by L2(£2)
the subspace of L(£2) of functions with vanishing mean-value. We use | - ||s to denote the norm in H%(£2) and (-, -) to
denote the L? inner product. For any sequence {v"}, we denote D, v" := Vil

T

2. The convective Gauge-Uzawa scheme and its properties

We first recall the convective GUM presented in [9].
Set p° = po, u® = 1, s° = 0. Assuming p", u", s" are known, we determine p"*!, u™!, s"*1 as follows:
Step 1. Find p"*! as the solution of

D, p™1 4yt . V™l = 0. (2.1)
Step 2. Find 4"*! as the solution of
ﬂn+1 —u"
pni + pn+](un . V)ﬁrurl + MVS” _ MAﬁnJrl :fn+17 (2'2)
i r=o0. (2.3)

Step 3. Find ¢"*! as the solution of

1 .
-V. (WWM) =V. .0, (2.4)

" p=0. (255)
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Step 4. Update u™! and s"*! by
1

n+1 _ ~n+l n+1
uttt =amtt Wvdﬁ ; (2.6)
sl =" v .t (2.7)
where
pn+l — MSTH—] _ 1¢ﬂ+1. (28)
T

For the sake of simplicity, we shall consider only the homogeneous Dirichlet boundary condition for the velocity,
i.e. u|p= 0. It is shown in [9, Theorem 3.1] that the following results hold:

Lemma 1. The convective GUM (2.1)-(2.7) is unconditionally stable in the sense that, for all T > 0and 1 < N < T/z, the
following a priori bounds hold:

N-1
NI+ D 104 = o417 = 110°12, (2.9)
k=0
and
N—-1 1
lo™ a1+ prlls" I+ ) (no"(ﬁk“ — W+ | VI + Lo ikt ||2>
o* 2
k=0
N-1
< 16°0°1% + Cu D IFI2, (2.10)
k=0
where o = ,/p.

However, for the above results to make sense, it implicitly assumes that p" > 0 for all n. Below, we shall first show
that this is indeed true.

Lemma 2. Assume that there exists two constants ¢, C > 0 such that ¢ < p°(x) < C, Vx € 2. Then, the numerical density
p" determined from (2.1) satisfies:

c<p'x)<C, Vxe&,Vvn (2.11)
Proof. We prove the boundedness of p" by mathematical induction. When n = 0, p° = py satisfies (2.11). In the following

we shall prove that if (2.11) holds for 0 < n < m, then it also holds for n = m+1. On one hand, assume that p™*! achieves
the maximum at x* € £2, then it follows that Vp™*!(x*) = 0, which from (2.1) implies that

P (x*) = p"(x*) < C. (2.12)
Similarly it holds that if p™*! achieves the minimum at x** € £2, then
P () > . (2.13)

On the other hand, if p™*! achieves the maximum at x* € I, it follows that the tangential component of Vp™1(x*)
and the normal component of u™(x*) both vanish by using (2.3), (2.5) and (2.6). Since we can divide both Vp™*1(x*)
and u™(x*) into their tangential and normal components, by the computation of the inner product we further have
(u’" . V,om“) (x*) = 0. By (2.1) again, it implies (2.12) is still true. We then obtain (2.13) is also true if p™*! achieves the
minimum at x** € I". Consequently, this completes the mathematical induction and we have the desired result (2.11) for
anyn. 0O

An immediate consequence of (2.10) and (2.11) is:

luN| <C Vn. (2.14)
3. A ffirst error estimate

Our purpose in this section is to show that u" and 4" are both order 1/2 approximations to u(t,) in L>(£2), which is
the same as the constant density case [7,11].
We first recall some inequalities that will be used in the sequel:

lullallvisllwi,

lull2iVollllwll,
((u-Vv,w)=C{ lulllvi2Vwl, (3.1)
IVullllvll2llwll,

lull2lvl I Vw].



