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Abstract

We consider a second-order SAV scheme for the nonlinear Schrodinger equation in the whole
space with typical generalized nonlinearities, and carry out a rigorous error analysis. We also
develop a fully discretized SAV scheme with Hermite—Galerkin approximation for the space
variables, and present numerical experiments to validate our theoretical results.
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1 Introduction

We consider in this paper numerical approximation of the following nonlinear Schrodinger
(NLS) equation [20]:

i% = —aAu—2Bf(ul)u, xeR? t>0, (LD)
u(x,0) = ug(x), xeRY(d=1,273), :
with the initial and boundary conditions
u(x,0) =uo(x), lim |u(x,1)|=0,r>0. (1.2)
|x]—o00
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Inthe above, @ > Oand B € Rare two dimensionless constants with 8 < 0 for the repulsive or
defocusing interaction and B > O for the attractive or focusing interaction, i is the imaginary
unit, u (-, t) : RY — C for any t > 0, and f(-) is a real-valued smooth function. In this work,
we will consider the following typical cases:

(1) f(p) = p°, where o is a positive integer, referred to as polynomial nonlinearity with
f(p) = p to be the usual cubic nonlinearity [20].

2) fp) = # with y > 0, referred to as the saturation of the intensity nonlinearity [1].

The NLS equation arises in many areas of sciences and engineering, in particular, it is a
mean-field approximation of many-body problems in quantum physics and chemistry [20].
Its analysis, approximation and simulation have attracted enormous attention in past decades,
we refer to [12,25] for its mathematical properties and [3,4] for reviews of its numerical
approximation.

The NLS equation enjoys many distinctive mathematical properties, including in particular
conservations of energy (or Hamiltonian)

o
Eorai[ul(r) == /d EIVu(x, OI* = 2BF (ju(x, )[*)dx = Erpa[u](0), V1 >0, (1.3)
R
where F(p) := fop f(s)ds, and conservation of mass

Nlul(t) := / I lu(x, 1)|2dx = N[u](0), Vt > 0. (1.4)
R(

Thus, it is important for a numerical scheme to conserve (or accurately approximate) the
discrete energy and mass. Among the many existing schemes for the NLS equation (1.1), the
implicit Crank—Nicolson scheme [2] is perhaps the only scheme which can conserve both
energy and mass for general f, and the relaxation finite-difference scheme [5,6,10] conserves
both energy and mass for the special case of cubic nonlinearity. The implicit Crank—Nicolson
scheme leads to a nonlinear system at each time step while the relaxation finite-difference
scheme leads to a linear system with variable coefficients at each time step. Both are second-
order accurate in time. We refer to [4,8,9,17,26] for more detail on the various numerical
schemes for the NLS equation.

Recently, a powerful approach, the so called scalar auxiliary variable (SAV) approach
[22,23], was introduced for gradient flows. The SAV approach leads to numerical schemes
with some remarkable properties: (i) unconditionally energy stable; (ii) only requiring solv-
ing decoupled linear systems with constant coefficients at each time step. Since the NLS
equation also has a variational structure with respect to the free energy (1.3), we can apply
the SAV approach to the NLS equation to construct an efficient and accurate discretization
in time scheme with the following properties: (i) it is second-order, unconditionally stable
and conserve a modified energy; (ii) it only requires solving two Poisson-type equations at
each time step. The semi-discrete scheme can be combined with any consistent Galerkin
type spatial discretization such as finite-elements [28—30] or spectral methods [11,14,18] to
construct fully discrete schemes with the same properties as the semi-discrete scheme. In
this paper, we treat the unbounded domain directly using a Hermite-spectral method so as to
eliminate the domain truncation error.

While the construction of the SAV scheme for the NLS equation using the SAV approach is
quite straightforward since the NLS equation can be reformulated as a gradient flow system,
its error analysis can not follow from the analysis in [21] which used essentially the dissipative
property of gradient flows to derive a uniform H? bound for the numerical solution. However,
the NLS equation is dispersive and conserves the energy so there is no dissipation. Therefore,
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more delicate analyses are needed for the error estimates. The main goals of this paper are
to derive optimal error estimates for the semi-discrete SAV scheme.

The rest of the paper is organized as follows. In Sect. 2, we describe the second-order
Crank—Nicolson scheme with Adams—Bashforth extrapolation based on the SAV approach
in the semi-discrete form, and prove its stability and energy conservation. In Sect. 3, we
carry out a rigorous error analysis for the semi-discrete SAV scheme. In Sect. 4, we construct
the fully discrete Hermite SAV scheme, and perform some numerical results to verify our
theoretical results. Some concluding remarks are given in the last section.

We now describe some notations. We denote 2 = R?, d = 1,2, 3. For any complex
function v, ¥ denotes its complex conjugate, and the inner product in L?(£2) is

(w, v) :=/ woudx.
Q

We will use the standard notations L2(Q), H¥(Q) and Hé“(Q) to denote the usual Sobolev
spaces of complex functions over §2. The norm corresponding to H*(§2) will be denoted
simply by || - ||x. In particular, we use || - || to denote the norm in L2(2). We shall use C to
denote a generic positive constant independent of the time step size t, and occassionaly we
use A < B to denote that A < C B for some constant C independent of .

