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Abstract. We consider in this paper numerical approximation of the linear fluid-structure
interaction (FSI). We construct a new class of pressure-correction schemes for the linear
FSI problem with a fixed interface, and prove rigorously that they are unconditionally
stable. These schemes are computationally very efficient, as they lead to, at each time
step, a coupled linear elliptic system for the velocity and displacement in the whole
region and a discrete Poisson equation in the fluid region.
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1. Introduction

Fluid-Structure Interaction (FSI) plays an important role in many scientific/engineering
applications, e.g., design of engineering systems, blood flow in human arteries, etc. It
has been extensively studied in recent years both analytically and computationally (cf.
[5,7,9,14] and the references therein).

The fluid velocity, pressure and structure displacement in the FSI problems are cou-
pled together, making it difficult to solve numerically. For fluid problems, an effective
approach to decouple the computation of the pressure from that of the velocity is to use
a so-called projection type method, originally proposed by Chorin and Temam in the late
60’s. A comprehensive review on various projection type methods can be found in [12].
However, a main difficulty in the design of a projection method is what boundary con-
dition to use for the pressure at the interface. It is well known that a proper boundary
condition, at the Dirichlet part of the boundary, for the pressure Poisson equation in a
projection type method is the homogeneous Neumann boundary condition. Indeed, most
existing projection type schemes (cf., for instance, [1,3,10]) for FSI problem also use, ex-
plicitly or implicitly, Neumann type boundary condition for the pressure Poisson equation
at the Dirichlet part of the boundary as well as at the interface. However, imposing a Neu-
mann type boundary condition for the pressure at the interface appears to affect, in certain
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degree, the stability of the scheme, and we are not aware of any proof of unconditional
stability for this type of projection scheme for the FSI problem, although a conditional
stability has been proven in [10].

In [11], the authors proposed and analyzed pressure-correction projection schemes for
Navier-Stokes equations with open boundary where the usual stress-free boundary condi-
tion is applied. It is shown that the proper boundary condition at the open boundary is of
Dirichlet type instead of Neumann type. Two schemes are constructed in [11]. One is based
on the standard pressure-correction which leads to poor accuracy at the open boundary, the
other is based on the rotational pressure-correction and with a proper Dirichlet boundary
condition at the open boundary. It is shown in [11] that both the standard and rotational
pressure-correction projection schemes, when applied to the time-dependent Stokes prob-
lem, are unconditionally stable, but the rotational version leads to much better accuracy.
Since one of matching interface condition for the FSI problem is related to the stress, it
is sensible to extend the approach in [11] for problems with open boundary to the FSI
problem.

In this paper, we shall construct a different class of projection semi-implicit schemes
which decouple the computation of pressure from that of the velocity and structure dis-
placement. Our schemes will be computationally very efficient. More precisely, in the first
step of our schemes, we solve a coupled, but elliptic, system for an intermediate fluid ve-
locity and the structure displacement, then in the second step, we solve a Poisson equation
for the fluid pressure and obtain the fluid velocity with a simple correction. Furthermore,
we shall also prove rigorously that these schemes are unconditionally stable.

To fix the idea, we consider in this paper a simple model of the FSI problem where
the movement of the interface is assumed infinitesimal so the interface is treated as fixed.
This linear FSI problem captures many of the essential difficulties of the more general FSI
problems with moving interface.

The rest of the paper is organized as follows. In the next section, we describe the
governing equations for our FSI model, formulate its weak form and the energy dissipation
law. In Section 3, we construct standard and rotational pressure-correction scheme for the
FSI problem, and prove their unconditional stability. Then, in Section 4, we describe a
Fourier-Legendre method for a special case when the domain is a periodic channel. We
present some numerical results in Section 5 to validate our numerical schemes and to
demonstrate their temporal accuracy. Some concluding remarks are given in Section 6.

2. Governing Equations

We consider the following model for interaction of a viscous fluid with an elastic body
in a two- or three-dimensional bounded domain 2, with the fluid region Q, the solid
region ; and the interface I', so we have Q = Q; UQ,UT .. We also denote I'y = 9Q\T',
and I’y = dQ,\TI'". (cf. Fig. 1).

