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Abstract

The operator splitting method has shown to be an effective approach for solving the linear
complementarity problem for pricing American options. It has been successfully applied
to various Black—Scholes models, and it is implementation friendly because the differential
equation and the complementarity conditions are decoupled and easily solved on its own part.
However, despite its popularity, no stability and error analysis is available for these operator
splitting methods. The challenge mainly arises from the special splitting associated with
the slack function and the complementarity constraints. In this paper, we establish stability
results for the operator splitting schemes based on the backward Euler and BDF2 methods,
as well as an error estimate for the scheme based on the backward Euler method. We also
provide numerical experiments to demonstrate the convergence behaviors of the two operator
splitting methods.

Keywords Operator splitting - Black—Scholes - American option - Linear complementarity
problem - Stability

1 Introduction

The Black—Sholes model is one of the most important models for pricing option contracts. The
first mathematical formulation of the model was proposed in [4]. The Black—Sholes partial
differential equation for European options is an initial boundary value problem with advection
and diffusion terms. And the system that governs the price of an American option consists
of a differential inequality and its complementarity conditions, because the American option
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allows its holder to exercise it earlier than the maturity. It can be categorized as a linear com-
plementarity problem, which is harder to solve than a standard initial boundary value problem.
Many interesting questions have been raised surrounding this ubiquitous mathematical prob-
lem, including uniqueness and regularity, analytic form of the exact solution, numerical
approximation, and its link to quadratic programming, variational calculus, and optimiza-
tion. In this paper, we focus on numerical approximations of the classic Black—Scholes model
for American options, and carry on rigorous analysis for the associated numerical methods.

Numerical approximations of American options are distinctly different from those of
European options, due to the constraints and the moving boundary. In this paper, we primarily
consider the approximation in time. The projected Gaussian elimination in [5] is the first
attempt to this problem in a complementarity formulation. Later we have the projected SOR
method in [11], the penalty method in [8], the front fixing method with a spectral accuracy
in [29], and the front tracking method in [30]. Recently, the two phase method in [10], the
projection and contraction method in [28], the active set method in [27], and the reduced
basis method in [2] have been introduced.

In this paper, we consider an important class of methods for solving the LCP, the operator
splitting method introduced in [18]. The idea was originated from the splitting and projection
schemes in computational fluid dynamics. In essence, it decouples the complementarity
conditions and the differential equation, so that they can be solved separately. Therefore, this
type of methods is implementation friendly, since it does not require any iterative procedures.
It has been successfully applied to many variants of the Black—Scholes model, including the
Heston model in [16,19,20,25], the Merton and the Kon’s jump diffusion model in [22], the
infinite jump-diffusion model in [23], the regime-switching model in [24], and the fractional
Black—Scholes model in [6]. However, no stability and convergence results are established
in any of the above mentioned operator-splitting methods. We should mention that authors
of [20] showed that the difference between the coupled Crank—Nicolson method and the
operator splitting Crank—Nicolson method is of second-order in time for the option price, but
no stability result is established. We refer to [17] for a review of the topic.

The goal of this paper is to establish stability results for the first- and second-order splitting
schemes, and prove an error estimate for the first-order splitting scheme. The main challenge
is how to prove the stability of the operator splitting schemes. The key is to recognize the
similarity between these operator splitting schemes and the pressure-correction method for
incompressible Navier—Stokes equations (cf. [12,13,31]), and adopt some of the essential
procedures in the stability proofs of the pressure-correction scheme in [13,26]. We also carry
out ample numerical experiments to demonstrate the convergence behaviors of the backward
Euler and the BDF2 methods under different parameter regimes.

The paper is organized as follows. In the next section, we describe basic notations and
assumptions used throughout the paper. In Sect. 3, we describe the formulation of the linear
complementarity problem and related properties. In Sect. 4, we present the operator splitting
methods, and prove their stability. In Sect. 5, we carry out an error analysis for the first-order
method. In Sect. 6, we present some numerical results and related discussions.

2 Notations and Preliminaries

In this section, we introduce notations as well as some background materials that will be
used. Throughout the paper, ¢ denotes a generic constant that is independent of the time step
size, At, but may depend on the data and the regularity of the exact solution.
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We denote the L2 norm by ||-||. We also introduce the discrete norms. Let {¢°, ¢!, ..., ¢"}
be a sequence of functions in a Hilbert space W, and At = T /n. We introduce the following
discrete norms:

n
ey = A D10 5 Illiqw) = max i I 2.1)
i=0 =

The following notations are used for discrete differences:

Sit! = it i 2.2)
820! = it _2gi 4 i1 (2.3)
DXy = 3¢ 4l 4 il (2.4)