We recall a regularity result for (1.1) which plays an important role in the subsequent error
analysis.

Theorem 1 (see, for instance, [12], Theorem 4.10.1) Let s > % be an integer. For every
ug € HS(RY), there exists Tyyay > 0, such that

o there is a unique, maximal solution u € C([0, Tyax); H* (RY)) for (1.1);
e if B <O, then T, = 00;
o f Tyax < 00, then lim; 7, |u(-, 1)l| s — oo,

2 A Semi-discrete SAV Scheme

While the SAV approach was originally introduced for dissipative gradient flows, it can be
directly applied to dispersive equations such as NLS with variational structures. Indeed, the
key in the SAV approach is to introduce a scalar auxiliary variable (SAV) r(¢) := / E[u](t)
where, for a given Cp > 0 and F(p) := fop f(s)ds,

E[ul(t) :=f F(lu(x, n)[*)dx + Co. 2.1)
Q

We choose Cy such that E[u]+ Co > § > 0 for any u. Note that it is important not to include
“—28" in the definition of E[u](¢) because, for g > 0, =28 fQ F(Ju(x, t)|*)dx can not be
bounded from below for all u.

‘We reformulate (1.1) as:

S0 _ r 2
ldat = IUlAM 2,3\/2mf(|u|_ u,
= JETA Jo ful*)Re(u - i;)dx,

(2.2)

with the initial and boundary conditions. To simplify the presentation, we shall omit the
boundary conditions in (1.2) in all subsequent equations.

LetO < T < Tyax- Givenatime step T, we set M = % Then a second-order SAV scheme
for (2.2) based on Crank—Nicolson with Adams—Bashforth extrapolation is:
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Let U = ug, r¥ = r(0), and denote H[w] = £(wi®) We compute U! and r! by a

. : VEWI
Crank—Nicholson scheme with a first-order extrapolation
Ul _ UO Ul U, 1 0
AN U VISR TIN T 23)
T 2 2
Pl 0 = / H[Uy]Re(Uy - Ul — Up)dx. 24
Q

Thenforn=1,2,..., M — 1,
Un+l _yn Un+l un n+1 n
AN <+) _25%

~

H[O" )03, (2.5)

ﬁ
<
I

ntl _on /H[Un-&-%]Re[[}"'f‘%.(m)]dx, (2.6)
Q

where U nty — %U "— %U n=1 We note that the first-order extrapolation used in (2.3)-(2.4)
has a second-order local truncation error so the overall accuracy is still second-order. In a
recent paper [7], a similar scheme is constructed but the first-step is computed by a nonlinear
Crank—Nicolson scheme.

It is clear that the scheme (2.5)—(2.6) is linear but coupled. We show below that it can be
efficiently solved. Writing

Un+1 — ¢l‘l+] + rn+l(pn+l, (27)
in (2.5), we find that ¢"+! and "t satisfy

£¢n+1 n %Ad)nﬂ — o 2.8)
%(pn+l n %A(pn+l _ _ﬂH[[jH%](}H%, (2.9)
with
0" = %U" - %AU” — BrrH[O"H )T

Then, plugging (2.7) in (2.6), we find

Lo Tty Tl 1
P fy HIOM R0 - T T 210

rn+1
1—[q H[U”Jr%]Re(U”JF% @) dx

In summary, the solution of (2.5)—(2.6) can be determined as follows:

1. Determine ¢ and ¢ from (2.8) and (2.9), respectively;
2. Compute r"*! from (2.10);
3. Obtain U™t! from (2.7).

Hence, the main computational cost of the scheme (2.5)—(2.6) is to solve the two decoupled
linear systems with constant coefficients (2.8)—(2.9), which can be efficiently solved by one’s
favorite method. The first step (2.3)—(2.4) can be solved similarly.

Theorem 2 The SAV scheme (2.3)—(2.6) preserves a modified Hamiltonian unconditionally
in the sense that

IV = B = SV < BT m=0, 1, M1,

@ Springer



Journal of Scientific Computing (2021) 88:69 Page50f24 69

Proof Multiplying Eq. (2.5) by Un*! — U", then integrating it over 2 and taking the real
part, we obtain

n+1 n
0= %(”vu"“n2 - ||VU”||2) - 25%/ H[T" 3 Re(0™F 7 - UM — U")dx.
Q
Then, by plugging (2.6) into the above equation, it yields
e R e S ] R 0 S T I Vi

We can obtain energy conservation of the first step by applying the same process to (2.3)—
(2.4). O

Remark 1 By Theorem 2, we have

a|[VU"|* = 28(+")” = alVuol> — 28 (/ F(|uol?)dx + Co) . n=0,1,..., M.
Q

Hence, when 8 < 0 (the repulsive case), {r"}f1”= o 1s uniformly bounded:

1

") < Eo 2= (ol Vi) +2|ﬂ|/ F(uoP)dx +Co) o n=0.1..... 0. @)
Q
When > 0 (the attractive case), we have
o o
(r")? = —||VU"||* + Dy, where Dy := ———
2|B] 2|8]

which implies

IVuol® + / F(juo)dx + Co.
Q

Ir| < /%||VU”||+M|DO|7 n=0,1,..., M. (2.12)

3 Error Analysis for the Semi-discretized Scheme

The error analysis will be carried out in two main steps. In the first step, we derive a local
(in time) H* bound for the numerical solution. Then, in the second step, we first use the the
local H® bound to derive a local error estimate, followed by a continuation process to extend
the H* bound and the error estimate to the whole interval [0, T'].

