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NUMERICAL ANALYSIS OF A SEMI-IMPLICIT EULER SCHEME FOR THE
KELLER-SEGEL MODEL

Xueling Huang1, Olivier Goubet2,* and Jie Shen3

Abstract. We study the properties of a semi-implicit Euler scheme widely used for time discretization
of Keller-Segel equations in both parabolic-elliptic and parabolic-parabolic forms. We assume the initial
mass of the cell density is sufficiently small to ensure that solutions of the continuous Keller-Segel
equations exist globally in time. We prove that this linear, decoupled, first-order scheme preserves key
properties of the Keller-Segel model at the semi-discrete level, including mass conservation, positivity
preservation, and energy dissipation. We also establish optimal error estimates in 𝐿𝑝-norm (1 < 𝑝 <∞)
for the scheme.
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1. Introduction

Chemotaxis refers to the directional migration of cells along the concentration gradient of a specific chemoat-
tractant. In the 1970s, Keller [25] and Segel [26] established a classical mathematical model for chemotaxis,
building upon the earlier work of Patlak [33]. In this paper we focus on the general dimensionless Keller-Segel
(KS) model [32]

𝜕𝜌

𝜕𝑡
= ∆𝜌− 𝜒∇ · (𝜌∇𝑐), 𝑥 ∈ Ω, 𝑡 > 0, (1)

𝜏
𝜕𝑐

𝜕𝑡
= ∆𝑐− 𝛼𝑐 + 𝛾𝜌, 𝑥 ∈ Ω, 𝑡 > 0, (2)

subjected to suitable initial condition

𝜌|𝑡=0 = 𝜌0 ≥ 0, 𝜏𝑐|𝑡=0 = 𝜏𝑐0 ≥ 0, and 𝜌0, 𝑐0 ̸≡ 0, (3)

in a bounded domain Ω ⊂ R2 with smooth boundary 𝜕Ω. We consider the homogeneous Neumann boundary
conditions for the cell density 𝜌 = 𝜌(𝑥, 𝑡) and the concentration of chemoattractants 𝑐 = 𝑐(𝑥, 𝑡)

𝜕𝜌

𝜕𝑛
=

𝜕𝑐

𝜕𝑛
= 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0, (4)
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where 𝑛 is the outward unit-normal to the boundary 𝜕Ω. The parameter 𝜒 > 0 is the sensitivity of cells to the
chemoattractant, 𝛼, 𝛾 > 0 represents the consumption and production rate of chemoattractant, respectively.
The model is a parabolic-parabolic system when 𝜏 > 0, and a parabolic-elliptic system when 𝜏 = 0, which
means that chemoattractant diffusion is much faster than cell diffusion. Note that if 𝜏 = 0, only the initial data
𝜌0 is needed in the condition (3).

There have been many mathematical studies on the well-posedness of the KS model (see, e.g., [2, 17, 19]
and references therein). In a two-dimensional (2D) bounded domain Ω, solutions of the KS model (1)–(4) exist
globally in time under the condition

𝑀 =
∫︁

Ω

𝜌0(𝑥)d𝑥 <
𝜋*

𝜒𝛾
, (5)

where

𝜋* =

{︃
8𝜋, if Ω =

{︀
𝑥 ∈ 𝑅2; |𝑥| < 𝐿

}︀
and (𝜌0, 𝑐0) is radial in 𝑥, with 𝐿 is the radius of the domain,

4𝜋, otherwise.

Otherwise, solutions can blow up and be unbounded in 𝐿∞(Ω) [3–5, 9, 19, 30–32]. The KS equations possess
important properties, including mass conservation, positivity of the cell density, and energy dissipation (see,
e.g., [9,14,27,32,35] and references therein). A good numerical method should preserve these properties at the
discrete level to the greatest extent possible, and its implementation should be simple and amenable to rigorous
numerical analysis.

Over the years, various numerical schemes have been developed for the KS model (1)–(4) (see, e.g., [1,7,15,34]
and references therein). Since the model is nonlinear and involves two coupled variables 𝜌 and 𝑐, for simplicity
and efficiency, one favors a proper time-discrete scheme that is linear and decoupled. The following semi-discrete
scheme in time is commonly used in practical computations [15,35]:

𝜌𝑛+1 − 𝜌𝑛

𝛿𝑡
= ∆𝜌𝑛+1 − 𝜒∇ ·

(︀
𝜌𝑛+1∇𝑐𝑛

)︀
, (6)

𝜏
𝑐𝑛+1 − 𝑐𝑛

𝛿𝑡
= ∆𝑐𝑛+1 − 𝛼𝑐𝑛+1 + 𝛾𝜌𝑛+1, (7)

with the homogeneous Neumann boundary conditions, whre 𝛿𝑡 denotes the time step, 𝜌𝑛 and 𝑐𝑛 are approx-
imations of 𝜌 and 𝑐 at the 𝑛th time step. At each time step, as long as (𝜌𝑛, 𝑐𝑛), 𝑗 = 0, 1, 2, . . . , 𝑛 are given,
it is efficient to solve 𝜌𝑛+1 from (6) and 𝑐𝑛+1 from (7) since they are both linear elliptic equations. As time
derivatives are approximated by the stable backward Euler method, linear terms are implicitly approximated
and nonlinear terms are semi-implicitly approximated. There is sufficient numerical evidence that, with proper
spatial discretization, this semi-implicit Euler scheme appears to preserve essential properties of the KS equa-
tions, including mass conservation, energy dissipation and positivity preservation [15, 34, 35]. However, it has
not been rigorously proven that this scheme, at the semi-discrete level, can preserve all the above properties.

First of all, it is easy to obtain the discrete mass conservation by integrating (6) over the domain Ω with the
homogeneous Neumann boundary conditions for the cell density.

For energy dissipation, it was first shown in [35] that the semi-implicit Euler scheme (6) and (7) sayisfies the
energy dissipation property. It is also worth noting that Liu et al. [28] reformulated the density equation (1)
with 𝜒 = 1 as 𝜕𝜌

𝜕𝑡 = ∇·
(︀
𝑒𝑐∇

(︀
𝜌
𝑒𝑐

)︀)︀
, and pointed out the equivalence between the following semi-discrete equation

𝜌𝑛+1 − 𝜌𝑛

𝛿𝑡
= ∇ ·

(︂
𝑒𝑐𝑛

∇
(︂

𝜌𝑛+1

𝑒𝑐𝑛

)︂)︂
,

and the semi-implicit Euler equation (6). However, they only performed stability analysis for a related coupled
nonlinear scheme where 𝑐𝑛 in (6) is replaced by 𝑐𝑛+1.
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Regarding the positivity of the numerical solution 𝜌𝑛, there is a general consensus among researchers that
this scheme satisfies the maximum principle. However, to the best of our knowledge, no rigorous proof of this
fact exists.

In addition, to the best of our knowledge, there is no error analysis for the semi-implicit Euler scheme (6)
and (7). Moreover, as noted in [28, 35], straightforward space discretizations of this semi-discrete (in time)
scheme can easily destroy solution positivity and lead to instability.

Comment 1.1. A natural idea is to perform spatial discretization based on the semi-discrete scheme (6)
and (7) to construct fully discrete schemes which can preserve the properties (mass conservation, positivity
preservation, and energy dissipation) at the fully discrete level. Unfortunately, the authors in [28, 35] pointed
out that straightforward space discretizations of this semi-discrete scheme can easily destroy the positivity of
the solution and trigger instability. Therefore, additional correction techniques are often added when performing
spatial discretization. For example, finite difference and finite element methods are often combined with upwind
techniques [28, 34, 35], flux correction methods [7, 13, 23, 37], total variation diminishing methods [11], among
others. A major drawback is that energy stability is often lost in such approaches. Zhou and Saito [39, 40]
proposed special finite volume schemes that satisfy both positivity preservation and energy dissipation, and
derived error estimates. However, their implementation is usually not simple or flexible enough. Very recently,
fully discrete schemes which preserve all the essential properties have been constructed using finite element
discretizations [15], finite difference methods [29], discontinuous Galerkin methods [1], finite volume methods
[16], and any Galerkin-type spatial discretizations with consistent discrete integration by parts [20–22]. However,
these works do not provide rigorous error analysis for the proposed numerical schemes.

Comment 1.2. Another interesting scheme is proposed in [36], where the authors construct a semi-discrete
(in time) nonlinear scheme based on the Wasserstein gradient flow structure. They show that this scheme
unconditionally preserves all essential properties of the KS equations, and the nonlinear equation is uniquely
solvable at each time step. A rigorous error analysis is carried out in [8] for a fully discrete scheme based on this
time discretization. A distinct advantage of this scheme is that its properties can be easily extended to various
spatial discretizations. However, a major drawback is that it requires solving a coupled nonlinear system at each
time step.

In summary, a comprehensive and rigorous numerical analysis of the semi-implicit Euler scheme (6) and (7)
will not only enable us to fully understand this semi-discrete scheme, but also provide a basis for further error
analysis of fully discrete schemes combined with this semi-discretization. The main purpose of this paper is to
conduct a rigorous numerical analysis for the semi-implicit Euler scheme (6) and (7). The main contributions
of this paper include, assuming that the mass 𝑀 is sufficiently small, i.e.,

𝑀 < min
{︂

𝜋*

𝜒𝛾
,

1
(2 + 𝜏)𝛾𝜒𝐶𝑔𝑛

}︂
, (8)

where 𝐶𝑔𝑛 is the Gagliardo-Nirenberg constant in Remark 1.1,

– proving the well-posedness and properties of the scheme (6) and (7), including mass conservation, positivity
preservation, and energy dissipation;

– obtaining 𝐿𝑞-bounds (1 < 𝑞 ≤ ∞) for the numerical solution of (6) and (7) if (8) is valid; and,
– deriving optimal error estimates in 𝐿𝑝-norm (1 < 𝑝 < ∞) if (8) is valid.

Remark 1.1. The Gagliardo-Nirenberg inequality we have in mind is for any 𝑢 ∈ 𝐻1(Ω)

‖𝑢‖4𝐿4 ≤ 𝐶𝑔𝑛‖𝑢‖2𝐿2

(︁
‖𝑢‖2𝐿2 + ‖∇𝑢‖2𝐿2

)︁
,

where 𝐶𝑔𝑛 is a numerical constant that depends on Ω [12].
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The rest of the paper is organized as follows. In Section 2, we introduce and prove basic properties of the KS
model (1)–(4), including mass conservation, positivity preservation, and energy dissipation. In Section 3, a series
of bounds for the cell density 𝜌 are estabilished. In Section 4, we analyze the semi-implicit Euler scheme (6)
and (7) with respect to well-posedness, mass conservation, positivity preservation and energy dissipation. In
Section 5, 𝐿𝑞-bounds (1 < 𝑞 ≤ ∞) of 𝜌𝑛+1 for all 𝑛 are derived under the assumption (8). In Section 6, we
derive optimal error estimates in 𝐿𝑝-norm (1 < 𝑝 < ∞) between the exact solutions (𝜌, 𝑐) and semi-discrete
numerical solutions (𝜌𝑛+1, 𝑐𝑛+1). We end the paper with some concluding remarks in Section 7.

We now introduce some notations. Throughout the paper, 𝑊𝑚,𝑝 = 𝑊𝑚,𝑝(Ω) denotes a Sobolev space, and
𝐻𝑚 = 𝑊𝑚,2 denotes a Hilbert space with inner product (·, ·)𝐻𝑚 and norm ‖ · ‖𝐻𝑚 . Additionally, (·, ·) denotes
the 𝐿2 inner product and ‖ · ‖𝐿𝑝 denotes the 𝐿𝑝-norm on the domain Ω. We denote by ℒ(𝐸,𝐹 ) the space of
bounded linear operators from the normed space 𝐸 into 𝐹 . Moreover, we shall use boldface letters to denote
vectors and vector spaces. We denote by 𝐾 a generic positive constant that depends on the parameters 𝜒, 𝛼, 𝛾, 𝜏
of the equations, and by 𝐾0 a positive constant that also depends on the initial data. The constants 𝐾 and 𝐾0

are independent of discretization parameters, and may change value from line to line without explicit mention.
We will frequently use various continuous and discrete Gronwall lemmas. In addition to the classical Gronwall
lemmas (see, for instance, [10]), we also need the uniform Gronwall lemma from [38] as follows:

Lemma 1.1. Consider 𝑦(𝑡), 𝑔(𝑡), ℎ(𝑡) nonnegative functions such that

d𝑦

d𝑡
≤ 𝑔(𝑡)𝑦(𝑡) + ℎ(𝑡),

and for any 𝑡 > 0, there exist constants 𝑘1, 𝑘2, 𝑘3 > 0 such that∫︁ 𝑡+1

𝑡

𝑦(𝑠)d𝑠 ≤ 𝑘1,

∫︁ 𝑡+1

𝑡

𝑔(𝑠)d𝑠 ≤ 𝑘2,

∫︁ 𝑡+1

𝑡

ℎ(𝑠)d𝑠 ≤ 𝑘3.

Then for any 𝑡 ≥ 1 we have 𝑦(𝑡) ≤ (𝑘1 + 𝑘3) exp(𝑘2).

