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We develop a thermodynamically consistent phase-field framework, permeating CHNS (pCHNS),
for solvent transport across semi-permeable interfaces driven by osmotic and hydrostatic pres-
sure differences. The model establishes a bidirectional coupling: the fluid advects solute, while
solute gradients regulate cross-interface solvent flux via osmotic pressure. An energy-variational
derivation yields a closed energy-dissipation law, which we leverage to construct fully discrete,
energy-stable, high-order algorithms: LDG spatial discretization, a decoupled first-order scheme
with unconditional energy stability, and a semi-implicit spectral deferred correction (SDC) upgrade
for high-order temporal accuracy while preserving dissipation. A sharp-interface asymptotic analysis
shows that, under natural scalings, the diffuse model converges to a sharp-interface problem with
the expected kinematic law, normal-stress jump, and solute impermeability conditions, thereby
establishing diffuse-to-sharp consistency. Numerically, a space-time convergence study confirms
design orders and energy decay; a 1D no-flow calibration demonstrates quantitative convergence
to the sharp-interface prediction as the interface thickness vanishes; and 2D simulations examine
how permeability, solute load, and shear shape droplet evolution and equilibrium morphology.
The contributions are methodological and analytical, providing a robust computational frame-
work for coupled fluid-interface-transport problems.

1. Introduction

Semi-permeable interfaces play a central role in both biological and industrial systems by regulating the selective transport of
water and solutes across compartments [1,2]. In living cells, the plasma membrane is typically permeable to water but impermeable
to most solutes, enabling essential physiological functions such as hydration, nutrient uptake, and waste removal [3,4]. As shown in
Fig. 1(a), water exchange across a semi-permeable interface is controlled by the competition between osmotic pressure (generated by
a jump in solute concentration) and hydrostatic pressure (arising from fluid stresses). Together, these forces determine the magnitude
and direction of cross-interface flow, and their imbalance can cause pathological responses such as cell swelling or shrinkage, im-
pairing cellular function [5]. Beyond biology, semi-permeable interfaces are the working principle behind industrial processes such
as desalination, water purification, and chemical separation, as well as in membrane-based energy systems like fuel cells and batter-
ies. In these contexts, the ability to control solvent flux, maintain mechanical integrity, and predict interfacial behavior under large
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\begin {equation}\label {kimematic assume oss} \left \{ \begin {array}{@{}ll} \rho \left (\frac {\partial \bm {u}}{\partial t} + (\bm {u}\cdot \nabla )\bm {u}\right ) = \nabla \cdot \bm {\sigma }_{\eta } +\nabla \cdot \bm {\sigma }_{\phi }, & \mbox {in} ~\Omega , \\ \nabla \cdot \bm {u} = 0, & \mbox {in} ~\Omega , \\ \frac {\partial }{\partial t} (\zeta _{\pm } C_{\pm }) +\nabla \cdot (\zeta _{\pm } C_{\pm }\bm {u}) = -\nabla \cdot (\zeta _\pm \bm {J}_{\pm }), & \mbox {in} ~\Omega ,\\ \frac {\partial \phi }{\partial t} +\nabla \cdot (\phi \bm {u}) = -\nabla \cdot \bm {J}_{\phi } +S_{\phi }|\nabla \phi |, & \mbox {in} ~\Omega , \end {array} \right .\end {equation}
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$\zeta _+(\phi )$


\begin {equation*}\zeta _+(\phi ) = \left \{\begin {array}{@{}cc} 1&\phi \ge 1, \\ \frac {1}{2} (1+\frac 1 2\phi (3-\phi ^2))& |\phi |<1, \\ 0 & \phi \le -1, \end {array}\right . ~\zeta _-(\phi ) = 1- \zeta _+(\phi ).\end {equation*}
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\begin {align}\label {energyfunction} E =&E_{kin}+E_{entropy} +E_{mix}\\ =&\int _{\Omega }\rho \frac {|\bm {u}|^2}{2}d\x +\!\!\! \int _{\Omega }RT \left ( \zeta _+ C_+(\ln {\frac {C_+}{c_\infty }}-1) + \!\! \zeta _- C_-(\ln {\frac {C_-}{c_\infty }}-1) \right ) d\x + \!\!\!\int _{\Omega } \lambda \left (\frac {l|\nabla \phi |^2 }{2}+\frac {F(\phi )}{l}\right ) d\x ,\nonumber \end {align}
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$F(\phi )=\frac {1}{4}(\phi ^2-1)^2$


$\phi $


\begin {align*}& \tilde {\mu }_{\phi } = \lambda (-l\Delta \phi + \frac 1 lF'(\phi )) -RT\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ),\end {align*}


\begin {align*}& \mu _c^{\pm }=RT \ln \frac {C_{\pm }}{c_{\infty }}.\end {align*}


\begin {align}\label {disspationfunctional} \Delta = \int _{\Omega }\left (2 \eta |D_{\eta }|^2 + \sum _{\pm }\zeta _{\pm }\frac {D_{\pm }C_{\pm }} {RT}|\nabla \mu _c^{\pm }|^2 +\mathcal {M}|\nabla \tilde {\mu }_{\phi }|^2+ K|\nabla \phi ||\tilde {\mu }_{\phi }|^2\right ) d\x ,\end {align}


$\eta $


$D_{\eta } =\frac {1}{2}(\nabla \bm {u}+(\nabla \bm {u})^T )$


$\mathcal {M}$


$D_{\pm }$


$\Omega ^{\pm }$


$K$


\begin {equation*}\frac {dE}{dt} = \frac {dE_{kin}}{dt} +\frac {dE_{entropy}}{dt} +\frac {dE_{mix}}{dt} =-\Delta .\end {equation*}


\begin {align*}\frac {dE}{dt} = & -\int _{\Omega } \nabla \bm {u} : (\bm {\sigma }_{\eta } + \bm {\sigma }_{\phi }) \, d\bm {x} - \int _{\Omega } p \, \nabla \cdot \bm {u} \, d\bm {x} - \int _{\Omega } \lambda l^2 (\nabla \phi \otimes \nabla \phi ) : \nabla \bm {u} \, d\bm {x} \\ & + \int _{\Omega } \left ( \zeta _+ \bm {J}_+ \cdot \nabla \mu _c^+ + \zeta _- \bm {J}_- \cdot \nabla \mu _c^- \right ) \, d\bm {x} + \int _{\Omega } \bm {J}_{\phi } \cdot \nabla \tilde {\mu }_{\phi } \, d\bm {x} + \int _{\Omega } \tilde {\mu }_{\phi } S_{\phi } |\nabla \phi | \, d\bm {x}.\end {align*}


\begin {align*}&\bm {J}_{\phi }=-\mathcal {M}\nabla \tilde {\mu }_{\phi }, ~~ \bm {J}_{\pm }=- \frac {D_{\pm }C_\pm }{RT}\nabla \mu _{c}^{\pm } = -D_{\pm } \nabla C_{\pm }, \\ &\bm \sigma _{\eta }=2\eta D_{\eta }-p\textbf {I},~~ \bm \sigma _{\phi }=-\lambda l^{2}(\nabla \phi \otimes \nabla \phi ),~~ S_{\phi }= -K\tilde {\mu }_{\phi }.\end {align*}


\begin {align*}&\frac {\textbf {D} \phi }{\textbf {D} t}= \nabla \cdot (\mathcal {M}\nabla \tilde {\mu }_{\phi })-K\tilde {\mu }_{\phi }|\nabla \phi |, \\ &\frac {\textbf {D}}{\textbf {D} t}( \zeta _{\pm }C_{\pm })= \nabla \cdot (\zeta _{\pm }D_{\pm }\nabla C_{\pm }), \\ &\rho \frac {\textbf {D} \bm {u}}{\textbf {D} t}= \nabla \cdot (\eta (\nabla \bm {u}+(\nabla \bm {u})^T))-\nabla p -\lambda l^2(\nabla \phi \otimes \nabla \phi )), \\ &\nabla \cdot \bm {u}=0, \\ & \tilde {\mu }_{\phi } = \lambda (-l\Delta \phi + F'(\phi ))-RT\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ),\end {align*}


\begin {equation*}\nabla \phi \cdot \bm {n}|_{\partial \Omega }=0, \quad \nabla C_{\pm }\cdot \bm {n}|_{\partial \Omega }=0, \quad \nabla \tilde {\mu }_{\phi }\cdot \bm {n}|_{\partial \Omega }=0, \quad \bm {u}|_{\partial \Omega }=0.\end {equation*}


\begin {equation*}G(\phi )=\frac {l}{2}\,|\nabla \phi |^2+\frac {(1-\phi ^2)^2}{4l}, \qquad f(\phi )=\frac {\delta G}{\delta \phi }=-l\Delta \phi +\frac 1 l (\phi ^2-1)\phi ,\end {equation*}


\begin {equation*}S(\phi )=\int _{\Omega }G(\phi )\,d\bm {x},\end {equation*}


$S(\phi _0)$


\begin {equation*}g(\phi )=-l\Delta f(\phi )+\frac 1 l(3\phi ^2-1)\,f(\phi ),\end {equation*}


\begin {align*}&\frac {\bm {D} \phi }{\bm {D} t} = \nabla \!\cdot \!\big (\mathcal {M}\,\nabla \tilde {\mu }_{\phi }\big ) -\;K\,\tilde {\mu }_{\phi }\,|\nabla \phi |,\\[2pt] &\frac {\bm {D}}{\bm {D}t}\big (\zeta _{\pm } C_{\pm }\big ) = \nabla \!\cdot \!\big (\zeta _{\pm } D_{\pm }\,\nabla C_{\pm }\big ),\\[2pt] &\rho \,\frac {\bm {D} \bm {u}}{\bm {D} t} = \nabla \!\cdot \!\big (\eta (\nabla \bm {u}+(\nabla \bm {u})^{T})\big )-\nabla p -\lambda l(\nabla \phi \otimes \nabla \phi ),\\[2pt] &\nabla \!\cdot \bm {u}=0,\\[2pt] &\tilde {\mu }_{\phi } =\frac {\hat {\kappa }_{B}}{l^{2}}\,g(\phi ) \;+\; \mathcal {M}_{s} \,\frac {S(\phi )-S(\phi _{0})}{S(\phi _{0})}\,f(\phi ) \;-\;RT\!\left (\zeta _+'(\phi )\,C_{+}+\zeta _-'(\phi )\,C_{-}\right ).\end {align*}
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$-K\tilde {\mu }_{\phi }|\nabla \phi |$
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$L^*$


$U^*$


$C^* = c_\infty $


$D^*$


$t^* = \frac {L^*}{U^*}$


$\mu ^* = \frac {\lambda }{L^*}$


\begin {align*}&\frac {\textbf {D} \phi }{\textbf {D} t}= \nabla \cdot (\mathcal {M}\nabla \tilde {\mu }_{\phi })- \frac {K}{Ca} \tilde {\mu }_{\phi }|\nabla \phi |, \\ &\frac {\textbf {D}}{\textbf {D} t}( \zeta _{\pm }C_{\pm })= \frac {1}{Pe} \nabla \cdot (\zeta _{\pm }D_{\pm }\nabla C_{\pm }), \\ &Re\frac {\textbf {D} \bm {u}}{\textbf {D} t}= \nabla \cdot (\eta (\nabla \bm {u}+(\nabla \bm {u})^T))-\nabla p - \frac {\epsilon }{Ca}\nabla \cdot (\nabla \phi \otimes \nabla \phi ), \\ &\nabla \cdot \bm {u}=0, \\ & \tilde {\mu }_{\phi } = -\epsilon \Delta \phi + \frac 1 {\epsilon }F'(\phi )-{\beta }\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ),\end {align*}


\begin {equation*}Re= \frac {\rho U^* L^*}{\eta ^*}, Pe = \frac {U^*L^*}{D^*}, Ca = \frac {\eta ^* U^*}{\lambda }, {\beta = \frac {RTC^*L}{\lambda }}, K = \frac {K\eta ^*}{ L^*}, \ \epsilon =\frac {l}{L^*}.\end {equation*}


\begin {align*}-\epsilon \nabla \cdot (\nabla \phi \otimes \nabla \phi )&=-\epsilon \nabla \phi \Delta \phi - \frac {\epsilon }{2}\nabla |\nabla \phi |^2\\ &=\tilde {\mu }_{\phi }\nabla \phi +{\beta }(C_+\nabla \zeta _++C_-\nabla \zeta _{-} ) -\nabla (\frac 1 {\epsilon } F(\phi ) +\frac {\epsilon }{2}|\nabla \phi |^2),\end {align*}


\begin {align}&\frac {\partial \phi }{\partial t}+\bm {u}\cdot \nabla \phi = \nabla \cdot (\mathcal {M}\nabla \tilde {\mu }_{\phi })- \frac {K}{Ca} \tilde {\mu }_{\phi }|\nabla \phi |, \label {eqn: phi}\\ &\frac {\partial ( \zeta _{\pm }C_{\pm })}{\partial t}+\nabla \cdot ( \bm {u}\zeta _{\pm }C_{\pm })= \frac {1}{Pe} \nabla \cdot (\zeta _{\pm }D_{\pm }\nabla C_{\pm }), \label {eqn: c}\\ &Re\left (\frac {\partial \bm {u}}{\partial t}+(\bm {u}\cdot \nabla )\bm {u}\right )= \nabla \cdot (\eta (\nabla \bm {u}+(\nabla \bm {u})^T))-\nabla p +\frac {1}{Ca} \tilde {\mu }_{\phi }\nabla \phi +{\frac {\beta }{Ca}}(C_+\nabla \zeta _++C_-\nabla \zeta _-) , \label {eqn: u}\\ &\nabla \cdot \bm {u}=0, \label {eqn: nabla_u}\\ & \tilde {\mu }_{\phi } = -\epsilon \Delta \phi + \frac 1 {\epsilon }F'(\phi )-{\beta }\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ) = \mu _{\phi }-{\beta }\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ), \label {eqn: muphi}\end {align}


$\mu _{\phi } = -\epsilon \Delta \phi + \frac 1 {\epsilon }F'(\phi )$


\begin {align*}& \frac {d}{dt} \left (\frac {Re}2\int _{\Omega } |\bm {u}|^2d\x + \frac {1}{Ca}\int _{\Omega } (\frac {\epsilon }{2}|\nabla \phi |^2 +\frac 1 {\epsilon }F(\phi ))d\x + \sum _{\pm }{\frac {\beta }{Ca}}\int _{\Omega }\zeta _{\pm }C_{\pm }(\ln {C_{\pm }}-1) d\x \right ) \nonumber \\ =& -\int _{\Omega }\eta |\nabla \bm {u}|^2d\x -\frac {1}{Ca}\int _{\Omega }\mathcal {M}|\nabla \tilde \mu _{\phi }|^2 d\x -\frac {1}{Ca}\int _{\Omega }\frac {K}{Ca}|\tilde \mu _{\phi }|^2|\nabla \phi | d\x -{\frac {\beta }{Ca}}\frac {1}{Pe}\sum _{\pm }\int _{\Omega }\zeta _\pm D_\pm C_\pm |\nabla \mu _c^\pm |^2 d\x ,\end {align*}


$\mu _c^{\pm }=\ln C_\pm $


$\frac {\tilde \mu _{\phi }}{Ca}$


\begin {align}& \frac {1}{Ca}\int _{\Omega } \frac {\partial \phi }{\partial t}\tilde \mu _{\phi } d\x +\frac {1}{Ca}\int _{\Omega }\bm {u}\cdot \nabla \phi \tilde \mu _{\phi } d\x =-\frac {1}{Ca}\int _{\Omega }\mathcal {M}|\nabla \tilde \mu _{\phi }|^2 d\x -\frac {1}{Ca}\int _{\Omega }\frac {K}{Ca}|\tilde \mu _{\phi }|^2|\nabla \phi | d\x .\end {align}


$\frac {1}{Ca}\frac {\partial \phi }{\partial t}$


\begin {align}& \frac {1}{Ca}\int _{\Omega }\tilde {\mu }_{\phi }\frac {\partial \phi }{\partial t} d\x =\frac {1}{Ca}\frac {d}{dt} \int _{\Omega } (\frac {\epsilon }{2}|\nabla \phi |^2 +\frac 1 {\epsilon }F(\phi ))d\x - {\frac {\beta }{Ca}}\int _{\Omega } \frac {\partial \phi }{\partial t}\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ) d\x .\end {align}


\begin {align}&\frac {1}{Ca}\frac {d}{dt} \int _{\Omega } (\frac {\epsilon }{2}|\nabla \phi |^2 +\frac 1 {\epsilon }F(\phi ))d\x - {\frac {\beta }{Ca}}\int _{\Omega } \frac {\partial \phi }{\partial t}\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ) d\x +\frac {1}{Ca}\int _{\Omega }\bm {u}\cdot \nabla \phi \tilde \mu _{\phi } d\x \nonumber \\ =&-\frac {1}{Ca}\int _{\Omega }\mathcal {M}|\nabla \tilde \mu _{\phi }|^2 d\x -\frac {1}{Ca}\int _{\Omega }\frac {K}{Ca}|\tilde \mu _{\phi }|^2|\nabla \phi | d\x .\end {align}


$\mu _c^\pm =\ln C_\pm $


\begin {align}&{\frac {\beta }{Ca}}\int _{\Omega } \frac {\partial ( \zeta _{\pm }C_{\pm })}{\partial t}\mu _c^\pm d\x +{\frac {\beta }{Ca}}\int _{\Omega }\bm {u}\cdot \nabla (\zeta _{\pm }C_\pm )\mu _c^{\pm }d\x \nonumber \\ =& {\frac {\beta }{Ca}}\int _{\Omega } \frac {\partial ( \zeta _{\pm }C_{\pm })}{\partial t}\mu _c^\pm d\x -{\frac {\beta }{Ca}}\int _{\Omega }\bm {u}\cdot (C_\pm \nabla \mu _c^{\pm })\zeta _{\pm }d\x \nonumber \\ =&{\frac {\beta }{Ca}} \int _{\Omega } \frac {\partial ( \zeta _{\pm }C_{\pm })}{\partial t}\mu _c^\pm d\x -{\frac {\beta }{Ca}}\int _{\Omega }\bm {u}\cdot \nabla C_{\pm }\zeta _{\pm }d\x \nonumber \\ =& {\frac {\beta }{Ca}}\int _{\Omega } \frac {\partial ( \zeta _{\pm }C_{\pm })}{\partial t}\mu _c^\pm d\x +{\frac {\beta }{Ca}}\int _{\Omega }\bm {u}\cdot \nabla \zeta _{\pm } C_{\pm }d\x \nonumber \\ =&-{\frac {\beta }{Ca}}\frac {1}{Pe}\int _{\Omega }\zeta _\pm D_{\pm } C_\pm |\nabla \mu _c^\pm |^2 d\x .\end {align}


$\bm {u}$


$\nabla \cdot \bm {u}=0$


\begin {align}& \frac {d}{dt} \frac {Re}2\int _{\Omega } |\bm {u}|^2d\x = -\int _{\Omega }\eta |\nabla \bm {u}|^2d\x +\frac {1}{Ca}\int _{\Omega }\tilde {\mu }_{\phi }\nabla \phi \cdot \bm {u}d\x +{\frac {\beta }{Ca}}\int _{\Omega }(C_+\nabla \zeta _++C_-\nabla \zeta _-)\cdot \bm {u}d\x .\end {align}


\begin {align}& \frac {d}{dt} \frac {Re}2\int _{\Omega } |\bm {u}|^2d\x +\frac {d}{dt} \frac {1}{Ca}\int _{\Omega } (\frac {\epsilon }{2}|\nabla \phi |^2 +\frac 1 {\epsilon }F(\phi ))d\x \nonumber \\ & - {\frac {\beta }{Ca}}\int _{\Omega } \frac {\partial \phi }{\partial t}\left ( \frac {\partial \zeta _+}{\partial \phi } C_+ + \frac {\partial \zeta _-}{\partial \phi } C_- \right ) d\x +{\frac {\beta }{Ca}} \int _{\Omega }\left ( \frac {\partial ( \zeta _{+}C_{+})}{\partial t}\mu _c^+ + \frac {\partial ( \zeta _{-}C_{-})}{\partial t}\mu _c^- \right ) d\x \nonumber \\ =& \frac {d}{dt} \frac {Re}2\int _{\Omega } |\bm {u}|^2d\x +\frac {d}{dt} \frac {1}{Ca}\int _{\Omega } (\frac {\epsilon }{2}|\nabla \phi |^2 +\frac 1 {\epsilon }F(\phi ))d\x \nonumber \\ & +{\frac {\beta }{Ca}} \int _{\Omega }\left ( \frac {\partial ( \zeta _{+}C_{+})}{\partial t}\mu _c^+ - \frac {\partial \zeta _+}{\partial t} C_+ + \frac {\partial ( \zeta _{-}C_{-})}{\partial t}\mu _c^--\frac {\partial \zeta _-}{\partial t} C_- \right )d\x \nonumber \\ =& \frac {d}{dt} \frac {Re}2\int _{\Omega } |\bm {u}|^2dx +\frac {d}{dt} \frac {1}{Ca}\int _{\Omega } (\frac {\epsilon }{2}|\nabla \phi |^2 +\frac 1 {\epsilon }F(\phi ))d\x \nonumber \\ &+\frac {d }{d t}{\frac {\beta }{Ca}}\int _{\Omega }( \zeta _{+}C_+(\ln {C_+}-1)+ \zeta _{-}C_-(\ln {C_-}-1)) d\x \nonumber \\ =& -\int _{\Omega }\eta |\nabla \bm {u}|^2d\x -\frac {1}{Ca}\int _{\Omega }\mathcal {M}|\nabla \tilde \mu _{\phi }|^2 d\x -\frac {1}{Ca}\int _{\Omega }\frac {K}{Ca}|\tilde \mu _{\phi }|^2|\nabla \phi | d\x -{\frac {\beta }{Ca}}\frac {1}{Pe}\sum _{\pm }\int _{\Omega }\zeta _\pm D_\pm C_\pm |\nabla \mu _c^\pm |^2 d\x . \nonumber \end {align}