3.1 Local H* Bound of the Numerical Solution

We recall a useful result which will be used in the sequel.

Lemma 1 (see [10], Lemma 2.2) Let use define

. —1 . . -1
i i i
A=|1—--atA 1+ -atA), B:=(1— —atA . 1
< Zar ) ( +2at ) ( z(xt > 3.1

Then for any s > 0, we have

e A is a unitary operator on H®.
e B is a bounded operator on H*: || B||s < 1.
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Next, we shall use Lemma 1 to prove that solutions of the scheme (2.3)—(2.6) are uniformly
bounded in H*. To this end, we express solutions of (2.3)—(2.6) using the operators in (3.1)
as follows:

Ul = Aug + Bit - (r1 —I—rO)BWO,
Ul = aun +ﬁirBW”+%(r” +r"+1>, n=1,2,... M—1,

where
1 ~ 12

7}“ Un+§
/E[l?n"r%]

Summing them up, we obtain

Wn+% —

Ut = Ay 4 it [rOA”BWO 4! (A"BW0 + A’HBW%)
n
+y 0k (A"“*kBWk*% + A""Bw“%)] T BiTBW T .+ (33)
k=2

We first establish a result on the local-in-time boundedness of U”" in H*.

Theorem 3 Let ug € H*(RY), with s > % + 1. Then there exist T* and C > 0, independent
of T but dependent on ||\ug|| gs, such that

max (U s} < € = Clluollas),
1<n<M*=T*/t

unconditionally when 8 < 0; and conditionally for T < tg when B > 0, where 1y depends
on |lugll s only.

Proof We derive from (3.3) and Lemma 1 that

3
10" e < 1A Auollas + 1B [Ir011A" BWO i + 1 (14" BW L + 14" BW3 )

n—1
+ 3 K11 BWE R e 4 AT EBWETE ||Hx)} +TlBr T I BW R s
k=2

3
< luollas + 1817 [IrNWOlls + 1 1(IW s+ 1W3 1)

n—1
+ (Z P IIWE 2 s+ A2 ||Hs)> + Wt ||Hs} : (3.4)

k=2

Given ug € H*(R?), we define R such that ||ug| gs = f, and we define the set

R
Bp := {¢ e H'RY), |pllns < 5}-

It is clear that U is uniquely determined by (3.3). Next, we prove by induction that there
exists 7* > 0 such that U"*! € Bg, foralln =0,1..., T*/t — 1.
Obviously up € Bg. assuming that Uk e Br,k=1,2,...,n, wehave

3 1
max ||| =U% — —yk! } <R.
H.&

o {7 -
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Since both H*(R¢) and H*~'(R?) < L>°(R?) by the Sobolev embedding theorem, there
exists a constant C; depending on / and s only, s.t.

Ig' ks < Crllgllys, Vg e H.

So for f(u) = (u)?, we have

-3 )G ) e

while for f(u) = 1+()'f)(u) < u, we have

3= 1o PG 0 = e~ PG o) v

Setting

3, if £ ) = 55 ’

[20 +1, if f(u) = w)°, foro € Z,
po=

we derive from the above and (3.2) that
C
HIBW™ 2|l < <R, Vn. (3.5)

We now proceed as follows:
Case 1 8 < 0. By using (2.11), there is a uniform constant K which only depends on u,
such that
Ir| ||
<K, <K, V2<k<n.

VEBU= - qu] o JEut - o]

Then we derive from (3.4) and (3.5) that there is a constant C, independent of n and 7, s.t.

IO s < lluoll s + C2TK RP.

Hence, for T* < we have

1
4C,KRPOTL?

10" s < lluoll s + CaTKRPO <

| X

(3.6)
Case 2 8 > 0: By using (2.12) and (3.4), we have

” Un+l |

e = lollas + Bz (IVUONIW e + [ VU || w3

. [|vvl| (1w

ue) + Vape
n—1

o)+ DO NVURI (1WA 2 s 4 [ WEE3 IHx)}
k=2

)+ 20 (1w e+ llm)} -
k=2

Since s > 1, [VU¥| < |U*lps < %, forany k = 1,2,...,n, and |VU"!|| <

U™ || gs. We derive from the above and (3.5) that there is a constant C3 independent
ton and 7, s.t.