We assume that the interface undergoes infinitesimal displacements, i.e., I, is assumed
to be fixed. The more complicated situation with moving interface will be considered in a
forthcoming paper.
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Figure 1: Geometry discription for fluid-structure problem

In the fluid region ¢, we have the Stokes equations:

psue — dive(w)+Vp = pyfy, in Qf x(0,T), (2.1a)
divu=0, in Qf x(0,T), (2.1b)
u=0, on Ty x(0,T), (2.10)
Ul —g = Ug, in Qf (2.1d)

where u denotes the fluid velocity, p the fluid pressure, u, the given initial velocity, f;
the given body force per unit mass, e(u) = %(Vu + vuT) the strain tensor, p ¢ and u the
constant fluid density and viscosity.

In the solid region €2, we have the wave equation for linear elasticity:

PWe — divo(w) = p,fs, in Qx(0,T), (2.2a)
w=0, on T, x(0,T), (2.2b)
w(:,0) = wy, in Q,, (2.20)
w.(-,0) =wyq, in Q (2.2d)

where w denotes the displacement of the solid, w, and w, the given initial data, and o(w)
the elastic stress tensor, given by

3
oW) =2 (W) + 2pze;(w),
k=1

f, the given loading force per unit mass, A and u, the Lamé constants, and p, the constant
solid density.

Across the fixed interface I'. between the fluid and solid, the velocity and the stress
vector are required to be continuous, i.e.,

w,=u, onl.x(0,T) (2.3)

and
ow)-n=e(u)-n—pn, onl,x(0,T) (2.4)
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where n denotes the outward normal vector along I, w.r.t. £2.
For simplicity, we take in this paper pf = p; =1, f; = f, = 0. We further take A =1
and u, = 0 which imply div o(w) = Aw, and the interface condition (2.4) is reduced to

ow _ ou T, x (0,T) (2.5)
5n Mg P onlex(0,T). .

In order to derive a weak formulation for (2.1)- (2.2), we need to introduce some
notations. Let us denote by H*(Q) and HS(Q) (for k > 0) the standard Sobolev spaces,
equipped with the standard norm || || o. In particular, we denote L%(©2) = H°(Q) with the
associated norm || - ||. We will use H¥(2 ) to denote the vector-valued Sobolev spaces. We
also denote

Hyr (2p)={v €H'(Q):vlr, =0}, Hyp (2)={veH"(Q):vlr, =0}
Then, a weak solution (u, p, w) for (2.1)-(2.2) will satisfy
. ou 1
(We, P, + WV, Ve)g, = (p,dive)o, +(u—— —pn, @), =0, Vo €Hyp (),

(2.6a)
(divu,q)q, =0, Vqe L*(Qf), (2.6b)

d
(Wees ¥, + (W, Vo, = (52D, =0, V9 €HY (@) (2:60

with the interface conditions (2.3) and (2.5) on T, .
We can reformulate the above, using (2.5), to:

aw
(ut + (ll ' V)u, “P)Qf + (;uvuz v@)ﬂf - (p> le‘P)Qf + (%J ()D)l"c = 0) VQP € H(l)’]"f (Qf ),
(2.7a)
(diVu, q)ﬂf = O) Vq € LZ(Qf))
(2.7b)

d
(e o, +(Tw, V), = (5 Whr, =0, Vo €HLp (@)

(2.70)

c

with u = w, on the interface I',.
Setting ¢ = u,) =w, in (2.7a) and (2.7c), and summing up the two resultant equa-
tions, we obtain

3 {lull3, + w2 +1Ivwl2 } = -2ulvuld <o, 2.8)
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where

E(u,w,w;):= ||u||522f + ||Wt||?zf +IVwllg, (2.9)

is the total energy of the FSI system.

Thus, the well posedness of the system (2.7) can be easily established by using a stan-
dard procedure. In fact, the well posedness of a related nonlinear system, with the Stokes
equations (2.1) replaced by the Navier-Stokes equations, is studied in [17].

In [6], the authors studied a semi-discrete (in space) finite-element method for the
linear FSI problem with a fixed interface. On the other hand, we shall be mainly concerned
with semi-discrete (in time) projection type schemes.

3. Time Discretization

For FSI problems, it is very important to design numerical schemes which have good
stability property. Usually, this is achieved by fully coupled, implicit schemes which require
solving, at each time step, a coupled saddle-point system.

