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1 Introduction

We consider in this paper numerical approximation of the following magneto-hydrodynamic (MHD)
equations

u+ (u-Viu—vAu+Vp—a(V xb) xb=0, in Q,
by —nAb+V x (bxu)=0, in 9,
divu=0, in €,
divb=0, in €,
with given initial data
u(-,0) = (), b(-,0) ="t (1.2)

where ) is an open bounded domain in R¢ (d = 2,3), n is unit outward normal of 92, the unknowns
are the velocity field u, magnetic field b and pressure p, the parameters v and 7 are respectively the
kinematic viscosity, the magnetic diffusivity, and o = 1/(4wpp) with g being the magnetic permeability
and p the fluid density. To fix the idea, we assume the no-slip boundary condition for the velocity, and
the perfectly conducting boundary condition for the magnetic field, namely,

u|aQ = 0, n- b|aQ = 0, n X (V X b)|aQ =0. (1.3)
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The above MHD equations model an incompressible, resistive and electrically conducting fluid in a
perfectly conducting container 2. The wellposedness of this system is similar to the corresponding
Navier-Stokes system and has been established by many authors (see [4,13]). Various numerical approx-
imations for MHD equations (stationary or time dependent) have been proposed, mostly concentrated
on developing stable finite-element discretizations which require solving a double saddle point problem
(see [1,5,10,12]). On the other hand, a decoupled approach based on the commutator of Laplacian
and Leray projection is proposed in [11], and several very interesting splitting schemes based on double
projection steps were proposed in [2].

In this paper, we develop several unconditionally stable, semi-discretized linear schemes, based on
standard and rotational pressure-correction methods [7,9,15,16] proposed for the Navier-Stokes equations.
Unlike in [2], we do not perform a projection step for the magnetic field, avoiding additional splitting
errors and computational cost associated with the projection. We show that our schemes will lead to
divergence-free magnetic field if the initial condition ¢° is divergence-free.

The rest of the paper is organized as follows. In Section 2, we construct first-order semi-discretized
schemes based standard and rotational pressure-correction methods, and show that they are uncondition-
ally stable. Second-order schemes and their stability analysis are presented in Section 3. In Section 4, we
perform an error analysis for the first-order standard pressure-correction scheme. In Section 5, we first
describe a generic spatial discretization followed by a detailed description for an efficient implementation
of Legendre-Galerkin method in space. In Section 6, we present numerical results to demonstrate the
convergence rates for our schemes and describe an adaptive time stepping strategy. Finally in Section 7,
we present some concluding remarks.

2 First-order schemes

We construct two semi-implicit time discretization schemes based on standard pressure-correction and
rotational pressure-correction for the MHD equations and show that they are unconditionally stable.

2.1 A first-order scheme based on standard pressure-correction

Inspired by the pressure-correction scheme for the Navier-Stokes equations [7,16], we construct the fol-
lowing scheme for (1.1) with (1.3).
Given (a",u™,b", p"), find (@1 u™, 6"+ pntl) such that

ﬂn—i—l —um
5t + (™ V)a"t — v AT 4 Vp" — a(V x 0" x b =0,
bn+1 —pn
st nAY" T+ V x (b x 4"t =0, (2.1)
a@" a0 = 0,
b njgn = 0,n x (V x b"1)|gq =0,

and

n+l _ ~n+1
ot
divu"t =0, (2.2)
u" Tt nlag = 0.
Note that (2.1) is a coupled but linear elliptic type system for (@1, p"*+1), while (2.2) can be rewritten
as

]' ~ T a s n
_ A(anrl _pn) — _5tu +1’ (‘)n(p +1 —p )|aQ _ 0,

un-{-l _ ,an—i-l _ (5tV(pn+1 _pn).

(2.3)
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Hence, the above scheme is very easy to solve numerically compared with a fully implicit coupled nonlinear
system.
Let us denote (u,v) = [, uvdzr and [Ju]? = (u,u).