2. Properties of the KS model

There have been a number of numerous studies on the well-posedness of the initial-boundary value prob-
lem (1)–(4) [3, 4, 9, 19, 30–32]. Under the assumption (5) that the solutions of the KS model (1)–(4) exist
globally in time, we present the basic properties of the KS model, and provide detailed proofs that will be useful
later in deriving similar properties for the scheme (6) and (7).

Theorem 2.1. The KS model (1)–(4) satisfies the following properties:

– Mass conservation:
𝑀 :=

∫︁
Ω

𝜌(𝑥, 𝑡)d𝑥 =
∫︁

Ω

𝜌0(𝑥)d𝑥. (9)

– Positivity preservation: if 𝜌0(𝑥), 𝑐0(𝑥) ≥ 0 and 𝜌0(𝑥), 𝑐0(𝑥) ̸≡ 0, then 𝜌(𝑥, 𝑡) ≥ 0 and 𝑐(𝑥, 𝑡) ≥ 0; if
𝜌0(𝑥), 𝑐0(𝑥) > 0, then 𝜌(𝑥, 𝑡) > 0 and 𝑐(𝑥, 𝑡) > 0.

– Energy dissipation:

d𝐸tot(𝜌, 𝑐)
d𝑡

= −
∫︁

Ω

𝜌|∇(log 𝜌− 𝜒𝑐)|2d𝑥− 𝜏𝜒

𝛾

∫︁
Ω

(︂
𝜕𝑐

𝜕𝑡

)︂2

≤ 0, (10)

where the free energy of the model is defined by

𝐸tot(𝜌, 𝑐) =
∫︁

Ω

(︂
𝑓(𝜌)− 𝜒𝜌𝑐 +

𝜒

2𝛾
|∇𝑐|2 +

𝛼𝜒

2𝛾
𝑐2

)︂
d𝑥, (11)

with 𝑓(𝜌) = 𝜌 log 𝜌− 𝜌.



NUMERICAL ANALYSIS OF A SEMI-IMPLICIT EULER SCHEME 521

Proof. Integrating the equation (1) over Ω, we deduce the mass conservation

d
d𝑡

∫︁
Ω

𝜌(𝑥, 𝑡)d𝑥 = 0,

with the homogeneous Neumann boundary condition for 𝜌.
Set 𝜌+ := sup{𝜌, 0}, 𝜌− := sup{−𝜌, 0}, then 𝜌 = 𝜌+ − 𝜌− and |𝜌| = 𝜌+ + 𝜌−. Multiplying both sides of the

equation (1) by the sign function sgn𝜌, we have:

𝜕𝜌

𝜕𝑡
sgn𝜌 = ∆𝜌 sgn𝜌− 𝜒∇ · (𝜌∇𝑐)sgn𝜌.

Recalling that sgn𝜉 = 𝜉
|𝜉| and 𝜉sgn𝜉 = |𝜉|, we have

𝜕𝜌

𝜕𝑡
sgn𝜌 =

𝜕|𝜌|
𝜕𝑡

, ∇ · (𝜌∇𝑐)sgn𝜌 = ∇ · (|𝜌|∇𝑐).

By Kato’s inequality [24], we know that ∆𝜌 sgn𝜌 ≤ ∆|𝜌| in 𝐷′(Ω). Then, we have

𝜕|𝜌|
𝜕𝑡

≤ ∆|𝜌| − 𝜒∇ · (|𝜌|∇𝑐).

Integrating both sides of the inequality over the region Ω leads to

𝑑

d𝑡

∫︁
Ω

|𝜌|d𝑥 =
𝑑

d𝑡

∫︁
Ω

(𝜌+ + 𝜌−)d𝑥 ≤ 0, (12)

with the homogeneous Neumann boundary condition. On the other hand, by the mass conservation, we have

𝑑

d𝑡

∫︁
Ω

𝜌d𝑥 =
𝑑

d𝑡

∫︁
Ω

(𝜌+ − 𝜌−)d𝑥 = 0.

Subtracting the above from (12), we derive

𝑑

d𝑡

∫︁
Ω

𝜌−d𝑥 ≤ 0.

Therefore, we have 𝜌− = 0 if 𝜌0− = 0, which implies that 𝜌(𝑥, 𝑡) ≥ 0 if the initial data 𝜌0 ≥ 0.
Moreover, if 𝜌0 > 0 we can prove that 𝜌(𝑥, 𝑡) > 0 as follows. Fix Ω× [0, 𝑇 ] a given cylinder. Fix 𝜖 > 0 small

enough such that 𝜌0 > 𝜖. Consider the function 𝑣(𝑥, 𝑡) = 𝜌(𝑥, 𝑡)− 𝜖 exp(−𝜆𝑡). We have

𝜕𝑣

𝜕𝑡
−∆𝑣 + 𝜒∇ · (𝑣∇𝑐) = 𝜖 exp(−𝜆𝑡)(𝜆− 𝜒∆𝑐). (13)

Using the basic theory about linear elliptic and linear parabolic equations from Evans’ book [12], we carry
out the following analysis. In the parabolic-elliptic case 𝜏 = 0, we have that −∆𝑐 ≥ −𝛼𝑐. Moreover, we
know 𝜌 remains bounded in 𝐿∞(Ω) (see Sect. 3 below). Then 𝑐 is smooth and the right hand side of (13) is
bounded from below by 𝜀 exp(−𝜆𝑡)(𝜆− 𝜒𝛼‖𝑐‖𝐿∞). In the parabolic-parabolic case 𝜏 > 0, assuming that 𝑐0 is
smooth enough, we have that ‖ −∆𝑐‖𝐿∞ is bounded and the right hand side of (13) is bounded from below by
𝜀 exp(−𝜆𝑡)(𝜆− 𝜒‖ −∆𝑐‖𝐿∞). Choosing 𝜆 large enough such that the right hand side of this inequality is non
negative and proceeding as above, we have that 𝜌(𝑥, 𝑡) is bounded below by a positive function on Ω× [0, 𝑇 ].

Next we prove the positivity of 𝑐 in the case 𝜏 = 0. We derive from (2) that

𝑐 = 𝛾(−∆ + 𝛼𝐼)−1
𝜌,



522 X. HUANG ET AL.

where 𝐼 is the identity matrix and the operator −∆ + 𝛼𝐼 is positive [12]. Therefore, we derive the positivity of
𝑐(𝑥, 𝑡) since we already showed the positivity of 𝜌(𝑥, 𝑡). In the case 𝜏 > 0 we can use an analogous argument.
In fact the parabolic equation is the limit of the sequence of following elliptic equations

𝜏
𝑐𝑛+1 − 𝑐𝑛

𝛿𝑡
= ∆𝑐𝑛+1 − 𝛼𝑐𝑛+1 + 𝛾𝜌𝑛+1, ∀𝑛 ∈ N,

which satisfy the maximum principle. Then the limit parabolic equation also satisfies the maximum principle.
Now we consider the energy dissipation. Since ∆𝜌 = ∇ · (𝜌∇ log 𝜌), we rewrite (1) as

𝜕𝜌

𝜕𝑡
= ∇ · (𝜌∇ log 𝜌)− 𝜒∇ · (𝜌∇𝑐) = ∇ · (𝜌∇(log 𝜌− 𝜒𝑐)). (14)

According to the free energy (11), we know the energy derivative 𝛿𝐸tot
𝛿𝜌 = log 𝜌−𝜒𝑐 and 𝛿𝐸tot

𝛿𝑐 = −𝜒
𝛾 ∆𝑐 + 𝛼𝜒

𝛾 𝑐−
𝜒𝜌 = − 𝜏𝜒

𝛾
𝜕𝑐
𝜕𝑡 . Taking the inner product of (14) with 𝛿𝐸tot

𝛿𝜌 and (2) with 𝜒
𝛾

𝜕𝑐
𝜕𝑡 , then applying integration by parts

and noting that the boundary terms vanish under the Neumann boundary conditions, we obtain the energy
dissipation law (10). �

3. Bounds of the exact solution

In this section, under the assumption (5) which ensures the global existence of solutions in time [3, 4, 9, 18,
19,30–32], we derive 𝐿𝑞-bounds (1 < 𝑞 ≤ ∞) for the exact solution 𝜌 of the KS model (1)–(4).

First, we recall the lemma concerning the energy bound from reference [32] and the references therein. This
lemma plays a key role in estabilishing the global well-posedness of the KS equations.

Lemma 3.1. If the mass of cells 𝑀 < 𝜋*

𝜒𝛾 , there exist positive constants 𝐾0
𝜌𝑐 and 𝐾0

𝑒 such that∫︁
Ω

𝜌𝑐d𝑥 ≤ 𝐾0
𝜌𝑐 and |𝐸tot(𝜌, 𝑐)| ≤ 𝐾0

𝑒 . (15)

Proof. We sketch the proof following [32]. We drop the term −𝜌 in the energy due to mass conservation. For
𝛿 > 0 to be chosen later the modified energy reads

𝐸tot(𝑡) =
∫︁

Ω

(︂
−𝜌 log

(︂
exp((𝜒 + 𝛿)𝑐)

𝜌

)︂)︂
d𝑥 +

∫︁
Ω

(︂
𝛿𝜌𝑐 +

𝜒

2𝛾
|∇𝑐|2 +

𝛼𝜒

2𝛾
𝑐2

)︂
d𝑥.

By Jensen’s inequality (and mass conservation), we have∫︁
Ω

(︂
− 𝜌

𝑀
log
(︂

exp((𝜒 + 𝛿)𝑐)
𝜌

)︂)︂
d𝑥 ≥ − log

(︂
1
𝑀

∫︁
Ω

exp((𝜒 + 𝛿)𝑐)
)︂

d𝑥.

Applying Trudinger-Moser inquality, for any small 𝜀 > 0 there exists a constant 𝐶𝜀 > 0 such that

− log
(︂

1
𝑀

∫︁
Ω

exp((𝜒 + 𝛿)𝑐)
)︂

d𝑥 ≥ − log
𝐶𝜀

𝑀
−
(︂

1
2𝜋*

+ 𝜀

)︂
(𝜒 + 𝛿)2‖∇𝑐‖2𝐿2 −

2(𝜒 + 𝛿)
|Ω|

‖𝑐‖𝐿1 .

In the parabolic-elliptic case 𝜏 = 0 we have ‖𝑐‖𝐿1 = 𝛾
𝛼𝑀 and in the parabolic-parabolic case 𝜏 > 0, inte-

grating (2) in space and in time ‖𝑐‖𝐿1 ≤ max(‖𝑐0‖𝐿1 , 𝛾
𝛼𝑀). We may now chose 𝛿, 𝜀 small enough such that

the modified energy satisfies 𝐸tot(𝜌, 𝑐) ≥ 𝐾(
∫︀
Ω

𝜌𝑐d𝑥 + ‖𝑐‖2𝐻1) − 𝐾0 and then bounded from below. Since
𝐸tot(𝜌(𝑡), 𝑐(𝑡)) ≤ 𝐸tot(𝜌0, 𝑐0) the conclusion follows promptly. �

Next, we derive below a series of bound results about the exact solution 𝜌 in 𝐿𝑞(Ω) (1 < 𝑞 ≤ ∞) for the KS
model (1)–(4).
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Lemma 3.2. For 𝑇 ∈ (0,∞), if the small mass condition (8) holds, there exists a positive constant 𝐾0 such
that

∫︀ 𝑇

0

∫︀
Ω

𝜌(𝑥, 𝑡)2d𝑥d𝑡 ≤ 𝐾0.

Proof. Replacing 𝑢 with
√

𝜌 in the Gagliardo-Nirenberg inequality in Remark 1.1 yields

‖√𝜌‖4𝐿4 ≤ 𝐶𝑔𝑛‖
√

𝜌‖2𝐿2

(︁
‖√𝜌‖2𝐿2 + ‖∇√𝜌‖2𝐿2

)︁
,

i.e.,

‖𝜌‖2𝐿2 = ‖√𝜌‖4𝐿4 ≤ 𝐶𝑔𝑛𝑀(𝑀 + ‖∇√𝜌‖2𝐿2) = 𝐶𝑔𝑛𝑀

(︂
𝑀 +

∫︁
Ω

|∇𝜌|2

𝜌
d𝑥

)︂
. (16)

Therefore, bounding the 𝐿2 norm of 𝜌 requires bounding the 𝐿2 norm of
√

𝜌−1∇𝜌.
For this purpose, we expand∫︁

Ω

𝜌|∇(log 𝜌− 𝜒𝑐)|2d𝑥 =
∫︁

Ω

|∇𝜌|2

𝜌
d𝑥 + 𝜒2

∫︁
Ω

𝜌|∇𝑐|2d𝑥− 2𝜒

∫︁
Ω

∇𝜌∇𝑐d𝑥. (17)

According to the equation (2) for 𝑐, we have

∆𝑐 = 𝜏
𝜕𝑐

𝜕𝑡
+ 𝛼𝑐− 𝛾𝜌.

Combining with Green formula and the non-negativity of 𝜌 and 𝑐, we can estimate the last term in (17) as
follows

−2𝜒

∫︁
Ω

∇𝜌∇𝑐d𝑥 = 2𝜒

∫︁
Ω

𝜌∆𝑐d𝑥

= 2𝜒

∫︁
Ω

𝜌

(︂
𝜏

𝜕𝑐

𝜕𝑡
+ 𝛼𝑐− 𝛾𝜌

)︂
d𝑥

≥ 2𝜏𝜒

∫︁
Ω

𝜌
𝜕𝑐

𝜕𝑡
d𝑥− 2𝜒𝛾‖𝜌‖2𝐿2 .

