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NUMERICAL ANALYSIS OF A SEMI-IMPLICIT EULER SCHEME FOR THE
KELLER-SEGEL MODEL

XUELING HUANG!, OLIVIER GOUBET?* AND JIE SHEN?®

Abstract. We study the properties of a semi-implicit Euler scheme widely used for time discretization
of Keller-Segel equations in both parabolic-elliptic and parabolic-parabolic forms. We assume the initial
mass of the cell density is sufficiently small to ensure that solutions of the continuous Keller-Segel
equations exist globally in time. We prove that this linear, decoupled, first-order scheme preserves key
properties of the Keller-Segel model at the semi-discrete level, including mass conservation, positivity
preservation, and energy dissipation. We also establish optimal error estimates in LP-norm (1 < p < o0)
for the scheme.
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1. INTRODUCTION

Chemotaxis refers to the directional migration of cells along the concentration gradient of a specific chemoat-
tractant. In the 1970s, Keller [25] and Segel [26] established a classical mathematical model for chemotaxis,
building upon the earlier work of Patlak [33]. In this paper we focus on the general dimensionless Keller-Segel
(KS) model [32]

dp

T =Ap—xV-(pVo), xeQ, t>0, (1)
dc
Ta:Ac—ac—i—'yp, xe, t>0, (2)

subjected to suitable initial condition
pli=o = po >0, Tcl=o = 7co >0, and po,co Z 0, (3)

in a bounded domain € C R? with smooth boundary 9€2. We consider the homogeneous Neumann boundary
conditions for the cell density p = p(x,t) and the concentration of chemoattractants ¢ = c(x,t)

op  Oc
%—%—O, xéaﬂ,t>0, (4)
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where 1 is the outward unit-normal to the boundary 9. The parameter x > 0 is the sensitivity of cells to the
chemoattractant, o,y > 0 represents the consumption and production rate of chemoattractant, respectively.
The model is a parabolic-parabolic system when 7 > 0, and a parabolic-elliptic system when 7 = 0, which
means that chemoattractant diffusion is much faster than cell diffusion. Note that if 7 = 0, only the initial data
po is needed in the condition (3).

There have been many mathematical studies on the well-posedness of the KS model (see, e.g., [2,17,19]
and references therein). In a two-dimensional (2D) bounded domain €2, solutions of the KS model (1)—(4) exist
globally in time under the condition
7T*

XY ©)

M:/on(w)dw <

where

o 8r, if Q= {a) € R* x| < L} and (po, co) is radial in @, with L is the radius of the domain,
~ )4m,  otherwise.

Otherwise, solutions can blow up and be unbounded in L*°(£2) [3-5,9,19,30-32]. The KS equations possess
important properties, including mass conservation, positivity of the cell density, and energy dissipation (see,
e.g., [9,14,27,32,35] and references therein). A good numerical method should preserve these properties at the
discrete level to the greatest extent possible, and its implementation should be simple and amenable to rigorous
numerical analysis.

Over the years, various numerical schemes have been developed for the KS model (1)—(4) (see, e.g., [1,7,15,34]
and references therein). Since the model is nonlinear and involves two coupled variables p and ¢, for simplicity
and efficiency, one favors a proper time-discrete scheme that is linear and decoupled. The following semi-discrete
scheme in time is commonly used in practical computations [15, 35]:

prtt —pt 1 !

Pl = A V- (e, (6)
Cn+1 _ Cn

R (7)

with the homogeneous Neumann boundary conditions, whre d¢ denotes the time step, p™ and ¢" are approx-
imations of p and ¢ at the nth time step. At each time step, as long as (p", ¢"), j = 0,1,2,...,n are given,
it is efficient to solve p"*! from (6) and ¢"*! from (7) since they are both linear elliptic equations. As time
derivatives are approximated by the stable backward Euler method, linear terms are implicitly approximated
and nonlinear terms are semi-implicitly approximated. There is sufficient numerical evidence that, with proper
spatial discretization, this semi-implicit Euler scheme appears to preserve essential properties of the KS equa-
tions, including mass conservation, energy dissipation and positivity preservation [15,34,35]. However, it has
not been rigorously proven that this scheme, at the semi-discrete level, can preserve all the above properties.

First of all, it is easy to obtain the discrete mass conservation by integrating (6) over the domain  with the
homogeneous Neumann boundary conditions for the cell density.

For energy dissipation, it was first shown in [35] that the semi-implicit Euler scheme (6) and (7) sayisfies the
energy dissipation property. It is also worth noting that Liu et al. [28] reformulated the density equation (1)
with y =1 as % =V. (eCV(e%)), and pointed out the equivalence between the following semi-discrete equation

n+l _ n n n+1
p P :V_<ecv(pn>>7
ot ec

and the semi-implicit Euler equation (6). However, they only performed stability analysis for a related coupled
nonlinear scheme where ¢" in (6) is replaced by ¢"*1.
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Regarding the positivity of the numerical solution p™, there is a general consensus among researchers that
this scheme satisfies the maximum principle. However, to the best of our knowledge, no rigorous proof of this
fact exists.

In addition, to the best of our knowledge, there is no error analysis for the semi-implicit Euler scheme (6)
and (7). Moreover, as noted in [28, 35], straightforward space discretizations of this semi-discrete (in time)
scheme can easily destroy solution positivity and lead to instability.

Comment 1.1. A natural idea is to perform spatial discretization based on the semi-discrete scheme (6)
and (7) to construct fully discrete schemes which can preserve the properties (mass conservation, positivity
preservation, and energy dissipation) at the fully discrete level. Unfortunately, the authors in [28,35] pointed
out that straightforward space discretizations of this semi-discrete scheme can easily destroy the positivity of
the solution and trigger instability. Therefore, additional correction techniques are often added when performing
spatial discretization. For example, finite difference and finite element methods are often combined with upwind
techniques [28, 34, 35], flux correction methods [7,13,23,37], total variation diminishing methods [11], among
others. A major drawback is that energy stability is often lost in such approaches. Zhou and Saito [39, 40]
proposed special finite volume schemes that satisfy both positivity preservation and energy dissipation, and
derived error estimates. However, their implementation is usually not simple or flexible enough. Very recently,
fully discrete schemes which preserve all the essential properties have been constructed using finite element
discretizations [15], finite difference methods [29], discontinuous Galerkin methods [1], finite volume methods
[16], and any Galerkin-type spatial discretizations with consistent discrete integration by parts [20-22]. However,
these works do not provide rigorous error analysis for the proposed numerical schemes.