(1 = tCi1y/aBRP) U s < lluolls + C3T (R ++/IDol) RP. 3.7)

e+ W

et W2

B3 (I

@ Springer



69 Page8of24 Journal of Scientific Computing (2021) 88:69

o 1 * 1 :
Hence, fort < 19 := 1CJapRm and T* < 82 (RT /D) kAT we derive from the above that
MUY s < % This completes the induction, and consequently, the proof of the Theorem.
]

3.2 Error Estimates

We shall make frequent use of the following version of the discrete Gronwall lemma.

Lemma?2 Let a;, b;, ¢;, d;, T and e, for integers i > 0, be non-negative numbers such that

n n—1 n—1
an—i-eri < tZdiai +ch,~+eo, Vn > 0.
i=0 i=0 i=0

Then

n—1

n n—1
a, + er,- < (eo +ch[> exp (‘L’ Zd,) , Yn>0.
i=0 i=0 i=0

We assume that the solution of (1.1) is sufficiently smooth, more precisely,
ug € H*(RY), ue H*0,T; H*(RY)) nH*(0, T; H*T?(RY)), (3.8)
withs > 2whend = lands > 4 + 1 whend =2, 3.
Lemma 3 Assuming (3.8), then for any T < Tyqx, there exists Ko > 0 such that

[lrell Looto, 71 + W7eellLocfo, 71 + 7ee ll Loojo, 1) < Ko.

Proof By the definition in (2.1), the desired results can be proved immediately by expressing
rye and ryy in terms of the integrals of u, u;, u;; and u,y,, respectively. ]

We denote t,, = nt, u"(-) = u(-, t,), and
E"=u"-U", =rty)—r", n=0,1,2..., M,
where [0 = €% = 0.

2
Lemma4 Let H[u] = % Then, we have

|H[w] — H]| < Clw —v|| Yw, ve L2(Q)NL¥K). (3.9)

Furthermore, forany T < Tipax, if lull g0, 7. 52ynw2=0,7:22) T 1U 10, 7 12y < K, there
exists C > 0 s.t.

|H[O"+] - H[@"*3]| < € (%Ile"ll + %ne"—‘n) , (3.10)

~ 1 1
[a 2] = H w2 < €0 max fun (ol (.11
HH[MH+%]un+% — H[u"—%]un—% | < C’té?(?’}] e G O, (3.12)

foralll <n <M —1withM =T|/t.
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Proof By the triangle inequality, we have

|Elv] - ETw)| >
VEWIEw](VED] + VEw]) VE]
Since w(x), v(x) € L2(2) N L*(Q), then w(x), v(x) € L*(Q), and

| Hw] - Hl| <2 lwllys + — | 1wl = 0] = By + B2,

4 4
0 < Elw] = ||w||L4(Q) < o0, and, 0 < E[v] = ||v||L4(Q) < 00.
Then by Holder’s inequality, we have
Bi = C|E[w] = Elvl| = C(lwlfw + [0 =) (lwll + ol w = vl
By < Cllwlizee + llvlizee) lw — vl
On the other hand, by the embedding theorem, we have

lullLoco,7: 1y, WU llL,1:00) < cK, foranyn=1,..., M.

By definition, E[U"], E [u”+%] and E[u"] are uniformly bounded from below, i.e. there
exists K1 > 0, s.t.
1 1 1
E[U"] E"]’ gpn—3]

< Kjforanyn=1,..., M.

Therefore, by setting C = 41(12c21<3 + 2¢4/K 1 K, we have

L L I [ B e B

In
i3] = #le ] < it = = [ ) -]
th

< o un (- &M

)

and
st — et
< |H[u 2wt = B || 4 | H[u 2 e — Hu 2
< CK1K3HMn+% —ur | < tlue-, € with " € (tam12, tug1/2)-
The proof is complete. ,

We are now in position to prove our main result.

Theorem4 Givens > 2 whend = 1 and s > % + 1 when d = 2,3. We assume that the
solution to (1.1) satisfies (3.8). Then, forany T < T,,4x, there exists a constant C independent
of T and n, such that, for t sufficiently small, we have

IU" —uC t)llgs + " —r(ty)| < Ct?, VYn=0,1,....M =T/t.

Proof First, we subtract the PDE from the scheme to obtain the error equations:

1

i :—%Ael—ZﬂDl—f—Tl, (3.13)
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n+l _ _n n+1 n
«%) - —aA%—zﬁD"“ LT >, (3.14)
where
(t1)
D' = | f(u'Pyu’ = f(luolPyuo | + . £ (Iuol?)uo
[ ] VEuol + v E[u'] (Jwol’)
1 1 1 f (uol®)uo
- NI EA Ry 3.15
X|:\/E[u1] «/E[MO]:|  ETuol G19)
with