Theorem 2.1.  The scheme (2.1)~(2.2) is unconditionally energy stable in the sense that
[ 412 4 a0 P 4 6t [ Vp T 4 ([[a = ut|? 4 208t Var [P + 2andt ]|V 2)
< [P + oo™ [P + 66 VP2, V>0 (2.4)
Furthermore, we have
m
[ divb™ FH[? + 26t > || Vdive"|* < [[dive®]|®,  Vm > 0. (2.5)
k=0
Proof.  Taking the inner product of the first equation in (2.1) with 26ta"*!, we obtain

a2 = u |+ @ = u|f + 2vot| Va2

+ 20t (Vp™, @™ 1) — 25ta((V x b" ) x b, 4"t = 0, (2.6)

where we used the fact
(u-V)v,v) =0, YuecH, veH'(Q)" (2.7)
Taking the inner product of the second equation in (2.1) with 2§tab™ !, we find
al b = allb”]|* + b = b7 + 26tan|| Vb2
+20ta(V x (b™ x a"Th), ") = 0. (2.8)
Next, we rewrite (2.2) as

1 1
un-‘,—l 4 Vpn-i-l _ 6tan+1 T vpn,

ot
and take the inner product of the above with itself on both sides. We find
sl IV = R 9 2 (9, ),
which we rearrange as
26(Vp", @) = w2 — a2 4 062( |V 2 — [V 2), (2.9)
We have from integration by parts that
(V x (0™ x @™y, p" ) = ((b" x @1,V x ") = ((V x ") x o™, a™th). (2.10)

Taking the sum of (2.6) and (2.8), using (2.9) and (2.10), we arrive at
a2 = ™2+ [Ja T = w2+ 20tw]| Var 2+ st (| VRt — ([ VpT %)
+alp" TP = al]b"]|? + al|p" T = 57| + 25tan|| VO TH* = 0,
which implies (2.4).
To prove (2.5), we recall that for any smooth function b, u and ¢, we have

(Vx(bxu),Ve)=(nx(bxu),Vo)|aqa,

2.11
nx(bxu)=(n-u)b-—(n-bu. 211)

We take the inner product of the second equation in (2.1) with Vdivb"*!. Thanks to the above identities
and the boundary conditions for %" ! and b”, we find

bn+1 —pn
( 5t ,Vdivb”“) — (A", Vdivd™ ) = 0. (2.12)
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Using the identity Ab =V x V x b — Vdivb, and integration by parts, we obtain from the above that

1
5 (VT —b"), divb™ ) 4 (Vivh™ !, Vdivh™ ™) = 0, (2.13)

from which we derive
[|dive™ % — [|dive™||? + || div(b™ Tt — b™)||* 4 20tn|| Vdivb" T = 0.
We obtain (2.5) by summing up the last relation for n =0,1,...,m.

Remark 2.2. Note that we do not explicitly enforce divb®*! = 0 in the above scheme. However,
(2.5) indicates that o™ will remain divergence-free as long as its initial condition b° is divergence-free.
Furthermore, even with incompatible °, divb™ will be quickly dissipated towards zero. This remark
applies also to other schemes presented below.

2.2 First-order scheme based on rotational pressure-correction

It is well known that the pressure-correction scheme leads to an artificial boundary condition, i.e.,
aan (Pt — p™)]sq = 0 in (2.3), which induces large errors for the pressure near the boundary. A ro-
tational pressure-correction scheme is introduced in [9,15] for the Navier-Stokes equations to remove the
artificial pressure boundary layer. Hence, we adopt a similar approach here and propose a rotational

pressure-correction scheme for the MHD equations below:

an+1 —um

5t + (u™ - V)artt — vAa Tt + Vpt — o(V x o) x b =0,
bn+1 —pn

5t — AT +V x (b x 4" T) =0, (2.14)
" oo =0,

b nfog =0, nx (V xb0")oq =0,

unJrl _ ﬁnJrl

vyt =0,
s VY
divu™*t = 0, (2.15)
unJrl 'nlaﬂ — 0,
and
Pt =yt 4 pt —wv At (2.16)

Note that (2.15) can also be reformulated as a Poisson equation, so the computational procedure for this
scheme is essentially the same as the scheme (2.1)—(2.2).