Comment 1.2. Another interesting scheme is proposed in [36], where the authors construct a semi-discrete
(in time) nonlinear scheme based on the Wasserstein gradient flow structure. They show that this scheme
unconditionally preserves all essential properties of the KS equations, and the nonlinear equation is uniquely
solvable at each time step. A rigorous error analysis is carried out in [8] for a fully discrete scheme based on this
time discretization. A distinct advantage of this scheme is that its properties can be easily extended to various
spatial discretizations. However, a major drawback is that it requires solving a coupled nonlinear system at each
time step.

In summary, a comprehensive and rigorous numerical analysis of the semi-implicit Euler scheme (6) and (7)
will not only enable us to fully understand this semi-discrete scheme, but also provide a basis for further error
analysis of fully discrete schemes combined with this semi-discretization. The main purpose of this paper is to
conduct a rigorous numerical analysis for the semi-implicit Euler scheme (6) and (7). The main contributions
of this paper include, assuming that the mass M is sufficiently small, i.e.,

m* 1
M<min{,}, )

X7 (24 7)7xCon (
where Cy, is the Gagliardo-Nirenberg constant in Remark 1.1,

— proving the well-posedness and properties of the scheme (6) and (7), including mass conservation, positivity
preservation, and energy dissipation;

— obtaining L%-bounds (1 < ¢ < 0o) for the numerical solution of (6) and (7) if (8) is valid; and,

— deriving optimal error estimates in LP-norm (1 < p < 00) if (8) is valid.

Remark 1.1. The Gagliardo-Nirenberg inequality we have in mind is for any u € H*(Q)
4 2 2 2
lullfs < ConllullZa (ullf +1Vul?.),

where Cj,, is a numerical constant that depends on Q [12].
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The rest of the paper is organized as follows. In Section 2, we introduce and prove basic properties of the KS
model (1)—(4), including mass conservation, positivity preservation, and energy dissipation. In Section 3, a series
of bounds for the cell density p are estabilished. In Section 4, we analyze the semi-implicit Euler scheme (6)
and (7) with respect to well-posedness, mass conservation, positivity preservation and energy dissipation. In
Section 5, Li-bounds (1 < g < o) of p"*?! for all n are derived under the assumption (8). In Section 6, we
derive optimal error estimates in LP-norm (1 < p < 0o0) between the exact solutions (p, ¢) and semi-discrete
numerical solutions (p"*1, ¢"™1). We end the paper with some concluding remarks in Section 7.

We now introduce some notations. Throughout the paper, W™P = W™P(Q) denotes a Sobolev space, and
H™ = W™?2 denotes a Hilbert space with inner product (-,-)g= and norm || - || zz=. Additionally, (-,-) denotes
the L? inner product and || - ||» denotes the LP-norm on the domain Q. We denote by L(E, F) the space of
bounded linear operators from the normed space E into F'. Moreover, we shall use boldface letters to denote
vectors and vector spaces. We denote by K a generic positive constant that depends on the parameters x, o, vy, T
of the equations, and by K° a positive constant that also depends on the initial data. The constants K and K°
are independent of discretization parameters, and may change value from line to line without explicit mention.
We will frequently use various continuous and discrete Gronwall lemmas. In addition to the classical Gronwall
lemmas (see, for instance, [10]), we also need the uniform Gronwall lemma from [38] as follows:

Lemma 1.1. Consider y(t), g(t), h(t) nonnegative functions such that

Y < o6y (e) + hio),

and for any t > 0, there exist constants ki, ko, ks > 0 such that

t+1 t+1 t+1
/ y(s)ds < ky, / g(s)ds < ko, / h(s)ds < ks.
¢ ¢ ¢

Then for any t > 1 we have y(t) < (k1 + k3) exp(k2).

2. PROPERTIES OF THE KS MODEL

There have been a number of numerous studies on the well-posedness of the initial-boundary value prob-
lem (1)-(4) [3,4,9,19,30-32]. Under the assumption (5) that the solutions of the KS model (1)—(4) exist
globally in time, we present the basic properties of the KS model, and provide detailed proofs that will be useful
later in deriving similar properties for the scheme (6) and (7).

Theorem 2.1. The KS model (1)—(4) satisfies the following properties:

— Mass conservation:

M= /Q pla, )z = /Q po()dz. (9)

— Positivity preservation: if po(x),co(x) > 0 and po(x),co(x) #£ 0, then p(x,t) > 0 and c(x,t) > 0; if
po(x),co(x) > 0, then p(x,t) >0 and c(z,t) > 0.
— Energy dissipation:

tot(p, C) / 2 TX dc 2
dBionp ) _ [ G (l0g p— yo)2dz — X [ (29) <o 10
where the free energy of the model is defined by
X 2, QX 2
E o 5 = — - —_— d s 11
tot (P, €) /(f(p) xpe+ Vel + 5 C) © (11)

with f(p) = plogp —p.
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Proof. Integrating the equation (1) over 2, we deduce the mass conservation

- t)de = 0
" Q,0(96,)fc ,

with the homogeneous Neumann boundary condition for p.
Set p4 = sup{p, 0}, p— := sup{—p, 0}, then p = p; — p_ and |p| = p;+ + p—. Multiplying both sides of the
equation (1) by the sign function sgnp, we have:

0
Fisgnp = Apsgnp — xV - (pVe)sgnp.
Recalling that sgné = I%I and &sgné = ||, we have

dp Olp|
ot =

By Kato’s inequality [24], we know that Apsgnp < Alp| in D'(Q2). Then, we have

V - (pVe)sgnp =V - (|p|Ve).

dlpl
ot

Integrating both sides of the inequality over the region (2 leads to

< Alpl =xV - (|plVe).

