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A VARIABLE TIME-STEP IMEX-BDF2 SAV SCHEME AND ITS SHARP
ERROR ESTIMATE FOR THE NAVIER-STOKES EQUATIONS

YANA Dit34) YUHENG MA3#, JIE SHEN*®*® AND JIWEI ZHANG?S

Abstract. We generalize the implicit-explicit (IMEX) second-order backward difference (BDF2)
scalar auxiliary variable (SAV) scheme for Navier—Stokes equation with periodic boundary conditions
(Huang and Shen, STAM J. Numer. Anal. 59 (2021) 2926-2954) to a variable time-step IMEX-BDF2
SAV scheme, and carry out a rigorous stability and convergence analysis. The key ingredients of our
analysis are a new modified discrete Gronwall inequality, exploration of the discrete orthogonal convolu-
tion (DOC) kernels, and the unconditional stability of the proposed scheme. We derive global and local
optimal H' error estimates in 2D and 3D, respectively. Our analysis provides a theoretical support for
solving Navier—Stokes equations using variable time-step IMEX-BDF2 SAV schemes. We also design
an adaptive time-stepping strategy, and provide ample numerical examples to confirm the effectiveness
and efficiency of our proposed methods.
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1. INTRODUCTION

We here consider numerical approximation of the following incompressible Navier—Stokes (N-S) equations

Ou — vAu+ (u-Vu) + Vp =0, xeQ,te (0,7,
V-u=0, xzeNte(0,T], (1.1)
u(z,0) = up(x), x €,

with periodic boundary conditions, where Q = (-, 7)? (d = 2,3) and v > 0 represents the viscosity.
How to efficiently and accurately solve the N-S equations has been a research focus for many decades, see
[4,7-9,21] and the references therein. While most of the work are concerned with non periodic boundary
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conditions, the N-S equations with periodic boundary conditions, which retain the basic mathematical properties
of N-S equations with non-periodic boundary conditions but can be more efficiently solved with a Fourier-spectral
method, are also of important theoretical and practical interests, particularly in the study of well posedness [25]
and of homogeneous turbulence [19,20,24]. Recently, a high-order IMEX SAV scheme was developed for solving
the N-S equations [11], and its numerical solution is shown to be stable without any constraint on time-step
size. The results in [11] are established for schemes with constant time-step size. However, in order to efficiently
capture the dynamics at different stages of the problem, it is highly beneficial to use variable time-step schemes
[6,10,12,13]. In fact, the variable time-step BDF2 scheme plays an important role in constructing efficient
and accurate algorithms for solving stiff problems, and has been used frequently for solving the parabolic-type
equations [3,14-16, 26, 30]. Thus, it is natural to ask if the stability and convergence properties proved in [11]
still hold with variable time-step scheme.

The main contributions of this paper are the stability and convergence analysis for the variable time-step
IMEX-BDF2 SAV scheme for N-S equations, more precisely, its unconditional stability and optimal convergence
order in H'-norm. Our theoretical results are achieved under the following mild condition on the adjacent time-
step ratio

Al: 0 <7rp < 7Tpax — 0 for any small constant 0 < § < rpax ~ 4.8645 and 2 < k < N, where ry. is a root of
3 =1+ 2x.

We point out that the main difficulties of analyzing the variable time-step IMEX-BDF2 SAV scheme are
two-fold. On the one hand, since a first-order scheme is used in the first time step, a direct use of the standard
discrete Gronwall inequality for the error estimate in the H'-norm would lead to order reduction. This order
reduction of O(71:%) has been observed for linear parabolic equations [27,31] and N-S equations [28]. Recently,
Ma et al. proved unconditional optimal O(72) convergence in H!-norm by constructing a modified discrete
Gronwall inequality [18]. Inspired by the idea in [18], which is used to obtain the optimal convergence order in
H'-norm in [18], we further generalize the discrete Grénwall inequality to make it applicable to the theoretical
analysis of IMEX-BDF2 SAV scheme for N-S equations. On the other hand, the SAV and IMEX approaches in
the variable time-step IMEX-BDF2 SAV scheme makes the analysis more difficult than a typical semi-implicit
numerical scheme. The error estimate of SAV requires the use of the stability of numerical solutions in the
H?-norm, which has not been studied in the framework of the discrete orthogonal convolution (DOC) kernels,
and the existing theories require that the time-step ratio satisfies a more strict assumption than r; < 4.8645
[28]. Therefore, in order to establish a rigorous theories under r, < 4.8645, we need to discover new properties of
DOC kernels to circumvent the difficulties arisen from applying DOC kernels to IMEX-BDF2 SAV scheme. We
point out that for the Newton linearized variable time-step BDF2 scheme, Zhao et al. studied the unconditionally
optimal convergence in L2-norm for general semi-linear equations [31].

The remainder of this paper is organized as follows. In Section 2, we present some preliminary theories
that will be used in the paper, including important properties of the N-S equations and of IMEX-BDF2 SAV
schemes 2.2. In Section 2.3 we present some important lemmas for the DOC kernels. In Section 3, we present
our main results: the global optimal second-order H'-error estimate of the IMEX-BDF2 SAV scheme in 2D,
and a local optimal second-order H'-error estimate in 3D, and defer their proofs to Section 5. In Section 4, we
propose an adaptive time-stepping strategy, and present numerical results to validate our theoretical findings.

2. PRELIMINARIES

2.1. Some basic functional settings and the trilinear form

The N-S equations considered here satisfy a periodic boundary condition and will be solved by Fourier spectral
methods. We now introduce some relevant functional spaces related to the periodic boundary conditions. If we
assume fQ ug do = 0, then it is easy to see that the solution w of (1.1) also satisfies fQ uda = 0. Hence, in this
paper, we assume [, ug dz = 0 so that [, udz =0 at all times.
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We set

HZ:(Q) =u:u= Z ;e ¢ =c_j, Z lc;?15)%% < o0 ¢,
jezd jezd

with norm denoted by || - || (for simplicity, || - || := | - ||o), and
Tk _ k ) _
Hy(Q) = {u € Hy(Q): /Qud:c = 0}.
We define below two spaces which are particularly useful for the N-S equations:

H={vel’(Q)V-v=0}, V={veH)(Q)|V v=0}

1145

For periodic problems, the operators V,V- and A~! can be defined in Fourier space. For example, when
Q = (—m,m)?, for any u € L*(Q), the spectrum of A~ u € L§(Q) := {u € L*(Q) : [, udz = 0} is defined by:

= u(¢)

5 = g

In fact, the operators commute with each other in the following way:

Veez? — {0} and A-1u(0):= 0.

VxVxw=-Aw+V(V-w), VweH)Q),

and satisfy:
2 2 2
IV x V xw|” = |Aw|” — [V(V-w)[",  VYwe Hy(Q).

According to (2.2), we can define a linear operator that will be used to simplify (1.1) later:

A(w) =V x V x Ay, Yo € L3(Q).

One can prove that the property VA(v) = A(Vv) for v € H}(2) directly using Fourier transform.

We define the following trilinear form b(-,,-) and ba(-,-, ) by
b(u,v,w) = /(u -V)v - wde, ba(u,v,w) = / A((u-V)v) - wdz.
Q Q

In particular, we have
b(u,v,w) = —b(u,w,v), Yu € H, v,w € H;(Q),

which implies
b(u,v,v) =0, Yu € H, UEH;(Q).

In the two-dimensional periodic case, b(-, -, ) further satisfies:

b(u,u, Au) =0, Yu € HZ().

