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1. Introduction

The biological chemotaxis phenomenon refers to the directional movement of cells along the concentration gradient of
the chemoattractant in their tissues or living environments. To describe this phenomenon, many mathematical models have
been proposed [2,16,21]. Among these models, the Patlak-Keller-Segel-Navier-Stokes (PKS-NS) model, firstly introduced by
[14], couples the parabolic-elliptic Patlak-Keller-Segel (PKS) equations describing the interaction between cells and chemoat-
tractant [30,37], and the well-known incompressible Navier-Stokes (NS) equations controlling the motion of the fluid [40].
It indicates that cells and chemoattractant are transported by the fluid in their living environment when cells move towards
the direction of high concentration of the chemoattractant, while the motion of fluid is further affected by a friction force
on the moving cells.

It is known that, if the fluid transport structure is introduced in the cell density evolution equation, the classical free
energy will no longer decay in general. This causes a major difficulty in analyzing the classical coupled chemotaxis-fluid
model, proposed by Hillesdon et al. [22] and Tuval et al. [41]. Some theoretical results on the existence and uniqueness of
solutions for the classical chemotaxis-fluid model are presented in [7,28,32,44]. On the other hand, the PKS-NS system that
we consider in this paper inherits the energy dissipation of the classical PKS system, and some analytical results for the
PKS-NS model are available. For examples, Gong and He [14] first proved that, if the total mass of cells M, is strictly less
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than 8, then classical solutions exist for any finite time and their H® norms are almost uniformly bounded in time. Later,
Lai et al. [35] analyzed the global existence of the PKS-NS system with critical and subcritical mass, and pointed out that
the positivity of cell density is a direct consequence of the strong maximum principle.

It is worth mentioning that the aggregation can lead to blow-up for the two-dimensional PKS equations once M, exceeds
a threshold [4,16,27,36]. Here the blow-up, which does not occur in reality, means that the concentration reaches several
orders of magnitude larger and is beyond the range that the model can describe. An interesting and important question is
how the fluid coupling can change the blow-up behavior. Numerical evidence in [33] indicates that solutions to a parabolic-
elliptic PKS-Stokes model exist for initial mass M, & 27, which is larger than 87 (the critical mass for the system without
fluid), but for even larger mass M, ~ 40, blow-up seems to occur. Lorz [33] pointed out that the blow-up could be delayed
when the PKS system is coupled with fluids. By analyzing the PKS equations with an additional advection term modeling
ambient fluid flow, Kiselev and Xu [31] indicated that the fluid flow might suppress the potential chemotactic blow-up.
Suppression of explosion in parabolic-elliptic and parabolic-parabolic PKS system via shear flows was proved in [5,17].
Despite of the known analytical results on blow-up suppression, finite-time blow-up of the PKS-NS system is still possible.
For the Keller-Segel system coupled with the Navier-Stokes fluid, finite time blow-up criterion was analyzed in [29]. But
for the PKS-NS system that we studied in this paper, it is unclear if solutions exist globally or blow up in finite time with
M, > 8.

Compared with analytical works, the PKS-NS system is less studied numerically. There are two main difficulties to con-
struct suitable numerical schemes: one is to preserve, at the discrete level, essential properties of the PKS-NS system which
are mainly inherited from the PKS equations, including the bound/positivity preservation [6,12,20,42,43], energy dissipation
and mass conservation [16,21,23,39]; the other is to efficiently deal with the strong nonlinear coupling for the fluid flow.
Most existing methods mainly focus on the positivity preserving with a particular spatial discretization and usually lead
to strict CFL restrictions on the time step [8,10,11,19,34]. Although there exist some unconditionally positivity-preserving
schemes for the KS equations, such as the linear finite-volume scheme in combination with the upwind technique for KS
equations in [47], it can only achieve first-order accuracy both in time and space, see also [1] for a nonlinear finite-volume-
based scheme with the upwind technique; Shen and Xu [39] constructed numerical schemes for the classical and modified

KS systems with a gradient flow structure by rewriting the term Ap as V - (Vf[,,((p”)) ), where f”(p) = ﬁ, however, the en-
ergy stability is proved only for the first-order scheme, see [9] for a related work; a new class of bound/positivity preserving
and energy stable schemes by combining SAV approach and the function transform approach were proposed in [23] for KS
equations.

On the other hand, to deal with the strong nonlinear coupling for the fluid flow in the classical chemotaxis-fluid model,
the vorticity formulation was used in [8] and [13]; a particle method combining with the finite volume method based
on semi-implicit pressure was proposed in [18]; an operator splitting-type NS solver was used in [34] and the pressure-
correction scheme was used in [19]. However, almost exclusively these schemes are restricted to first- or second-order
accuracy in time. Very recently, Huang and Shen [24] constructed high-order semi-discrete-in-time and fully discrete (with
Fourier-Galerkin in space) schemes for the incompressible NS equations with periodic boundary conditions, and carried out
corresponding error analysis. Furthermore, this method was generalized to the non-periodic boundary conditions [45] in
combination with consistent splitting schemes [15].

A main purpose of this paper is to construct a class of fully decoupled, bound/positivity preserving schemes for the
PKS-NS system by combining the distinctive advantages of the methods presented in [23,24,26,45,48]:

e For the bound/positivity preservation, energy dissipation and mass conservation, we employ the approach in [23].
Namely, a suitable function transform is proposed first to keep the bound/positivity of the density solution, and then
the generalized SAV approach is adopted to retain the energy dissipation and mass conservation. Different from the SAV
scheme in [23,25], we introduce a relaxation factor to penalize the numerical error of the auxiliary variable [26,46,48].
This makes its modified energy closer to the original energy and improves its accuracy further.

e For the strong nonlinear coupling, we construct high-order semi-implicit SAV schemes based on the k-th order BDF-
Adams-Bashforth schemes as in [24,45]. In the case of periodic boundary conditions, the pressure can be explicitly
expressed as a function of the velocity so the method in [24,25] can be applied directly for the NS part. For non-
periodic boundary conditions, we employ the consistent splitting approach and generalized semi-implicit SAV schemes
as in [45].

The resultant schemes are totally decoupled, only requiring to solve a sequence of linear equations with constant coefficients,
can be high-order in time and preserve essential properties of PKS-NS system.

Another main purpose of this paper is to use the proposed schemes to numerically investigate if solutions to the PKS-NS
system exist globally or would blow up in finite time when M, > 8.

The rest of paper is organized as follows. In Section 2, we introduce the PKS-NS system and state some basic properties.
In Section 3, a class of bound/positivity preserving generalized SAV schemes with relaxation (R-GSAV) are proposed in detail.
Firstly, function transform for the PKS part of the system are proposed, and then decoupling techniques for the NS part are
presented, followed by the fully decoupled R-GSAV scheme. Moreover, we show that these schemes enjoy bound/positivity
preservation, unconditionally energy dissipation and mass conservation. Next, we validate these properties and the accuracy
of the proposed scheme, simulate the chemotactic non-aggregation and aggregation with a saturation concentration, as well
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as study the blow-up phenomenon by a series of numerical tests in Section 4. We end the paper with some concluding
remarks in Section 5.