" /SZH[MO]RE[(uO(/()I a6 ) = s)ds)]dx + /Q RE[H[uo]uoeT]dx

+7 /Tr,(s)ds-l-r/ Re[(Hluoluo — H{u"1u") ;] dx, (3.16)
0 Q

B (r(tn) + r(tn+1))f(|u"+§ |)u”+7
2 e T+ o)

n n+1
T [t — (it
2\ E[U""2]
+ (£ ars - pon i)
= Dy + D, + D3, o

n+1

i In+1 1
= f/ U (X, 8) (a1 — $)2ds +/ Auyy (x, 8)(tnt1 — $)ds
tn th

It 1
([ s = 2ds) (AR = (3.18)
t”
with
gt gt = /Q H[u"+%]Re[u”+%(e”+1 — et — rTl")]dx
o [ Bl Rel @+ ) @ =T
Q
+ / (H[O™4] — B[ ]) R[04 (U — U)]dx +T].  (3.19)
Q
where for any function f,
_ f(thrl) - f(tn) 1 fnt1

T1f = ff(thr%) ;T3 t Frre(8) (tug1 — 5)ds,

3 1 n
1 = Feg) = (3700 = 5£G) = [ 916, = 51ds.
n—1
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We can also rewrite the error Egs. (3.13)—(3.14) as
e' =itB(—28D"+ 1), (3.20)
U= Ae" +itB(—28D" + 1Y),
sothatforn =0,..., M — 1,

n+1
el =it(A"B(=2pD" + T') + Y A B(— 28D 4 78)). (21
k=2
Now let T* < T be defined in Theorem 3 and set M* = T*/t. Since s > 2, Theorem 3
implies there exists K; > 0, s.t.

urtl —yn L~ ]
|| =1t v+ (OO s Ky V=01 ML

By using the Holder’s inequality, Lemmas 3 and 4 and Sobolev embedding that H3(R) <
W2 (R), we find from (3.16) that

T
el = ol (| [ e 5)e = 91ds| + e!) + Pl
0
+e | Hluoluo — Hlu' Ju' | - |y |
< I Huoluol (22 usell w0, + e 1) + 22l
22 Ul ooz 2y < C@ H llet D
We rewrite (3.19) as

/ u”+%]Re[ ”+2e”+]]d
(5 H[u”"' ”+2 e”]dx) - ‘c/ H[u""'%]Re[u”"'%TT“]dx
Q Q
/H[M”Jf% |Re[&" 2 (Un+T = Un)]dx+/ H[u"* 3 |Re[ T (U = U")]dx
Q Q

4 / H[O"] — H [ 3]) R[04 (U1 — U7)]dx + T}

{O

Denote

1

W] Re[&" 2 (U — Un)]dx

+
=
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+ /Q (H[0"4] — H[u"™4)) Re[0" 4 (U1 — U7)]dx

e (1] - /Q H[uw 4 Re[u T Jdx) + /Q H[u" S |Re[ T2 (U — U7)]dx
=G"+G1+ G2+ G3+ G4+ Gs.
The terms G ; can be bounded as follows:
IG1l < TClluy] - le" || < Crlle"].
Gal = =313 (1M + 20 1) (107 = 0m1) = e (Shem i+ 1),
1G3| < (%HU”HM + %IIU”‘I ) (o = o) (| [0
—H[@ 3]+ iR a[e )

3 1 Int1
< ce(Ghen+ e ) + e [ s,
tn

5 Int1
@ [ (1l + el s
In

Ih+1
IGs| < ClU™ — U114 = 612/ e ds.
tn

|Gl

IA

Therefore,
1 1 5 In+1
IG" < |G" [+ Ce(le"| + ") + Cx / [Feeel 4 Nuee |+ Mg llds.
tn

Clearly |G| < 72. Then, for anyn < M,

n—1 N
16" = 16"+ €Ty (el + 12/ ool + e+ Nt ks )
k=1

-1

n—1 In
SC(T2+fZIIek||+r2f |rm|+||un||+||um||ds). (3:22)
0

k=1

Therefore, by the Holder’s inequality, there is a uniform constant C,, s.t.

n—1
le" |<|G"|+‘/ u" 3 Re = 26” dx‘<Cr(t + |l" ||—|—tZ||e ||) Vn < M*.

k=1
(3.23)
Then, we evaluate L2 norm on both sides of (3.21) and use Lemma 1, we have:
n+1
eIl < 218l A"BD ||+ 281N T I+ Y (2BIIA™ ™ BDH| + | A"+ BT
k=2
n+1 n+1
< 2|8 <r||Dl|| +ry ||Dk||) + (rnTln +Ty ||Tk||> : (3.24)
k=2 k=2
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It is easy to see that |D'||, T < t. For all k > 2, there is a uniform constant C >

oA 3t h
=21 > 0, such that the following expressions can be derived from (3.17) and
(3.18):

ID*Il < 1Dyl + D2l + D3]

C, k=L k=1 k=1
- [ £ (k=2 )ub=z | <2r2+”ek”+”ek1|+2,L,Z”ez”

B 2JCo i=1

(maxsero.ry 7)) | £ (w22

+ o~
Neh
+ 042 (Eue"‘1||+1||e"‘2||+]/Zk i )1 = 9)ds | )
L6 2 2 - s
k—l+ k 1

+ = [3(] £ (") 1

2/ E[0% 1]

