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Abstract
We consider a second-order SAV scheme for the nonlinear Schrödinger equation in the whole
space with typical generalized nonlinearities, and carry out a rigorous error analysis. We also
develop a fully discretized SAV scheme with Hermite–Galerkin approximation for the space
variables, and present numerical experiments to validate our theoretical results.
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1 Introduction

We consider in this paper numerical approximation of the following nonlinear Schrodinger
(NLS) equation [20]:

{
i ∂u

∂t = −α�u − 2β f (|u|2)u, x ∈ R
d , t > 0,

u(x, 0) = u0(x), x ∈ R
d (d = 1, 2, 3),

(1.1)

with the initial and boundary conditions

u(x, 0) = u0(x), lim|x |→∞ |u(x, t)| = 0, t ≥ 0. (1.2)
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In the above,α > 0 andβ ∈ R are twodimensionless constantswithβ < 0 for the repulsive or
defocusing interaction and β > 0 for the attractive or focusing interaction, i is the imaginary
unit, u(·, t) : Rd → C for any t > 0, and f (·) is a real-valued smooth function. In this work,
we will consider the following typical cases:

(1) f (ρ) = ρσ , where σ is a positive integer, referred to as polynomial nonlinearity with
f (ρ) = ρ to be the usual cubic nonlinearity [20].

(2) f (ρ) = ρ
1+γρ

with γ > 0, referred to as the saturation of the intensity nonlinearity [1].

The NLS equation arises in many areas of sciences and engineering, in particular, it is a
mean-field approximation of many-body problems in quantum physics and chemistry [20].
Its analysis, approximation and simulation have attracted enormous attention in past decades,
we refer to [12,25] for its mathematical properties and [3,4] for reviews of its numerical
approximation.

TheNLSequation enjoysmanydistinctivemathematical properties, including in particular
conservations of energy (or Hamiltonian)

Etotal [u](t) :=
∫
Rd

α

2
|∇u(x, t)|2 − 2βF(|u(x, t)|2)dx ≡ Etotal [u](0), ∀t ≥ 0, (1.3)

where F(ρ) := ∫ ρ

0 f (s)ds, and conservation of mass

N [u](t) :=
∫
Rd

|u(x, t)|2dx ≡ N [u](0), ∀t ≥ 0. (1.4)

Thus, it is important for a numerical scheme to conserve (or accurately approximate) the
discrete energy and mass. Among the many existing schemes for the NLS equation (1.1), the
implicit Crank–Nicolson scheme [2] is perhaps the only scheme which can conserve both
energy andmass for general f , and the relaxation finite-difference scheme [5,6,10] conserves
both energy and mass for the special case of cubic nonlinearity. The implicit Crank–Nicolson
scheme leads to a nonlinear system at each time step while the relaxation finite-difference
scheme leads to a linear system with variable coefficients at each time step. Both are second-
order accurate in time. We refer to [4,8,9,17,26] for more detail on the various numerical
schemes for the NLS equation.

Recently, a powerful approach, the so called scalar auxiliary variable (SAV) approach
[22,23], was introduced for gradient flows. The SAV approach leads to numerical schemes
with some remarkable properties: (i) unconditionally energy stable; (ii) only requiring solv-
ing decoupled linear systems with constant coefficients at each time step. Since the NLS
equation also has a variational structure with respect to the free energy (1.3), we can apply
the SAV approach to the NLS equation to construct an efficient and accurate discretization
in time scheme with the following properties: (i) it is second-order, unconditionally stable
and conserve a modified energy; (ii) it only requires solving two Poisson-type equations at
each time step. The semi-discrete scheme can be combined with any consistent Galerkin
type spatial discretization such as finite-elements [28–30] or spectral methods [11,14,18] to
construct fully discrete schemes with the same properties as the semi-discrete scheme. In
this paper, we treat the unbounded domain directly using a Hermite-spectral method so as to
eliminate the domain truncation error.

While the construction of the SAV scheme for theNLS equation using the SAV approach is
quite straightforward since the NLS equation can be reformulated as a gradient flow system,
its error analysis can not follow from the analysis in [21]which used essentially the dissipative
property of gradient flows to derive a uniform H2 bound for the numerical solution. However,
the NLS equation is dispersive and conserves the energy so there is no dissipation. Therefore,
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more delicate analyses are needed for the error estimates. The main goals of this paper are
to derive optimal error estimates for the semi-discrete SAV scheme.

The rest of the paper is organized as follows. In Sect. 2, we describe the second-order
Crank–Nicolson scheme with Adams–Bashforth extrapolation based on the SAV approach
in the semi-discrete form, and prove its stability and energy conservation. In Sect. 3, we
carry out a rigorous error analysis for the semi-discrete SAV scheme. In Sect. 4, we construct
the fully discrete Hermite SAV scheme, and perform some numerical results to verify our
theoretical results. Some concluding remarks are given in the last section.

We now describe some notations. We denote 	 = R
d , d = 1, 2, 3. For any complex

function v, v̄ denotes its complex conjugate, and the inner product in L2(	) is

(w, v) :=
∫

	

wvdx .

We will use the standard notations L2(	), Hk(	) and Hk
0 (	) to denote the usual Sobolev

spaces of complex functions over 	. The norm corresponding to Hk(	) will be denoted
simply by ‖ · ‖k . In particular, we use ‖ · ‖ to denote the norm in L2(	). We shall use C to
denote a generic positive constant independent of the time step size τ , and occassionaly we
use A � B to denote that A ≤ C B for some constant C independent of τ .

We recall a regularity result for (1.1) which plays an important role in the subsequent error
analysis.

Theorem 1 (see, for instance, [12], Theorem 4.10.1) Let s > d
2 be an integer. For every

u0 ∈ Hs(Rd), there exists Tmax > 0, such that

• there is a unique, maximal solution u ∈ C([0, Tmax ); Hs(Rd)) for (1.1);
• if β < 0, then Tmax = ∞;
• if Tmax < ∞, then limt→Tmax ‖u(·, t)‖Hs → ∞.

2 A Semi-discrete SAV Scheme

While the SAV approach was originally introduced for dissipative gradient flows, it can be
directly applied to dispersive equations such as NLS with variational structures. Indeed, the
key in the SAV approach is to introduce a scalar auxiliary variable (SAV) r(t) := √

E[u](t)
where, for a given C0 > 0 and F(ρ) := ∫ ρ

0 f (s)ds,

E[u](t) :=
∫

	

F(|u(x, t)|2)dx + C0. (2.1)

We choose C0 such that E[u]+C0 ≥ δ > 0 for any u. Note that it is important not to include
“−2β” in the definition of E[u](t) because, for β > 0, −2β

∫
	

F(|u(x, t)|2)dx can not be
bounded from below for all u.

We reformulate (1.1) as:{
i ∂u

∂t = −α�u − 2β r√
E[u] f (|u|2)u,

dr
dt = 1√

E[u]
∫
	

f (|u|2)Re(u · ūt )dx,
(2.2)

with the initial and boundary conditions. To simplify the presentation, we shall omit the
boundary conditions in (1.2) in all subsequent equations.

Let 0 < T < Tmax . Given a time step τ , we set M = T
τ
. Then a second-order SAV scheme

for (2.2) based on Crank–Nicolson with Adams–Bashforth extrapolation is:

123



   69 Page 4 of 24 Journal of Scientific Computing            (2021) 88:69 

Let U 0 = u0, r0 = r(0), and denote H [w] = f (|w|2)√
E[w] . We compute U 1 and r1 by a

Crank–Nicholson scheme with a first-order extrapolation

i
U 1 − U 0

τ
= −α�

U 1 + U0

2
− 2β

r1 + r0

2
H [U0]U0, (2.3)

r1 − r0 =
∫

	

H [U0]Re(U0 · U 1 − U0)dx . (2.4)

Then for n = 1, 2, . . . , M − 1,

i
U n+1 − U n

τ
= −α�

(
U n+1 + U n

2

)
− 2β

rn+1 + rn

2
H
[
Ũ n+ 1

2
]
Ũ n+ 1

2 , (2.5)

rn+1 − rn =
∫

	

H
[
Ũ n+ 1

2
]
Re

[
Ũ n+ 1

2 · (U n+1 − U n
)]

dx, (2.6)

where Ũ n+ 1
2 = 3

2U n − 1
2U n−1. We note that the first-order extrapolation used in (2.3)–(2.4)

has a second-order local truncation error so the overall accuracy is still second-order. In a
recent paper [7], a similar scheme is constructed but the first-step is computed by a nonlinear
Crank–Nicolson scheme.