4 H. Chen, J. Mao and J. Shen / Journal of Computational and Applied Mathematics 364 (2020) 112321

[ divo|| <|[Vv| YveH'(2)andv-n|r=0. (32)

(u-Vo,v)=0 YueH:={uel?>(2):V-u=0,u-n|,=0}and v € H(2)". (3.3)
Let us denote
ey =u(ty) — 10",  ey=u(ty) —u", ej=pta)—p", e, =p(ts)—p". (34)

Before showing the error estimates, we list the following useful formulae which can be proved directly using (2.3), (2.4)
and (2.6):

e; =0, onag, (3.5)
A 1 .

dive! =0, &' =¢'! 4 WVW“, in £, (3.6)

(el, Vo) =0, (p"'er el)=(p"" el el), inS2. (37)

Furthermore, we also have

ler)2 < ¢ (n”’“n o L_ygrh ||§) : (38)
. a1
llo"ey > = (p"ey, e}) = (p"&; — V", el) = (p"8;, &) — quﬁ”)
. 1 R 1
= llo"&l* — (ef + EVW, Vo) = llo"el? — ||;V¢"||2~ (3.9)

We first show that the semi-discrete solution u™! converges to u(t,,;) with order 1/2. More precisely, we have the
following lemma.

Lemma 3. Assuming the exact solutions of the problem (1.1)-(1.3) have the following regularity:

p € LWy NW22(L2), uel®H)NWIUL)NWE®H™), pel®HY), (3.10)
we have
N—-1
NI + 1Y 17 + el 17 + e s> + T Y (IVer 112 + Ve 1)
n=0
N-1
+ 2 (It — e I1P + lley™ — el + 1l — VTP <Cr, V1SN ST/ (3.11)
n=0

Proof. Subtracting (2.1)-(2.2) from (1.1)-(1.2) respectively, it is easy to see that ep, el satisfies
D.eft! = —u" - Vel — Vp(tasr) - e + Ry, (3.12)
and
en+1 _ en . ~ .
pn ('—’t“) _ /LAeerl — —u(tn+1) Vu(tnﬂ) n+l pn+l n . Vun+l _ ,0n+lll(fn+1) . Vez+l

+uVs" = Vp(ta1) — p" (u(tngr) — u(ty)) - VA" 4 REH (3.13)

where R7 and R} are truncation errors which satisfy

||RZ+] I =1l = Vo(tat1) - (U(tn+1) - u(fn)) + D: p(tns1) — pe(tar1)ll < Cr, (3.14)
and
IRT =1 = [1p"Deultns1) = p(tns1 Jue(tnr)ll =1 =1l —(p(tns1) — p(ta))ue(tns1)
+ p"(Dru(tni1) — Ue(tns1)) — €pue(tns1) 1= C(z + [legll). (3.15)

We now take inner product of (3.12) with Zreg+ T and use the identity

(a—b,2a)=|a|®> — |b]> + |a— b|%. (3.16)
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Then from (3.3) we have
n+1,2 n2 n+1 n2
lem 2 — flen |12 + e+ — et
_ —2‘[(”” . VEZ-H Tl+1) ZT(V,O(I}H_]) Z’ Z—H) + 2T(R"+l n-H)
= —27(Vp(tay1) - €, e)T) + 22(R)™, eft).
Taking inner product of (3.13) with 2zé™!, then by (3.9) we derive
u
lo"ey > — llo"epll® + llo @) — el)I* + 2Tl Ve[ |1?
— —ZT(U(thr]) Vu(fn+1) n+1 én+1) _ ZT(,OHJH Vun+1 én+1)
—20(p" Mu(tyy1) - VET, &) 4 20t (Vs", &) — 22(Vp(tara), &)
_ 21,'(,0n+] (u(thr]) _ ( )) vun+l An+1) + zr(Rn+1 An+])
We take the inner product of (2.1) with a scalar function ré"! . "1 to get
(pn+l _ pn, éz+l . éz+l) — —T(V . (pn+1un)’ éz+1 . éz+l)’
which can be rewritten as

n+1 “ T(pn+1 ven+1 én+1) 0.

||Gn+1éz+l|| ”O_ne

We combine (3.17), (3.18) with (3.20) to obtain

n+112 _ 1,12 n+1 _ ,n 2 n+1sn+1)2
lemFH 2 — el 1% + et — el | + o™ et

5
—llo"e}l? + 0@ — eI + 2T ull Ve 1P =) A

with
Ar = —21(Vp(tni1) - €l €)= 27 (ultnin) - Vultay1)el T, 0,
Ay = =21(Vp(tais), &),

A3 — 2T(RZ+], L’l;H) + 2T(Rz+l, éz«H)7
Ag = 2ut(Vs", e,
As = =22(p" (u(tni) — ultn)) - Vultass), &) = 22(p" el - Vutyr), €11

We now analyze each term on the right hand side of (3.21) as follows. First, we have
Ay < Ce(llegl® + ey 1% + /MIIVA"“II .