By Young’s inequality, we know that

2𝜏𝜒

∫︁
Ω

𝜌
𝜕𝑐

𝜕𝑡
d𝑥 ≥ −

⃒⃒⃒⃒
2𝜏𝜒

∫︁
Ω

𝜌
𝜕𝑐

𝜕𝑡
d𝑥

⃒⃒⃒⃒
≥ −𝜏𝜒

𝛾

∫︁
Ω

(︂
𝜕𝑐

𝜕𝑡

)︂2

d𝑥− 𝜏𝜒𝛾‖𝜌‖2𝐿2 .

Therefore, (17) can be estimated as∫︁
Ω

𝜌|∇(log 𝜌− 𝜒𝑐)|2d𝑥 +
𝜏𝜒

𝛾

∫︁
Ω

(︂
𝜕𝑐

𝜕𝑡

)︂2

d𝑥 + (2 + 𝜏)𝜒𝛾𝐶𝑔𝑛𝑀2

≥ (1− (2 + 𝜏)𝜒𝛾𝐶𝑔𝑛𝑀)
∫︁

Ω

|∇𝜌|2

𝜌
d𝑥 + 𝜒2

∫︁
Ω

𝜌|∇𝑐|2d𝑥.

(18)

Integrating (10) between 0 and 𝑡 leads to∫︁ 𝑡

0

(︃∫︁
Ω

𝜌|∇(log 𝜌− 𝜒𝑐)|2d𝑥 +
𝜏𝜒

𝛾

∫︁
Ω

(︂
𝜕𝑐

𝜕𝑡

)︂2
)︃
≤ 𝐸tot(𝜌0, 𝑐0)− 𝐸tot(𝜌(𝑡), 𝑐(𝑡)). (19)

Applying Lemma 3.1 yields −𝐸tot(𝜌(𝑡), 𝑐(𝑡)) ≤ 𝛾𝐾0
𝜌𝑐. Under the small mass condition

𝑀 < min
{︂

𝜋*

𝜒𝛾
,

1
(2 + 𝜏)𝛾𝜒𝐶𝑔𝑛

}︂
,

as well as gathering (16), (18) and (19) concludes the proof of the lemma. �
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Lemma 3.3. Assume the small mass condition (8) is satisfied. If the initial data 𝜌0 ∈ 𝐿2(Ω), then 𝜌(𝑥, 𝑡) ∈
𝐿∞
(︀
0,∞; 𝐿2(Ω)

)︀
.

Proof. Taking the scalar product of (1) with 𝜌 leads to(︂
𝜕𝜌

𝜕𝑡
, 𝜌

)︂
− (∆𝜌, 𝜌) = −𝜒(∇ · (𝜌∇𝑐).𝜌), (20)

Using Green’s formula, the equation (2) for 𝑐, and the non-negativity of 𝑐, we have(︂
𝜕𝜌

𝜕𝑡
, 𝜌

)︂
=

1
2

𝑑

d𝑡
‖𝜌‖2𝐿2 , −(∆𝜌, 𝜌) = ‖∇𝜌‖2𝐿2 , (21)

and

−𝜒(∇ · (𝜌∇𝑐), 𝜌) = 𝜒(𝜌∇𝑐,∇𝜌) =
𝜒

2
(︀
𝜌2,−∆𝑐

)︀
=

𝜒

2

(︂
𝜌2, 𝛾𝜌− 𝜏

𝜕𝑐

𝜕𝑡
− 𝛼𝑐

)︂
≤ 𝜒𝛾

2
(︀
𝜌2, 𝜌

)︀
− 𝜏𝜒

2

(︂
𝜌2,

𝜕𝑐

𝜕𝑡

)︂
. (22)

For the two terms on the right-hand side of the inequality (22), we apply Cauchy-Schwarz inequality,
Gagliardo-Nirenberg inequality and the 𝜀-Young’s inequality in turn to derive

𝜒𝛾

2
(︀
𝜌2, 𝜌

)︀
≤ 𝜒𝛾

2
‖𝜌2‖𝐿2‖𝜌‖𝐿2

≤ 𝜒𝛾𝐶𝑔𝑛

2
‖𝜌‖2𝐿2(‖∇𝜌‖𝐿2 + ‖𝜌‖𝐿2)

≤ 𝜒𝛾𝐶𝑔𝑛

2

(︂
1
4𝜀
‖𝜌‖4𝐿2 + 𝜀‖∇𝜌‖2𝐿2 +

1
2
‖𝜌‖4𝐿2 +

1
2
‖𝜌‖2𝐿2

)︂
=

𝜒𝛾𝐶𝑔𝑛

2

(︂
1
2

+
(︂

1
4𝜀

+
1
2

)︂
‖𝜌‖2𝐿2

)︂
‖𝜌‖2𝐿2 +

𝜒𝛾𝐶𝑔𝑛

2
𝜀‖∇𝜌‖2𝐿2 , (23)

and

−𝜏𝜒

2

(︂
𝜌2,

𝜕𝑐

𝜕𝑡

)︂
≤
⃒⃒⃒⃒
−𝜏𝜒

2

(︂
𝜌2,

𝜕𝑐

𝜕𝑡

)︂⃒⃒⃒⃒
≤ 𝜏𝜒

2

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

⃦⃦
𝜌2
⃦⃦

𝐿2

≤ 𝜏𝜒𝐶𝑔𝑛

2

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

(︀
‖∇𝜌‖𝐿2‖𝜌‖𝐿2 + ‖𝜌‖2𝐿2

)︀
≤ 𝜏𝜒𝐶𝑔𝑛

2

(︃
1
4𝜀

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

‖𝜌‖2𝐿2 + 𝜀‖∇𝜌‖2𝐿2 +
⃦⃦⃦⃦

𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

‖𝜌‖2𝐿2

)︃

=
𝜏𝜒𝐶𝑔𝑛

2

(︃
1
4𝜀

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+
⃦⃦⃦⃦

𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌‖2𝐿2 +

𝜏𝜒𝐶𝑔𝑛

2
𝜀‖∇𝜌‖2𝐿2 . (24)

We substitute (21)–(24) into (20) to obtain

1
2

𝑑

d𝑡
‖𝜌‖2𝐿2 + ‖∇𝜌‖2𝐿2

≤ 𝜒𝐶𝑔𝑛

2

(︃
𝛾

2
+
(︁ 𝛾

4𝜀
+

𝛾

2

)︁
‖𝜌‖2𝐿2 +

𝜏

4𝜀

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌‖2𝐿2 +

𝜒𝐶𝑔𝑛𝜀

2
(𝛾 + 𝜏)‖∇𝜌‖2𝐿2 .
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As long as 𝜀 is small enough so that 𝜒𝐶𝑔𝑛𝜀
2 (𝛾 + 𝜏) ≤ 1, we have

𝑑

d𝑡
‖𝜌‖2𝐿2 ≤ 𝐾

(︃
1 + ‖𝜌‖2𝐿2 + 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌‖2𝐿2 ,

by integrating 1
𝜀 into the constant 𝐾. Due to Lemma 3.2, there exists a constant 𝐾0 such that

∫︀ 𝑡+1

𝑡
‖𝜌‖2𝐿2 ≤ 𝐾0,

Additionally, by the energy bound (15) in Lemma 3.1 and the energy dissipation (10), there exists a positive
constant 𝐾0

𝑐 such that
∫︀ 𝑡+1

𝑡

⃦⃦
𝜕𝑐
𝜕𝑡

⃦⃦2

𝐿2 ≤ 𝐾0
𝑐 . Then, we have

∫︁ 𝑡+1

𝑡

𝐾

(︃
1 + ‖𝜌‖2𝐿2 + 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
≤ 𝐾(1 + 𝐾0 + 𝜏𝐾0

𝑐 ).

For 𝑡 ≥ 1, applying the uniform Gronwall Lemma 1.1 leads to a bound ‖𝜌‖2𝐿2 ≤ 𝐾0 exp(𝐾(1 + 𝐾0 + 𝜏𝐾0
𝑐 )). For

𝑡 < 1, we apply the classical Gronwall lemma to obtain ‖𝜌‖2𝐿2 ≤ ̃︁𝐾0, where

̃︁𝐾0 := ‖𝜌0‖2𝐿2 exp

(︃∫︁ 1

0

𝐾

(︃
1 + ‖𝜌‖2𝐿2 + 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
d𝑡

)︃
= ‖𝜌0‖2𝐿2 exp

(︀
𝐾(1 + 𝐾0 + 𝜏𝐾0

𝑐 )
)︀
.

As a result, we have ‖𝜌‖2𝐿2 ≤ min
{︀
𝐾0, ‖𝜌0‖2𝐿2

}︀
exp
(︀
𝐾(1 + 𝐾0 + 𝜏𝐾0

𝑐 )
)︀
. �

Lemma 3.4. Assume the small mass condition (8) is satisfied. For any 1 < 𝑞 ≤ ∞ and 𝑇 ∈ (0,∞), if initial
data 𝜌0 ∈ 𝐿𝑞(Ω), then 𝜌(𝑥, 𝑡) ∈ 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)).

Remark 3.1. We emphasize here that for 𝑞 > 2 the upper bounds are not uniform in 𝑇 .

Proof. We begin with a finite 𝑞 ∈ (0,∞). Taking the scalar product of (1) with 𝜌2𝑞−1 leads to(︂
𝜕𝜌

𝜕𝑡
, 𝜌2𝑞−1

)︂
−
(︀
∆𝜌, 𝜌2𝑞−1

)︀
= −𝜒

(︀
∇ · (𝜌∇𝑐), 𝜌2𝑞−1

)︀
, (25)

where (︂
𝜕𝜌

𝜕𝑡
, 𝜌2𝑞−1

)︂
=

1
2𝑞

𝑑

d𝑡
‖𝜌𝑞‖2𝐿2 . (26)

−
(︀
∆𝜌, 𝜌2𝑞−1

)︀
=
(︀
∇𝜌,∇𝜌2𝑞−1

)︀
= (2𝑞 − 1)‖𝜌𝑞−1∇𝜌‖2𝐿2 =

2𝑞 − 1
𝑞2

‖∇(𝜌𝑞)‖2𝐿2 . (27)

Besides, proceeding as above

−𝜒
(︀
∇ · (𝜌∇𝑐), 𝜌2𝑞−1

)︀
= 𝜒

(︀
𝜌∇𝑐,∇𝜌2𝑞−1

)︀
=

(2𝑞 − 1)𝜒
2𝑞

(︀
∇(𝜌2𝑞),∇𝑐

)︀
=

(2𝑞 − 1)𝜒
2𝑞

(︀
𝜌2𝑞,−∆𝑐

)︀
. (28)

Using the equation (2) for 𝑐 and the non-negativity of 𝑐, we have

(︀
𝜌2𝑞,−∆𝑐

)︀
=
(︂

𝜌2𝑞, 𝛾𝜌− 𝜏
𝜕𝑐

𝜕𝑡
− 𝛼𝑐

)︂
≤ 𝛾

(︀
𝜌2𝑞, 𝜌

)︀
− 𝜏

(︂
𝜌2𝑞,

𝜕𝑐

𝜕𝑡

)︂
· (29)

Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality and the 𝜀-Young’s inequality in turn, we
derive

𝛾
(︀
𝜌2𝑞, 𝜌

)︀
≤ 𝛾‖𝜌‖𝐿2

⃦⃦
𝜌2𝑞
⃦⃦

𝐿2
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≤ 𝛾‖𝜌‖𝐿2𝐶𝑔𝑛‖𝜌𝑞‖𝐿2(‖∇(𝜌𝑞)‖𝐿2 + ‖𝜌𝑞‖𝐿2)

≤ 𝛾𝐶𝑔𝑛

4𝜀
‖𝜌‖2𝐿2‖𝜌𝑞‖2𝐿2 + 𝛾𝐶𝑔𝑛𝜀‖∇(𝜌𝑞)‖2𝐿2 + 𝛾𝐶𝑔𝑛‖𝜌‖𝐿2‖𝜌𝑞‖2𝐿2

≤ 𝛾𝐶𝑔𝑛

(︂
𝐾0

4𝜀
+ (𝐾0)

1
2

)︂
‖𝜌𝑞‖2𝐿2 + 𝛾𝐶𝑔𝑛𝜀‖∇(𝜌𝑞)‖2𝐿2 , (30)

where ‖𝜌‖2𝐿2 ≤ 𝐾0 is known by Lemma 3.3. Similarly,

−𝜏

(︂
𝜌2𝑞,

𝜕𝑐

𝜕𝑡

)︂
≤
⃒⃒⃒⃒
−𝜏

(︂
𝜌2𝑞,

𝜕𝑐

𝜕𝑡

)︂⃒⃒⃒⃒
≤ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

⃦⃦
𝜌2𝑞
⃦⃦

𝐿2

≤ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

𝐶𝑔𝑛‖𝜌𝑞‖𝐿2(‖∇(𝜌𝑞)‖𝐿2 + ‖𝜌𝑞‖𝐿2)

≤ 𝜏𝐶𝑔𝑛

(︃
1
4𝜀

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+
⃦⃦⃦⃦

𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌𝑞‖2𝐿2 + 𝜏𝐶𝑔𝑛𝜀‖∇(𝜌𝑞)‖2𝐿2 . (31)

Substituting (26)–(31) into (25), we obtain

1
2𝑞

𝑑

d𝑡
‖𝜌𝑞‖2𝐿2 +

2𝑞 − 1
𝑞2

‖∇(𝜌𝑞)‖2𝐿2

≤ (2𝑞 − 1)𝜒𝐶𝑔𝑛

2𝑞

(︃
𝛾

4𝜀
𝐾0 + 𝛾(𝐾0)

1
2 +

𝜏

4𝜀

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌𝑞‖2𝐿2

+
(2𝑞 − 1)𝜒𝐶𝑔𝑛

2𝑞
(𝛾 + 𝜏)𝜀‖∇(𝜌𝑞)‖2𝐿2 .