It is clear that the scheme (2.5)–(2.6) is linear but coupled. We show below that it can be
efficiently solved. Writing

U n+1 = φn+1 + rn+1ϕn+1, (2.7)

in (2.5), we find that φn+1 and ϕn+1 satisfy

i

τ
φn+1 + α

2
�φn+1 = Qn, (2.8)

i

τ
ϕn+1 + α

2
�ϕn+1 = −β H

[
Ũ n+ 1

2
]
Ũ n+ 1

2 , (2.9)

with

Qn = i

τ
U n − α

2
�U n − βrn H

[
Ũ n+ 1

2
]
Ũ n+ 1

2 .

Then, plugging (2.7) in (2.6), we find

rn+1 = rn + ∫
	

H
[
Ũ n+ 1

2
]
Re

(
Ũ n+ 1

2 · φn+1 − U n
)
dx

1 − ∫
	

H
[
Ũ n+ 1

2
]
Re

(
Ũ n+ 1

2 · ϕn+1
)
dx

. (2.10)

In summary, the solution of (2.5)–(2.6) can be determined as follows:

1. Determine φ and ϕ from (2.8) and (2.9), respectively;
2. Compute rn+1 from (2.10);
3. Obtain U n+1 from (2.7).

Hence, the main computational cost of the scheme (2.5)–(2.6) is to solve the two decoupled
linear systems with constant coefficients (2.8)–(2.9), which can be efficiently solved by one’s
favorite method. The first step (2.3)–(2.4) can be solved similarly.

Theorem 2 The SAV scheme (2.3)–(2.6) preserves a modified Hamiltonian unconditionally
in the sense that

α

2

∥∥∇U n+1
∥∥2 − β

(
rn+1)2 = α

2
‖∇U n‖2 − β

(
rn)2, n = 0, 1, . . . , M − 1.
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Proof Multiplying Eq. (2.5) by U n+1 − U n , then integrating it over 	 and taking the real
part, we obtain

0 = α

2

(
‖∇U n+1‖2 − ‖∇U n‖2

)
− 2β

rn+1 + rn

2

∫
	

H
[
Ũ n+ 1

2
]
Re

(
Ũ n+ 1

2 · U n+1 − U n
)
dx .

Then, by plugging (2.6) into the above equation, it yields

α

2

∥∥∇U n+1
∥∥2 − β

(
rn+1)2 = α

2

∥∥∇U n
∥∥2 − β

(
rn)2, n = 1, . . . , M − 1.

We can obtain energy conservation of the first step by applying the same process to (2.3)–
(2.4). �

Remark 1 By Theorem 2, we have

α
∥∥∇U n

∥∥2 − 2β
(
rn)2 = α‖∇u0‖2 − 2β

(∫
	

F
(|u0|2

)
dx + C0

)
, n = 0, 1, . . . , M .

Hence, when β < 0 (the repulsive case), {rn}M
n=0 is uniformly bounded:

|rn | ≤ E0 :=
(
α‖∇u0‖2 + 2|β|

∫
	

F
(|u0|2

)
dx + C0

) 1
2
, n = 0, 1, . . . , M . (2.11)

When β > 0 (the attractive case), we have

(rn)2 = α

2|β| ‖∇U n‖2 + D0, where D0 := − α

2|β| ‖∇u0‖2 +
∫

	

F
(|u0|2

)
dx + C0,

which implies

|rn | ≤
√

α

2β
‖∇U n‖ + √|D0|, n = 0, 1, . . . , M . (2.12)

3 Error Analysis for the Semi-discretized Scheme

The error analysis will be carried out in two main steps. In the first step, we derive a local
(in time) Hs bound for the numerical solution. Then, in the second step, we first use the the
local Hs bound to derive a local error estimate, followed by a continuation process to extend
the Hs bound and the error estimate to the whole interval [0, T ].

3.1 Local Hs Bound of the Numerical Solution

We recall a useful result which will be used in the sequel.

Lemma 1 (see [10], Lemma 2.2) Let use define

A :=
(
1 − i

2
ατ�

)−1 (
1 + i

2
ατ�

)
, B :=

(
1 − i

2
ατ�

)−1

. (3.1)

Then for any s > 0, we have

• A is a unitary operator on Hs.
• B is a bounded operator on Hs: ‖B‖s ≤ 1.
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Next, we shall use Lemma 1 to prove that solutions of the scheme (2.3)–(2.6) are uniformly
bounded in Hs . To this end, we express solutions of (2.3)–(2.6) using the operators in (3.1)
as follows:

U 1 = Au0 + βiτ · (r1 + r0
)
BW 0,

U n+1 = AU n + βiτ BW n+ 1
2

(
rn + rn+1

)
, n = 1, 2, . . . , M − 1,

where

W n+ 1
2 = 1√

E[Ũ n+ 1
2 ]

f
(∣∣∣Ũ n+ 1

2

∣∣∣2)Ũ n+ 1
2 , n = 0, 1, . . . , M − 1. (3.2)

Summing them up, we obtain

U n+1 = An+1u0 + βiτ
[
r0An BW 0 + r1

(
An BW 0 + An−1BW

3
2

)

+
n∑

k=2

rk
(

An+1−k BW k− 1
2 + An−k BW k+ 1

2

)]
+ βiτ BW n+ 1

2 · rn+1. (3.3)

We first establish a result on the local-in-time boundedness of U n in Hs .

Theorem 3 Let u0 ∈ Hs(Rd), with s > d
2 + 1. Then there exist T ∗ and C > 0, independent

of τ but dependent on ‖u0‖Hs , such that

max
1≤n≤M∗=T ∗/τ

{‖U n‖Hs } ≤ C = C(‖u0‖Hs ),

unconditionally when β < 0; and conditionally for τ ≤ τ0 when β > 0, where τ0 depends
on ‖u0‖Hs only.

Proof We derive from (3.3) and Lemma 1 that

‖U n+1‖Hs ≤ ‖An Au0‖Hs + |β|τ
[
|r0|‖An BW 0‖Hs + |r1|(‖An BW 0‖Hs + ‖An−1BW

3
2 ‖Hs

)

+
n−1∑
k=2

|rk |(‖An+1−k BW k− 1
2 ‖Hs + ‖An−k BW k+ 1

2 ‖Hs
)] + τ |βrn+1|‖BW n+ 1

2 ‖Hs

≤ ‖u0‖Hs + |β|τ
[
|r0|‖W 0‖Hs + |r1|(‖W 0‖Hs + ‖W

3
2 ‖Hs

)

+
(

n−1∑
k=2

|rk |(‖W k− 1
2 ‖Hs + ‖W k+ 1

2 ‖Hs
)) + |rn+1|‖W n+ 1

2 ‖Hs

]
. (3.4)

Given u0 ∈ Hs(Rd), we define R such that ‖u0‖Hs = R
4 , and we define the set

BR :=
{
φ ∈ Hs(Rd), ‖φ‖Hs ≤ R

2

}
.

It is clear that U n+1 is uniquely determined by (3.3). Next, we prove by induction that there
exists T ∗ > 0 such that U n+1 ∈ BR , for all n = 0, 1 . . . , T ∗/τ − 1.