$\epsilon \rightarrow 0$


$\mathcal {M} = M_0\epsilon $


$\Gamma (t)=\{x|\phi (x,t)=0\}$


$\Omega $


$\Omega ^{+}(t)=\{x : \phi (x,t)>0\}$


$\Omega ^{-}(t)=\{x : \phi (x,t)<0\}$


$\Gamma (t)$


\begin {align}&\frac {\partial \phi _{\epsilon }}{\partial t}+\bm {u}_{\epsilon }\cdot \nabla \phi _{\epsilon }= \epsilon M_0 \Delta {\mu }_{\epsilon }- \frac {K}{Ca} {\mu }_{\epsilon }|\nabla \phi _{\epsilon }|, \label {eqn: phiN}\\ &\frac {\partial ( \zeta _{\pm }(\phi _\epsilon )C_{\pm ,\epsilon })}{\partial t}+\nabla \cdot ( \bm {u}_{\epsilon }\zeta _{\pm }(\phi _\epsilon )C_{\pm ,\epsilon })= \frac {D_{\pm }} {Pe} \nabla \cdot (\zeta _{\pm }(\phi _\epsilon )\nabla C_{\pm ,\epsilon }), \label {eqn: cN}\\ &Re\left (\frac {\partial \bm {u}_{\epsilon }}{\partial t}+(\bm {u}_{\epsilon }\cdot \nabla )\bm {u}_{\epsilon }\right )= \eta \Delta \bm {u}_{\epsilon }-\nabla p_{\epsilon } +\frac {1}{Ca} {\mu }_{\epsilon }\nabla \phi _{\epsilon } +\frac {{\beta }}{Ca}(C_{+,\epsilon }-C_{-,\epsilon })\zeta '_{+}(\phi _{\epsilon })\nabla \phi _{\epsilon } , \label {eqn: uN}\\ &\nabla \cdot \bm {u}_{\epsilon }=0, \label {eqn: nabla_uN}\\ & {\mu }_{\epsilon } = -\epsilon \Delta \phi _{\epsilon } + \frac 1 {\epsilon }F'(\phi _{\epsilon })-{{\beta }}\left ( C_{+,\epsilon } -C_{-,\epsilon } \right )\zeta '_{+}(\phi _{\epsilon }), \label {eqn: muphiN}\end {align}


$\epsilon $


$\zeta _{+}'+\zeta _{-}'=0$


\begin {equation*}\left \{ \begin {aligned} \mu _{\epsilon } =& \epsilon ^{-1}\mu _{-1}^{\pm } + \mu _0^{\pm }+\epsilon \mu _1^{\pm }+\cdots ,\\ \phi _{\epsilon } = & \phi _0^{\pm }+\epsilon \phi _1^{\pm }+\cdots ,\\ C_{\pm ,\epsilon } = & C_{\pm ,0}^{\pm }+ \epsilon C_{\pm ,1}^{\pm }+\cdots ,\\ \bm {u}_{\epsilon } = & \bm {u}_0^{\pm }+ \epsilon \bm {u}_1^{\pm }+\cdots ,\\ p_{\epsilon } = & p_0^{\pm }+\epsilon p_1^{\pm }+\cdots ,\\ \end {aligned} \right .\end {equation*}


\begin {equation}\label {eq: mu-1} \mu _{-1}^{\pm } = F'(\phi _{0}^{\pm }) = (\phi _{0}^{\pm })^3-\phi _{0}^{\pm }.\end {equation}


\begin {align*}& \mu _{-1}^{\pm } |\nabla \phi _{0}^{\pm }|=0,~ \mu _{-1}^{\pm }\nabla \phi _{0}^{\pm }=0.\end {align*}


\begin {equation*}\phi _0^{\pm } = c_{const}^{\pm },\end {equation*}


$c_{const}^{\pm }$


$\nabla \phi _0^{\pm }=0$


\begin {equation}\label {eqn: uouter} Re\left (\frac {\partial \bm {u}_0^{\pm }}{\partial t}+(\bm {u}_0^{\pm }\cdot \nabla )\bm {u}_0^{\pm }\right )= \eta \triangle \bm {u}_0^{\pm }-\nabla p_0^{\pm }.\end {equation}


\begin {align}\frac {\partial ( \zeta _{\pm ,0}^{\pm }C_{\pm ,0}^{\pm })}{\partial t}+\nabla \cdot ( \bm {u}_{0}^{\pm }\zeta _{\pm ,0}^{\pm }C_{\pm ,0}^{\pm }) &= \frac {D_{\pm }} {Pe} \nabla \cdot (\zeta _{\pm ,0}^{\pm }\nabla C_{\pm ,0}^{\pm })\label {eqn: couter}, \\ \nabla \cdot \bm {u}_{0}^{\pm } &=0.\label {eqn: divuouter}\end {align}


$d\left (\bm {x}\right )$


$\Gamma $


$\Omega ^+$


$\Omega ^-$


$\Omega ^+$


$\nabla d=\bm {\nu }$


$\xi =\frac {d\left (\bm {x}\right )}{\epsilon }$


$f\left (\bm {x}\right )$


$f\left (\bm {x}\right )=\tilde {f}\left (\bm {x},\xi \right )$


\begin {align*}&\nabla f\left (\bm {x}\right )= \nabla _{\bm {x}}\tilde {f}+\epsilon ^{-1}\partial _{\xi }\tilde {f}\bm {\nu }, \\ &\nabla ^{2} f\left (\bm {x}\right ) =\nabla ^{2}_{\bm {x}}\tilde {f}+\epsilon ^{-1}\partial _{\xi }\tilde {f}\kappa +2\epsilon ^{-1}\left (\bm {\nu }\cdot \nabla _{\bm {x}}\right )\partial _{\xi }\tilde {f} +\epsilon ^{-2}\partial _{\xi \xi }\tilde {f}, \\ &\partial _{t}f=\partial _{t}\tilde {f}+\epsilon ^{-1}\partial _{\xi }\tilde {f}\partial _{t}d,\end {align*}


$\kappa = \nabla \cdot \bm {\nu }$


$\Gamma $


\begin {equation*}\left \{ \begin {aligned} &\tilde {\bm {u}}_{\epsilon } =\tilde {\bm {u}}_{0}+\epsilon \tilde {\bm {u}}_{1} +\epsilon ^{2}\tilde {\bm {u}}_{2}+o\left (\epsilon ^{2}\right ), \\ &\tilde {\phi }_{\epsilon } =\tilde {\phi }_{0}+\epsilon \tilde {\phi }_{1} +\epsilon ^{2}\tilde {\phi }_{2}+o\left (\epsilon ^{2}\right ), \\ &\tilde {p}_{\epsilon } =\tilde {p}_{0}+\epsilon \tilde {p}_{1} +\epsilon ^{2}\tilde {p}_{2}+o\left (\epsilon ^{2}\right ), \\ &\tilde {C}_{\epsilon ,\pm } =\tilde {C}_{\pm ,0}+\epsilon \tilde {C}_{\pm ,1} +\epsilon ^{2}\tilde {C}_{\pm ,2}+o\left (\epsilon ^{2}\right ), \\ &\tilde {\mu }_{\epsilon } =\epsilon ^{-1}\tilde {\mu }_{-1}+\tilde {\mu }_{0} +\epsilon \tilde {\mu }_{1}+o\left (\epsilon \right ). \end {aligned}\right .\end {equation*}


\begin {align}&\tilde {\mu }_{-1} = \partial _{\xi \xi }\tilde {\phi }_0+F'(\tilde {\phi }_0), \label {e:temp1}\\ & \partial _{\xi \xi }\tilde {\mu }_{-1}-\frac {K}{Ca}\tilde {\mu }_{-1}|\partial _{\xi }\tilde {\phi }|=0.\label {e:temp2}\end {align}


\begin {equation}\label {eqn: muphi inner} \tilde {\mu }_{-1} = 0, ~\tilde {\phi }_0 = \tanh \frac {\xi }{\sqrt {2}}.\end {equation}


$\lim \limits _{\xi \rightarrow \pm \infty }\tilde {\phi }_0=\phi _0^{\pm }$


\begin {equation*}\phi _0^{\pm } = \pm 1, ~ \mu _{-1}^\pm =0.\end {equation*}


$\Omega ^{\pm }$


\begin {equation*}\left \{\begin {aligned} &Re\left (\frac {\partial \bm {u}_0^{\pm }}{\partial t}+(\bm {u}_0^{\pm }\cdot \nabla )\bm {u}_0^{\pm }\right )= \eta \triangle \bm {u}_0^{\pm }-\nabla p_0^{\pm },\\ &\nabla \cdot \bm {u}_0^{\pm }=0,\\ &\frac {\partial C_{\pm ,0}^{\pm }}{\partial t}+\nabla \cdot ( \bm {u}_{0}^{\pm }C_{\pm ,0}^{\pm }) = \frac {1}{Pe} \nabla \cdot (D_{\pm }\nabla C_{\pm ,0}^{\pm }). \end {aligned} \right .\end {equation*}


$\zeta _+(1)=1-\zeta _-(1) =1$


$\zeta _+(-1)=1-\zeta _-(-1)=0$


$\partial _{\xi \xi } \tilde {\bm {u}}_0=0$


$\tilde {\bm {u}}_0$


$\xi $


\begin {align}&\bm {u}_{0}^+ = \bm {u}_{0}^{-}=\tilde {\bm {u}}_0,\quad \text {and}, \quad [\bm {u}_0]=\bm {u}_{0}^+ - \bm {u}_{0}^{-}=0.\end {align}


$\bm {u}_0$


\begin {equation*}\partial _{\xi }(\zeta _{\pm }(\tilde {\phi }_0)\partial _{\xi } \tilde {C}_{\pm ,0}) = 0.\end {equation*}


$\tilde {C}_{\pm ,0}=c_0+c_1\int _{-\infty }^\xi \frac {1}{\zeta _{\pm }(\tilde {\phi }_0)}d \xi $


$c_0$


$c_1$


$\xi $


$\tilde {C}_{\pm ,0}$


$c_1=0$


\begin {equation*}\partial _{\xi } \tilde {C}_{\pm ,0} = 0,\ \tilde {C}_{\pm ,0}= C_{\pm ,0}.\end {equation*}


\begin {align}&\partial _{\xi }\tilde {\phi }_0\partial _t d+\bm {\nu }\cdot \bm {u}_0\partial _{\xi }\tilde {\phi }_0 = M_0\partial _{\xi \xi }\tilde {\mu }_0-\frac {K}{Ca}\tilde {\mu }_0\partial _{\xi }\tilde {\phi }_0 \label {eqn: phiinner},\\ &\tilde {\mu }_0 = \partial _{\xi \xi } \tilde {\phi }_1-\partial _{\xi }\tilde {\phi }_0\kappa + F^{''}(\tilde {\phi }_0)\tilde {\phi }_1-{\beta }\zeta ^{'}_{+}(\tilde {\phi }_0)({C}_{+,0}-{C}_{-,0}).\label {eqn: muinner}\end {align}


$\partial _{\xi }\tilde {\phi }_0$


$\xi $


$(-\infty ,\infty )$


\begin {equation*}\int _{-\infty }^{\infty } \tilde {\mu }_0\partial _{\xi }\tilde {\phi }_0 d\xi = -\sigma \kappa -{\beta }(C_{+,0}-C_{-,0}),\end {equation*}


$\sigma = \int _{-\infty }^{\infty }(\partial _{\xi }\tilde {\phi }_0)^2d\xi $


$\xi $


$(-\infty ,\infty )$


\begin {equation}\label {eqn: interface_U} 2 (\partial _t d + \bm {\nu }\cdot \bm {u}_0) = \frac {K}{Ca}(\sigma \kappa +{\beta }(C_{+,0} - C_{-,0})).\end {equation}


$\epsilon ^{-1}$


\begin {equation*}0=-\partial _{\xi }\tilde {p}_0\bm {\nu }+\eta \partial _{\xi \xi } \tilde {\bm {u}}_1+\frac {1}{Ca}\tilde {\mu }_0\partial _{\xi }\tilde {\phi }_0\bm {\nu }+\frac {{\beta }}{Ca}\zeta '(\tilde {\phi }_0)\partial _{\xi }\tilde {\phi }_0(C_{+,0} - C_{-,0})\bm {\nu }.\end {equation*}


$\xi $


$(-\infty ,\infty )$


\begin {equation}[-p_0\bm {\nu }+(\bm {\nu }\cdot \nabla )\bm {u}_0] = \frac {1}{Ca}(\sigma \kappa +{\beta }(C_{+,0}-C_{-,0}))\bm {\nu }-\frac {{\beta }}{Ca}(C_{+,0}-C_{-,0})\bm {\nu } = \frac {1}{Ca}\sigma \kappa \bm {\nu }.\label {eqn: interfaceforce}\end {equation}


$\lim _{\xi \rightarrow \pm \infty }\tilde {p}_0=p_0^{\pm }$


$\lim _{\xi \rightarrow \pm \infty }(\partial _{\xi }\tilde {\bm {u}}_1)=\nu \cdot \nabla \bm {u}_0$


\begin {equation}\bm {u}_0\cdot \bm {\nu }-\bm {v}_0\cdot \bm {\nu } =\frac {K}{2}\left ( [-p_0\bm {\nu }+(\bm {\nu }\cdot \nabla )\bm {u}_0]\cdot \bm {\nu }+ \frac {1}{Ca} {\beta }[C_0]\right ). \label {Xeqn7-22}\end {equation}


$\bm {v}_0=\frac {d\bm {x}}{dt}|_{\Gamma }$


$\Gamma $


$\epsilon ^{-1}$


\begin {equation*}\partial _{\xi }(\zeta _{\pm }(\tilde {\phi }_0)) C_{\pm ,0} \partial _t d+\partial _{\xi }(\zeta _{\pm }(\tilde {\phi }_0))\bm {\nu }C_{\pm ,0}\cdot \bm {u}_0 = \frac {D_{\pm }}{Pe} (\bm {\nu }\cdot \partial _{\xi }(\zeta _{\pm }(\tilde {\phi }_0)\nabla C_{\pm ,0})+\partial _{\xi }((\zeta _{\pm }(\tilde {\phi }_0))\partial _{\xi } \tilde {C}_{1,\pm })).\end {equation*}


$\xi $


$(-\infty ,\infty )$


$\tilde {C}_i^{\pm }$


$\tilde {\phi }_i$


\begin {equation*}C_{0,\pm }(\bm {u}_0-\bm {v}_0)\cdot \bm {\nu } -\frac {D_{\pm }}{Pe}\bm {\nu }\cdot \nabla C_{\pm ,0} =0.\end {equation*}


$\epsilon $


\begin {equation}\label {eq:sharpinterface} \left \{\begin {aligned} &Re\left (\frac {\partial \bm {u}_0^{\pm }}{\partial t}+(\bm {u}_0^{\pm }\cdot \nabla )\bm {u}_0^{\pm }\right )= \eta \triangle \bm {u}_0^{\pm }-\nabla p_0^{\pm },& \mbox {in~} \Omega ^{\pm }\\ &\nabla \cdot \bm {u}_0^{\pm }=0, & \mbox {in~} \Omega ^{\pm }\\ &\frac {\partial C_{\pm ,0}}{\partial t}+\nabla \cdot ( \bm {u}_{0}^{\pm }C_{\pm ,0}) = \frac 1 {Pe} \nabla \cdot (D_{\pm }\nabla C_{\pm ,0}),& \mbox {in~} \Omega ^{\pm } \end {aligned} \right .\end {equation}


$\Gamma (t)$


\begin {equation}\label {eq:sharpinterfacebd} \left \{\begin {aligned} & C_{\pm ,0}(\bm {u}_0-\bm {v}_0)\cdot \bm {\nu } -\frac {D_{\pm }}{Pe}\bm {\nu }\cdot \nabla C_{\pm ,0} =0,\\ & \bm {u}_0\cdot \bm {\nu }-\bm {v}_0\cdot \bm {\nu } = \tilde {K}([-p_0\bm {\nu }+(\bm {\nu }\cdot \nabla )\bm {u}_0]\bm {\nu }+{\beta } Ca^{-1}[C_0]),\\ &[-p_0\bm {\nu }+(\bm {\nu }\cdot \nabla )\bm {u}_0] = \frac {1}{Ca}\sigma \kappa \bm {\nu }, [\bm {u}_0]=0,\\ & \frac {d\bm {x}}{dt} = \bm {v}_0. \end {aligned} \right .\end {equation}


$\tilde K:=K/2$


$K$


$K$


$(\phi ^n,\bm {u}^n,C_{\pm }^{n})$


$(\phi ^{n+1},\bm {u}^{n+1},C_{\pm }^{n+1})$


\begin {equation}\label {eq:semi-phi} \left \{ \begin {aligned} & \frac {\phi ^{n+1}-\phi ^n}{\Delta t}=\mathcal {M} \Delta \tilde \mu _\phi ^{n+1}-\nabla \cdot (\phi ^n \bm {u}^n_{*})-\frac {K}{Ca}\tilde \mu _{\phi }^{n+1} |\nabla \phi ^n|,\\ & \tilde \mu _{\phi }^{n+1}=-\epsilon \Delta \phi ^{n+1}+\frac {S}{\epsilon }(\phi ^{n+1}-\phi ^n)+\frac {1}{\epsilon }f(\phi ^n)-{\beta }\sum _{\pm }\frac {\zeta _{\pm }^{n+1}-\zeta _{\pm }^{n}}{\phi ^{n+1}-\phi ^n}C_{\pm }^{n+1}, \\ &\frac {\zeta _{\pm }^{n+1} C_{\pm }^{n+1}-\zeta _{\pm }^{n}C_{\pm }^{n}}{\Delta t}=\frac {1}{Pe}\nabla \cdot (\zeta _{\pm }^n D_{\pm }^n C_{\pm }^{n+1}\nabla \mu _{c_{\pm }}^{n+1})-\nabla \cdot (\bm {u}_{*}^n \zeta _{\pm }^n C_{\pm }^{n}),\\ & \mu _{c_{\pm }}^{n+1}=\ln C_{\pm }^{n+1}, \end {aligned} \right .\end {equation}


\begin {equation}\label {eq:semi-ustar} \bm {u}_{*}^n=\bm {u}^n-\frac {\Delta t}{Ca Re} \phi ^n \nabla \tilde \mu _\phi ^{n+1}-\frac {\beta \Delta t}{Ca Re}\sum _{\pm }\zeta _{\pm }^n C_{\pm }^{n} \nabla \mu ^{n+1}_{c_{\pm }}.\end {equation}


\begin {equation}\label {eq:semi-u} Re \left (\frac {\widetilde {\bm {u}}^{n+1}-\bm {u}^n}{\Delta t}+(\bm {u}^n \cdot \nabla ) \widetilde {\bm {u}}^{n+1}\right )=\eta \Delta \widetilde {\bm {u}}^{n+1}-\nabla p^n-\frac {1}{Ca} \phi ^n \nabla \tilde \mu _{\phi }^{n+1}-{\frac {\beta }{Ca}}\sum _{\pm }\zeta _{\pm }^n C_{\pm }^{n} \nabla \mu ^{n+1}_{c_{\pm }}.\end {equation}


\begin {equation}\label {eq:projection} \left \{ \begin {aligned} & {\it Re} \frac {\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1}}{\Delta t}+\nabla (p^{n+1}-p^n)=0, \\ & \nabla \cdot \bm {u}^{n+1}=0. \end {aligned} \right .\end {equation}


\begin {equation}-\Delta (p^{n+1}-p^n)=-\frac {Re}{\Delta t} \nabla \cdot \widetilde {\bm {u}}^{n+1}, \label {Xeqn14-29}\end {equation}


$\nabla \cdot \bm {u}^{n+1}=0$


\begin {equation*}Re(\frac {\partial \bm {u}}{\partial t}+(\bm {u}\cdot \nabla )\bm {u})= \nabla \cdot (\eta (\nabla \bm {u}+(\nabla \bm {u})^T))-\nabla p -\frac {1}{Ca} \phi \nabla \tilde {\mu }_{\phi } -{\frac {\beta }{Ca}}(\zeta _+C_+\nabla \mu _{c}^++\zeta _-C_-\nabla \mu _{c}^-).\end {equation*}


$F(\phi )$


$F(\phi )$


$L$


\begin {equation}\label {truncation} \max _{\phi } |F''(\phi )| \leq L.\end {equation}


$F(\phi )$


$\tilde F(\phi )$


$L$


$F(\phi )$


$\tilde F(\phi )$


$S \geq L/2$


\begin {align*}& \mathcal {E}^{n+1}-\mathcal {E}^n \\ \leq & -\Delta t \eta ||\nabla \widetilde {\bm {u}}^{n+1}||^2-\frac {\Delta t \mathcal {M}}{Ca}||\nabla \tilde \mu _{\phi }^{n+1}||^2-\frac {\Delta t}{Ca}\frac { K}{Ca}\int _{\Omega }|\tilde \mu _{\phi }^{n+1}|^2|\nabla \phi ^n| d \bm {x}-{\frac {\Delta t \beta }{Ca Pe} }\sum _{\pm }\int _{\Omega }\zeta _{\pm }^{n}D_{\pm }^{n} C_{\pm }^{n+1} |\nabla \mu ^{n+1}_{c_{\pm }}|^2~d \bm {x}.\end {align*}


$||\cdot ||$


$L^2$


$\Omega $


\begin {equation*}\mathcal {E}^n=\frac {Re}{2}||\bm {u}^n||^2+\frac {1}{Ca}\left (\frac {\epsilon }{2}||\nabla \phi ^n||^2+\frac {\Delta t^2}{2Re}||\nabla p^n||^2+\frac {1}{\epsilon }(F(\phi ^n),1)\right )+{\frac {\beta }{Ca}} \sum _{\pm } \left ( \zeta _{\pm }^nC_{\pm }^n(\ln C_{\pm }^n-1),1\right ).\end {equation*}


\begin {equation*}{\it Re} \frac {\widetilde {\bm {u}}^{n+1}-\bm {u}^n}{\Delta t}+\frac {1}{Ca} \phi ^n \nabla \tilde \mu _{\phi }^{n+1}+{\frac {\beta }{Ca}}\sum _{\pm }\zeta _{\pm }^n C_{\pm }^{n} \nabla \mu ^{n+1}_{c_{\pm }}=Re \frac {\widetilde {\bm {u}}^{n+1}-\bm {u}^n_{*}}{\Delta t}.\end {equation*}


$\Delta t \widetilde {\bm {u}}^{n+1}$


\begin {equation}\label {semi-pf1} \frac {Re}{2}||\widetilde {\bm {u}}^{n+1}||^2-\frac {Re}{2}||\bm {u}_{*}^n||^2+\frac {Re}{2}||\widetilde {\bm {u}}^{n+1}-\bm {u}_{*}^n||^2+\eta \Delta t ||\nabla \widetilde {\bm {u}}^{n+1}||^2+\Delta t(\nabla p^n, \widetilde {\bm {u}}^{n+1})=0.\end {equation}


$\Delta t \nabla p^n$


\begin {equation}\label {semi-pf2} \frac {\Delta t^2}{2Re}(||\nabla p^{n+1}||^2-||\nabla p^{n}||^2-||\nabla p^{n+1}-\nabla p^{n}||^2)=\Delta t (\widetilde {\bm {u}}^{n+1}, \nabla p^n).\end {equation}


\begin {equation}\label {semi-pf3} \frac {\Delta t^2}{2Re} ||\nabla p^{n+1}-\nabla p^{n}||^2=\frac {Re}{2}||\widetilde {\bm {u}}^{n+1}-\bm {u}^{n+1}||^2.\end {equation}


$\bm {u}^{n+1}$


\begin {equation}\label {semi-pf4} \frac {Re}{2}||\bm {u}^{n+1}||^2+\frac {Re}{2}||\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1}||^2=\frac {Re}{2}||\widetilde {\bm {u}}^{n+1}||^2.\end {equation}