We will frequently apply these algebraic identities:
2(a — b)a = a’ —b*> + (a — b)?, (2.5)
2(3a —4b +c)a =a® + 2a —b)> —b> — 2b —¢)* + (a — 2b + ¢)?, (2.6)

2Ba—4b+c)a—-b)=@—-b*—b-—0c)+@—-2b+c)’+4@a—-b> 27
We will frequently apply the following version of discrete Gronwall’s Lemma (cf. [14,26]):

Lemma 2.1 (Discrete Gronwall’s Lemma) Let y", h", g", and f" be nonnegative series such
that

m m M
T
YU ALY WS BA ALY (Y[, Aty g" <e 0<m<M=[ }
=0 n=0

= At
(2.8)
In addition, assume that g" At < 1 for every n. Define v = maxog,<m (1 — g"At)~V. Then
m m
ym+Ach"<e”K<B+Ath">, 0<m< M. (2.9)
n=0 n=0

3 The Linear Complementarity Problem

Let S be the stock price, T is the time and ¢ = T — 7 be the time to maturity 7. The volatility
o and the interest rate r are assumed as constants. For any value of § and ¢, the price of an
American option V (S, 1) satisfies the following linear complementarity problem (LCP):

Vi > LV, (3.1a)
V=g, (3.1b)
(Vi = LVY(V —g) =0, (3.1¢c)
where the spatial differential operator £ is defined as
o282
LV (S, t) = Vss +rSVs —rV. 3.2)

In the above g = g(S) is a final pay-off function. For example, the put option is equipped
with

g(S) = max{K — S, 0}. 3.3)
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We briefly explain the meaning of (3.1). First, the return on a delta-hedged portfolio cannot
be greater than that from a risk-free bank interest, because the American option may be
exercised any time before expiration [32]. Thus we have (3.1a). Secondly, the option holder
has the right to exercise it any time according the payoff, implying the option value is at least
its payoff or (3.1b). Lastly, the option value is simply equal to its payoff when the option
holder chooses to exercise it. Otherwise, the option value will be equal to the risk-neutral
evaluation of a European option at that time period. One of the above two cases has to happen.
It is why we have a quadratic expression in (3.1c). The above arguments hold for any (S, #),
so system (3.1) always holds.
By introducing a slack function ¥ (S, ¢), we reformulate (3.1) into

Vi=LV + 1, (3.4a)
¥ =0, (3.4b)
V=g, (3.4¢c)
Y(V—-g)=0. (3.4d)
We assume the following initial and boundary conditions:
V(S,0) =g(S), (3.52)
V(©,1) =K, slingo V(S,t)=0. (3.5b)

Regarding the operator £, two integrations by parts lead to

2
LV, V) = %(Szvss, V) +r(SVs, V) = r(V, V)

2
= —Z-(SVs. SVs) + (r = 0?)(SVs. V) = r(V. V) (3.6)
2 2
o o —3r
=~ IsVsI? + Ivi2,

where we have assumed limg_, o0 S2VsV (S, 1) = 0 and limg_,oo SVZ(S, 1) = 0 (cf. [1]).
Therefore, —L is a strongly elliptic operator if ¢ — 3r < 0. Formally, one can show that
the system (3.4) and (3.5) possesses a unique solution through a discounted expectation
evaluated at the optimal stopping time [21]. And its precise meaning can be given through
the variational inequality [3,9,21]. The LCP approach was generalized to many kinds of
options in [32] and was later studied in [15].

According to [21], the solution to the LCP (3.4) and (3.5) is continuously differentiable
in the stock price. Regarding the time variable, we assume the following regularity results

V(S,t+k)—V(S,1)
k
In this study, both o and r are assumed as constants.

—Vi(S.t)=ck, Y(S,t+k)—y¥(S,t)=ck, Vt. (3.7)

4 Numerical Methods and Stability Analysis

In this section, we describe a first-order and a second-order operator splitting methods, and
prove that they are unconditionally stable.
The system (3.4) and (3.5) is first discretized in time on a uniform grid:

At=k=T/M, t,=nAt, 0<n<M. 4.1)
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We start from Vo (S) = g(S) and seek a sequence of functions,
Vi(S), Va(S). ..., Va(S), ..., Vu(S). (4.2)

each of which is an approximation to V (S, ¢) at the corresponding grid point #,. V,(S) is
often abbreviated as V,,. Similar notations are used for ¥ (S, ) and other involved variables.
The initial conditions are Vy = g and {9 = O.

Let Smax denote the domain truncation for the semi-infinite domain, which is typically set
as a multiple of K in numerical experiments.

4.1 The Operator Splitting Methods

We describe first the operator splitting method based on the backward Euler scheme [18].
Assume that V,, and ¥, have been obtained from the time step of #,. Two substeps will be
performed at the step 7, . In the first substep, we solve for an intermediate solution V|
from the boundary value problem (BVP):

Vn—&-l -V -
Ay LVpy1 = Yn, 4.3)

Vis1(0) = K, Vi1 (Smax) = 0.