Obviously u0 ∈ BR . assuming that U k ∈ BR , k = 1, 2, . . . , n, we have

max
1≤k≤n

{∥∥∥∥32U k − 1

2
U k−1

∥∥∥∥
Hs

}
≤ R.
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Since both Hs(Rd) and Hs−1(Rd) ↪→ L∞(Rd) by the Sobolev embedding theorem, there
exists a constant C1 depending on l and s only, s.t.

‖gl‖Hs ≤ C1‖g‖l
Hs , ∀g ∈ Hs .

So for f (u) = (u)σ , we have
∥∥∥ f

(∣∣∣3
2

U n − 1

2
U n−1

∣∣∣2)(3
2

U n − 1

2
U n−1

)∥∥∥
Hs

≤ C1R2σ+1,

while for f (u) = (u)
1+γ (u)

≤ u, we have
∥∥∥ f

(∣∣∣ 3
2

Un − 1

2
Un−1

∣∣∣2)( 3
2

Un − 1

2
Un−1

)∥∥∥
Hs

≤
∥∥∥
∣∣∣ 3
2

Un − 1

2
Un−1

∣∣∣2( 3
2

Un − 1

2
Un−1

)∥∥∥
Hs

≤ C1R3.

Setting

p0 =
{
2σ + 1, if f (u) = (u)σ , for σ ∈ Z+
3, if f (u) = (u)

1+γ (u)

,

we derive from the above and (3.2) that

‖‖BW n+ 1
2 ‖Hs ≤ C1

δ
R p0 , ∀n. (3.5)

We now proceed as follows:
Case 1 β < 0. By using (2.11), there is a uniform constant K which only depends on u0,

such that

|rk |√
E
[ 3
2U k−1 − 1

2U k−2
] ≤ K ,

|rk |√
E
[ 3
2U k − 1

2U k−1
] ≤ K , ∀2 ≤ k ≤ n.

Then we derive from (3.4) and (3.5) that there is a constant C2 independent of n and τ , s.t.

‖U n+1‖Hs ≤ ‖u0‖Hs + C2T K R p0 .

Hence, for T ∗ ≤ 1
4C2K R p0−1 , we have

‖U n+1‖Hs ≤ ‖u0‖Hs + C2T K R p0 ≤ R

2
. (3.6)

Case 2 β > 0: By using (2.12) and (3.4), we have

∥∥U n+1
∥∥

Hs ≤ ‖u0‖Hs + √
αβτ

(
‖∇U 0‖‖W 0‖Hs + ∥∥∇U n+1

∥∥∥∥W n+ 1
2
∥∥

Hs

)
+ √

αβτ

×
[∥∥∇U 1

∥∥ (∥∥W
1
2
∥∥

Hs + ∥∥W
3
2
∥∥

Hs

)
+

n−1∑
k=2

‖∇U k‖
(
‖W k− 1

2 ‖Hs + ∥∥W k+ 1
2
∥∥

Hs

)]

+βτ
√|D0|

[(∥∥W
1
2
∥∥

Hs + ∥∥W
3
2
∥∥

Hs

)
+

n∑
k=2

(∥∥W k− 1
2
∥∥

Hs + ∥∥W k+ 1
2
∥∥

Hs

)]
.

Since s > 1, ‖∇U k‖ ≤ ‖U k‖Hs ≤ R
2 , for any k = 1, 2, . . . , n, and ‖∇U n+1‖ ≤

‖U n+1‖Hs . We derive from the above and (3.5) that there is a constant C3 independent
to n and τ , s.t.(

1 − τC1
√

αβ R p0
)‖U n+1‖Hs ≤ ‖u0‖Hs + C3T

(
R + √|D0|

)
R p0 . (3.7)
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Hence, for τ ≤ τ0 := 1
4C1

√
αβ R p0

and T ∗ ≤ 1
8C3(R+√|D0|)R p0−1 , we derive from the above that

‖U n+1‖Hs ≤ R
2 . This completes the induction, and consequently, the proof of the Theorem.

�


3.2 Error Estimates

We shall make frequent use of the following version of the discrete Gronwall lemma.

Lemma 2 Let ai , bi , ci , di , τ and e0, for integers i ≥ 0, be non-negative numbers such that

an + τ

n∑
i=0

bi ≤ τ

n−1∑
i=0

di ai + τ

n−1∑
i=0

ci + e0, ∀n ≥ 0.

Then

an + τ

n∑
i=0

bi ≤
(

e0 + τ

n−1∑
i=0

ci

)
exp

(
τ

n−1∑
i=0

di

)
, ∀n ≥ 0.

We assume that the solution of (1.1) is sufficiently smooth, more precisely,

u0 ∈ Hs(
R

d), u ∈ H3(0, T ; Hs(
R

d)) ∩ H2(0, T ; Hs+2(
R

d)), (3.8)

with s ≥ 2 when d = 1 and s > d
2 + 1 when d = 2, 3.

Lemma 3 Assuming (3.8), then for any T < Tmax , there exists K0 > 0 such that

‖rt‖L∞[0,T ] + ‖rtt‖L∞[0,T ] + ‖rttt‖L∞[0,T ] ≤ K0.

Proof By the definition in (2.1), the desired results can be proved immediately by expressing
rtt and rttt in terms of the integrals of u, ut , utt and uttt , respectively. �

We denote tn = nτ , un(·) = u(·, tn), and

en = un − U n, εn = r(tn) − rn, n = 0, 1, 2 . . . , M,

where ‖e0‖ = ε0 = 0.

Lemma 4 Let H [u] = f (|u|2)√
E(u)

. Then, we have

‖H [w] − H [v]‖ ≤ C‖w − v‖ ∀w, v ∈ L2(	) ∩ L∞(	). (3.9)

Furthermore, for any T < Tmax , if ‖u‖L∞(0,T ;H2)∩W 2,∞(0,T ;L2) +‖U‖l∞(0,T ;H2) ≤ K , there
exists C > 0 s.t.

∥∥H
[
Ũ n+ 1

2
] − H

[
ũn+ 1

2
]∥∥ ≤ C

(
3

2
‖en‖ + 1

2
‖en−1‖

)
, (3.10)

∥∥H
[
ũn+ 1

2
] − H

[
un+ 1

2
]∥∥ ≤ Cτ 2 max

t∈[0,T ] ‖utt (·, t)‖, (3.11)

∥∥H
[
un+ 1

2
]
un+ 1

2 − H
[
un− 1

2
]
un− 1

2
∥∥ ≤ Cτ max

t∈[0,T ] ‖ut (·, t)‖, (3.12)

for all 1 ≤ n ≤ M − 1 with M = T /τ .
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Proof By the triangle inequality, we have

‖H [w] − H [v]‖ ≤ 2

∣∣∣E[v] − E[w]
∣∣∣

√
E[v]E[w](√E[v] + √

E[w])‖w‖4L4 + 2√
E[v]

∥∥∥|w|2 − |v|2
∥∥∥ := B1 + B2.

Since w(x), v(x) ∈ L2(	) ∩ L∞(	), then w(x), v(x) ∈ L4(	), and

0 < E[w] = ‖w‖4L4(	)
< ∞, and, 0 < E[v] = ‖v‖4L4(	)

< ∞.

Then by Holder’s inequality, we have

B1 ≤ C
∣∣∣E[w] − E[v]

∣∣∣ ≤ C
(‖w‖2L∞ + ‖v‖2L∞

)
(‖w‖ + ‖v‖)‖w − v‖,

B2 ≤ C(‖w‖L∞ + ‖v‖L∞)‖w − v‖.
On the other hand, by the embedding theorem, we have

‖u‖L∞(0,T ;L∞), ‖U‖L∞(0,T ;L∞) ≤ cK , for any n = 1, . . . , M .

By definition, E[U n], E[un+ 1
2 ] and E[un] are uniformly bounded from below, i.e. there

exists K1 > 0, s.t.