/ plde = 3 [ (9 +p )i <0, (12)

with the homogeneous Neumann boundary condition. On the other hand, by the mass conservation, we have

d d
% pdw dt/(m—p—)dw—o-

Subtracting the above from (12), we derive

d

de < 0.
at Jo, P

Therefore, we have p_ = 0 if pg_ = 0, which implies that p(x,t) > 0 if the initial data pg > 0.
Moreover, if pg > 0 we can prove that p(z,t) > 0 as follows. Fix Q x [0,7] a given cylinder. Fix ¢ > 0 small
enough such that py > e. Consider the function v(x,t) = p(x,t) — eexp(—At). We have

v

n —Av+ xV - (vVe) = eexp(—At) (A — xAc). (13)

Using the basic theory about linear elliptic and linear parabolic equations from Evans’ book [12], we carry
out the following analysis. In the parabolic-elliptic case 7 = 0, we have that —Ac > —ac. Moreover, we
know p remains bounded in L>°(Q) (see Sect. 3 below). Then ¢ is smooth and the right hand side of (13) is
bounded from below by eexp(—At)(A — xa||¢||z=). In the parabolic-parabolic case 7 > 0, assuming that ¢ is
smooth enough, we have that || — Ac||~ is bounded and the right hand side of (13) is bounded from below by
gexp(—=At)(A — x|| — Ac||r=). Choosing A large enough such that the right hand side of this inequality is non
negative and proceeding as above, we have that p(x,t) is bounded below by a positive function on Q x [0, T7].
Next we prove the positivity of ¢ in the case 7 = 0. We derive from (2) that

=y(-A+al)"'p
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where I is the identity matrix and the operator —A + o[ is positive [12]. Therefore, we derive the positivity of
c(x,t) since we already showed the positivity of p(z,t). In the case 7 > 0 we can use an analogous argument.
In fact the parabolic equation is the limit of the sequence of following elliptic equations

Cn-i—l — "
r 5 _ ACn+1 o acn-i—l +’an+1; Vn € I\]7

which satisfy the maximum principle. Then the limit parabolic equation also satisfies the maximum principle.
Now we consider the energy dissipation. Since Ap =V - (pV log p), we rewrite (1) as

p

gt =V (pVlogp) =xV - (pVe) = V- (pV(log p — xc)). (14)

6Et0t j—
op

Xp = —%%. Taking the inner product of (14) with 5?—;‘“ and (2) with %%, then applying integration by parts

and noting that the boundary terms vanish under the Neumann boundary conditions, we obtain the energy

dissipation law (10). O

According to the free energy (11), we know the energy derivative log p — xc and % = —%Ac + %c —

3. BOUNDS OF THE EXACT SOLUTION

In this section, under the assumption (5) which ensures the global existence of solutions in time [3,4,9,18,
19,30-32], we derive Li-bounds (1 < ¢ < oo) for the exact solution p of the KS model (1)—(4).

First, we recall the lemma concerning the energy bound from reference [32] and the references therein. This
lemma plays a key role in estabilishing the global well-posedness of the KS equations.

Lemma 3.1. If the mass of cells M < %, there exist positive constants KSC and K? such that
/ pedx < K,())c and |Eiot(p,c)| < KD. (15)
Q

Proof. We sketch the proof following [32]. We drop the term —p in the energy due to mass conservation. For
4 > 0 to be chosen later the modified energy reads

Etot(t):/Q(—plog<w>)dw+/ﬂ(5p6+ 2);|Vc|2—|—62u;<62)dw.

By Jensen’s inequality (and mass conservation), we have

A(—&log(W))dm > —10g<]\14/gexp((x+5)c)>dw.

Applying Trudinger-Moser inquality, for any small € > 0 there exists a constant C. > 0 such that

1 C 1 2 1)
log<M/Qexp((x + 5)c)>dw > —log ME - <271-* + 6) (x + 5)2|\Vc||%2 — (>|(Q+)||c||L1.
In the parabolic-elliptic case 7 = 0 we have |[[c||z1 = M and in the parabolic-parabolic case 7 > 0, inte-

grating (2) in space and in time [[c[|z1 < max([|col|zr, 2M). We may now chose 4, small enough such that
the modified energy satisfies Eior(p,c) > K([, pedx + ||c[|3:) — K° and then bounded from below. Since

Eiot(p(t), c(t)) < Fiot(po, co) the conclusion follows promptly. O

Next, we derive below a series of bound results about the exact solution p in L(Q) (1 < ¢ < o0) for the KS
model (1)—(4).
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Lemma 3.2. For T € (0,00), if the small mass condition (8) holds, there exists a positive constant K° such
that [ [i, p(z,t)*dadt < K.

Proof. Replacing u with ,/p in the Gagliardo-Nirenberg inequality in Remark 1.1 yields

4 2 2 2
VAl < ConllVallys (VA3 + 1V VAl ),
i.€.,

V 2
101122 = [VAIs < Cond(M + [V/7]2) = cgnM(M | 'pp'das) (16)

Therefore, bounding the L? norm of p requires bounding the L? norm of \/ﬁ_lv,o.
For this purpose, we expand

2
/p|V(logp—Xc)|2dac:/ ﬂdaz—l—)ﬁ/p|Vc|2d:n—2X/Vchdw. (17)
Q Q P Q Q

According to the equation (2) for ¢, we have

de
ot

Combining with Green formula and the non-negativity of p and ¢, we can estimate the last term in (17) as
follows

Ac=T7T— 4 ac—p.

—2x/ VpVedx = 2x/ pAcdx
Q Q

Oc
=2 T— +ac— dx
X/QP( ot 'W))

Oc
> 27 [ e~ 201ol
Q

TX dc\?
> -2 (55 ao = raallol

2
/ p|V(log p — xc)|*dz + 2/ ge dx + (2 + 7)xyCyn M?
) v Ja\Ot

By Young’s inequality, we know that

Oc
27)(/ p—dxr > —
o Ot

Therefore, (17) can be estimated as

dc
27)(/ p—dx
q Ot

e (18)
>(1—(2+ T)X’}/anM)/ PP de + xz/ p|Ve|*de.
Q P Q
Integrating (10) between 0 and ¢ leads to
¢ 9 TX dc\?
pIV(logp —xe)fde + —= | { o= | | < Evot(po; co) = Eror(p(t), ¢(t))- (19)
0 \Ja v Jo\ Ot

Applying Lemma 3.1 yields —Eyot(p(t), c(t)) < vKJ.. Under the small mass condition

T* 1
M < mm{, }
XY 2+ 7)7xCyn

as well as gathering (16), (18) and (19) concludes the proof of the lemma. O
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Lemma 3.3. Assume the small mass condition (8) is satisfied. If the initial data py € L*(Q), then p(zx,t) €
L>(0, 00; L2(12)).