2. The PKS-NS system

We consider the following PKS-NS system:
ap

¥+u-Vp=Ap—v-(n(p)vC), (2.1)
— Ac=—ac+p, (2.2)
9

a—l:+u-Vu+Vp:vAu+ch, (2.3)
V.-u=0, (2.4)

with initial conditions

Plt=0 = po, Ulr=0 = Uo, (2.5)

in a bounded domain 2 c R? and a time interval [0, T] with a finite time T, and with either

e periodic boundary conditions for all quantities; or

e the no-flux boundary condition for the cell density p, the homogeneous Neumann boundary condition for the concen-
tration of chemoattractants ¢, and the no-slip boundary condition for the fluid velocity u:

d

%€ —0, u=0, onaQ, (2.6)
on

where n is the outward unit-normal to the boundary 9<2.

ap ac
_~ — =0,
on n(p)an

The function 7(p) > 0 describes the concentration-dependent mobility. It is a smooth function with 7(0) = 0. The coefficient
o > 0 represents the consumption rate of the chemoattractant. Note that when o =0, the equation (2.2) should be adjusted
as —Ac=p — (p) with (p) = ‘1@ Jqo pdx, due to the compatibility with the boundary conditions involved [14,27,33,36]. The
first two equations are the PKS equations with a transport term due to the fluid velocity, in which the first equation reveals
the time evolution of the cell density subjected to aggregation induced by chemoattractant c, diffusion caused by random
Brownian motion, and transportation by fluid flow u, while the second equation describes the connection between the cell
density p and the chemoattractant c. The last two equations are the Navier-Stokes equations with viscosity coefficient v
and a friction force pVc on the moving cells and reaction forces act on the fluid [14].
It can be easily shown (see below) that PKS-NS system is dissipative with the following free energy

1 1
Etot(p, c, 1) =f (f(p) — pc+ 5|Vc|2+%c2 + 5|u|2> dx (2.7)
Q

where the function f(p) is determined from f”(p) = ﬁ.
Several typical choices of 7(p) and the corresponding function f(p) are as follows:

1. The classical PKS-NS system: 1(p) = p. We can choose f(p) = plogp — p with p € (0, +00) [35].

2. The PKS-NS system with a bounded mobility: n(p) = ﬁ (k > 0) [42,43]. In this case, we set f(p) =plogp—p+%p?
with p € (0, +00).

3. The PKS-NS system with a saturation concentration: n(p) = p(1 — %), here M > 0 is the saturation concentration, and
the mobility tends to zero when it is near saturation [12,20]. We can set f(p) = plogp + (M — p)log(1 — %) with
p € (0, M).

Hence, the density solution p of the PKS-NS system is positivity preserving in Cases 1 and 2, and bound preserving in Case
3.

Using the identity Ap =V - (f,,;(mvf/(p)), we can rewrite (2.1)-(2.2) as a gradient flow about p and ¢ with an extra
transport term:

ap _ 1 o)) = v SErot
E+u-Vp—V~(f,,—(mV(f ()= 0))=V-(ne)v s ) (2.8)
0=—Actac—p= 8?;‘". (2.9)
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Taking the inner products of (2.8) with 55“” = f'(p) —c and of (2.3) with ‘SE“” = u, integrating by parts, thanks to V-u =0,
we find

ap OE

(2. 2~ / oIV ;"Wzdx—(u-w,p), (2.10)
Q

du SE

(—" ;"‘) /v|Vu|2dx+(ch, u). (2.11)

Q

Summing up equations (2.10) and (2.11), we immediately obtain the energy dissipative law

dE
Folo. W) [(n(p)w g2 +v|VuI2> dx. (2.12)
dt sp
Q

Integrating (2.1) over 2, we deduce that

d

— =0. 21

dt/,odx 0 (213)
Q

Remark 2.1. We note that the PKS-NS system with u = 0 reduces to the classical PKS model. In Case 1, i.e, n(p) = p, it
is known that the density o of two-dimensional PKS model can blow up in finite time if the initial mass M, exceeds a
threshold [16,27,36].

3. Bound/positivity preserving R-GSAV schemes

We first use a suitable function transform for the cell density so that the bound or positivity of the cell density can
always be preserved, and then describe decoupling techniques for the NS part, followed by constructing fully decoupled R-
GSAV schemes which enjoy following properties: the bound/positivity preservation, unconditionally energy dissipation and
mass conservation.

3.1. Function transform for the cell density p

For preserving positivity in Cases 1 and 2, we set

p =exp(v). (3.1)
Substituting the above into (2.1), we get

a—V+qu=Av+|Vv|2—Lv-(n(p)w). (3.2)

at exp(v)

For preserving the bound (0, M) in Case 3, we use the function transform
M M
p= > tanh(v) + 5 (3.3)

Substituting this transform into (2.1), we obtain

v tanh” (v) 5
Lt u-Vv=Av+ ——— Vv —

o tanh’(v) V- (m(p)Vo). (34)

M tanh’(v)
3.2. Decoupling techniques for the velocity u and pressure p

Since the NS equations with different boundary conditions require different decoupling techniques for the velocity u and
pressure p, we consider periodic boundary conditions and non-periodic boundary conditions, respectively.

For periodic boundary conditions, we can explicitly eliminate the pressure as follows. Taking the divergence on both
sides of (2.3) and (2.4), we have

—Ap=V-(u-Vu-pVo), (3.5)
Vp=—(u-Vu—pVc)—A(m-Vu—pVo), (3.6)
where A is a linear operator in L(Z)(Q) ={vel?(Q): fg vdx = 0} defined by

4
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Av:=V xVx A lv, Vveli(Q). (3.7)
0

Hence equations (2.3) and (2.4) reduce to

0
8—1; =VvAu+A@-vVu— pVvo). (3.8)

Therefore, we can obtain the velocity u from (3.8) and the pressure p from (3.5).
In the case of non-periodic boundary conditions, we adopt the consistent splitting approach [15,45] which is based on
replacing the divergence free condition (2.4) by the following pressure-Poisson equation in the weak form

(Vp,Vqg) = (vAu—u-Vu+ pVc, Vq)
=(—vWxVxu—u-Vu+pVc,Vq), VqeHY(Q). (3.9)
Then, we can decouple the velocity u and pressure p by semi-implicit schemes for equations (2.3) and (3.9) described in
the next subsection.

3.3. Fully decoupled R-GSAV schemes

To avoid repetition, we present the schemes for the PKS-NS system with non-periodic boundary conditions (2.6). The
case of periodic boundary condition is much simpler and can be dealt with similarly.