1

E[U n] ,
1

E[un] ,
1

E[un− 1
2 ]

≤ K1 for any n = 1, . . . , M .

Therefore, by setting C = 4K 2
1 c2K 3 + 2c

√
K1K , we have

∥∥H
[
Ũ n+ 1

2
] − H

[
ũn+ 1

2
]∥∥ ≤ C

∥∥Ũ n+ 1
2 − ũn+ 1

2
∥∥ = C

∥∥∥∥32en − 1

2
en−1

∥∥∥∥ ,

∥∥H
[
ũn+ 1

2
] − H

[
un+ 1

2
]∥∥ ≤ C

∥∥ũn+ 1
2 − un+ 1

2
∥∥ = C

∥∥ ∫ tn+1

tn
utt (x, s)(tn+1 − s)ds

∥∥
� τ 2

∥∥utt (·, ξn)
∥∥,

and ∥∥H
[
un+ 1

2
]
un+ 1

2 − H
[
un− 1

2
]
un− 1

2
∥∥

≤ ∥∥H
[
un+ 1

2
]
un+ 1

2 − H
[
un+ 1

2
]
un− 1

2
∥∥ + ∥∥H

[
un+ 1

2
]
un− 1

2 − H
[
un− 1

2
]
un− 1

2
∥∥

≤ cK1K 3
∥∥un+ 1

2 − un− 1
2
∥∥ � τ

∥∥ut (·, ξn)
∥∥ with ξn ∈ (

tn−1/2, tn+1/2
)
.

The proof is complete. �

We are now in position to prove our main result.

Theorem 4 Given s ≥ 2 when d = 1 and s > d
2 + 1 when d = 2, 3. We assume that the

solution to (1.1) satisfies (3.8). Then, for any T < Tmax , there exists a constant C independent
of τ and n, such that, for τ sufficiently small, we have

‖U n − u(·, tn)‖Hs + |rn − r(tn)| ≤ Cτ 2, ∀n = 0, 1, . . . , M = T /τ.

Proof First, we subtract the PDE from the scheme to obtain the error equations:

i
e1

τ
= −α

2
�e1 − 2β D1 + T 1, (3.13)
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i

(
en+1 − en

τ

)
= −α�

en+1 + en

2
− 2β Dn+1 + T n+1, n ≥ 1, (3.14)

where

D1 =
[

f (|u1|2)u1 − f (|u0|2)u0

]
+ r(t1)√

E[u0] + √
E[u1] f

(|u0|2
)
u0

×
[

1√
E[u1] − 1√

E[u0]

]
+ ε1

f (|u0|2)u0√
E[u0] , (3.15)

with

ε1 =
∫

	

H [u0]Re
[(

u0

( ∫ τ

0
utt (x, s)(τ − s)ds

)]
dx +

∫
	

Re
[

H [u0]u0e1
]
dx

+τ

∫ τ

0
rt (s)ds + τ

∫
	

Re
[(

H [u0]u0 − H [u1]u1) ut
]

dx, (3.16)

and

Dn+1 = εn + εn+1

2
√

E
[
Ũ n+ 1

2
] f

(|un+ 1
2 |)un+ 1

2

−
(

r(tn) + r(tn+1)
)

f
(|un+ 1

2 |)un+ 1
2

2
√

E
[
un+ 1

2
]√

E
[
Ũ n+ 1

2
](√

E
[
un+ 1

2
] +

√
E
[
Ũ n+ 1

2
])

(
E
[
un+ 1

2
] − E

[
Ũ n+ 1

2
])

+ rn + rn+1

2
√

E
[
Ũ n+ 1

2
]
[(

f
(|un+ 1

2 |)un+ 1
2 − f

(|ũn+ 1
2 |)ũn+ 1

2

)

+
(

f
(|ũn+ 1

2 |)ũn+ 1
2 − f

(|Ũ n+ 1
2 |)Ũ n+ 1

2

)]
:= D1 + D2 + D3, (3.17)

T n+1 = i

τ

∫ tn+1

tn
uttt (x, s)(tn+1 − s)2ds +

∫ tn+1

tn
�utt (x, s)(tn+1 − s)ds

+
( ∫ tn+1

tn
rtt (s)(tn+1 − s)ds

)
f
(|un+ 1

2 |2)un+ 1
2 , n ≥ 0, (3.18)

with

εn+1 − εn =
∫

	

H
[
un+ 1

2
]
Re

[
un+ 1

2
(
en+1 − en − τT u

1

)]
dx

+
∫

	

H
[
un+ 1

2
]
Re

[(
ẽn+ 1

2 + T u
3

)(
U n+1 − U n

)]
dx

+
∫

	

(
H
[
Ũ n+ 1

2
] − H

[
un+ 1

2
])

Re
[
Ũ n+ 1

2
(
U n+1 − U n

)]
dx + τT r

1 , (3.19)

where for any function f ,

T f
1 = ft

(
tn+ 1

2

) − f (tn+1) − f (tn)

τ
= 1

τ

∫ tn+1

tn
ft t t (s)(tn+1 − s)2ds,

T f
3 = f

(
tn+ 1

2

) −
(3
2

f (tn) − 1

2
f (tn−1)

)
=

∫ tn

tn−1

ftt (s)(tn − s)ds.
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We can also rewrite the error Eqs. (3.13)–(3.14) as

e1 = iτ B
( − 2β D1 + T 1), (3.20)

en+1 = Aen + iτ B
( − 2β Dn+1 + T n+1),

so that for n = 0, . . . , M − 1,

en+1 = iτ
(

An B
( − 2β D1 + T 1) +

n+1∑
k=2

An+1−k B
( − 2β Dk + T k)). (3.21)

Now let T ∗ ≤ T be defined in Theorem 3 and set M∗ = T ∗/τ . Since s ≥ 2, Theorem 3
implies there exists K1 > 0, s.t.

∥∥∥Un+1 − Un

τ

∥∥∥ ≤ ‖Un+1 + Un‖H2 + ∥∥ f
(∣∣Ũn+ 1

2
∣∣)Ũn+ 1

2
∥∥ ≤ K1, ∀n = 0, 1, . . . , M∗ − 1.

By using the Holder’s inequality, Lemmas 3 and 4 and Sobolev embedding that H3(R) ↪→
W 2,∞(R), we find from (3.16) that

|ε1| ≤ ‖H [u0]u0‖
(∥∥∥

∫ τ

0
utt (x, s)(τ − s)ds

∥∥∥ + ‖e1‖
)

+ τ 2‖rt‖L∞(0,T )

+τ‖H [u0]u0 − H [u1]u1‖ · ‖ut‖
≤ ‖H [u0]u0‖

(
τ 2‖utt‖L∞(0,τ ;L2) + ‖e1‖

)
+ τ 2‖rt‖L∞(0,τ )

+τ 2‖ut‖2L∞(0,τ,L2)
≤ C(τ 2 + ‖e1‖).

We rewrite (3.19) as

εn+1 −
∫

	

H
[
un+ 1

2
]
Re

[
un+ 1

2 en+1
]
dx

=
(

εn −
∫

	

H
[
un+ 1

2
]
Re

[
un+ 1

2 en
]
dx

)
− τ

∫
	

H
[
un+ 1

2
]
Re

[
un+ 1

2 T u
1

]
dx

+
∫

	

H
[
un+ 1

2
]
Re

[
ẽn+ 1

2
(
U n+1 − U n

)]
dx +

∫
	

H
[
un+ 1

2
]
Re

[
T u
3

(
U n+1 − U n

)]
dx

+
∫

	

(
H
[
Ũ n+ 1

2
] − H

[
un+ 1

2
])

Re
[
Ũ n+ 1

2
(
U n+1 − U n

)]
dx + τT r

1 .