From (3.6), we derive
Ay <CT?+ 8|| V¢”“ I

By (3.14) and (3.15),
As < CT° + lurnvm“n +Cr(llen)? + et 2.

Making use of (2.7), (3.2) and (3.4),

Ay = 2ut(Vs", e”“) —2ut(s", V - (u(tarr) — ) = 2ur(s", V - 0
= ZI‘LT(S ) S — Sn+]) = Ut (”S ” _ ”Sn+1 ” + ”Sn _ T!+1 ” )
wr(lIs™1 = Is"12) + pel| Vert2.

IA

As a consequence of (2.11) and (3.1),

1 n+1
As < CT° +Cre? +4MT||V€ I%.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Inserting the above estimates for each term A;, 1 <i < 5into(3.21) and in view of (2.11) and (3.9), by choosing sufficiently
small £ we have

n+12 ny2 n+1 n2 n+1,n+12 n,n,2 nen+1 ny 2
lle, "l —||€p|| +lle,” —ell*+ llo™ ey 1T = llo eyt + llo (e — el

1
e V«b”“ I + (s> = [1s")1%) + erIIVE”“II
< Cr(llefl® + 11Xt I® + llel I + llef ™ I*) + C 2. (3.22)
Summing (3.22) over n from 0 to N — 1 gives
N-1
N 1% + cllel 12 + wrlis™ 12+ > (e —enll® + llef " — el
n=0
1
o Vo' P+ S r/JLIIVe’1+1 %)
N
< [le)[1* + Cllepl|* + wtlIs||* + Ct Z(IIEZII2 + llej1*) + Cr, (3.23)
n=0

where we have used (2.11). If we choose the initial data as the time discrete approximation at the initial time, i.e. eg =
% = 0, then by applying the discrete Gronwall lemma to (3.23), we have

N2 N2 N2
lle, 117 + lley 117 + prlls™ |l
N-1

+ D _(ley™ = eplP + llef ! — el + 1 — wf’“n +2WIIV6"“II ) <cCr,
n=0

for all 0 < N < T/r. Finally, thanks to (3.8) and (3.9), we also have
N—1
1eY1> + 7> ulvert'|> <cr, V1<N<T/r, (3.24)
n=0

which completes the proof. O

4. Optimal error estimate for velocity in L?(L?)

We first introduce the following subspace of H'(£2):
V(2) := {z € H)(£2) : divz = 0},

and denote by V(£2)* the dual space of V(£2) with || - ||, to be the corresponding norm. We consider the stationary Stokes
equations which will be used in a duality argument:

—Av+Vg=g, in £,
dive =0, in £, (4.1)
v=0, on 052.

In the following we assume that the unique solution (v, q) € H(}(.Q) X Lg(Q) of the problem (4.1) satisfies

vl + llglls < Cligll- (4.2)

We notice that this assumption is valid provided 342 is of class C?, or if £2 is a convex polygonal domain [7]. Under this
assumption, it immediately follows that

(g, w) (—Av, w)
ligll« < sup = sup
wev w1 wev  llwls

<[Vl (4.3)

Theorem 1. Under the same assumptions as Lemma 3, then there exists a constant C > 0 such that forall 1 <N <T/t

N-1
e 12+ 1N 1%+ {llel™ — epl2 + llep™ — el + Tullef™ 12 + Tl 1%} < ce?. (4.4)
n=0
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Proof. Forall 1 <n <N, let (v", ") be solutions of the system (4.1) with g = p"e], then from (4.2) and (2.11) it follows

that
"Iz + lIg"ll1 < Clip"eyll < Clieyll- (4.5)
Now taking 0 < n < N — 1, since v™! is divergence free, then we have from (3.6)
(P"(@F! — el 0™ = (" — pMRLT V) (o el — el v
—((p" = MR VM) + (VT = v, Vo), (46)
and
—;L(Ae”“, Un+l) _ —u(éﬂ“, AU"H) _ _M(ézﬂ, _pn+1ez+1 + an+1)

1
— M(||Un+lez+1 ”2 + (ezﬂ’ v¢n+1) _ (€Z+], an+1) _ (Wv(pan’ an+l))

= u(llo™ et - (WWH’ vg'h). (4.7)

Taking the inner product of (3.13) with 2tv™*! and using (4.6)-(4.7), we combine the resultant equality with (3.17) to
get
VO™ 2 — VO 2 + V(" — o")12 + 2z flo™ el 2 4 et 2 — (e |12 + [l — et 2
1 n N
— Zur(p V¢n+1 Vql’l+1) (2((pn+1 _ pn)ez+l’ ?H—l) 21_( U( ) Ve n+l n+1))