According to [25], the following inequalities hold, which will play an important role in our proof later:

1/2 1/2 1/2
b(u,v,w), ba(u,v,w) < Cllullyul 2 [lolly 2ol wl,  d=2;
b(u,v,w), ba(u,v,w) < Cllull1[|Vo )12 ]ewll, d<3;

Cllullxllvfl1flwl]s,
Cllullzllvlloflwllx,

b(u, v, w), ba(u,v,w) < q Clluflzffv]1][wl]lo, d<4.
Cllullxllvll2flwllo;

Cllulloflollzllwllx

(2.2)
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By using these inequalities, it is straightforward to verify

ba(u,v, Aw) /VA u-V)v) - Vwdr = —/ A(V((u~V)v)) -Vwdx
Q
= — Z ba u,aiv,aiw) + bA(&u,v,(’)iw)),
which implies
ba(u,v, Aw) < cllull2[[vl2]lw]. (2.4)

2.2. The SAV scheme

Following [11], the form of N-S equations (1.1) can be simplified to a system that only involves u. To do so,
we take the divergence on both sides of (1.1) and derive

Ap+V - (u-Vu)=0.
By applying the equality (2.2), one has

Vp=VA 'Ap= VA~V (u-Vu)=-VV- A" (u-Vu)
—(A+V xVx)A  u-Vu) = —u-Vu— A(u - Vu).

Thus, we equivalently reformulate the N-S equation into
uy = vAu+ A(u - Vu). (2.5)

Applying the properties of trilinear form b(-, -, ), it is easy to check the solution to N-S equations (1.1) satisfies
the following energy dissipation law:

1d

2dtHu”2 —v|[ V%, d=2,3,

S Ivul? = —vjaul?, =2

Based on the energy law, an IMEX-BDFk SAV scheme is developed in [11] by introducing a SAV ~(t) =
E(t) + 1, and expand (1.1) as

uy = vAu + A(u - Vu), 0
o) _—
dy Eu(t) £ 1 lau®)?, d=2,
- 7(®) (2.7)
Ve IIVe®I? d=3.

E(u(t)) +

We construct below a variable time step IMEX-BDF2 scheme for the above system.

We partition the time interval [0, 7] into a general nonuniform time mesh, i.e., 0 =t* <t! < ... <tM =T,
with a given integer M. Denote by 75 := t* — t*~1 the kth time-step size, by 7 := = max <<y Ti the maximum
time-step size, and by 1, = 7 /761 (2 < k < M) the adjacent time-step ratio. Denote by U” the approximation
of the exact solution u(t"), and by V,U" := U™ — U™~ the difference operator. The BDF2 with variable time-
step is defined as

DU = L+2rp V.o — r721+1 V.0,
7—n+1(]- +71n+1) Tn+1(1+rn+1)
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and two-step Adams—Bashforth extrapolation is defined as
BQ(U”) = (1 + ’f'n+1)[7n — ,,,n+1Un—1'

We point out that the start of BDF2 scheme needs two steps’ information. Differing from the initial setting in
[11], we here use BDF1 (i.e., set 1 = 0), and one-step Adams—Bashforth extrapolation to compute first step value
U'l. By setting 1 = 0, bgn) = (142r,)/(ta(1 4+ 1)), bﬁ") = —r2/(1,(1 4+ 7,)) and b;n) =0 for2<j<n-1,
the BDF1 and BDF2 can be reformulated into a unified convolution form of

DU =Y b V. 0F, n>1. (2.8)
k=1

The semi-discrete variable time-step IMEX-BDF2 SAV scheme for (2.6) and (2.7) can be written as:

(DU 0) + v(VU™ M V) — (A(B2(U™) - VB (U™)),v) =0, Yo e L*(Q),
n+1

Y rrn+1112 _
,yn—i-l —n _Vg(UTH—l) +1 ”AU ” , d=2,
Tn+1 B 7n+1 Frrn4112 _
fnJrl _ _,ynJrl
g0 ) 11
U7L+1 — nn+1Un+1’
with "™ =1 — (1 — £"1)2 and
1 rrn+112
7HVU || ) d= 23
E(UnJrl) — 2

1 rrm
IO, a=3.

Next, we construct a Fourier-spectral method for (2.9). For the sake of brevity, we only consider the three-
dimensional case with = (—s, 5)3, the two-dimensional case can be dealt with similarly. We define the Fourier
approximation space as

Sy = span{eiszei""‘yeigz : =Ny <j< Npy—N, <k<N,,—N.,<I<N.},

where i = v/—1, § = 71j/s, np = wk/s and (; = 7l/s. Then, any function u(z,y, z) € L?(£2) can be approximated
by:
N Ny N.

u(gj)y7 Z) ~ uN(x’y’ z) — Z Z Z ,&j’k’leifjl‘ei’rjk’yeiClz7

j=—N, k=—N, I=—N,

with the Fourier coefficients defined as

1 ,
Uj k] = —/ w - e & FY ) Qg dy dz.
2 Ja

In remainder of this paper, we fix N, = N, = N, = N for simplicity. It is easy to notice that Sy is a subspace
that contains low frequency functions.
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Given UY, U}\Lfl, U}\’,,U}\lfl € Sy and 4", we compute U]’Z,H, U}\L,H € Sy and y"*! by

(D203 0) 4+ (YOI, Vo) = (A(B2(UR) - VB2(UR),v) =0, Vo e Sy € L(9),
,YnJrl 112
—v——||AU d=2
,yn+1 77”4 VS(UIT\L[-&-l) +1H N H ’ )
T n+1 - 01
o v VO d =3, (2.10)

E(URT) +1
,yn+1

£n+1 _ _
E(UNY) +1’

U]r\1{+1 _ nnJrlU—Ir\L/—&-l with ,,771+1 -1— (1 o £n+1)2

where £ is defined as above. To get the initial value in our scheme, we define the L?-orthogonal projection
operator Iy : L2(Q) — Sy as
(Myu —u,w) =0, YwécSy, ucL?).
Setting UY = UY, := M yug, 7° := E(UY) + 1, we have the following lemma [2].
Lemma 2.1. For any 0 <k <m, 3C, s.t.
ITyu — ul|r < Cllul|lmN*™, Yue H)'(Q). (2.11)

It is easy to see that the following properties hold:

— Given the initial condition ug € V, then the IMEX-BDF2 SAV scheme (2.9) (resp. (2.10)) admits a unique
solution satisfies UV (resp. Uy, € Sy UV).
— Whenever the pressure is needed in (2.10), it can be computed from

Pt = —ATINV - (U VURT. (2.12)

Since the mathematical properties of semi-discrete scheme (2.9) and fully discrete scheme (2.10) are similar, so
in this paper we only focus on the fully discrete scheme (2.10).
The variable time-step IMEX-BDF2 SAV scheme (2.10) satisfies the following stability result:

Theorem 2.2. Let v =EUY)+1>0,u9 €V N Hz ifd=2, and up €V if d = 3. Then, it holds

T 1V ||AURTY2, d =2,
o _{ +1V&n+1 AU (2.13)

_Tn+1V§n+1||VUJT\LI+1H27 d=3.

Furthermore, there exists a F > 0 such that |[VUR| < F for d = 2, and |[U%|| < F for d = 3, where F is a
constant determined by v° only.

~ The proof of this theorem is exactly the same to the one in [11], and we omit it here. Note that since
U € L(Q), it also holds ||UR||; < F for d = 2 thanks to the Poincaré inequality.

2.3. Some useful lemmas and their proofs

We now present several Lemmas used in our proof later. The technique of DOC kernels plays a key role in
the proof of our main results, and their definition and properties will be presented in this subsection.
Set 8, = 1 if n =k and &, = 0 if n # k. The DOC kernels 6."; are defined by

n

S0 =6, VI<k<n, (2.14)

n—j"j—
j=k

which produces the property of
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n—j j—l

20( ") Dow? = ZV wlZG(") b =" —w"t, 1<n<N. (2.15)

Lemma 2.3 ([30]). Assume the adjacent time-step ratio ry, satisfies Al. Then for any real sequence {wg}}_,
and any given small constant 0 < 6 < rmax ~ 4.8645 (see A1), it holds

S w? 2
2“%2% wj > > Ty Mo W5 T/ T Wiy LIV 5ok k> 2, (2.16)
—J (I+7rs1) % (L+7%) Te—1 (1 + Tmax)” Tk
5 /1 n 11)2 5 n w2
2 b, il k> _\N""k > g f > 1. 2.17
Zwkz k— ]w] = 1+rmax)2kz; T 20; ™ ’ or n =~ ( )

Corollary 2.4. If the condition in Lemma 2.3 is satisfied, then it holds

2
(k) ' ) ( s=k Vs—k"'s
2];:11111@ ]221 Qkfjw] > 1;21 20 - > 0, for n>1. (2.18)

Lemma 2.5. If ri, satisfies A1, {wi}}_, is a complex sequence and X € C, then it holds that

n o1 no1 n
)\ZZOI(Z (wﬂﬁ) —I—XZZ@(QJ (E, wl) > R{A}C, Zrl|wl|2, for n>1, (2.19)
=1

=1 j=1 1=1 j=1

where C,. 1= 6/280, and (u,v) :=u - v.