1 3 1 i
+ 1G22 ) (S5 0+ S 0E5720) + 1 /, i )1 = 9)ds |

G|l f (k=3 ) uk =2 - - k=t i
el (zm) ” el + (el + ek 2\|+r;ue’n+r/% luields ).
(3.25)
Ik
175 < T(/ [eeeer | + Nete | g2 + 17ee] + |r,,,\ds). (3.26)
k-1

Then, from (3.24), we have:

n+% n+%
(1_r|ﬁ|Cr||f(|u u*z|

Nt e > (24 i+ 1= 07 lek]
G 2 )

T
+(z (D" + 1T + rZ/O lutae |+ Nt 2 + el + riaelds )

n T
<ty C+ e +ce?(1+ f el + el g2 + Irie| + Vel ds )
0
k=1

1 1
BICf (" 22 _

N % Then, by applying

Let 7 and Co be appropriate numbers, s.t T
Lemma 2, we arrive at

T
2
"™ < 22t CTHCT (1+ / ||um||+||un||Hz+|rn|+|rm|ds>, Vn < M*—1.
0

We also derive from (3.23) that:

n—1
le"| < C, (r2 +lle"l+Ty ||ek||) <t Vn< M
k=1
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Next we shall use a similar procedure to derive the error estimates in H*-norm. To this end,
we evaluate the H* norm on both sides of (3.21) and apply Lemma 1 again to obtain

n+1 n+l1
e igs < 2181 (rnD‘ s +7y |Dk|H.v) + (rnT‘on +ry ||T"||Hs) . V= MF -1
k=2 k=2

For s > d/2 + 1, both H*(R?) and H*~'(R?) < L>®(R?) by the Sobolev embedding
theorem. Hence, there exists a constant ¢ depending on / and s only, s.t.

I £ (811381 — f(1821%) 2] s < c(lgillhe™" + g2l Vgt — g2llms. Vg, g2 € HY.

Then we can repeat the process of the error estimates in L above to obtain the H* estimates.
More precisely, we can derive

BN A () Vot P

Dk
1 D"\ 1 o .
| max{r(n)} vl P W (it il P
VCo
3 k—1 1 k2 17
Gre+ 12+ [ wntosrw - 91as))
2 2 Tk—1
rk=t gk : ]
T e [ Fr T P
2 /E[0+1]
[y f
3¢ /t:(_lutt(-,s)(tk—s)dS”Hx]
73
< C(r2 + 1€ s + 1€ 2 s + f/ ||u”||H5ds),
Ik—1

173
k
70 = ([ Wl + Wl oa + 1l + ),

k-1

which leads to
n
le" M ms <2CT Y lleH s
k=0

T
(14 / el Wl gesz + Ire + relds ). ¥ < M7~ 1.
0

Applying the discrete Gronwall’s inequality again, we derive

T

le" s < 22CT (14 | Nuillms + sl sz + racl + Irieclds ), ¥n < M* — 1.
0

(3.27)

where C is independent to 7.

With the above error estimate, we now show that 7* in Theorem 3 can be extended to
T. Indeed, we set the initial condition to be U7 /7 and repeat the process in Theorem 3 and
the above arguments. The proof is complete if we can repeat enough times to reach time 7.
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Otherwise, there exists 7, < T < Tpax, such that

o0
YT <T..
k=1
where T} is the time range for the k-th time of applying the above process. Since the solution

u(x, ) to (1.1) is well defined on [0, T.], so we define:

M. = sup {lluC,Dllas}+ 1.
te[0,T,]

Then, for a sufficiently small 7, we have: forany k =0, 1...,
WU s < M.

Then according to the calculations in Theorem 3, when < 0, by (3.6),
. -l -l
T = (4K U T 2 (sek M) =T

min’

and when 8 > 0, by (3.7),
!
1 = (CR (U (1) |+ VD) (1) )
—1
> (8C3K (M +VDo)MP™") = T,
forany k = 1, 2, . ... But this will lead to the contradiction that

o0 o0
0= Ty <Y T <T..
k=1 k=1

The proof is complete. O

4 A Fully-Discrete Scheme and Numerical Results

Since the problem (1.1) is set in the whole space R?, we shall use the Hermite spectral method
[24] to discretize the whole space directly to avoid additional errors by domain truncation.

4.1 Fully Discretized Hermite-SAV Scheme

We first recall some basic properties of Hermite spectral method.
~ XZ
Let H,(x) be the n-th degree Hermite polynomial and H, (x) := éHn (x)e™ 7 be the

corresponding normalized Hermite function with d, = (r/4v/2n!). We define the one-
dimensional approximation space

Xy = span{ﬁo, o, I:IN}.