Theorem 2.3.  The scheme (2.14)~(2.16) is unconditionally energy stable in the sense that

5t
[l HI + al o™ 4 e[y 4l
+ 82UV X @2 4 vV - @Y 4 20|V ?)

ot
<P +afo™|* + o2 vem|* + g™ [?, Vn >0 (2.17)

Furthermore, we have

[ divb™ |2 + 26t > || Vdive"|? < [[dive®]|?,  Vm > 0. (2.18)
k=0
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Proof.  The proof of (2.18) is exactly the same as before.
To prove (2.17), we introduce a set of new variables

qn+1 _ qn o I/V . ﬁnJrl, 1Z)nJrl :anrl o anrl. (219)

Then, we can rewrite (2.15) as

un+1 _ ﬁn—i-l
St + V(¢n+1 - 1/’") = Oa

divu™* =0, (2.20)

un+1 TL|8Q =0.

Taking the inner product of the first equation in (2.14) with 25ta"*!, and that of the section equation
in (2.14) with 2a6tb" !, and adding them together, we obtain

@ FHJZ = ™[+ @ = u™ (| + 26t [ V@ P + 20V (" + "), ")
+ b2 = al|bP1? + o[ — b7 4 26tan|| V"2 = o, (2.21)

where we used the fact that the curl terms are canceled with each other as in the proof of Theorem 2.1.
For the inner product term in the above, we have

20t(Vy"™ + Vg™, a" )
= 20t(Vy", a" ) + 20t(Vq", a" )
= 26t(Vap™, w1t + St(Vyn Tt — V) — 20t(¢", V - 4™t

2wt .
BRCAR )

= SE(IVY" 2 — [V — [V - Ty +
n n 1 n =T 6t n n n n

o (R e e ) B S P e P 0
n n n ~ T 5t n n ~Nn

= SE(IVH" 2 = V) — = R — e - A )

On the other hand, taking the inner product of (2.15) with 26tu™*!, we obtain

[l = @ + flu = a2 = 0.

Combining the above equalities together and using the identity ||Vu|? = ||V x u||?> + ||V - ul|? for
u € HE(Q)?, we obtain

a2 = a2 4 7 = )+ 2000V x @ 4 vdt| V- a2
+o?(IVe™ P = Ve + ™17 = llg™ %)

+afp" T = o7 + o = 0 + 26tan|| VE" |2
= ()7

which implies (2.17).

3 Second-order schemes

The schemes presented in last section is only first-order accurate. Similarly to that for the Navier-Stokes
equations, we can construct second-order schemes based on standard pressure-correction and rotational
pressure-correction.
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3.1 Second-order scheme based standard pressure-correction

A semi-implicit second-order scheme for (1.1)—(1.3) based on pressure-correction is as follows:

3amtt — 4y 4t
26t
+Vp" — a(V x b" ) x (20" — ") =0,
307t — 4p" 4 bt
20t
" og =0,

prtt ‘nlaga =0, nx(Vx bn+1)|aQ =0,

+ ((2u™ —u" ) - V)@t — vAgTH

— AT £V x (20" — b)) x @™t =0,

and

3un+1 _ 3ﬂn+1
2k
divu" ! =0,

! nlag = 0.

+ VvVttt —p") =0,

(3.1)

(3.2)

To start up the scheme, we can use the first-order scheme (2.1)—(2.2) to obtain the approximation at the
first time step. Hence, the computational procedure of this scheme is still essentially the same as the

previous first-order schemes.

Theorem 3.1.  The scheme (3.1)~(3.2) is unconditionally energy stable in the sense that
[ FHZ + alo™ P+ fl2a T — a4 o7+ af 26" - b7
+ §5t2||Vp"+1||2 + St (4v||[ Va2 + dam||[ VO %)
< ™12 + aflo™ 1 + 120 — w7 + of|20™ — " + §5t2||Vp"||2a vn = 0.

Furthermore, we have

[[div™ |2 4 [[div (26" — ™) |2 + 45ty > || VdivbF |2
k=0
< ||divb||? + [|div(26" — b%)|]2, Vm > 0.

(3.3)

(3.4)

Proof.  Taking the inner product of the first equation in (3.1) with 46ta"*!, using (2.7), we derive

(3™ — 4u™ + o™ 20" 4S5ty || Va2 + 40t(Vp™, am )
— 4adt((V x 0" ) x (26" — b 1), a" ) = 0.

Taking the inner product of the second equation in (3.1) with 46tab™ ™!, we derive

(30" — 4b™ + b1 26" - dnadt || VH |2
+ 4at(V x ((20™ = b" 1) x ™), ") = 0.