To fix the idea, we consider positivity preserving, i.e., n(p) = p, the case of bound preserving can be treated similarly.
In this case, f(p) = plog(p) — p is strictly convex and E(p, ¢, u) is bounded from below. Hence, there exists Co > 0 such
that E(p, c,u) := Etot(p, ¢, u) + Co > 1. Following the paper [25], we introduce a SAV

r(t) =E(p,c,u), (3.10)
after applying the function transform (3.1) for the cell density p, then we expand the PKS-NS system as

8V+u Vv=Av+|Vv]? V-m(p)Vc) (3.11)
ot - xp(V) np s .

— Ac=—ac+p, (312)
ou

§+u-Vu+Vp:vAu+ch, (3.13)
dr _ L Gp.couw (3.14)
i~ Ep.ocw oM '
(Vp,Vq) =(—vV xVxu—u-Vu+pVe,Vq), VYqeH(Q), (3.15)

where G(p,c,u) = fQ (n(p)|V6§%|2 + v|Vu|2)dx >0, and the boundary conditions are

av ac ac
exp(v)ﬁ—r)(,o)a—nzo, a_n:O’ u=0, onoQ. (3.16)

We construct k-th order fully decoupled and bound/positivity preserving R-GSAV schemes for the above system as follows.

Scheme 3.1 (k-th order fully decoupled and bound/positivity preserving R-GSAV schemes). Given (v, pd, ci, ui, ri, pi), j=n,n—
1,...,n—k+1, we find (v?+1, pnt1 1 ynt1 i+l pntly 55 follows:

vt — Ap(v"
oV = AWV A pnt gt vy (VB ()2

8t
1
ey DT 3.17
exp (Br(v™)) (n(Br(p™)VBk(c™) -
n+1 .
(expBev) 2 — (Be(p") ) g — 0,
on on
Pt =exp(v't1), y
n1 _ Jo Ak(p")dx
A — W’ -

pn+1 — )\'n+1 pn+]’ (320)
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Fig. 1. Example 1: The convergence rates of positivity preserving Scheme 3.1 in the L2-norm for the periodic PKS-NS system.
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3rd reference
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Setrerence Zndreference e
1010 1010 40119
14 16 18 2 22 24 26 28 3 32 14 16 18 2 22 24 26 28 3 32 14 16 18 2 22 24 26 28 3 32
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(a) first-order scheme (b) second-order scheme (¢) third-order scheme
Fig. 2. Example 2: The convergence rates of bound preserving Scheme 3.1 in the L2-norm for the non-periodic PKS-NS system.
—n+1 —n+1 n+1 aEn+l
—ACTT Hac T =p" la =0, (3.21)
on
—n+1 -
au — Agu) ntl _ —n Tgan+
= VAW —B " - vu") — VBi(p") + p" vt
st (3.22)
n+1
lag =0,
g (s +1 gt g
=— G, " u, (3.23)
St E(@™, e )
1_ G 1 1\k
n+ n+ _ (1 _ £n+
§ = ﬁm)! me =1-(1-¢£"), (3.24)
n+1 __ n+1=n+1 n n+1 n+]
T=p 0T, =1, (3.25)
n+1 n+1n+1 n+1 n+1 .n+1 . n+1
=TT (A= )EET T uT), (3.26)
and
(VP Vg) = (—vV x V x u™ —u" vt 4 oMy vg), vge H(Q), (3.27)
where §”+1 € [0, 1] is a parameter to be determined in the admissible set
n+1 _ >n+1 n+1 —n+1 —n+1—n+1
—-T M G(p u)
_ _ .+l n+1 o+l ntl
V= [; €10, 1.t ———— = —y"1G(" T M) 4 ForT T = = ] (3.28)

with ™1 > 0 to be determined so that V' is not empty. In the above ay, Ay and By (k= 1,2, 3) are given by:
first-order scheme:

ar=1, A (v')=v", By (w")=w"

second-order scheme:
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Fig. 3. Example 3: Evolutions of max p, min p, mass of p, and total energy E;, with initial data (4.3).

3 1 .4

=2, Ay (V) =2v" — SV By (w") =2w" —w" !
third-order scheme:
11 n n 3 n—1 1 n—2 n n n—1 n—2
a3 = Az (V) =3v"— v 4 vPA B (wh) =3w" = 3w 4w

6’ 2 3
The formulae for k =4, 5,6 can be derived similarly.
Remark 3.1. We emphasize that Scheme 3.1 is totally decoupled, and can be solved consecutively. In fact, the main compu-

tational costs are (i) Solving v"*! from (3.17); (ii) Solving a1 from (3.22); and (iii) Solving p™*! from (3.27). Note that
these are all elliptic equations with constant coefficients so they can be solved very efficiently.

We now discuss how to determine {”“ and y"*1. Plugging the equation (3.26) into (3.28), we observe that if we choose
¢! and y"™*! such that
( n+1 E(pn-H n+1 un+1)) ;61+1 =fn-H _ E(pn-H Cn—H un-H) _ 6t)/"+1G(,0n+1 Cn+1 un+1)

i+l G(ﬁn—H —n+1 ’ ﬁn-H)

+ 5t (3.29)

(—n+1 —n+1 un+1) ’

then, g5t e V.
The choice of ;"“ and y™1 as well as properties of Scheme 3.1 are summarized in the theorem below.

Theorem 3.1. We choose ¢! in (3.26) and y"+' in (3.28) as follows:

rn+lc(—n+1 =n+1 n+1)

1_ 1 1 1 n+1 _ +1
1 If”:n+ - E(pn+ ) Cn+ n+ ) we Sff’tf =0and yn (7n+1 =n+1 —n+1)G(pn+1 ch+1 un+1)
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Fig. 4. Example 3: Snapshots of the cell density p for the chemotactic non-aggregation. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

+1 n+1 .n+1 n+1 n+1 _ n+1 _ Fn+1 —E(p"“,c”‘*'],u”“) ;n+lc(ﬁn+1fn+l’ﬁn+l)
2.7 > E(p", ML u ), weset ¢ =0and y"t = ST Tty T F G 2T (it T )

;n+1c(ﬁn+1fn+l,ﬁn+l) n+1 1+l
WEO,WCSCI’CO =0and)/ S

3. If’;erl < E(p"+l,cn+l,u”+l) and fn+1 _ E(,O'H],C'H],u'hq) + 8t
?"+1—E(/)”+1,C"+1,u"+1) ;n+1c(ﬁn+lfn+l,in+l)
rStG(p”“ !Cn+1 ,un+1) + E(ﬁn+1 ,EH'H ’ﬁ"‘f’] )G(p"+1 ,C”+1 ,u”“) .