Proof. By defining matrix B and © in the same way in [30] as

B0 0O - 0 0 0]
p™opt 0 o 0 00
o "M P ... 0 0 0

B := ,
0 0 T A A
L0 0 0 VA A
(o) 0 0 O 0 0]
o 9" o0 ... 0 0 0
R ) B (R |

@Z: )
e NI
N I )
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we have
n l L
S w60 wi = whew,
=1 j=1
where W := [w™, w" L, - w!]T.
Let us first consider the following equation

wH ()\G) + X@T) W = W70 (ABT + \B)OW = (@W)" (\B” + AB)(@W). (2.20)

We claim that ABT + AB is a Hermitian matrix. In fact, according to Lemma 2.3, we see B is a real matrix
which has the following estimate:

-1

) _ -
w'(B+B")W > %HTWHZ, T := diag((\ﬁfn) (V) e (V) 1), YW € R™.
So, by Hermitian matrix’s properties, it is easy to check the following estimate holds in complex space:

RIALS

H (Y T
WH(AB+AB")W > 50

ITW|?, VW eC™

Applying the above inequality to (2.20), we have
W (10 +Xe” )W > %ﬁ}é
~ R{A}o
20
~ R{A}S
20

ITow |

(W)X (G)TTQG) (W) (2.21)

(r7'w)" (TeT*eT) (T~*W).

Here TOTT2OT is a positive definite real matrix, and its inverse matrix is T-!BT2BTT~!, which is a
positive definite matrix that could be written explicitly as:

op{™
™ 2DV
B: =T 'BT2BTT ! = , (2.22)

2pf?  d?
d?  2pY

where (for simplicity, we set 7,11 = 0 here)

2
Dy = (1+ 2“‘)2 n i _, and 4= - riv/Ti < L+ 27 1+27'i—1>'
(1+m7) (T+7i11) (T+7) \(1+7) (1+7)

This lemma is naturally proved if we can find an uniform up bound for the largest eigenvalue of B ) d.e.,

n l
23 D dwl ! | = WTBW < A|W?, YW eR". (2.23)
=1

Jj=1
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In fact, it is easy to find a proper A which is only decided by 7yax:

n l
Z Zdl(l—)jwj’wl Z(d(l)| l| d§l+1)(wl’wl+1))er(()")‘wn'?

=1 \j=1 =1

n—1

n 1 n
_Z(d“ 2‘dl+1)‘+ (d“D \+(d§))+2‘d§)

=1
AZ|wl|2
=1

where A := (1 4+ 27max + \/73,0x)% /(1 + Tmax)? (i-e., A = 13.39). By the property of positive definite matrix, it
is obvious that TOTT?OT has a smallest eigenvalue, and it is bigger than A~!, which together with (2.21)
derive that

)|w"|2

IA

- A}O(1 4 Tmax)’ A}o
wi(\e + X8’ )w > AP Tanae)”™ g2 32{83 W
20(1 + 2max + 1 /rgax)
Taking the definition of @, T into the above inequality, the proof is completed. O

Lemma 2.6 (Discrete Grénwall inequality). Assume A > 0 and the sequences {v;}}, and {n;}}_, are non-
negative. If

n—1 n
Un <)\ZTJU]+Z77]‘, for 1<n<N,
j=1 =0

then it holds

Lemma 2.6 can be proved by the standard induction hypothesis and is omitted here. To prove the optimal
H'-error estimate, we further introduce a modified Gronwall’s inequality, see also [18].

Lemma 2.7 (A modified Grénwall’s inequality). Assume a constant C and sequences {x;} N1, {y; 121, {a; 11,
and {bj}é-vzl are nonnegative. If

n—1
22+ yn <C+ Y (a;2% + 2bja;) + 2bpxy, for 1<n <N,
j=1
then it holds
n—1 n
1
T, < exp 52(1]- \/5+ij , for 1<n<N,
j=1 Jj=1
5 (2.24)
n—1 n
Yn < €XP Zaj \FC’—}—ij , for 1<n<N.
j=1 =1

Proof. Denote by u, := C + Z;: (a]x +2bjx;) + 2bpp10p41 forall 1 <n < N —1, and up := C + 2by2;.
Clearly we have z,, < ,/u,_1. Using this property, we can get the estimate of ug immediately:

ug < C + 2b1/ug = ’U,og\/é—i—le,
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For the rest of the u,,, it holds
Up — Un—1 = anTs + 2by11Tns1 < Gptp_1 + 2bpy13/Un,  for 1<n< N -1,

which implies
Vg <2bp11 + V14 ap/Un-1, for 1<n<N-1.

Noting a,, > 0, it holds 1 < /T + a,, < exp(a,/2), which together with the inequality above, has

Vg, < exp(an/Q)(anH + ,/un,l)
< eXP((an + anfl)/Q) (an+1 + 2bn + V Un72)
n+1

1 n
< exp 52% Qij—i—\/uO
j=1 =2

n n+1
1
= exp §Zaj \/C—l—?ij , for 1<n<N-1.
=1 =1

This lemma is directly proved by noticing 2 + y, < u,_1.

Lemma 2.8 ([30]). The truncation error R~ = Dou(t?) — dyu(t?) (1 < j < N) can be expressed by

J
RN =3B G P 1< <,
=1

where

1 2 I I
Gl = —*/ (t - tlil) 8mudt, 1 S l S N, Pl = 7/ t25mu dt — — tutt(t) dt,
=1 1 Jo 1 Jo
, 1 . t/ 4
Pl = _ibgj)’rjfl/ (2(t —tjil) +Tj,1)8tttudt, 2 S] S N.
ti—1

One has the following estimate

tl

n+1 1 l ) 7_2 T T
S YU NR < T [ lowuldt 31 [ oulde+ (r+7) [ 0l at.
=1 j=1 0 0 0

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

One can refer to Lemma 2.1 and Theorem 3.4 of [30] for the proof of Lemma 2.8 in details. We now deliver
a lemma that will only be used in the analysis of local error estimates for 3D case. It is a variant of the lemma

in [17], so we omit its proof here.

Lemma 2.9. Let ¢ : (0,00) — (0,00) be continuous and increasing, and let F > 0. Given T, such that

0<T. < [7 dz/¢(2). Suppose that sequences {2z}, {w; 12, > 0 satisfy

n n
Znt1 + ZTkwk <F+ ZTk(b(Zk)a Vn < ny,
k=1 k=1

with ZZ;1 T < T%. Then there exists a constant C, > 0, which is independent of 7; > 0 but dependent of T,

satisfies

n
Znp1+ Y mhwp < Chy 1< <.
k=1
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3. MAIN RESULTS OF VARIABLE TIME-STEP IMEX-BDF2 SAV SCHEME

In this section, we state the main results on the global optimal error estimate for the 2D variable time-step
IMEX-BDF2 SAV scheme in Theorem 3.1, and the local optimal error estimate for the 3D case in Theorem 3.2.
The proofs of these results are based on the stability properties given in Theorem 2.2 and will be deferred to
Section 5.