Denote

Gn := εn −
∫

	

H
[
un− 1

2
]
Re

[
un− 1

2 en
]
dx, n = 1, . . . , M∗,

Then, we have

εn −
∫

	

H
[
un+ 1

2
]
Re

[
un+ 1

2 en
]
dx = Gn +

∫
	

Re
[(

H
[
un+ 1

2
]
un+ 1

2 − H
[
un− 1

2
]
un− 1

2

)
en
]
dx,

and

Gn+1 = Gn +
∫

	

Re
[(

H
[
un+ 1

2
]
un+ 1

2 − H
[
un− 1

2
]
un− 1

2

)
en
]
dx

+
∫

	

H
[
un+ 1

2
]
Re

[
ẽn+ 1

2
(
U n+1 − U n

)]
dx
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+
∫

	

(
H
[
Ũ n+ 1

2
] − H

[
un+ 1

2
])

Re
[
Ũ n+ 1

2
(
U n+1 − U n

)]
dx

+τ
(

T r
1 −

∫
	

H
[
un+ 1

2
]
Re

[
un+ 1

2 T u
1

]
dx

)
+

∫
	

H
[
un+ 1

2
]
Re

[
T u
3

(
U n+1 − U n

)]
dx

:= Gn + G1 + G2 + G3 + G4 + G5.

The terms G j can be bounded as follows:

|G1| ≤ τC‖ut‖ · ‖en‖ ≤ Cτ‖en‖,
|G2| ≤ C‖un+ 1

2 ‖3L∞
(3
2
‖en‖ + 1

2
‖en−1‖

)(
‖U n+1 − U n‖

)
≤ Cτ

(3
2
‖en‖ + 1

2
‖en−1‖

)
,

|G3| ≤
(3
2
‖U n‖L∞ + 1

2
‖U n−1‖L∞

)(
‖U n+1 − U n‖

)(∥∥H
[
Ũ n+ 1

2
]

−H
[
ũn+ 1

2
]∥∥ + ∥∥H

[
ũn+ 1

2 ] − H
[
un+ 1

2
]∥∥)

≤ Cτ
(3
2
‖en‖ + 1

2
‖en−1‖

)
+ Cτ 2

∫ tn+1

tn
‖utt‖ds,

|G4| ≤ τ 2
∫ tn+1

tn

(
|rttt | + ‖uttt‖

)
ds,

|G5| ≤ C‖U n+1 − U n‖‖T u
3 ‖ = Cτ 2

∫ tn+1

tn
‖utt‖ds.

Therefore,

|Gn+1| ≤ |Gn | + Cτ(‖en‖ + ‖en−1‖) + Cτ 2
∫ tn+1

tn
|rttt | + ‖utt‖ + ‖uttt‖ds.

Clearly |G1| � τ 2. Then, for any n ≤ M ,

|Gn | ≤ |G1| + Cτ

n−1∑
k=1

(
‖ek‖ + τ 2

∫ tk

tk−1

|rttt | + ‖utt‖ + ‖uttt‖ds
)

≤ C

(
τ 2 + τ

n−1∑
k=1

‖ek‖ + τ 2
∫ tn

0
|rttt | + ‖utt‖ + ‖uttt‖ds

)
. (3.22)

Therefore, by the Holder’s inequality, there is a uniform constant Cr , s.t.

|εn | ≤ |Gn | +
∣∣∣
∫
	

H
[
un− 1

2
]
Re

[
un− 1

2 en
]
dx

∣∣∣ ≤ Cr

⎛
⎝τ2 + ‖en‖ + τ

n−1∑
k=1

‖ek‖
⎞
⎠ , ∀n ≤ M∗.

(3.23)

Then, we evaluate L2 norm on both sides of (3.21) and use Lemma 1, we have:

‖en+1‖ ≤ 2|β|τ‖An B D1‖ + 2|β|τ‖T 1‖ + τ

n+1∑
k=2

(
2|β|‖An+1−k B Dk‖ + ‖An+1−k BT k‖

)

≤ 2|β|
(

τ‖D1‖ + τ

n+1∑
k=2

‖Dk‖
)

+
(

τ‖T 1‖ + τ

n+1∑
k=2

‖T k‖
)

. (3.24)
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It is easy to see that ‖D1‖, ‖T 1‖ � τ . For all k ≥ 2, there is a uniform constant C ≥
Cr ‖ f (|uk− 1

2 |)uk− 1
2 ‖

2
√

C0
> 0, such that the following expressions can be derived from (3.17) and

(3.18):

‖Dk‖ ≤ ‖D1‖ + ‖D2‖ + ‖D3‖

≤ Cr
∥∥ f

(|uk− 1
2 |)uk− 1

2
∥∥

2
√

C0

(
2τ 2 + ‖ek‖ + ‖ek−1‖ + 2τ

k−1∑
i=1

‖ei ‖
)

+
(
maxt∈[0,T ] r(t)

)∥∥ f
(|uk− 1

2 |)uk− 1
2
∥∥

√
C0

∥∥uk− 1
2

+ Ũ k− 1
2
∥∥3

L6

(3
2
‖ek−1‖ + 1

2
‖ek−2‖ +

∥∥∥
∫ tk

tk−1

utt (·, s)(tk − s)ds
∥∥∥)

+ rk−1 + rk

2
√

E[Ũ k− 1
2 ]

[
3
(∥∥ f

(|uk− 1
2 |2)∥∥L∞

+ ∥∥ f
(|Ũ k− 1

2 |2)∥∥L∞
)(3

2
‖ek−1‖ + 1

2
‖ek−2‖

)
+ ‖

∫ tk

tk−1

utt (·, s)(tk − s)ds‖
]

≤ Cr
∥∥ f

(|uk− 1
2 |)uk− 1

2
∥∥

2
√

C0
‖ek‖ + C

(
‖ek−1‖ + ‖ek−2‖ + τ

k−1∑
i=1

‖ei ‖ + τ

∫ tk

tk−1

‖utt‖ds
)
,

(3.25)

‖T k‖ ≤ τ
( ∫ tk

tk−1

‖uttt‖ + ‖utt‖H2 + |rtt | + |rttt |ds
)
. (3.26)

Then, from (3.24), we have:

(
1 − τ

|β|Cr
∥∥ f

(|un+ 1
2 |)un+ 1

2
∥∥

√
C0

)
‖en+1‖ ≤ τ

n∑
k=1

C
(
2 + (n + 1 − k)τ

)
‖ek‖

+
(
τ
(‖D1‖ + ‖T 1‖) + τ 2

∫ T

0
‖uttt‖ + ‖utt‖H2 + |rtt | + |rttt |ds

)

≤ τ

n∑
k=1

(2C + CT )‖ek‖ + Cτ 2
(
1 +

∫ T

0
‖uttt‖ + ‖utt‖H2 + |rtt | + |rttt |ds

)

Let τ and C0 be appropriate numbers, s.t τ
|β|Cr ‖ f (|un+ 1

2 |)un+ 1
2 ‖√

C0
≤ 1

2 . Then, by applying
Lemma 2, we arrive at

‖en+1‖ ≤ τ 22Ce4CT +CT 2
(
1 +

∫ T

0
‖uttt‖ + ‖utt‖H2 + |rtt | + |rttt |ds

)
, ∀n ≤ M∗ − 1.

We also derive from (3.23) that:

|εn | ≤ Cr

(
τ 2 + ‖en‖ + τ

n−1∑
k=1

‖ek‖
)

� τ 2, ∀n ≤ M∗.
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Next we shall use a similar procedure to derive the error estimates in Hs-norm. To this end,
we evaluate the Hs norm on both sides of (3.21) and apply Lemma 1 again to obtain

‖en+1‖Hs ≤ 2|β|
⎛
⎝τ‖D1‖Hs + τ

n+1∑
k=2

‖Dk‖Hs

⎞
⎠ +

⎛
⎝τ‖T 1‖Hs + τ

n+1∑
k=2

‖T k‖Hs

⎞
⎠ , ∀n ≤ M∗ − 1.