Proof. Taking the scalar product of (1) with p leads to

dp
(at, p) — (B p) = —X(T - (5V€).p), (20)
Using Green’s formula, the equation (2) for ¢, and the non-negativity of ¢, we have
ap 1d 5
(%.0) = 350l ~(80.0) = IV, (21)

and

—X(V - (pVe), p) x(ch,Vp)=§(p2,—Ac)
_X 9 _ o
=5\,
XY2 v _ TX( 2 Oc
<3 (r*.p) ( at) (22)

For the two terms on the right-hand side of the inequality (22), we apply Cauchy-Schwarz inequality,
Gagliardo-Nirenberg inequality and the e-Young’s inequality in turn to derive

XY XY
(p p) < ||p2||L2Hp||L2

’YCAn
< Tq||PH%2(HvP”L2 +lpllz2)

< 0o (Lt eVl + Lol + 1ot
*”§W(§+(i;+§)wm{)mﬁg+x“%”ﬂvmum 23)
and
30 5) <30 5) < 3 F]
< ™m0 L2(||VP||L2||P||L2+||P||%2)
< TXSgn <415 % loll2z +ellVpl2. +‘ gi ||P||2L?>

We substitute (21)—(24) into (20) to obtain

thl\p\lm + (| VpllZ-

XCon [ (7 )
< AaZgn L

Cone
||p||%2+" 7 (y 4 7) | V] 2.
2
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>||p|%2,
L2

by integrating  into the constant K. Due to Lemma 3.2, there exists a constant K° such that ftH o3 < K°,
Additionally, by the energy bound (15) in Lemma 3.1 and the energy dissipation (10), there exists a positive

constant K0 such that ft+1H 8§H2LZ < K?. Then, we have

t+1
/ K1+ [p)2 + 7
t

For t > 1, applying the uniform Gronwall Lemma 1.1 leads to a bound ||p||3. < K°exp(K(1+ K" +7K()). For
t < 1, we apply the classical Gronwall lemma to obtain ||p||?. < K°, where

__ 1
R0 = ol exp< / K<1 ol 47 H
0

As a result, we have [|p[|2, < min{ K", |po|/2.} exp(K(1+ K° + 7K?)). O

As long as € is small enough so that ch’”s (v+7) <1, we have

2

Oc
ot

Oc

||PHL2 <K<1+I|PL2+T dlipn

2
+T

Oc
ot

oc
ot

> <K+ K+ 71K?).

> > = |lpoll2 exp(K(1+K0+TK2)).

Lemma 3.4. Assume the small mass condition (8) is satisfied. For any 1 < g < 0o and T € (0,00), if initial
data py € L1(QY), then p(x,t) € L>=(0,T; L1(Q)).

Remark 3.1. We emphasize here that for ¢ > 2 the upper bounds are not uniform in 7.

Proof. We begin with a finite q € (0, 00). Taking the scalar product of (1) with p??~! leads to

0 _ _ _
(a':,qu 1) — (Ap,p*" ") = =x(V - (pVe), p*7 ), (25)
where
ap 2g—1
“F — . 2
(%) = 5ol (26)
_ _ _ 2q -1
—(8p, p*71) = (Vp, Vp*7h) = (2¢ = )07 ' Vpl|72 = TIIV(W)II%» (27)
Besides, proceeding as above
_ _ 2qg—1 2q—1
—Xx(V - (pVe), p*7 1) = x(pVe, Vp** 1) = (2q)X(V(,02‘1),VC) = (2(])x(p2q’ —Ac). (28)
Using the equation (2) for ¢ and the non-negativity of ¢, we have
oc Oc
(p*%, —Ac) = (pQ",w T a6> <v(p*,p) — T(P 8t> (29)

Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality and the e-Young’s inequality in turn, we
derive

(™% p) <Allpllz2][0*|) 2
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<ol Conllpll L2 (IIV ()2 + 1171 22)

A/C n
< —plIZ211p172 + vCanel V (p)1 72 +vCqnllpll 211 p%|7 2
K 1
<Cyn (45 + (K°)2> 104172 +YCynel V(01|72 (30)

where ||p||3, < K° is known by Lemma 3.3. Similarly,

Oc Jdc dc
5 < | (5| <

dc
<7 atH Conll ol (1V (6122 + 1] 22)
L2

<7C i%2+%
=T ae ot . |0,

Substituting (26)—(31) into (25), we obtain

il

2) 1?1172 + 7Conel| V(") 172 (31)

1d 2q
2c il + 2L IV s

(2q — ]-)Xcgn 0 0\1
< — 0 K K
< 5 K (ED)E +

n (2¢ — 1)xCyn
2q

acll? N Hac
ogc |
) 2 ot

)IIpqlliz
L2

(v + 1)l V(e 22
As long as ¢ is small enough so that qu‘?” (v 4+ 7)e <1, we have

oc|?
ot

Oc
ot

+7'

d 5 K° 0 T
Sl = ol < Kq< FEOE 4T

) ||pHL2q'

11172, < llpoll7%, exp(Kq(K°T + 7K°)) < 00, 1< ¢ < oo,

According to Gronwall lemma and Lemma 3.3, we have

with % being absorbed by the constant K.
Finally, we obtain the L>-norm estimate by ||p||z2« — ||p||z=~ when ¢ — oo. 0O

4. PROPERTIES OF THE SEMI-DISCRETE SCHEME

Let &t be the time step of the semi-discrete scheme (6) and (7), and let N; € N* such that §tN; = T < oo.
We first address the well-posedness of the scheme.

Lemma 4.1. There exists a positive constant K° such that if st K° < 1, then for any (p™,c") € HY(Q)x HY(Q),
the semi-discrete scheme (6) and (7) admits a unique solution (p"+1,c" 1) € HY(Q) x HY(Q).

Proof. The scheme is implemented in two steps: first solve equation (6), then solve equation (7). Solving equa-
tion (7) is straightforward. To solve equation (6), we apply Lax-Milgram theorem to B(p"*1, v) = fQ p"udx for
any v € H'(Q), where the bilinear form B reads

B(p,v) = /vadw + ét/QVp - Vodx — X(St/Qch” - Vode.
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The main issue is the coercivity of B. Indeed

]xat [ Ve Spda) < s IV Tl
Q

Using Gagliardo-Nirenberg inequality, we have
1 1 1
lole < G (lolee + ol 1912 ).
Then, we obtain the coercivity if 6t[[Vc™||74 is small enough. Now we claim the lemma below.

Lemma 4.2. The exists a positive constant K such that

e < K "l za.
glgglch [za < glggHVp |

This lemma is true in the parabolic-elliptic case and the parabolic-parabolic case. Additionally, its proof is
similar to the proof of Lemma 6.1 in Section 6. Here we omit it.
Applying Lemma 5.3 concludes the proof. (]

Theorem 4.1. For any n € {0,1,2,..., N, — 1}, the semi-discrete scheme (6) and (7) satisfies the following
properties:

— Mass conservation: fQ pHdx = fQ prdex.
~ Positivity preservation: if p™,c" > 0, then p"t! > 0 and "1 > 0; if p", ¢ > 0, then p" T > 0 and "+ > 0.
— FEnergy dissipation:

Etot(pn+17cn+1) _ Ewt([)n,cn) + 5t/ pn+1|v(logpn+1 _ XC”)|2dCL‘
Q

(32)
+ <75t + 2/y> ||C +1_ & H%z + EHVC +1_ VC H%z S 0,
where
Erot (p"+!, ") = / (f(p"“) —xp e 4 Vet 4 ‘;“(c"“f)da:, (33)
Q Y Y

with f(pn+1) — pn+1 log pn+1 _ pn+1.