=27 (U(ta1) - Vi(tap)el, v™) = 22 (p"H el - Vit v
=27 (P (ultsr) — u(ty)) - VA", “+1)+zr(R"+1 P

—21(Vp(tnr1) - €2, €t + 20 (RA eIt = ZB (4.8)

u “p

We now estimate B to Bg separately. First, from (2.11) and (4.5) we obtain
T
Bi < Cut| V™| + £ o™ el 2,

In view of (2.1) and divu™ = divu(t") = 0, then by integration by parts we arrive at
B, = —2t((u" - Vp et o™ — 27 (p" u(tyyq) - VLT, v™)

— —ZT(V . (pn+1un)éz+1 n+1) 2.[( n+1 (tn+1) Vﬂn+1 n+1)

— ZT(V . (Pn+leﬂ)éﬁ+1, vn+1) _ Z‘E(V ( n+1 ( ))An+1 n+1)
—2t(p" M u(tyyq) - VEITT, "M

= 2¢(V - (p"“eﬂ)éﬁﬂ, vn+1) — 27 (p"“(u(tnﬂ) —u(ty)) - Ve"“ n+l)
+27(p" Mu(ty) - VO, et

= —27((p"el) - vert! vty — 27((p" ey - Vot et
_21,( n+1(u(tn+l)_ u(ty)) - VA"H n+1) +2(p n+1 (tn)-Vv”H én+1)

V¢”+1 I+ Cz v

MUt
< Ce(lejll + DIVE v 2 + 5 ||a"+1e"+‘||2 +Ctl—

KT
6

where we have already used (2.11), (2.14), (3.1), (3.9), (3.11) and (4.5).
By (3.1) again,

< Co? Vet |? 4+ ——flo " el tCll s V¢"+1II +Cr Vo2,

B; < Ct|lel™ 1> + C||[ Vo™
We further split B4 by
B4 — 21,( n+1 n V€n+1 n+l) + 2,[( n+1(ez+1 _ EZ) . Vu(tn+1), Un+1)
_2r (pn+1 n+1 VU(tsq), O )
For the first term of By, by (2.11) and (3.1) we have

(o™ ey - Ve v < Crlleg P IVE T + exllv™ ;. (4.9)
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From (4.5), there exists a constant C; such that
™3 < Cillo™ el .

Then as a consequence of (3.11), it follows that ||e]; |I> < Ct. Substituting the above two estimates into (4.9) and choosing
sufficiently small €, we have ¢C;7 < £ and thus

A~ ~ MnT
T(pn+1ez . V€Z+l, Un+'l) < Cf2||vez+1 ”2 + E||O,n+lez+] ”2.

We can obtain similar bounds for the rest terms in B4. Hence, we obtain
Bs < CT?| Vel + %no"“ez“ I + Tllelt! —el? + Cr|| Vo™,
Thanks to (3.11) again,
IVa™ < [Vu™ I+ Vet < ¢, (4.10)

which together with (2.11), (4.5) and (3.1) implies
1
Bs < Ct? /t. l[uel|>de + %IIU"JrleZ“IIz.
As a consequence of (3.15) and (3.11),
Bs < Ct° + Crlle}|I> + Crl| Vo™ 2.
In light of (3.1),
B; = 2t(Vp(tas1) - (e —ep), ep™) = 22 (Vp(tasr) - e ™)

u u u °%p
1 2, MT 1,n+1)2 12
= tlertt — el + Tl e 4 Crlien .
For the last term, (3.14) produces
By < o’ + Crllejt!|>.

Inserting the above estimates for B; —Bg into (4.8) and summing over n from zero to N — 1, we derive by discrete Gronwall
lemma and (3.11) that

N—-1
N2 N2 1 2 1 12 1 2 2
IVON 12+ 11N 17 + Y V™ = o) + prlle™ el 4 ekt — e |1* < CT?.
n=0

Hence we arrive at (4.4) upon invoking (4.3). Finally we can use the above and (3.11), (3.9) to derive the desired bound
for &!. The proof is thus complete. O

5. Error estimate for the pressure

In this section, we shall derive an error estimate for the pressure, which is based on the following error estimate for
the difference of velocity.

5.1. Error estimate for the difference of velocity

From now on, for any function sequence v" we denote the difference by §v" = v" — v* 1.