We construct in this section time discretization schemes based on standard and rota-
tional pressure-correction approach for (2.7). These schemes are unconditionally stable,
and lead to, at each time step, a coupled, linear elliptic system in  and a pressure Pois-
son equation in Q¢, which can be efficiently solved by standard numerical methods. The
stability analysis for each scheme is carried out in this section.

3.1. Standard Pressure-Correction Scheme

We first construct a first-order scheme for the FSI problem based on the standard
pressure-correction scheme for Navies-Stokes problem with open boundary condition [11]:
Step 1 : Given (u", p",w™), compute ii" ™! € H(l)’rf (Q7) and w™! € H(l)’rs(ﬂs) by solving

~n+1 _ u™ 0 n+1

u ~n+1 (o™ di w _ =
(x> Pla, T VI, V@), — (P divelg, +(———.¢)r, =0, (.1a)
n+l _ ,,n
it = %, on T, (3.1b)
Wr1+1 _2Wn+Wn—1 il awn+1
( AtZ 7¢)Qs + (VW )VQIJ)QS - (Ta IP)FC = 0’ (31(:)

forall ¢ € H(l),rf (Qf)and ) € H(l)’rs(ﬂs).

This is a coupled, linear elliptic system for (&i"*!, w™*!), with the coupling condition

at the interface T'.. Hence, it can be efficiently solved, for example, by a standard domain
decomposition approach (cf., for instance, [20,22]).
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Step 2 : Compute u™*!' € H'(Q) and p"*! € H'(Q) by solving

un+1 _ ﬂ"‘H

T v(p"t -p") =0, (3.2a)
divu™ =0, in Q, (3.2b)
y"tl -n|p, =0 and P e =p"Ir.. (3.20)

We observe that a Dirichlet boundary condition is imposed for p™*! on the interface I',, as
opposed to the usual Neumann boundary condition in a pressure-correction formulation.
This is due to the interface condition (2.5) which is similar to the open boundary condition
considered in [11].

We denote Hé’rc(ﬂ f)={q€H (qQ £): qlr, = 0}. Then, the above system is equivalent
to: Find (p"*! —p") € Hé,rc(gf) such that

1
(V"™ -p"),Vq) = - (v i"*,q), VqeH] (Q), (3.32)
un+1 — an+1 _ Atv(pn"rl _pn). (S.Sb)

Hence, we only have to solve a Poisson equation at this step.
For the above scheme, we have the following result:

Theorem 3.1. The scheme (3.1)-(3.3), with polrC = 0, is unconditionally stable. More pre-
cisely, if we define the discrete energy

E" = ||u"|| + 16w 1> + [V w™|* + (At vp"|1%,
then we have, for all n > 0,
EMY — B ||aT — o + 2uAt|| Va2 + At2||5ftwn+1||2 + At?||V(5 w12 < 0.

Proof To simplify the notations, we define, for any sequence {u*}, the discrete time

ivati n+l . 2 4l St st oyl
derivatives 6,u""" := ——— and 67, u""" := ~ = N
Taking ¢ = 2@i"™! in (3.1a), v = 26, w""! in (3.1c), and taking the inner product of

(3.2a) with ¢ = 2AtVp", then summing up the three relations, we obtain:

A U@ P = (w2 + @™ = uP P+ 2 VAt - 2(p", div i@ g,
IS w™ P = 16 w1+ 115, w™ ! — &, w17} (3.4)
Fa VW — | Vw2 + A2 VE w12} = 0.

Rewrite (3.2a) as

un+1 ~n+1

+/Atvp™tl = RS \/ Atvp™. (3.5)

Var Var
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Taking inner product with itself from both sides and integrating by parts, thanks to p* Ir, =
0 for all k (due to p°| = 0), and &"*! -n|p, =0=u"""-n|- , we obtain

||ﬂ”+1||2

1
n+1y2 n+1y2 _ n|2 _ n gimntl
At”u ||+ At||[Vp™ | A + At||Vp"|* = 2(p", divil )Qf. (3.6)

Summing up (3.4) and (3.6), we obtain

A U P = )P+ @ — w2+ 2 var P
1
+a NS w2 =18 w2 + (15, w"* — 5, w1}
o UIVw 2 = Vw2 + A2 VS w12+ Ac{lvp™ I — [[VptIIPY = o,

which implies the desired result. O

Due to the artificial Dirichlet boundary condition for the pressure, p =p"lr, =
--- = 0, the pressure approximation has a poor accuracy which can not be improved by
using a higher-order discretization. In fact, it is shown in [11] that the L2-error of the
pressure approximation converges at the rate of % Hence, in order to construct an im-
proved scheme, one needs to resort to the rotational pressure-correction (cf. [11]).