4. If ?11+l < E(pn+l’ Cn+1, un+l) and ;n+1 _ E(pn+l, Cn+l’ un+1) + St

F"+lc(ﬁn+1,fn+],ﬁ"+l) n+1
W<O,W€S€t§0 =1 -

Stint1 G(ﬁ"“ ,E"H jn-ﬁ-l) n+1
S it gt nH1_ il gntly_ntl and y =0.
EQ™ . ) (E(en T et =it

Then, (3.29) is satisfied in all cases above and ;6'“ € V. Besides, given pJ > 0 such that

/,ojdx=/,0°dx, j=nn—-1,...,n—k+1. (3.30)
Q Q
The Scheme 3.1 is uniquely solvable and satisfies the following properties unconditionally:
e Positivity preserving: p"+1 > 0.

e Mass conserving: [o, p"ldx = [, p%dx.
e Given " > 0, we have r"t! > 0, £"t1 > 0, and the Scheme 3.1 is unconditionally stable in the sense that the modified energy

satisfies

S N —5tyn+1G(,0n+1 Neany un+1) <0. (3.31)
Moreover,

P < B e gty v, (3.32)
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Fig. 5. Example 4: Evolutions of max p, min p, mass of p, and total energy E with initial data (4.4).
o There exists a constant My, > 0 such that

1
/<§|VC”|2+%(C")2>dx§M,%, Vi, (3.33)
Q

Proof. From (3.18), we have p"*! > 0.
Based on (3.30) and the definition of coefficients o, and Ay, we have

/ Ar(pMdx = oy f pldx. (3.34)
Q Q
Followed by (3.34) and (3.19), we obtain
Antl / P ldx = / pldx. (3.35)
Q Q

Thanks to p"*! > 0, we know that A"*! > 0. Then (3.20) implies p"*! > 0. Therefore, we derive that [, p"*ldx = [, p%dx
Given r" > 0, it follows from (3.23) that
rn
7l = >0 (3.36)

G(p"'H —n+1 n+1) -

1+5fm

since that G(p"!, e, @™*") > 0 and E@™', "1, ") > 0. Then (3.24) implies "' > 0 and (3.26) implies r"+' > 0.
Additionally, we get (3.31) by combining (3.23) and (3.28).
In Cases 1-3, we have ¢ =0 so ! = E(p" " "), In Case 4, due to ¢! =1 -

n+1 - Hh+1 —n+1 n+1
B G(p ) €[0,1] and 71 < E(p™!, "1 w1, we know that "1 < E(p™t1, "1 u"t1) from

E(p"“ “n+1 —n+1)(E(pn+1 Cn+1 1y

(3.26).
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Fig. 6. Example 4: Snapshots of the cell density p for the chemotactic aggregation with a saturation concentration.
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Fig. 7. Example 5: Evolutions of max p of the PKS system and PKS-NS system with initial data (4.5).
We denote Mg :=1% = E(po(-,0), c(-,0), u(-,0)) and have 7! < My (Vn) from (3.31) and (3.36). Setting
o 1 1 o
Etor(p", ", u") = / <f(p”) - p"c"+Z<c”>2 +5 |u“|2> dx + f <§|Vc"|2+z(c”>2> dx
Q Q

=E1(p", c", u™) + Eo(c),

since f(p") = p"log(p™) — p" is strictly convex and Eq(p",c", u") is bounded from below, there exists Co > 0 such that
E1(p", c",u™) + Co > 1 for all p" and c". Then we derive from (3.24) that
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Fig. 8. Example 5: Evolutions of min p, mass of p, total energy Et., and kinetic energy of the PKS-NS system with initial data (4.5).

il M
|EMT )= < 9 (3.37)

CE@EL Lt T @t +1

For 77,':“ =1-(1- g"“)k, there exists a polynomial Py_; of k—1 and a constant My > 0 such that

My
| n+1 |:| gﬂ“rlp _ (%«ﬂ#’]) |S _ . (3.38)
g ! Eo@*T) +1

Indeed, ~/A < A +1 for all A > 0. Therefore, we derive from (3.25) that

VEo( ) =[ it [\ Eo@ ) < My.

That is,
1 o
[ <§|VCH|2 + Z(c”)2> dx < M,f, vn,
Q
which completes the proof. O

Remark 3.2. Note that in most cases, we can choose {3“ =0 which implies that r"*1 = E(p™*1, ¢"*1 u"*1), Then, we can
derive from (3.31) and (3.32) that

E(pﬂ+1 Cn+1 un+]):rn+1 < <E(,0n ch un)
i.e,, the original energy is also dissipative when {S“ =0.
We note that the above result carries over to fully discretized versions of Scheme 3.1 using Galerkin-type spatial dis-

cretizations with consistent discrete integration by parts.

11



X. Huang and J. Shen

265

10°®
1.5

Journal of Computational Physics 480 (2023) 112034

24.6692

24,6691

24.669

24.6689

24.6688 |

24,6687

24.6686
1

24,6691

24.66905

24.669

24.66895

24,6689

24.66885

24,6688

24.66875

24.6687

107

35

09 - ’//;~; 09 — ) 09 o ey
N\ 7 ) 6 / N Co) / B 6
o 2N ) wl —0\) (O 2 (R oo} NN WLE4
NS ~— — o 4 P — & N N — 4
07 RN : 77\ 07 / ~ \ 7N 07 DN z 7l
( N\ ) ( ( 05 / )
06 @;b ) C; /) * osf N\ ) 5:/) 06 \(},) \ Q,, / #
05 - 0 05 0 05 0
o4 /;\\ /H\\\ 2 04 | ’/;’ \/;\\\ 04 Fs . 77—)7 \\‘ ( <AV \ 2
oaf || (v/// / J (, ) 03 “; \\/),/ \\\\)/,r‘ R 03 ‘\\(7//// \ 8(
7 NI/ E N\ g 7 e -
02 / )> ( 3 02 // ) ( N , 02 /_\, / o 0
01 ~/) \N—"/ 2 01 I i | St 01 & = A, N o 2
% 02 04 06 08 = % 02 04 06 08 = . 02 04 06 08 =

(g) vorticity(t=0.1)

Fig. 9. Example 5: Snapshots of the cell density p, fluid velocity u, and vorticity contours of the PKS-NS system with initial data (4.5).

4. Numerical experiments

(h) vorticity(t=0.2)

(i) vorticity(t=0.8)

In this section, we first carry out some numerical experiments to confirm the accuracy of our fully decoupled R-GSAV
schemes for the PKS-NS system (2.1)-(2.5). Then, we provide two numerical examples to simulate the chemotactic non-
aggregation and aggregation with a saturation concentration, as well as to validate the properties of bound preserving,
energy dissipation and mass conservation. Finally, we present a series of numerical examples to investigate chemotactic
blow-up of the PKS-NS system, and to validate the property of positivity preserving.

In all computations below, we use Fourier spectral method [3] in the directions with periodic boundary conditions, and
the Legendre-Galerkin method [38] in the directions with non-periodic boundary conditions.

4.1. Accuracy test

We start by checking the accuracy of Scheme 3.1 (k=1, 2, 3) for the PKS-NS system subject to different coefficients and
boundary conditions.