We obtain from integration by parts that

(V x (26" = ™71 x @™, ") = ((20™ — ™ 1) x 4™, Vv x b
= ((V x ") x (26" — b~ h), anth.

Summing up (3.5) and (3.6), and using (3.7), we obtain

(3a" T —du™ + a1 20" (30" — 4b™ b 20"
+ 45tv || VA" T |% 4 dnadt|| VOm T 4 45t (Vp", @) = 0.

(3.5)

(3.6)
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We denote
I = (30" —du™ + w7t 20",
Iy := a(3b" Tt —4b™ + o™t 20" ), (3.9)
I := 46t(Vp", a1,
and bound them separately below,
I = (3a"™" — 4u™ + "t 207
= (3u"T — 4y 4 "L 207 — (3un T — 3T 20 Y
= (3u™ T —4u™ £ 20" — (Bum T — 4 T 20w — )
— (3u™*t — 3gn 2@t
=: Iy — L — I13. (3.10)
For any sequence {v"}, we denote Jv™ = v™ — v"~1 and 620" = §(v™ — v"~1). Using the identities

(a—b,2a) = [af? = b2 + [a — b2, (20— 2b,2a) = [2a — b2 — b]%,

we find
Ill — (3un+1 — Ay T un—l, 2un+1)
= (u" — 20" " 20T 4 (20T — 20, 20T
= [l P = 120" = w2 6% 20 = uP = ], (3.11)
Ly = (3u™t! —du”™ + ™ 2(u T — @)
_ n+l _ n n—1 46t n+l _ . n _
= 3u 4u™ +u" 3 V(p p") ) =0, (3.12)
and
Lz = (3u™t = 30", 20" = 3([[u™ |2 — [la" 2 — [lu Tt — a2, (3.13)

Similarly, we have

I = a(3b" T — 4™ + o™t 26"
= a(("Tt — 2™ + " 20" ) 4 (20" — 207 20" )
= oo = (1207 = 0T A (826 (|26 = b2 — [[6]%). (3.14)
From the equation (3.2), we have

3umth 4 260Vp Tt = 30" 4 26t Vp”.
Taking the inner product of the above with itself, we derive
9l FH|? + 4ot?|[Vp"TH* = 9f|a" | + 126t (a" T, Vp") + 46¢%|| Vp" %,
which implies that
Iy = 46t(@™+, Vp") = 3[lu" | - 3l|a" T + ;15152(||Vp”+1||2 —[IVp" ). (3.15)
Combining the above identities into (3.8), we arrive at
a2 = a2+ [|2um =) = 20" — o2 + 40t ]| Va2
+4amdt|| VO T + | 0%u TP + 3[jun a2
oo o2 + (26" = o" P — (26" — " H|?)
BRIV~ V)
=0,

which implies (3.3).
The proof of (3.4) is similar to that of (2.5) except that we use an identity similar to (3.10).
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3.2 Second-order scheme based on rotational pressure-correction

We can also construct a second-order scheme based on rotational pressure-correction as follows:

gan-i-l — 4qu™ + un—l
20t
+Vp" — oV x b x (20" — ") =0,
3pntl —4pm 4 pnt
20t
" oq =0,

" nfan =0, nx (Vxb")sq =0,

(2" — w7 - V)amt! — pAGn !

— ATV x (20" — b x @™t =0, (3.16)

and

Buntt — 3gnt i
i AR ey ) =0,

divu™ ! =0, (3.17)
u"“ . n|aQ = 0.
Based on the results that we established in Theorem 2.3, it can be expected, and confirmed by our

numerical experiments, that the above scheme is also unconditionally stable. However, its proof appears
to be much more involved that we will not pursue here for the sake of brevity.

4 Error estimates

To illustrate the procedure for error analysis, we establish below some error estimates for the first-order
pressure-correction scheme.

We start with some notation. Given a time step 6t and T > 0, let ¢* (k =0,1,...,m = [T/6t]) be a
sequence of functions in a normed space E, and denote

95y = 3t Y N6Hs Ndsellieiy = mass 0¥ (@)
k=0
Let ¢, = ndt, and denote
ey = ulty) —u", &y =u(ty) —u", ey =0b(tn) —b", ey =p(tn) —p" (4.2)

Theorem 4.1.  Assume that the solution to (1.1)~(1.3) is sufficiently smooth. Then the solution to the
scheme (2.1)~(2.2) satisfies the following error estimates:

lewstllir2@yay + llev,stllice (2 ()yay + €wstlliz(ar ey + llev,stlliz(zr (@)ay < C6t.