For s > d/2 + 1, both Hs(Rd) and Hs−1(Rd) ↪→ L∞(Rd) by the Sobolev embedding
theorem. Hence, there exists a constant c depending on l and s only, s.t.

∥∥ f
(|g1|2)g1 − f

(|g2|2)g2∥∥Hs ≤ c
(‖g1‖p0−1

Hs + ‖g2‖p0−1
Hs

)‖g1 − g2‖Hs , ∀g1, g2 ∈ Hs .

Then we can repeat the process of the error estimates in L2 above to obtain the Hs estimates.
More precisely, we can derive

‖Dk‖Hs ≤
∥∥ f

(|uk− 1
2 |)uk− 1

2
∥∥

Hs

2
√

C0

|εn | + |εn+1|
2

+max{r(t)} · ∥∥uk− 1
2 + Ũ k− 1

2
∥∥3

L6 · ∥∥ f
(|uk− 1

2 |)uk− 1
2
∥∥

Hs√
C0(3

2
‖ek−1‖ + 1

2
‖ek−2‖ +

∥∥∥
∫ tk

tk−1

utt (·, s)(tk − s)ds
∥∥∥)

+ rk−1 + rk

2
√

E
[
Ũ k− 1

2
]
[
c
(∥∥uk− 1

2
∥∥p0−1

Hs + ∥∥Ũ k− 1
2
∥∥p0−1

Hs

)(3
2
‖ek−1‖Hs

+1

2
‖ek−2‖Hs

)
+

∥∥∥
∫ tk

tk−1

utt (·, s)(tk − s)ds
∥∥∥

Hs

]

≤ C
(
τ 2 + ‖ek−1‖Hs + ‖ek−2‖Hs + τ

∫ tk

tk−1

‖utt‖Hs ds
)
,

‖T k‖Hs ≤ τ
( ∫ tk

tk−1

‖uttt‖Hs + ‖utt‖Hs+2 + |rtt | + |rttt |ds
)
,

which leads to

‖en+1‖Hs ≤ 2Cτ

n∑
k=0

‖ek‖Hs

+Cτ 2
(
1 +

∫ T

0
‖uttt‖Hs + ‖utt‖Hs+2 + |rtt | + |rttt |ds

)
, ∀n ≤ M∗ − 1.

Applying the discrete Gronwall’s inequality again, we derive

‖en+1‖Hs ≤ τ 2Ce2CT
(
1 +

∫ T

0
‖uttt‖Hs + ‖utt‖Hs+2 + |rtt | + |rttt |ds

)
, ∀n ≤ M∗ − 1.

(3.27)

where C is independent to τ .
With the above error estimate, we now show that T ∗ in Theorem 3 can be extended to

T . Indeed, we set the initial condition to be U T ∗/τ and repeat the process in Theorem 3 and
the above arguments. The proof is complete if we can repeat enough times to reach time T .

123



Journal of Scientific Computing            (2021) 88:69 Page 15 of 24    69 

Otherwise, there exists Tc < T < Tmax, such that
∞∑

k=1

T ∗
k ≤ Tc.

where T ∗
k is the time range for the k-th time of applying the above process. Since the solution

u(x, t) to (1.1) is well defined on [0, Tc], so we define:

Mc = sup
t∈[0,Tc]

{‖u(·, t)‖Hs } + 1.

Then, for a sufficiently small τ , we have: for any k = 0, 1 . . .,

‖U T ∗
k /τ‖Hs ≤ Mc.

Then according to the calculations in Theorem 3, when β < 0, by (3.6),

T ∗
k =

(
4C2K‖U T ∗

k−1/τ‖p0−1
Hs

)−1 ≥
(
4C2K M p0−1

c

)−1 := T ∗
min,

and when β > 0, by (3.7),

T ∗
k =

(
8C3K

(∥∥U
(
T ∗

k−1

)∥∥
Hs + √

D0
)∥∥U

(
T ∗

k−1

)∥∥p0−1
Hs

)−1

≥
(
8C3K

(
Mc + √

D0
)
M p0−1

c

)−1 := T ∗
min,

for any k = 1, 2, . . .. But this will lead to the contradiction that

∞ =
∞∑

k=1

T ∗
min ≤

∞∑
k=1

T ∗
k ≤ Tc.

The proof is complete. �


4 A Fully-Discrete Scheme and Numerical Results

Since the problem (1.1) is set in thewhole spaceRd , we shall use the Hermite spectral method
[24] to discretize the whole space directly to avoid additional errors by domain truncation.

4.1 Fully Discretized Hermite-SAV Scheme

We first recall some basic properties of Hermite spectral method.

Let Hn(x) be the n-th degree Hermite polynomial and Ĥn(x) := 1
dn

Hn(x)e− x2
2 be the

corresponding normalized Hermite function with dn = (π1/4
√
2nn!). We define the one-

dimensional approximation space

X N = span{Ĥ0, . . . , ĤN }.
Let {x j } j=0,N be the Gauss–Hermite collocation points, i.e., zeros of HN+1(x), we define
the 1-D discrete inner product by

( f , g)N =
N∑

j=0

f (x j )ḡ(x j )ω j , ∀ f , g ∈ C(R), (4.1)
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where {ω j } j=0,N are the corresponding weights of the Gauss–Hermite quadrature [24]. The
multi-dimensional discrete inner product (·, ·)N is defined through the tensor-product of the
1-D formula. Note that we have in particular [24]

( f , g)N = ( f , g), ∀ f , g ∈ Xd
N . (4.2)

We construct the fully discrete Hermite-SAV scheme as follows:
Let U 0

N = �̂N u0 and r0N = r(0). We first compute U 1
N ∈ Xd

N and r1N ∈ R such that
∀vN ∈ Xd

N

i

(
U 1

N − �̂N u0

τ
, vN

)
+ α

2

(
�
(
U 1

N + U 0
N

)
, vN

) = −β
(
r1N + r0N

)(
H
[
�̂N u0

]
�̂N u0, vN

)
N ,

(4.3)

r1N − r0N = Re
{(

H
[
�̂N u0

]
�̂N u0, U 1

N − �̂N u0
)

N

}
. (4.4)

Then for n ≥ 1, we look for U n+1
N ∈ Xd

N and rn+1
N ∈ R, such that ∀vN ∈ Xd

N

i

(
Un+1

N − Un
N

τ
, vN

)
+ α

2

(
�(Un+1

N + Un
N
)
, vN

)=−β
(
rn+1

N +rn
N
)(

H
[
Ũ

n+ 1
2

N

]
Ũ

n+ 1
2

N , vN
)

N ,

(4.5)

rn+1
N − rn

N = Re
{(

H
[
Ũ

n+ 1
2

N

]
Ũ

n+ 1
2

N , Un+1
N − Un

N
)

N

}
, (4.6)

where Ũ
n+ 1

2
N := 3

2U n
N − 1

2U n−1
N . Note that the above spatial discretization is a Galerkin

discretization with numerical quadrature.
The above fully discrete scheme can be efficiently implemented as in the semi-discrete

case. Indeed, writing

U n+1
N = φn+1

N + rn+1
N ϕn+1

N , (4.7)

in (4.5), we find that φn+1
N and ϕn+1

N satisfy
(

i

τ
φn+1

N + α

2
�φn+1

N , vN

)
= (

Qn
N , vN

)
N , ∀vN ∈ Xd

N , (4.8)

(
i

τ
ϕn+1

N + α

2
�ϕn+1

N , vN

)
= −β

(
H
[
Ũ

n+ 1
2

N

]
Ũ

n+ 1
2

N , vN
)

N , ∀vN ∈ Xd
N , (4.9)

with

Qn
N = i

τ
U n

N − α

2
�U n

N − βrn H
[
Ũ

n+ 1
2

N

]
Ũ

n+ 1
2

N .

Once φn+1
N and ϕn+1

N are known, we can determine rn+1
N explicitly by plugging (4.7) in (4.6).