Lemma 4. Under the same assumptions as Lemma 3, there exists a constant C > 0 such that for all 1 < N < T/t, we have

N-1
18CoNeMNZ + Y~ {1I8(o™ ey — 8o eI1Z + Tullser T I? + Tulls& P} < Cx (5.1)
n=0
Proof. Let (v", q") be solutions of the system (4.1) with g = p"ell. From (4.5) and (2.11), it immediately follows that
8™ 12 + 118¢" 11 < Cll8(e"e)l < ClIsegll + llef 1) (5.2)
Since by (3.6),
(S(pn+]éz+l) — 8(pn+1ez+l) + v(6¢n+1)’
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it holds that
(pn (éZ-F] _ ez) , 8vn+l) _ (pn—l ("Z _ ez—l) , 8Un+1) — _((pYH—l _ pn)éZ-F]’ 8vn+l)
+((pn _ pn—l)éz’ 8Un+1) + (5(pn+1ez+1) _ S(pneZ)’ 6vn+l) — _((pn+l _ pn)éz+l’ 8Un+1)
+((p" = p"NEy, Su™H) 4 (V(Su™H — su™), V(su™H)),
and
(A5é3+1, 5vn+1) — (aenJrl A((S n+1)) — (5é2+17 _a(pﬂ+1eg+1) + Vﬁqn+])

pn+1 _ pn
pn—H

n+1
ey, Vo't + (=

n

—||O‘n+18€';+] ”2 _ ((pn+1 _ pn)ezv 8€Z+]) _ ( ez+17 Vd)n)

+(

1
n+1 n+1 n n+1
P Vo', VéqT) - (ﬁw . V8qT).

Subtracting two consecutive expressions in (3.13) yields

gntl _en en — en—1
pn <%> _ pn—l <%) /,LA(SAn_H u(tn+l) Vu(tn+1)e"+l pn+1 n Vun+l
— P U(tny1) - VI + u(ty) - Vu(ty)el + p"ep " VA" + p"u(ty) - V&L + 1 Vs — V8p(tyi1)
— P (u(tns1) — u(ta)) - VAT 4+ p" (u(ty) — u(ty—1)) - VA" + Ry — Ry (5.3)
Taking inner product of (5.3) with 2z8v™!, we arrive at
VS 12 — [[V8u" |2 + V8™ — Vv |2 + 2ut 0" selt ||
— 2((Ion+l _ 101’!)6";z+17 8Un+1) _ 2((pn _ P" l) (SU"+1) 2,[,61'((,0”+1 —p )e 86"'“)

pn+1 _ pn pn+1

1
—2p7( ey, Vo) + 2ut(——et!, Vo) + 2put(—5 Vo, Vagtt)
p" ot

1

—2ut(— V", V8q" ) = 21(u(tay1) - Vu(tagr)eh ", s0™)
p"

_27 p11+1 n n+1 8Un+])—21'( ﬂ+1u(tn+]) Veﬂ+1 (SU“+1)

+27(u(ty) - Vu(tn)e v 4 2¢(p"e’ ! - VA", S0

(
(
+27(p"u(ty) - Ver, sv™1) 4+ 27(uV8s" — Vép(tar1), sv™)
—22(p™ (ultnsr) — u(ty)) - V™, 80™ ) 4 22(0" (u(tn) — u(ta-1)) - VA", 80"

+20(RI - Ry, 80" = ) M

Like (3.19), it easily holds that

—2T(V . (er—lun) . é2+17 8Un+]) _ 2r(pn+1u(tn+1) verH—l 8Un+])

— ZT(V . (pn+1en)’ éTH—l 8Uﬂ+]) 2,[( ﬂ+]( (trH—l) _ u(tn)) Veﬂ+] 8Un+]) + 2,[( ﬂ+]u(tn) . V(SUM—], éz+l)
Ce( + ey DIVe sy iz + Crliey™|1” + Cz | vav™!|?