Proof.  We define the following truncation errors:

u(t™h) — u(t")

Ry =" ) Vet - vau(e )
FVp(") — a(V x b)) x b(t™), (4.3)
b= b(tmz;t_ D) A Y) + 7 x (b(E™) x u(t™). (4.4)

We also define o
u(t™ —u(t"
Ry = T 9 - pam). (4.5)

It is clear that we have

| Rustllioe (21 (22)) + | b ot 100 (m11 (20)) + |1 Bp,otllioo (£2(02)) < RO, (4.6)
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where cg > 0 is independent of ét.

1503

Subtracting the first and second equations of (2.1) and (2.2) from (4.3)—(4.5), respectively, we get the

following error equations for n > 0,

énJrl —en
() V) = @ v)a) — A
+Vq" —a(V x b(t" ™)) x eff — a(V x ept) x b = R,

6?4‘1 - 6? n+1 n n+1 n ~n+1 n—+1

5t —nAey ™ +V x (ef xu(t"))+V x (b" x ey ) =Ry,
en+1 _ én—i—l 1 1
u u n 3

5t + Vg - Vq"' =Ry

Taking the inner product (4.7) with 26t we obtain

len 1 = llenll® + llen™ = el + 20t ((u(t™) - V)u(E™*) = (u™ - V)@ et
+ 20tv||VEM |2 + 26t (Vg™, enTh) — 26ta((V x b(t"Th)) x e, enth)
— 26ta((V x efth) x b, et

= 26t(Ryy,epth).

uvu

Thanks to (2.7), we have

(uft™) - V) +h) = (" - V)a"tL, et
= ((u(e) - V)E o+ (e Wyt et
= ((ulE) - V)E = (el - V)EH + (e - Vu(tn ), et
= (el Vpuleh), e,

On the other hand,

26¢(Vq", et = 20t(Vq", el + 6t(Vq" Tt — Vq") — 6tRY)

= 5t2(IIV(J”+1ll2 = IVg"|I* = [Vg"™ = V¢"|[?) - 26¢*(Vq", Ry).

We derive from (4.9) that

2

2
1
Hét A HRn st
V"™ = Vg"|* = 5t2(||~"+1||2— llew™11%) + 1Ry 1% + (RZaNZH),

where we used the fact that (ent1, V¢! — V¢") = 0. Hence

20t(Vq", ey ™h) = llen ™ = llen P + ot (IVa 12 = IVa™1?)
— 6t*||RI||> — 26t(Ry, entt) — 26t (Vg™ Ry).
Taking the inner product (4.8) with 2()4(5t62+1, we obtain
allleg ™12 = llep I + lep ™ — epl1?) + 2adtn | Vep ™2
+2a8t(V x (e x u(t"™1)), ep ™) + 2a6t(V x (b" x érth) epth)
= 2adt(Ry, eptt).

Using integration by parts, we get

2a6t(V x (b x enth) ety = 2a6t((b™ x ~"+1) V x epth)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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Summing up (4.10) and (4.13), using (4.12) and (4.14), we obtain

e ™ 1% = llenll® + flent! — enll? + 26tv|| Ve 2
+alleg ™ = llep® + lley ™ = e I?) + 206ty Vey 712
+ 0 (Vg TP = Vg™ |[?) = 68| R |1 — 26t(Ry, et — 201*(Vq", Ry)
+ 26t ((e? - V)u(t™ ), enth) — 26ta((V x b(t" 1)) x e, em )
+2a6t(V x (e x u(t"™t1)), g“)
= 25t(RI, enth) + 2a6t(Ry, ep ™). (4.15)

uvu

We bound each inner product term in the above as follows:

[2ka((V x b(E™ 1)) x eff, &) < ckl|(V x b(E™+Y) x epllllent

< cstllepllent

< estlepl|vent

< adtef |2 + ot Vet

200t (V x (e x u(t”“)) "“)| = [2a0t(ey % u(t”“), V x eg“)|
< cdt||e x u(t"“)||||v X e§+1||
<wm%wvw“u