Hence, the main computational cost is to solve (4.8) and (4.9) which can be very efficiently
solved using the algorithm presented in [24]. More precisely, in the 1-D case, (4.8) and (4.9)
lead to tridiagonal systems, and in the multi-dimensional cases, they lead to sparse linear
systems that can be efficiently solved by using the matrix diagonalization technique [24].

By following exactly the same procedure as in the proof of Theorem 2, we can establish
the following result:
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(a) (b)

Fig. 1 Example 4.1: maximum errors of Hermite SAV/CN method

Theorem 5 The fully discretized SAV scheme (4.3)–(4.6) preserves a modified Hamiltonian
unconditionally in the sense that

α

2

∥∥∇U n+1
N

∥∥2 − β
(
rn+1

N

)2 = α

2

∥∥∇U n
N

∥∥2 − β
(
rn

N

)2
, n = 0, 1, . . . , M − 1.

Remark 2 In principle, the error analysis for the above fully discretized scheme can be carried
out by combining the analysis in the last section with the approximation properties of the
Hermite functions as in [16]. However, this process can be very tedious particularly due to
the pseudo-spectral treatment of the nonlinear terms. We leave it for the interested reader.

4.2 Numerical Results

Example 4.1 We consider the one-dimensional nonlinear Schrödinger equation

i
∂u

∂t
+ ∂2u

∂x2
+ 2|u|2u = 0, (4.10)

with an analytical solution given by [27]

u(x, t) = sech(x − 4t)ei(2x−3t).

We first investigate the convergence rate. Fix N = 256 so that the spatial discretization
error is negligible compared with time discretization error. Figure 1a shows clearly that
the method has a second convergence rate in time. Next, we take τ = 0.00001 so that
the time discretization error is negligible compared with the spatial discretization error up to
around 10−8. Figure 1b shows clearly that spatial error behaves like e−c

√
N . This exponential

convergence is a typical behavior of the Hermite spectral method.
Next, we make a comparison with the results computed by the time-splitting Chebyshev-

tau spectral (TSCT) method proposed in [27], where the computational domain is truncated
as [−16, 16]. To this end, we let τ = 0.00001. The maximum errors are listed in Table 1.
As we can see from the table, the proposed Hermite-spectral method in the whole space can
achieve much higher accuracy than the TSCT method based on domain truncation.
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Table 1 Maximum errors at T = 0.5 with τ = 0.00001

N 64 128 256

TSCT method [27] 6.9851e−2 1.1099e−4 1.6665e−6

Hermite-SAV scheme (4.3)–(4.6) 1.1268e−4 1.1020e−6 3.9481e-9
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Fig. 2 Example 4.1: Left: Modified energy with τ = 0.01; right: |E(un
N ) − Ẽ(un

N , rn
N )| with different τ

Next, we examine the conservation of the energy. We plot the discrete modified energy
Ẽ(un, rn) computed by the proposed method with τ = 0.01 and N = 256 in Fig. 2 (left),
and the difference between the original discrete energy E(un

N ) and the modified energy
Ẽ(un

N , rn
N ) with different τ in Fig. 2 (right). It is obvious that the proposed scheme indeed

conserves modified energy, and the difference between the modified and original discrete
energy decays with a second-order rate in time.

Example 4.2 We consider the interaction of two solitons. The initial condition in (4.10) is
taken as [15]

u0(x) = sech(x − 10) exp(−2i(x − 10)) + sech(x + 10) exp(2i(x + 10)).

This initial condition represents the interaction of two solitons of equal amplitude 1.

The discretization parameters in the computation are taken as N = 200, τ = 0.01. In Fig. 3,
we show the interactions of two solitons traveling in opposite directions with velocity 4 at
different time. In Fig. 4, we plot the interaction process in space-time. We observe that the
two solitons collide, then separate, and return to their original shapes after collision.

Example 4.3 We consider the one-dimensional nonlinear Schrödinger equation (4.10) with
the following analytical solution [19]

u(x, t) =
(
9(σ + 1)

8
sech2

(
3σ

2
(x − 4t + 5)

)) 1
2σ

exp

(
2i

(
x − 7

8
t

))
.

Figure 5a shows the convergence rate in timewith N = 512. Figure 5b shows the convergence
rate in time with τ = 0.00001. Second order convergence rate in time and exponential
convergence in space are observed forσ = 1 andσ = 2. Figure 6 (left) shows the conservation
property of the discrete modified energy Ẽ(un, rn) using N = 256 and τ = 0.01. The
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Fig. 3 Example 4.2: The interaction of two solitons of equal amplitude

Fig. 4 Example 4.2: Interaction
of two solitons

difference between the original discrete energy E(un
N ) and the modified energy Ẽ(un

N , rn
N )

with different τ and σ = 2 was also showed in Fig. 6 (right). It is obvious that the proposed
scheme indeed conserves modified energy, while the convergence rate of the modified energy
to the original energy appears to be second-order only.

Example 4.4 In this example, we consider the following Schrödinger equation with saturated
nonlinear term

i
∂u

∂t
+ 1

2

∂2u

∂x2
+ 2β

|u|2
1 + |u|2 u = 0. (4.11)
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(a) (b)

Fig. 5 Example 4.3: Maximum errors of Hermite SAV/CN method with different σ

Fig. 6 Example 4.3: Left: Modified energy with τ = 0.01; right: |E(un
N ) − Ẽ(un

N , rn
N )| with σ = 2

The initial condition of Eq. (4.11) is taken as the Gaussian-type data

u0(x) = √
0.1 exp(−x2/0.622).

We fix β = 1, and take the numerical solution with N = 256 and τ = 10−5 as reference
solution. We observe from Fig. 7 that the scheme converges with second-order in time.

We also observe from Fig. 8 that the modified energy converges to the original energy
with second-order in time.

Example 4.5 We consider the two-dimensional nonlinear Schrödinger equation

i
∂u

∂t
+ �u + 2|u|2u = 0, (4.12)

with the initial condition

u0(x) = sech(x1)sech(x2).
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Fig. 7 Example 4.4: Maximum
errors of Hermite SAV/CN
method

τ
10-5 10-4 10-3 10-2

E
rr

or
10-10

10-9

10-8

10-7

10-6

10-5

10-4

10-3

T=0.5
T=1
A line of slope 2

t
0 1 2 3 4 5 6 7 8 9 10

M
od

ifi
ed

 E
ne

rg
y

0.0479

0.0479

0.0479

0.0479

0.0479

0.0479

0.0479

0.0479

0.0479

0.0479

0.0479

t
0 1 2 3 4 5 6 7 8 9 10

10-18

10-16

10-14

10-12

10-10

10-8

10-6

τ=10-2

τ=10-3

τ=10-4

τ=10-5

Fig. 8 Example 4.4. Left: Modified energy; Right: |E(un
N ) − Ẽ(un

N , rn
N )| with different τ

We take the numerical solution obtained with N = 256 and τ = 10−4 as reference
solution. We observe from Fig. 9 that the scheme convergence rate in time.

Figure 10 (left) shows the modify energy with τ = 0.01. As expected, it is conserved
exactly. Figure 10 (right) shows the difference between the modified energy and original
energy, and it converges with second-order in time.

5 Concluding Remarks

We considered semi-discrete and fully discrete second-order SAV schemes for the nonlin-
ear Schrödinger equation in the whole space with typical and generalized nonlinearities,
and derived rigorous optimal error estimates for the semi-discrete in time scheme. To the
best of our knowledge, this is the first rigorous error analysis for a SAV scheme applied to
Hamiltonian PDEs.