\begin {equation}\label {semi-pf5} \frac {Re}{2}||\bm {u}^{n+1}||^2-\frac {Re}{2}||\bm {u}_{*}^{n}||^2+\frac {Re}{2}||\widetilde {\bm {u}}^{n+1}-\bm {u}_{*}^{n}||^2+\eta \Delta t||\nabla \widetilde {\bm {u}}^{n+1}||^2+\frac {\Delta t^2}{2Re}(||\nabla p^{n+1}||^2-||\nabla p^{n}||^2)=0.\end {equation}


$||\bm {u}_{*}^{n}||^2$


$Re \bm {u}_{*}^{n}$


\begin {equation}\label {semi-pf6} \frac {Re}{2}||\bm {u}_{*}^{n}||^2-\frac {Re}{2}||\bm {u}^{n}||^2+\frac {Re}{2}||\bm {u}_{*}^{n}-\bm {u}^{n}||^2=-\frac {\Delta t}{Ca}(\phi ^n \nabla \tilde \mu _{\phi }^{n+1},\bm {u}_{*}^{n})-{\frac {\beta \Delta t}{Ca}}\sum _{\pm }(\zeta _{\pm }^n C_{\pm }^{n} \nabla \mu ^{n+1}_{c_{\pm }},\bm {u}_{*}^{n}).\end {equation}


\begin {align}\label {semi-pf7} &\frac {Re}{2}||\bm {u}^{n+1}||^2-\frac {Re}{2}||\bm {u}^{n}||^2+\frac {Re}{2}||\widetilde {\bm {u}}^{n+1}-\bm {u}_{*}^{n}||^2+\frac {Re}{2}||\bm {u}_{*}^{n}-\bm {u}^n||^2+\eta \Delta t||\nabla \widetilde {\bm {u}}^{n+1}||^2 \nonumber \\ &+\frac {\Delta t^2}{2Re}(||\nabla p^{n+1}||^2-||\nabla p^{n}||^2)\\ =&-\frac {\Delta t}{Ca}(\phi ^n \nabla \tilde \mu _{\phi }^{n+1},\bm {u}_{*}^{n})-{\frac {\beta \Delta t}{Ca}}\sum _{\pm }(\zeta _{\pm }^n C_{\pm }^{n} \nabla \mu ^{n+1}_{c_{\pm }},\bm {u}_{*}^{n}). \nonumber \end {align}


$\frac {\Delta t}{Ca} \tilde \mu _{\phi }^{n+1}$


\begin {equation}\label {semi-pf8} \frac {1}{Ca}(\phi ^{n+1}-\phi ^n,\tilde \mu _{\phi }^{n+1})=-\frac {\mathcal {M} \Delta t}{Ca}||\nabla \tilde \mu _{\phi }^{n+1}||^2-\frac {\Delta t}{Ca} (\nabla \cdot (\bm {u}_{*}^n \phi ^n),\tilde \mu _{\phi }^{n+1})-\frac {\Delta t }{Ca} \frac {K}{Ca} \int _{\Omega }|\tilde \mu _{\phi }^{n+1}|^2|\nabla \phi ^n| d \bm {x},\end {equation}


$-\frac {1}{Ca} (\phi ^{n+1}-\phi ^n)$


\begin {align}\label {semi-pf9} -\frac {1}{Ca}(\tilde \mu _{\phi }^{n+1},\phi ^{n+1}-\phi ^n)=&-\frac {\epsilon }{2Ca}(||\nabla \phi ^{n+1}||^2-||\nabla \phi ^n||^2+||\nabla \phi ^{n+1}-\nabla \phi ^n||^2) \nonumber \\ &+{\frac {\beta }{Ca}} \sum _{\pm }((\zeta _{\pm }^{n+1}-\zeta _{\pm }^{n})C_{\pm }^{n+1},1) \\ &-\frac {1}{Ca \epsilon }(S(\phi ^{n+1}-\phi ^n)+f(\phi ^n),\phi ^{n+1}-\phi ^n). \nonumber \end {align}


\begin {equation*}F(\phi ^{n+1})-F(\phi ^n)=f(\phi ^n)(\phi ^{n+1}-\phi ^n)+\frac {f'(\xi _n)}{2}(\phi ^{n+1}-\phi ^n)^2.\end {equation*}


$\frac {\beta \Delta t}{Ca } \mu _{c_{\pm }}^{n+1}$


\begin {equation}\label {semi-pf10} {\frac {\beta }{Ca}}(\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^{n}C_{\pm }^{n},\mu _{c_{\pm }}^{n+1})=-{\frac {\beta \Delta t}{Pe Ca } }\int _{\Omega }\zeta _{\pm }^{n}D_{\pm }^{n} C_{\pm }^{n+1} |\nabla \mu ^{n+1}_{c_{\pm }}|^2~d \bm {x}-{\frac {\beta \Delta t}{Ca}} (\nabla \cdot (\bm {u}_{*}^n \zeta _{\pm }^n C_{\pm }^{n}),\mu _{c_{\pm }}^{n+1}).\end {equation}


\begin {align}\label {semi-pf11} &\frac {Re}{2}||\bm {u}^{n+1}||^2-\frac {Re}{2}||\bm {u}^{n}||^2+\frac {Re}{2}||\widetilde {\bm {u}}^{n+1}-\bm {u}_{*}^{n}||^2+\frac {Re}{2}||\bm {u}_{*}^{n}-\bm {u}^n||^2+\eta \Delta t||\nabla \widetilde {\bm {u}}^{n+1}||^2+\frac {\Delta t^2}{2Re}(||\nabla p^{n+1}||^2-||\nabla p^{n}||^2) \nonumber \\ &+\frac {\mathcal {M} \Delta t}{Ca}||\nabla \tilde \mu _{\phi }^{n+1}||^2+\frac {\Delta t }{Ca} \frac {K}{Ca} \int _{\Omega }|\tilde \mu _{\phi }^{n+1}|^2|\nabla \phi ^n| d \bm {x} +\frac {\epsilon }{2Ca}(||\nabla \phi ^{n+1}||^2-||\nabla \phi ^n||^2+||\nabla \phi ^{n+1}-\nabla \phi ^n||^2)\\ &+{\frac {\beta \Delta t}{Pe Ca } }\sum _{\pm }\int _{\Omega }\zeta _{\pm }^{n}D_{\pm }^{n} C_{\pm }^{n+1} |\nabla \mu ^{n+1}_{c_{\pm }}|^2~d \bm {x}+\frac {1}{Ca \epsilon }(F(\phi ^{n+1})-F(\phi ^n),1)+\frac {1}{Ca \epsilon }((S-\frac {f'(\xi _n)}{2})(\phi ^{n+1}-\phi ^n),\phi ^{n+1}-\phi ^n) \nonumber \\ &+{\frac {\beta }{Ca}}\sum _{\pm }(\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^{n}C_{\pm }^{n},\mu _{c_{\pm }}^{n+1})-{\frac {\beta }{Ca}}\sum _{\pm }((\zeta _{\pm }^{n+1}-\zeta _{\pm }^n)C_{\pm }^{n+1},1)=0. \nonumber \end {align}


\begin {align*}&(\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^n C_{\pm }^n)\ln C_{\pm }^{n+1}-(\zeta _{\pm }^{n+1}-\zeta _{\pm }^n)C_{\pm }^{n+1} \\ =&[(\zeta _{\pm }^{n+1}-\zeta _{\pm }^n)C_{\pm }^{n+1}+\zeta _{\pm }^n(C_{\pm }^{n+1}-C_{\pm }^n)]\ln C_{\pm }^{n+1}-(\zeta _{\pm }^{n+1}-\zeta _{\pm }^n)C_{\pm }^{n+1} \\ =&(\zeta _{\pm }^{n+1}-\zeta _{\pm }^n)C_{\pm }^{n+1}(\ln C_{\pm }^{n+1}-1)+\zeta _{\pm }^n(C_{\pm }^{n+1}-C_{\pm }^n)\ln C_{\pm }^{n+1} \\ =&(\zeta _{\pm }^{n+1}-\zeta _{\pm }^n)C_{\pm }^{n+1}(\ln C_{\pm }^{n+1}-1)+\zeta _{\pm }^n(C_{\pm }^{n+1}-C_{\pm }^n)(\ln C_{\pm }^{n+1}-1)+\zeta _{\pm }^n(C_{\pm }^{n+1}-C_{\pm }^n).\end {align*}


\begin {equation*}\ln C_{\pm }^{n+1}-\ln C_{\pm }^n=\frac {1}{C_{\pm }^n}(C_{\pm }^{n+1}-C_{\pm }^n)-\frac {1}{2\xi ^2}(C_{\pm }^{n+1}-C_{\pm }^n)^2.\end {equation*}


\begin {align}\label {semi-pf12} &(\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^n C_{\pm }^n)\ln C_{\pm }^{n+1}-(\zeta _{\pm }^{n+1}-\zeta _{\pm }^n)C_{\pm }^{n+1} \\ =&\zeta _{\pm }^{n+1}C_{\pm }^{n+1}(\ln C_{\pm }^{n+1}-1)-\zeta _{\pm }^n C_{\pm }^n (\ln C_{\pm }^n-1)+\frac {\zeta _{\pm }^n C_{\pm }^n}{2 \xi ^2}(C_{\pm }^{n+1}-C_{\pm }^n)^2.\nonumber \end {align}


$\mathcal {T}_h=\{K\}$


$\Omega $


$\mathcal {E}_h$


$K \in \mathcal {T}_h$


$\mathcal {E}_0=\mathcal {E}_h \setminus \partial \Omega $


$\mathcal {P}^k(K)$


$k\geq 0$


$K \in \mathcal {T}_h$


\begin {align*}V_{h}=&\Bigl \{\varphi :\;\;\;\varphi \vert _K\in \mathcal {P}^k(K),\;\;\;\; \; \forall K\in \mathcal {T}_{h}\Bigr \},\\ \bm {W}_h = & \Bigl \{\Phi =(\phi _1,\cdots ,\phi _d)^T :\;\;\; \phi _l\vert _{ K }\in \mathcal {P}^k(K), \;\;l=1\cdots d,\;\;\; \forall K \in \mathcal {T}_{h}\Bigr \},\\ \bm {\Pi }_h=&\Bigl \{\bm {\Theta }=(\bm {\theta }_1,\cdots ,\bm {\theta }_d)^T :\;\;\; \bm {\theta }_l\vert _{ K }\in (\mathcal {P}^k(K))^d, \;\;l=1\cdots d,\;\;\; \forall K \in \mathcal {T}_{h}\Bigr \}.\end {align*}


\begin {align}\frac {\phi ^{n+1}-\phi ^n}{\Delta t}=\,&\mathcal {M} \nabla \cdot \bm {w}^{n+1}-\nabla \cdot \bm {q}^{n+1}-\frac {K}{Ca} \tilde \mu _{\phi }^{n+1} |\bm {v}^n|,\\ \bm {w}^{n+1}=\,&\nabla \tilde \mu _{\phi }^{n+1},\\ \bm {q}^{n+1} =\,&\phi ^n \bm {u}_{*}^n,\\ \tilde \mu _{\phi }^{n+1}=\,&-\epsilon \nabla \cdot \bm {v}^{n+1}+\frac {S}{\epsilon }(\phi ^{n+1}-\phi ^n)+\frac {1}{\epsilon }f(\phi ^n)-{\beta }\sum _{\pm } \frac {\zeta _{\pm }^{n+1}-\zeta _{\pm }^n}{\phi ^{n+1}-\phi ^n} C_{\pm }^{n+1},\\ \bm {v}^{n+1} =\,& \nabla \phi ^{n+1},\\ \frac {\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^nC_{\pm }^n}{\Delta t} =\,&\frac {1}{Pe} \nabla \cdot \bm {w}_{\pm }^{n+1}-\nabla \cdot \bm {q}_{\pm }^{n+1},\\ \bm {w}_{\pm }^{n+1} =\,&\zeta _{\pm }^n D_{\pm }^n C_{\pm }^{n+1} \bm {s}_{\pm }^{n+1},\\ \bm {s}_{\pm }^{n+1} =\,&\nabla \mu _{c_{\pm }}^{n+1},\\ \mu _{c_{\pm }}^{n+1} =\,&\ln C_{\pm }^{n+1},\\ \bm {q}_{\pm }^{n+1}=\,&\bm {u}_{*}^n \zeta _{\pm }^n C_{\pm }^{n},\\ Re \frac {\widetilde {\bm {u}}^{n+1}-\bm {u}^n}{\Delta t}=\,&\eta \nabla \cdot \bm {Q}^{n+1}-Re (\bm {u}^n \cdot \nabla )\widetilde {\bm {u}}^{n+1}-\bm {r}^n-\frac {1}{Ca} \phi ^n \bm {w}^{n+1}-{\frac {\beta }{Ca}} \sum _{\pm } \zeta ^n_{\pm }C_{\pm }^{n}\bm {s}_{\pm }^{n+1},\\ \bm {Q}^{n+1}=\,&\nabla \widetilde {\bm {u}}^{n+1},\\ \bm {r}^{n+1} =\,&\nabla p^{n+1},\\ Re \frac {\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1}}{\Delta t} =\,&-(\bm {r}^{n+1}-\bm {r}^{n}),\\ \nabla \cdot \bm {u}^{n+1} =\,&\,\,0.\end {align}


$\phi ^{n+1}$


$\tilde \mu _{\phi }^{n+1}$


$C_{\pm }^{n+1}$


$\mu _{c_{\pm }}^{n+1}$


$p^{n+1} \in V_h$


$\bm {w}^{n+1}$


$\bm {q}^{n+1}$


$\bm {v}^{n+1}$


$\bm {w}_{\pm }^{n+1}$


$\bm {s}_{\pm }^{n+1}$


$\bm {q}_{\pm }^{n+1}$


$\widetilde {\bm {u}}^{n+1}$


$\bm {u}^{n+1}$


$\bm {r}^{n+1} \in \bm {W}_h$


$\bm {Q}^{n+1} \in \bm {\Pi }_h$


$\varphi _1$


$\varphi _2$


$\varphi _3$


$\psi _{\pm }$


$\chi _{\pm } \in V_h$


$\bm {\theta }_1$


$\bm {\theta }_2$


$\bm {\theta }_3$


$\bm {\theta }_4$


$\bm {\theta }_5$


$\bm {\theta }_6$


$\bm {\varrho }_{\pm }$


$\bm {\varpi }_{\pm }$


$\bm {\vartheta }_{\pm } \in \bm {W}_h$


$\bm {\Theta } \in \bm {\Pi }_h$


\begin {align}\int _K \frac {\phi ^{n+1}-\phi ^n}{\Delta t} \varphi _1 dK=&-\int _K (\mathcal {M}\bm {w}^{n+1}-\bm {q}^{n+1}) \cdot \nabla \varphi _1 dK+\int _{\partial K} (\mathcal {M}\widehat {\bm {w}}^{n+1}\nonumber \\ &-\widehat {\bm {q}}^{n+1}) \cdot \n \varphi _1 ds-\int _K \frac {K}{Ca} \tilde \mu _{\phi }^{n+1} |\bm {v}^n|\varphi _1 dK, \label {LDG_scheme1}\\ \int _K \bm {w}^{n+1} \cdot \bm {\theta }_1 dK=&-\int _K \tilde \mu _{\phi }^{n+1} \nabla \cdot \bm {\theta }_1 dK+\int _{\partial K} \widehat {\tilde \mu }_{\phi }^{n+1} \bm {\theta }_1 \cdot \n ds,\label {LDG_scheme2} \\ \int _K \bm {q}^{n+1} \cdot \bm {\theta }_2 dK =& \int _K \phi ^n \bm {u}_{*}^n \cdot \bm {\theta }_2 dK,\label {LDG_scheme3}\\ \int _K \tilde \mu _{\phi }^{n+1} \varphi _2 dK=& \epsilon \int _K \bm {v}^{n+1} \cdot \nabla \varphi _2 dK-\epsilon \int _{\partial K} \widehat {\bm {v}}^{n+1} \cdot \n \varphi _2 ds+\frac {1}{\epsilon }\int _K f(\phi ^n)\varphi _2 dK\nonumber \\ &+ \int _K \left (\frac {S}{\epsilon }(\phi ^{n+1}-\phi ^n)-{\beta }\sum _{\pm } \frac {\zeta _{\pm }^{n+1}-\zeta _{\pm }^n}{\phi ^{n+1}-\phi ^n}C_{\pm }^{n+1}\right ) \varphi _2 dK, \label {LDG_scheme4}\\ \int _K \bm {v}^{n+1} \cdot \bm {\theta }_3 dK =& -\int _K \phi ^{n+1} \nabla \cdot \bm {\theta }_3 dK+\int _{\partial K} \widehat {\phi }^{n+1} \bm {\theta }_3 \cdot \n ds,\label {LDG_scheme5}\\ \int _K \frac {\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^nC_{\pm }^n}{\Delta t} \psi _{\pm } dK =&-\int _K (\frac {1}{Pe}\bm {w}_{\pm }^{n+1}-\bm {q}_{\pm }^{n+1}) \cdot \nabla \psi _{\pm } dK \nonumber \\ &+\int _{\partial K}(\frac {1}{Pe} \widehat {\bm {w}}^{n+1}_{\pm }-\widehat {\bm {q}}^{n+1}_{\pm }) \cdot \n \psi _{\pm }ds,\label {LDG_scheme6}\\ \int _K \bm {w}^{n+1}_{\pm } \cdot \bm {\varrho }_{\pm }dK=&\int _K \zeta _{\pm }^n D_{\pm }^n C_{\pm }^{n+1} \bm {s}_{\pm }^{n+1} \cdot \bm {\varrho }_{\pm } dK,\label {LDG_scheme7}\\ \int _K \bm {s}_{\pm }^{n+1} \cdot \bm {\varpi }_{\pm } dK =&-\int _K \mu _{c_{\pm }}^{n+1} \nabla \cdot \bm {\varpi }_{\pm } dK+\int _{\partial K} \widehat {\mu }_{c_{\pm }}^{n+1} \bm {\varpi }_{\pm } \cdot \n ds,\label {LDG_scheme8}\\ \int _K \mu _{c_{\pm }}^{n+1} \chi _{\pm } dK =& \int _K \ln C_{\pm }^{n+1} \chi _{\pm } dK,\label {LDG_scheme9}\\ \int _K \bm {q}_{\pm }^{n+1} \cdot \bm {\vartheta }_{\pm } dK =& \int _K \bm {u}_{*}^n \zeta ^n_{\pm } C_{\pm }^{n} \cdot \bm {\vartheta }_{\pm } dK, \label {LDG_scheme10}\\ Re \int _K \frac {\widetilde {\bm {u}}^{n+1}-\bm {u}^n}{\Delta t} \cdot \bm {\theta }_4 dK =& -\eta \int _K \bm {Q}^{n+1} \cdot \nabla \bm {\theta }_4 dK+\eta \int _{\partial K} (\widehat {\bm {Q}}^{n+1} \cdot \n ) \cdot \bm {\theta }_4 ds\nonumber \\ &- \int _K (Re(\bm {u}^n \cdot \nabla ) \widetilde {\bm {u}}^{n+1} +\bm {r}^n+\frac {1}{Ca} \phi ^n \bm {w}^{n+1} \nonumber \\ &+{\frac {\beta }{Ca}} \sum _{\pm } \zeta _{\pm }^n C_{\pm }^{n} \bm {s}_{\pm }^{n+1}) \cdot \bm {\theta }_4 dK,\label {LDG_scheme11}\\ \int _K \bm {Q}^{n+1} \cdot \bm {\Theta } dK =& -\int _K \widetilde {\bm {u}}^{n+1} \nabla \cdot \bm {\Theta } dK+\int _{\partial K} \widehat {\widetilde {\bm {u}}}^{n+1} \bm {\Theta } \cdot \n ds,\label {LDG_scheme12}\\ \int _K \bm {r}^{n+1} \cdot \bm {\theta }_5 dK =&-\int _K p^{n+1} \nabla \cdot \bm {\theta }_5 dK+\int _{\partial K} \widehat {p}^{n+1} \bm {\theta }_5 \cdot \n ds,\label {LDG_scheme13}\\ {\it Re} \int _K \frac {\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1}}{\Delta t} \cdot \bm {\theta }_6 dK=&-\int _K (\bm {r}^{n+1}-\bm {r}^n) \cdot \bm {\theta }_6 dK,\label {LDG_scheme14}\\ 0 =& -\int _K \bm {u}^{n+1} \cdot \nabla \varphi _3 dK +\int _{\partial K} \widehat {\bm {u}}_p^{n+1} \cdot \n \varphi _3 ds, \label {LDG_scheme15}\end {align}


\begin {equation}\label {LDG_scheme_star} \bm {u}_{*}^n=\bm {u}^n-\frac {\Delta t}{Ca Re} \phi ^n \bm {w}^{n+1}-{\frac {\beta \Delta t}{Ca Re}} \sum _{\pm } \zeta _{\pm }^n C_{\pm }^{n} \bm {s}_{\pm }^{n+1}.\end {equation}


$e$


$K_L$


$K_R$


$\n _L$


$\n _R$


$e$


$K_L$


$K_R$


$\n _0$


$K_L$


$\n _L \cdot \n _0<0$


$K_R$


$\n _R \cdot \n _0 \geq 0$


$\psi $


$K_L$


$K_R$


$e$


$\psi _L$


$(\psi |_{K_L})|_e$


$\psi _R$


$(\psi |_{K_R})|_e$


\begin {align}\label {flux} & \widehat {\bm {w}}^{n+1}=\bm {w}^{n+1}_{L}, \;\;\;\; \widehat {\bm {q}}^{n+1}=\bm {q}^{n+1}_L, \;\;\;\; \widehat {\tilde \mu }_{\phi }^{n+1}=\tilde \mu ^{n+1}_{\phi ,R},\;\;\;\; \widehat {\bm {v}}^{n+1}=\bm {v}^{n+1}_L, \nonumber \\ & \widehat {\phi }^{n+1}=\phi ^{n+1}_R,\;\;\;\;\widehat {\bm {q}}_{\pm }^{n+1}=\bm {q}^{n+1}_{\pm ,L},\;\;\;\;\widehat {\bm {w}}_{\pm }^{n+1}=\bm {w}^{n+1}_{\pm ,L},\;\;\;\; \widehat {\mu }^{n+1}_{c_{\pm }}=\mu ^{n+1}_{c_{\pm },R},\\ &\widehat {\bm {Q}}^{n+1}=\bm {Q}^{n+1}_R,\;\;\;\; \widehat {\widetilde {\bm {u}}}^{n+1}=\widetilde {\bm {u}}^{n+1}_{L},\;\;\;\;\widehat {p}^{n+1}=p^{n+1}_R, \;\;\;\; \widehat {\bm {u}}_p^{n+1}=\bm {u}^{n+1}_L. \nonumber \end {align}


\begin {equation}\label {flux_bc} \widehat {\bm {w}}^{n+1}\cdot \n =0, ~\widehat {\bm {q}}^{n+1}=\bm {0}, ~ \widehat {\bm {v}}^{n+1}\cdot \n = 0,~ \widehat {\bm {w}}^{n+1}_{\pm } \cdot \n =0,~ \widehat {\bm {q}}^{n+1}_{\pm } =\bm {0},~ \widehat {\bm {u}}_p^{n+1}=\bm {0},\end {equation}