Theorem 3.1. Let d = 2, T > 0, ug € VN H)" with m > 3, and u be the solution of (1.1). Assume u €
C(0,T; H") with m >3, 2% € L2(0,T; H2) with 1 < j <2, 2% € L'(0,T; HY). Denote by 7, := t* — t*~1 the
kth time-step size, by T := maxi<k<m T the maximum time-step size. Then for T < @ and N > 4C% + 2,

we have
IUR = a3, UK —ut™)|} < Cr*+ CN?=m),

and

> T — ()3, quHU" w3 < Ort+ CN2ET™),

where the constants Cy, C and C are independent of 7, N.

As pointed out in [11], it is no longer possible to obtain a global error estimate in the 3D case. But, the
related local error estimate of 3D case in [11] can still be established for variable time-step scheme. Here we
again use the DOC kernels to overcome the analysis difficulties raised by variable time-step.

Theorem 3.2. Let d = 3, T > 0, ugp € VN H" with m > 3, u be the solution of (1.1). Assume u €
C(0,T; H)') with m > 3, %17 € L*(0,T;H}) with 1 < j < 2, and 2 at3 € LY(0,T;H,). Given T. such that
0< Ty < f]_. dz/¢(2) (¢ will be given later in the proof), denote by 7 := t* — t*~1 the kth time-step size, by

T 1= maxi<i<m Tk the ma:m'mum time-step size, and F is a positive constant that only depends on real solution
w If Y0 e < Toy 7 < N > 4C% +2, it holds that

2+4CZ and
0% — u(e” ||f7 U — (™) < Cr* + CN?=™), <,

>l UF = u(t)]3, ZTqHUq uw(t)||? < Crt + CN2C=m)  yp <,

where the constants Cy, Cp and C are independent of 7, N.

The error analysis for the pressure p is exactly the same as the one in [11]. We present the theorem and omit
its proof here.

Theorem 3.3. Under the same assumptions of Theorem 3.1 in 2D and Theorem 3.2 in 3D, there hold

P — (- tn)H Cr2k 4 oN2-m) > 0, d=2, (3.1)
PN =P Cr? + CN20= m) Vn <n., d=3, '
and
~ Cr2k 4+ ON2C-m) ypn >0, d=2,
SV - eI < { G LN v 47 (32

q=1

where p”Jrl is computed from (2.12), C is a constant independent of 7 and N, n. is the biggest integer satisfies
Zk:l T, < Ty, and T, is defined in Theorem 3.2.
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TABLE 1. Errors and temporal convergence orders with M = 2(48),

M H'-error Order

16 1.6129e—04 —

32 4.0055e—-05 2.01
64 9.9799e—06  2.00
128  2.4907e—06 2.00
256  6.2222e—07 2.00

4. NUMERICAL RESULTS

We now present three examples to verify the effectiveness and convergence of variable time-step IMEX-BDF2
SAV scheme (2.10). In Example 1, we use the benchmark problems given in [5,11] to investigate the convergence
order of our proposed scheme. In Example 2, we design an adaptive time-stepping strategy, and then construct
a benchmark problem with different time scales to investigate the effectiveness of our variable time-step scheme,
and also present several simulations to investigate the influence of the parameters in the adaptive time-stepping
strategy on the CPU-time, H!-error and the minimum time step-size. In Example 3, we use our adaptive time-
stepping strategy to deal with the double shear layer problem in [5,11]. The experimental results show that, in
the same total CPU time, we can successfully solve some problems by our variable time-step IMEX-BDF2 SAV
scheme, but, which fails to be solved by the constant time-step IMEX-BDF2 SAV scheme.

Example 1. We first consider the computation of the N-S equation (1.1) in Q = (—m,7)? with periodic
boundary condition, a benchmark problem in [5], by constructing an exact solution satisfying

ui(x,y) = — cos(z) sin(y) exp(—2vt);
uz(x,y) = sin(z) cos(y) exp(—2vt);
p(;m y) =0.
In the simulations, we take v = 1, N = 16, and divide the time interval [0,1] by a variable time mesh with
7 = O(1/M). The maximum H' errors of u} are listed in Table 1, which shows the second-order convergence
of the numerical simulations. According to Theorem 3.1, the optimal error estimate in H'-norm is at least
|ult — u(t™)|l1 = O(1/N? + 72), which is consistent with the results of our experiments.

To make our results more convincing, we also consider the convergence order of a benchmark problem with
external forces provided in [11]. Consider (1.1) in @ = (—1,1)? such that the exact solution satisfies

wi(@,y) = mexp(sin(r(z + 1)) exp(sin(r(y + 1)) cos(r(y + 1)) sin®(¢);

x,y) = —mexp(sin(m(x 4+ 1))) exp(sin(n(y + 1))) cos(m(x + 1)) sin? (t);
p(z,y) = exp(cos(m(x 4+ 1)) sin(w(y + 1))) Sin2(t).

—~

U2

In the simulations, we take v = 1, N = 40, and partition the time interval [0,1] by a variable-time-mesh
with 7 = O(1/M). The maximum H' errors of u] are listed in Table 2, which again shows the second-order
convergence in time.

Overall, both the results in Tables 1 and 2 confirm the analysis results in Theorem 3.1.

Example 2. The main advantage of the variable time-step scheme is its ability to efficiently capture the
dynamics of numerical solutions in different time scales. This enables us to obtain smaller errors using less
CPU time than the constant time-step scheme. Therefore, how to design an appropriate adaptive time-stepping
strategy plays an important role in for the variable time-step scheme.
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TABLE 2. Errors and temporal convergence orders with M = 10 - 2(4:8),

M H*-error Order

160 1.7524e—00 —

320 3.7830e—01 2.15
640 8.8126e—02  2.07
1280 2.1281e—02 2.03
2560 5.2295e—03 2.02

Several common strategies have been used to construct adaptive time stepping schemes. For example, adaptive
time-stepping strategies using energy have been well studied in literatures [22,23]. However some mathematical
indicators are not suitable for designing adaptive time-stepping strategies for N-S equations. In fact, when
spatial scalar is fixed and v — 0, it will reduces to energy conservation for inviscid flows, and the energy
dissipation is almost negligible. For the 2D fluid problem we consider here (i.e., d = 2 and v = 0), it will satisfy
the Euler equation, the vorticity of the fluid system is also conserved. Therefore, it is not ideal to apply the
changes of energy and vorticity directly to the adaptive time-stepping strategy for N-S equations. The adaptive
time-stepping strategy in [1] uses a posteriori time error indicator that related to the changes in the adjacent
time-step H'-norm of velocity, and has successfully simulated the unsteady N-S problems.

In this paper, we will design an adaptive time-stepping strategy based on the changes of velocity. A similar
strategy is discussed in [1]. Our strategy is motivated by an idea that the errors at two adjacent steps should
be roughly equal to each other, and an observation that the changes of velocity can effectively reflect the choice
of the adaptive time steps. Specifically, our adaptive time strategy is given by

£~ UR)

(1-a)rp-1, — > €,
i TR »
Tn = n—1 n—2 ( : )

. E(UN " —UR)
min{ (1 + &)7ph—_1, Tmax }, — <e,
E(UN)
where the parameters € and « are the given positive constant to adjust the change of time steps.
. g(upTt-unT?) | e(uph) ) N w1 . . .

Noting - (e Il the above strategy insures 7,,_1 =~ €T For the practical simulations,

the first step-size 71 is set to be small, but our strategy can guarantee that 7,, will evolve to a proper size in a
few steps based on the dynamics of the solution itself.

As a benchmark example, we construct an exact solution having different time scales to verify the superi-
ority of the variable time-step IMEX-BDF2 SAV scheme. In fact, by considering the relative speed of change
lue]l/||w]| = f(t), we can choose f(t) to be a function that is extremely large at some time, such as W,

where G is a large number. We now design the benchmark problem over = (—1,1)? with the following exact
solution

ui(z,y) = %.0 exp(sin(7z)) exp(sin(ry)) cos(my) - exp(arctan(100(¢t — 0.5)));

us(z,y) = —% exp(sin(7z)) exp(sin(my)) cos(wz) - exp(arctan(100(t — 0.5))); (4.2)
p(z,y) = 0.