n+1|r
c

3.2. Rotational Pressure-Correction Scheme

The main difference between the standard and rotational pressure-correction schemes
is in the computation of the pressure update. The first step is still the same:
. G ~n+1 1 1 1
Step 1: Given (u", v, w", p"), compute "' € Hor, (©f) and w™*t e H, - (€) by
solving

~n+1__n . . ntl
(5 o, + (WVa, Vplg, — (p" dive)g, + (%5, ¢)r, =0,  (3.7)
ﬂl’H—l — W”+A1:WI1, on l"c’ (3.7b)

n+1__ n n—1 n+1
(U2 Yo, + (VWL V), — (25 ), =0 (3.70)

for all p H(l) r, (Qf)and ) € H(l) r (£%).
In the second step, we modify (3.3) as follows:
Step 2: Compute u"™* € H'(Q) and p"*! € H'(Q) by solving

W) 4 (T - p" 4 Apdiva™) =0, in 9, (3.82)
divu"'=0, in Q, (3.8b)
u™tt -n|p, =0and p" ., = (p" — Apdiva" )| (3.80)

where A € (0, %) (with d being the space dimension) is a preselected parameter. We note
that when A = 0, the scheme is reduced to the standard pressure-correction scheme.

We observe that, thanks to the additional term Audivii™! in (3.8a), we have an im-
proved pressure B.C. p"“lrc =(p"— A,udivﬁ““)lrc. On the other hand, the numerical
procedure for the two schemes are essentially identical.
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Theorem 3.2. The scheme (3.7)-(3.8), with polrc = 0, is unconditionally stable. More pre-
cisely, if we define the discrete energy as

1 Au
EMT =[5 u™ + EII(MW”+1 —whIP+ VW™ ? + Vg™ 1> + Elldlvu““llz,

then we have
En+1 — E" 4 ”5[(ﬁn+l _ un)”2 4 ||5t(Wn+1 — " + Wn—1)||2
+ ALV, (W™ — w2 + (2 — dV)Atul|VE"H 2 < 0.

Proof. Taking the 6, operator on system (3.7), we have

5t~n+1*5t " ~n n . aét n+1
(P52, g, + (V8,0 V), — (8,.p", dive)a, + (55—, ¢)r, =0,
(3.92)
5wt — 5wt
5tan+1 — #, on l—'c’ (39b)
5th+1 — 25tw“ + 5twn_1 nl a5twn+1
( Atz ’/l’b)ﬂs + (vgtW ,V”(’Z))Qs — (T,’Lp)rc =0. (3_9(:)

Setting ¢ = 2At5,i""! in (3.9a) and v = 2(5, W™ — §,w™) in (3.9¢) , and summing up
the two resulting equalities, we have

0 =115, @™ P — (15 ™| + 115 (@ — u)|? + 2u [ VE 7P
1 - —
g {18 ™ =Wl = (18,0 = w D+ 15 (W™ = 2" w2}

HIVE WP = Ve w"|[? + [V, (W™ —wh||? — 2At(5,p", divs, d" g, .

(3.10)
Next we shall use equation (3.8) to deal with the term 2At(6,p", div5t11”+1)9f.
Taking 6, operator on system (3.8), we have
n+l_ s ~n+l .
G S0 4 Vs.q =0, in Q, (3.11a)
divs,u™t =0, in Qf, (3.11b)
Sutl -n|p, =0 and ", =0, (3.11¢)

where ¢" = p"*! — p™ + Audivi" .
Rewrite (3.11a) as

Su™ +vg" =54 +Vq", in Q.