\begin {align*}&H_K^{+}(r,\bm {v})=\int _K r \nabla \cdot \bm {v} dK\!-\!\int _{\partial K} r_R \bm {v} \cdot \n ds,~ H_K^{-}(\bm {v},r)=\int _K \bm {v} \cdot \nabla r dK\!-\!\int _{\partial K} \bm {v}_L \cdot \n r ds.\end {align*}


$K$


\begin {equation*}H^{+}(r,\bm {v})=\sum _{K} H_K^{+}(r,\bm {v}),\;\;\;\;\; H^{-}(\bm {v},r)=\sum _{K} H_K^{-}(\bm {v},r).\end {equation*}


\begin {equation}\label {H_propeety} H^{+}(r,\bm {v})=-H^{-}(\bm {v},r).\end {equation}


$S \geq L/2$


\begin {equation*}\mathcal {E}_h^{n+1}-\mathcal {E}_h^n \leq -\Delta t \int _{\Omega } \left (\eta |\bm {Q}^{n+1}|^2+\frac {\mathcal {M}}{Ca} |\bm {w}^{n+1}|^2+\frac {1}{Ca}\frac {K}{Ca}|\bm {v}^n||\tilde \mu _{\phi }^{n+1}|^2+\sum _{\pm } {\frac {\beta }{Ca Pe}}\zeta _{\pm }^nD_{\pm }^n C_{\pm }^{n+1} |\bm {s}_{\pm }^{n+1}|^2\right )d\x ,\end {equation*}


\begin {align*}\mathcal {E}_h^n=&\frac {Re}{2} \int _{\Omega }|\bm {u}^n|^2 d\x +\frac {1}{Ca}\int _{\Omega } \left (\frac {\epsilon }{2}|\bm {v}^n|^2+\frac {1}{\epsilon }F(\phi ^n)\right )d\x +\frac {\Delta t^2}{2Re}\int _{\Omega } |\bm {r}^n|^2 d\x +{\frac {\beta }{Ca}} \sum _{\pm } \int _{\Omega } \zeta _{\pm }^n C_{\pm }^n (\ln C_{\pm }^n-1)d\x .\end {align*}


$\bm {u}_{*}^n$


\begin {equation}\label {LDG-pf1} \frac {Re}{\Delta t} \int _K \bm {u}_{*}^n\cdot (\bm {u}_{*}^n-\bm {u}^n)dK=-\int _K \left (\frac {1}{Ca} \phi ^n \bm {w}^{n+1}+{\frac {\beta }{Ca}} \sum _{\pm } \zeta _{\pm }^n C_{\pm }^{n} \bm {s}_{\pm }^{n+1}\right ) \cdot \bm {u}_{*}^n dK.\end {equation}


\begin {equation}\label {LDG-pf2} {\it Re} \frac {\widetilde {\bm {u}}^{n+1}-\bm {u}^n}{\Delta t}+\frac {1}{Ca} \phi ^n \bm {w}^{n+1}+{\frac {\beta }{Ca}} \sum _{\pm } \zeta _{\pm }^n C_{\pm }^{n} \bm {s}_{\pm }^{n+1} =Re \frac {\widetilde {\bm {u}}^{n+1}-\bm {u}_{*}^n}{\Delta t}.\end {equation}


$\bm {\theta }_4=\widetilde {\bm {u}}^{n+1}$


\begin {align}\label {LDG-pf3} Re \int _K \frac {\widetilde {\bm {u}}^{n+1}-\bm {u}_{*}^n}{\Delta t} \cdot \widetilde {\bm {u}}^{n+1} dK =& -\eta \int _K \bm {Q}^{n+1} \cdot \nabla \widetilde {\bm {u}}^{n+1} dK+\eta \int _{\partial K} (\widehat {\bm {Q}}^{n+1} \cdot \n ) \cdot \widetilde {\bm {u}}^{n+1} ds \nonumber \\ &- \int _K (Re(\bm {u}^n \cdot \nabla ) \widetilde {\bm {u}}^{n+1}+\bm {r}^n) \cdot \widetilde {\bm {u}}^{n+1} dK.\end {align}


$w$


$\mathcal {D}w=w^{n+1}-w^n$


$t^n$


$t^{n+1}$


$\bm {\theta }_3=\frac {\epsilon }{Ca \Delta t} \bm {v}^{n+1}$


$\bm {\theta }_5=\bm {u}^{n+1}$


\begin {align}\frac {\epsilon }{Ca \Delta t} \int _K \mathcal {D} \bm {v} \cdot \bm {v}^{n+1} dK &=-\frac {\epsilon }{Ca \Delta t} H_K^{+}(\mathcal {D}\phi , \bm {v}^{n+1}),\label {LDG-pf4}\\ \int _K \mathcal {D} \bm {r} \cdot \bm {u}^{n+1} dK &=-H_K^{+}(\mathcal {D}p,\bm {u}^{n+1}).\label {LDG-pf5}\end {align}


\begin {align*}& \varphi _1=\frac {1}{Ca} \tilde \mu _{\phi }^{n+1},\;\; \bm {\theta }_1=\frac {1}{Ca}(\mathcal {M} \bm {w}^{n+1}-\bm {q}^{n+1}),\;\;\bm {\theta }_2=\frac {1}{Ca} \bm {w}^{n+1},\;\; \varphi _2=-\frac {1}{Ca \Delta t} \mathcal {D} \phi ,\\ &\psi _{\pm }={\frac {\beta }{Ca }} \mu _{c_{\pm }}^{n+1},\;\; \bm {\varrho }_{\pm }=-{\frac {\beta }{Ca Pe} }\bm {s}_{\pm }^{n+1},\;\;\bm {\varpi }_{\pm }={\frac {\beta }{Ca}} (\frac {1}{Pe} \bm {w}_{\pm }^{n+1}-\bm {q}_{\pm }^{n+1}),\;\;\bm {\theta }_6=\bm {u}^{n+1},\\ & \chi _{\pm }=-{\frac {\beta }{Ca \Delta t}}(\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^{n}C_{\pm }^{n}),\;\;\bm {\vartheta }_{\pm }={\frac {\beta }{Ca }} \bm {s}_{\pm }^{n+1},\;\;\bm {\Theta }=\eta \bm {Q}^{n+1}, \;\;\varphi _3=\mathcal {D} p.\end {align*}


\begin {align}\frac {1}{Ca \Delta t}\int _K \mathcal {D} \phi \tilde \mu _{\phi }^{n+1} dK =&-\frac {1}{Ca}H_K^{-}(\mathcal {M} \bm {w}^{n+1}-\bm {q}^{n+1},\tilde \mu _{\phi }^{n+1}) \nonumber \\ &-\frac {1}{Ca}\frac {K}{Ca}\int _K |\bm {v}^n| |\tilde \mu _{\phi }^{n+1}|^2 dK,\\ \frac {1}{Ca}\int _K \bm {w}^{n+1} \cdot (\mathcal {M} \bm {w}^{n+1}-\bm {q}^{n+1}) dK =&-\frac {1}{Ca} H_K^{+}(\tilde \mu _{\phi }^{n+1},\mathcal {M} \bm {w}^{n+1}-\bm {q}^{n+1}),\\ \frac {1}{Ca}\int _K \bm {q}^{n+1} \cdot \bm {w}^{n+1} dK &=\frac {1}{Ca} \int _K \phi ^n \bm {u}_{*}^n \cdot \bm {w}^{n+1}dK,\\ -\frac {1}{Ca \Delta t}\int _K \tilde \mu _{\phi }^{n+1} \mathcal {D} \phi dK =&-\frac {\epsilon }{Ca \Delta t} H_K^{-}(\bm {v}^{n+1},\mathcal {D}\phi )+{\frac {\beta }{Ca \Delta t}}\int _K \sum _{\pm } \mathcal {D} \zeta _{\pm } C_{\pm }^{n+1}dK\nonumber \\ &-\frac {1}{Ca \Delta t}\int _K \left (\frac {S}{\epsilon }(\mathcal {D}\phi )^2+\frac {1}{\epsilon } f(\phi ^n) \mathcal {D}\phi \right )dK,\\ {\frac {\beta }{Ca \Delta t}}\int _K (\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^{n}C_{\pm }^{n})\mu _{c_{\pm }}^{n+1}dK=& -{\frac {\beta }{Ca}} H_K^{-}(\frac {1}{Pe} \bm {w}_{\pm }^{n+1}-\bm {q}_{\pm }^{n+1},\mu _{c_{\pm }}^{n+1}),\\ -{\frac {\beta }{Ca Pe}}\int _K \bm {w}^{n+1}_{\pm } \cdot \bm {s}_{\pm }^{n+1}dK=&-{\frac {\beta }{Ca Pe}}\int _K \zeta _{\pm }^n D_{\pm }^n C_{\pm }^{n+1} \bm {s}_{\pm }^{n+1} \cdot \bm {s}_{\pm }^{n+1} dK,\\ {\frac {\beta }{Ca}}\int _K \bm {s}_{\pm }^{n+1} \cdot (\frac {1}{Pe}\bm {w}^{n+1}_{\pm }-\bm {q}^{n+1}_{\pm }) dK =&-{\frac {\beta }{Ca }}H_K^{+}(\mu _{c_{\pm }}^{n+1},\frac {1}{Pe}\bm {w}^{n+1}_{\pm }-\bm {q}^{n+1}_{\pm }),\\ -{\frac {\beta }{Ca \Delta t}}\int _K \mu _{c_{\pm }}^{n+1} (\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^{n}C_{\pm }^{n}) dK =&-{\frac {\beta }{Ca \Delta t}} \int _K \ln C_{\pm }^{n+1} (\zeta _{\pm }^{n+1}C_{\pm }^{n+1}-\zeta _{\pm }^{n}C_{\pm }^{n}) dK,\\ {\frac {\beta }{Ca}}\int _K \bm {q}_{\pm }^{n+1} \cdot \bm {s}_{\pm }^{n+1}dK =& {\frac {\beta }{Ca}}\int _K \bm {u}_{*}^n \zeta ^n_{\pm } C_{\pm }^{n} \cdot \bm {s}_{\pm }^{n+1} dK, \\ \eta \int _K \bm {Q}^{n+1} \cdot \bm {Q}^{n+1} dK =& -\eta \int _K \widetilde {\bm {u}}^{n+1} \nabla \cdot \bm {Q}^{n+1} dK+\eta \int _{\partial K} \widehat {\widetilde {\bm {u}}}^{n+1} \bm {Q}^{n+1} \cdot \n ds,\\ Re \int _K \frac {\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1}}{\Delta t} \cdot \bm {u}^{n+1} dK=&-\int _K (\bm {r}^{n+1}-\bm {r}^n) \cdot \bm {u}^{n+1} dK,\\ 0=&-H_K^{-}(\bm {u}^{n+1},\mathcal {D}p).\label {LDG-pf6}\end {align}


$K$


\begin {align}\label {LDG-pf7} & \frac {\epsilon }{Ca \Delta t} \int _{\Omega } \bm {v}^{n+1} \cdot (\bm {v}^{n+1}-\bm {v}^n)d\x +\frac {Re}{\Delta t} \int _{\Omega } \bm {u}^{n+1} \cdot (\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1})d\x \\ &+\frac {Re}{\Delta t} \int _{\Omega } \bm {u}_{*}^n \cdot (\bm {u}_{*}^n-\bm {u}^n) d\x \!\! +\!\!\frac {Re}{\Delta t} \int _{\Omega } \widetilde {\bm {u}}^{n+1} \cdot (\widetilde {\bm {u}}^{n+1}-\bm {u}_{*}^n)d\x \!\!+\!\!\frac {1}{Ca} \int _{\Omega } \mathcal {M} \bm {w}^{n+1} \cdot \bm {w}^{n+1} d\x \nonumber \\ &+\frac {K}{Ca} \int _{\Omega } |\bm {v}^n| |\tilde \mu _{\phi }^{n+1}|^2 d\x +{\frac {\beta }{Ca Pe}} \sum _{\pm } \int _{\Omega } \zeta _{\pm }^n D_{\pm }^n C_{\pm }^{n+1} \bm {s}_{\pm }^{n+1} \cdot \bm {s}_{\pm }^{n+1} d\x \nonumber \\ &+\eta \int _{\Omega } \bm {Q}^{n+1} \cdot \bm {Q}^{n+1} d\x +\int _{\Omega } \bm {r}^n \cdot \widetilde {\bm {u}}^{n+1}d\x +\frac {1}{Ca \Delta t}\int _{\Omega } \left (\frac {S}{\epsilon }\mathcal {D}\phi +\frac {f(\phi ^n)}{\epsilon }\right )\mathcal {D} \phi d\x \nonumber \\ &+{\frac {\beta }{Ca \Delta t}}\sum _{\pm }\int _{\Omega } \left (\ln C_{\pm }^{n+1}(\zeta _{\pm }^{n+1} C_{\pm }^{n+1}-\zeta _{\pm }^{n} C_{\pm }^{n})-\mathcal {D} \zeta _{\pm } C_{\pm }^{n+1}\right ) d\x =0.\nonumber \end {align}


\begin {align}\label {LDG-pf8} &\frac {1}{Ca}\int _{\Omega } \left (\frac {S}{\epsilon }\mathcal {D}\phi +\frac {f(\phi ^n)}{\epsilon }\right )\mathcal {D} \phi d\x +{\frac {\beta }{Ca}}\sum _{\pm }\int _{\Omega } \left (\ln C_{\pm }^{n+1}(\zeta _{\pm }^{n+1} C_{\pm }^{n+1}-\zeta _{\pm }^{n} C_{\pm }^{n})-\mathcal {D} \zeta _{\pm } C_{\pm }^{n+1}\right ) d\x \\ =&\frac {1}{Ca \epsilon } \int _{\Omega } \left (F(\phi ^{n+1})-F(\phi ^n)\right ) d\x +\frac {1}{Ca \epsilon } \int _{\Omega } \left (S-\frac {f'(\xi _n)}{2}\right ) (\mathcal {D}\phi )^2 d\x \nonumber \\ &+{\frac {\beta }{Ca}} \sum _{\pm } \int _{\Omega }\left (\zeta _{\pm }^{n+1}C_{\pm }^{n+1}(\ln C_{\pm }^{n+1}-1)-\zeta _{\pm }^{n}C_{\pm }^{n}(\ln C_{\pm }^{n}-1)\right ) d\x +{\frac {\beta }{Ca}} \sum _{\pm } \int _{\Omega } \frac {\zeta _{\pm }^n C_{\pm }^n}{2\xi ^2}(\mathcal {D} C_{\pm })^2d\x .\nonumber \end {align}


$\int _{\Omega } \bm {r}^n \cdot \widetilde {\bm {u}}^{n+1}$


$\bm {\theta }_6=\bm {r}^n$


$\bm {r}^{n+1}$


\begin {align}\label {LDG-pf9} \frac {Re}{\Delta t} \int _{\Omega } \widetilde {\bm {u}}^{n+1} \cdot \bm {r}^n d\x =\frac {1}{2} \int _{\Omega }\left (|\bm {r}^{n+1}|^2-|\bm {r}^{n}|^2-|\bm {r}^{n+1}-\bm {r}^{n}|^2\right ) d\x ,\\ \frac {Re}{\Delta t} \int _{\Omega } \widetilde {\bm {u}}^{n+1} \cdot \bm {r}^{n+1} d\x =\frac {1}{2} \int _{\Omega }\left (|\bm {r}^{n+1}|^2-|\bm {r}^{n}|^2+|\bm {r}^{n+1}-\bm {r}^{n}|^2\right ) d\x .\end {align}


$\int _{\Omega } \bm {u}^{n+1} \cdot \bm {r}^n d\x $


\begin {equation}\label {LDG-pf10} \frac {Re^2 }{\Delta t^2} \int _{\Omega }|\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1}|^2 d\x =\int _{\Omega } |\bm {r}^{n+1}-\bm {r}^n|^2 d\x .\end {equation}


\begin {equation}\label {LDG-pf11} \int _{\Omega } \bm {r}^n \cdot \widetilde {\bm {u}}^{n+1}d\x =\frac {\Delta t}{2Re}\int _{\Omega } (|\bm {r}^{n+1}|^2-|\bm {r}^{n}|^2)d\x -\frac {Re}{2 \Delta t} \int _{\Omega } |\bm {u}^{n+1}-\widetilde {\bm {u}}^{n+1}|^2d\x .\end {equation}


\begin {align*}&\frac {\epsilon }{2Ca \Delta t}\int _{\Omega } \left (|\bm {v}^{n+1}|^2-|\bm {v}^n|^2\right )d\x +\frac {Re}{2\Delta t} \int _{\Omega } \left (|\bm {u}^{n+1}|^2-|\bm {u}^n|^2\right )d\x +\frac {\Delta t}{2Re}\int _{\Omega } \left (|\bm {r}^{n+1}|^2-|\bm {r}^n|^2\right )d\x \\ & +\frac {1}{Ca \epsilon \Delta t} \int _{\Omega } \left (F(\phi ^{n+1})-F(\phi ^n)\right ) d\x +{\frac {\beta }{Ca \Delta t}} \sum _{\pm } \int _{\Omega } \left (\zeta _{\pm }^{n+1}C_{\pm }^{n+1}(\ln C_{\pm }^{n+1}-1)-\zeta _{\pm }^{n}C_{\pm }^{n}(\ln C_{\pm }^{n}-1)\right )d\x \\ \leq &-\left (\frac {1}{Ca} \int _{\Omega } \mathcal {M} |\bm {Q}^{n+1}|^2 d\x +\frac {1}{Ca}\frac {K}{Ca} \int _{\Omega } |\tilde \mu _{\phi }^{n+1}|^2 |\bm {v}^n|d\x +\eta \int _{\Omega } |\bm {Q}^{n+1}|^2 d\x +{\frac {\beta }{Ca Pe}} \sum _{\pm } \int _{\Omega } \zeta _{\pm }^n D_{\pm }^n C_{\pm }^{n+1} |\bm {s}_{\pm }^{n+1}|^2 d\x \right ),\end {align*}


$a(a-b)=\frac {1}{2}a^2-\frac {1}{2}b^2+\frac {1}{2}(a-b)^2$


$a=\bm {u}^{n+1},\bm {u}_{*}^n, \widetilde {\bm {u}}^{n+1}, \bm {v}^{n+1}$


$b=\widetilde {\bm {u}}^{n+1}, \bm {u}^{n}, \bm {u}_{*}^n, \bm {v}^n$


$[t^n, t^{n+1}]$


$[t^n, t^{n+1}]$


$P$


$\{t^{n,m}\}_{m=0}^P$


\begin {equation*}t^n = t^{n,0} < t^{n,1} < \cdots < t^{n,m} < \cdots < t^{n,P} = t^{n+1}.\end {equation*}


$\Delta t^{n,m} = t^{n,m+1} - t^{n,m}$


$\phi _L^{n,m}$


$L$


$\phi (t^{n,m})$


$\{t^{n,m}\}_{m=0}^P$


$[t^n, t^{n+1}]$


$(\phi ^n, \bm {u}^n, C_{\pm }^n)$


$t^n$


$(\phi ^{n+1}, \bm {u}^{n+1}, C_{\pm }^{n+1})$


$\phi _1^{n,0}=\phi ^n$


$\bm {u}_1^{n,0}=\bm {u}^n$


$C_{\pm ,1}^{n,0}=C_{\pm }^n$


$\phi _1$


$\bm {u}_1$


$C_{\pm ,1}$


$\{t^{n,m}\}_{m=1}^P$


$m=0,\ldots ,P-1$


\begin {equation}\left \{ \begin {aligned} & \phi ^{n,m+1}_1=\phi ^{n,m}_1+\Delta t^{n,m} (\mathcal {M} \Delta \tilde \mu _{\phi ,1}^{n,m+1}-\nabla \cdot (\phi _1^{n,m}\bm {u}^{n,m}_{*,1})-\frac {K}{Ca}\tilde \mu _{\phi ,1}^{n,m+1} |\nabla \phi _{1}^{n,m}|),\\ & \tilde \mu _{\phi ,1}^{n,m+1}=-\epsilon \Delta \phi _1^{n,m+1}+\frac {S}{\epsilon }(\phi _1^{n,m+1}-\phi _1^{n,m})+\frac {1}{\epsilon } f(\phi _1^{n,m})-{\beta }\sum _{\pm } \frac {\zeta _{\pm ,1}^{n,m+1}-\zeta _{\pm ,1}^{n,m}}{\phi _1^{n,m+1}-\phi _1^{n,m}} C_{\pm ,1}^{n,m+1}, \\ &\zeta _{\pm ,1}^{n,m+1}C_{\pm ,1}^{n,m+1}=\zeta _{\pm ,1}^{n,m}C_{\pm ,1}^{n,m}+\Delta t^{n,m}(\frac {1}{Pe} \nabla \cdot (\zeta _{\pm ,1}^{n,m}D_{\pm ,1}^{n,m}C_{\pm ,1}^{n,m+1}\nabla \mu _{{c}_{\pm ,1}}^{n,m+1})-\nabla \cdot (\bm {u}^{n,m}_{*,1}\zeta _{\pm ,1}^{n,m}C_{\pm ,1}^{n,m} )),\\ &\mu _{{c}_{\pm ,1}}^{n,m+1}=\ln C_{\pm ,1}^{n,m+1}, \end {aligned} \right . \label {Xeqn31-72}\end {equation}


\begin {equation}\bm {u}_{*,1}^{n,m}=\bm {u}_1^{n,m}-\frac {\Delta t^{n,m}}{Ca Re} \phi _1^{n,m} \nabla \tilde \mu _{\phi ,1}^{n,m+1} -{\frac {\beta \Delta t^{n,m}}{Ca Re}}\sum _{\pm }\zeta _{\pm ,1}^{n,m} C_{\pm ,1}^{n,m} \nabla \mu _{c_{\pm ,1}}^{n,m+1}; \label {Xeqn32-73}\end {equation}


\begin {align}\widetilde {\bm {u}}_1^{n,m+1}=&\bm {u}_1^{n,m}-\Delta t^{n,m} (\bm {u}_1^{n,m} \cdot \nabla ) \widetilde {\bm {u}}_1^{n,m+1} \nonumber \\ &+\frac {\Delta t^{n,m}}{Re} (\eta \Delta \widetilde {\bm {u}}_1^{n,m+1}-\nabla p_1^{n,m}-\frac {1}{Ca} \phi _1^{n,m} \nabla \tilde \mu _{\phi ,1}^{n,m+1}-{\frac {\beta }{Ca}}\sum _{\pm }\zeta _{\pm ,1}^{n,m} C_{\pm ,1}^{n,m} \nabla \mu _{c_{\pm ,1}}^{n,m+1} );\end {align}


\begin {align}-\Delta (p_1^{n,m+1}-p_1^{n,m})&=-\frac {Re}{\Delta t^{n,m}} \nabla \cdot \widetilde {\bm {u}}^{n,m+1}_1,\\ \bm {u}_1^{n,m+1}&=\widetilde {\bm {u}}^{n,m+1}_1-\frac {\Delta t^{n,m}}{Re}\nabla (p_1^{n,m+1}-p_1^{n,m}).\end {align}