Ut
CIVerr 12 + ce(le ™ 1 + lepll® + I Vau™11%) + ?HG”“SE’ZHII2

M; + My

A

IA

where we have already used (3.1), (2.11), (2.14), (3.11) and (5.2). Similarly, we can bound
A A T
M, < CT?||VE}I* + Cz(lI€}ll* + llejll* + Vsu™||*) + %IIU"“SEZH 1%,
Ms. My = Crliej| + 5o llo™ el |2, My < Crlle)l + Crl[ Vg™ |1

754
Ms < Czllef™ > + CT| V">, Ms < Ct([V" 1> + lle}lI*) + ?IIG"H&ZHIIZ,

Ut
My < Cx([[Vo" > + llejI*) + ?IIU"“SGZ“IIZ, Mg < Cz(llej™" 1> + V™ 1|?),

_ nt
Miy < Ca(lle > + IVau™ 7). Miz < Co(lie ™ 12 + lejl®) + - o™ Toey*! I,

Mis < Cr(EL12 + [VSu™ ' [2),  Mis, Mys < C° + Ct [ Vo™ 1%,
My < Co(e® + [lel |2 + flel11%) + Cel| Vo™ |2,
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where we also used (4.10). Finally the only remaining term M4 vanishes since §v™*! is divergence free. Combining all
the error estimates for M;, 1 <i < 17, we get
V™2 = V80" | + V™! — Vau"|* + 2put 0" eyt
< P+ CO(IVEL® + Ve M 17) + Cr(lell® + ey I + e~ 17 + eyl + lley ™11
V2 + 1" 12 + 1R + flen 12 + [1eh 12 + Vo™ 1 [2) + et o™ sen 12,

Then summing over n from zero to N — 1, thanks to (3.11), (3.24) and (4.4), we derive from the discrete Gronwall lemma
that

N—1
IVSLM |7 + Y IIVu™! — V8" > + prflo™sel > < €2,
i=0
We derive from (3.6) that
1 1
sn+1 +1 +1
ée " 862 + WV(}S" — EV¢"
We derive from the above and (3.11) that

T Z lse;)* < ce Z (nae"+1 1P+ w”“ I+ L v ) <cr
Therefore we arrive at (5.1) thanks to (4.3). O
5.2. Error estimate for the pressure

We now estimate the pressure error in L2(0, T; L2). This hinges on the error estimate for the time difference of velocity
in Lemma 4.

Theorem 2. Under the same assumptions as Lemma 3, there exists a constant C > 0 such that

T ) Ip(tn) =PIl < CT, ¥1<N <T/r. (5.4)

Proof. In view of (3.6), we replace €]} in (3.13) by & — —Vd)” to get

Hpn+1 an
V (plt) = ") = =V (pltns1) — P(ta)) — p" (ete) + AT — Ut 1) - Vu(tyyp)el!

pn+l n V"H+1 pn+lu( ) V"H+l pn+1 (u(t;H,]) _ U(tn)) . Vﬁn+1 + RZ+11 (55)

where we have used the definition (2.8), i.e. p" = us" — d’Tn.
Since for all v € V we have from (3.1)

(U(tus1) - Vit el v) < Cllet vl
(o™ el - Vi, v) < | Vel vl
(0™ u(tnsr) - VE, ) < CIVE ] v,
(0™ (utnsr) — u(ta)) - V™1, v) < Cr o)1,
(V (Pltns1) = P(ta)) . v) < Celv]]s.

We have also, for all v € V,
sn+1 en
(=p" ("t> +pAgT + R v) < ( ||€"Jrl i1+ IRF M= + pl Ve Divll.

From (4.4) and (3.15) we derive

(p(tn) — p". div o) =i -

Vol el + Vel + I Veyl) + Cr.

p(tn) = P"lli2r < sup
veH}(£2)

What remains now is to square, multiply by 7, and sum over n from 0 to N — 1. Recalling (3.11), (3.24) and (5.1), assertion
(5.4) follows immediately. This concludes the proof. O



H. Chen, J. Mao and ]. Shen / Journal of Computational and Applied Mathematics 364 (2020) 112321 11

6. A finite element discretization and its stability

The scheme (2.1)-(2.8) in its semi-discrete form was introduced in [9]. However, it was mentioned in Remark 3.2
of [9] that “How to design a suitable space discretization and prove its stability is a more complicate issue”. We shall
construct below a finite element method for the scheme (2.1)-(2.8).