In the simulations, we take » = 1 and N = 16. The problem will be solved by using the variable and constant
time-step strategies, respectively. In the adaptive time-stepping strategy (4.1), we choose 71 = 1.25e—7, a = 0.2
and Tiax = 5.0e—03. For variable time-step scheme, we choose € = 1.0e—05, 5.0e—06 and 1.0e—06 respectively
to solve the problem (4.2) until ¢ = 4. The step sizes at different time levels and the evolution of ™ in the
experiments above are plotted in Figures la and 1b respectively.
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TABLE 3. Errors and parameters of experiments for solving (4.2).

€ M T H'-error CPU-time (s)

1.0e—05 1758 5.0000e—03  1.3250e—04 10.01
5.0e—06 2153 5.0000e—03  8.0934e—05 11.96
1.0e—06 3859 5.0000e—03  2.4751e—05 22.95
- 5000 8.0000e—04 4.5017e—04 27.37
10000 4.0000e—04 1.0693e—04 51.07
20000 2.0000e—04 2.6069e—05 104.13

Notes. In Table 3, the first 3 lines are experiment results using variable time-step and the last 3 lines are results using
constant time-step. We re-emphasize that 7 := max;<x<a & here.
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o N S 1 Bl
MNP £ : ’
)

0.9999 | ¥

log(7x)
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% 0.9998 Vet
f

—s—c = 1.0e-05 |/ —o—c = 1.0e-05

A2+ s = 5.0e-06 0.9997 “ | o = 5.00-06

€ =1.0e-06 [ € =1.0e-06

——7 = 1/1250 | ——7 =1/1250

14- = 1/2500 0.9996 \‘w‘ 7 =1/2500

™ =1/5000 ™ =1/5000
16" . . . 0.9995 . . . . . . . . .
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FIGURE 1. (Example 2) Experimental results by variable time-step IMEX-BDF2 SAV scheme
(e = 1.0e—05, 5.0e—06, 1.0e—06) and constant time-step IMEX-BDF2 SAV scheme (7 =
1/1250,1/2500,1/5000). (a) Time step-size at different time level. (b) Evolution of n™.

As a contrast, we solve the same problem using constant-step sizes 7 = 1/1250, 1/2500 and 1/5000, respec-
tively. The numerical results are listed in Table 3. Table 3 shows that the variable time-step scheme gives a
lower H'-error with lower computational costs, while the constant time-step scheme gives a large H'-error at
the almost same computational cost. For example, the H!-error of variable time-step scheme with € = 1.0e—06
and the constant time-step scheme with 7 = 2.0e—04 is similar, but the CPU-time of constant time-step scheme
is almost five times than the variable time-step one. This can also be noticed by observing the evolution of 1™
over time in Figure 1b, and it is noticed that n™ is much closer to 1 for variable time-step scheme, while the n™
is much farther than 1 for constant time-step scheme. Figure 1la shows that the variable time-step IMEX-BDF2

SAV scheme captures changes over different time scales very well, and by setting a lower €, one can get a more
accurate numerical result.

We further investigate how the parameters in the adaptive time-stepping strategy influence the CPU-time,
H'-error and the minimum time step-size. Table 4 shows the CPU-time, H'-error and the minimum time step-
size (since the initial step-size is very small, we only consider steps after the 100th step here) for different €. In
this experiment, all numerical solutions are obtained by fixing N = 16, a = 0.2 and 7y, = 5.0e—03. One can
observe in Table 4 that as € becomes smaller, the numerical error and the minimum time-step size also become
smaller, which implies one can get more accurate numerical results by lowering e. However, smaller € may result
in longer CPU-time, and how to select appropriate € in actual computation is worthy of further study.

Table 5 shows the CPU-time and H'-error for different parameter 7. in adaptive time-stepping strategy.
Numerical solutions were obtained by setting N = 16, = 0.2 and € = 4.0e—05.
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TABLE 4. Numerical results by choosing different € for solving (4.2).

€ M min{r,>100} H'-error CPU-time (s)

1.024e—04 2184 8.2739e—05 1.1592e—05 13.44
2.560e—05 2422 4.0770e—05 1.8281e—05 13.09
6.400e—06 2944 2.0414e—-05 1.3505e—05 15.93
1.600e—06 4055 1.0216e—05 7.0986e—06  22.09
4.000e—07 6364 5.0671e—06 3.1276e—06  34.36
1.000e—07 11095 2.5346e—06 1.2053e—06  63.99

Notes. In Table 4, numerical solutions obtained by setting N = 16, a = 0.2 and Tmax = 5.0e—03.

TABLE 5. Numerical results by choosing different 7y, for solving (4.2).

Tmax M min{7n>100} H'-error CPU-time (s)

+00 566 5.1389e—05 7.1947e—04  3.96
3.2e—02 564 5.1143e—05 8.2145e—04  3.67
8.0e—03 628 5.1783e—05 4.4551e—04 4.15
2.0e—03 937 5.1442e—05 1.4252e—04 5.46
5.0e—04 2321  5.1244e—05 1.7853e—05 12.62
1.25e—04 8125 5.1470e—05 8.7122e—07 57.32

Notes. In Table 5, numerical solutions obtained by setting N = 16, = 0.2 and € = 4.0e—05.

One can clearly observe that when the 7,,x gets smaller, one can have a more accurate result. By setting an
appropriate Tyax, one can get a much smaller error at a negligible cost in CPU-time than with no my.x. But,
as the 7.x becomes smaller; the variable time-step scheme under this strategy will gradually degenerate into a
constant time-step scheme, and we will spend much more CPU-time to obtain a smaller H!-error.

From the above results, one can see that our adaptive time-stepping strategy (4.1) is suitable for the vari-
able time-step IMEX-BDF2 SAV scheme, which significantly improves the computational efficiency for this
benchmark problem.

Example 3. We also use our adaptive time-stepping strategy to carry out experiments on the well known e
double shear layer problem [5,11]. Consider the N-S equation (1.1) in Q = (—0.5,0.5)? with periodic boundary
conditions and the initial conditions given by

tanh(p(y +0.25)), y <0,
ul(za Y, 0) =

’ aO = —{sin(2 s
tanh(p(0.25 — y)), y > 0, us(z,y,0) sin(2mz)

where p determines the slope of the shear layer and ¢ represents the size of the perturbation. As the same setting
s [11], we fix § = 0.05, p = 100 and v = 0.00005.
In [11] it has been shown that the constant time-step IMEX-BDF2 SAV scheme can compute a reasonably
correct solution at T' = 1.2 by taking 7 = 2.5e—04 and N = 128, and when the step-size is 7 = 3.0e—04, the
solution at 1" = 1.2 will blow up. However, through a large number of experiments and observations, we find that

it may not be sufficient to use only the vorticity contours as in [11], or to use the magnitude of 1 deviation from

n n_rm—1
1 to determine whether the numerical results are correctly computed. In fact, if we examine ?EZ:L; = E(E;Vg(gff ) )
n N

in the computation of the solution, when using step-size 7 = 2.5e—04, we can see that the velocity solved by
the constant time-step scheme is not accurate enough at T' = 1.2. However, by using the variable time-step
IMEX-BDF2 SAV scheme, we may compute correct and accurate results with less computational cost.

In the simulations, we take N = 128. The problem is solved by using the variable and constant time-step
schemes, respectively. With the adaptive time-stepping strategy (4.1), we choose 71 = 1.0e—04 and Tipax =
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FIGURE 2. (Example 3) Experimental results by variable time-step IMEX-BDF2 SAV
scheme (¢ = 2.4e—05) and constant time-step IMEX-BDF2 SAV scheme (7 =
1.0e—04,2.8e—04,2.5¢—04). (a) Relative change of velocity at different time level. (b) Time
step sizes at different time level used in variable stepsize IMEX-BDF2 SAV scheme.