In the second substep, we project V,, 41 to the constraint space to obtain V1. Specifically,
we perform the following correction:

V, 1—\7 1
’HT"* = Ynr1 — Vn, (4.4a)

Vo1 20, Vg1 28 Yugp1(Vag1 —g) =0. (4.4b)

The system (4.4) is easy to solve in the (¥,,+1, Vy,+1) plane. Indeed, we have

(Oa ‘;'n+l - Atlﬁn), if — Atl/fn + VrH—l > g,
Wnt1s Var1) = -V 4.5)
el T 87 Yntl + Y, g, otherwise.
At
To validate the discretization, we sum up (4.3) and (4.4) to get

Vn+l -V >

—— — LV = ,
AL n+1 = Yntl @.6)

V20, Vip1 28 Yns1(Vayr —8) =0.

According to (4.4a), we have

Vi1 = Vit — At (Yng1 — ¥n), 4.7

which implies that \7,1+1 is also an approximation to V (S, ,41).

Note that the scheme (4.3), (4.4) is reminiscent of the pressure-correction method for
incompressible Navier—Stokes equations [12,13,31]. Indeed, the slack function ¥ plays a
similar role as the pressure, and is introduced to enforce (4.4b) which is similar to the
divergence-free condition in the incompressible Navier—Stokes equations.

We now describe a second-order method based on the BDF2 discretization [18]. Assume
that {V;,, V,—1} and {¢,,, ¥,—1} have been obtained from time steps of #, and f,_;. Two
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substeps will be performed at the step #,+1. In the first substep, we solve for an intermediate
solution V,,4 from the BVP:

3‘~/n—0—1 — 4V, + Vi -
— LVyy1 = Y,
AL n+1 llfn

Vis1(0) = K, Vi1 (Smax) = 0.

4.8)

In the second substep, we project ‘7,,+1 to the constraint space to obtain V41 with the
following correction:

3(Vos1 — Vig1)
= = Y1 — Y, 4,
Y Vil — ¥ (4.92)

Yur1 20, Vg1 28, Yur1(Vegr —g) =0. (4.9b)

Similarly as before, the system (4.9) is easy to solve in the (¥,+1, V,+1) plane, since we
have

- 2At . 2A1 ~
(07 vn+1 _TWn)v if _TWn"FVn—H >g7
(%H, Vn+1) = ~ (410)
(M + Y, 8) otherwise
2At n &) '
To validate the discretization, we sum up (4.8) and (4.9) to get
3Vip1 —4Vy + Vi -
—LVyy = ,
N n+1 wn+1 4.11)

1//j >0, Vi1 28, Ynt1(Vay1 —g) =0.

Similar to the first-order case, it is clear now that the scheme (4.8), (4.9) is reminiscent
of the second-order pressure-correction method for incompressible Navier—Stokes equations
[12,13,31].

4.2 Stability Results

We introduce new sequences {Z,l}fl"l= o and {Z,,}ﬁl”: o defined as

Zn=Vo—8, Zn=V,—g, 4.12)

and rewrite the method (4.3) and (4.4) as

Zn+1 —Zy 5
_—— Z
A7 LZy1+ LEg + Y, (4.13)

Zn+l(0) =0, Zn+l(Smax) =0.

and

Zns1 — Z
% = Ynt1 — VY, (4.14a)

Yur1 20, Zyp1 20, Yuq1Zy41 =0. (4.14b)

We have the following stability result for the above scheme.
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Theorem 4.1 We assume either 0% — 3r < 0 or At < m ifcr2 — 3r > 0. Then, the
scheme (4.13) and (4.14) (or (4.3) and (4.4)) is stable in the sense that for allm > 0 we have

1 m . m .
1Znll? + 5 D NZn = ZuaI? + A2 WY I + 02 A1 Y IS(Zu)s ]

n=1 n=0

m
ScB+ArY |Lgl?), YI<m<T/At,
n=0

where B is related to the initial data:

B = 1Zo)* + AL {[Yoll? + o2 At]IS(Zo)s | = llgl* + A | Woll* + o> At SgslI*.
4.15)