Example 1. The PKS-NS system with n(p) = p, o =0and v =1in Q = (0, 2) x (0, 2) with periodic boundary conditions. We set
exact solutions as follows

12
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Fig. 10. Example 5: Vector plots of the fluid flux pu, chemotactic flux —Vp + pVc and total flux pu — Vp + pVc of the PKS-NS system with initial data
(4.5).

7000 7000
[——Max] : [——Max] .
toass | t0.41
6000 e 6000 ot
5000 5000
4000 4000
< <
© ©
£ £
3000 3000
2000 2000
1000 1000
0 0
0 0.1 0.2 0.3 0.4 05 0 0.1 02 0.3 0.4 05
t t
(a) max p of PKS system (b) max p of PKS-NS system

Fig. 11. Example 6: Evolutions of max p of the PKS system and PKS-NS system with initial data (4.6).
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Fig. 12. Example 6: Evolutions of min p, mass of p, total energy E, and kinetic energy of the PKS-NS system with initial data (4.6).
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Fig. 13. Example 7: Evolutions of max p of the PKS system and PKS-NS system with initial data (4.7).

uq = exp(sin(wx)) exp(sin(;r y)) cos(w y) sin?(t),
upy = —r exp(sin(irx)) exp(sin(sr y)) cos(r x) sin? t), (a1)
p = exp(cos(mrx)sin(iwy)) sinz(t), '
p =c=sin(rx)sin(mwy)sin(t) + 1.1.

We apply Fourier-spectral method in space with 32 x 32 modes so that the spatial discretization error is negligible with
respect to the time discretization error. The convergence rates in the L2-norm for the PKS-NS system at T = 1 by using first-
to third-order schemes are shown in Fig. 1, which are consistent with orders of these schemes.
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Fig. 14. Example 7: Snapshots of the cell density p, fluid velocity u, and vorticity contours of the PKS-NS system with initial data (4.7).

Example 2. The PKS-NS system with n(p) = p(1 — %), M=3, a=1andv=0.01in Q= (-1,1) x (—1, 1) with non-periodic
boundary conditions (2.6). We change exact solutions as

ug = 7 sin(wx)? sin(27r y) sin(t),

Uy = — sin(2mwx) sin(yry)2 sin(t), (42)

p = cos(mrx) sin(;r y) sin(t),
p =c=cos(rrx)cos(ry)sin(t) + 1.1.
We use the Legendre Galerkin method in space with 60 x 60 modes. The convergence rates with k=1,2, 3 in the L?-norm

for the PKS-NS system at T =1 are plotted in Fig. 2. We observe that all the convergence rates are consistent with the order
of the corresponding scheme.

4.2. Simulations of the chemotactic non-aggregation and aggregation

To validate the property of bound preserving for the cell density, we fix n(p) = p(1— %) with a saturation concentration
M = 50 for the PKS-NS system (2.1)-(2.5) in a bounded domain Q = (0, 27) x (0, 27) with periodic boundary conditions.
Besides, the initial fluid velocity ug = 0, the viscosity coefficient v =1 and the consumption rate o = 0 unless otherwise
specified. We use the Fourier-spectral method in space with 128 x 128 modes, and first order Scheme 3.1 (k = 1) with time
step 8t =103 for simulations in this subsection.
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Fig. 15. Example 7: Vector plots of the fluid flux pu, chemotactic flux —Vp + pVc and total flux pu — Vp + pVc of the PKS-NS system with initial data
4.7).

Example 3. Chemotactic non-aggregation. Initial conditions are given by

1
- Z((x—n)2+(y—n)2)). (4.3)
The simulation is carried out until the system reaches the steady state at t = 8. Fig. 3 displays evolutions of max p, min p,
mass of p, and total energy E:y;. We observe that p remains in the interval (0, M), the total energy is dissipative, and the
mass of p is preserved at all time. Several snapshots of the cell density p are shown in Fig. 4. We observe that in this case
there is no chemotactic accumulation for cells.

p(x,y,0)=2exp(

Example 4. Chemotactic aggregation with a saturation concentration. We change the initial conditions to

1
p(x,y,0)=4exp(— Z((X—n)2+(y—7r)2)), (4.4)

with a larger total mass of the cell density so that chemotactic accumulations could occur. Evolutions of max p, min p,
mass of p and total energy E:y are presented in Fig. 5. We observe that p still remains in the range of (0, M), the total
energy is dissipative, and the mass of p is conserved. Snapshots of the cells density are shown in Fig. 6 which indicates
that the cells accumulate until the density reaches the largest concentration M = 50.
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Fig. 16. Example 8: Evolutions of max p and kinetic energy of the PKS-NS system with different v and uy.

4.3. Investigation of the blow-up phenomenon

We consider the PKS-NS system (2.1)-(2.6) with n(p) = p, the viscosity coefficient is v =1 unless otherwise specified.
We start with the initial fluid velocity ug = 0, and compare the results obtained by the PKS-NS system with those by the
PKS system (u=0) to explore the influence of the fluid flow on the chemotactic blow-up.

Example 5. Global existence with M, ~ 24.67 < 8w. According to the existence condition of the PKS-NS system in [14], i.e.,
the total mass of cells M, is strictly less than 87, we set the initial cell density as

p(x,y,0) =50exp (—5((x — 0.5)% + (y — 0.5)%)), (4.5)

where the total mass of cells M, ~ 24.67 in Q = (0,1) x (0,1). We apply the Fourier-spectral method in space with
128 x 128 modes, and use the first order Scheme 3.1 (k= 1) with 8t = 10~3 to solve the PKS-NS system. Maxima of p
of the PKS system and PKS-NS system are shown in Fig. 7. It is clear that the two maxima of p gradually decrease and
reach their steady states almost simultaneously. Fig. 8 displays evolutions of min p, mass of p, total energy Ey, and kinetic
energy of the PKS-NS system. We observe that the value of p remains non-negative, the mass of p is preserved, and the total
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Fig. 17. Example 8: The cell density p, fluid velocity u, and vorticity contours of the PKS-NS system with different v and ug at t =0.176.

energy is dissipative, the kinetic energy fluctuates for a short period of time initially but quickly becomes stable. Snapshots
of the cell density p, fluid velocity u and vorticity contours are shown in Fig. 9, and the fluid flux pu, chemotactic flux
—Vp + pVc and total flux pu— Vp + pVc are shown in Fig. 10.

Example 6. Blow-up with M, ~ 27.23 > 8. In order to explore the chemotactic blow-up, we increase the total mass of cell
density to M, &~ 27.23 by changing the initial cell density as

p(x,y,0) =130exp ( — 15(x* + y?)) (4.6)

in the domain Q = (—1,1) x (—1, 1). To ensure the reliability of the numerical results, we refine the mesh with 500 x 500
modes. We use the first order Scheme 3.1 (k=1) with §t =107>.