As long as 𝜀 is small enough so that 𝜒𝑞𝐶𝑔𝑛

2 (𝛾 + 𝜏)𝜀 ≤ 1, we have

𝑑

d𝑡
‖𝜌𝑞‖2𝐿2 =

𝑑

d𝑡
‖𝜌‖2𝑞

𝐿2𝑞 ≤ 𝐾𝑞

(︃
𝐾0

𝜀
+ (𝐾0)

1
2 +

𝜏

𝜀

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝜕𝑐

𝜕𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌‖2𝑞

𝐿2𝑞 .

According to Gronwall lemma and Lemma 3.3, we have

‖𝜌‖2𝑞
𝐿2𝑞 ≤ ‖𝜌0‖2𝑞

𝐿2𝑞 exp
(︀
𝐾𝑞(𝐾0𝑇 + 𝜏𝐾0)

)︀
< ∞, 1 < 𝑞 < ∞,

with 1
𝜀 being absorbed by the constant 𝐾0.

Finally, we obtain the 𝐿∞-norm estimate by ‖𝜌‖𝐿2𝑞 → ‖𝜌‖𝐿∞ when 𝑞 →∞. �

4. Properties of the semi-discrete scheme

Let 𝛿𝑡 be the time step of the semi-discrete scheme (6) and (7), and let 𝑁𝑡 ∈ N+ such that 𝛿𝑡𝑁𝑡 = 𝑇 < ∞.
We first address the well-posedness of the scheme.

Lemma 4.1. There exists a positive constant 𝐾0 such that if 𝛿𝑡𝐾0 ≤ 1, then for any (𝜌𝑛, 𝑐𝑛) ∈ 𝐻1(Ω)×𝐻1(Ω),
the semi-discrete scheme (6) and (7) admits a unique solution (𝜌𝑛+1, 𝑐𝑛+1) ∈ 𝐻1(Ω)×𝐻1(Ω).

Proof. The scheme is implemented in two steps: first solve equation (6), then solve equation (7). Solving equa-
tion (7) is straightforward. To solve equation (6), we apply Lax-Milgram theorem to 𝐵(𝜌𝑛+1, 𝑣) =

∫︀
Ω

𝜌𝑛𝑣d𝑥 for
any 𝑣 ∈ 𝐻1(Ω), where the bilinear form 𝐵 reads

𝐵(𝜌, 𝑣) =
∫︁

Ω

𝜌𝑣d𝑥 + 𝛿𝑡

∫︁
Ω

∇𝜌 · ∇𝑣d𝑥− 𝜒𝛿𝑡

∫︁
Ω

𝜌∇𝑐𝑛 · ∇𝑣d𝑥.
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The main issue is the coercivity of 𝐵. Indeed⃒⃒⃒⃒
𝜒𝛿𝑡

∫︁
Ω

𝜌∇𝑐𝑛 · ∇𝜌d𝑥

⃒⃒⃒⃒
≤ 𝜒𝛿𝑡‖𝜌‖𝐿4‖∇𝑐𝑛‖𝐿4‖∇𝜌‖𝐿2 .

Using Gagliardo-Nirenberg inequality, we have

‖𝜌‖𝐿4 ≤ 𝐶
1
4
𝑔𝑛

(︁
‖𝜌‖𝐿2 + ‖𝜌‖

1
2
𝐿2‖∇𝜌‖

1
2
𝐿2

)︁
.

Then, we obtain the coercivity if 𝛿𝑡‖∇𝑐𝑛‖4𝐿4 is small enough. Now we claim the lemma below.

Lemma 4.2. The exists a positive constant 𝐾 such that

max
𝑘≤𝑛

‖∇𝑐𝑛‖𝐿4 ≤ 𝐾 max
𝑘≤𝑛

‖∇𝜌𝑛‖𝐿4 .

This lemma is true in the parabolic-elliptic case and the parabolic-parabolic case. Additionally, its proof is
similar to the proof of Lemma 6.1 in Section 6. Here we omit it.

Applying Lemma 5.3 concludes the proof. �

Theorem 4.1. For any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1}, the semi-discrete scheme (6) and (7) satisfies the following
properties:

– Mass conservation:
∫︀
Ω

𝜌𝑛+1d𝑥 =
∫︀
Ω

𝜌𝑛d𝑥.
– Positivity preservation: if 𝜌𝑛, 𝑐𝑛 ≥ 0, then 𝜌𝑛+1 ≥ 0 and 𝑐𝑛+1 ≥ 0; if 𝜌𝑛, 𝑐𝑛 > 0, then 𝜌𝑛+1 > 0 and 𝑐𝑛+1 > 0.
– Energy dissipation:

𝐸tot(𝜌𝑛+1, 𝑐𝑛+1)− 𝐸tot(𝜌𝑛, 𝑐𝑛) + 𝛿𝑡

∫︁
Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
|2d𝑥

+
(︂

𝜒𝜏

𝛾𝛿𝑡
+

𝜒𝛼

2𝛾

)︂
‖𝑐𝑛+1 − 𝑐𝑛‖2𝐿2 +

𝜒

2𝛾
‖∇𝑐𝑛+1 −∇𝑐𝑛‖2𝐿2 ≤ 0,

(32)

where

𝐸tot(𝜌𝑛+1, 𝑐𝑛+1) =
∫︁

Ω

(︂
𝑓
(︀
𝜌𝑛+1

)︀
− 𝜒𝜌𝑛+1𝑐𝑛+1 +

𝜒

2𝛾
|∇𝑐𝑛+1|2 +

𝛼𝜒

2𝛾

(︀
𝑐𝑛+1

)︀2)︂
d𝑥, (33)

with 𝑓(𝜌𝑛+1) = 𝜌𝑛+1 log 𝜌𝑛+1 − 𝜌𝑛+1.

Proof. Integrating the equation (6) over the domain Ω, we deduce∫︁
Ω

𝜌𝑛+1d𝑥 =
∫︁

Ω

𝜌𝑛d𝑥,

with the homogeneous Neumann boundary condition for 𝜌𝑛+1.
Let 𝜌𝑛

+ := sup{𝜌𝑛, 0}, 𝜌𝑛
− := sup{−𝜌𝑛, 0}, then 𝜌𝑛 = 𝜌𝑛

+ − 𝜌𝑛
− and |𝜌𝑛| = 𝜌𝑛

+ + 𝜌𝑛
−. Multiplying both sides of

equation (6) by the sign function sgn𝜌𝑛+1, we have

𝜌𝑛+1sgn𝜌𝑛+1 − 𝜌𝑛sgn𝜌𝑛+1

𝛿𝑡
= ∆𝜌𝑛+1sgn𝜌𝑛+1 − 𝜒∇ ·

(︀
𝜌𝑛+1∇𝑐𝑛

)︀
sgn𝜌𝑛+1.

Using the property of symbolic function and Kato’s inequality, we have

|𝜌𝑛+1| ≤ |𝜌𝑛|+ 𝛿𝑡∆|𝜌𝑛+1| − 𝛿𝑡𝜒∇ · (|𝜌𝑛+1|∇𝑐𝑛).
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Integrating both sides of the inequality over the domain Ω, we obtain∫︁
Ω

|𝜌𝑛+1|d𝑥 =
∫︁

Ω

(︀
𝜌𝑛+1
+ + 𝜌𝑛+1

−
)︀
d𝑥 ≤

∫︁
Ω

|𝜌𝑛|d𝑥 =
∫︁

Ω

(︀
𝜌𝑛
+ + 𝜌𝑛

−
)︀
d𝑥, (34)

where we apply the homogeneous Neumann boundary condition for 𝜌𝑛+1. Recall the mass conservation∫︁
Ω

𝜌𝑛+1d𝑥 =
∫︁

Ω

(︀
𝜌𝑛+1
+ − 𝜌𝑛+1

−
)︀
d𝑥 =

∫︁
Ω

𝜌𝑛d𝑥 =
∫︁

Ω

(︀
𝜌𝑛
+ − 𝜌𝑛

−
)︀
d𝑥.

Subtracting the above from (34), we derive∫︁
Ω

𝜌𝑛+1
− d𝑥 ≤

∫︁
Ω

𝜌𝑛
−d𝑥, and 𝜌𝑛+1

− = 𝜌𝑛
− = 0,

due to 𝜌0 = 𝜌0 ≥ 0 and 𝜌0 ̸≡ 0. Therefore, 𝜌𝑛+1 ≥ 0.
To check that 𝜌𝑛+1 > 0 in Ω when 𝜌0 > 0 we proceed as follows. Since 𝜌0 belongs to 𝐿∞, then 𝜌1 is smooth.

Assume that 𝑐0 is smooth. If there exists a 𝑥0 in Ω such that 𝜌1(𝑥0) = 0, then ∇𝜌1(𝑥0) = 0 and ∆𝜌1(𝑥0) ≥ 0.
Returning to equation (6), we get 𝜌0(𝑥0) ≤ 0, which leads to a contradiction. We conclude by induction on 𝑛.

From equation (7) for 𝑐𝑛+1, we have in the parabolic-elliptic case 𝜏 = 0,

𝑐𝑛+1 = 𝛾(−∆ + 𝛼𝐼)−1
𝜌𝑛+1.

In the parabolic-parabolic case 𝜏 > 0 the proof is similar as the above. Therefore, the positivity of 𝑐𝑛+1 is
consistent with that of 𝜌𝑛+1.

For the energy dissipation, we first rewrite (6) as

𝜌𝑛+1 − 𝜌𝑛

𝛿𝑡
= ∇ ·

(︀
𝜌𝑛+1∇

(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀)︀
. (35)

Taking the inner product of (35) with 𝛿𝑡
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
, we get∫︁

Ω

(︀
𝜌𝑛+1 − 𝜌𝑛

)︀(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
d𝑥 = −𝛿𝑡

∫︁
Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
|2d𝑥. (36)

Noting that 𝑓(𝜌𝑛) = 𝜌𝑛 log 𝜌𝑛 − 𝜌𝑛 is convex for 𝜌𝑛 > 0, we can use 𝑓 ′(𝜌𝑛) = log 𝜌𝑛 to derive∫︁
Ω

(︀
𝜌𝑛+1 − 𝜌𝑛

)︀
𝑓 ′(𝜌𝑛+1)d𝑥 =

∫︁
Ω

(︂
𝑓(𝜌𝑛+1)− 𝑓(𝜌𝑛) +

1
2

(𝜌𝑛+1 − 𝜌𝑛)2𝑓 ′′(𝜉)
)︂

d𝑥

≥
∫︁

Ω

(︀
𝑓(𝜌𝑛+1)− 𝑓(𝜌𝑛)

)︀
d𝑥. (37)

Taking the inner product of (7) with 𝑐𝑛+1 − 𝑐𝑛, we get

𝜏

𝛿𝑡
‖𝑐𝑛+1 − 𝑐𝑛‖2𝐿2 +

1
2
‖∇𝑐𝑛+1‖2𝐿2 −

1
2
‖∇𝑐𝑛‖2𝐿2 +

1
2
‖∇𝑐𝑛+1 −∇𝑐𝑛‖2𝐿2

+
𝛼

2
‖𝑐𝑛+1‖2𝐿2 −

𝛼

2
‖𝑐𝑛‖2𝐿2 +

𝛼

2
‖𝑐𝑛+1 − 𝑐𝑛‖2𝐿2 − 𝛾(𝜌𝑛+1, 𝑐𝑛+1 − 𝑐𝑛) = 0. (38)

We sum up (36)–(38) to obtain the discrete energy dissipation

𝐸tot(𝜌𝑛+1, 𝑐𝑛+1)− 𝐸tot(𝜌𝑛, 𝑐𝑛)

≤− 𝛿𝑡

∫︁
Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
|2d𝑥− 𝜒

2𝛾
‖∇𝑐𝑛+1 −∇𝑐𝑛‖2𝐿2

− 𝜒

𝛾

(︁ 𝜏

𝛿𝑡
+

𝛼

2

)︁
‖𝑐𝑛+1 − 𝑐𝑛‖2𝐿2 ≤ 0. (39)

�
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5. Bounds of the numerical solution

Following the analytical framework of Section 3, we derive 𝐿𝑞-bounds (1 < 𝑞 ≤ ∞) for the numerical solution
𝜌𝑛+1 of the semi-implicit Euler scheme (6) and (7) for any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1}. Additionally, we assume
that the small mass assumption (8) is satisfied throughout this section and fix the time 𝑇 = 𝛿𝑡𝑁𝑡 < ∞.