Proof First, take the inner product of (4.13) with 2At2n+1 to have
1 ZnsrI* = 1 Zall? + 1 Zns1 = Zall* = 2A0(LZn 41, Znt1)
+2A1(Lg, Zys1) + 28t (Y, Zys1).  (4.16)
For the term 2At(£2,,+1, Z,,H) we have
2AHLZn11, Znsr) = —At0?||S(Zuy))s | + At(o® = 30) | Zpa 7. (417)
If 8 = 02 — 3r > 0, we can bound the last term by
At(0? = 30| Zns1 1> < 281 BI(Zns1 — Zall* + 1120 (4.18)
For the term 2A¢(Lg, Zn+1), we have
2AH(LE, Zns1) = 2AH(LG, Zny1 — Zn) + 2A1(Lg, Zy)
<2417 Lgl* + %HZM = Zn|* + At(ILg1% + 1 Zal1P). )
Next, we rewrite (4.14a) as
Zng1 — AWyt = Zng1 — Ati,. (4.20)
Taking the inner product on each side of (4.20) with itself, we obtain

1 Zns11? = 288 (Zns1, Ynt1) + AP Uns1 12 = 1 Zns1 12 = 288 Zsr, Yu) + AL [P
4.21)

Notice that Z,41¥,+1 = 0 and the term 2At(2n+1, Y,) will cancel between (4.16) and
(4.21). We add up the above results to obtain: (i) if 02 —3r <0, we have

1Znsr I = 1 Zal + %HZH] = Zal? + AP 1P = AP Y1 + Ato? 1S (Zuy s
< A Zy | + cAt]| Lg% (4.22)
and (i) if 02 — 3r > 0, we have
1 Zns1 12 = 1 Zall® + 1 Zns1 = Zal* + AP Yur1 1P — ALY ]> + Ato?|[S(Zns1)sI
< AtQB+ DI Zns1 — Znl* + AtQB + DI Z|1* + cAt]| Lg%, (4.23)
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which, under the assumption that A7(28 + 1) < %, implies

1 - -
1 Zns1 12 = 1 Zal1* + SN Znsr = Zall* + A Y1 12 = AW 2 + Ata?(1S(Zag)s
< A1QB 4 DIIZy|I* + cAt]|Lg . (4.24)

Summing up the inequalities (4.22) and (4.24) from n = 0 to n = m — 1, respectively, and
applying the discrete Gronwall’s Lemma (Lemma 2.1), we obtain the desired result. O

Next, we consider the second-order operator splitting method based on BDF2. We intro-
duce the same variables defined in (4.12) and rewrite the BDF2 method (4.8) and (4.9) into
the following procedure. In the first sub-step, we solve

3Zn+l - 4Zn +Zy 5
—r7
N EZnr + L8 + Y, (4.25)

Zn+1(0) =0, Zn+l(Smax) =0.

In the second substep, we project Z,,_H to the constraint space to obtain Z,;; with the
following correction:

3(Zn+1 — Znt1)

AL = VYnt+1 — Vn, (4.26a)
Yuy1 20, Zy1 20, Yup1Zyq1 =0. (4.26b)
Theorem 4.2 We assume either 0% — 3r < 0 or At < m if(r2 — 3r > 0. Then, the

second-order scheme (4.25) and (4.26) (or (4.8) and (4.9)) is stable in the sense that for all
m > 0 we have

4A1?
1ZnlI* +112Zm — Zn—11* + anmnz

m—1 m
+ Y N Zny1 = Zoa P + 24880 Y 1S(Zo)s
n=0 n=0

m
<c(B+AtY |Lgl?), VY1 <m<T/At
n=0

where B is related to the initial data:

2 ) 4Ar? 2 2 2
B = |Zoll” +112Z1 — Zo|” + Tlllﬁoll + 2At0”||Sgsll”. (4.27)

Proof First, take the inner product of (4.25) with 4AtZ,1+1 , to obtain
2(Zns1 = 4Zn + Zn-1, Zny1) = 4A(LZn1 1. Zny1)
+AAL(LE, Znt1) + 4Nt (Y, Znt1). (4.28)
We rewrite the left hand side of (4.28) into
2B Zut1 = 4Zn + Zn1s Zns1) =20BZns1 = 4Zn + Zn-1, Zug) + 6(Zns1 — Zni1, Zng1)
= 2D*Zns1. Zn41) +20BZus1 — 4Zn + Zunt, Znst — Zns1) + 6(Znst — Zns1. Zns1).
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For the term 2(D?Z,,1 1, Zn+1) we apply (2.6) and have
2D?*Zys1, Zns1) = N Zust 12 = 1 Za* + 12Zns1 — Zal?
—112Zn — Zy1 I + 18% Zos1 1% (4.29)

Next, we have

2(3Zn+l - 4Zn + anl’ Zn+l - Zn+l)

5 - . (4.30)
= 2(8 Zn+l’ Zn+1 - Zn—H) + 4(Zn+l —Zy, Zn+1 - ZI1+1)-
For the term 2(622n+1, Z,,+1 — Zn+1), we use Cauchy-Schwarz to get
2% Zns1s Zns1 — Zns)| < 18° Zugt 1P + 1 Zns1 — Zns1 I 4.31)
For the cross term 4(Z,,+1 — Z,, Z,,+1 — Zn+1)), we use (4.26) to obtain
- 8At
4(Zn+1 - va Zn+1 - Zn+1)) = _T(Zn+l - va l[frH-l - %)
8At
= = (@ur1 Vi) + Za ) = Zuir V) = b)) (432)