Let 7, = {K} be a shape regular quasi-uniform partition of £2 with mesh size h. We define

VE=1{veC(R):vlke P*, k> 1, VK € Ty},

where P¥ denotes the space consisting polynomials with order less or equal to k. Moreover, we denote the Raviart-
Thomas element ( or, Nédélec face element in 3D) and discontinuous element of degree k by RT* and DG respectively,
which satisfies the discrete inf-sup condition for the mixed formulation of Laplacian [12-16]. We denote V’}j = (V,i‘)d,
\clﬁ = V’,; N Hf), and R"Tk := RT* N Hy(div) where Hy(div) = {v € H(div) : v -7 = 0 on 3£2}. Our finite element scheme is
described as follows:

FEM for convective GUM. Let pg; and ug, be a suitable approximation of py and ug respectively. Take ,o,? = pPon, ug =
Uon and 52 =0;repeatfor0<n<N—-1(1<N<T/7):

Step 1. Find pp*! € V2 as the solution of

(Deppt +uf - Vot y) =0, Yy e V. (6.1)
Step 2. Find &i'"! € V¥ as the solution of
ot —qn .
(pp -1 . Bow) 4 (o wf - VYA, w) — (ush, V- w) 4+ (uVarT, vw) = (F w). Yw e VY. (6.2)

Step 3. Find "' € RT", ¢! € DG* as the solution of
(" op™ 0= (@7 V0 =0, Vx eRT", (63)
(V-opth, 9)= (V- 9), Vo e DG (6.4)
Step 4. Update uj*! by
W = G i (65)

determine s} "' € DG* from

(sp v) = (sp — V-4 v) Vo € DG, (6.6)
and set
1
pptt = syt — ;«bﬁ“. (6.7)

We shall first establish a result similar to Lemma 2.

Lemma 5. Assume that there exists two constants ¢, C > 0 such that ¢ < ,o,?(x) < C, Vx € 2. Then, the numerical density Ph
determined from (6.1) satisfies:

c<plx)<C Vxef,vn (6.8)
Proof. Let P2 : [2 — V2 be the L? projection operator. Since D, pf ™! + P(ull - Vpi™') € V2, we derive from (6.1) that
D, ot + PPl - Vo) = 0.

Then, for any element K in 7;, by using exactly the same argument as in Lemma 2, we can show ¢ < pji(x) < C Vx €
K, Vn, which implies (6.8). O

Next, we prove the following stability result for the above FEM scheme.

Theorem 3. The Gauge-Uzawa Algorithm is unconditionally stable in the sense that, assuming that p > 0 then forallt > 0
and 1 < N < T/t the following a priori bounds hold:

N—-1
ORI+ > llok™ = 11> = llol, (6.9)
k=0
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and
N-1

N 1 ~
low @12+ sy I? + Y (o — ufl? + Sl v )

k=0
N-1

< llopal® + Cur Y IFH2, (6.10)

k=0
where o] = \/pj.
Proof. Thanks to (6.4) and (6.5), it follows that
V.uy =0, Vvn (6.11)

n+1

Taking the inner product of (6.1) with 2t p, ™" to get

ot 12 = o> + llop ™ — ppll* =0,

where by (6.11) and uj, - 1 = 0 on 352 we have used the fact
(u Van,p;:H) 0. (6.12)

Then summing up over n from 0 to N — 1 leads to (6.9).
Next, taking the inner product of (6.2) with Zru"Jrl we find

2P — ). ) + 22 (o (- VI BT + 20(u Vs, A5 + 2o VR
= 2¢(f"h apth. (6.13)

Setting o} = ,/py;, we can rewrite the first term in the above as

~An+1

PR —up), @) = Nop i I1P — llogupl® + lloy (83" — up)l®. (6.14)

Since by (6.3), (6.5), (6.11) and the fact that V¥ C RT" [12,13] it holds that

loyupll* = (phup. up) = (opity — preoy, up) = (pptih, up) = (pyiy, i — wp)
= ||U}?ﬁ2” - (pﬁuﬁ + pﬂwh, wh) = ||Ul?ﬁ2|| - th wh” (6.15)
we only need to derive a suitable relation between ||oi " ||? and [|o;"* '@} ||2. To this end, taking inner product of (6.1)
with 0t 4 to get
(P! = pp YY) + T - Vo A )
— ”an+1 n+l|| ” ,;luz+1” _ ‘L'((V 3 uh)p;:-H ~An+1 ﬁn+1) ZT(,OLH_]( V)ﬁz+1 Z-H) —=0. (616)
Due to (6.11) it holds that
((V uh) n+1’ﬁn+1 ﬁz+1) — 0’
which together with (6.16) implies that
o AP — oyt 1P = 2e (o (up - VI 2. (6.17)
Combining (6.17) and (6.15) with (6.14), we arrive at
( (An—H _UZ) An+1)+21’( n-H(ulr; . V)ﬂz-H ﬁz—H)
= llog ' apt? — llogtpll? + oy (@t — up)® + llogop 1. (6.18)
Then substituting (6.18) into (6.13), we have
llog ™12 = llog g l1® + lloy (@ — upli® + lloy oyl + 2zl Va2
= 2r(f”“ i+ 2(usy, V- p) =Y+ Vs, (6.19)