Lemma 5.1. There exists a positive constant 𝐾0 such that 𝛿𝑡
𝑁𝑡−1∑︀
𝑛=0

⃦⃦
𝜌𝑛+1

⃦⃦2

𝐿2 ≤ 𝐾0.

Proof. Applying the expansion (16) in Lemma 3.2, we have that

(1− (2 + 𝜏)𝜒𝛾𝐶𝑔𝑛𝑀)‖𝜌𝑛+1‖2𝐿2

≤ (1− (2 + 𝜏)𝜒𝛾𝐶𝑔𝑛𝑀)𝐶𝑔𝑛𝑀

(︂∫︁
Ω

|∇𝜌𝑛+1|2

𝜌𝑛+1
d𝑥 + 𝑀

)︂
≤ 𝐶𝑔𝑛𝑀

∫︁
Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛+1

)︀
|2d𝑥 +

𝜏𝜒

𝛾

⃦⃦⃦⃦
𝑐𝑛+1 − 𝑐𝑛

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝐾,

(40)

where 𝐾 is some positive constant depending on the parameters and the mass of cells 𝑀 .
We note that the first term in the right hand side of (40) is not exactly the same as that in the energy

dissipation (39) with respect to the discretization of 𝑐. To address this discrepancy, we proceed as follows.∫︁
Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛+1

)︀
|2d𝑥

≤ 2
∫︁

Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
|2d𝑥 + 2

∫︁
Ω

𝜒𝜌𝑛+1|∇𝑐𝑛+1 −∇𝑐𝑛|2d𝑥.

(41)

Using Cauchy-Schwarz inequality and Gagliardo-Niremberg inequality yields that

2
∫︁

Ω

𝜒𝜌𝑛+1|∇𝑐𝑛+1 −∇𝑐𝑛|2

≤ 2𝜒
⃦⃦
𝜌𝑛+1||𝐿2 ||∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦2

𝐿4

≤ 2𝜒𝐶𝑔𝑛

⃦⃦
𝜌𝑛+1

⃦⃦
𝐿2

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦
𝐿2

⃦⃦
∆𝑐𝑛+1 −∆𝑐𝑛

⃦⃦
𝐿2

≤ 2𝜒𝐶𝑔𝑛

⃦⃦
𝜌𝑛+1

⃦⃦
𝐿2

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦
𝐿2

(︀⃦⃦
∆𝑐𝑛+1

⃦⃦
𝐿2 + ‖∆𝑐𝑛‖𝐿2

)︀
.

(42)

Define the operator 𝐴 = −∆ + 𝛼𝐼. Squaring and integrating (7), we have in the parabolic-parabolic case

⃦⃦
𝐴𝑐𝑛+1

⃦⃦2

𝐿2 +
𝜏

𝛿𝑡

⃦⃦⃦
𝐴

1
2 𝑐𝑛+1

⃦⃦⃦2

𝐿2
≤ 𝜏

𝛿𝑡

⃦⃦⃦
𝐴

1
2 𝑐𝑛
⃦⃦⃦2

𝐿2
+ 𝛾2

⃦⃦
𝜌𝑛+1

⃦⃦2

𝐿2 . (43)

Summing this inequality leads to 𝜏
𝛿𝑡

⃦⃦⃦
𝐴

1
2 𝑐𝑛
⃦⃦⃦2

𝐿2
≤ 𝛾2

𝑛∑︀
𝑘=0

⃦⃦
𝜌𝑘
⃦⃦2

𝐿2 with 𝑐−1 = 0. Gathering this with (43), we

obtain ⃦⃦
𝐴𝑐𝑛+1

⃦⃦2

𝐿2 ≤ 𝛾2
𝑛+1∑︁
𝑘=0

⃦⃦
𝜌𝑘
⃦⃦2

𝐿2 .

Then, we have ⃦⃦
−∆𝑐𝑛+1

⃦⃦2

𝐿2 ≤
⃦⃦
𝐴𝑐𝑛+1

⃦⃦2

𝐿2 ≤ 𝛾2
𝑛+1∑︁
𝑘=0

⃦⃦
𝜌𝑘
⃦⃦2

𝐿2 .
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This estimate is also valid in the parabolic-elliptic case. Finally, we substitute this estimate into the inequal-
ity (42) and apply the 𝜀-Young’s inequality to get

2
∫︁

Ω

𝜒𝜌𝑛+1|∇𝑐𝑛+1 −∇𝑐𝑛|2

≤ 4𝜒𝐶𝑔𝑛

⃦⃦
𝜌𝑛+1

⃦⃦
𝐿2

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦
𝐿2

(︃
𝑛+1∑︁
𝑘=0

𝛾2
⃦⃦
𝜌𝑘
⃦⃦2

𝐿2

)︃ 1
2

≤ 4𝜒𝛾𝐶𝑔𝑛‖𝜌𝑛+1‖2𝐿2

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦
𝐿2 + 4𝜒𝐶𝑔𝑛

⃦⃦
𝜌𝑛+1

⃦⃦
𝐿2

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦
𝐿2

(︃
𝑛∑︁

𝑘=0

𝛾2
⃦⃦
𝜌𝑘
⃦⃦2

𝐿2

)︃ 1
2

≤
(︀
𝜀 + 4𝜒𝛾𝐶𝑔𝑛

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦
𝐿2

)︀⃦⃦
𝜌𝑛+1

⃦⃦2

𝐿2 +
1
𝜀
𝜒𝛾2𝐶𝑔𝑛

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦2

𝐿2

(︃
𝑛∑︁

𝑘=0

⃦⃦
𝜌𝑘
⃦⃦2

𝐿2

)︃
.

(44)

Since the energy 𝐸tot is bounded from below by Lemma 3.1, the series
∑︀
𝑛

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦2

𝐿2 is convergent by

applying the discrete energy dissipation (39). Therefore, there exists an integer 𝑁 large enough and a 𝜀 small
enough such that

𝜀 + 4𝜒𝛾𝐶𝑔𝑛

⃦⃦
∇𝑐𝑛+1 −∇𝑐𝑛

⃦⃦
𝐿2 ≤

1
2

(1− (2 + 𝜏)𝜒𝛾𝐶𝑔𝑛𝑀). (45)

Gathering (40) and (41), and (44) and (45), we obtain that for 𝑛 ≥ 𝑁

⃦⃦
𝜌𝑛+1

⃦⃦2

𝐿2 ≤ ̃︀𝐾⃦⃦∇𝑐𝑛+1 −∇𝑐𝑛
⃦⃦2

𝐿2

(︃
𝑛∑︁

𝑘=0

⃦⃦
𝜌𝑘
⃦⃦2

𝐿2

)︃
+ 𝐾

(︂
4
∫︁

Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
|2d𝑥

+
2𝜏𝜒

𝛾

⃦⃦⃦⃦
𝑐𝑛+1 − 𝑐𝑛

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+ 1

)︃
.

(46)

Let 𝑆𝑛+1 = 𝛿𝑡
𝑛+1∑︀
𝑘=0

⃦⃦
𝜌𝑘
⃦⃦2

𝐿2 , then (46) reads

𝑆𝑛+1 − 𝑆𝑛 ≤ ̃︀𝐾⃦⃦∇(𝑐𝑛+1 − 𝑐𝑛)
⃦⃦2

𝐿2𝑆𝑛 + 𝐾𝛿𝑡
(︁

4
∫︁

Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
|2d𝑥

+
2𝜏𝜒

𝛾𝛿𝑡

⃦⃦
𝑐𝑛+1 − 𝑐𝑛

⃦⃦2

𝐿2 + 𝛿𝑡
)︁
.

(47)

Now we apply the discrete Gronwall lemma with two sequences

𝑎𝑛 = ̃︀𝐾⃦⃦∇(𝑐𝑛+1 − 𝑐𝑛)
⃦⃦2

𝐿2 ,

and
𝑏𝑛 = 𝐾𝛿𝑡

(︁
4
∫︁

Ω

𝜌𝑛+1|∇
(︀
log 𝜌𝑛+1 − 𝜒𝑐𝑛

)︀
|2d𝑥 +

2𝜏𝜒

𝛾𝛿𝑡

⃦⃦
𝑐𝑛+1 − 𝑐𝑛

⃦⃦2

𝐿2 + 𝛿𝑡
)︁
.

The sequences 𝑎𝑛 and 𝑏𝑛 defined from (47) are summable due to the discrete dissipation energy (39). Moreover,
𝛿𝑡
∑︀

𝑛≤𝑁

||𝜌𝑛||2𝐿2 is bounded. Therefore, there exists a positive constant 𝐾0 such that

𝑆𝑁𝑡
= 𝛿𝑡

𝑁𝑡∑︁
𝑛=0

‖𝜌𝑛‖2𝐿2 ≤ 𝐾0.

�
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Lemma 5.2. For any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1} and the initial data 𝜌0 ∈ 𝐿2(Ω), there exists a positive constant
𝐾0 such that ‖𝜌𝑛+1‖𝐿2 ≤ 𝐾0.

Proof. Taking the scalar product of (6) with 𝜌𝑛+1 leads to(︂
𝜌𝑛+1 − 𝜌𝑛

𝛿𝑡
, 𝜌𝑛+1

)︂
−
(︀
∆𝜌𝑛+1, 𝜌𝑛+1

)︀
= −

(︀
𝜒∇ ·

(︀
𝜌𝑛+1∇𝑐𝑛

)︀
, 𝜌𝑛+1

)︀
, (48)

where (︂
𝜌𝑛+1 − 𝜌𝑛

𝛿𝑡
, 𝜌𝑛+1

)︂
=

1
2𝛿𝑡

(︀
‖𝜌𝑛+1‖2𝐿2 − ‖𝜌𝑛‖2𝐿2 + ‖𝜌𝑛+1 − 𝜌𝑛‖2𝐿2

)︀
, (49)

−
(︀
∆𝜌𝑛+1, 𝜌𝑛+1

)︀
= ‖∇𝜌𝑛+1‖2𝐿2 , (50)

and
−
(︀
𝜒∇ ·

(︀
𝜌𝑛+1∇𝑐𝑛

)︀
, 𝜌𝑛+1

)︀
= 𝜒

(︀
𝜌𝑛+1∇𝑐𝑛,∇𝜌𝑛+1

)︀
=

𝜒

2
(︀
|𝜌𝑛+1|2,−∆𝑐𝑛

)︀
. (51)

Using the non-negativity of 𝑐𝑛 for any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1}, we derive from equation (7) that

𝜒

2
(︀
|𝜌𝑛+1|2,−∆𝑐𝑛

)︀
=

𝜒

2

(︂
|𝜌𝑛+1|2,−𝜏

𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡
− 𝛼𝑐𝑛 + 𝛾𝜌𝑛

)︂
≤ 𝜒𝛾

2
(︀
|𝜌𝑛+1|2, 𝜌𝑛

)︀
− 𝜏𝜒

2

(︂
|𝜌𝑛+1|2, 𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

)︂
·

(52)

Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality and the 𝜀-Young’s inequality in turn, we
derive

𝜒𝛾

2
(︀
|𝜌𝑛+1|2, 𝜌𝑛

)︀
≤ 𝜒𝛾

2
‖𝜌𝑛‖𝐿2‖(𝜌𝑛+1)2‖𝐿2

≤ 𝜒𝛾𝐶𝑔𝑛

2
‖𝜌𝑛‖𝐿2‖𝜌𝑛+1‖𝐿2(‖𝜌𝑛+1‖𝐿2 + ‖∇𝜌𝑛+1‖𝐿2)

≤ 𝜒𝛾𝐶𝑔𝑛

2

(︂
1
4𝜀
‖𝜌𝑛‖2𝐿2 + ‖𝜌𝑛‖𝐿2

)︂
‖𝜌𝑛+1‖2𝐿2 +

𝜒𝛾𝐶𝑔𝑛

2
𝜀‖∇𝜌𝑛+1‖2𝐿2 ,

(53)

and similarly

−𝜏𝜒

2

(︂
|𝜌𝑛+1|2, 𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

)︂
≤ 𝜏𝜒𝐶𝑔𝑛

2

(︃
1
4𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+
⃦⃦⃦⃦

𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌𝑛+1‖2𝐿2

+
𝜏𝜒𝐶𝑔𝑛

2
𝜀‖∇𝜌𝑛+1‖2𝐿2 .

(54)

Substituting (49)–(54) into (48), we obtain

1
2𝛿𝑡

(︀
‖𝜌𝑛+1‖2𝐿2 − ‖𝜌𝑛‖2𝐿2 + ‖𝜌𝑛+1 − 𝜌𝑛‖2𝐿2

)︀
+ ‖∇𝜌𝑛+1‖2𝐿2

≤ 𝜒𝐶𝑔𝑛

2

(︃
𝛾

4𝜀
‖𝜌𝑛‖2𝐿2 + 𝛾‖𝜌𝑛‖𝐿2 +

𝜏

4𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝜌𝑛+1‖2𝐿2

+
𝜒𝐶𝑔𝑛

2
𝜀(𝛾 + 𝜏)‖∇𝜌𝑛+1‖2𝐿2 .