Taking the inner product with itself from both sides and integrating by parts, thanks to
q*|r, =0 for all k (due to ¢°| = 0), and 54" ‘nfp, =0= 5u™tt -1, we obtain

18 ™2 + Vg™ 12 = 116, 8" + IVg™|I* - 2( div 5,a"*,q")q, - (3.12)
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Since q" = At6,.p™ + Audivii", we have

—2( div Stﬂnﬂ,q”)ﬂf
=—2(div §,a"", Ats,p" + A,udivﬂ”)gf

A
= — 2At(div 5,8, 5,p"g, + A—‘i( div (@ — &™), 2divi")g,

A
=—2At(div §,a",5.p")g, + A—‘i(n div a"||> — || div @ |1?) + AuAt|| div 5,472
(3.13)

Now using the well-known inequality ||div #""!||? < d||Va"*!||? (with d = 2 or 3 being the
space dimension), and summing up (3.10) (3.12) and (3.13), we obtain

1
En+1 — En + {||5t(ﬂn+1 _ un)HZ + E“ét(wn—i_l — " + Wn—1)||2 + ||V5t(Wn+1 _ Wn)”Z}

< —{2uAt||V5 a1 — AuAt div 54"}
< —(2-Ad)pAL||VE, a2

which implies the desired result. |

3.3. Extension to a nonlinear FSI problem

The above schemes can be easily extended to deal with the following nonlinear FSI
problem [17]:

u —uAu+(u-Viu+Vp =0, in Qf x(0,T), (3.14a)
divu=0, in Q x(0,T), (3.14b)
Wi —Aw =0, in Q;x(0,T) (3.140)

with the boundary condition:

u=0, on I’y x(0,T), (3.15a)
w=0, on I, x(0,T), (3.15b)
u=ws, on I'.x(0,T), (3.15¢)
ow du 1

Frie u% —pn— E(u ‘n)u, on TI.x(0,T). (3.15d)

For example, a rotational pressure-correction scheme for the above system is:
. G ~n+1 1 1 1
Step 1: Given (u", v", w", p"), compute "t € Hyr, (©f) and W™t e H, - (Q) by
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solving

~n+1__

(B2, 0)g, + Vi, Vi)g, + ((u" - V)™, o),

. n+1 ~
~(p", dive)g, + (P45~ + 3" mE, @), =0, Vo €Hy . (Q),

(3.16a)

- Wn+1 —wn

it=———— on T, (3.16b)

Wn+1 — 2w + Wn—l il awn+1 )

( Atz s w)ﬂs + (VW > V¢)95 - (T: 1!’)1"5 = 0; v¢ € HO’FS(QS)'

(3.16¢)

Step 2: Compute u"*! € H'(Qf) and p™*' € H'(Q;) by solving
W) V(! — p 4 Audivi™) =0, in Qy,
divu' =0, in Qf, (3.17a)
u™-n|p, =0and p"p = (p" — Audiva"™)|r,

where A € (0, %) (with d being the space dimension) is a preselected parameter. We note
that (3.16a) implies the following weakly satisfied boundary condition

awn-i-l 3ﬂn+l 1
I = (e — = p"n = S mE

which is a consistent approximation to (3.15d).

The above scheme is numerically as efficient as its counterpart for the linear FSI prob-
lem. However, the stability proof of Theorem 3.2 can not be easily extended to the non-
linear case, since an essential step in the proof is to take the discrete time derivative which
leads to complicated nonlinear terms that can not be easily controlled.

4. A Fourier-Galerkin Spatial Discretization for the case of periodic channel

As an example, we consider a two-dimensional periodic channel with Q; = (0,27) x
(0,1), ;= (0,27) x (—1,0), so 2 = (0,27) x (—=1,1), 'y = {(x,y)[x € (0,27),y = 1},
. ={(x,y)]x € (0,2n),y = 0} and I, = {(x,y)|x € (0,27),y = —1}. We denote
I",I",IbyI* =[0,1],I" = [-1,0] and I = [—1,1]. We assume that all functions are
periodic in the x-direction.

Let h =(M,N) where M is the number of equally spaced points in the x-direction, and
N +1 is the number of Legendre-Gauss-Lobatto points in the y direction of Q; and ;.
For simplicity, we have assumed to use the same number of points in the y direction of
and Q,, while in practice, different number of points can be used. Let Py be the set of all
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polynomials of degree less than or equal to N. We set

M/2
Xp={m= Y, vi(y)e withvi(-) € Py, v(1) = 0}, Xy = X, x Xp,
k=—M/2
M/2
Wy = {wp, = Z wi(y)e™ with wy () € Py, wi(=1) = 0}, Wy, = W, X W,
k=—M/2
M/2
My=1{gn= Y. q(y)e’™ with (") € Py_,},
k=—M/2
M) = {gy € My, : quly—o =0}, Y, =X, + VMY,

XYy ={veH(I):v|p,vI- € Py, v(—1) =v(1) =0}, X3 =Xp X X3.