$l=1,\ldots ,L$


$\phi _{l+1}^{n,0}=\phi ^n$


$\bm {u}_{l+1}^{n,0}=\bm {u}^n$


$C_{\pm ,l+1}^{n,0}=C_{\pm }^n$


$m=0,\ldots ,P-1$


\begin {equation}\left \{ \begin {aligned} \phi ^{n,m+1}_{l+1}=& \phi ^{n,m}_{l+1}+\Delta t^{n,m} (\mathcal {M} \Delta \tilde \mu _{\phi ,l+1}^{n,m+1}-\nabla \cdot (\phi _{l+1}^{n,m}\bm {u}^{n,m}_{*,l+1})-\frac {K}{Ca}\tilde \mu _{\phi ,l+1}^{n,m+1} |\nabla \phi _{l+1}^{n,m}| \\ &-\mathcal {M} \Delta \tilde \mu _{\phi ,l}^{n,m+1}+\nabla \cdot (\phi _{l}^{n,m}\bm {u}^{n,m}_{*,l})+\frac {K}{Ca}\tilde \mu _{\phi ,l}^{n,m+1} |\nabla \phi _{l}^{n,m}|)+I_m^{m+1} (F_{\phi }), \\ \tilde \mu _{\phi ,l+1}^{n,m+1}=&-\epsilon \Delta \phi _{l+1}^{n,m+1}+\frac {S}{\epsilon }(\phi _{l+1}^{n,m+1}-\phi _{l+1}^{n,m})+\frac {1}{\epsilon } f(\phi _{l+1}^{n,m})-{\beta }\sum _{\pm } \frac {\zeta _{\pm ,l+1}^{n,m+1}-\zeta _{\pm ,l+1}^{n,m}}{\phi _{l+1}^{n,m+1}-\phi _{l+1}^{n,m}} C_{\pm ,l+1}^{n,m+1},\\ \zeta _{\pm ,l+1}^{n,m+1} C_{\pm ,l+1}^{n,m+1}=&\zeta _{\pm ,l+1}^{n,m} C_{\pm ,l+1}^{n,m}+\Delta t^{n,m} (\frac {1}{Pe}\nabla \cdot (\zeta _{\pm ,l+1}^{n,m}D_{\pm ,l+1}^{n,m}C_{\pm ,l+1}^{n,m+1} \nabla \mu _{c_{\pm ,l+1}}^{n,m+1})-\nabla \cdot (\bm {u}_{*,l+1}^{n,m}\zeta _{\pm ,l+1}^{n,m}C_{\pm ,l+1}^{n,m}) \\ &-\frac {1}{Pe}\nabla \cdot (\zeta _{\pm ,l}^{n,m}D_{\pm ,l}^{n,m}C_{\pm ,l}^{n,m+1} \nabla \mu _{c_{\pm ,l}}^{n,m+1})+\nabla \cdot (\bm {u}_{*,l}^{n,m}\zeta _{\pm ,l}^{n,m}C_{\pm ,l}^{n,m}))+I_m^{m+1}(F_{c_{\pm }}),\\ \mu _{{c}_{\pm ,l+1}}^{n,m+1}=&\ln C_{\pm ,l+1}^{n,m+1}, \end {aligned} \right . \label {Xeqn33-77}\end {equation}


\begin {align*}& \bm {u}_{*,l+1}^{n,m}=\bm {u}_{l+1}^{n,m}-\frac {\Delta t^{n,m}}{Ca Re} \phi _{l+1}^{n,m} \nabla \tilde \mu _{\phi ,l+1}^{n,m+1} -{\frac {\beta \Delta t^{n,m}}{Ca Re}}\sum _{\pm }\zeta _{\pm ,l+1}^{n,m} C_{\pm ,l+1}^{n,m} \nabla \mu _{c_{\pm ,l+1}}^{n,m+1},\\ & F_{\phi }=\mathcal {M} \Delta \tilde \mu _{\phi ,l}-\nabla \cdot (\phi _l \bm {u}_l)-\frac {K}{Ca} \tilde \mu _{\phi ,l} |\nabla \phi _l|,\\ &F_{c_{\pm }}=\frac {1}{Pe} \nabla \cdot (\zeta _{\pm ,l}D_{\pm ,l}C_{\pm ,l}\nabla \mu _{c_{\pm ,l}})-\nabla \cdot (\bm {u}_l \zeta _{\pm ,l}C_{\pm ,l});\end {align*}


\begin {align}\widetilde {\bm {u}}_{l+1}^{n,m+1}=&\bm {u}_{l+1}^{n,m}-\Delta t^{n,m}((\bm {u}_{l+1}^{n,m} \cdot \nabla ) \widetilde {\bm {u}}_{l+1}^{n,m+1}-(\bm {u}_{l}^{n,m} \cdot \nabla ) \widetilde {\bm {u}}_{l}^{n,m+1})+\frac {\Delta t^{n,m}}{Re}(\eta \Delta \widetilde {\bm {u}}_{l+1}^{n,m+1}-\nabla p_{l+1}^{n,m} \nonumber \\ &-\frac {1}{Ca} \phi _{l+1}^{n,m} \nabla \tilde \mu _{\phi ,l+1}^{n,m+1}-{\frac {\beta }{Ca}}\sum _{\pm }\zeta _{\pm ,l+1}^{n,m} C_{\pm ,l+1}^{n,m} \nabla \mu _{c_{\pm ,l+1}}^{n,m+1}-\eta \Delta \widetilde {\bm {u}}_{l}^{n,m+1}+\nabla p_{l}^{n,m} \\ &+\frac {1}{Ca} \phi _{l}^{n,m} \nabla \tilde \mu _{\phi ,l}^{n,m+1}+{\frac {\beta }{Ca}}\sum _{\pm }\zeta _{\pm ,l}^{n,m} C_{\pm ,l}^{n,m} \nabla \mu _{c_{\pm ,l}}^{n,m+1})+I_m^{m+1} (F_{\bm {u}}), \nonumber \end {align}


\begin {equation*}F_{\bm {u}}=-(\bm {u}_l \cdot \nabla ) \widetilde {\bm {u}}_l+\frac {1}{Re}(\eta \Delta \widetilde {\bm {u}}_l-\nabla p_l-\frac {1}{Ca} \phi _l \nabla \tilde \mu _{\phi ,l}-{\frac {\beta }{Ca}} \sum _{\pm } \zeta _{\pm ,l}C_{\pm ,l} \nabla \mu _{c_{\pm ,l}});\end {equation*}


\begin {align}&- (\Delta p^{n,m+1}_{l+1}-\Delta p^{n,m}_{l+1}) = -\frac {Re}{\Delta t^{n,m}} (\nabla \cdot \widetilde {\bm {u}}^{n,m+1}_{l+1}-\nabla \cdot \widetilde {\bm {u}}^{n,m+1}_l) +I_m^{m+1} (F),\\ &\bm {u}_{l+1}^{n,m+1}=\widetilde {\bm {u}}^{n,m+1}_{l+1}+\frac {\Delta t^{n,m}}{Re}\nabla (p_{l+1}^{n,m+1}-p_{l+1}^{n,m})-\frac {\Delta t^{n,m}}{Re}\nabla (p_{l}^{n,m+1}-p_{l}^{n,m}),\end {align}


\begin {equation*}F=-\frac {Re}{(\Delta t^{n,m})^2} \nabla \cdot \widetilde {\bm {u}}_l.\end {equation*}


$I_m^{m+1}(F_{\phi })$


$P$


$P+1$


$(t^{n,m},F_{\phi })_{m=0}^P$


$[t^{n,m},t^{n,m+1}]$


\begin {equation*}\int _{t^{n,m}}^{t^{n,m+1}} F_{\phi } dt.\end {equation*}


$\phi ^{n+1}=\phi ^{n,P}_{L+1}$


$\bm {u}^{n+1}=\bm {u}^{n,P}_{L+1}$


$C_{\pm }^{n+1}=C_{\pm ,L+1}^{n,P}$


$\mathcal {O}(\tau ^{\min [L+1,P+1]}),$


$\tau =\max \limits _{n,m} \Delta t^{n,m}$


$\epsilon \rightarrow 0$


$K$


$\Omega =[0,2\pi ] \times [0,2\pi ]$


\begin {align*}&\phi (x,y,t)=0.3+0.2e^{-2t}\sin (x)\sin (y),\\ &\bm {u}(x,y,t)=(-0.25e^{-2t}\sin ^2(x)\sin (2y),0.25e^{-2t}\sin (2x)\sin ^2(y)),\\ &C_{+}(x,y,t)=0.2+0.1 e^{-2t}\cos (x)\cos (y),~ C_{-}(x,y,t)=0.2+0.1 e^{-2t}\sin (x)\sin (y).\end {align*}


$\mathcal {M}=K=\epsilon =\beta =Pe=Ca=Re=\eta =1$
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$\Delta t=\Delta t_0/2^m$


$\Delta t_0=0.02$


$m=0,1,2,3$


$L^2$


$L^{\infty }$


$L^2$


$L^\infty $


$T=0.1$
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$\mathcal {P}^1$


$\Delta x = \Delta y = 2\pi /64$
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$\Delta t = 0.1/2^5$


$\Delta t = 0.1/2$


$\Delta t = 0.1/2^4$


$\bm u\equiv 0$


$\Omega =[0,1]$


\begin {equation*}\partial _t C_\pm = \frac {1}{Pe}\,\partial _x\!\big (D_\pm \,\partial _x C_\pm \big ) \quad \text {in } \Omega ^\pm (t),\end {equation*}


$x=0,1$


$\Gamma (t)$


$x_\Gamma (t)$


\begin {equation*}\frac {d x_\Gamma }{dt}=-\frac {{\beta }}{Ca}\,\tilde K\,\big (C^+-C^-\big )\Big |_{x=x_\Gamma (t)}.\end {equation*}


\begin {equation*}\Omega ^+(0)=[0,0.5],\quad \Omega ^-(0)=[0.5,1],\qquad C_+(x,0)=C_L=0.2,\;\; C_-(x,0)=C_R=0.3.\end {equation*}


$C_\pm $


\begin {equation*}C_+^{\mathrm {eq}}=C_-^{\mathrm {eq}}=\frac {C_L+C_R}{2},\qquad x_\Gamma ^{\mathrm {eq}}=\frac {C_L}{C_L+C_R}=0.4,\end {equation*}


\begin {equation*}\mathbb {I}_{\Omega ^+}(x)= \begin {cases} 1,& x<x_\Gamma ^{\mathrm {eq}},\\ -1,& x>x_\Gamma ^{\mathrm {eq}}. \end {cases}\end {equation*}


\begin {align}\partial _t \phi &= \partial _x\!\big (\mathcal M\,\partial _x \tilde \mu _\phi \big ) -\frac {K}{Ca}\,\tilde \mu _\phi \,\big |\partial _x\phi \big |,\\[2pt] \partial _t(\zeta _\pm C_\pm ) &= \frac {1}{Pe}\,\partial _x\!\big (\zeta _\pm D_\pm \,\partial _x C_\pm \big ),\\[2pt] \tilde \mu _\phi &= -\,\epsilon \,\partial _{xx}\phi + \frac {1}{\epsilon }F'(\phi ) -{\beta }\!\left (\zeta _+'(\phi )\,C_+ + \zeta _-'(\phi )\,C_-\right ),\end {align}


$x=0,1$


\begin {equation*}\phi (x,0)=\tanh \!\Big (\frac {0.5-x}{\sqrt {2}\,\epsilon }\Big ),\qquad C_+(x,0)=C_L,\;\; C_-(x,0)=C_R.\end {equation*}
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$\phi ^{\mathrm {eq}}\to \mathbb {I}_{\Omega ^+}$


$\epsilon \to 0$


$K$


$\Omega =[0,6.4] \times [0,6.4]$


$c_0 =0.15$


\begin {align*}\phi (x,y,0)&=\tanh \left (\frac {1.0-\sqrt {(x-3.2)^2+(y-3.2)^2}}{\sqrt {2}\epsilon }\right ),\\ \bm {u}(x,y,0)&= \bm {0},\\ C_{+}(x,y,0)&=c_0+\exp \left (-\frac {(x-3.2)^2+(y-3.2)^2}{0.15}\right ), \\ C_{-}(x,y,0)&=0.02,\end {align*}


\begin {equation*}\mathcal {M}=0.03, \epsilon =0.03, Re=1, Pe =1, \eta =1, Ca = 1, {\beta =2},\end {equation*}


$c_0 = 0.15$
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\begin {equation*}\bm {u} = 0, \quad \tilde {\mu }_{\phi } = 0, \quad \mu _c^{\pm } = 0,\end {equation*}


$K$


$C_{\pm }$


$K$


$-\tfrac {K}{Ca}\,\tilde {\mu }_{\phi }\,|\nabla \phi |$


$c_0\in \{0.1,\,0.3,\,0.5\}$


$K=0.5$


$\epsilon =0.05$


$t=1, 2, 4$


$K=0.5$
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$c_0=0.1$
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$c_0=0.5$


$c_0=0.1$


$0.3$
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$c_0$


$c_0=0.5$


$R^{eq}$


$\kappa =1/R^{eq}$


\begin {equation}\frac {\sigma }{R^{eq}} \;=\;{\beta }\,\big (C_+^{eq}-C_-^{eq}\big ), \label {Xeqn34-82}\end {equation}


\begin {equation*}N_{\rm in} := \int _{\Omega } C_+(x,0)\,\zeta _+(\phi (x,0))\,dx= \pi (R^{eq})^2\, C_+^{eq}, ~ N_{\rm out} := \int _{\Omega } C_-(x,0)\,\zeta _-(\phi (x,0))\,dx =\big (L^2-\pi (R^{eq})^2\big )\, C_-^{eq} .\end {equation*}


$C_\pm ^{eq}$


$R^{eq}$


\begin {equation}\label {eq:SI-radius} {\beta }\!\left (\frac {N_{\rm in}}{\pi (R^{eq})^2} - \frac {N_{\rm out}}{L^2-\pi (R^{eq})^2}\right ) \;=\; \frac {\sigma }{R^{eq}},\end {equation}


$R^{eq}$


$0<R^{eq}<L/\sqrt {\pi }$


$C_+^{eq} = N_{\rm in}/\big (\pi (R^{eq})^2\big )$


$C_-^{eq} = N_{\rm out}/\big (L^2-\pi (R^{eq})^2\big )$


$c_0=0.1$


$0.3$


$c_0=0.5$


$\Omega = [0, 6.4] \times [0, 6.4]$


$\phi $


$C_{\pm }$


$\bm {u}$


\begin {align*}& \phi (x,y,0) = \tanh \left (\frac {1.0 - \sqrt {(x - 2.35)^2 + (y - 4.05)^2}}{\sqrt {2} \epsilon }\right ) + \tanh \left (\frac {1.0 - \sqrt {(x - 4.05)^2 + (y - 2.35)^2}}{\sqrt {2} \epsilon }\right ) + 1.0, \\ &C_{+}(x,y,0) = 0.1 + \exp \left (-\frac {(x - 2.35)^2 + (y - 4.05)^2}{0.15}\right ) + \exp \left (-\frac {(x - 4.05)^2 + (y - 2.35)^2}{0.15}\right ), \\ &C_{-}(x,y,0)=0.02, ~~ \bm {u} = \bm {0}.\end {align*}


$K = 0$


$K = 0.3$


\begin {align*}& \nabla \phi \cdot \bm {n}|_{y=0} = \nabla \phi \cdot \bm {n}|_{y=6.4} = 0, \quad \phi (0,y,t) = \phi (6.4,y,t), \\ & \nabla \tilde {\mu }_{\phi } \cdot \bm {n}|_{y=0} = \nabla \tilde {\mu }_{\phi } \cdot \bm {n}|_{y=6.4} = 0, \quad \tilde {\mu }_{\phi }(0,y,t) = \tilde {\mu }_{\phi }(6.4,y,t), \\ & \nabla C_{\pm } \cdot \bm {n}|_{y=0} = \nabla C_{\pm } \cdot \bm {n}|_{y=6.4} = 0, \quad C_{\pm }(0,y,t) = C_{\pm }(6.4,y,t), \\ & \bm {u}|_{y=0} = (-1, 0)^{T}, \quad \bm {u}|_{y=6.4} = (1, 0)^{T},\end {align*}


$\phi $


$K=0$


$K=0.3$


$t=1.5$


$t=6$


$t=15$


$t=25$


$K = 0$


$K = 0.3$


$\epsilon \to 0$


$\mathcal M=M_0\epsilon $


\begin {align}\label {eqn: kinetic dissipation} I_1 =&\frac {d}{dt}(\frac {1}{2}\int _{\Omega }\rho |\bm {u}|^{2}d\bm {x}) \nonumber \\ =&\frac {1}{2}\int _{\Omega }\frac {\partial \rho }{\partial t}|\bm {u}|^{2}d\bm {x} +\int _{\Omega }\rho \bm {u}\cdot \frac {\partial \bm {u}}{\partial t}d\bm {x} \nonumber \\ =&\frac {1}{2}\int _{\Omega }\frac {\partial \rho }{\partial t}|\bm {u}|^{2}d\bm {x} +\int _{\Omega }\rho \bm {u}\cdot \frac {\textbf {D}\bm {u}}{\textbf {D}t}d\bm {x} +\int _{\Omega }\nabla \cdot (\rho \bm {u})\frac {|\bm {u}|^{2}}{2}d\bm {x} \nonumber \\ =&\int _{\Omega }\bm {u}\cdot (\nabla \cdot \bm \sigma _{\eta }+\nabla \cdot \bm \sigma _{\phi })d\bm {x} -\int _{\Omega }p\nabla \cdot \bm {u}d\bm {x} \nonumber \\ =&-\int _{\Omega }\nabla \bm {u}:(\bm \sigma _{\eta }+\bm \sigma _{\phi })d\bm {x} -\int _{\Omega }p\nabla \cdot \bm {u}d\bm {x}.\end {align}


\begin {align*}&\frac {dE}{dt} \\ =& -\int _{\Omega }\nabla \bm {u}:(\bm \sigma _{\eta }+\bm \sigma _{\phi })d\x -\int _{\Omega }p\nabla \cdot \bm {u}d\x - \int _{\Omega } \lambda l^2 (\nabla \phi \otimes \nabla \phi ):\nabla \bm {u}d\x +\int _{\Omega } (\zeta _+\bm {J}_+\cdot \nabla \mu _c^++\zeta _-\bm {J}_-\cdot \nabla \mu _c^-)d\x \\ & +\int _{\Omega } \bm {J}_{\phi }\cdot \nabla \tilde {\mu }_{\phi } d\x +\int _{\Omega } \tilde {\mu }_{\phi } S_{\phi }|\nabla \phi |d\x \\ =&-\Delta .\end {align*}
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Fig. 1. Schematic of semi-permeable interface dynamics. (a) Domain and pressure illustration; (b) Semi-permeable interface feedback process.
Water permeates across the interface in response to an imbalance between hydrostatic and osmotic pressures. This permeation changes the droplet
volume; because solute cannot cross the interface, its inside/outside concentrations adjust accordingly, which in turn modifies the osmotic pressure.
The droplet evolves until the osmotic and hydrostatic contributions balance, yielding an equilibrium size and shape.

osmotic or pressure gradients is critical for performance and design. Accurate modeling of semi-permeable interfaces is therefore vital
for understanding fundamental biological processes and optimizing advanced engineering applications.

Modeling fluid transport across semi-permeable interfaces driven simultaneously by osmotic and hydrostatic pressures is challeng-
ing. Classical sharp-interface formulations, such as immersed boundary methods [6-8], treat the interface as an explicitly tracked
moving boundary. Building on this paradigm, Yao and Mori developed an immersed-boundary model that couples fluid motion, inter-
face mechanics, and solute transport [9]. While these approaches capture basic interfacial phenomena, they demand the specification
and numerical enforcement of delicate jump conditions for velocity, stress, and selectively permeable fluxes, and they are prone to
difficulties under large deformations, near contact, or topological change.

Phase-field methods provide a robust alternative by representing membranes as diffuse interfaces through continuous order pa-
rameters, naturally accommodating topological changes and large deformations. They have been successfully applied to vesicle dy-
namics, droplet interactions, and fluid-structure coupling problems [10-15]. However, osmotic-pressure-driven interfacial water flow
remains relatively unexplored. Recent extensions have begun to address this gap. Rétz [16] derived a thermodynamically consistent
phase-field approximation that converges to a sharp-interface limit, but the model only accounts for solute concentration. Tang et
al. [4] developed a dynamic phase-field model for vesicle growth or shrinkage driven by osmotic pressure, in which interior and
exterior osmotic free-energy contributions are incorporated to describe deformation dynamics and equilibrium morphology. Their
framework, however, does not explicitly couple solute evolution with fluid motion. In the present work, our formulation is closer
in spirit to the thermodynamically consistent diffuse-interface framework of Garcke et al. [17], where phase-dependent quantities
are coupled through an energy-dissipation structure and related systematically to a sharp-interface description. In particular, rather
than prescribing growth or shrinkage through target interior/exterior states, we consider a semi-permeable interface model in which
the direction of solvent transport and the resulting swelling or shrinkage emerge dynamically from the competition between osmotic
and hydrostatic/mechanical effects near the interface. These studies motivate the need for a more comprehensive framework that
integrates fluid motion, solute transport, and interfacial water flow in a thermodynamically consistent setting.

The Cahn-Hilliard-Navier-Stokes (CHNS) system offers a natural setting for modeling fluid-interface interactions, particularly
in two-phase flow systems. However, extending it to handle semi-permeable interfaces, where water can independently traverse
the interface due to osmotic pressure, poses new challenges. Specifically, it is nontrivial to capture the strong coupling between
solute concentration, osmotic pressure, and interfacial transport flow within a diffuse-interface framework. Several prior efforts
have addressed related challenges: Camley et al. [18] modeled intracellular confinement of active substances, Lowengrub et al. [19]
introduced phase-field models with inextensibility constraints, and Garcke et al. [17] proposed models for surfactants soluble in
both phases but constrained at interfaces. However, these models do not account for osmotic-driven transport across semi-permeable
interfaces.

The primary objective of this work is to develop a thermodynamically consistent phase-field model that accounts for water trans-
port across semi-permeable interfaces driven by osmotic pressure differences. Our formulation extends the CHNS system to incorporate
fluid-structure coupling and membrane permeability while preserving energy stability, thereby providing a more realistic framework
for simulating interfacial fluid transport in biological and industrial settings.

The energy variational approach [13,20,21] leads to a highly nonlinear, coupled permeating Cahn-Hilliard-Navier-Stokes (pCHNS)
system, where an Allen-Cahn term captures the volume change induced by the interfacial water flow. Simulating this system poses
significant challenges due to its strong nonlinear couplings. Although many numerical schemes have been developed for Allen-Cahn
or Cahn-Hilliard-Navier-Stokes systems [22-29], our model exhibits a more intricate feedback structure: convection drives solute
transport, the resulting solute gradient generates osmotic pressure, and osmotic flux in turn leads to volume changes that affect solute
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concentration as shown in Fig. 1 b. Consequently, the interplay between fluid motion, interfacial dynamics, and solute distribution
is significantly stronger and more nonlinear than in traditional models.