Proof. Integrating the equation (6) over the domain Q, we deduce

/p”“d:c:/p"dac7
Q Q

with the homogeneous Neumann boundary condition for p"*!.
Let plt :=sup{p",0}, p” := sup{—p",0}, then p" = p’t — p" and [p"| = p’t + p". Multiplying both sides of
equation (6) by the sign function sgnp™t, we have

pn+1sgnpn+l _ pnsgnpn+l
ot

— Apn+lsgnpn+l _ XV . (pn+1vcn)sgnpn+l.
Using the property of symbolic function and Kato’s inequality, we have

[P" Y < |p" ]+ StA[p" Y = StV - (|p" Ve,
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Integrating both sides of the inequality over the domain 2, we obtain

/|p”+1|dm:/(p1+1+p7_b+1)dmg/ ‘pn|da::/(p’fr + p")de, (34)
Q Q Q @

where we apply the homogeneous Neumann boundary condition for p"*!. Recall the mass conservation

/p"“d:c = / (p’fr1 —p’_”l)da: = / plde = / (p7t — p")de.
Q Q Q Q

Subtracting the above from (34), we derive

/p’frldm < / prde, and p"t=p" =0,
Q Q

due to p = py > 0 and pg # 0. Therefore, p"** > 0.

To check that p"™ > 0 in Q when pg > 0 we proceed as follows. Since py belongs to L, then p! is smooth.
Assume that cg is smooth. If there exists a zg in Q such that pl(zg) = 0, then Vp!(z¢) = 0 and Ap!(xg) > 0.
Returning to equation (6), we get pg(z) < 0, which leads to a contradiction. We conclude by induction on n.

From equation (7) for ¢!, we have in the parabolic-elliptic case 7 = 0,

M=y (=A + ad)

In the parabolic-parabolic case 7 > 0 the proof is similar as the above. Therefore, the positivity of ¢"t! is
consistent with that of pn*+i.
For the energy dissipation, we first rewrite (6) as

prt =" et nl _ o
T:V~(p V(log p"*t — xc™)). (35)

Taking the inner product of (35) with 6t(log p" ™ — xc™), we get

/Q(,O"Jr1 —p")(log p" ' — xc")dx = —6t/ﬂp”+1|V(log Pt — xc™)|Pde. (36)

Noting that f(p™) = p™log p™ — p" is convex for p™ > 0, we can use f'(p") = log p" to derive

/Q(p’“rl = ") (p")de = /

Q

z/&ﬂﬂ”w—fmﬂﬁm. (37)
Q

() = 567+ 50 = (6 o

Taking the inner product of (7) with ¢"*! — c", we get

T 1 1 1
Tl = e + S IV — SV + STt - Vet

S0 = S+ St = e Ao e — e =0, (38)
We sum up (36)—(38) to obtain the discrete energy dissipation
Eiot (anrl, CnJrl) — Eiot(p", ")

<-— §t/ p" TV (log p" Tt — xe™) [Pdx — 2£||Vc”+1 — V|3,
Q g

X rg)let = el <o (39)
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5. BOUNDS OF THE NUMERICAL SOLUTION

Following the analytical framework of Section 3, we derive L?-bounds (1 < ¢ < oo) for the numerical solution
p"*1 of the semi-implicit Euler scheme (6) and (7) for any n € {0,1,2,..., N; — 1}. Additionally, we assume
that the small mass assumption (8) is satisfied throughout this section and fix the time T = 6tV; < co.

Ny—1
Lemma 5.1. There exists a positive constant K° such that 5t > Hp”‘HHiz < KV.
n=0

Proof. Applying the expansion (16) in Lemma 3.2, we have that

(1= @2+ 7)xCanM)llp" 12

<(1-(2 et [ Y2 E g
—( _( +7')X’Y gn ) gn QW x + (40)
n+l _ .n 2
< anM/ pn+1‘V(10gpn+l . ch—H)‘gd:L' + TX||¢ T — ¢ VK,
Q ¥ ot L2

where K is some positive constant depending on the parameters and the mass of cells M.
We note that the first term in the right hand side of (40) is not exactly the same as that in the energy
dissipation (39) with respect to the discretization of ¢. To address this discrepancy, we proceed as follows.

/Qp"H\V(log pn+1 _ ch+1)‘2dm

41
< Z/Qp”“\V(log Pt = xc™)|Pde + 2/prn+1\Vc”+l — V' |2de. .
Using Cauchy-Schwarz inequality and Gagliardo-Niremberg inequality yields that
2/glxp”+1|Vc"+1 —Ve)?
< 2| o |2 |V - V|7, (42)

< 2 Cynl|p™ | o [ Ve = Ver | o[ AcT = Act]]
< 2 Cynllp™ |2 [ VET = Ve [ o (A o + 1A 2)-

Define the operator A = —A + . Squaring and integrating (7), we have in the parabolic-parabolic case

2 T 41 2 T 1 nll? 2
A+ |12, + aHAéan‘ LS5 ‘Aécn y +22)om 12 (43)
Summing this inequality leads to T Azcn 2L2 < 2 Xn: HpkHiz with ¢=! = 0. Gathering this with (43), we
obtain e
2 e, 2
1A e <% D llot e
k=0

Then, we have
n+1
2 2 2
[-a 2, < A 12, <2 3 2
k=0
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This estimate is also valid in the parabolic-elliptic case. Finally, we substitute this estimate into the inequal-
ity (42) and apply the e-Young’s inequality to get

2/ Xpn+1|vcn+1 _ vcn|2
Q

n+1 2
<Gyl 7o v (S
k=0

n 2
< Y Conllp™ |72 [V = V|| o 4 AXConl 0" | 2 [V = Ve (Z 72||p‘“!|}>
k=0

1 n
< (¢4 [T = Ve )2+ Txr?Cp [V - v, (Zupkwia)-
k=0

Since the energy Fio is bounded from below by Lemma 3.1, the series ZHVC"‘H — Vc””i2 is convergent by
n

applying the discrete energy dissipation (39). Therefore, there exists an integer N large enough and a ¢ small
enough such that

&+ 4xCyn|| Ve — VC”HL2 < %(1 — 24+ 71)xvCyn M). (45)

Gathering (40) and (41), and (44) and (45), we obtain that for n > N

o712, < Rvest - ver, (Zupku;) # k(4 719 g = xer) P
k=0

(46)
27x || et — ¢ 2
— +1].
¥ ot 12
n+1 2
Let Spi1 =0t >, HpkHLz, then (46) reads
k=0
Sn+1— Sn < IN(HV(C"H - c”)||2LQSn + K5t(4/ p" TV (log p" 1 — xc™) [P
? (47)

27X

* ~ot

et = 7.+ t).
Now we apply the discrete Gronwall lemma with two sequences

~ 2
P K|’V(C”+1 — c")HLQ,

and
, 2Tx 2
b, = K6t(4/ﬂp”+1\V(logp”+1 — xc")Pdx + WHC"H — |+ 6t).