(55)

As long as 𝜀 is small enough so that 𝜒𝐶𝑔𝑛

2 (𝛾 + 𝜏)𝜀 ≤ 1, we have

‖𝜌𝑛+1‖2𝐿2 ≤ ‖𝜌𝑛‖2𝐿2 + 𝜒𝐶𝑔𝑛𝛿𝑡

(︃
𝛾

𝜀
‖𝜌𝑛‖2𝐿2 + 𝛾‖𝜌𝑛‖𝐿2 +

𝜏

𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+𝜏

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︂
‖𝜌𝑛+1‖2𝐿2 .

(56)



532 X. HUANG ET AL.

From Lemma 5.1, we have 𝛿𝑡
𝑁𝑡∑︀

𝑛=0
‖𝜌𝑛‖2𝐿2 ≤ 𝐾0. Moreover, according to the energy bound (15) in Lemma 3.1 and

the discrete energy dissipation formula (39), we know 𝜏𝛿𝑡
𝑁𝑡∑︀

𝑛=1
‖ 𝑐𝑛−𝑐𝑛−1

𝛿𝑡 ‖2𝐿2 ≤ 𝐸tot(𝜌0, 𝑐0)−𝐸tot(𝜌𝑁𝑡 , 𝑐𝑁𝑡) ≤ 2𝐾0
𝑒 .

Taking the sum of (56) on 𝑛 and applying the discrete Gronwall lemma completes the proof. �

Lemma 5.3. For any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1}, 1 < 𝑞 ≤ ∞, and the initial data 𝜌0 ∈ 𝐿𝑞(Ω), there exists a
positive constant 𝐾0 such that ‖𝜌𝑛+1‖𝐿𝑞 ≤ 𝐾0.

Remark 5.1. We emphasize that for 𝑞 > 2 the upper bound in Lemma 5.3 depends on 𝑇 .

Proof. Taking the scalar product of (6) with (𝜌𝑛+1)2𝑞−1 leads to(︂
𝜌𝑛+1 − 𝜌𝑛

𝛿𝑡
, (𝜌𝑛+1)2𝑞−1

)︂
−
(︀
∆𝜌𝑛+1, (𝜌𝑛+1)2𝑞−1

)︀
= −

(︀
𝜒∇ ·

(︀
𝜌𝑛+1∇𝑐𝑛

)︀
, (𝜌𝑛+1)2𝑞−1

)︀
.

Using the convexity of the function 𝑥 ↦→ 𝑥2𝑞 we have(︂
𝜌𝑛+1 − 𝜌𝑛

𝛿𝑡
, (𝜌𝑛+1)2𝑞−1

)︂
≥ 1

2𝑞𝛿𝑡
(||𝜌𝑛+1||2𝑞

𝐿2𝑞 − ||𝜌𝑛||2𝑞
𝐿2𝑞 ),

−
(︀
∆𝜌𝑛+1, (𝜌𝑛+1)2𝑞−1

)︀
=

2𝑞 − 1
𝑞2

‖∇((𝜌𝑛+1)𝑞)‖2𝐿2 ,

and

−
(︀
𝜒∇ ·

(︀
𝜌𝑛+1∇𝑐𝑛

)︀
, (𝜌𝑛+1)2𝑞−1

)︀
= 𝜒(2𝑞 − 1)

(︀
(𝜌𝑛+1)2𝑞−1∇𝑐𝑛,∇𝜌𝑛+1

)︀
=

(2𝑞 − 1)𝜒
2𝑞

(︀
|𝜌𝑛+1|2𝑞,−∆𝑐𝑛

)︀
.

According to the equation (7) for 𝑐𝑛+1 and the non-negativity of 𝑐𝑛+1 for any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡− 1}, we have

(︀
|𝜌𝑛+1|2𝑞,−∆𝑐𝑛

)︀
=
(︂
|𝜌𝑛+1|2𝑞,−𝜏

𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡
− 𝛼𝑐𝑛 + 𝛾𝜌𝑛

)︂
≤ 𝛾

(︀
|𝜌𝑛+1|2𝑞, 𝜌𝑛

)︀
− 𝜏

(︂
|𝜌𝑛+1|2𝑞,

𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

)︂
·

Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality and the 𝜀-Young’s inequality in turn, we
derive

𝛾
(︀
|𝜌𝑛+1|2𝑞, 𝜌𝑛

)︀
≤ 𝛾‖𝜌𝑛‖𝐿2‖(𝜌𝑛+1)2𝑞‖𝐿2

≤ 𝛾𝐶𝑔𝑛‖𝜌𝑛‖𝐿2‖(𝜌𝑛+1)𝑞‖𝐿2

(︀
‖∇((𝜌𝑛+1)𝑞)‖𝐿2 + ‖(𝜌𝑛+1)𝑞‖𝐿2

)︀
≤ 𝛾𝐶𝑔𝑛

(︂
1
4𝜀
‖𝜌𝑛‖2𝐿2 + ‖𝜌𝑛‖𝐿2

)︂
‖(𝜌𝑛+1)𝑞‖2𝐿2 + 𝛾𝐶𝑔𝑛𝜀‖∇((𝜌𝑛+1)𝑞)‖2𝐿2

≤ 𝛾𝐶𝑔𝑛

(︂
1
4𝜀

𝐾0 + (𝐾0)
1
2

)︂
‖(𝜌𝑛+1)𝑞‖2𝐿2 + 𝛾𝐶𝑔𝑛𝜀‖∇((𝜌𝑛+1)𝑞)‖2𝐿2 ,

where ‖𝜌𝑛‖2𝐿2 ≤ 𝐾0 is known in Lemma 5.2. Similarly,

−𝜏

(︂
|𝜌𝑛+1|2𝑞,

𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

)︂
≤ 𝜏𝐶𝑔𝑛

(︃
1
4𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+
⃦⃦⃦⃦

𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖(𝜌𝑛+1)𝑞‖2𝐿2

+ 𝜏𝐶𝑔𝑛𝜀‖∇((𝜌𝑛+1)𝑞)‖2𝐿2 .
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Gathering the inequalities above, we obtain

1
2𝑞𝛿𝑡

‖𝜌𝑛+1‖2𝑞
𝐿2𝑞 +

2𝑞 − 1
𝑞2

‖∇((𝜌𝑛+1)𝑞)‖2𝐿2

≤ 1
2𝑞𝛿𝑡

‖𝜌𝑛‖2𝑞
𝐿2𝑞 +

(2𝑞 − 1)𝜒𝐶𝑔𝑛𝜀

2𝑞
(𝛾 + 𝜏)‖∇((𝜌𝑛+1)𝑞)‖2𝐿2

+
(2𝑞 − 1)𝜒𝐶𝑔𝑛

2𝑞

(︃
𝛾

4𝜀
𝐾0 + 𝛾(𝐾0)

1
2 +

𝜏

4𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖(𝜌𝑛+1)𝑞‖2𝐿2 .

If 𝜀 is small enough so that 𝜒𝑞𝐶𝑔𝑛

2 (𝛾 + 𝜏)𝜀 ≤ 1, we have

‖𝜌𝑛+1‖2𝑞
𝐿2𝑞 ≤ ‖𝜌𝑛‖2𝑞

𝐿2𝑞 + (2𝑞 − 1)𝜒𝐶𝑔𝑛𝛿𝑡

(︃
𝛾

4𝜀
𝐾0 + 𝛾(𝐾0)

1
2 +

𝜏

4𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+𝜏

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︂
‖(𝜌𝑛+1)𝑞‖2𝐿2 .

(57)

By the estimate 𝜏𝛿𝑡
𝑁𝑡∑︀

𝑛=1
‖ 𝑐𝑛−𝑐𝑛−1

𝛿𝑡 ‖2𝐿2 ≤ 2𝐾0
𝑒 in the proof of Lemma 5.2, we take the sum of (57) on 𝑛 and apply

the discrete Gronwall lemma to obtain

‖𝜌𝑛+1‖2𝑞
𝐿2𝑞 ≤ ‖𝜌0‖2𝑞

𝐿2𝑞 exp
(︁
𝑞𝑇
(︁
𝐾0 + (𝐾0)

1
2

)︁
+ 𝑞𝐾0

𝑒

)︁
< ∞, 1 < 𝑞 < ∞,

with 1
𝜀 being absorbed by the positive constant 𝐾0. Taking the 1

𝑞 -th power of this inequality and letting 𝑞 →∞,
we derive the 𝐿∞ estimate. �

6. Error estimates

We now rigorously derive the error estimate in 𝐿𝑝-norm (1 < 𝑝 < ∞) for the semi-implicit Euler scheme (6)
and (7). For consistency analysis, we assume that the exact solutions 𝜌 and 𝑐 are sufficiently smooth, i.e to
ensure (61) and (62) hold. Moreover, the bounds of exact solutions in Section 3 and the bounds of numerical
solutions in Section 5 require the small mass condition (8).

Firstly we define error functions as follows:

𝑒𝑛+1
𝜌 = 𝜌(·, 𝑡𝑛+1)− 𝜌𝑛+1, 𝑒𝑛+1

𝑐 = 𝑐(·, 𝑡𝑛+1)− 𝑐𝑛+1, 𝑛 = 0, 1, 2, . . . , 𝑁𝑡 − 1. (58)

Then, we replace approximate solutions (𝜌𝑛+1, 𝑐𝑛+1) in semi-discrete scheme (6) and (7) with exact solutions
(𝜌(·, 𝑡𝑛+1), 𝑐(·, 𝑡𝑛+1)) to get

𝜌(𝑡𝑛+1)− 𝜌(𝑡𝑛)
𝛿𝑡

−∆𝜌(𝑡𝑛+1) + 𝜒∇ ·
(︀
𝜌(𝑡𝑛+1)∇𝑐(𝑡𝑛)

)︀
= 𝑇𝜌(𝑡𝑛+1), (59)

𝜏
𝑐(𝑡𝑛+1)− 𝑐(𝑡𝑛)

𝛿𝑡
−∆𝑐(𝑡𝑛+1) + 𝛼𝑐(𝑡𝑛+1)− 𝛾𝜌(𝑡𝑛+1) = 𝜏𝑇𝑐(𝑡𝑛+1). (60)

Assume that the solutions (𝜌, 𝑐) of the KS equations (1) and (2) are smooth enough, by a standard Taylor
expansion at 𝑡𝑛+1, we have the truncation error

𝑇𝜌(𝑡𝑛+1) = −𝛿𝑡

(︂
1
2

𝜕2𝜌(𝑡𝑛+1)
𝜕𝑡2

+ 𝜒∇ ·
(︂

𝜌(𝑡𝑛+1)∇𝜕𝑐(𝑡𝑛+1)
𝜕𝑡

)︂)︂
+ 𝑂(𝛿𝑡2), (61)

𝑇𝑐(𝑡𝑛+1) = −𝛿𝑡

(︂
1
2

𝜕2𝑐(𝑡𝑛+1)
𝜕𝑡2

)︂
+ 𝑂(𝛿𝑡2). (62)
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Subtracting the semi-discrete equation (6) from the consistency estimate (59), we have

𝑒𝑛+1
𝜌 − 𝑒𝑛

𝜌

𝛿𝑡
−∆𝑒𝑛+1

𝜌 + 𝜒∇ ·
(︀
𝜌(𝑡𝑛+1)∇𝑐(𝑡𝑛)− 𝜌𝑛+1∇𝑐𝑛

)︀
= 𝑇𝜌(𝑡𝑛+1).

Since that
𝜌(𝑡𝑛+1)∇𝑐(𝑡𝑛)− 𝜌𝑛+1∇𝑐𝑛

= 𝜌(𝑡𝑛+1)∇𝑐(𝑡𝑛)− 𝜌(𝑡𝑛+1)∇𝑐𝑛 + 𝜌(𝑡𝑛+1)∇𝑐𝑛 − 𝜌𝑛+1∇𝑐𝑛

= 𝜌(𝑡𝑛+1)∇𝑒𝑛
𝑐 + 𝑒𝑛+1

𝜌 ∇𝑐𝑛,

we can rewrite the error equation for 𝑒𝑛+1
𝜌 as

𝑒𝑛+1
𝜌 − 𝑒𝑛

𝜌

𝛿𝑡
−∆𝑒𝑛+1

𝜌 + 𝜒∇ ·
(︀
𝜌(𝑡𝑛+1)∇𝑒𝑛

𝑐 + 𝑒𝑛+1
𝜌 ∇𝑐𝑛

)︀
= 𝑇𝜌(𝑡𝑛+1). (63)

Subtract the semi-discrete equation (7) from the consistency estimate (60), we obtain the error equation for
𝑒𝑛+1
𝑐

𝜏
𝑒𝑛+1
𝑐 − 𝑒𝑛

𝑐

𝛿𝑡
−∆𝑒𝑛+1

𝑐 + 𝛼𝑒𝑛+1
𝑐 − 𝛾𝑒𝑛+1

𝜌 = 𝜏𝑇𝑐(𝑡𝑛+1). (64)

When analyzing the 𝐿𝑝-bound of 𝑒𝑛+1
𝜌 , the estimate of ∇𝑒𝑛+1

𝑐 for any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡− 1} is a key point.
Hence, we give the following lemma in advance.