We observe in Fig. 11 that maxima of p of the PKS-NS system and PKS system both increase continuously, and eventually
blow up in finite time. The blow-up process of the PKS-NS system is very similar to that of the PKS system in the sense
that evolutions of their cell density maxima are similar. As pointed in [35], “in the radially symmetric class, the PKS-NS
system is decoupled which can be seen from the dynamics of the second moment and PKS system itself can develop finite
time singularities in the case M, > 87”. We recall that the numerical result in [33] indicated that solutions to a PKS-Stokes
model did not blow-up with initial mass M, ~ 27.

Moreover, we observe in Fig. 12 that the positivity of p is preserved, the mass of p is conserved, and the total energy is
dissipative in the whole process, the kinetic energy fluctuates greatly but at very small magnitude.
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Fig. 18. Example 9: Evolutions of max p, min p, total energy Eq, and kinetic energy of the PKS-NS system with n(p) = ﬁ.

Example 7. Blow-up with M, ~39.96 > 87. Next we study the blow-up with a larger M, by setting the initial cell density
to

p(x,y,0) =8Texp(—5((x— 0.5 + (y — 0.5)%)) (4.7)

in the domain Q= (0, 1) x (0, 1). We use the Fourier-spectral method in space with 400 x 400 modes, and the third order
Scheme 3.1 (k =3) with 8t = 10>, Fig. 13 indicates that, for both PKS system and PKS-NS system, the magnitude of max
p increases rapidly after an initial time interval, and blows up in finite time. Fig. 14 (a)-(c) reveal that the cell density p
accumulates toward the center as time increases. Distributions of fluid velocity u, and vorticity contours are displayed in
Fig. 14 (d)~(f) and (g)-(i), and the fluid flux pu, chemotactic flux —Vp + pVc and total flux pu— Vp + pVc are shown in
Fig. 15.

Example 8. The influence of the viscosity and initial fluid velocity on the blow-up. First, we compare the results with viscosity
coefficient v = 1, 10—, but keep other parameters the same as those in Example 7. Fig. 16 shows evolutions of max p
and kinetic energy of the PKS-NS system with different parameters. We find that when the viscosity coefficient of the fluid
is changed from v =1 to v = 1074, the kinetic energy has increased and its evolution form has changed. But there is no
significant effect on blow-up by the change of viscosity. Fig. 17 displays the cell density p, fluid velocity u, and vorticity
contours of the PKS-NS system with different parameters at t = 0.176. We observe that the small viscosity increases the
fluid velocity and makes the fluid more chaos, but has little effect on the chemotactic blow-up.

Next, we increase the initial fluid velocity to ug = (5;5), but keep other conditions the same as those in Example 7.
We observe in Fig. 16 that when the initial fluid velocity is changed from ug = (0; 0) to ug = (5; 5), the kinetic energy has
increased significantly, while the evolution form has hardly changed. In addition, the evolution of max p also has hardly
changed. However, the concentration point of the cell density shifts from the center of the area due to the given initial fluid
velocity.

Example 9. Prevention of blow-up with n(p) = ﬁ. In this example, we investigate whether a concentration-dependent

mobility would prevent blow-up. We set n(p) = 7 fK 5 and k = 0.01 for the PKS-NS system, but keep other parameters
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Fig. 19. Example 9: Snapshots of the cell density p, fluid velocity u, and vorticity contours of the PKS-NS system with n(p) = 2

T+kp*

the same as those in Example 7. We use the Fourier-spectral method in space with 300 x 300 modes, and the first order
Scheme 3.1 (k=1) with 8t =10~* to solve this PKS-NS system.

Evolutions of max o, min p, total energy E;, and kinetic energy are presented in Fig. 18. It indicates that the maximum
of p keeps decreasing until it reaches a steady state. Additionally, the positivity of p is preserved, and the total energy is
dissipative. Fig. 19 shows snapshots of the cell density p, fluid velocity u, and vorticity contours. We observe that there is no
chemotactic accumulation for cells. In other words, the blow-up in Example 7 is prevented with a concentration-dependent
mobility.

5. Concluding remarks

We developed in this paper a class of efficient and accurate semi-discrete-in-time schemes for the PKS-NS system. These
schemes enjoy the following remarkable features:

bound/positivity preserving for the cell density through a suitable function transform;

fully decoupled and require only solving a sequence of linear equations with constant coefficients;
unconditional energy dissipation with a modified energy and mass conservation;

can be higher-order accurate; and

can be combined with any consist Galerkin-type discretization in space.
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We carried out a host of numerical tests to validate our schemes, and simulated the chemotactic non-aggregation and
aggregation with a saturation concentration, and investigated blow-up phenomena of the PKS-NS system. Our numerical
tests indicate that solutions to the PKS-NS system globally exist when the total mass of cells M, is strictly less than 87w,
and can blow up in finite time when M, > 8. Besides, the blow-up phenomenon is very similar to that of the PKS system
without flow in the sense that evolutions of their cell density maxima are similar. On the other hand, the blow-up of the
PKS-NS system can be prevented with a concentration-dependent mobility function 7(p). Our numerical results also indicate
that smaller viscosity and larger initial velocity did not have much effect on the blow-up, at least for the parameter ranges
that we simulated. However, whether the blow-up would be suppressed with even stronger fluid flow requires further
investigation.

CRediT authorship contribution statement
All authors have contributed equally on this paper.
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Data availability
No data was used for the research described in the article.