The sequences a,, and b,, defined from (47) are summable due to the discrete dissipation energy (39). Moreover,

6t > ||p"||22 is bounded. Therefore, there exists a positive constant K such that
n<N

Ny
S, =0t Y _|lp"|I7> < K,

n=0
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Lemma 5.2. For anyn € {0,1,2,..., Ny — 1} and the initial data py € L*(Q2), there exists a positive constant
K such that ||p" Y| 2 < K°.

Proof. Taking the scalar product of (6) with p"*?! leads to

n+1 n
4 —p n n n n n n
(M,p “) — (Ap" ) = —(xV - (p"HI V), pn T, (48)
where
n+1 n
14 — P n+t1 :L nt+1)2 )2 nt+l _ n|2 49
(Z52 ) = g U = 16 s + 167+ = 71), (19)
— (A" ") = IV 12, (50)
and
n n T n n n X n n
=(XV - (V) pm ) = x (0T, V) = S (I = A, (51)
Using the non-negativity of ¢ for any n € {0,1,2,..., N; — 1}, we derive from equation (7) that
n _ n—1
Sotp-ae) = X (1 -r S et )
hal X " —c ! %2
< AL n+12 n) _ 'A n+1|2 — .
<o) - (e S )

Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality and the e-Young’s inequality in turn, we
derive > v
Ry e T P TP

5 <
< 2 o e o™ e (™ e + 1Ve™ 122) (53)
x7C, 1, n n x7C, n
< 2gn<4€||p 172 + llp ||L2)p . + Tg"é‘HVp 125,
and similarly
T " — TXCon [ 1] — 1 2 " — Tl
R < I [ + "+ |2
2 St 2\ 4¢ ot Lo ot Lo (54)
7™XClon "
+ 2|V

Substituting (49)—(54) into (48), we obtain

1
o (12— "2 + 7 — o [32) + IV 12
12 -1
XCon [ Y ny2 n 7|t =t " =" n412
< Xan [T The==_ SR 55
< X <4€||p I+ e+ ||+ S| e )
C
+ Xy + )|V 3
As long as ¢ is small enough so that XC%(W + 7)e < 1, we have
2
Y Tl — et
P 122 < ™M1 72 + xCondt | ™72 +A0" 22 + = |[——5—
€ € ot 12
n n—1 (56)
c"—c
4T n+12 .
| e
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Ny
From Lemma 5.1, we have 6t 3, ||p"||3. < K°. Moreover, according to the energy bound (15) in Lemma 3.1 and

n=0
Ny n o
the discrete energy dissipation formula (39), we know 70t ) || “—; : 2. < Etot(pos co) — Erot (PN, Nt) < 2K,
n=1
Taking the sum of (56) on n and applying the discrete Gronwall lemma completes the proof. O

Lemma 5.3. For any n € {0,1,2,...,N; — 1}, 1 < ¢ < 00, and the initial data py € L), there exists a
positive constant K° such that ||p" ||« < K°.

Remark 5.1. We emphasize that for ¢ > 2 the upper bound in Lemma 5.3 depends on T

Proof. Taking the scalar product of (6) with (p"*1)24=! leads to

n+l _ n
(2 ) = (A ) = (T (), ()

2q

Using the convexity of the function x — z“? we have

n+1 n
P - P n+1y2¢—1 ) ~ 1 n+l112¢  _ ||.n||29
(Z5 2 ) 2 ol = ),

n n - 2(] -1 n
—(Ap™ ()2t = 7 IV (")) 72,
and
—(XV - ("), (P2 = x(2¢ = D ((p" T2V, Vi)
_ (2(] — 1)X (| n+1|2q _Acn)
el (A :
According to the equation (7) for ¢"*! and the non-negativity of ¢"*! for any n € {0,1,2,..., N; — 1}, we have
n+12q n n+1|2q =t n n
R N B R

12 t12q €t
< n q7 n — T 7 q, - .
< ("%, ) (Ip | 5 )
Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality and the e-Young’s inequality in turn, we

derive 1o e
("9, ™) < Allp" 2 ll(p" )| 2
< ACanllp™ 2 (") L2 (IV ("D L2 + (| (") £2)

1 n n V03 n
<7Con <4€||p 72+ llo ||L2>||(p UL +ACanel V("I

1 5 n '3
<2Con (4 G0 )L™ A Cone V(™ s,

2 n _Cnfl

ot

where |[|p"||3, < K is known in Lemma 5.2. Similarly,
n o__ Cnfl
+

n n—1
o nt+1j2¢ ¢ —C <+C i
T(") T >—T m\ 2| ot |

+7Cone | V(")) 72

C C

L2

) 1" )72
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Gathering the inequalities above, we obtain

L on 2q n
o L At L (PR D1
1)xCyne
< g, + B oy ey,
2
(29 = D)xCon [ 7 -0 S | Kl " -t +1yq(2
20 = OXCn (Y g0 g0y 4 T c-c a2,
+ 2q de +’Y( ) + de St 12 +7 St 12 ||(p ) ||L2
If € is small enough so that qu“’" (v + 7)e < 1, we have
7|l = en1)?
n 1 -
" 1720 < l1p™ 1750 + (24 — 1)XCynbt KO+7(KO)2 =l
4e ot 2 (57)

e — cn—l

+7 5

)<pn+1>qnia-
L2

By the estimate 76t Z | < ’C ||L2 < 2K9 in the proof of Lemma 5.2, we take the sum of (57) on n and apply
n=1

the discrete Gronwall lemma to obtain

1113, < lpoll3, exp (a7 (KO + (K°)F) +qK?) < o0, 1<q< o0,

with é being absorbed by the positive constant K°. Taking the %—th power of this inequality and letting ¢ — oo,
we derive the L estimate. O

6. ERROR ESTIMATES

We now rigorously derive the error estimate in LP-norm (1 < p < o) for the semi-implicit Euler scheme (6)
and (7). For consistency analysis, we assume that the exact solutions p and c are sufficiently smooth, i.e to
ensure (61) and (62) hold. Moreover, the bounds of exact solutions in Section 3 and the bounds of numerical
solutions in Section 5 require the small mass condition (8).