_ 8A1

(@19 + @ vuin)) 2 0,

since (Z,, Y») = 0 and ¥y, Z, > 0 for all n.
For the term 6(Z,,+1 — Zn+1, Zn+1), we have

6(Zu+1 = Znt1s Zns1) = 3U Znsr IP = 1 Znst > + 1 Znst — Znsa 1P, (4.33)
Next, we rewrite the second sub-step as
3Zpt1 — 201Ynq1 = 3Zni1 — 201, (4.34)

Taking the inner product of each side of the above equation with itself, we obtain, after
dividing both by 3 and since (Z,+1, ¥,+1) = 0, that

2, 40 2 5 2 5 402 2
3 Zps1ll +341 [¥ns1ll” = 31 Zn41l —4At(Zn+1,wn)+§At [¥nll”. (4.35)

Combining the above relations, we obtain

2 2 2 2 4A12 2 2
1ZustI? = 1 Zall® +12Z041 = Zal? = 1220 = Zua I + === Uit I = 19l1®)
+ 20 Zns1 — Zng1II? S AAL(LZyt1, Zns1) +4A1(LG, Zns1). (4.36)

For the term 4At(£2n+1, Z,H_l), we proceed as in the first-order case. Namely, if 8 =
o2 —3r > 0, we bound it by

ANHLZpi1s Znw1) < —20102 IS (ZnsD)s|? + 4Dt BN Zyst — Znsa I + 4A1 B Zyir I
4.37)

Similarly, for the term 4At(Lg, Z,,+1) we have

4AL(LE, Znt1) = AAH(LE, Zus1 — Znt1) + 4AL(LEG, Znt1)

< 2 2 5 2 2 2 (4.38)
SAANLEN + 11 Znt1 — Zna 17 + 280N LGN + 1 Zn41 119
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Then under the assumption that o2—3r <0or At28+1) < % ifo2—3r > 0, we combine
all the above results into (4.36) to get

1 Zns1 11> = 1 ZaI* + 12Zns1 — Zall? = 1220 — Zna |2

NG
+ 1182 Zys1 I + T(nwnﬂnz — ¥nll®)
F 1 Zns1 = Zns1 I + 28102 |S(Zps )51 < AL + c At Zygr |1
Summing up the above inequality from n = 0 to n = m — 1 and applying the discrete

Gronwall’s Lemma (Lemma 2.1), we obtain the desired result. O

Remark 4.3 Note that the conditions on At in the above theorems are just sufficient conditions
for the stability. No special effort is made to optimize these conditions, and they can be slightly
relaxed with a refined analysis.

5 Error Estimates

With the stability results established in the last section, one can then derive corresponding
error estimates by assuming adequate regularity on the exact solution. For the sake of brevity,
we establish in this section error estimates for the first-order method only.

First, we introduce error functions and error equations. Denote the exact solution Z(S, t)
att, by Z(-, t,), and similar for other related variables. We define

en=ZC\tn) = Zn, & =Z(ta) = Zn,
ha =Y Cotn) =Vn, fo=hn+ ¥ tnp1) =¥ C, 1), (5.1
and assume that v is sufficiently smooth such that
I full < hnll 4 cAt, (5.2)
where ¢ is independent of n. From the continuous system (3.4), we have

Z('v tn+1) - Z('v tn)
At

To obtain the error equation, we subtract (5.3) from (4.13), to have

=LZ( tn1) + L8 + V(s tug1) + Rogr (5.3)

én+l — €
At

We can obtain another error equation from the second sub-step (4.4), as follows,

= Eén+l + fn + Rn+1- (5-4)

enyl — €ntl

A7 =hpg1 — hp — (P tng) =¥ (1)), (3.5

or,
ent1 — Athpy1 = ey — Atfy, (5.6)

Theorem 5.1 We assume either 6> — 3r < 0 or At < m ifo2 — 3r > 0, and that

the solution (Z, ) is sufficiently smooth. Then, the following error estimates hold for the
method (4.13), (4.14) (or (4.3), (4.4)):
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m—1
lew 1> + At Y IS@Eur)sl® < cAP, Y1 <m < T/At.
n=0

Proof First, take the inner product of (5.4) with 2Até, 41 to have
18n4111* = llenll® + 18n41 — enll® = 2A1(LEn 11, Ent1)
+2At(fn, én+1) + 2At(Rn+la En+1)- (5-7)