Lemma 6.1. For any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1}, in the parabolic-elliptic case 𝜏 = 0, there exists a positive
constant 𝐾 such that

‖∇𝑒𝑛+1
𝑐 ‖2𝑝

𝐿2𝑝 ≤ 𝐾‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 , (65)

In the parabolic-parabolic case 𝜏 > 0, there exists a positive constant 𝐾 such that

max
1≤𝑘≤𝑛+1

‖∇𝑒𝑘
𝑐‖

2𝑝
𝐿2𝑝 ≤ 𝐾

(︂
max

1≤𝑘≤𝑛+1
‖𝑒𝑘

𝜌‖
2𝑝
𝐿2𝑝 + 𝛿𝑡

)︂
. (66)

Proof. In the parabolic-elliptic case 𝜏 = 0, the error equation (64) for 𝑒𝑛+1
𝑐 reads

−∆𝑒𝑛+1
𝑐 + 𝛼𝑒𝑛+1

𝑐 = 𝛾𝑒𝑛+1
𝜌 .

Then, the inquality (65) follows from the standard elliptic estimate.
In the parabolic-parabolic case 𝜏 > 0, the error equation (64) for 𝑒𝑛+1

𝑐 reads(︂
𝐼 +

𝛿𝑡

𝜏
𝐴

)︂
𝑒𝑛+1
𝑐 = 𝑒𝑛

𝑐 + 𝛿𝑡𝑇𝑐(𝑡𝑛+1) +
𝛾𝛿𝑡

𝜏
𝑒𝑛+1
𝜌 ,

where we set the operator 𝐴 = −∆ + 𝛼𝐼. With 𝑒0
𝑐 = 0, we have

∇𝑒𝑛+1
𝑐 = 𝛿𝑡

𝑛+1∑︁
𝑘=1

∇
(︂

𝐼 +
𝛿𝑡

𝜏
𝐴

)︂𝑘−𝑛−2(︁
𝑇𝑐(𝑡𝑘) +

𝛾

𝜏
𝑒𝑘
𝜌

)︁
·

We recall the Sobolev embedding 𝐻𝑠(Ω) ⊂ 𝐿2𝑝(Ω) for 𝑠 = 1− 1
𝑝 in [6] to get

⃦⃦
∇𝑒𝑛+1

𝑐

⃦⃦
𝐿2𝑝 ≤ 𝐶

⃦⃦
𝐴

𝑠
2∇𝑒𝑛+1

𝑐

⃦⃦
𝐿2 ≤ 𝐶𝛿𝑡

𝑛+1∑︁
𝑘=1

⃦⃦⃦⃦
⃦∇𝐴

𝑠
2

(︂
𝐼 +

𝛿𝑡

𝜏
𝐴

)︂𝑘−𝑛−2
⃦⃦⃦⃦
⃦
ℒ(𝐿2,𝐿2)

⃦⃦⃦
𝑇𝑐(𝑡𝑘) +

𝛾

𝜏
𝑒𝑘
𝜌

⃦⃦⃦
𝐿2

. (67)
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Applying Plancherel’s theorem [12], we have that, for 𝑘 ≥ 1,⃦⃦⃦⃦
⃦∇𝐴

𝑠
2

(︂
𝐼 +

𝛿𝑡

𝜏
𝐴

)︂−𝑘
⃦⃦⃦⃦
⃦
ℒ(𝐿2,𝐿2)

= sup
|𝜉|

⃒⃒⃒⃒
⃒ |𝜉|(𝛼 + |𝜉|2)

𝑠
2(︀

1 + 𝛿𝑡
𝜏 (𝛼 + |𝜉|2)

)︀𝑘
⃒⃒⃒⃒
⃒. (68)

To bound the right hand side of (68), we consider two cases, namely, |𝜉|2 ≤ 𝛼 and 𝛼 < |𝜉|2. In the former case,
the right hand side is bounded by 2

𝑠
2 𝛼

1
2+ 𝑠

2 . In the later case, we observe that the maximum of the function
|𝜉| ↦→ |𝜉|1+𝑠

(1+ 𝛿𝑡
𝜏 |𝜉|2)𝑘 is achieved for 𝛿𝑡

𝜏 |𝜉|
2(2𝑘 − 1 − 𝑠) = 1 + 𝑠. Then, the right hand side of (68) is bounded by

max{2 𝑠
2 𝛼

1
2+ 𝑠

2 , ( (1+𝑠)𝜏
(2𝑘−1−𝑠)𝛿𝑡 )

1+𝑠
2 }. Since

𝑛+1∑︁
𝑘=1

(2𝑘 − 1− 𝑠)−
1+𝑠
2 ≤ 𝐶(𝑛 + 1)

1
2−

𝑠
2 ≤ 𝐶𝑁

1
2−

𝑠
2

𝑡 ≤ 𝐶(𝛿𝑡)
𝑠
2−

1
2 𝑇

1
2−

𝑠
2 , (69)

we have

𝛿𝑡

𝑛∑︁
𝑘=0

⃦⃦⃦⃦
⃦∇𝐴

𝑠
2

(︂
𝐼 +

𝛿𝑡

𝜏
𝐴

)︂𝑘−𝑛−1
⃦⃦⃦⃦
⃦
ℒ(𝐿2,𝐿2)

≤ 𝐶. (70)

Therefore, the conclusion follows the estimate (70), the consistency estimate ‖𝑇𝑐(𝑡𝑛+1)‖𝐿2 ≤ 𝐶𝛿𝑡, and the
inequality (67) for any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1}. �

With the above preparations, we are ready to prove the following error estimates.

Theorem 6.1. Let 𝑇 < ∞ be arbitrary. Assume that the initial data 𝜌0, 𝑐0 ∈ 𝐿𝑞(Ω) are positive for (1 < 𝑞 ≤
∞), and the mass 𝑀 =

∫︀
Ω

𝜌0d𝑥 satisfies the condition (8). Assume further that the exact solutions 𝜌 and 𝑐 of
the KS model (1)–(4) are sufficiently smooth on Ω× [0, 𝑇 ]. Then there exists a positive constant 𝐾0 such that
the semi-discrete scheme (6) and (7) satisfies the error estimate

‖𝑒𝑛+1
𝜌 ‖𝐿𝑝 + ‖𝑒𝑛+1

𝑐 ‖𝐿𝑝 ≤ 𝐾0𝛿𝑡, 𝑛 = 0, 1, 2, . . . , 𝑁𝑡 − 1, 1 < 𝑝 < ∞. (71)

Proof. Taking the inner product of the error equation (63) with (𝑒𝑛+1
𝜌 )2𝑝−1 leads to(︃

𝑒𝑛+1
𝜌 − 𝑒𝑛

𝜌

𝛿𝑡
, (𝑒𝑛+1

𝜌 )2𝑝−1

)︃
−
(︀
△𝑒𝑛+1

𝜌 , (𝑒𝑛+1
𝜌 )2𝑝−1

)︀
= −𝜒

(︀
∇ ·
(︀
𝜌(𝑡𝑛+1)∇𝑒𝑛

𝑐 + 𝑒𝑛+1
𝜌 ∇𝑐𝑛

)︀
, (𝑒𝑛+1

𝜌 )2𝑝−1
)︀

+
(︀
𝑇𝜌(𝑡𝑛+1), (𝑒𝑛+1

𝜌 )2𝑝−1
)︀
.

(72)

Next, we estimate the bound of each term of this equation. For the first term, applying the convexity of the
function 𝑥 ↦→ 𝑥2𝑝, we have(︃

𝑒𝑛+1
𝜌 − 𝑒𝑛

𝜌

𝛿𝑡
, (𝑒𝑛+1

𝜌 )2𝑝−1

)︃
≥ 1

2𝑝𝛿𝑡
(||𝑒𝑛+1

𝜌 ||2𝑝
𝐿2𝑝 − ||𝑒𝑛

𝜌 ||
2𝑝
𝐿2𝑝). (73)

For the second term, we have

−
(︀
△𝑒𝑛+1

𝜌 , (𝑒𝑛+1
𝜌 )2𝑝−1

)︀
=

2𝑝− 1
𝑝2

‖∇(𝑒𝑛+1
𝜌 )𝑝‖2𝐿2 . (74)

For the last term, using Hölder inequality and Young’s inequality, we obtain(︀
𝑇𝜌(𝑡𝑛+1), (𝑒𝑛+1

𝜌 )2𝑝−1
)︀
≤ ‖𝑇𝜌(𝑡𝑛+1)‖𝐿2𝑝‖𝑒𝑛+1

𝜌 ‖2𝑝−1
𝐿2𝑝

≤ 1
2𝑝
‖𝑇𝜌(𝑡𝑛+1)‖2𝑝

𝐿2𝑝 +
2𝑝− 1

2𝑝
‖𝑒𝑛+1

𝜌 ‖2𝑝
𝐿2𝑝 .

(75)
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For the third term, we decompose it into two parts −𝜒
(︀
∇ · (𝑒𝑛+1

𝜌 ∇𝑐𝑛
)︀
, (𝑒𝑛+1

𝜌 )2𝑝−1) and −𝜒(∇ ·
(︀
𝜌(𝑡𝑛+1)∇𝑒𝑛

𝑐

)︀
,

(𝑒𝑛+1
𝜌 )2𝑝−1) below. According to the divergence theorem, the equation (7) for 𝑐𝑛+1, and the non-negativity of

𝑐𝑛+1 for any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡 − 1}, the first part is estimated as

−𝜒
(︀
∇ ·
(︀
𝑒𝑛+1
𝜌 ∇𝑐𝑛

)︀
, (𝑒𝑛+1

𝜌 )2𝑝−1
)︀

= 𝜒(2𝑝− 1)
(︀
(𝑒𝑛+1

𝜌 )2𝑝−1∇𝑐𝑛,∇𝑒𝑛+1
𝜌

)︀
=

(2𝑝− 1)𝜒
2𝑝

(︀
|𝑒𝑛+1

𝜌 |2𝑝,−∆𝑐𝑛
)︀

=
(2𝑝− 1)𝜒

2𝑝

(︂
|𝑒𝑛+1

𝜌 |2𝑝,−𝜏
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡
− 𝛼𝑐𝑛 + 𝛾𝜌𝑛

)︂
≤ (2𝑝− 1)𝜒

2𝑝

(︀
|𝑒𝑛+1

𝜌 |2𝑝, 𝛾𝜌𝑛
)︀
− (2𝑝− 1)𝜒

2𝑝

(︂
|𝑒𝑛+1

𝜌 |2𝑝, 𝜏
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

)︂
.

(76)

Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality, and the 𝜀-Young’s inequality, we derive(︀
|𝑒𝑛+1

𝜌 |2𝑝, 𝛾𝜌𝑛
)︀
≤ 𝛾‖𝜌𝑛‖𝐿2‖(𝑒𝑛+1

𝜌 )2𝑝‖𝐿2

≤ 𝛾𝐶𝑔𝑛‖𝜌𝑛‖𝐿2‖(𝑒𝑛+1
𝜌 )𝑝‖𝐿2

(︀
‖∇(𝑒𝑛+1

𝜌 )𝑝‖𝐿2 + ‖(𝑒𝑛+1
𝜌 )𝑝‖𝐿2

)︀
≤ 𝛾𝐶𝑔𝑛

(︂
1
4𝜀
‖𝜌𝑛‖2𝐿2 + ‖𝜌𝑛‖𝐿2

)︂
‖(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2 + 𝛾𝐶𝑔𝑛𝜀‖∇(𝑒𝑛+1
𝜌 )𝑝‖2𝐿2

≤ 𝛾𝐶𝑔𝑛

(︂
1
4𝜀

𝐾0 + (𝐾0)
1
2

)︂
‖(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2 + 𝛾𝐶𝑔𝑛𝜀‖∇(𝑒𝑛+1
𝜌 )𝑝‖2𝐿2 ,

(77)

where ‖𝜌𝑛‖2𝐿2 ≤ 𝐾0 for any 𝑛 ∈ {0, 1, 2, . . . , 𝑁𝑡} is known by Lemma 5.2. Similarly,

− 𝜏

(︂
|𝑒𝑛+1

𝜌 |2𝑝,
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

)︂
≤ 𝜏𝐶𝑔𝑛

(︃
1
4𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+
⃦⃦⃦⃦

𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2 + 𝜏𝐶𝑔𝑛𝜀‖∇(𝑒𝑛+1
𝜌 )𝑝‖2𝐿2 .