Firstly we define error functions as follows:

n+1

e, = p( ") — pn L enth = (") — et =0,1,2,..., N, — 1. (58)

Then, we replace approximate solutions (p"*1,c"*1) in semi-discrete scheme (6) and (7) with exact solutions
(p('v thrl)a C('a tn+1)) to get

M = Ap(tHY) 4 XV - (p(tH)Ve(th)) = T, (), (59)
Tw B A0(1571.5_1) + ac(tn+1) _ 'yp(tn+1) _ TTc(tn+1). (60)

Assume that the solutions (p,c) of the KS equations (1) and (2) are smooth enough, by a standard Taylor
expansion at t"*1, we have the truncation error

T.(t") = —5t<;a%g;+1)) + O(5t?). (62)
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Subtracting the semi-discrete equation (6) from the consistency estimate (59), we have

6'rH»l _ en

% — Aez+1 + XV - (p(t"THYVe(t™) = p" V") = T, (" ).

Since that
p(tn+1)V0(tn) _ p7z+1vcn

:p(tn+1)vc(tn) _p(tn+1)vcn+p(tn+1)vcn _pn+1vcn
= p(t"T)Vel + it Ve,

+1

we can rewrite the error equation for e, as
€n+1 _ en
L = AT XV (p(t" ) Vel + ep V) = T, (1), (63)

Subtract the semi-discrete equation (7) from the consistency estimate (60), we obtain the error equation for
e?+1

ept! — e A n+l nt+l o on+l _ nt1 4
5 Ael™ 4 aell ye, T =TT (t"T). (64)

When analyzing the LP-bound of /!, the estimate of Vel ™! for any n € {0,1,2,..., N; — 1} is a key point.
Hence, we give the following lemma in advance.

Lemma 6.1. For any n € {0,1,2,...,N; — 1}, in the parabolic-elliptic case T = 0, there exists a positive
constant K such that
2
IVer 35, < Kllept I3, (65)

In the parabolic-parabolic case T > 0, there exists a positive constant K such that

1<k< +1 1<k<n

VeI < i (e b1, + o) (66)

Proof. In the parabolic-elliptic case 7 = 0, the error equation (64) for e reads
1 1 1
—Aet 4 el = ’)/GZ)H_ .

Then, the inquality (65) follows from the standard elliptic estimate.

In the parabolic-parabolic case 7 > 0, the error equation (64) for e?*

I reads

ot

(I+5 A) el = e 4 ST, (1) 4+ L entl
T

14 7

where we set the operator A = —A + al. With €2 = 0, we have

n+1

k—n—2
Vept! = 5tZV<I+ A) (Tc(t’f) + Z ’;)

We recall the Sobolev embedding H*(Q) C L?**(Q) for s =1 — % in [6] to get

n+1 k—n—2
n 2 n at Y
[Ver | oy < CllABVerH . < Cot Y|V AS (I+ A) |z + Zeb]| - o)
k=1 L(L2,L2)




NUMERICAL ANALYSIS OF A SEMI-IMPLICIT EULER SCHEME 535

Applying Plancherel’s theorem [12], we have that, for k > 1,

—k
HVAS <I+ &A>
T

[SIEY

€l(a+ [¢?)
(1+2(a+¢2)"

= su
L(L2,L?) €]

. (68)

To bound the right hand side of (68), we consider two cases, namely, |£|? < a and a < [£]?. In the former case,
the right hand side is bounded by 22 a2ti. In the later case, we observe that the maximum of the function

€] — % is achieved for °t[¢|?(2k — 1 — s) = 1 + s. Then, the right hand side of (68) is bounded by

max{25a3*5 (DT )52 Since

(2k—1—s)dt

n+1 - o ‘

Y 2k—1-5)7F <Cn+1)7 5 <ON 7 <C(5)3 2T5 %, (69)

k=1

we have
n . 5t k—n—1
ot 2 = .

> VA2<I+ TA) <C 10)
k=0 £(L?,L?)

Therefore, the conclusion follows the estimate (70), the consistency estimate ||T.(t""1)||z2 < Cdt, and the
inequality (67) for any n € {0,1,2,..., Ny — 1}. O

With the above preparations, we are ready to prove the following error estimates.

Theorem 6.1. Let T < oo be arbitrary. Assume that the initial data pg,co € L1(Q) are positive for (1 < ¢ <
o0), and the mass M = fQ podx satisfies the condition (8). Assume further that the exact solutions p and ¢ of
the KS model (1)—(4) are sufficiently smooth on Q x [0,T]. Then there exists a positive constant K° such that
the semi-discrete scheme (6) and (7) satisfies the error estimate

ler e + llef e < K%t, n=0,1,2,...,N; =1, 1<p < oo. (71)

Proof. Taking the inner product of the error equation (63) with (e}+")*~" leads to

ot p p p

=—x(V- (p(t"T")Ver + eﬁ“Vc”), (eZH)Qp_l) + (T, ("), (62“)2”_1).

n+1 n
<6p+ — 6p ’ (en+1)2p1> o (AenJrl, (6n+1)2p71) (72)

Next, we estimate the bound of each term of this equation. For the first term, applying the convexity of the
function x — 22P, we have

eyt —ep +1y2p—1 1 +1(12 2
n — n P n||<p
e O AR A I 2p&(l\ep 1720 = lepllz2n)- (73)

For the second term, we have

n n - 2p -1 n
—(Deptt (epthrt) = o IV (e )72 (74)

For the last term, using Holder inequality and Young’s inequality, we obtain

n n — n n 2p—1
(Tp ("), (ep ™) 7h) < T ) llze llep ™15
2p—1

2p

(75)

IA

1 2 2
%HTP(t"“)HL’;p + et 75

L2r:
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For the third term, we decompose it into two parts —x(V - (ent'Ven), (ent!)?P=1) and —x(V - (p(t" 1) Ver),
(ept1)?~1) below. According to the divergence theorem, the equation (7) for ¢**', and the non-negativity of
"1 for any n € {0,1,2,..., Ny — 1}, the first part is estimated as

T (e Hven), (e )