The second goal of this work is to develop energy-stable and decoupled numerical schemes for the proposed system. For spatial
discretization, we adopt the local discontinuous Galerkin (LDG) method [30,31], which provides high-order accuracy, nonlinear
stability, and adaptability to arbitrary mesh refinement (4- and p-adaptivity). For time integration, we first construct a first-order
decoupled scheme and rigorously prove its energy stability under the LDG framework. Although efficient, this scheme is limited to
first-order temporal accuracy. To address this, we incorporate the semi-implicit spectral deferred correction (SDC) method [32,33],
enabling high-order accuracy in both space and time for the thermodynamically consistent phase-field model of fluid transport through
semi-permeable interfaces.

This paper is organized as follows. In Section 2, we propose the phase-field model for semi-permeable interfaces. In Section 3, the
sharp interface limit of the proposed model is presented by asymptotic analysis. Section 4 presents the numerical schemes: Section 4.1
introduces the first-order decoupled temporal scheme, Section 4.2 describes the LDG method for spatial discretization and proves its
energy stability, and Section 4.3 applies the semi-implicit SDC method to enhance temporal accuracy. Section 5 provides numerical
results validating the theoretical analysis and exploring the effects of interface permeability and osmotic pressure. Finally, concluding
remarks are given in Section 6.

2. Mathematical model

For simplicity, we consider the semi-permeable interfaces with constant surface tension. We start with the following conservation
laws [13]

p(‘;—':+(u~V)u)=V~0',7+V~a¢, in Q,
V()~u=0, in Q, D
§(C1C4_,) +V-((.Cow) ==V (. J), inQ,
L4V (pu) ==V Jy+ S5V, inQ,

where p is the density, C, is the concentration inside/outside of the droplet, u is the velocity and ¢ is the label function and ¢, (¢) is
a smooth index function given by Garcke et al. [17]

! $>1,
L) =130+363-¢%)  [pl<1, C(P)=1-C()
0 ¢<-1,

Here, the first equation represents the conservation of momentum, involving two unknown stresses o, and o,. The second equation
enforces fluid incompressibility, the third describes the conservation of solute with unknown fluxes J,, and the last is a Cahn-Hilliard-
type equation that tracks interface evolution with flux J,, and a source term S, arising from interfacial water transport. The latter is
localized near the membrane by a smooth delta function |V¢| as in Li et al. [34].

The total energy consists of kinetic, entropy and phase-mixing energy

E =Ekin + Eem‘ropy + Emix (2)

2 2
=/pﬂdx+/ RT<§+C+(1n&—1)+{_C_(1n&—1)>dx+/A<M+M>dx,
e 2 o Coo ¢ a 2 I

0
where R is the universal ideal gas constant, T is temperature, c, is the characteristic concentration, p is density, 4 is surface energy
density, / is surface thickness and F(¢) = :1(472 — 1)? is the double-well potential.
Corresponding to the total energy, we could define the chemical potential of ¢

S Loy o, af_
fip = H=10¢ + T F'($)) RT< 55 St g c_),
and the chemical potential of solutes inside/outside of the droplet
C
4E=RTIn—=.
COO

The dissipative functional consists of fluid friction, irreversible mixing of the substance and two phases in the bulk, and interfacial
transport friction.

D,.C
A=/Q<2nlD,7|2+ZCt ;TiIVquZ+M|Vﬂ¢|2+K|V¢IIﬁ¢|2>dx, (3)
+

where 7 is the viscosity of the fluid, D, = %(Vu + (Vu)T) is the strain rate, M is the phenomenological mobility, D, is the intrinsic
diffusion coefficient of substance in Q*, K is the interface permeability.
The energy dissipative law [20,21,35] states that without external force acting on the system, the changing rate of total energy
equals to the dissipation
dE _ dEy, " dE ppiropy + dE,;x
dt dt dt dt
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Using the definition of the total energy functional (2) and the conservation laws in (1), we can obtain the following energy
dissipation relation (see Appendix for a detailed derivation):

E:_/Vu:(0',7+0'¢)dx—/pV-udx—/112(V¢®V¢):Vudx
dt Q Q Q

+/ (c+J+-vﬂj+§_J_-w;)dx+/J¢~Vﬁ¢dx+/,z¢s¢|v¢|dx.
Q Q Q

By comparing the terms above with the dissipation functional given in Eq. (3), we can identify the explicit expressions for the
unknown quantities such as the fluxes and stress tensors
D.C,
RT
6,=21D, —pL, 64=-A*(Vo® V). S,=—Kiji,.

Jy=-MVi,y J, =~ Vut=-D,VC,,

Substituting the above into (1) yields the phase-field model for the semi-permeable interface

D¢ . .

B =V MViy) = Kiiy|Vel,

D

E(gia_,) =V. (é‘iDiVCi),

p% =V (Vu+(Vu)) = Vp— i’ (Ve ® V),
V.u=0,

fip = M=1AG + F'() - RT(%Q + %C—>»

with boundary conditions
Vo -nlyg=0, VC, - -n|yo=0, Vﬁ¢ “nlyo =0, ulyn=0.

Remark 2.1 (Toward more realistic membranes: bending and surface-area control). In this work we deliberately isolate the role
of interface permeability in osmotic-driven transport. More complete cell-membrane physics, such as curvature elasticity (Helfrich
bending), inextensibility/surface-area control, and variable surface tension can be incorporated in a thermodynamically consistent
way by augmenting the free energy with higher-order terms; see, e.g., Shen et al. [13], Du et al. [36]. These extensions enrich the
framework to capture curvature-dependent mechanics and shape transitions. Below, we outline a representative extension of the
pCHNS model with bending and surface area control; a detailed numerical study will be reported in future work. Define

(1-¢*?

G@) = 5 Vol + =,

1@ =50 = 1A+ 1@ - 1o,

and the diffuse interfacial area
S(¢) = /QG(qb) dx,

with S(¢,) a prescribed target. A bending contribution yields the auxiliary field
8@ = —IAf@) + TOF ~ D f@),

which is the variational derivative of the classical Helfrich-type bending energy in the phase-field setting.
The solvent-solute-interface system then reads

D¢ . i

= V(M Viig) = Kjig VoI,

D

D cc)=v(en.ve).

p 2% =V (T (V)T) - Vp - (V) ® V),
V-u=0,

% S(¢) — S(hy)
M¢=1—fg(¢) + MsW)O

Here & is a (nondimensional) bending modulus, and M, penalizes deviation of S(¢) from the prescribed S(¢,), modeling global
inextensibility. This extension preserves the energetic structure: the added contributions enter only through /i, as variational deriva-
tives of bending and area-penalty energies, so the same energy-dissipation law holds under the usual no-flux/periodic boundary
conditions. The purpose of this remark is only to illustrate the flexibility of the present energetic formulation and to indicate a possi-
ble direction for future extension. These additional ingredients are not used in the sharp-interface analysis, numerical scheme design,
or simulations presented in the remainder of this paper.

f(@) = RT(E(P)Cy+E(PC).
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The Allen-Cahn-type source term —K /i, | V| represents a phenomenological solvent flux localized near the semi-permeable inter-
face, where K plays the role of an effective membrane hydraulic permeability. Its sign is determined by the generalized interfacial
chemical potential fi;, which contains both capillary/hydrostatic and osmotic contributions. Consequently, the membrane may either
expel water or admit water, depending on the competition between these two effects. This is also consistent with the sharp-interface
limit derived in Section 3, where the normal transmembrane velocity is driven jointly by the normal stress jump and the concentration
jump across the interface. Therefore, the model does not predict shrinkage only; rather, it allows both shrinkage and swelling, with
the direction of solvent transport determined by the instantaneous osmotic-hydrostatic imbalance.

Let L*, U*, C* = ¢, and D* denote the characteristic length, velocity, concentration, and diffusion coefficient, respectively. Define
the characteristic time and chemical potential as r* = F and p* = Li Using these scalings, the dimensionless form of the system is
given by:

D¢
Dt

E@rct) = EV (€D, VC,),

K
=V.-MViy) - M¢|V¢|

Du_y. Ty _vp- £v.
Rer =V - (Vu+(Vu))) = Vp— =V - (V$ @ V),

V-u=0,
- 1., oy ol
= —€cA -F -p| —C —cC_ |,
Hy=—€ ¢+€ (@) ﬂ<0¢ ++a¢ _
where
Re=p ,Pe=UL,Ca=—’1 ,ﬁ=—RTCL,K= n,€=L.
* D* A A L* L*

Using the fact that
~eV - (Vo ® V) = ~eVgAp— ZV|Vg[
= gV + PCLVE, +C_VE) = VLF@) + SIV4 P,

the above system could be written as

d¢ . K
o U V=V (MViiy) = =iy |V9l, (4a)
9, C,) 1
TtV W)= 5oV (6.DLVC,), (4b)
Re(‘;—“ +(u- V)u) =V ((Vu+Vw)')) - Vp+ éﬁ(bv(p + é(qvg +C_V¢L), (40)
V-u=0, (4d)
g o e ) ey p( B,
fig = eA¢+;F(¢) ﬁ< % C, + o0 c,) Hy — ﬁ( % C, + o0 c,), (4e)

with boundary conditions (2), where u; = —eA¢ + iF '(¢) is the standard chemical potential in phase filed method.

Theorem 2.1. The above system (4) with boundary conditions (2) satisfies the following energy dissipation law

d  Re ) 1 € , 1 ﬁ/
—| — d — |V -F d — C,(InC,_-1)d
dt(Z_/Qlul x+Ca/Q<2| ¢+ - (¢))x+ZCa | (:CalinC, =~ Ddx
2 1 - 1 K. .. +2
—/QnIVuI dx— oo | MIVE,Pdx = oo | 2ol |V¢|dx———2 | €Dy CulVi dx.

where u* =InC,.
Proof. Multiplying Eq. (4a) by % and integration by parts yields

1 [ o¢_ 1 X 1 o 1 [ K. o,
£ x+ o [ u-Veagdx=—— | MIVayPdx - o | 21a,2IVeldx. 5
& | S cg/“ $iigdx Ca/ ViigPdx = [ iy P1valds 5)

1

Multiplying Eq. (4e) by and integration by parts, we have

1 op ) b %y, %
Ca/ﬂ‘/’at x= dt/(—IVdJI + < F(@)dx / (ad) o+ ¢c_>dx. 6)

Then, the above two equations give

€ 1ogp YT L [ uvon
o dt/( Vo2 + - F(d)))dx /Qaz<o¢ C, + a¢c dx+ o [ u Vepiiydx

5
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Table 1

Summary of frequently used notation.

Notation Meaning

¢ phase-field variable describing the interface location

(), C(p) smooth indicator functions for the two sides of the interface

C,, C_ solute concentrations in the interior and exterior regions

u fluid velocity

p pressure

He standard phase-field chemical potential, y, = —eA¢ + éF "(¢)

fig generalized chemical potential including solute coupling

ux bulk solute chemical potentials, y* = InC,
=——/M|w¢| dx——/ & 7P 1volax. @

For Eq. (4b), using the definition uf=InC,, it yields

£ a(gici) dx+i/u~V(§+C+)lf.—'dx
Ca S

Calo ar '
_ % a(c:gtm Cﬂ / U (CoVut)l,dx

=£ a(gglc) i —Cifu-vcicidx

=£ a(gztc 2 HEdx Ci/u-Vg“iCidx

=—EE/§+D C,|Vu*|dx. (€))]

Multiplying Eq. (4c) with u and by the incompressibility constraint V - u = 0, we have

d Re 2 _ 2 1 ~ ﬁ
TN /Q lul“dx = —/9r,|Vu| dx + Ca /Q”cﬁvd’ cudx + Ca Q(CJrVC+ +C_V¢.) - udx. 9
Adding the above three equations yields

dRe 2
Ty /I ldx+dzc /( Vol” + -~ F(¢))dx

9¢ ((0¢s a¢_ g (¢, +) 0(C_C_) -
Ca <a¢ C++£Cf>""+a < o Mt T ”C>dx
_d Re

2 €19 412
-4 ke /| wax+ &[S+ Lr@ax

¢, C) , 0, o¢_C_) _ o
+Ca/<—a, He =5 Cot =5 He = 5 C- )""

_iRe € 2
-4 X /|u|d x+ &L [ SIvor+ Lraax

dtC /(C+C (InC, —=1D)+¢ . C_(InC_ - 1))dx

=— Vu|’dx - — MV~2d——/—~2Vd——— /DCV 2q
/inul x Ca/g VigPax = g [ glmaPVala = £ 53, [ ebuculvie i

O

For the reader’s convenience, we briefly summarize several frequently used quantities (see Table 1).
3. Sharp interface limit

In this section we derive the sharp interface limit of (4) as the interfacial thickness ¢ — 0, following the matched asymptotics
framework in Rétz[16], Xu et al. [37]. Hereinafter, we adopt the scalings M = M,e. We assume that there is an interface I'(t) =
{x|¢(x,1) = 0}. The domain Q is separated into two parts Q*(r) = {x : ¢(x,?) > 0} and Q~(r) = {x : ¢(x,1) < 0} by ['(r). We will analyze
the sharp interface limit of the phase-field model (4) below. For simplicity in presentation, we assume all the physical coefficients
are constant and rewrite the Eq. (4) as follows,

Be s K dval. (102

u, -V, =eMyAp, — Ca
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0. (9)Cs ) D,
% + V- @l (P)Cy ) = =V - (C(PIVCy ), (10b)
t Pe
ou, ) _ _ 1 i _ ’
Re<7 + (u, V)u€> = nAu, = Vpe + — u Vo + Ca(c” C_ ) (PIV ., (10c)
V-u, =0, (10d)
He = —€Ad, + éF’(q&é,) —B(Cye—C_ )i (o) (10e)

Here the dependence of the unknowns on the parameter e are explicitly given. We have also used the fact that ¢} +¢! =0.

Outer expansions: . Far from the two-phase interface, we use the following ansatz:
He =€~ uE |+ uE Fept 4
G =0T + e+ -,
Coe=Ciy+eCy + .
u, =uy +euy + -,
Pe =Py +epy + v,
then the leading order of Eq. (10e) yields
uE = F@) = @5) — ¢y an
The leading order of the phase field Eq. (10a) and the momentum (10c) give
HE IV =0, u* Ve =0.
Combing with the Eq. (11), we have
6 = Coonst

+
where Coonst AT€ constants.

Then by using the fact that V¢ = 0, the next order of the Eq. (10c) is

ou*
0 + + ) — + +
Re<7+(u0 .V)u0>_rlAu0 —Vpo. (12)
Similarly, the leading order of concentration (10b) and incompressibility (10d) give
AEL0Cro

D
et oy % + +
Y + V- (u {t,OCi,O) = EV : (Ci,OVCt’O), (13)

Voug=0. a4

Inner expansions. We introduce the signed distance function d(x) to the interface I', which is positive in Q* and negative in Q. Then
the unit normal of the interface pointing to Q* is given Vd = v. After defining a new rescaled variable ¢ = @, for any scalar function

f(x), we can rewrite it as f(x) = f(x, &), and the relevant operators are
Vi) =V f+e o fv,
Vi) =Vif+e 0 fx+2e7 (v V)0 f + €20 f.
of =0, f+e 0. fo,d,

where k = V - v is the curvature of T.
In the inner region, we assume that

U, =ty+e + €2ﬁ2 + 0(62),
qgg = &0 + e431 + €2q§2 + 0(62),
Pe =Py t€p; + 62]32 + o(ez),
C..=C,o+eC,  +*Cop+o(e?),
i, = e_lﬁ_l + fig + €ji; + o(e).
The leading order of the Egs. (10e) and (10a) gives
iy = 055430 + F'(dy), (16a)

. K . 7
oggﬂ—l - aﬂq |0§¢>| =0. (16b)
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The solvability condition of the above equations imply

_ 7 ¢
ji_; =0, ¢y =tanh ——. 17
V2

(One can easily verify that the above formula satisfies (16a) and (16b).) Then the matching condition Elim 430 = qbg yields
¢—+oo

by =1, p*, =0.

Using this, the fluid and concentration equations in the bulk region (12)-(14) are reduced to the following form, in Q*

ou*
(2t ) e

V~u3’=0,

+

+0 tt 1 +
ot + V- (u :,0)_p_ev'(Divcr,0'

Here we have used that the fact that {, (1) =1-¢_(I)=1land {, (-1)=1-¢_(-1) =0.
Then we can easily see that the leading order of Eq. (10c) is reduced to Ogelty = 0. Using a similar argument as in Xu et al. [37],
we can derive @ is independent of &. This further leads to the continuity of velocity across the interface

+=

uf =uy =d,, and, [uy]= u(’)r —uy =0. (18)

Hereinafter, we use u,, to represent the leading order of the velocity.
The leading order of the concentration Eq. (10b) yields

05(&_,((150)0.5@1,0) =0.
This leads to C, , = ¢y + ¢ f_io ﬁ%)df, where ¢, and ¢, are constants independent of & To ensure the boundedness of C, ,, we need

¢, = 0. By the matching condition [16], this further implies
0661,0 =0, Cr,o =Cyp
Using the above facts, the next order of the Eqgs. (10a) and (10e) are as follows
- - . K _ .-
0¢bo0,d + v - ugd:dy = Mydge g = - iod:o- (19a)
fig = 0ze®y — 0ok + F (o)) — B, (do)(Cy g — C_p). (19b)

Multiplying angyo with the Eq. (19b) and integration with respect to & in (—oo, o) gives

/ : fgdefodé = —ox — (Cyg — C_y),
with o = /% (3:$y)*d&. By integrating the Eq. (19a) with respect to & in (—co, c0), we have
200,d + v -uy) = é(mc +B(Cyp—C_p)). (20)
The ¢! order of the Eq. (10c) gives
0 = —0:fyv + nog:il; + éﬂoagéov + %C’(lﬁo)aglﬁo(c+,o -C_pv.
Integration the above equation with respect to & in (—o0, o) leads to
[=pov + (v Vtg] = (o + ACg = C_g)v = Lo (Cpg = C_gv = 2o, 1)

Here we have used the matching condition that lim,_,,, fy = pj; and lim,_,_,(9;%) = v - Vig. Combining Egs. (20) and (21) yields
the transmembrane velocity

K 1
u0~v—v0~v=E([—pov+(v~V)u0]-v+aﬂ[CO]). (22)

Here vy = ‘2—’: | is the velocity of the interface I'.
For the concentration Eq. (10b), the e~! order is

N _ D, _ o
0: (€ ($p))Cs0id + 0 (L (P)IVCog - Uy = P_;(V - 0:(8u(Po)VCo o) + 0:((C ()0 C 1))

Integration with respect to & in (—o0, 00) and using the matching condition for C‘f and ¢, yield

D,
Co(uy—vp) - v— P VC,,=0.
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In summary, as e approaching 0, the proposed model (4) converges to the following sharp interface model

ou*
Re<a—t0 + (U - V)u§> =n/Auf-Vpt, inQ*

Veut =0, in Q* (23)
aC+ .0
ot

+V - UEC,,) = iV~(D+Vc+0), in Q*
Pe 1+ VCy

with interface condition on I'(r)

C, o ) Dy vC 0
—-vn) - T =0,
+,0Wo o)V Pe v +0

uy-v—vy-v=RK([—pyv+ - Vuglv+ pCa ' [Cy),

! (24)
[=pov + (v - VIugl = roridad [up] = 0
dx _,
dr "

We set K := K /2 to absorb the factor coming from the normalization of the diffuse interfacial delta used in the phase field derivation.
With this convention, the kinematic law takes the standard form used in the sharp-interface literature [38].

The sharp-interface law in the above interface condition (24) makes clear that the solvent flux across the membrane is bidi-
rectional. Indeed, the normal relative velocity between the fluid and the interface is driven by the sum of two contributions: the
hydrostatic/mechanical term associated with the normal stress jump and the osmotic term associated with the concentration jump.
Hence, depending on their relative magnitudes and signs, the interface may move inward or outward, corresponding respectively to
droplet shrinkage or swelling. In this sense, the permeability coefficient K controls the rate of transmembrane exchange, while the
direction of the exchange is selected dynamically by the balance between osmotic and hydrostatic effects rather than by K alone.

4. Numerical scheme
The purpose of this section is to develop high-order, decoupled, and energy-stable numerical schemes to solve the model (4).
4.1. Semi-discrete scheme in time

A first-order and decoupled energy stable numerical scheme is as follows: assuming that (¢",u", C%) are already known, we then
compute (¢"*!, u"*!, C**1) from the following temporal discrete system.

Step 1:
n+1 n
d’ At - ¢ —MA};;;‘H—V'(dJnu:)— ~n+llv¢n|
§n+l gn
T = —eAd 4+ S @ = @ + L@ - Z prepria o5
§n+lcn+1 _ gncn 1
+ iAt 7+ P_V (€1D1C1+lvlun+l)_v (u é'rlcn
nj—l =In C;-H,
with
_ Ar pran| ﬁA’ +1
u=u' = e gV - Z g (26)
Step 2:
o+l _ u" - - 1 ﬁ
R .V n+l ) — An+l_v no__ - nV~n+l__ Cnv n+1 27
e( A +@" -V > nAu L AL ; ut 27)
Step 3:
un+l _ ’l;n+l
Re————— + V(™! - p" =0,
At @ = (28)
V-ut! =0.
Taking the divergence of the first equation in (28) yields
_A(pn+1 —ph = _Iz_v ~n+1 (29)
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due to the condition V - u"t! = 0.
Here we use the fact that the Navier-Stokes Eq. (4c) could be written as
ou T 1 ~ ﬁ —
RE(E +@-Vuy=V-n(Vu+Vu) ))-Vp- a¢vﬂ¢ - a(QCJrVﬂ:’ +E_C_Vu).
Actually, the time discretization technique for the double-well potential F(¢) is the stabilized semi-implicit method. We assume
that F(¢) satisfies the following condition: there exists a constant L such that
mgx |F"(¢)| < L. (30)
It is known that F(¢) does not satisfy (30). However, its has been a common practice [39] to consider the Cahn-Hilliard equation

with a truncated double well potential F(¢). It is then obvious that there exists a constant L such that (30) is satisfied with F(¢)
replaced by F(¢).

Theorem 4.1. Assuming that the condition (30) is satisfied and S > L/2. Then the scheme (25)-(28) is energy stable and satisfies the
following discrete energy law

en+l _gn
< amlivar - S g - S [ Prvgriax - S Z/c"D;c;“m:jF dx.
where || - || denotes the discrete L? norm in domain Q and
en = ||u 12 + —< V" + ]I:e”Vpnllz + é(F(qﬁ")’ 1)> + % g‘ (¢iciancy —1),1).

Proof. From (26), we have

-1 I ! —u)
R + nV~n+l + nony n+l _ R .
“Tar TVt Zf‘:t e, RN

Taking the inner product of (27) with Afw"*!, using the above relation, we derive

B2 - Zequiiz + B @t — w2+ nar|Va P + vyt @ = &
To deal with the last term in the above, we first take the inner product of (28) with A7Vp" to obtain

Af?