References

[1] L. Almeida, F. Bubba, B. Perthame, C. Pouchol, Energy and implicit discretization of the Fokker-Planck and Keller-Segel type equations, Netw. Heterog.
Media 14 (1) (2019) 23-41.
[2] G. Arumugam, ]. Tyagi, Keller-Segel chemotaxis models: a review, Acta Appl. Math. 171 (1) (2021) 1-82.
[3] J.P. Boyd, Chebyshev and Fourier Spectral Methods, 2001, New York.
[4] A. Blanchet, J. Dolbeault, B. Perthame, Two-dimensional Keller-Segel model: optimal critical mass and qualitative properties of the solutions, Electron.
]. Differ. Equ. 44 (2006) 1-32.
[5] J. Bedrossian, S. He, Suppression of blow-up in Patlak-Keller-Segel via shear flows, SIAM ]. Math. Anal. 49 (6) (2017) 4722-4766.
[6] A. Chertock, A. Kurganov, A second-order positivity preserving central-upwind scheme for chemotaxis and haptotaxis models, Numer. Math. 111 (2)
(2008) 169-205.
[7] M. Chae, K. Kang, ]. Lee, Existence of smooth solutions to coupled chemotaxis-fluid equations, Discrete Contin. Dyn. Syst. 33 (6) (2013) 2271-2297.
[8] A. Chertock, K. Fellner, A. Kurganov, A. Lorz, PA. Markowich, Sinking, merging and stationary plumes in a coupled chemotaxis-fluid model: a high-
resolution numerical approach, J. Fluid Mech. 694 (2012) 155-190.
[9] W. Chen, Q. Liu, J. Shen, Error estimates and blow-up analysis of a finite-element approximation for the parabolic-elliptic Keller-Segel system, Int. ]J.
Numer. Anal. Model. 19 (2022) 275-298.
[10] G. Chamoun, M. Saad, R. Talhouk, Numerical analysis of a chemotaxis-swimming bacteria model on a general triangular mesh, Appl. Numer. Math. 127
(2018) 324-348.
[11] Y. Deleuze, C.Y. Chiang, M. Thiriet, T.W. Sheu, Numerical study of plume patterns in a chemotaxis-diffusion-convection coupling system, Comput. Fluids
126 (2016) 58-70.
[12] Y. Dolak, C. Schmeiser, The Keller-Segel model with logistic sensitivity function and small diffusivity, SIAM J. Appl. Math. 66 (1) (2005) 286-308.
[13] S. Ghorai, N.A. Hill, Periodic arrays of gyrotactic plumes in bioconvection, Phys. Fluids 12 (1) (2000) 5-22.
[14] Y. Gong, S. He, On the 8w -critical-mass threshold of a Patlak-Keller-Segel-Navier-Stokes system, SIAM ]. Math. Anal. 53 (3) (2021) 2925-2956.
[15] J.L. Guermond, J. Shen, A new class of truly consistent splitting schemes for incompressible flows, J. Comput. Phys. 192 (1) (2003) 262-276.
[16] D. Horstmann, From 1970 until present: the Keller-Segel model in chemotaxis and its consequences I, Jahresber. Dtsch. Math.-Ver. 105 (3) (2003)
103-165.
[17] S. He, Suppression of blow-up in parabolic-parabolic Patlak-Keller-Segel via strictly monotone shear flows, Nonlinearity 31 (8) (2018) 3651-3688.
[18] M.M. Hopkins, LJ. Fauci, A computational model of the collective fluid dynamics of motile micro-organisms, J. Fluid Mech. 455 (2002) 149-174.
[19] X. Huang, X. Feng, X. Xiao, K. Wang, Fully decoupled, linear and positivity-preserving scheme for the chemotaxis-Stokes equations, Comput. Methods
Appl. Mech. Eng. 383 (2) (2021) 113909.
[20] T. Hillen, K.J. Painter, Global existence for a parabolic chemotaxis model with prevention of overcrowding, Adv. Appl. Math. 26 (4) (2001) 280-301.
[21] T. Hillen, KJ. Painter, A user’s guide to PDE models for chemotaxis, J. Math. Biol. 58 (1-2) (2009) 183-217.
[22] AJ. Hillesdon, TJ. Pedley, O. Kessler, The development of concentration gradients in a suspension of chemotactic bacteria, Bull. Math. Biol. 57 (2) (1995)
299-344.
[23] E. Huang, ]. Shen, Bound/positivity preserving and energy stable SAV schemes for dissipative systems: applications to Keller-Segel and Poisson-Nernst-
Planck equations, SIAM J. Sci. Comput. 43 (3) (2021).
[24] F. Huang, J. Shen, Stability and error analysis of a class of high-order IMEX schemes for Navier-Stokes equations with periodic boundary conditions,
SIAM J. Numer. Anal. 59 (6) (2021) 2926-2954.
[25] F. Huang, ]. Shen, A new class of implicit-explicit BDFk SAV schemes for general dissipative systems and their error analysis, Comput. Methods Appl.
Mech. Eng. 392 (2022) 114718.
[26] M. Jiang, Z. Zhang, ]. Zhao, Improving the accuracy and consistency of the scalar auxiliary variable (SAV) method with relaxation, J. Comput. Phys. 456
(2022) 110954.
[27] W. Jager, S. Luckhaus, On explosions of solutions to a system of partial differential equations modelling chemotaxis, Trans. Am. Math. Soc. 329 (2)
(1992) 819-824.
[28] H. Kozono, M. Miura, Y. Sugiyama, Existence and uniqueness theorem on mild solutions to the Keller-Segel system coupled with the Navier-Stokes
fluid, J. Funct. Anal. 270 (5) (2016) 1663-1683.

21


http://refhub.elsevier.com/S0021-9991(23)00129-8/bib04FAF5CBCCF8417FAB07F7457C26B667s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib04FAF5CBCCF8417FAB07F7457C26B667s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib2DCCF43E2E9A9D278C02D64670685F26s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib5EF962D8633383AF8205AE7DC3193F5Ds1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib0C952B44717E66009C441A3E9B6F22D8s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib0C952B44717E66009C441A3E9B6F22D8s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib717CCF977B8A8035C893E6B2BEA19A17s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib1BCEBF8EABF9A27A9D632C0D3653EA95s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib1BCEBF8EABF9A27A9D632C0D3653EA95s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib1B1FFAEAA7D1F23E8BA5D90A5D3D5FD4s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib722D6EB5EB888E74054ECF035385E59Ds1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib722D6EB5EB888E74054ECF035385E59Ds1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibC4C265857783724D8872F7C2ABD0A6AAs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibC4C265857783724D8872F7C2ABD0A6AAs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib58C1665FF408F77B31400A4E7986D29As1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib58C1665FF408F77B31400A4E7986D29As1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib509760FAA5AA5223EF90962F5E7E411Bs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib509760FAA5AA5223EF90962F5E7E411Bs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibEBC2D0E66DE0A374448230A303023BF5s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibDC2174399AE3421A5DB9404CC0650358s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibB1844EF619DF00598E7992F5B70E7016s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib74CF8338266F8BDD84F3F1683FADD433s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib9A00FA7A12ED76B050C414D2814452D1s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib9A00FA7A12ED76B050C414D2814452D1s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib617D748EA88FCD5CCE5E1625154D4341s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib0BD380AB7CF80134D8DC7B790C30A6ADs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib4CB9493A3E31F27D022EDB44444A2D3Es1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib4CB9493A3E31F27D022EDB44444A2D3Es1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib361B6E2F7C34D55DDD8888B617AA3A48s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib72D6BAF26BBF66C5DDD99D8A96AE0C51s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib866782222A1E9D9446ADC8675DC89A5Es1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib866782222A1E9D9446ADC8675DC89A5Es1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibB1B72F7A9D9AF1AA96573C983E82382As1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibB1B72F7A9D9AF1AA96573C983E82382As1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibFDF9D892C7B648F294309314D3374870s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibFDF9D892C7B648F294309314D3374870s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibA891DB7A407B26D408DFA5AF99D69249s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibA891DB7A407B26D408DFA5AF99D69249s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib241F112072C290D0239B069A5173A5F5s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib241F112072C290D0239B069A5173A5F5s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibD178F281B991003D6AF3B930CFB6ABBEs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibD178F281B991003D6AF3B930CFB6ABBEs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibA9A14A0B91C0D20E173C6DF77C10A88Fs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibA9A14A0B91C0D20E173C6DF77C10A88Fs1

X. Huang and J. Shen Journal of Computational Physics 480 (2023) 112034

[29] H. Kozono, M. Miura, Y. Sugiyama, Time global existence and finite time blow-up criterion for solutions to the Keller-Segel system coupled with the
Navier-Stokes fluid, J. Differ. Equ. 267 (9) (2019) 5410-5492.