< cotllep]® + ot I\V6"+1II2,
120t(Ryy, ent )| < 26t|| Ryl lent || < eot® + 6t IIV~”+1II2
12k((el) - V)u(t" ), enth)| < 26t|(el) - V)u (t”“)lllléﬁ“ll
< C&ﬁIIGZIIIIéZHII
< oot + 5t” [venti|2,
20t(Ry, ey+) < 20t By lleg ]| < wﬁ+&nnvw“w,

26t%(Vq", By)| = 2667 V" ||| By < C5t3||Vq I + cot?.
Combining the above estimates into (4.15), we find

llew ™ I1* = llenll* + llen™ — enll? + o[ vey )2
+allleg™ I = llepl® + lleg™ = epI*) + adtnl| Ve ™| + 6t (| V"1 — [Va"|1?)
< cot® + eot(leg]|* + llep |* + 6t [ Vg™ [|*).

Summing up the above for n = 0,..., m, we obtain

e ™12 + alley ™ 1* + 62 Vg™ |1* + Z et —eull®
n=0
+otv||VErt 1 + adtn||[ Ve T + alley Tt — e 1)
m
<ot + ot Y ([lenl® + allep | + 662 Va™[*).
n=0

Finally, we can obtain the desired result by applying a discrete Gronwall inequality.

Remark 4.2. It is also possible to derive rigorous error estimates for the rotational pressure-correction
and second-order schemes presented above by combining the procedures in the above proof and in [9].
However, the process is very tedious so we leave the details to the interested readers.
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5 Spatial discretizations and fully discrete schemes

We first describe briefly how to construct fully discrete schemes with a generic approximation in space,
and then describe in some detail a Legendre-Galerkin method. For the sake of simplicity, we shall consider
only the first-order scheme (2.1)-(2.2), the other schemes can be treated by the same manner.

5.1 A generic spatial approximation
Let X, C (H}(2))? denote the approximation space for the intermediate velocity field,
Y, C H(Q) :={be (H'(Q)?:b-n|pag = 0}

denote the approximation space for the magnetic field,

My, € HH(Q) = {qEH(Q):/quo}

denote the approximation space for the pressure, and Z;, :={v=u+ Vq:u € X}, ¢ € M}.
Then, a fully discrete scheme based on (2.1)-(2.2) and the above discrete spaces is as follows:
(i) Find @t € X}, and b)"! € V), such that

(5175 T > +b(up, @yt vp) + v(Vaptt, Voy) — a(V x bt b x vp)
1
(5t Vph,vh> Yo, € Xy, (5.1)
<5tb”+1 ) + an(Vby, nHL NVwy) + a(b) x u”Jrl V X wp) = (;bﬁ,wh) Yuwy, € Yy, (5.2)

where b(up, wp,vn) = ((up - V)wp, vp) + ;(divuh,wh, vp).
(i) Find p;*t* € Mj, such that

1
(W)"Jrl Van) = (Vpﬁ + &QZ“,th), YV qn € Mjy,. (5.3)
(iii) Set
uZ“ ~”+1 — 0tV (py, ntL o) € Zy,. (5.4)
By using a similar procedure to that in the proof of Theorem 2.1, we can establish the following:

Theorem 5.1.  The scheme (5.1)-(5.4) is unconditionally energy stable in the sense that

U2 + g + 662 O
(= g + 206tV + 2am6t [ VHH )
<2 + all6R]12 + 52|V R |2, ¥n >0

Proof.  Taking vy, = 2tu) ™" in (5.1), we obtain

1R 2 = llupll® + lag ™ = upl® + 2vet|| Vay ™2
+ 26t (Vpj, ) — 26tV x b b x @t
=0, (5.5)

since, by integration by parts, we have
b((uh . V)Uh,’l)h) = 0, Yuy € Zh, v € X (56)
Taking wy, = 26taby ™! in (5.2), we find

allby P = allbilI® + allbh ™ = i 1* + 25tan|| Vb2
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+ 20ta(by x @tV ox bty = 0. (5.7)
We rewrite (5.4) as
uptt + 5tVpptt = aptt + 5t Vp
Since both sides are in Zj,, we can take the inner product of the above with itself on both sides to get
lup P+ St VpR I = llay ™ 12 + 6821Vl |1* + 26t(Vpj, ap ™). (5.8)

We obtain the desired result by taking the sum of (5.5), (5.7) and (5.8).