(4.1)

Then, the Fourier-Legendre-Galerkin approximation of the scheme (3.7)-(3.8) is as follows:
Step 1. Let w)*! = &, wi*!, we look for (uf*!,w'™!) € X, x Wy, such that

~ n+1
a(un+1: Lph)ﬂf + (Vﬁn+1 V‘Ph)nf + /5( ) ‘Ph)l" =< fhn: 2 >Qf: V‘Ph € Xh: (423)
ot =wi*, onT,, (4.2b)
~n+1
a(w}rll+1’ Tl)h)as + ﬁ(vw}rll-i-l’ V‘:bh)ﬂ /5( leh)r =< &n> Tl)h >Q ’ th € Wh,
(4.2¢)
where o = ﬁ,[o’ = At, and
Wn
< fh 2 >Qf - a(uh7 (Ph)ﬂf + (ph:le(Ph)ﬂf - ( > (Ph)l“ ) (4-3)
and o
< & ¥h >q, 1= a(Wy, Py)a, — (Vwy, Vapy)g, +( 1/)h)r . (4.4)
Step 2. Find ¢;*! € M such that
n+1 1 n+1
(Vo ", Van)a, = A_(uh »Vanla,, Vau € MY, (4.5)
and compute u"Jrl €Y, and p”+1 € M, by
un+1 ~n+1 — AtV n+1’
h P (4.6)

pitt =pi+ ¢t — AuQudiviiyt,

where Q;, is a L2-projection operator onto Mj,.
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Define
~n+1 :
iy — ) Oy (x), ifxeqy,
O () { (), ifxe 9,
~ 1, ifxeq
.= ) fs
px): { B, ifxeQ;
and

X, = {2, e H'(Q): Upla, € Xy, Uplo, € Whi.

Then, we can rewrite (4.2) as: Find ﬂZH € X}, such that

a(ﬁ}r:—’—la ¢h) + (Bva;l-i-l’ v¢h) =< fhn3 ¢)h >Qf +< g}Tll, ¢h >Qs: vd)h € Xh' (4.7)

Thus, the equation (4.7) can be viewed as a domain-decomposition (with two-domains)
approximation to a linear elliptic problem with discontinuous coefficient f3.
Expand all the functions in discrete Fourier series, e.g.,

M/2

(@ fher)= > (WO £ gL () e, (4.8)

m=—M/2

Then the system (4.7) is reduced to: For m = —M/2,---,0,1,---,M/2, find u € X§,
such that

n+1 Adunm-H ﬁ — n n B 0
(amum :¢)I+(/3 dy > d_y )I - (fm) ¢)I+ +(gm) d))l > Vd) GXN) (49)

where
| a+m? ify el™,
m= ) a+pm?, ifyel.
Next we construct a set of basis functions for X](\),.
We define, fori =0,1,...,.N — 2,

ooy L@y D) - L2y - 1), ify eI,
(pi(y)_{ 0, ifyer:

. (y) = 0, if y eI,
N1+ )= Li(142y)— L o(14+2y), ifyel;

and the basis function at the interface is

. | 1-y, ifyelf,
P2\ 14, ifyerl.

Then
XY =span{@g, §1, ", Pan_2} - (4.10)
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Then, writing
2N -2

W)= D @ e, fl = (FL @ + (gl B
k=0

and taking ¢ = ¢ in (4.9), we can derive the following linear system:

M;; © mi3 Sin 0 513 Uy Jil
a| O My my3 |+ | O Sap Sa3 Uy = fo |, (411
T T T T - z
M3y Mgy M3z S31 S32 S33 Us f3
- __ (~sn+l ~n+l ~n+1 T -~ _ (nn+l ~n+1 ~n+1 T - _ _n+l
where @ty = (@, @y Uy o) U = (@ g, Wy o5 Ty oy o) anddg =up sy o,

similarly for f;, f, and fs; M; j and S;; are block mass and stiffness matrices. We recall that
M;; (i =1,2) are penta-diagonal and S;; (i = 1,2) are diagonal (cf. [13,21]). So the linear
system can be easily solved by the Schur-complement approach. More precisely, solve first
i3 using a block Gaussian elimination, and then solve i; and i, separately.