4.5e—04, € = 2.4e—05 and a = 0.01 to solve the double shear layer problem until 7' = 1.2. Figure 2a plots the
numerical results E(Z?) Figure 2a shows that the variable time-step scheme can compute the correct relative
change of velocity on [0, 1.2] with less computational cost, while the relative change of velocity computed by
the constant time-step scheme with the same or even higher computational cost will blow up. For example,
the numerical result of constant time-step scheme using 7 = 2.8e—04 blows up at around 0.8. Meanwhile, for
the variable time-step scheme, the average step-size used in the simulation from 0 to 1.2 is 2.803e—04, but it
can compute the correct relative change on [0, 1.2]. We further consider the experiment in [11], i.e., using step-
size T = 2.5e—04 to solve this problem. Although its 7™ does not deviate much from 1 [11], and the vorticity
contour is correctly simulated, we can still see the relative change of velocity blows up after 1.05. However,
the variable time-step scheme still works. The result of variable time-step scheme with less computational cost
behaves better, and the relative change of velocity maintains correct over the time interval [0,1.2]. As shown
in Figure 2b, it can be seen that the variable time-step IMEX-BDF2 SAV scheme well captures the changes
of different time scales in the double shear layer problem. This is also the reason why it can obtain correct
numerical results at a lower computational cost than using the constant time-step scheme.

As a contrast, we solve the same problem using constant-step sizes 7, = 1.0e—04, 2.5e—04 and 2.8e—04,
respectively, and the relative changes of velocity at different time level, i.e., 5(’j§g‘(g§ 3 ) ~ igz{g , are also plotted
in Figure 2a. Table 6 shows the results of constant time-step IMEX-BDF2 SAV széheme by using 7 = 1.0e—04
as the reference solution, and H'-error of velocity. It can be seen that the error of variable step-size scheme is
smaller.

In order to make it easier for the readers to realize the difference in results, we compute the vorticity contours
of the difference between numerical results according to the following equation

V x (UM = UX).

Here U]]\‘,/[ are results using constant step-size 2.5e—04 and 2.8e—04 and variable step-size when setting ¢ =
2.4e—05, and UM is the reference solution, i.e., result using constant step-size 1.0e—04. The Figure 3 shows the
vorticity contours of the difference between numerical solution U} and reference solution UM at T'= 1.2.

5. PROOFS OF THEOREMS 3.1 AND 3.2

We now present the proofs of Theorems 3.1 and 3.2. We carry out a complete rigorous analysis of the error
estimate in the 2D case, and only present the part of the proof for the 3D case which is different from the 2D

case.
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TABLE 6. Errors and parameters of experiments for solving double shear layer problem.

€ M Taverage H'-error CPU-time (s)

2.4e—05 4281 2.803e—04  9.5663e—03  284.64
- 4287 2.8e—04 7.5719e—00 275.42
- 4801 2.5e—04 5.4291e—01  312.23
- 12001  1.0e—04 — 790.29

F1cure 3. (Example 3) Vorticity contours of different numerical solutions and reference solution
at T'=1.2. (a) Constant time-step scheme using 7 = 2.8e—04. (b) Constant time-step scheme
using 7 = 2.5e—04. (c) variable time-step scheme using € = 2.4e—05.

We first introduce the following denotations for errors

EL =04 —u(t), e :=Uf —u(th), e:=Tyu(t)—ut'), EY:=THyxE', €\ :=Tye.

For brevity, the proof for the following error estimate is divided into three steps, and the technique of DOC
kernels is mainly used for the theoretical analysis in the second step.

5.1. Proof of Theorem 3.1
Proof. Similarly as in [11], the main task is to establish by induction
|1 — €9 < Cor + CyN?>™™ Vg < T/7. (5.1)

Clearly |1 —¢%| < Cot +CiN?~™ is satisfied. Now we assume |1 —£9| < Cor+CyN?™™ (Vg < n), and we want
to show |1 — £ < Cor + CpN?2~™ where Cy, Crp will be determined later.

Step 1: prove the bounds of |[VUY|, Y, ni||AUL|? and Y7, n||AUL %, Vg < n.

When 7 < %2— < %, N > 40% > 2, the direct calculation from the above assumption shows that
0

1 N3—m 1 N3—m
- <Y<l — + — Vg <
4Cy 4Ch — =1+ 4Cy * 40 7 =
5—2m
(1-¢)*< % + Y 5 Vg <mn, (5.2)
1
§§|nq|<2, Vg <mn.
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Noticing we have proved in Theorem 2.2 that there exists a constant F' > 0 that is decided by 4" only and
satisfies |[U% |1 < F, so it is easy to get the bound for ||UY|1:

1T%

L, < 2F, Vg<n.

||1: oy

Besides, according to theorem 2.2, we have 7% > v} 7 7,81 AU ||?, which derives the bounds for
>l il AU |1? and 3L, || AU |1*:
0

VZTQHAUI({/HQ <S—T <4y, G, (5.3)

ming <<y €]

v T AUL| < 169°, Co > 1. (5.4)

Step 2: the estimates of |[VER™| and 3% 7| AEL |2
We can get the following equality by subtracting the SAV scheme (2.10) from N-S equation (2.5):

(D2ET 0) + v(VET Vo) = (RE,v) + (Q4,v), YweSy, 0<qg<n, (5.5)
where
Rl = —Dou(-,t7") +u, (t77") and Q% = A(BoUj - VBoUR) — A(u(t?h) - Vu(t7T)).
By multiplying (5.5) by DOC kernels, and summing them from ¢ =0 to ¢ =1 — 1, we have
l

l
(VB 0) = v S0 ar o) =3 (60, (R +Qi ). 0), weesy, 1<i<n+l.  (56)

By setting v = —AFE4 (EY := Iy E'), one has

|vEN]’ ~ VeI
2

l l
S 0 ABYAEY | < —Z(el@j (R;—l n Q;"l),AEf\,), 1<i<n+1. (5.7)
j=1

Jj=1

Taking the sum of (5.7) form ! =1 to n + 1, and using lemma 2.5 and corollary 2.4, we have

vER - [9ESE | ve, 2 , ot Hzfjﬁ o AEﬁVH
IVEX ||2 IVEX® YOS AR+ Y !
=1 j=1
n+1
ZZ( (R’ L Qi 1) AEfv). (5.8)
=1 5=1

For the first term of the right hand side, the truncation error Rg_l satisfies the following estimate:

n+1

S an) - 3w ) = S |

—~

5.9)
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For the second term, we have the following decomposition:

Q4 = A(BoUf, - VBoUY) — A(u(t9th) - Vu(t911))
= A(BoU}, - VBoUY,) — A(Bau(t9) - VBou(t?)) + A(Bau(t?) - VBou(t?)) — A(u(t9) - Vu(t9))
= Q3 + Q, (5.10)
4, = A(BUY, - VBo(Uf, — u(t?))) + A(Bao(UY, — u(t?)) - VBaul(t?)),
Q3o = A((Bau(t”) = u(t™™)) - VBou(t?)) + A(u(t**) - V(Bau(t?) — u(t*"))).