Tre VP = VA1 = [1VpE = Vp|1?) = Ar@™!, V). (32)
We also derive from (28) that

AF? Re | ~,

_Vn+1_vn 2 _ BE g+l _ ot 2. 33

SV =Vl = R ) 33)
We then take the inner product of (28) with u™*! to get

%”un+l”2+ %”ur&l _ﬂ"+1||2 ||un+l||2 (34)
Combining Egs. (31)-(34), we find

R R - Af?

Sl P = 2wl + || | P A VA P+ (VP - V1) = 0. (35)

2 2 2Re
Next, we use the relation (26) to deal with [[u/| |? in (35). Taking the inner product of (26) with Reu!!, we obtain

Re  , .o Re , 2. Re 6 ,
—||u - —||u + —||u;
2112 = ZE 1w+

— "2 = n ~n+1 u" _ﬂAt nen n+l n
u! —u"|| <¢ Vil - §i @Crenvurttun. (36)
Adding (35) and (36), we have

12 _ Re 2, Re ~uii 2, Re 2 12
|| P - || "° + || | +7||u:—u"|| +nAt||[VEt|

+ Z—Reuw:z"“nz - ||Vp"||2> (37)
- B - 22 Z@:C"V ).
a

It now remains to deal with the last two terms in the above.
Taking the inner product of the first equation of (25) w1th At ”"“ , we get

1 N MAt . At N At K .
a(qﬁ"“ " it =-=, |Iva % - g (V- wieh, u"“)———/l "2V dx, (38)

10
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and taking the inner product of the second equation of (25) with __cla (¢! — ¢, we obtain
1 ~n+l gn+l n € n+1p2 n2 n+1 n2
. , — =— = _(IV — IV Vv -V
oy 9 ) == S (V™ HIT — [IVEUII" + IV "1

i n+l _ enyeon+l
+ & g((ci enen ) (39)

— L (S = g+ £ - .
Cae
For the last term in (39), we use the Taylor expansion

f (6" (¢n+l ¢n)2'

F(@"™) - F(@@") = f(¢")(@"™! — ™)+ —2
Taking the inner product of the third equation of (25) with % y;’j 1 we have

B pAt

St el uth = -4 /Q DLC IV dx ﬁC—Aa’(v S@LCC. . (40)
Combining (37)-(40), we have
Be a2 = By Bt a2 B w2 g v 12 4 2L w2 9
+M||V~"“||2+ﬂ£/r"“| 199" 1dx + =1V = (19971 + [1V4" = V|1 (41)
BAt 1 (cfn

)(d)nJrl ¢n)7 ¢n+l _ ¢n)

n pn n+lvn+12 — (F n+1_Fn1 — (S —
* PeCa /C L Va dx+ca€( (™) = F(@"), )+Ca€((

p
+ o zi‘,@;“c;“ tCL Ut - & g‘,«c;“ —Hem ) =0

For the last two terms in the above, we use the following relation
(C;HC;H —¢'CHn C;“ _ (§;+1 _ Z:;)C;H
=[(¢p =g + et —elin et = (@t - et
= - g an et -+ et - et
= - g nCt = 1)+ CHCE - CInCIF - D + ¢t - .

Using the Taylor expansion, it is easy to get

In C;—f—] —1In Cn _ E(C,H—l Cn) _ E(Crwl C;)Z

Combining the above two equalities, we find

(c;+lci+l _ C;C;) In C;+1 ¢n+1 )Cn+1 (42)

n n

=¢rert in et - ) = ICh(In € - 1) + S5 (0 -

282
Therefore, combining (41) and (42), we have the energy stability result. O

4.2. The fully-discrete LDG scheme and its energy stability

In this subsection, the LDG scheme to solve the scheme (25)—(28) is proposed.
Let 7, = { K} be a shape-regular subdivision of Q. &£, denotes the union of the boundary faces of elements K € 7, and &, = &, \ 0Q.
Let P¥(K) be the space of polynomials of degree at most k > 0 on K € 7j,. The DG finite element spaces are denoted by

v, ={q;: olx € PKK), VKeTh},
w, ={(I) = (d)l,---,qﬁd)T oPlk € Pk(K), I=1--d, VK€ Th},
m, ={® =607 : @l €@K, I=1-d, VKe T,,}‘
To develop the LDG scheme, we first rewrite (25)—(28) as a first-order system

¢n+1 ¢n K

At =MV - wn+1 —-V. qn+1 _ ~n+1 |U | (433)
wn+1 — Vﬁ(r;)+1 , (43b)
+1 =¢nu:’ (43c)

11
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n+1 Z:n
A= —ev vt 4 (¢"+‘ ¢+ = f(¢") -p Z . ¢; cr, (43d)
ol =yt (43e)
§n+lcn+1 — gn cr
+ :At x _ ﬁv ) "’Tl v. qn+l’ (43)
wr;+1 — C+D:_C_':+I r;+1 (43g)
syt =t (43h)
ptt =1y, (43i)
gt =uigicn, (439)
Reinﬂ—_u V. Qn+1 — Re(u" - ~n+1 M L¢nwn+l _ i 2 Cncnsn-H (43Kk)
ar ! Ca Ca a2 >
0" — vt “@3D
rn+1 — Vpn+l’ (43m)
n+l _ gyn+l
Re®X——% Atu =— (" =, (43n)
v.utl = 0. (430)

Then the LDG scheme to solve (43) is: find ¢"*!, ﬂ;}“, cr, ﬂf:fl, eV, wrth, gt ot witl st gl gttt et e W,

Q"' € I, such that, for all test functions @, @,, @3, Wy, Xy €Vy, 01,605,035, 0,,05, 0, 0,, w,, 9, €W, and O € I, we have

¢n+1 ¢n
/ (P]dK— /(Mwn+l n+1) V(p dK+/ (M’\n+l
K

At
_ Antly _ D antlyn
yonods— [ K pstinigax, (442)
/w"+1-91d1<:-/,z;+1v~91d1<+/ ﬁ;“ol-nds, (44b)
K K oK
/q""’l ~92d1<=/¢"u:-92dl<, (44c)
K K
/ ~"+‘(p2d1< _e/v+‘ ~V(p2dK—€/ P ~n(p2ds+1/f(¢")<p2d1<
K K oK € Jk
é’n+1 cn
+1 +1
/K< @ — g7 ﬂqu"“ ~cr >¢2d1<, (44d)
/u"“ -93dK:—/¢"+1V~03dK+/ $"'0; - nds, (44e)
K K oK
c:l_+1c:1—+1 _ é‘:’l-c}’l o
+ + + +l n+1
T -Vy,dK
/K - / L ) Vi
+/ (iﬁ;:“—ai“).n%ds, (44f)
ok Pe = = -
/ witl -0, dK = / gipiCrlsit - o,dK, (44g)
K = +
/s1“~w+dK=—//4£'+lV-m+dK+/ atlw, - nds, (44h)
K = B K = - ] S
/ Wy dK = / InC™! y dK, (441)
K * 7 K -7
/ .9, dK = /Ku:giC;w‘)idK, (44j)

n+1 u"
Re/ T 94dK——;1/Q"+' V94dl<+n/ (0" -n)- 0,ds
K

—/(Re(u V)~n+1+rn+L¢nwn+l
K Ca

ﬂ nen G+l
+EZ¢¢C¢S¢ )+ 6,dK, (44K)
1
/Q"+1 -@dk:—/ﬂ"+1V~@d1<+/ i e nds, (441)
K K 0K

12
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/r"+1 ~95dK=—/p”+'V~95dK+/ 77105 - nds, (44m)

K K 0K

un+l _ un+1
Re/KT BédK=—/K(r"+l —r") - 04dK, (44n)
0=—/ u't! -V(p3dl<+/ @™ nepsds, (440)
K ok 7
with
At At

u,=u' - CaRe¢n w - C{;aRe Z{f_Cﬁsi“. (45)

Here, the “hat” terms appearing in the cell-boundary contributions after integration by parts are the so-called numerical fluxes. These
edge-based quantities are not uniquely defined and must be designed according to the structure of the underlying PDE system. In the
present LDG formulation, the choice of numerical fluxes is guided mainly by consistency with the continuous model, preservation of
the discrete energy stability, and local solvability of the intermediate variables.

Let e be an interior face shared by the “left” and “right” elements K; and K and define the normal vectors n; and ny on e
pointing exterior to K; and K, respectively. For our purpose, “left” and “right” can be uniquely defined for each face according to
any fixed rule. For example, we choose n, as a constant vector. The left element K to the face requires that n; - n, < 0, and the right
one K requires ny - ny > 0. If y is a function on K; and Ky, but possibly discontinuous across e , let y; denote (y/| ke and yp
denote (y| Ke)les the left and right trace, respectively.

In the following proof of the energy stability, we can see the alternating numerical fluxes can guarantee the energy stability, such
as

~n+l _ o+l ~+1 _ _n+l 2n+l ~n+1 A+l _ on+l
w =w; q =4qp . Hy =Hyp» U =v
T+l _ n+1 ntl o+l ~n+l _ o on+l ~n+l o ontl
P =Py 4 =dl, W =wl B = e (46)
~ +1
ntl _ ontl AT sndl sudl o onkl onkl _ontl
Q" =0y, uw =u;, prT=pp. uw =up.

Under the boundary condition (2), the boundary numerical fluxes are
@™tn=0,g"" =0, 0" n=0, @ -n=0g;" =0, a" =0, (47)

and the rest boundary fluxes come from the interior of the domain.
For the convenience of presentation, we introduce some LDG operators. Denote

H;(r,v)=/rV~vdK—/ rgrv - nds, HE(U,r):/erdK—/ v, - nrds.
K 0K K 0K

Summing up over K, we define

H*(rv)= Y HEi(rnv),  H (1))=Y Hg@,r).
K K

With the special choice of the flux (46) and the boundary conditions (2), we have the property
HY(r,v)=-H (v,r). (48)

Theorem 4.2. Assume that condition (30) is satisfied and .S > L/2. Then the solution to the fully-discrete LDG scheme (44) with the
numerical fluxes (46) and the boundary conditions (47) satisfies the following discrete energy dissipation

+1 w12, M +2 4 1 K ~+12 1 el |2
e -£,;’s—Az/g<n|Q” P o P o +§ —gzpﬁcz Is" |>dx
where

Re oy 1 € a2 1 Atz/ 2 B /nn "
en =2 [ wrax ¢ — (-" —F")d A 2ax ¢ £ C'(InC" - ydx.
" 2/ﬂ|u| x+Ca/Q S+ ZF@" dx+ T Q|r| x+Cazi:9§t "(InC! — 1)dx

Proof. Taking the inner product of (45) with u/, we obtain

Re 1 1y A 1
) u' - @ —u")dK = —/K (a(p"w“ Z crensml ) uldK. (49)
From (45), we have
! —u " n+1 ﬂ nongntl — ! u:
Re=————+ — Ca Z {enst ReT. (50)

For (44k) of the LDG scheme, taking the test function 8, = @"*! and using the relation (50), we derive

a’n+l_un R
Re/ —*.ﬁ""*'ld[(:_n/QnH -Vﬁ"+ldK+11/ (Q"+1~n)~ﬂ"+lds
kA K oK

13
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—/(Re(u Va"t + ") - wtdK. (51)
K

For the convenience of presentation, for any w we denote Dw = w"*' — w". For (44e) and (44m), subtracting the equation at time
level " from the equation at time level #"*!, and choosing test functions 6; = vl 05 = u't!, we get

CaAt

HY (D, v"™), (52)

/ Dv-v"™dK =

CaAt Ca A

/ Dr-u"tdK = —HE(Dp, wtth. (63)
K

For (44a), (44b), (44c), (44d), (44f), (44g), (44h), (441), (44)), (44]), (44n) and (440) in the fully-discrete scheme, taking the test
functions as

1 ~n+1 1 n+1 n+1 1 n+l 1
, 0,=—WM - , 0 =- D,
P1= G F 1 Ca( w q"), 0, = ca? 2 Cahi .
B B B
V== Ca ::1’ oi:_CaPes?l’ tZCa(Pe ’:l "+1) O =u "
B B
Xe = CaAt(é’n+1Cn+l C;C;)’ 191 — asi-H’ 0= ']Qn+1’ @3 = Dp.
We have
1 .- -
CaAt / Doji n+1dK - _ C_HK(Mwn+l _qn+l’”n+l)
~n+12
- =2 dK, 54
e [ 54)
é wn+] . (Mwn+] _ q"+1)dK - _ éHIt(ﬁg;H’MwnH _ q"+'), (55)
K
é qu—l wtldK = é/ ¢Vluz . le+1dK’ (56)
1 _ B
—CaAt/ "“Dqde_—C—AH @, D¢)+m/ ngiciﬁ“dK
1 S 1
- 2 (DR + = f(")D )dK, 57
Cam/( (D@ + - 1(¢"D 57)
B
Cont /(§;+1Ci+l é/ncn) n+1dK=_ aHK(Pe i+l n+1, n+l) (58)
_CﬂP / wtl sk = — CaP / crphCitst L sk, (59
aPe Jx * * aPe * *
ﬁ n+1 1 n+1 n+1 ﬂ +,,n+1 1 n+1 n+1
Ca Ksi .(Ewi - gy )dK =- aHK(MC: W i ), (60)
_C " / n+l(§:+lcf_+l ézncn)dK — % lnci+l(é«:+lci+l —C:C:’_)dK, (61)
a + T E * v R
ga T—l n+1dK _ ﬂ / "(;Ci . S';Hd](, (62)
1
/Qn+1 Q”+]dK——n/ n+1V Q”+1dK+r]/ ;i'"-" Qﬂ+] ~nds, (63)
K
n+l _ gyn+l
Re/ s /<rn+1 ™) - utdK, (64)
K
0=- Hg@"", Dp). (65)
Now combining the Egs. (49), (51)-(65), summing over all elements K and by the property (48), we have
CeAt / o™ pdx + % / W @ @ dx (66)
a Q Q
+ Re u" - (u" - u")dx+& / at . @t —u”)dx+L / Mw™! - wlax
Af Jo * A Jo " Ca Jq

/|V ||ﬂn+1| dx+C e Z/ " ic:l—+l ;+1 n+ldx

+'1/Q"H'Q"+ldx+/gfn'ﬁn+ldx+CalAt/< D¢ f(¢)>D¢d

Z/ lncn+l(cn+lcn+l C;C;)—DCiC;+1)dx=0.

CaAt
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For the last two terms in (66), we have

1
Ca

<§D¢+ f(¢n)>D¢dx+ £ Z/ (Incmlgrtiem! —gnemy — Dg, " dx (67)
a\e€ € Ca = 0= = =

Clae (F(¢"™"~ F@" )dx+— / < ! (5” )(D¢>2
ciCE

—azi:/n(g;“c;“(lnc;“ 1) -1 (InC? - 1) dx+—2/ 2P (DC, ) dx.

To deal with the term |, r" - #"*!, we take 65 = r" and r"*! in (44n), sum over all elements,

&/ﬁ"""] rdx = l/ (lrrl+1|2_ |rﬂ|2_|rn+1 _rn|2)dx, (68)
At Jo 2 Q
&/’ﬁrﬁl .rn+1dx: l/ (lrn+1|2_ |rn|2+|rn+l _rn|2)dx' (69)
At Jo 2 Jo

where the term [, u"*! - r"dx is zero because of the divergence-free condition.
Using the above two equations and (44n) yield

Atz/h‘nﬂ n+1| dx_/lrnJrl r | dx. (70)
Combining (68) and (70), we find
Arn ~E"+1dx - % '/Q(lrn+1|2 _ |rn|2)dx_ % '/g; |un+l —E"“lzdx. 71D

Combining (66), (67), and (71), we obtain

€ ntl2 _ o Re nl(2 _ e Ar A2 _ a2
- dx + 28 - dx + — PP
soog L (P =P+ £ [ (P - Pax e 5] (1 1
L
CaeAt

CaAt

1 n+1 ~n+1 n n+1,2 ﬂ n pyn n+l n+1,2
g—<a/QM|Q |dx+—— | 110" |dx +n QlQ |dx+m§ Qé‘iDiCt 5" 2dx ).,

where we use the identity a(a — b) = %az - %bz + %(a - b)? for a = u™! ", @' "t and b =", u", u",v", respectively. Therefore,
we have the energy stability result. O

/(F(qb”“)—F(qb" dx+—Z/ (grlemaneyt! = 1) = ¢iCi(nCl - 1))dx
o +C NGy

4.3. The semi-implicit SDC method

The scheme proposed above is energy stable. However, it is limited to first-order temporal accuracy, while the LDG method is
high-order accurate in space. To achieve high-order accuracy in time and space, we iteratively incorporate the semi-implicit spectral
deferred correction (SDC) method [32,33], based on the energy-stabilized first-order scheme.

We now perform the SDC procedure over each time interval [, "+!]. To do this, we divide the interval [¢", #"+!] into P subintervals
by selecting interpolation points {" ’"} o such that

tn=tn,0<tn,l PP L P <ln,P=ln+l‘

Let A" ==+l _ g and denote by qb;”" the Lth-order approximation of ¢(t"™). To ensure high-order accuracy and avoid the
instability associated with equispaced nodes, the time nodes {t’“”}f; _, can be chosen as the Chebyshev-Gauss-Lobatto points on
[t" tn+l]' -

Starting from the known solution (¢",u",C%) at time ¢", we outline below the algorithm used to compute the updated solution
(¢n+l un+l Cn+1) -

) ,CET).

Compute the initial approximation:

Let ¢ = ¢, u!® =u" and C" = C7.

Use the first-order scheme (25)-(28) to compute a first-order accurate approximate solution ¢;, u; and C, ; at the nodes {r""} "; 1
ie.

Form=0,...,P—-1
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Step 1:
¢r1t,m+1:¢rlr,m nm(MA~ﬂm+1 V- (¢rlrm nrln)_c_~;r1n+llv¢ |’
1 nm+1 n,m
~n, m+l 7, m+l n,m+1 n,m n,m +,1 n,m+1
Ay = —engy <¢ —®"+ S @) ﬁZ W ¢”'"C*‘ .
1

+.1

nm+l _ In Cﬂ ,m+1

IlL y
with
A P parn I
un,mzun,m_ nm n,m+ nmcnmv n,m+
w1 1 CaRe¢1 Hoa CaRe 2 & Hey
Step 2:
ﬁrll,m+1 — A m(un m V)~n m+1
Al"m ~n,m+1 n,m 1 n,my ~n,m+1 ﬂ nm nm+1
(A - Vp, _a¢1 Vi, _EZ% Vm );
Step 3:
1n,m+1 nmy _ Re ~n,m+1
“AQTT mp ) = m VT
nm+l _ ~nm+l A" n,m+1 n,m
S T

Compute successive corrections:
Fori=1,...,L,

0 _ 0 _
Let d’z+| ", u;' =u" and Cf a1 = Ci-
For m = 0,...,P—1
Step 1:
nm+1 _ ;nm n,m ~n,m+1 . n,m_ n,m K ~n,m+1 n,m
by =Py FACTMAL =V (b ) T Fgan VO]
~n,m+1 ~ 1 §
= MART 4V - (7" + —/4;,’,"* IV ") + I (Fy),
nm+l nm
~n,m+1 n,m+1 S n,m+1 n,m +l+1 +,/+1
Ay =—€Ad T + :(¢1+1 —d)+ f(¢1+1) - ﬂz P g
* l+1 1+1
nm+1 ~nm+l _ .nm n,m Fom nm nm+l nm+ly
é‘t,1+1 C:.l+l _g+l+lc-¢-1+1-"_A ( V (€+1+1 +,/+1 +l+1 Vi c I+ 1) v (u*1+1§’+[+1 +l+l)
P V (g”'”D"'”C"'"+]VM"'“+1)+V (unménmcnm))+1m+1(F )
nm+1 _ n,m+1
”c)_,‘,ﬂ _lnci,/+1 ’
with

n,m
nm  _ _nm Art™ nmyg ~nm+l ﬁAt n,m n,m n m+1
Ui = - =9 Vi C ct ,
#,0+1 I+1 CaRe " 1+1 ¢l+1 CaRe +,/+1 +I+] c+,+1

Fy=MAfiy, =V -(du) - /4¢[|V¢l|

1
F, =—V. (gi,IDi,ICiJVMCiJ) V@l Cap

“  Pe
Step 2
it =u7;’7 APV = @ + S aaw - v
¢§'+'T ~:1,;'1":11 -£ 2 CrnCarn ”gﬁrll NG 4V p
+_¢1 v~nm+1 ZC nm+])+1m+|(F)
where

~ 1 ~ 1 - B
F,=—(u - Vyu + E("Auz - Vp - a‘ﬁlvﬂdu ~Ca ; ¢e1Cuy Ve, )
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Table 2

Temporal accuracy test. L?> and L™ errors and or-
ders of convergence at T = 0.1. The time step refine-
ment path is taken to be At = Az, /2", Aty = 0.02 and

m=0,1,2,3.
m  L? Err Order L™ Err Order
0 9.64E-03 - 3.10E-03 -

o 1 5.02E-03 0.94 1.61E-03 0.95
2 2.56E-03 0.97 8.27E-04 0.96
3 1.29E-03 0.99 4.18E-04 0.98
0 8.31E-03 - 3.17E-03 -

" 1 4.09E-03 1.02 1.61E-03 0.98
2 2.07E-03 0.98 8.18E-04 0.98
3 1.04E-03 0.99 4.18E-04 0.97
0 4.55E-04 - 1.44E-04 -

c 1 2.29E-04 0.99 7.34E-05 0.97

* 2 1.15E-04 0.99 3.79E-05 0.95
3 5.82E-05 0.98 1.93E-05 0.97
Step 3:
_ nm+l nmy _ Re Cenm+l s+l m+1
Ap Ap)= Apm Ve Veu )+ LT (), 79
nm+1 _ ~nm+1 A" 1,m+1 n,m A n,m+1 n,m
Uy =gy VLT ) T e Ve ), (80)
where
Re ~
=———=V-u,.
(Atn,m)2

Here, I"*!(F,) is the integral of the P-th degree interpolating polynomial on the P + 1 points (t"”",F‘,)); _o over the subinterval
[¢"m, ¢=m+1] which is the numerical quadrature approximation of

pm+1

/,n,m Fydr.

3 n+l _ gnP n+l _ nP n+l _ ~nP
Finally, we have ¢"t! = P ut = and crl = C:,L+1'

Remark 4.1. (Local truncation error.) The local truncation error obtained with the above semi-implicit SDC scheme [33] is
O(¢™in[L+1.P+1]) ‘ywhere T = max A",
n,m

5. Simulation results

In this section, we present numerical experiments that (i) verify the accuracy and stability of the proposed schemes and (ii) probe
the model’s mechanics. First, a space-time convergence study confirms the designed order of accuracy, and energy plots demonstrate
unconditional decay for the first-order scheme together with the accuracy gains of the SDC upgrade. Second, a one-dimensional cali-
bration in a no-flow setting shows that, as the interface thickness ¢ — 0, the phase-field solution converges to the sharp-interface limit.
Finally, using the calibrated setup, we examine how membrane permeability K, solute concentration ratio, and imposed shear affect
droplet evolution and equilibrium morphology, highlighting how osmotic-hydrostatic competition and semi-permeability regulate
droplet volume.