[30] E.F. Keller, L.A. Segel, Model for chemotaxis, J. Theor. Biol. 30 (2) (1971) 225-234.

[31] A. Kiselev, X. Xu, Suppression of chemotactic explosion by mixing, Archive for Rational Mechanics and Analysis 222 (2) (2016) 1077-1112.

[32] A. Lorz, Coupled chemotaxis fluid model, Math. Models Methods Appl. Sci. 20 (6) (2010) 987-1004.

[33] A. Lorz, A coupled Keller-Segel-Stokes model: global existence for small initial data and blow-up delay, Commun. Math. Sci. 10 (2012) 555-574.

[34] H.G. Lee, J. Kim, Numerical investigation of falling bacterial plumes caused by bioconvection in a three-dimensional chamber, Eur. J. Mech. B, Fluids 52
(2015) 120-130.

[35] C. Lai, J. Wei, Y. Zhou, Global existence of free-energy solutions to the 2D Patlak-Keller-Segel-Navier-Stokes system with critical and subcritical mass,
arXiv preprint, arXiv:2101.08306, 2021.

[36] T. Nagai, Blowup of nonradial solutions to parabolic-elliptic systems modeling chemotaxis in two-dimensional domains, J. Inequal. Appl. 6 (2001)
37-55.

[37] CS. Patlak, Random walk with persistence and external bias, Bull. Math. Biophys. 15 (3) (1953) 311-338.

[38] J. Shen, Efficient spectral-Galerkin method I. Direct solvers of second- and fourth-order equations using Legendre polynomials, SIAM ]. Sci. Comput.
15 (6) (1994) 1489-1505.

[39] J. Shen, J. Xu, Unconditionally bound preserving and energy dissipative schemes for a class of Keller-Segel equations, SIAM ]. Numer. Anal. 58 (3) (2020)
1674-1695.

[40] R. Temam, Navier-Stokes Equations: Theory and Numerical Analysis, Studies in Mathematics and Its Applications, Amsterdam, 1984.

[41] L Tuval, L. Cisneros, C. Dombrowski, C.W. Wolgemuth, J.O. Kessler, R.E. Goldstein, Bacterial swimming and oxygen transport near contact lines, Proc.
Natl. Acad. Sci. 102 (7) (2005) 2277-2282.

[42] ].L. Velazquez, Point dynamics in a singular limit of the Keller-Segel model 1: motion of the concentration regions, SIAM ]. Appl. Math. 64 (4) (2004)
1198-1223.

[43] ].L. Veldzquez, Point dynamics in a singular limit of the Keller-Segel model 2: formation of the concentration regions, SIAM ]. Appl. Math. 64 (4) (2004)
1224-1248.

[44] M. Winkler, Global large-data solutions in a chemotaxis-(Navier-)-Stokes system modelling cellular swimming in fluid drops, Commun. Partial Differ.
Equ. 37 (2) (2012) 319-351.

[45] K. Wu, F. Huang, ]. Shen, A new class of higher-order decoupled schemes for the incompressible Navier-Stokes equations and applications to rotating
dynamics, ]. Comput. Phys. 458 (2022) 111097.

[46] ]J. Zhao, A revisit of the energy quadratization method with a relaxation technique, Appl. Math. Lett. 120 (2021) 107331.

[47] G. Zhou, N. Saito, Finite volume methods for a Keller-Segel system: discrete energy, error estimates and numerical blow-up analysis, Numer. Math.
135 (1) (2016) 1-47.

[48] Y. Zhang, ]. Shen, A generalized SAV approach with relaxation for dissipative systems, J. Comput. Phys. (2022) 111311.

22


http://refhub.elsevier.com/S0021-9991(23)00129-8/bib5D4499CDD468210823C4E37ED5F6ACECs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib5D4499CDD468210823C4E37ED5F6ACECs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib7279657BC38875DA0C9182F69771C0E2s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib60F5C7233B9B156ED35FF8F356D81630s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibC35393DEFC018121370CD36C1B7B2113s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib6D472A02DD4FF0473C452932551AE6DEs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibF2BB0640F2BEDA65394CD36873C56880s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibF2BB0640F2BEDA65394CD36873C56880s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibDB5D08D1DA62E9812C7723CC13D98352s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibDB5D08D1DA62E9812C7723CC13D98352s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib567D4468E76D554C5754BE11EE52C72Es1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib567D4468E76D554C5754BE11EE52C72Es1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibA56F2F1FBDFF1AABEAE8B52223F2B504s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib54315F83BBD91665AB908702D71585B7s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib54315F83BBD91665AB908702D71585B7s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib5CD3B920F5946CE9E132A1692F833BAEs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib5CD3B920F5946CE9E132A1692F833BAEs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib9A749AAF26CF88E9E92639651CE9CC4As1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib406B1E4552D6ECBAADDC086F410C7778s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib406B1E4552D6ECBAADDC086F410C7778s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib7B98BFEA9DF98E51E9E8ABED5BE8494Cs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib7B98BFEA9DF98E51E9E8ABED5BE8494Cs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibE42E75B3B6761017F78B8495F3251FE7s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibE42E75B3B6761017F78B8495F3251FE7s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib9428CD53348AE9E8AB0391F8C8AA9C88s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib9428CD53348AE9E8AB0391F8C8AA9C88s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibFD2ACD7D7A13648D2D33B79FCE290395s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibFD2ACD7D7A13648D2D33B79FCE290395s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib51982FED0089B87BA0FD4AA46A59395Bs1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibBED327F934C3F56DA722A09BEAFF8F82s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bibBED327F934C3F56DA722A09BEAFF8F82s1
http://refhub.elsevier.com/S0021-9991(23)00129-8/bib89E638CA485B0A67D9F35A9D9E4EF1E9s1

	Bound/positivity preserving SAV schemes for the Patlak-Keller-Segel-Navier-Stokes system
	1 Introduction
	2 The PKS-NS system
	3 Bound/positivity preserving R-GSAV schemes
	3.1 Function transform for the cell density ρ
	3.2 Decoupling techniques for the velocity u and pressure p
	3.3 Fully decoupled R-GSAV schemes

	4 Numerical experiments
	4.1 Accuracy test
	4.2 Simulations of the chemotactic non-aggregation and aggregation
	4.3 Investigation of the blow-up phenomenon

	5 Concluding remarks
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	References