Recalling the definition e¢? := Uj, — u(t?), and applying the (2.3), we have:

n+1 1 n+ n+1
ZZ( Q1 aAEN)__Z( 21 ’Zg(l) AE%V)
=1 j=1 7j=1

IN
Q
Mz

(HBQUJ ), + 1Bau@ )1, B2y Soo0 ar

l=y

n l
[ [z o am

=3

1 (Bt + 1)) e

'M+

1 2Tj

J

g2 st om |

<1/Z

n+1

*ZTJ@(HBZW U Bau )1 > e =3, (5.11)

e S ([Bai B ) 1

where Cy := C2(1 4 Tmax)?/V.
In (5.11), the estimate of [|e/~1||; satisfies:

o = o - )], <, e, + o e
_ ! (5.12)
< HEf\lelJrCHu(tj Y, N m+4F(CO7' + CRN*2™).
For the Q1, part, we have the following estimate:
n+1l 1 . n+1
SO WHCRCHED 3 ze Bau() () |, (1 Bau(E 1), + () ).
=1 j=1
” (5.13)

where C5 = C'is the constant in inequalities (2.3).
Substituting (5.9), (5.11)—(5.13) into (5.8), we have

VER|" — || VER ppasy
Inzoul il 2 TS S

=1

n+1 l
< SUENL S0 (R + sl Bau( 1) = w@) ], ([ Bau(e =) [, + u()],))
=1 j=1
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+20; i:(TjJrl (HBQU{VHE + || Bau () ||§) + 7 (HBQU;’Vle + || Bau(tY) ||§>) B2

Jj=1

—zm —m 2 n n mn
+ Cy(C3r + CAN2" 4 N7 4 90y (IB2URI + 1 Bou(t)113) BRI, (5.14)

where

ntl 2 o
Cy := max{ 64F2Cy,4C% sup |u(t)|?, ¢ - ZTj (HBQU]]V_1H2 + || Bau (') H2)
te[0,T] =

We point out that Cy4 is bounded thanks to (5.4).
By applying the modified Gronwall’s inequality in Lemma 2.7 to (5.14), we can prove:

n+1
IERTHIT +vA Y- nllAEL|?
=1
n+
< exp (802 (|| B2t 1“ + [[Bau(e =) ) (VCa(CRr2 + CAN=2m 4 N1 (5.15)
=1
n+1 1 . . 2
+2229 (IVRS ™| + C3(2 + 2rmax) sEup [lu(t )H2||Bgu(tjfl)—u(tj)Hg)> .
=1 5=1

The summation terms on the righthand side can be bounded as follows.

+

angwwaw+|&Mﬁgu><c§y4wﬂ1\+uw1m)

n n+1
< O rmas O[]+ ANORNE + D il (5.16)
Jj=1 j=1
167° jlas
S C<Tmax +rmaxTM +TUQ|2) +CZTJH tj 1 HQ’
Jj=1

where we used (5.4) in the last step. The last term in (5.16) can be bounded by fOT [lue(€)]|3 d€ and fo lu(€)|3 d¢
in the following way:

n+1 , 5 gntt n+1
SRS MTCTEIE of A (U T EETE
j=1

n+1

t7 1% ti
d )|2ded
é?Z_:/\// )3 [ (€)1 dc as
T T
STVO IIU(E)II§d§+/O ||ut(£)|§d€1-

Hence, there exists a constan C5 > 0 such that

n+1

2.7 (HB2U]]'V_1H2 * HB?Wtj_l)Hi) < Cs. (5.17)

j=1
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On the other hand, thanks to Lemma 2.8, we have

Sy,

vip < G [ ouvul s sr [ owval e (o) [ 10aTulde < Gt (518)
0 0 0

1=1 j=1

Similarly,
n+l 1 n+1 n+1
ZZO B u tj 1)—u tj H2 ZHBQU; tj 1 —u t] || Zﬁ(l)
=1 5=1

n+1 n+1 n+1

= [[Bru(t?) —u ()], 29 D |Bau(Y) —u(e)], 267,
= ~

t! n+1 I
<27 / Byl dt + 27 (14 rin) / (s — 1) Ohgu(s) ds
ti—1

j=2

2

n+1 +J
2 A — 729 d
+ TZT /tjiz(s )Opu(s) ds
j=2 2
t! T
< 27/ |0puully At 4 10(1 + rima) T2 [ [|Oseu]|y ds < Cp7?. (5.19)
0 0

Using (5.17)—(5.19), we derive from (5.15) that

HEJT\L;+1H1 < Cg[(Cg + 1)7-2 +CENEm Nl_m]7
n+1
ZTlHAEé\,HQ < 09[(03 + 1)7.2 + Clg[N4—27n + Nl_m]2’
=1

where Cg, Cy are constants independent of Cy, Cr. By simple computation, one also finds

1B *Hl, < Cs[(CF + )7 + CAN* > 4 NP CNT
n+1
> TIAEY? < Co[(CF +1)7 + CEN* ™ + N'=m]? 4 CNEE-m),
=1

n+1 (520)
[T53 S ml|ATL | < 2C10 + 2G5 [(C3 + 1) 7% + CAN*=2m 4 N1=m]? 1 20 N2
=1

1
< 2Ch0 + 20y (

1 2
2 + 1 + 93—2m + 21m> + 2022(27m) — Clla

where Cqg is a constant depending on the exact solution w(t) only. The proof here can be easily generalized to
prove the boundedness of Z”+1 71]|U% ||3. The bound here is independent of Cy, Cry and only decided by the
parameters T, v, rpax, {2 and the exact solution w. For simplicity, we denote all the up bound here as C1;.
Step 3: Estimate of |1 — ¢+,

If we take s™ :=~™ — 4(t"), then the equation for {s?} can be written as

+1
41— 0t = | [JAu(E ) | - L |

_ 2
‘AU;IV“H +TY Vg<n, (5.21)
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where T'? represents the truncation error as

tat+l

T9 = ~(t%) = y(t7*") + Tg 7 (t9F) = / (s = t?)yee(s) ds.

ta

Taking the sum of (5.21) for ¢ from 0 to n, and noting that s° = 0, we have

D DL [P L RS DY
s"T=v )y T Au(t? - %“AU H + > T
qz:(:) q+1 | 5(U11{7+1) 1 N qz::()

We bound the right-hand side of (5.23) as follows. On the one hand, by direct calculation, we have

Vet = /Q<(VU)f + Vu(Vu)tt) dz,

then from (5.22), we have

$at+1 $at1

|77 < Tq+1/ [vee| ds < Tq+1/ (HUtHf + ||Utt||1||u||1> ds, Vg<n.
ta tq

On the other hand, by triangular inequality, we have

+1 ~
| Au (et~ WHAU&“HQ

7q+1 7q-&-l
eUs) +1| (08

< a7 - llan(ere P - faog ]
+1
= K{ + Kj.

It follows from Theorem 2.2 that

fyq-i-l
S(U]qV )+1
+1 +1 +1 +1
S M o R | S
Eutr ]+ 1 Efu(tet)] + 1 St g (0 41
< Cu|s |+ 2 fefuer)) - (7)) Vo

with Cy = supyejo 7y |Au(t)||?, and

K3 <20||a0g |~ 2w

<oy sute | (Jaox | hawter )

<avg lae < cuar,  va<n.

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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We derive from the definition of £(u) that
e (58] < (i [ e v < vemmel o
It follows from (5.20) and the Cauchy—Schwarz inequality that

n n 1/2
TqHHAU]%HHHAEQHH < (ZT‘HIHA[?]%HHQZTqﬂHAEqﬂH?)
) q=0 q=0 (5.29)

q=(

<+vCn \/Cg[(cg +1)72 + CEN4=2m 4 N1-m]? 4 ON2@2-m),

A1t

Now we are ready to estimate s"T1. Combining (5.25)—(5.29) with (5.23), we have
n+1 I
[ = v 2 T E(Ut!) +1

n
+ )11
q=0 q=0

<00 Y T |57 + 0O (Vi +9°) S e[ BU |, + 000 S | ATE | aB |
q=0 q=0 q=0

G |vog|

gt

2
er [l + el ) s

< u(vo /Ci1 + Cu°VT + Ou\/TCH> \/09[(03 +1)72 + C2N4=2m 4 N1-m]? | O N2(2-m)

+vCy Z Tag1|sTTH 4+ Cur. (5.30)

q=0

_1

5,0 > We obtain
u

Finally, applying the discrete Gronwall’s inequality in Lemma 2.6 to (5.30) and taking 7 <

|s" T < Crpexp(2vC,t") <\/Cg[(C§ +1)72 + CZN4-2m 4 N1-m]? 4 ON2(2-m) 4 T)
(5.31)

< C1av/Co (1 + C3)7% + Cus (V/Co (CEN'™2" 4 N77) - ON*~™ ) 4 Cgr,

where Cio := 2max{v(y°v/C11 + C.Y°VT + Cu/TCh1),Cy}, and the definition of C3 is similar, both of the
two constants are independent of 7, NV, Crr and Cj.
According to the (5.20), (5.26), (5.28), (5.31) and m > 3 , we have

1= < Cu(fEfu@E )] = OFT)| +[s")
< Cua (V|| VE™|| + |5+
< C14y/C11 (Cs[(C2 + 1) 7% + CAN=2™ - N*=™] 4 CN1—™)
+ Cus (013 VCo(1+C3)m? + C13 (\/Ci’g(CﬁN‘l*zm + N+ ONQ*m) + 0137—)
< Ci5(14+ 1+ CH)T)7+ Ci5(CHN*™ + 1) N>, (5.32)

where the constants Ci4 := C,, and Ci5 are independent of Cy, Cry , 7 and N.