Remark 5.2. By making standard assumptions on the approximation properties of X, Yy, M} and
the usual inf-sup condition on (X, M},), one can establish an error estimate, for the fully discretized
scheme (5.1)—(5.4) using a standard procedure (see [8]). We leave the details to the interested readers.

Note that ﬂzﬂ and bZ“ are coupled together, and are solutions to a linear system of the form

~n+1 1, n 7
n+1 [ Un [ seun — Vpi
Ah (bn-i-l) - < 1 pn L) : (59)
h ot " h
It is easy to check that for u;, € X} and by, € Y}, we have
U g (M) D e T2 + & (b2 Vbn||? 5.10
<<bh>a"4h <bh>> s lunll” + v IVun]” + o [1ba ]| + anl[Von[|”. (5.10)

Hence the matrix representation A} is positive definite (but not symmetric). Therefore, (5.9) can be
solved efficiently by one’s favorite method. For example, one can use the preconditioned BiCGSTAB [6],
which does not require (.AZH)T, with the following block diagonal operator as the preconditioner:

LT —vA 0
Po=| o R (5.11)
0 étI—omAh,

where Ay, and A, are discrete Laplacians defined by

- <AhUh,Uh> = (Vuh; V’Uh), vuhavh S th

- (5.12)
— <Ahbh,wh> = (Vbh,th), Vuh,vh €Y.

Hence, each BiICGSTAB iteration requires solving only two decoupled Poisson-type equations.

5.2 A Legendre-Galerkin method

As an example, we present and implement below a Legendre-Galerkin method in space. To this end, we
set = (—1,1)% Using the convention of spectral methods, we shall use N instead of h to denote the
spatial discretization parameter.

Let Py be the space of polynomials of degree less than or equal to N in each direction. We define the
approximation spaces for the velocity u, magnetic field b and pressure p by

Xy = {ue (Py)" : ulog = 0},
Yy ={bc (Py)?:n-blgo =0and n x (V x b)|sq = 0},

My = {pEPN_Q:/pdmzo},
Q

respectively, and set Zn := {vy + Vgn : vy € Xn,qn € My}. Note that here we choose to enforce
the boundary condition n x (V x b)|sq = 0 explicitly in Y. As we shall see below, this allows us to
construct a more efficient algorithm.

(5.13)
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The Legendre-Galerkin method for (2.1) is to find @ € X and b%"" € Y such that
1 - -
(515“%“’ UN) + ((ufy - VYAt on) — v(Aayg, ow)

1
—a((V x bt x b, on) = ((%uﬁ, — Vp"N,vN), Vun € Xn, (5.14)

(;b;{,‘“,wN) —an(AbyT  wn) + a(V x (b x @y, wy) = <§;b"N,wN>, Vwy € Y.

The Legendre-Galerkin method for (2.2) is to find Vpy™' € My such that

1 ~n
(Vpt, Van) = (Vp% + 6tuN+1’qu)’ Van € My, (5.15)

and
it = Attt = stV (et - pl) € Zn. (5.16)

As discussed above, we shall solve the coupled linear system (5.14) using the preconditioned BICGSTAB
method. With the block diagonal preconditioner, each BICGSTARB iteration requires solving consecutively
two equations of the following form: Find uy € Xy such that

a1 (un,on) + (Vun,Von) = (f1,vn), Yoy € Xn, (5.17)
and find by € Yy such that
ag(bN,wN) —+ (VbN,VwN) = (fQ,U)N), Ywn € Yy, (518)

where a; and «g are two constants, and f; and fy are two given functions.

We shall use the efficient method presented in [14] for solving (5.17), and describe below an efficient
method for solving (5.18). We consider first the two-dimensional case.

Let b= (b1,b2)T. Then, n - blsq = 0 can be written as

bi(£l,y) =0 and bo(x,£1)=0, =z,ye€ (—1,1). (5.19)
The second boundary condition
nx(Vxb=0
can also be separated. Indeed, since
nx (V xb)=nx(0,0:bs — 9yb1), (5.20)

at © = +1, we have
Ozba(£1,y) — Oybi(£1,y) = 0.