Next, take the inner product of (5.6) on each side with itself, we obtain

lent1ll? = 2At(ens1, hns1) + A g1 12 = 1801 17 — 288 @ty ) + AL full

(5.8)
Combine (5.7) and (5.8) to get
lens1 1> = lenll® + ens+1 — enll* + AL Uhngt 1 = 11 full?) (5.9)
= 2At(Leén+1, env1) + 20t (ent1, hnt1) + 201 (Rp11, €nt1). (5.10)
For the term 2At(Leé,+1, €,+1), similar to (4.17), we have
2AH(LEy 11, Ens1) = —AL0?||S@ni1)s]? + At(0? = 3r)[|8nr1 1% (5.11)
If 8 = 02 — 3r > 0, we bound the last term by
At(0? = 3r)18r111* < 24181 @Cnr1 — enll® + llenll?). (5.12)

For the term 2Af¢(e,+1, hy+1) We notice that
(en+t1s hnt1) = (Z(Cytag1) = Zongt, Y tng1) — Yngl)
= (Z(C, tag1), Y tng 1) = (ZC tag 1), Yt 1) — (Zngt, UG tagp 1)) + (Znget, Yng1)-
Since Z(-, ty+ V¥ (-, ty+1) = 0 and Z,,11¥,41 = 0, we have
(ent1s hny1) = —(Z (s tag1)s Yut1) — (Znt1, Y, fnt1)). (5.13)

Furthermore, since Z(-, t,+1), ¥ (-, tat1), Zn+1, and ¥, 41 are all nonnegative, we derive
from the above that

2At(ent1, hnt1) < 0. (5.14)
For the term 2At(Ry,+1, €,+1), we have
2At(Ry+1, €nt1) = 2At(Ry+1, €nt+1 — €n) + 2At(Ry41, €n)
< ARt 1 1P + 18041 — enll®) + At(| Rugt 17 + llen ).
We derive from (5.2) that
1l < hnll? + cAt |l || + AL < [[hn]|? + cAt|hy |2 + cAt.

(5.15)

Ifg = 62 —3r<0or At2B+1) < % if B = 02 —3r >0, we add up the above results to
obtain

| -
lens1ll® — llenll® + S lent1 — enll? + AP g1 1P — A2 7 |* + Ato? (IS @ng1) s 12

< AtQB+ Dlenl* + AL [y ||* + AL + 2At || Rys1 |1

Summing up the above inequality from n = 0 to n = m — 1 and applying the discrete
Gronwall’s Lemma (Lemma 2.1), we obtain the desired result. O

@ Springer



33 Page120f17 Journal of Scientific Computing (2020) 82:33

6 Numerical Results and Discussions

In this section, we present some numerical results and discuss their performance of the two
schemes.

6.1 Spatial Discretization

At each time step, we need to solve a boundary value problem (4.13) or (4.25). We employ
two methods in space: a central finite difference method on the truncated domain (0, Spax)
with uniform grid and a spectral element method on the semi-infinite domain with Gaussian
points [7].

The mesh for the finite difference method is given as

0=Sy<S1 <+ <Sv=>S5max» Sit+1—S8i =h=AS= Smax/N. 6.1
Then at each time step, we need to solve the following equation:

182U (S) + c28u'(S) + csu = f, S €0, Sy),

’ , (6.2)
au(0) +biu' (0) = g1, axu(Sy) + bau'(Sy) = g.

We discretize the above equation with the second-order centered finite difference method:

R R 1 — i
qﬁﬂﬂ—i%iﬂi+q&ﬂﬂﬁﬁi+qm=ﬁ,1<i<N—L 6.3)

where u; denotes the numerical approximation to u(S;). And the boundary conditions are
discretized with BDF2 formulas:

u> — 4uy + 3ug
e
auy + by N FuN 2 = &.
2h
As indicated in the previous section, we use the Dirichlet boundary condition where uy = K
and uy = 0. Hence, the linear system is tridiagonal.

For the spectral element method, we use Legendre polynomials in finite subdomains and
Laguerre functions on the semi-infinite subdomain. Linear hat functions were used to connect
basis on neighboring subdomains. Detailed descriptions of the spectral element method refer
to Sect. 4.1 in [7].

ajug — by
(6.4)

6.2 Stability and Order of Convergence

We perform numerical experiments with the following set of parameters:

T=1, K=50, r=0.01, Spx =2K. (6.5)
We measure the point-wise error at the strike K (as | - |g), the I« error (as || - ||o0), and the
I, error (as || - ||2). In all our numerical tests, the two operator splitting schemes are always

stable with with a wide range of o and r.