We now define Cy, Crr. We can choose Cy = 2C15 and 7 < H% to obtain
0

Ci5(1+ (14 C3)T) <2015 = Co, (5.33)
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and since m > 3, we can choose Cp = 2C15 and N > C%[ to obtain
Cis (C%[N27m + 1) < 2C15 = Cp. (534)
By mathematical induction, we proved the following inequalities

|1 —¢&" < Cor + CpN*™™, V¥n > 1,

under 7 < @ and N > 4C% + 2. The induction process is completed.

We point out that the constraint before (5.31) needs 7 < ﬁ, which naturally satisfies 7 < ﬁ.

By the induction process, we obtain from (5.20) following the global error estimate in 2D case:

10N —u(-,t")|lh < CT>+ CN'™™,
- 5.35
ZTZHUJIV —u( Y2 < Crt 4+ ON2C=™) v > 1, (5.35)
=1

It remains to estimate e”. We derive from (2.10) and (5.20) that
n 7 |2 n (|2 n
|UR = TX |} < " = 1PIOR ]} < In" = 1*Cu, (5.36)

and

n

Dol Uk~ U5 < Dol = 1P|U% 5

g=1 q=1
n
2
2 rq+1 5.37
< m;ix\nq —1] Z:Tq ULt H2 (5.37)
q=1
< max]y* = 1°Cry.
q
The ™ in (5.36) and (5.37) holds
" — 1] < 20272 + 203 N?C—™) V1<, (5.38)

Therefore, we derive from (2.10), (5.36), (5.37), (5.38) and the triangle inequality that

len(|? < 2B +2||Uf — U |7 < Cr* + CN?0-™ | w1 <,

and . . N
S rlledlls <23 llEYS + 2 ||Ug - UL|s < Ort + ON?G=™ vl <n
q=1 q=1 q=1
under the condition 7 < W%Cg and N > 4C3 + 2. The proof is completed since we have proved (5.20). (]
0

5.2. Proof of Theorem 3.2

Proof. A main difficulty in the three dimensional case is that Theorem 2.2 only provides L2-stability for U%,
while in the two dimensional case, H!-stability for U% is provided in Theorem 2.2. Thus, our main task here is
to prove the stability of UL in H!-norm. The rest of the proof is similar to the one for Theorem 3.1.

We proceed by induction. Assuming |1 — &9 < Cor + CpN?~™, Vg < n, we shall prove |1 — &"H| <
CoT 4+ CpN2~™ where Cy, Cyp will be determined below, but we may need them greater than 1 without loss of
generality.
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Clearly, it is satisfied for n = 0.
Step 1. When 7 < min{ 57, 3}, N > max{4C§,2}, we have (5.2), namely.
0

1 N3—m 1 N3—m
o T << Vg <
ITo R To e S b oM o ="
NS 2m

1—¢n2<’ <
A=) <g+—F5— Vg <n,

1
§§|77q|<2, Vg <mn.

Multiplying the first equation in (2.10) by DOC kernels, and summing up from ¢ =0 to I — 1, we get

l
(VT4 v) — v Za” AT v | = Z(e}QjA(Bz(U{V‘l) VB, (U;’V‘l)),u), Voe Sy, 1<I<n+1.
- —

" ' (5.39)
Setting v = —AUY,, we get

HVUJZV||2_2||VUIZ\/1H . legngU]a'WAU;V S_Zl:(gij(BQ(Ug‘v—l).v32(Ug’V—1)),AU}V). (5.40)

j=1 =1

Taking the sum of (5.40) form [ = 1 to n + 1, and using Lemma 2.5 and Corollary 2.4, we have

] 7 n+1 (l
’|VU]T\L[+1||2 . HVU]%HQ v, n+1 2 n+1 HZ AUNH
; + g S nllagil 53 -

< - nzz(a‘” A(B:(U371) - VB (U37)), AT ). (5.41)

=1 j5=1

Applying the inequality in (2.3), the right term of (5.8) can be estimated by

S (a0 () )

n+1 n+1

_ ; A(B2 (Ujjv_1> . VB2(U;'V—1))7; AN
n+1 ntl

205 G [ e e
i=1 I=j

n+1 1/2 n+1

220 A e A et

_ 2
S () ()], 23 A0
j=1 j=1 J

HZ”T om0k
(5.42)

<SS el (o533
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Similarly,
n+1 1 3 - 1 n+1 - 6 ¢ n+1 - 9
Sl o) <5 £ ol 5o
7=l j=1 j=1
1 n+l 6 ¢ n+1 9
- .
= 262 J BQ<U1]V ) 1+Crmx§er AUy ’
Jj=1 j=1
1R 6 ntl e
S Z ZTJ 32 (U]]V_l) ) —|—20Tmax627'j ‘AUJ]V—I ‘
j=1 j=1
1 n+1 . 6 n 2 . ,
<5 2| Be(URT)| + 20 Yo n|| AT+ 20, erl| ATR
j=1 j=1
(5.43)

Choosing € = g4~ and combining (5.41)—(5.43) together, we have

Tmax

VO~ vaR P be, e
H N H2 H NH "’VTZWHAU}VHQ

”*iﬂ A 4 ntl , 6

< CZTjHBz (qul) H1 v CZTJ-HBQ(U;V*) H1 +Cr||any |
j=1 j=1

<o k] - o n o]+ on (IATRIE + 108! + [0%1E).
j=1 j=1

Thanks to the Poincaré’s inequality, there holds the following inequality:

_ 2 vC sy —1 n2 . —i ||t =i ||
o3 + 25 S mlavk < e (|, + i) + .
=1 Jj=1

Here C,, is a constant decided by ug. By applying lemma 2.9, and choosing ¢(z) = 22 + 23, there exist 0 < T}, <

f;o % and C, > 0 such that

q
Son|atilf <o, a<n
=1

vC,

— 2
o812 + 5

With the above bound, we can then prove the desired result by following similar procedures in Steps 2 and 3 in
the proof of Theorem 3.1. O

6. CONCLUDING REMARKS

We considered in this paper an energy stable variable time-step IMEX-BDF2 SAV scheme for the Navier—
Stokes equations. Based on the energy stability, we proved the sharp global optimal error estimates by using
DOC kernels through rigorous mathematical induction process. We point out that our results are obtained
without any restriction on the ratio of time step and spatial grid sizes.

We introduced a suitable adaptive time-stepping strategy, and provided numerical examples to verify that
the variable time-step size IMEX-BDF2 SAV scheme can effectively obtain correct numerical solutions with
lower computational cost compared with a corresponding constant time-step scheme.
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We only considered the analysis for the Navier—Stokes equations with periodic boundary conditions, although
a similar variable time-step IMEX-BDF2 SAV scheme can be developed for the Navier-Stokes equation with
non-periodic boundary conditions based on the constant step size scheme in [29]. However, the analysis for the
non-periodic case is much more difficult due to the lack of a priori bound on the pressure approximation. But
the many techniques that we developed in this paper will be useful in the future study of the variable time-step
IMEX-BDF2 SAV scheme for the Navier—Stokes equation with non-periodic boundary conditions.
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