Since by(+1,y) = 0 from the first boundary condition, we have 0,b2(£1,y) = 0. Similarly, we have
by (z,+£1) = 0. Hence, the boundary conditions for b; and by are completely decoupled and are given by

bi(£1l,y) =0, Oybi(z,£1)=0, ye (-1,1) (5.21)
and
bo(xz,£1) =0, 0.bi1(£l,y) =0. (5.22)

Hence we can solve for b; and by separately by using the efficient Legendre-Galerkin method presented
in [14].

In the three-dimensional case, the boundary conditions no longer decouple from each other. However,
one can still develop an efficient Legendre-Galerkin solver for the coupled system as in [3].
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6 Numerical results

It is clear that the first-order schemes lead to first-order convergence rate for all quantities. But the
convergence rates of second-order schemes are more complicated [7]. Hence, we shall examine the rate
of convergence for the second-order schemes (3.1)-(3.2) and (3.16)—(3.17) with the following fabricated
exact solution (with corresponding forcing functions added in (1.1)):

= (sin(t)sin(2my)sin? (), —sin(t)sin(27x)sin? (ry)) T,

(sin
(sin(t)sin(rz)cos(my), —sin(t)sin(ry)cos(mz)) T,

U
b
D n(t) exp(z + y).

We take v = a = i = 1, and unless specified otherwise, we use N = 40 in our spectral approximation
which is more than enough to resolve the given solution to machine accuracy so the computed errors are
due only to the time discretizations.

In Figure 1, we plot the errors vs. 0t of the scheme (3.1)—(3.2). We observe that the convergence rate
for the magnetic field b is of second-order in both L, and H;. However, the convergence rate for the
velocity u is of second-order in Ly but of 3/2-order in Hy, and the convergence rate for the pressure p in
L? is of first-order. These are consistent with the results for Navier-Stokes equations [7].

In Figure 2, we plot the errors vs. 0t of the scheme (3.16)—(3.17). We observe that the convergence
rates for all measured quantities are of second-order. Since the computational procedure and complexity
of this scheme is essentially the same as that of (3.1)-(3.2), we have that, this scheme is recommended
in practice.

Uy error by error
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~
“ . s
1072 107 ,
—
é 107 - g 107
i
Sal K 4
s
—6 L., error -6 . s Lyerror
10 * Hz1 error 10 I";l error
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— — — slope 3/2 B — — ~ slope 2
10°L : e - 0
10 10° 10° 10 10 10
dt dt
, Pressure error
10
*
%
10° *
$—
o
—
~
~ -1
10
* L,error
slope 1
-2
10 -4 -2 0
10 10 10

Figure 1 Errors of ui,b1,p at T =1 with the scheme (3.1)—(3.2)
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Figure 2 Errors of uy,by,p at T = 1 with the scheme (3.16)—(3.17)
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Figure 3 Evolution of BICGSTAB iteration numbers

1509

Next, we examine the convergence performance of the preconditioned BICGSTAB for solving (5.9). In
Figure 3, the iteration numbers of BICGSTAB for various dt are plotted for a tolerance of

=101

We observe that convergences are achieved with a few iterations for all cases, and as 0t decreases, the

number of iterations required decreases.
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7 Concluding remarks

In this paper, we developed several semi-discretized schemes for the MHD equations. These schemes are
based on the standard and rotational pressure-correction schemes for the Navier-Stokes equations, and
enjoy the following properties:

e There are unconditionally energy stable. Hence, a suitable time adaptive strategy can be used.

e They lead to, at each time step, a coupled linear system for the velocity and magnetic field, and a
Poisson equation for the pressure. The coupled linear system is positive definite so it can be efficiently
solved by one’s favorite method, in particular, by a preconditioned BiCGSTAB method with the block
diagonal preconditioner.

e The schemes do not enforce explicitly the divergence-free condition for the magnetic field, or in
other words, do not involve a projection step as in [2]. However, it is shown that our schemes lead to
divergence-free magnetic field if the initial magnetic field is divergence-free.

Hence, these schemes are very effective and easy to implement, and we believe that they can be very
useful in numerical simulation of MHD flows.
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