For the finite difference method, we use a sufficiently fine mesh 4 = 1/2'0 in space so
that the errors are dominated by time discretization. In the following, we take o = 0.01 or
0.2. Note that for o = 0.01 we have 02 — 3r < 0, while for & = 0.2 we have 2 — 3r > 0.
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Table 1 (With the finite difference method) The order of convergence €2 for the first-order method (4.3) and
(4.4), with parameters in (6.5) and o = 0.01

M =2 llecarll2 Q lleak)lloo Q leca |k Q

i=4 2.92E-04 - 4.86E—04 - 3.15E—-04 —

i=5 1.76E—04 0.73 2.89E—04 0.75 2.46E—04 0.35
i=6 9.49E—05 0.89 1.55E—-04 0.91 1.39E—04 0.83
i=7 4.95E—-05 0.94 8.00E—05 0.95 7.34E—-05 0.92
i=38 2.47E—-05 1.00 3.98E—05 1.01 3.68E—05 0.99
i=9 1.17E—-05 1.08 1.88E—05 1.08 1.75E—05 1.07
i =10 5.06E—06 1.21 8.13E—-06 1.21 7.57TE—-06 1.21

Table 2 (With the finite difference method) The order of convergence €2 for the first-order method (4.3) and
(4.4), with parameters in (6.5) and o = 0.2

M=2 llear) ll2 Q lle@i) lloo Q lecry |k Q

i=4 1.30E-01 - 3.73E-02 - 3.73E-02 -

i=5 6.70E—02 0.95 1.92E-02 0.96 1.92E-02 0.96
i=6 3.42E-02 0.97 9.78E—03 0.97 9.78E—03 0.97
i=17 1.73E-02 0.99 4.93E—-03 0.99 4.93E—-03 0.99
i=38 8.54E—03 1.02 2.44E-03 1.02 2.44E-03 1.02
i=9 4.06E—03 1.07 1.16E—03 1.07 1.16E—03 1.07
i =10 1.77E-03 1.20 5.04E—-04 1.20 5.03E—04 1.20

We shall use M = 2F uniform points in time. The order of convergence € is computed
by

llecr) |l

Q =log .
2 Jew

(6.6)

In the above, e is defined as
et = Vi — Va, (6.7)

where V() denotes the numerical solution with time step size k and V, denotes a reference
solution computed with M, = 2!2 points.

Results from Table 1, 2, 3 and 4 are obtained with the finite difference method. In
Table 1, we present the order of convergence of the first-order method (4.3) and (4.4) with
o = 0.01. Table 2 lists the results with o = 0.2. In both cases, the convergence rate reaches
its asymptotic rate of first-order when the time step size is sufficiently fine (At < 277).

In Tables 3 and 4 , we list the order of convergence for the BDF2 method with o = 0.01
and o = 0.2, respectively. We observe that, when o = 0.01, the order of convergence quickly
reaches its asymptotic rate of 2. However, when o = 0.2, the order of convergence would
only reach its asymptotic rate with much smaller time step sizes.

Results from Table 5, 6, 7 and 8 are obtained with the spectral element method. We use 3
elements as follows:

I =[0,K], L=I[K,2K], I3 =[2K,00), (6.8)
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Table 3 (With the finite difference method) The order of convergence €2 for the BDF2 method (4.8) and (4.9),
with parameters in (6.5) and o = 0.01

M =2 llecarll2 Q lleak)lloo Q leca |k Q

i=4 9.21E—-05 - 2.33E—-04 - 1.41E-04 -

i=5 2.06E—05 2.16 5.17E—05 2.17 3.21E-05 2.13
i=6 4.93E—-06 2.06 1.24E—-05 2.06 7.56E—06 2.08
i=7 1.25E—06 1.99 3.11E-06 1.99 1.95E—06 1.96
i=38 2.97E-07 2.07 7.40E—-07 2.07 4.33E—-07 2.17
i=9 7.14E—-08 2.06 1.75E—07 2.08 9.58E—08 2.18
i =10 1.69E—08 2.08 4.08E—08 2.10 2.15E—08 2.16

Table 4 (With the finite difference method) The order of convergence €2 for the BDF2 method (4.8) and (4.9),