229 1 X n+12 Cn c n "
= |ep [P, — 7t—ac +vp

<2p 1)X n+1|2 n (2p 1)X n+ c c" !
<= fle P _ L O A e 112p [ —
—_ 2 (| P | 77)2 ) 2 ‘ P | ’ St

Applying Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality, and the e-Young’s inequality, we derive
(e 177, 30™) < Allp™ el ey )Pl 2
<ACqnllo™ 2l ey )Pz (IV (e )Pl e + 1(ep )Pl 2)

1 s n n n
< vcgn(%np 172 +1lo ||Lz) 5T 122 + ¥ ConellV(ep )P IIZ2 (70

1 1 n n
<9 Co (K (KD I P I 42 Cone TP

where [[p"[|3, < K for any n € {0,1,2,..., N;} is known by Lemma 5.2. Similarly,

|en+1|2p " — Cnfl
ot
1 n—1 12
STan Zé‘

ct—c
ot

Using the divergence theorem, Hélder inequality, Young’s inequality, and the L°°-bound of exact solution p in

Lemma 3.4, i.e., [|p(t)||r~ < K° for all t € [0,T], the second part is estimated as

—x(V - (p(t" ) Veg), (e )21

= X(p(t")Ver, V(ep™)* ™)

78
no__ cn—l ( )

ot

C
4+

) I(ep )P NZ2 + 7ConelV(eg ™)1 72
L2

L2

_ (2pp I)X(p(thrl)VeZ,( nt1)p-ly (i)
< B2 1m0 (T e a9 e P
i I Pl Pl G
W(lnpunﬂx >|L2p||e”+1|iéz2+sv<ez+1>p||‘i2)
) + P o,
DXE g (entiy2,

P (et
X 1 2p -2 (2p—1
(pu,o 2 | ver |, + 22 "+1||L2p) Gt

tn—i—l

e +

2p 2p
(2p—1)x

1 n 2p—2, , (2p —1)xe n
13 (K°)%||Ver |72, + 5 || +1|sz> + Tllv(eﬁl)p\liz-
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Substituting (73)—(79) into (72), we have

1 2p —
n+1 v n+1\p
2p&n 13 + L1V I
< o lenl + oI I,
2

(2p—1)ngn Y 0 ot Tt v —cnt 1
NPT )X gn [V g0 4 (K0 4 L n+t

+ o K EDE 4 Pl e lep™ 1 (80)
2p — 1)xe n

+ B (G 1) + DIV PI
(2p = Dx (KO o » 2p 2 a1

+ 2p€ P HV ”L?p ” + ||L2p

We now chose sufficiently small ¢ such that pXE(an(v +7)4+1) < 1. Applying the discrete energy dissipa-

tion (39) and the energy bound (15) in Lemma 3.1, we know that the c” _“ remains bounded in L?(2). Then
we infer from (80) that there exists a positive constant K° such that

e 138, < leplF, + ot (ITp (I8, + KOlles 1%, + KOUIver|?, ), (81)

with 1 being absorbed by the constant K°. According to the estimation of ||Ve?||2L%p in Lemma 6.1, we should
discuss the parabolic-elliptic case and the parabolic-parabolic case, respectively.
In the parabolic-elliptic case, applying (65) leads to

e 1135 < Nlepzh, + ot (ITp () 175, + KOlles™ 175, + KOlles 135, ). (82)
Summing the above inequality (82) on n and applying of the discrete Gronwall Lemma, we obtain
et 12, < (MBI, + TIT ()22, ) exp(°T). (53)
Since €) = 0 and || T,(t" )| L2r < K°8t, we have [lef || L2r < KO6t.
In the parabolic-parabolic case, setting 7,, = max ||e’;Hi’;p and gathering (66) with (81) yield
(1= K 6t)nni1 < nn + K°(61)%. (84)

Then, the bound of ||eg+1||2L’;p follows the discrete Gronwall lemma.
To conclusion, whether the equation for c¢ is elliptic or parabolic, we always have

lent e < K%t n=0,1,2,...,N; =1, 1<p<oo. (85)

n+1

Next, we estimate LP-bound for the error e] Taking the inner product of the error equation (64) with

(e Z“)Qp ! and applying Green formula, we obtam

2p —
H et 2, + 2 IIV( PPN + aller T,

-
T ot

(86)
(en (en+1)2p 1) +’Y( n+1 ( ?+1)2p—1) +T(Tc(tn+1),(€?+1)2p_l).

Using Holder inequality and Young’s inequality, we have

Yept, (e
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< yllert | pan e |35, (87)
< (g ller 12 + %H "“nm) (59)
Fen ety < (e + 2ot ) (59)
7(Te(t™), (™)) <||T (I + 2p2p I "“||L2p> (90)
If 7 =0, then by (86) and (87)
lertt||pen < gHeZHHsz <K%t n=0,1,2,.... N,—1, 1<p< oo. 1)

If 7 > 0, then substituting (88)—(90) into (86) yields

2 Y
lex 178, < llerla, +0t—]le en |78, + St|TL (") I17%

L2p
+T =)= ()| o
+ 0t leg 17,
-
We take the sum of the above inequality (92) on n and use the discrete Gronwall lemma to obtain
nt1)2 Y il n n p(y+7—a) - (v+7)
e 1 < (11, + ZTIes ™ 3 + TIT I, ) exo : ). ()
Since that €2 = 0, [lept!||2p < K0t and [|Te(t" )| L2 < K6, we conclude

ler e < K9t, n=0,1,2,...,N; =1, 1<p< 0. (94)
In summary, the proof is completed by estimates (85) and (94). O

7. CONCLUDING REMARKS

In this paper, we study the numerical analysis of the semi-discrete scheme (6) and (7) for the KS model (1)—(4)
in two dimensions, covering both the parabolic-elliptic case (7 = 0) and the parabolic-parabolic case (7 > 0). We
rigorously prove that the scheme (6) and (7) preserves the essential properties of the continuous model, nalmely
mass conservation, positivity of the cell density, and energy dissipation. Furthermore, we establish L%-bounds
(1 < g < 00) for the numerical solution, and perform rigorous error analysis to obtain optimal error estimates
in LP-norm (1 < p < oo) under the small mass assumption (8).

There are several immediate directions for future work: (i) constructing fully discrete schemes, based on the
time discretization (6) and (7), that can preserve all essential properties of the KS equations at the fully discrete
level; (ii) constructing second- and higher-order semi-discrete schemes that can satisfy essential properties of
the KS equations; and (iii) extending the results of this paper to the three-dimensional case.
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