Let {x;};=0,~ be the Gauss—Hermite collocation points, i.e., zeros of Hy1(x), we define
the 1-D discrete inner product by

N
(f, N =Y fxNExpwj, Vf,geCM®), (4.1)

Jj=0
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where {w;}j—o,n are the corresponding weights of the Gauss—Hermite quadrature [24]. The
multi-dimensional discrete inner product (-, -) y is defined through the tensor-product of the
1-D formula. Note that we have in particular [24]

(f.@n =(f,8), Vf.geXy. 4.2)
We construct the fully discrete Hermite-SAV scheme as follows:
Let UIQ, = Ilyug and rR, = r(0). We first compute U11v € X% and r}v € R such that
Yoy € dev
[ Uy — T yug o N .
i (Nr ”N) + 5 (A(UN +UR), ov) = =B(ry +rX) (H[vuo [ Tlyuo, vw)
4.3)
r}v —rR, :Re{(H[ﬁNuo]ﬁNuo, UI{, —ﬁNuo)N}. 4.4)

Then for n > 1, we look for UK,H € Xflv and r/'\‘,+1 € R, such that Yoy € Xflv

. Ulr\l/+1_U1r\l/ o n+l n n+l *”“‘% *”"‘%
L +§(A(UN +UR) o) ==B(ry" +ry) (H[Uy 2 ]U5 7 o) g

4.5)
il gl
A = Re{(H[OY 10N U~ UR) ), 46)
il
where U;\I,Jrz = %U v = %U]'\l,_l. Note that the above spatial discretization is a Galerkin

discretization with numerical quadrature.
The above fully discrete scheme can be efficiently implemented as in the semi-discrete
case. Indeed, writing

U]r\t/+1 — ¢nN+l +r;:]+l(p;tv+l’ (4-7)

in (4.5), we find that ¢>"+1 and (p”“ satisfy

o
( o+ AR ) = (0%.vn)y. Yoy € X, 4.8)

: y o
<T<p"+1+2A¢"+1 ):—,B(H[U;',+2]UX,+2,UN)N, Yoy € X4, (4.9)

with
i o n+
Q’zlv:;Uz'\ll_EAUN pr* H[ 2]UN

Once ¢! and ;"' are known, we can determine ;™! explicitly by plugging (4.7) in (4.6).
Hence, the main computational cost is to solve (4. 8) and (4.9) which can be very efficiently
solved using the algorithm presented in [24]. More precisely, in the 1-D case, (4.8) and (4.9)
lead to tridiagonal systems, and in the multi-dimensional cases, they lead to sparse linear
systems that can be efficiently solved by using the matrix diagonalization technique [24].

By following exactly the same procedure as in the proof of Theorem 2, we can establish
the following result:
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(a) convergence in time. (b) convergence in space.

Fig.1 Example 4.1: maximum errors of Hermite SAV/CN method

Theorem 5 The fully discretized SAV scheme (4.3)—(4.6) preserves a modified Hamiltonian
unconditionally in the sense that

“IVURE - B0 = SISO~ BGR)E n=0.1 M1,

Remark 2 1In principle, the error analysis for the above fully discretized scheme can be carried
out by combining the analysis in the last section with the approximation properties of the
Hermite functions as in [16]. However, this process can be very tedious particularly due to
the pseudo-spectral treatment of the nonlinear terms. We leave it for the interested reader.

4.2 Numerical Results

Example 4.1 We consider the one-dimensional nonlinear Schrodinger equation

du  9%u
| — 4+ — +2[u’u =0, 4.10
lat + Py + 2|u|“u ( )

with an analytical solution given by [27]
u(x, 1) = sech(x — 4t)e' @30,

We first investigate the convergence rate. Fix N = 256 so that the spatial discretization
error is negligible compared with time discretization error. Figure la shows clearly that
the method has a second convergence rate in time. Next, we take T = 0.00001 so that
the time discretization error is negligible compared with the spatial discretization error up to
around 1073, Figure 1b shows clearly that spatial error behaves like e=<VN This exponential
convergence is a typical behavior of the Hermite spectral method.

Next, we make a comparison with the results computed by the time-splitting Chebyshev-
tau spectral (TSCT) method proposed in [27], where the computational domain is truncated
as [—16, 16]. To this end, we let T = 0.00001. The maximum errors are listed in Table 1.
As we can see from the table, the proposed Hermite-spectral method in the whole space can
achieve much higher accuracy than the TSCT method based on domain truncation.
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Table 1 Maximum errors at 7 = 0.5 with ¢ = 0.00001

N 64 128 256
TSCT method [27] 6.9851e—2 1.1099e—4 1.6665e—6
Hermite-SAV scheme (4.3)—(4.6) 1.1268e—4 1.1020e—6 3.9481e-9
36667 [ 102 e
=10
3.6667 10°F =109 3
=10
> 4 =10°| 4
E” 36667 - 0
w 10
o
& 3eee7f
:g 10
=
3.6667
107 F
3.6666 1 10k
3.6666 e 1079 T
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 & 7 8 9 10

Fig.2 Example 4.1: Left: Modified energy with t = 0.01; right: |E (u},) — E(u’l’v, ry)| with different ¢

Next, we examine the conservation of the energy. We plot the discrete modified energy
E (u™, r") computed by the proposed method with t = 0.01 and N = 256 in Fig. 2 (left),
and the difference between the original discrete energy E(u’) and the modified energy
E (u'y, ryy) with different 7 in Fig. 2 (right). It is obvious that the proposed scheme indeed
conserves modified energy, and the difference between the modified and original discrete
energy decays with a second-order rate in time.