We can bound

12 ~nt1
Y1 < Ce|If"™ 112, + ||V .
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Table 1
Error and convergence rate for convective GUM with k = 1.
T llow = pllo2) Rate lun — ull2q2) Rate
1.25E—02 4.59E—04 0.92 1.30E—06 0.83
6.25E—03 2.34E—04 0.97 6.84E—07 0.93
3.12E-03 1.18E—04 0.98 3.52E—-07 0.96
Table 2
Error and convergence rate for convective GUM with k = 1.
T llun — ull 2y Rate lpn — Plli2¢2y Rate
1.25E—02 2.18E—-05 0.93 4.19E—-05 0.82
6.25E—03 1.13E-05 0.94 2.24E-05 0.92
3.12E-03 5.71E—06 0.97 1.15E-05 0.96

Thanks to (3.2) and (6.6),

Yo = —2pt(syt! —sp.sp) = —prllsy T — lIsy T — shll> — lIshll®)
1 An1 1 Anl
= —pr(lIsy P = Ispl?) + eV -Gy P < —prisy IR = lspll?) + e Va1,
where from (6.6) we have used the fact that
An+1 n+1
V. =" —sp.

Inserting the above estimates for Y; and Y, into (6.19) yields
lop 1 a2 — ot apll? + llop(ap™ — uI? + logopl® + rr(isy 12 — Ispl?) + —nV”‘“n
< Crllf"™M2,

Summing the above over n from 0 to N — 1 leads to (6.10). O
7. Numerical experiments

In this section, we present numerical examples to test the accuracy of the first-order algorithm proposed in Section 6.
We solve problem (1.1)-(1.3) using an analytical solution defined on the disk with a radius of 0.1:

2 ={xy) eR*:x*+y* <0.01}.
The exact solution is:
p(x,y,t) =2 +r1cos(f — sin(t)),
ui(x,y, t) = —ycos(t),
us(x, y, t) = x cos(t),
p(x, y, t) = sin(t)sin(y) sin(t),

where r := \/x2 + y? and 6 = arctan(y/x). Note that the above exact solutions satisfy the mass conservation (1.1). We
set © = 1 so that the corresponding right-hand side in the momentum equation (1.2) is

Fxy. ) = (v sin(t) — x cos*(t)) p(x, y, t) + cos(x) sin(y) sin(t)
=12 (xsin(t) + y cos*(1)) p(x, y, t) + sin(x) cos(y) sin(t) ) -

Then we choose k = 1 in the algorithm of Section 6 which is related with the order of finite element space. Hence, the
mass conservation equation (1.1) is discretized in space using P? continuous finite elements. To approximate the velocity
and pressure, we both use linear elements. To solve the problem (6.3)-(6.4) the mixed element (RnTl, DG') is used. We
perform the accuracy tests over the time interval [0,1] with respect to t on a uniformly triangulation mesh with mesh
size h = t/10.

In Tables 1 and 2, we display the errors and convergence rates in time for all variables. We observe that the errors
for all variables in the reported norms are of first-order which are consistent with our error estimates except that the
first-order convergence rate for the velocity error in L*(H!) is faster than the half-order proved in Lemma 3.

Then the same problem is solved using the algorithm of Section 6 again but now k = 2, which means the mass
conservation equation (1.1) is discretized in space using P# continuous finite elements and the other equations are solved
using one order higher finite elements. We also perform the accuracy tests over the time interval [0,1] with respect to
7 on a uniformly triangulation mesh with mesh size ¢ = 30h?. The results are shown in Tables 3 and 4, from which we
observe that all the errors have the same order with respect to 7 as in the first case.
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Table 3

Error and convergence rate for convective GUM with k = 2.
T llon = Pl e Rate [lun — ullywy) Rate
6.25E—02 2.29E—-04 0.96 6.51E—07 0.89
3.12E—-02 1.17E—04 0.97 3.43E—-07 0.93
1.56E—02 5.89E—05 0.99 1.77E—07 0.96

Table 4

Error and convergence rate for convective GUM with k = 2.
T [[un — ullLyHy) Rate llpn = PllLyy) Rate
6.25E—02 2.13E—-05 0.91 2.22E-05 0.87
3.12E-02 1.12E-05 0.92 1.29E—05 091
1.56E—02 5.71E—06 0.97 6.78E—06 0.94
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