(78)

Using the divergence theorem, Hölder inequality, Young’s inequality, and the 𝐿∞-bound of exact solution 𝜌 in
Lemma 3.4, i.e., ‖𝜌(𝑡)‖𝐿∞ ≤ 𝐾0 for all 𝑡 ∈ [0, 𝑇 ], the second part is estimated as

−𝜒
(︀
∇ ·
(︀
𝜌(𝑡𝑛+1)∇𝑒𝑛

𝑐

)︀
, (𝑒𝑛+1

𝜌 )2𝑝−1
)︀

= 𝜒
(︀
𝜌(𝑡𝑛+1)∇𝑒𝑛

𝑐 ,∇(𝑒𝑛+1
𝜌 )2𝑝−1

)︀
=

(2𝑝− 1)𝜒
𝑝

(︀
𝜌(𝑡𝑛+1)∇𝑒𝑛

𝑐 , (𝑒𝑛+1
𝜌 )𝑝−1∇(𝑒𝑛+1

𝜌 )𝑝
)︀

≤ (2𝑝− 1)𝜒
𝑝

‖𝜌(𝑡𝑛+1)(∇𝑒𝑛
𝑐 )(𝑒𝑛+1

𝜌 )𝑝−1‖𝐿2‖∇(𝑒𝑛+1
𝜌 )𝑝‖𝐿2

≤ (2𝑝− 1)𝜒
𝑝

‖𝜌(𝑡𝑛+1)(∇𝑒𝑛
𝑐 )‖𝐿2𝑝‖𝑒𝑛+1

𝜌 ‖𝑝−1
𝐿2𝑝 ‖∇(𝑒𝑛+1

𝜌 )𝑝‖𝐿2

≤ (2𝑝− 1)𝜒
2𝑝

(︂
1
𝜀
‖𝜌(𝑡𝑛+1)(∇𝑒𝑛

𝑐 )‖2𝐿2𝑝‖𝑒𝑛+1
𝜌 ‖2𝑝−2

𝐿2𝑝 + 𝜀‖∇(𝑒𝑛+1
𝜌 )𝑝‖2𝐿2

)︂
≤ (2𝑝− 1)𝜒

2𝑝𝜀

(︂
1
𝑝
‖𝜌(𝑡𝑛+1)(∇𝑒𝑛

𝑐 )‖2𝑝
𝐿2𝑝 +

2𝑝− 2
2𝑝

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝

)︂
+

(2𝑝− 1)𝜒𝜀

2𝑝
‖∇(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2

≤ (2𝑝− 1)𝜒
2𝑝𝜀

(︂
1
𝑝
‖𝜌(𝑡𝑛+1)‖2𝑝

𝐿∞‖∇𝑒𝑛
𝑐 ‖

2𝑝
𝐿2𝑝 +

2𝑝− 2
2𝑝

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝

)︂
+

(2𝑝− 1)𝜒𝜀

2𝑝
‖∇(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2

≤ (2𝑝− 1)𝜒
2𝑝𝜀

(︂
1
𝑝

(𝐾0)2𝑝‖∇𝑒𝑛
𝑐 ‖

2𝑝
𝐿2𝑝 +

2𝑝− 2
2𝑝

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝

)︂
+

(2𝑝− 1)𝜒𝜀

2𝑝
‖∇(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2 .

(79)
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Substituting (73)–(79) into (72), we have

1
2𝑝𝛿𝑡

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 +
2𝑝− 1

𝑝2
‖∇(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2

≤ 1
2𝑝𝛿𝑡

‖𝑒𝑛
𝜌‖

2𝑝
𝐿2𝑝 +

1
2𝑝
‖𝑇𝜌(𝑡𝑛+1)‖2𝑝

𝐿2𝑝

+
(2𝑝− 1)𝜒𝐶𝑔𝑛

2𝑝

(︃
𝛾

4𝜀
𝐾0 + 𝛾(𝐾0)

1
2 +

𝜏

4𝜀

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦2

𝐿2

+ 𝜏

⃦⃦⃦⃦
𝑐𝑛 − 𝑐𝑛−1

𝛿𝑡

⃦⃦⃦⃦
𝐿2

)︃
‖𝑒𝑛+1

𝜌 ‖2𝑝
𝐿2𝑝

+
(2𝑝− 1)𝜒𝜀

2𝑝
(𝐶𝑔𝑛(𝛾 + 𝜏) + 1)‖∇(𝑒𝑛+1

𝜌 )𝑝‖2𝐿2

+
(2𝑝− 1)𝜒

2𝑝𝜀

(︂
(𝐾0)2𝑝

𝑝
‖∇𝑒𝑛

𝑐 ‖
2𝑝
𝐿2𝑝 +

2𝑝− 2
2𝑝

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝

)︂
.

(80)

We now chose sufficiently small 𝜀 such that 𝑝𝜒𝜀
2 (𝐶𝑔𝑛(𝛾 + 𝜏) + 1) ≤ 1. Applying the discrete energy dissipa-

tion (39) and the energy bound (15) in Lemma 3.1, we know that the 𝑐𝑛−𝑐𝑛−1

𝛿𝑡 remains bounded in 𝐿2(Ω). Then
we infer from (80) that there exists a positive constant 𝐾0 such that

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 ≤ ‖𝑒𝑛
𝜌‖

2𝑝
𝐿2𝑝 + 𝛿𝑡

(︁
‖𝑇𝜌(𝑡𝑛+1)‖2𝑝

𝐿2𝑝 + 𝐾0‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 + 𝐾0‖∇𝑒𝑛
𝑐 ‖

2𝑝
𝐿2𝑝

)︁
, (81)

with 1
𝜀 being absorbed by the constant 𝐾0. According to the estimation of ‖∇𝑒𝑛

𝑐 ‖
2𝑝
𝐿2𝑝 in Lemma 6.1, we should

discuss the parabolic-elliptic case and the parabolic-parabolic case, respectively.
In the parabolic-elliptic case, applying (65) leads to

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 ≤ ‖𝑒𝑛
𝜌‖

2𝑝
𝐿2𝑝 + 𝛿𝑡

(︁
‖𝑇𝜌(𝑡𝑛+1)‖2𝑝

𝐿2𝑝 + 𝐾0‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 + 𝐾0‖𝑒𝑛
𝜌‖

2𝑝
𝐿2𝑝

)︁
. (82)

Summing the above inequality (82) on 𝑛 and applying of the discrete Gronwall Lemma, we obtain

‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 ≤
(︁
‖𝑒0

𝜌‖
2𝑝
𝐿2𝑝 + 𝑇‖𝑇𝜌(𝑡𝑛+1)‖2𝑝

𝐿2𝑝

)︁
exp(𝐾0𝑇 ). (83)

Since 𝑒0
𝜌 = 0 and ‖𝑇𝜌(𝑡𝑛+1)‖𝐿2𝑝 ≤ 𝐾0𝛿𝑡, we have ‖𝑒𝑛+1

𝜌 ‖𝐿2𝑝 ≤ 𝐾0𝛿𝑡.
In the parabolic-parabolic case, setting 𝜂𝑛 = max

1≤𝑘≤𝑛
‖𝑒𝑘

𝜌‖
2𝑝
𝐿2𝑝 and gathering (66) with (81) yield

(1−𝐾0𝛿𝑡)𝜂𝑛+1 ≤ 𝜂𝑛 + 𝐾0(𝛿𝑡)2𝑝. (84)

Then, the bound of ‖𝑒𝑛+1
𝜌 ‖2𝑝

𝐿2𝑝 follows the discrete Gronwall lemma.
To conclusion, whether the equation for 𝑐 is elliptic or parabolic, we always have

‖𝑒𝑛+1
𝜌 ‖𝐿2𝑝 ≤ 𝐾0𝛿𝑡, 𝑛 = 0, 1, 2, . . . , 𝑁𝑡 − 1, 1 < 𝑝 < ∞. (85)

Next, we estimate 𝐿𝑝-bound for the error 𝑒𝑛+1
𝑐 . Taking the inner product of the error equation (64) with

(𝑒𝑛+1
𝑐 )2𝑝−1 and applying Green formula, we obtain

𝜏

𝛿𝑡
‖𝑒𝑛+1

𝑐 ‖2𝑝
𝐿2𝑝 +

2𝑝− 1
𝑝2

‖∇(𝑒𝑛+1
𝑐 )𝑝‖2𝐿2 + 𝛼‖𝑒𝑛+1

𝑐 ‖2𝑝
𝐿2𝑝

=
𝜏

𝛿𝑡

(︀
𝑒𝑛
𝑐 , (𝑒𝑛+1

𝑐 )2𝑝−1
)︀

+ 𝛾
(︀
𝑒𝑛+1
𝜌 , (𝑒𝑛+1

𝑐 )2𝑝−1
)︀

+ 𝜏
(︀
𝑇𝑐(𝑡𝑛+1), (𝑒𝑛+1

𝑐 )2𝑝−1
)︀
.

(86)

Using Hölder inequality and Young’s inequality, we have

𝛾
(︀
𝑒𝑛+1
𝜌 , (𝑒𝑛+1

𝑐 )2𝑝−1
)︀
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≤ 𝛾‖𝑒𝑛+1
𝜌 ‖𝐿2𝑝‖𝑒𝑛+1

𝑐 ‖2𝑝−1
𝐿2𝑝 (87)

≤ 𝛾

(︂
1
2𝑝
‖𝑒𝑛+1

𝜌 ‖2𝑝
𝐿2𝑝 +

2𝑝− 1
2𝑝

‖𝑒𝑛+1
𝑐 ‖2𝑝

𝐿2𝑝

)︂
, (88)

𝜏

𝛿𝑡

(︀
𝑒𝑛
𝑐 , (𝑒𝑛+1

𝑐 )2𝑝−1
)︀
≤ 𝜏

𝛿𝑡

(︂
1
2𝑝
‖𝑒𝑛

𝑐 ‖
2𝑝
𝐿2𝑝 +

2𝑝− 1
2𝑝

‖𝑒𝑛+1
𝑐 ‖2𝑝

𝐿2𝑝

)︂
, (89)

𝜏
(︀
𝑇𝑐(𝑡𝑛+1), (𝑒𝑛+1

𝑐 )2𝑝−1
)︀
≤ 𝜏

(︂
1
2𝑝
‖𝑇𝑐(𝑡𝑛+1)‖2𝑝

𝐿2𝑝 +
2𝑝− 1

2𝑝
‖𝑒𝑛+1

𝑐 ‖2𝑝
𝐿2𝑝

)︂
. (90)

If 𝜏 = 0, then by (86) and (87)

‖𝑒𝑛+1
𝑐 ‖𝐿2𝑝 ≤ 𝛾

𝛼
‖𝑒𝑛+1

𝜌 ‖𝐿2𝑝 ≤ 𝐾0𝛿𝑡, 𝑛 = 0, 1, 2, . . . , 𝑁𝑡 − 1, 1 < 𝑝 < ∞. (91)

If 𝜏 > 0, then substituting (88)–(90) into (86) yields

‖𝑒𝑛+1
𝑐 ‖2𝑝

𝐿2𝑝 ≤ ‖𝑒𝑛
𝑐 ‖

2𝑝
𝐿2𝑝 + 𝛿𝑡

𝛾

𝜏
‖𝑒𝑛+1

𝜌 ‖2𝑝
𝐿2𝑝 + 𝛿𝑡‖𝑇𝑐(𝑡𝑛+1)‖2𝑝

𝐿2𝑝

+ 𝛿𝑡
2𝑝(𝛾 + 𝜏 − 𝛼)− (𝛾 + 𝜏)

𝜏
‖𝑒𝑛+1

𝑐 ‖2𝑝
𝐿2𝑝 .

(92)

We take the sum of the above inequality (92) on 𝑛 and use the discrete Gronwall lemma to obtain

‖𝑒𝑛+1
𝑐 ‖2𝑝

𝐿2𝑝 ≤
(︁
‖𝑒0

𝑐‖
2𝑝
𝐿2𝑝

+
𝛾

𝜏
𝑇‖𝑒𝑛+1

𝜌 ‖2𝑝
𝐿2𝑝 + 𝑇‖𝑇𝑐(𝑡𝑛+1)‖2𝑝

𝐿2𝑝

)︁
exp
(︂

2𝑝(𝛾 + 𝜏 − 𝛼)− (𝛾 + 𝜏)
𝜏

𝑇

)︂
. (93)

Since that 𝑒0
𝑐 = 0, ‖𝑒𝑛+1

𝜌 ‖𝐿2𝑝 ≤ 𝐾0𝛿𝑡 and ‖𝑇𝑐(𝑡𝑛+1)‖𝐿2𝑝 ≤ 𝐾0𝛿𝑡, we conclude

‖𝑒𝑛+1
𝑐 ‖𝐿2𝑝 ≤ 𝐾0𝛿𝑡, 𝑛 = 0, 1, 2, . . . , 𝑁𝑡 − 1, 1 < 𝑝 < ∞. (94)

In summary, the proof is completed by estimates (85) and (94). �

7. Concluding remarks

In this paper, we study the numerical analysis of the semi-discrete scheme (6) and (7) for the KS model (1)–(4)
in two dimensions, covering both the parabolic-elliptic case (𝜏 = 0) and the parabolic-parabolic case (𝜏 > 0). We
rigorously prove that the scheme (6) and (7) preserves the essential properties of the continuous model, nalmely
mass conservation, positivity of the cell density, and energy dissipation. Furthermore, we establish 𝐿𝑞-bounds
(1 < 𝑞 ≤ ∞) for the numerical solution, and perform rigorous error analysis to obtain optimal error estimates
in 𝐿𝑝-norm (1 < 𝑝 < ∞) under the small mass assumption (8).

There are several immediate directions for future work: (i) constructing fully discrete schemes, based on the
time discretization (6) and (7), that can preserve all essential properties of the KS equations at the fully discrete
level; (ii) constructing second- and higher-order semi-discrete schemes that can satisfy essential properties of
the KS equations; and (iii) extending the results of this paper to the three-dimensional case.
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