Example 4.2 We consider the interaction of two solitons. The initial condition in (4.10) is
taken as [15]

uo(x) = sech(x — 10) exp(—2i(x — 10)) + sech(x + 10) exp(2i (x + 10)).
This initial condition represents the interaction of two solitons of equal amplitude 1.

The discretization parameters in the computation are taken as N = 200, t = 0.01. In Fig. 3,
we show the interactions of two solitons traveling in opposite directions with velocity 4 at
different time. In Fig. 4, we plot the interaction process in space-time. We observe that the
two solitons collide, then separate, and return to their original shapes after collision.

Example 4.3 We consider the one-dimensional nonlinear Schrodinger equation (4.10) with
the following analytical solution [19]

1
ulx,t) = (%sech2 (370()6 — 4t + 5))) v exp <2i <x — %t)) .

Figure 5a shows the convergence rate in time with N = 512. Figure 5b shows the convergence
rate in time with 7 = 0.00001. Second order convergence rate in time and exponential
convergence in space are observed foro = 1 and o = 2. Figure 6 (left) shows the conservation
property of the discrete modified energy E@", r") using N = 256 and © = 0.01. The
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Fig.3 Example 4.2: The interaction of two solitons of equal amplitude

Fig.4 Example 4.2: Interaction
of two solitons

difference between the original discrete energy E (u'y) and the modified energy E 'y, ry)
with different T and o = 2 was also showed in Fig. 6 (right). It is obvious that the proposed
scheme indeed conserves modified energy, while the convergence rate of the modified energy
to the original energy appears to be second-order only.

Example 4.4 1In this example, we consider the following Schrodinger equation with saturated

nonlinear term 5 )
du 10°u [u|
| — 4+ ——— +28———u=0. 4.11
Yo Taae TP T " 1D
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Aline of slope 2

10 10 103 102 6 8 10 12 14 16
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(a) convergence in time. (b) convergence in space.

Fig.5 Example 4.3: Maximum errors of Hermite SAV/CN method with different o

N=256,7=0.01
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38 L 1015 ! . ! T
o 1 2 3 4 5 6 7 8 9 10 0 2 4 6 8 10
t t

Fig.6 Example 4.3: Left: Modified energy with © = 0.01; right: |E (u},) — E(u'['v, ri)l witho =2

The initial condition of Eq. (4.11) is taken as the Gaussian-type data
uo(x) = 0.1 exp(—x2/0.62%).

We fix 8 = 1, and take the numerical solution with N = 256 and 7 = 1073 as reference
solution. We observe from Fig. 7 that the scheme converges with second-order in time.

We also observe from Fig. 8 that the modified energy converges to the original energy
with second-order in time.

Example 4.5 We consider the two-dimensional nonlinear Schrodinger equation

Lou 2

l§+Au+2|u| u =0, (4.12)
with the initial condition

ug(x) = sech(xj)sech(xy).
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Fig.7 Example 4.4: Maximum 10 T T
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Fig.8 Example 4.4. Left: Modified energy; Right: |E (u;) — E(u';\,, riy)| with different T

4 as reference

We take the numerical solution obtained with N = 256 and t = 10~
solution. We observe from Fig. 9 that the scheme convergence rate in time.

Figure 10 (left) shows the modify energy with ¢ = 0.01. As expected, it is conserved
exactly. Figure 10 (right) shows the difference between the modified energy and original

energy, and it converges with second-order in time.

5 Concluding Remarks

We considered semi-discrete and fully discrete second-order SAV schemes for the nonlin-
ear Schrodinger equation in the whole space with typical and generalized nonlinearities,
and derived rigorous optimal error estimates for the semi-discrete in time scheme. To the
best of our knowledge, this is the first rigorous error analysis for a SAV scheme applied to
Hamiltonian PDEs.

As with other SAV type schemes, the scheme we consider in this paper unconditionally
conserves a modified energy, and only requires solving linear systems with constant coeffi-
cients at each time step. Hence, it is very efficient and easy to implement. We also presented
numerical experiments which validated the theoretical results and demonstrated the effec-
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Fig.9 Example 4.5: Maximum errors of Hermite SAV/CN method
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Fig. 10 Example 4.5. Left: Modified energy with t = 0.01; Right: |E(u'y) — E(u’;v, ri)| with different 7

tiveness of the scheme. We note that while the SAV scheme presented in this paper does
not conserve the original energy, our numerical examples indicate that the modified energy
converges to the original energy with second-order accuracy. Note that one can also construct
a SAV scheme using a Lagrange multiplier approach [13] to conserve the original energy
exactly at the expense of solving a nonlinear algebraic equation at each time step.
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