It is clear that (4.5) will be reduced to a sequence of one-dimensional problems in It
which can be easily solved by a Legendre-spectral method [21].

5. Numerical Results

To examine the correctness and accuracy of the proposed numerical schemes, we con-
sider the following non-homogeneous problem

u, —Au+Vp=f, in Q x(0,T), (5.1a)
divu =0, in Q x(0,T), (5.1b)
Wy —Aw =g, in Q,x(0,T) (5.1¢0)

with the boundary condition:

u=20, on Iy x(0,T), (5.2a)
w=0, on I,x(0,T), (5.2b)
u=wg, on I.x(0,T), (5.20)
ow Jdu
— = — —pn+Ah, on I'.x(0,T) (5.2d)
on dn

where Q¢ = (0,27) x (0,1), Q; = (0,27) x (—1,0) with periodic boundary conditions in
the x-direction.
We set the exact solution to be

u = (—sin(7t)cos(x)sin(y — 1), sin(7t)sin(x)(cos(y — 1) — 1)),
p = sin(7t) cos(x) cos(y), (5.3)
w = (—cos(mt)cos(x)sin(y — 1), — cos(rmt)sin(x)(cos(y + 1) — 1)).
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L2 Error

— pressure standard

‘ — velocity standard

{ —displacement standard
—=—pressure rotational

—=—velocity rotational

——displacement rotational

2 25 35 4 45
Time t (dt=0.01)

Figure 2: L?-errors of first order standard and rotational schemes.

The functions f, g,h can then be computed accordingly.

We employ the Fourier-Legendre method presented in the last section, and choose
(M, N) large enough so that the errors are dominated by that from the time discretization.
In the following examples, we choose A = 1, which is a preselected parameter introduced
in (3.8a).

In Figure 2, we plot evolutions of the L2-errors for the pressure, velocity and displace-
ment with the first-order standard and rotational pressure-correction schemes. We observe
that the rotational scheme provides much better pressure approximation than the standard
scheme.

In Figure 3 and 4, we examine the convergence rates for the first-order standard and
rotational schemes. We consider ending time T = 2 and vary the step size At. In Figure 3,
we observe that the (maximum in time) L2 errors for the fluid velocity and the structure
displacement in the standard scheme all converge at a rate close to 1, but the pressure
error converges at a rate close to % In Figure 4, the convergence rate of the fluid pressure

has been improved from order % to almost order 1 in the rotational scheme, and the fluid
velocity and the structure displacement still converge at a rate close to 1. These results are
consistent with the error estimates for the velocity and pressure given in [11] for Stokes
equations with open boundary.

Next, we examine the energy stability of our schemes by solving the homogeneous
(with f, g and h being zero) FSI problem with the same initial conditions as in the last
example. We compute the discrete energy defined in (3.1) and (3.2), and plot in Figure
5 the discrete energy for standard and rotational schemes with time step At = 0.01. We
observe that the discrete energy indeed decays monotonically for both schemes.
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10’

max, ( L2 Error)
S

107 . ——Pressure 1
e —<—Fluid Velocity
—#—Strucutre Displacement
107" -+ reference line slope=1 E

- ¢-reference line slope=0.5

107° 107 107 10°

Figure 3: (maximum in time) L*-errors of first-order standard scheme.

6. Conclusion

We constructed in this paper standard and rotational pressure correction schemes for
the linear FSI problem with a fixed interface, and proved rigorously that they are uncondi-
tionally energy stable. These schemes are new and fundamental different from the existing
schemes. Besides their unconditional stability, they are also computationally very efficient:
at each time step, they lead to (i) a coupled linear elliptic system for the velocity and
displacement, with the coupling conditions at the interface between the fluid and solid
regions, which can be efficiently solved by using a standard domain decomposition (with
two domains) approach; and (ii) a discrete Poisson equation in the fluid region.

We validated these schemes by using a Fourier-Legendre spatial discretization for the
FSI problem in a periodic channel. In particular, our numerical results indicate that the
convergence rates of the first-order rotational scheme for the velocity, pressure and dis-
placement in L2-norm are close to order one.

Although we only considered the linear FSI problem with fixed interface, we believe
that the essential approaches used here in constructing our numerical schemes can be
extended to nonlinear FSI problems and/or with moving interface.
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