Example 5.1 (Accuracy tests and energy stability test). Consider the model (4) in the domain Q = [0,27] X [0, 2x]. For the tests, we
choose a suitable term such that the exact solution is taken as

(x,y,1) = 0.3 +0.2¢7 sin(x) sin(y),

u(x, y,1) = (=0.25¢% sin?(x) sin(2y), 0.25¢~% sin(2x) sin(y)),

Co(x,y,0) = 0.2+ 0.1e7% cos(x) cos(y), C_(x,y,t) = 0.2+ 0.1e” > sin(x) sin(y).
Choose the parameters M=K =e=f=Pe=Ca=Re=n=1.

To test the temporal accuracy of the scheme (44), we let N = 64 and P2 approximation to ensure that the spatial discretization error
is small enough, and then the temporal discretization error is dominant. The time step refinement path is taken to be Ar = Az, /2™,
Aty =0.02 and m =0,1,2,3. The L? and L™ errors and orders of convergence are presented in Table 2, which shows first-order
accurate in time.

17
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Table 3
Spatial and temporal accuracy for second-order SDC with P! and third-order SDC with P? ele-
ments. L? and L® errors and convergence orders at 7 = 0.2 with At = 0.1Ax.

Variable N P! P2
L? Err Order  L*™ Err Order  L? Err Order L™ Err Order
8 3.26E-02 - 2.42E-02 - 3.96E-03 - 3.72E-03 -
b 16 8.74E-03 1.90 6.80E-03 1.83 4.94E-04 3.01 4.63E-04 3.01

32 2.28E-03 1.94 1.78E-03 1.93 6.19E-05 3.00 5.66E-05 3.03
64 5.88E-04 1.96 4.57E-04 1.96 7.90E-06 2,97 7.18E-06 2.98

8 9.60E-02 - 7.67E-02 - 2.10E-02 - 1.95E-02 -

16 2.35E-02 2.02 2.08E-02 1.88 2.65E-03 2.98 2.75E-03 2.83
32 5.98E-03 1.98 5.45E-03 1.94 3.33E-04 3.00 3.39E-04 3.02
64 1.50E-03 1.99 1.38E-03 1.98 4.23E-05 2.98 4.20E-05 3.01

8 1.58E-02 - 1.16E-02 - 2.01E-03 - 1.97E-03 -
16 3.95E-03 2.00 3.00E-03 1.96 2.49E-04 3.01 2.32E-04 3.08

c
* 32 9.77E-04 2.02 7.30E-04 2.04 3.17E-05 2.97 2.90E-05 3.00
64 243E-04 201  1.78E-04 203  4.03E-06 298  3.66E-06 2.9
11.6 RAK o
w12
— A=0.172°
A —
el 118l
> B > B
D12 212
2 L 2 L
wo | w
12.2 L 122
124 124
1 1 1 L 1 1 1
02 04 0.6 0.8 0.2 0.4 0.6 08
Time Time
(a) First order scheme (b) Second order SDC scheme

Fig. 2. Energy evolution of the first-order scheme and the second order SDC scheme.

The L? and L™ errors, along with the observed convergence orders, are summarized in Table 3 for both second-order SDC
with P! elements and third-order SDC with P2 elements. As expected, the second-order SDC scheme exhibits consistent second-
order convergence in both norms for all variables when using 7' elements. Similarly, the third-order SDC scheme coupled with P2
elements achieves third-order accuracy in both spatial and temporal directions. These results confirm the effectiveness of the proposed
LDG-SDC framework in achieving high-order accuracy while maintaining numerical stability, even under relatively large time step
sizes.

Fig. 2(a) presents the energy evolution of the scheme (44) for various time steps, ranging from At = 0.1/2 to At = 0.1/25, using a
P! approximation with a fixed mesh size Ax = Ay = 2z/64. The energy curves consistently exhibit monotonic decay across all time
step sizes, in agreement with the theoretical guarantee of unconditional energy stability.

For larger time steps (At = 0.1/2,0.1/22,0.1/23), noticeable deviations from the reference energy curve (computed with At =
0.1/2°) are observed, reflecting the reduced accuracy of the first-order temporal scheme. This highlights the necessity of smaller time
steps to achieve high-fidelity solutions.

By contrast, our semi-implicit SDC scheme significantly improves temporal accuracy. As illustrated in Fig. 2(b), the energy curve of
the second-order SDC scheme with Ar = 0.1/2 closely matches the reference energy curve computed with At = 0.1/2*, demonstrating
the effectiveness of the SDC method in achieving both stability and high-order accuracy.

Example 5.2 (1D calibration: diffuse-sharp correspondence in the no-flow setting). We design a lightweight one-dimensional (1D)
calibration to validate the diffuse-sharp correspondence of the phase-field profile in the no-flow setting (u = 0). The associated sharp-
interface model on Q = [0, 1] reads
9,C, = Pi 0D, 0,C,) inQ*(r),
* ” + Oxbs
with no-flux (Neumann) boundary conditions at x = 0, 1 and an impermeable interface on I'(¢). The interface position x-(¢) evolves by

ﬁ :_ik(c+_c—)
dt Ca

We initialize

Q*(0) =1[0,0.5], Q(0)=1[0.5,1], C,(x,00=C; =02, C_(x,0)=Cgr=0.3.

x=xp()’
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1 <3
‘\\ | —— sharp interface
\‘| == e=32h
\ = = e¢=16h
05| h ¢=8h 1
\ - = e=4h
<
0, 4
)
I
|‘|
05F |‘ 4
"
W
i
_1 L T ——
0 0.2 04 y 06 0.8 1

Fig. 3. Sharp-interface vs. phase-field in 1D. The red solid line marks the sharp-interface partition at xercl = 0.4; dashed curves are phase-field profiles
¢4 with e = 32h, 16h,8h,4h. As ¢ decreases, the diffuse interface converges to the sharp indicator. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Because the interface is impermeable to solute and the external boundaries are Neumann, the solute mass in each compartment is
conserved while diffusion drives C, to piecewise constants. At equilibrium,

C, +Cg G _
’ I Ccp+Cy
and the sharp indicator of the inner domain is

1, x < x;q,
lo+(x) =

— eq
1, X > X[

€q _ -
cH == 04,

For the phase-field description, we solve

_ K
0, = 0,(M0yjiy) — oo 0,

s (81a)

0,(£.Cy) = é 0(¢.D, 0,C,), (81b)

i == €0+ F'@)— AEL@BC,+ @) C), ®10)

subject to no-flux conditions at x = 0,1 and the initial data

¢(x,0)=tanh(0'\5/_—2_x>, C,(x.0)=C,. C_(x,0)=Cp.
€

To quantify the diffuse-sharp agreement at equilibrium, we compare the sharp-interface domain index function I, with the phase-

field solution ¢°. We perform a resolution study with e € {32h, 16h, 8h, 4h}, where h = 1/1024 is the mesh size in Fig. 3. This

isolates the diffuse-to-sharp mapping (with fluid neglected) and numerically confirms that ¢4 - I+ as ¢ — 0, consistent with the
sharp-interface limit.

Example 5.3 (Effects of permeability K). In this example, we consider how the permeability affects the equilibrium shapes of

droplets. Consider the model (4) in the domain Q = [0,6.4] X [0, 6.4]. The initial profiles of concentration and interface are given as
follows (see Fig. 4)

¢(x,y,0)=tanh<l'0 V(x =322 +(y-32) >’

V2e

u(x,y,0) =0,

C,(x,¥,0) = ¢y +exp (

C(x— 3.2+ (y—3.2)7?
0.15 ’

C_(x,y,0) =0.02,
with parameters

M=0.03,e=003,Re=1,Pe=1,n=1,Ca=1,=2,
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Fig. 4. Initial condition for Example 5.3 with ¢, = 0.15.
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Fig. 5. Time evolution of the free energy functional with different permeability: K = 0,0.1 and 0.3 with ¢, = 0.15.
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Fig. 6. Time evolution of the mass (/, ¢, C,dx) with different permeability: K = 0,0.1 and 0.3 with ¢, = 0.15.

where the substance is concentrated inside the droplet center (see Fig. 4 (b)). Two different initial concentration cases are considered:
¢o = 0.15and ¢, = 0.1, each with three different permeabilities: K = 0, 0.1, and 0.3. Additionally, a reference case with no solute, where
cross-interface flow is driven purely by hydrostatic pressure, is included for comparison to highlight the effects of osmotic pressure.

We employ the second-order SDC method with a piecewise P! polynomial basis. The computational domain consists of a uniform
mesh with 128 x 128 elements, and the time step is set to A7 = 0.01.

For the case ¢, = 0.15, the evolutions of energy and mass are presented in Figs. 5 and 6. As expected, the energy decreases over
time, confirming the stability of the scheme, while the total mass remains conserved throughout the simulation.

Fig. 7 displays the evolution of droplet interfaces under different membrane permeabilities. The corresponding concentration
profiles at equilibrium are shown in Fig. 8. When the permeability K = 0, water cannot cross the membrane, so the droplet retains its
initial volume. In contrast, when K # 0, the initial hydrostatic pressure inside the droplet exceeds the osmotic pressure outside, driving
water outward and causing the droplet to shrink. Since the solute remains confined within the droplet, the volume loss increases the
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Fig. 7. Snapshots of interface ¢ = 0 at different time slots with different permeability: K = 0,0.1 and 0.3 with ¢, = 0.15.

internal solute concentration, thereby raising the osmotic pressure. This elevated osmotic pressure gradually draws water back into
the droplet until equilibrium is reached, where the hydrostatic and osmotic pressures are balanced.

According to the energy dissipation law stated in Theorem 2.1, for a closed system, the equilibrium state is characterized by the
conditions

u=0, f,=0, ur=0,

which implies that the droplet shape at equilibrium is independent of the membrane permeability K, and is determined solely by
surface tension and the solute concentration difference across the interface. At equilibrium, the concentrations C, inside and outside
the droplet become spatially uniform, with their values determined by the total initial solute mass and the geometry of the final
droplet. These behaviors are clearly observed in Figs. 7 and 8. The role of permeability primarily affects the rate at which equilibrium
is reached. Higher permeability leads to faster cross-interface water exchange, accelerating droplet shrinkage and energy dissipation.
Consequently, systems with larger K values reach equilibrium more rapidly, as demonstrated in Figs. 5 and 7.

Example 5.4 (Effect of solute concentration). To quantify how solute concentration influences the final droplet volume, we compare
two scenarios: (i) no solute (osmotic effects neglected), in which case the system reduces to the CHNS model with a Allen-Cahn-type
term —é fiy |V@| drives cross-interface flow purely by hydrostatic pressure; and (ii) nonzero solute with uniform initial concentrations
¢o € {0.1, 0.3, 0.5} inside the droplet. During the simulation, we repeat the setup of the previous example but fix the permeability and
interface thickness to K = 0.5 and e = 0.05 (all other parameters and the initial geometry are unchanged).

As shown in Fig. 9, when osmotic effects are neglected, the droplet eventually vanishes-consistent with previous studies. In
contrast, when osmotic pressure is included the droplet evolves toward a finite equilibrium configuration, and the final interface
profile depends on the initial solute concentration ¢, (see Fig. 10).

For ¢, = 0.1 and 0.3, the droplet first shrinks as hydrostatic pressure dominates; the accompanying volume loss raises the interior
concentration and hence the osmotic counter-pressure. Around 7 ~ 20, the osmotic and hydrostatic pressures balance, and a steady
radius is reached. A larger ¢, arrests shrinkage earlier and yields a larger equilibrium droplet. For ¢, = 0.5, the initial osmotic pressure
already exceeds the hydrostatic pressure, driving water influx and a swelling phase, which leads to the largest equilibrium volume
among the cases considered.

We also compare our simulations with the sharp-interface model (23) and (24). At steady state, the normal solvent flux across the
interface vanishes and the normal-stress jump balances the osmotic jump. For a circular interface of radius R® (curvature k = 1/R®?),

this gives
o e e
R = AlCl-co), (82)

where the sign corresponds to the outward normal pointing from the inner to the outer phase. Mass conservation in each compartment
yields

N, := / Co(x,0) ¢ ($(x,0)) dx = m(R? CI, Ny 1= / C_(x,0){_(p(x,0)) dx = (L* — n(R*)*) 1.
Q Q

Eliminating C$’ from above two equations gives a single nonlinear equation for R®:

ﬂ( Ni _ Nnul > _ o (83)
x(Rea2 L2 — r(Red)? ~ Rea’

from which R® is determined uniquely in 0 < R < L/ \/;; the corresponding equilibrium concentrations follow as C{’ =
Nip/(7(R#9)?) and C® = N, /(L?* — z(R*9)*). Fig. 9 shows that the phase-field predictions for the equilibrium radius and the in-
ner/outer concentrations agree closely with the sharp-interface values obtained from (83), confirming that the diffuse-interface for-
mulation is consistent with the sharp-interface limit.

These results also illustrate that the proposed permeation mechanism is bidirectional. For ¢, = 0.1 and 0.3, the droplet initially
shrinks because the hydrostatic contribution dominates the osmotic one; as the droplet loses water, the interior solute concentration

21



R. Guo, J. Shen, S. Xu et al. Journal of Computational Physics 562 (2026) 115036
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Fig. 8. Snapshots of {, C, at equilibrium with different permeability: K = 0,0.1 and 0.3 with ¢, = 0.15.

(a) t=1 (b) t =2 (c) t=4

Fig. 9. The profiles of the interface when the osmotic pressure is neglected at time slots 7 = 1,2, 4 with permeability K = 0.5.
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Fig. 10. Effect of solute concentration on droplet profile. (a) The droplet profile at equilibrium. (b) The evolution of droplet volumes with different
initial solution concentrations. The red lines: ¢, = 0.1; the blue lines: ¢, = 0.3; the black lines: ¢, = 0.5; the dashed pink line: initial interface. The
solid lines are the phase field model results, and the dashed lines are the sharp interface volume estimation at the equilibrium. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

increases, which strengthens the opposing osmotic pressure until a balance is reached. In contrast, for ¢, = 0.5, the initial osmotic
pressure is already sufficiently strong to overcome the hydrostatic resistance, so water enters the droplet and an initial swelling phase
is observed before the system relaxes to equilibrium. Therefore, the model supports both inward and outward solvent transport across
the semipermeable interface, and the direction of volume change is selected by the instantaneous osmotic-hydrostatic balance rather
than by the sign of the permeability parameter itself.
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Fig. 11. Snapshots of ¢ with K = 0 (first row) and K = 0.3 (second row) at different time ¢ = 1.5 (first column), # = 6 (second column), t = 15 (third
column) and ¢ = 25 (fourth column).

Example 5.5 (Shear flow). In this example, we study the dynamics of two droplets suspended in a shear flow within a square domain
Q = [0,6.4] x [0, 6.4]. The initial conditions for the phase-field variable ¢, the solute concentrations C, and velocity u are given by

—V(x=2352 + (y = 4.052 - V(x—4.05)? + (y —2.357
1.0 — V(x — 2.35)2 + (y — 4.05) >+tanh<1'0 V(x =405 + (y - 2.35) >+1.0,
Vae Ve

(x —2.35)2 + (y — 4.05)2 (x — 4.05)2 + (y — 2.35)2
—_ + eXp —_ ’
0.15 0.15

¢(x,y,0) = tanh <

C,(x,,0)=0.1+exp (

C_(x,y,0)=0.02, u=0.

We consider two cases: impermeable interfaces (K = 0) and semi-permeable interfaces (K = 0.3), while keeping all other param-
eters identical to those in Example 5.3. The boundary conditions are specified as

Vo -nlyog=Ve-nl_gs=0. ¢0.y.0)=p(64..1),
Viig -nlg = Viig - nlym6q =0, fig(0.y,1) = fis(6.4,y.1),
VC, -nlyeg=VC, nlygy =0, C.(0.3,0)=C.(64,.1),
ul,ng = (L0, ul ey =107,
with periodic boundary conditions applied on the left and right boundaries.

Fig. 11 shows the evolution of the droplet interfaces at various time instances for the two different permeability settings. When
K =0, the droplets are impermeable, and their enclosed volume remains constant. Under the shear flow, the two initially separated
droplets move closer, eventually coalesce into a single elongated droplet, and rotate with the background flow. In contrast, when
K = 0.3, the membranes become semi-permeable to water. The imbalance between osmotic and hydrostatic pressures leads to cross-
interface water flux, causing the droplets to gradually shrink. As the droplet volume decreases, the spatial extent of each droplet
reduces, preventing the two droplets from coming into contact and merging. This behavior highlights how permeability not only
affects the rate of deformation but also alters the qualitative topological outcome. The osmotic shrinkage prevents contact in a given
time window under shear flow due to volume reduction induced by osmotic regulation.

6. Conclusions

In this work, we developed a thermodynamically consistent phase-field model for simulating water transport across semi-
permeable interfaces driven by osmotic pressure and hydrostatic pressure differences. Our formulation extends the classical Cahn-
Hilliard-Navier-Stokes (CHNS) system by incorporating a cross-interface water flux governed by solute gradients and membrane
permeability. This extension leads to a highly nonlinear permeating CHNS model (pCHNS) where volume changes induced by os-
motic flow dynamically feed back into the solute distribution, resulting in a tightly coupled and highly nonlinear interaction between
fluid motion, interfacial dynamics, and solute transport. A key feature of the model is that the transmembrane solvent flux is inher-
ently bidirectional: depending on the instantaneous balance between osmotic and hydrostatic/mechanical effects near the interface,
the system may exhibit either swelling or shrinkage. Our asymptotic analysis shows that, as ¢ — 0 with M = Me, the proposed
phase-field model converges to a sharp-interface formulation whose kinematic law, normal stress jump, and solute impermeability
conditions coincide with established models.
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To address the computational challenges posed by this strongly coupled system, we proposed a suite of energy-stable and high-
order numerical schemes. Spatial discretization is performed using the local discontinuous Galerkin (LDG) method, which provides
high-order accuracy, nonlinear stability, and flexibility for adaptive mesh refinement. For time integration, we first constructed a first-
order decoupled temporal scheme and rigorously proved its unconditional energy stability. To further improve temporal accuracy,
we incorporated a semi-implicit spectral deferred correction (SDC) method, achieving high-order convergence in both time and space
while preserving the model’s thermodynamic consistency. Together, these results provide a robust computational framework for fully
coupled fluid-solute-interface transport across semi-permeable membranes.

Our study focuses on a thermodynamically consistent setting to isolate the core mechanisms of osmotic-hydrostatic permeation.
For clarity and to enable sharp-interface consistency and energy-stable discretizations, we work in two dimensions with simple droplet
geometries, model interfacial mechanics via capillarity, treat the interface as water-permeable and solute-impermeable, and use spa-
tially uniform material parameters. These choices serve exposition and analysis, and the framework is general, so they can be relaxed.
In particular, the present work does not yet include more realistic membrane mechanics such as bending elasticity or surface-area con-
straints, which can nevertheless be incorporated within the same thermodynamically consistent energetic framework [4,13]. Looking
ahead, we will incorporate additional biophysics and membrane physics, including ionic transport and electrochemical coupling,
bending and inextensibility constraints, surface viscosity, and variable surface tension. We also plan to extend the present framework
to fully three-dimensional simulations with adaptive refinement and scalable solvers, and to pursue quantitative comparisons with
controlled experiments, such as vesicle swelling/burst cycles, osmotic aspiration, and micropipette tests, together with systematic
parameter calibration and sensitivity analysis. Another promising direction is to integrate the present physics-based framework with
data-driven methods, including parameter estimation from experiments, uncertainty quantification, and machine-learning-assisted
surrogate modeling [40,41]. Such a combination may further enhance the quantitative predictive capability of the model and broaden
its applicability to realistic biological and engineering systems.
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Appendix A. Model derivation details

We calculate the time derivative of the total energy given in (2). For the first term, by using the first two equations of Eq. (1), we

have
d 1 2
I, =—(= d
1 dt(z/gplul x)
1 op, o ou
== [ Lju?qd C2a
2/ﬂatlul x+/9pu o x

1 9, / Du / |u|?
== [ ZiuPdx + ax+ [ V- (uya—d
2_/& 6t|u| x _qu Dt x Q (pu) 2 x
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=/u-(V-an+V-6¢)dx—/pV-udx

Q Q

=—/Vu : (o-,7+0'¢)dx—/pV-udx. (84)
Q Q

where pressure is induced as a Lagrange multiplier for incompressibility.
For the second term, the equation of the concentrations and label functions yields

c, 2 2
L+ = 5:{/ Rr<g+c (ln——1)+§_C_(lnC——1)>d +/Q/1(%+F(¢))dx}

/RT lcac L CeoC
A ‘:‘caz x

0

0C+ 0C_ C_ o¢

=/RT<1 s a(ggt +) +1In &(ac_c_)>dx

o, c ot

c
< T<—C (In ——1)+%C (lnC——1)>+;4¢ C, ln—%—c,lnc—%>—¢dx

C,y O
:/RT(ln&a((:Jr +)+111&0@*C*>>d /<RT< 0¢+c+ % _> >—¢
o e Ot e Ot o o E F)

c, c,
= / RT(—ln —V-(,Ciu)—In—V- (§_C_u)>dx
Q Co ¢

0

0

c, C.
+/ RT(—]n—V-(gﬁrL)—ln—V~(C,J,)>dx
Q Coo Co
+/Qﬁ¢(—V~(u¢)— V- Jy+SyIVeldx
= /(RT§+VC+-u+RT§_VC_ -u)dx+/(§+J+-V/42'+§_J_~Vyc_)dx
Q Q
+/Q(Vﬂ¢¢-u+J¢~Vﬁ¢)dx+/gﬁ¢S¢|V¢|dx
= / (RTE,VC, + RT{_VC_ + Viiy) - udx
Q

+/(g+J+~v;4j+c_J_.v,4;)dx+/J¢~v,z¢dx+/,z¢s¢|v¢|dx
Q Q

=/( (RT—C +RTaiq;c )= i)V - udx+/(C+J+-V/A:+C,J,-Vﬂc_)dx
Q

+/J¢-Vﬁ¢dx+/ﬁ¢S¢|V¢|dx

Q Q

= —/Qﬂd)v¢~udx+/ﬂ(c+J+~vuj+¢_J_~V,4;)dx (85)
+/J¢~Vﬂ¢dx+/ﬁ¢S¢|V¢|dx

/ —M2 (Vo @ Vo) : Vudx+/(C+J+ Vit + ¢ Vyc")dx+/J¢~Vﬁ¢dx+/ﬂ¢5¢|v¢|dx
Q Q

In summary, we have

dE
dt

=- / Vu : (6, +04)dx — / pV -udx — / MA(Vp @ V) : Vudx + /(C*_JJr . Vﬂ:' +8_J_-Vu)dx
Q Q Q Q

+/J¢-Vﬁ¢dx+/ﬂ¢5¢|v¢|dx
Q Q
=—A.
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