As with other SAV type schemes, the scheme we consider in this paper unconditionally
conserves a modified energy, and only requires solving linear systems with constant coeffi-
cients at each time step. Hence, it is very efficient and easy to implement. We also presented
numerical experiments which validated the theoretical results and demonstrated the effec-
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Fig. 9 Example 4.5: Maximum errors of Hermite SAV/CN method
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Fig. 10 Example 4.5. Left: Modified energy with τ = 0.01; Right: |E(un
N ) − Ẽ(un

N , rn
N )| with different τ

tiveness of the scheme. We note that while the SAV scheme presented in this paper does
not conserve the original energy, our numerical examples indicate that the modified energy
converges to the original energy with second-order accuracy. Note that one can also construct
a SAV scheme using a Lagrange multiplier approach [13] to conserve the original energy
exactly at the expense of solving a nonlinear algebraic equation at each time step.

Funding The work of J. Shen is supported in part by NSF Grant DMS-2012585 and by AFOSR FA9550-
20-1-0309. The work of Q. Zhuang is supported in part by National Natural Science Foundation of China
(No. 11771083), and the Promotion Program for Young and Middle-aged Teacher in Science and Technology
Research of Huaqiao University(No. ZQN-702). Data sharing not applicable to this article as no datasets were
generated or analysed during the current study.

123



Journal of Scientific Computing            (2021) 88:69 Page 23 of 24    69 

References

1. Abdullaev, F., Darmanyan, S., Khabibullaev, P., Engelbrecht, J.: Optical Solitons. Springer, Berlin (2014)
2. Akrivis, G., Dougalis, V., Karakashian, O.: On fully discrete Galerkin methods of second-order temporal

accuracy for the nonlinear schrödinger equation. Numer. Math. 59(1), 31–53 (1991)
3. Antoine, X., Arnold, A., Besse, C., Ehrhardt, M., Schadle, A.: A review of transparent and artificial

boundary conditions techniques for linear and nonlinear Schrodinger equations. Commun. Comput. Phys.
4(4), 729–796 (2008)

4. Antoine, X., Bao, W., Besse, C.: Computational methods for the dynamics of the nonlinear
Schrödinger/Gross–Pitaevskii equations. Comput. Phys. Commun. 184(12), 2621–2633 (2013)

5. Antoine, X., Besse, C., Klein, P.: Absorbing boundary conditions for general nonlinear Schrödinger
equations. SIAM J. Sci. Comput. 33(2), 1008–1033 (2011)

6. Antoine, X., Besse, C., Klein, P.: Numerical solution of time-dependent nonlinear Schrödinger equations
using domain truncation techniques coupledwith relaxation scheme. Laser Phys. 21(8), 1491–1502 (2011)

7. Antoine, X., Shen, J., Tang, Q.: Scalar auxiliary variable/lagrange multiplier based pseudospectral
schemes for the dynamics of nonlinear Schrödinger/Gross–Pitaevskii equations (2020). https://hal.
archives-ouvertes.fr/hal-02940080/document

8. Bao, W., Cai, Y.: Uniform error estimates of finite difference methods for the nonlinear Schrödinger
equation with wave operator. SIAM J. Numer. Anal. 50(2), 492–521 (2012)

9. Bao,W., Shen, J.:A fourth-order time-splitting laguerre-hermite pseudospectralmethod forBose–Einstein
condensates. SIAM J. Sci. Comput. 26(6), 2010–2028 (2005)

10. Besse, C.: A relaxation scheme for the nonlinear Schrödinger equation. SIAM J. Numer. Anal. 42(3),
934–952 (2004)

11. Borzì, A., Decker, E.: Analysis of a leap-frog pseudospectral scheme for the Schrödinger equation. J.
Comput. Appl. Math. 193(1), 65–88 (2006)

12. Cazenave, T.: Semilinear Schrödinger Equations, volume 10 of Courant Lecture Notes in Mathematics.
New York University, Courant Institute of Mathematical Sciences, New York; American Mathematical
Society, Providence, RI (2003)

13. Cheng, Q., Shen, J.: Global constraints preserving scalar auxiliary variable schemes for gradient flows.
SIAM J. Sci. Comput. 42(4), A2489–A2513 (2020)

14. Dehghan, M., Taleei, A.: Numerical solution of nonlinear Schrödinger equation by using time–space
pseudo-spectral method. Numer. Methods Partial Differ. Equ. 26(4), 979–992 (2010)

15. Gardner, L.R.T., Gardner, G.A., Zaki, S.I., El-Sahrawi, Z.: B-spline finite element studies of the non-linear
schrödinger equation. Comput. Methods Appl. Mech. Eng. 108(3–4), 303–318 (1993)

16. Guo, B., Shen, J., Xu, C.: Spectral and Pseudospectral Approximations Using Hermite Functions: Appli-
cation to the Dirac Equation, vol. 19, pp. 35–55 (2003). Challenges in Computational Mathematics,
Pohang (2001)

17. Ignat, L.I., Zuazua, E.: Numerical dispersive schemes for the nonlinear Schrödinger equation. SIAM J.
Numer. Anal. 47(2), 1366–1390 (2009)

18. Lu, T., Cai, W.: Fourier spectral-discontinuous Galerkin method for time-dependent 3-d Schrodinger–
Poisson equations with discontinuous potentials. J. Comput. Appl. Math. 220(1–2), 588–614 (2008)

19. Robinson, M.P.: The solution of nonlinear Schrödinger equations using orthogonal spline collocation.
Comput. Math. Appl. 33(7), 39–57 (1997)

20. Schrödinger, E.: An undulatory theory of the mechanics of atoms and molecules. Phys. Rev. 28(6), 1049
(1926)

21. Shen, J., Xu, J.: Convergence and error analysis for the scalar auxiliary variable (SAV) schemes to gradient
flows. SIAM J. Numer. Anal. 56(5), 2895–2912 (2018)

22. Shen, J., Xu, J., Yang, J.: The scalar auxiliary variable (SAV) approach for gradient fluids. J. Comput.
Phys. 353, 407–416 (2018)

23. Shen, J., Xu, J., Yang, J.: A new class of efficient and robust energy stable schemes for gradient flows.
SIAM Rev. 61(3), 474–506 (2019)

24. Shen, J., Tang, T., Wang, L.-L.: Spectral Methods: Algorithms, Analysis and Applications, vol. 41.
Springer, Berlin (2011)

25. Sulem, C., Sulem, P.-L.: The Nonlinear Schrödinger Equation: Self-focusing and Wave Collapse, vol.
139. Springer, Berlin (2007)

26. Thalhammer, M.: High-order exponential operator splitting methods for time-dependent Schrödinger
equations. SIAM J. Numer. Anal. 46(4), 2022–2038 (2008)

27. Wang, H.: An efficient Chebyshev–Tau spectral method for Ginzburg–Landau–Schrödinger equations.
Comput. Phys. Commun. 181, 325–340 (2010)

123

https://hal.archives-ouvertes.fr/hal-02940080/document
https://hal.archives-ouvertes.fr/hal-02940080/document


   69 Page 24 of 24 Journal of Scientific Computing            (2021) 88:69 

28. Wang, J.: A new error analysis of Crank-Nicolson Galerkin fems for a generalized nonlinear Schrödinger
equation. J. Sci. Comput. 60(2), 390–407 (2014)

29. Wang, J.: Unconditional stability and convergence of Crank–Nicolson Galerkin FEMs for a nonlinear
Schrödinger–Helmholtz system. Numer. Math. 139(2), 479–503 (2018)

30. Zouraris, G.: On the convergence of a linear two-step finite element method for the nonlinear Schrodinger
equation. ESAIM Math. Model. Numer. Anal. Model. Math. 35(3), 389–405 (2001)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

123


	Second-Order SAV Schemes for the Nonlinear Schrödinger Equation and Their Error Analysis
	Abstract
	1 Introduction
	2 A Semi-discrete SAV Scheme
	3 Error Analysis for the Semi-discretized Scheme
	3.1 Local Hs Bound of the Numerical Solution
	3.2 Error Estimates

	4 A Fully-Discrete Scheme and Numerical Results
	4.1 Fully Discretized Hermite-SAV Scheme
	4.2 Numerical Results

	5 Concluding Remarks
	References