with parameters in (6.5) and 0 = 0.2

M =2 llearyll2 Q ller lloo Q lean) |k Q
i=4 1.97E—02 - 4.93E—03 - 4.76E—03 -
i=5 7.03E—03 1.48 1.77E—03 1.48 1.77E—03 1.43
i=6 2.63E—03 1.42 6.56E—04 1.43 6.49E—04 1.45
i=1 1.00E—03 1.39 2.45E—04 142 2.34E—04 1.47
i=8 3.87E—04 1.37 1.00E—04 1.29 8.34E—05 1.49
i=9 1.43B—04 1.44 3.50E—05 1.51 2.84E—05 1.55
i=10 4.89E—05 1.54 1.30E—05 143 9.13E—06 1.64
i=11 1.25E—05 1.97 2.90E—06 2.16 2.28E—06 2.00
ngl:nfen(tv:gg:hilg)sTp}elztr;]der of M=2"leaplz € leoilloo 2 leeinlk S
f;’e“t‘l’lzrf(’f;) fnﬁ’sz)’ﬁ‘f:i‘t;’rder i = 140E—1 1.10 936E—2 121 930E—2 122
parameters in (6.5) and o = 0.04 i =3 6.76E—2 105 444E—2 108 441E—2 1.08
i=4 336E-2 101 2.18E—2 103 2.17E-2 1.02
i=5 1.68E—2 1.00 1.09E—2 101 1.08E—2 1.00
i=6 848E—3 099 543E-3 1.00 54I1E-3 1.00
i=17 426E-3 099 272E-3 100 270E-3 1.00
i=8 210E-3 1.02 134E-3 102 133B-3 102
i=9 998E—4 108 633E—4 108 631E—4 1.08
i=10 433E—4 120 275E—4 120 274E—4 120
i=11 146E—4 157 922E-5 157 920E-5 1.57

with N1 = 128, N = 512, and N3 = 128 (N; + 1 is the number of quadrature points in the
subdomain /;.) For /3, we set the largest Laguerre point on the right end to be 3K . In terms
of convergence in time, we can observe behaviors similar to those from the finite difference

method.
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Table 6 (With the spectral
elmement method) The order of

;f;‘l’lirff(’f;) S;nf(;’a%’ﬁ‘f;‘tfrder i=2  226E40 103 629E—1 114 626E—1 1.14
parameters in (6.5) and o =02 i=3  LI3EH0 100 3.03E-1 105 3.02E-1 105
i—4  565E—1 100 150E—1 102 149E—1 1.02
i=5  283E—1 100 745E—2 101 743E-2 1.0
i=6  141E—1 100 371E—2 101 370E—2 1.0l
i=7  70lE—2 101 183E—2 102 18E—2 1.02
i=8  342E—2 104 89IE-3 104 889E-3 1.04
i=9  160E—2 109 4I8E—3 109 417E-3 1.09
i=10 692E-3 121 180E-3 122 180E-3 121
i=11 232E-3 158 603E—4 158 60IE—4 158

M=2 Jegpla lealloo € lenlk @

Table 7 (With the spectral
elmement method) The order of
o 1) ?H?Zf;)iagf i=2  208E-2 196 166E—2 201 110E-2 2.04
parameters in (6.5) and o = 0.04 =3 449E—-3 221 286E-3 254 238E-3 221
i=4 233E-3 095 3.09E-3 -0.11 496E—4 226
i=5 821E—4 150 8.31E—4 1.89 834E-5 2.57
i=6 225E—4 187 211E—4 198 1.00E-5 3.06
i=7 6.96E—5 1.69 548E-5 194 6.79E-6 0.56
i=8 220E-5 1.66 1.29E-5 2.09 6.05SE—6  0.17
i=9 9.02E—-6 129 556E—6 121  4.24E-6 051
i=10 472E—6 094 289E-6 094 2.63E-6 0.69

i=11 146E—6 1.69 8.89E—7 1.70  837E—7 1.65

M=2 Jeppls € leilloo leolk @

Table 8 (With the spectral
elmement method) The order of
fﬁ;ﬁf?ﬁfg) S;nﬁ’af) F\gg}z i=2  196E—1 164 5S03E-2 165 3.62E-2 201
parameters in (6.5) and 0 =02 i=3  S98E=2 171 146E-2 179 127E-2 151
i=4 198E—2 1.59 4.89E-3 1.57 4.75E-3 142
i=5 7.02E-3 1.50 1.77E-3 146 1.77E-3 142
i=6 2.64E—-3 141 839E—4 1.08 6.38E—4 147
i=7 9.96E—4 141 273E—4 1.62 235E—4 1.44
i=8 3.72E—4 142 931E-5 1.55 8.76E-5 142
i=9 1.47E—4 1.34 3.70E-5 1.33  3.50E-5 1.32
i=10 5.67E-5 1.37 141E-5 1.39  1.36E-5 1.37

i=11 1.71IE-5 1.73 421E-6 1.75 4.09E-6 1.73

M=2 Jeapla < leplloo leorlxk @

6.3 Summary
We considered two operator splitting methods for American options under the classic Black—

Scholes model. The two operator splitting methods that we consider are reminiscent to the
first and second-order pressure-correction methods. By adopting some essential procedures in
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the stability proof of pressure-correction methods, we were able to establish the first rigorous
stability results for the first and second-order splitting methods. We have also derived error
estimates for the first-order splitting method, and presented numerical results to demonstrate
the convergence behaviors of the two operating splitting methods.
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