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ABSTRACT. A new set of modified Legendre rational functions
which are mutually orthogonal in L2(0, + ) is introduced. Var-
ious projection and interpolation results using the modified Le-
gendre rational functions are established. These results form the
mathematical foundation of related spectral and pseudospectral
methods for solving partial differential equations on the half line.
A spectral scheme using the modified Legendre rational functions
for the Korteweg-de Vries equation on the half line is investi-
gated. The numerical solution of the scheme is shown to possess
the essential conservation properties satisfied by the solution of
the Korteweg-de Vries equation. The spectral convergence of the
proposed scheme is established.

1. INTRODUCTION

How to accurately and efficiently solve partial differential equations in unbounded
domains is a very important subject since many problems arising in science and
engineering are set in unbounded domains, yet it is also a very difficult subject
since the unboundedness of the domain introduce considerable theoretical and
practical challenges which are not present in bounded domains.

While spectral approximations for partial differential equations (PDEs) in
bounded domains have achieved great success and popularity in recent years (see
e.g. [12, 7, 2]), spectral approximations for PDEs in unbounded domains have
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only received limited attention. Recently, a number of different spectral methods
have been proposed for problems in unbounded domains: a first approach is to use
spectral approximations associated with existing orthogonal systems such as the
Laguerre or Hermite polynomials/functions, see, e.g., Maday, Pernaud-Thomas
and Vandeven [26], Funaro and Kavian [11], Guo [15, 16], Guo and Shen [19],
and Shen [27]; a second approach is to use a suitable mapping to reformulate
the original problems in unbounded domains to singular/degenerate problems in
bounded domains, and then use a suitable Jacobi approximation to treat the sin-
gular/degenerate problems [14, 17, 18]; another class of spectral methods is based
on rational approximations, for example, Christov [8] and Boyd [4, 5] proposed
some spectral methods on infinite intervals by using certain mutually orthogonal
system of rational functions.

Recently, Guo, Shen, and Wang [20] proposed and analyzed a set of Legendre
rational functions which are mutually orthogonal in L% (0, c) with a non-uniform
weight function

X(x)=(x+1)"2

However, the non-uniform weight x (x) may introduce serious difficulties in anal-
ysis and implementation for PDEs with global conservation properties. In partic-
ular, the numerical solutions based on a weighted formulation may not preserve
these conservation properties satisfied. For example, the solutions of some im-
portant nonlinear differential equations, such as the system of conservation laws,
the non-parabolic dissipative systems, the Schédinger equation, the Dirac equa-
tion, and the Korteweg-de Vries equation possess certain conservation properties
which are essential in the theoretical analysis of these equations. Therefore, it
is important that the numerical solutions satisfy as many conservation properties
as possible. However, the numerical solutions based on a weighted formulations
usually will not satisfy any of these conservation properties.

In this paper, we introduce a new set of modified Legendre rational functions
which are mutually orthogonal with the uniform weight x(x) = 1, and so the
numerical solutions possess the essential conservation properties satisfied by the
solutions of original problems. In the next section, we introduce the new set of
orthogonal rational functions induced by the Legendre polynomials, and derive
some of its basic properties. In Section 3, we study several orthogonal projection
operators and derive optimal approximation results associated with them. Since
we are interested in the approximation of Korteweg-de Vries equation that involves
a third-order derivative operator, additional projection operators are needed and
very delicate analyses using special recursively defined operators are introduced.
In Section 4, we study the interpolation operators based on the Gauss and Gauss-
Radau quadratures. In Section 5, we take the Korteweg-de Vries equation on
the half line as an example to show how the modified Legendre rational spectral
method would work for nonlinear problems with essential conservation proper-
ties. A modified Legendre rational spectral scheme is proposed and analyzed. We
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would like to emphasize that it seems impossible to derive a convergence result if
the usual Legendre rational spectral method in [20] is used for approximating the
Korteweg-de Vries equation.

2. MODIFIED LEGENDRE RATIONAL FUNCTIONS

Letusdenote A = {x |0 < x < o0}. For1 < p < o, let
LP(A) = {v | v is measurable on A, and ||[v]|fr < o0},

where

1/p
(j |v(x>|f’dx) L lsp <o,
i =1 \Ua

esssup,.. [V (x)], p = oo.

We denote in particular [|V[lo = [V Iz~ (A)-
Let (u,v) and ||v| be respectively the inner product and the norm of the
space L2(A), i.e.,

(u,v) = JAu(x)v(x)dx, vl = (v,v)"2.

For any non-negative integer m, we set

m _ k _dk_v 2
H™(A) = vlaxv—dxkeL(A),Osksm ,

equipped with the inner product, the semi-norm, and the norm as follows:

m
UV = . @, 0fv), Wl = 1071 v lhmy = (v, 0)30%
k=0

For any real number ¥ > 0, we define the space H" (A) with the norm [|v ||, by
space interpolation as in Adams [1].

We denote by Ly (x) the Legendre polynomial of degree £, which is the eigen-
function of the singular Sturm-Liouville problem

(2.1) Ox (1 = x2) 0,V (x)) + Av(x) = 0,

with the corresponding eigenvalues Ay = £(£ + 1), £ = 0, 1, 2, .... They satisfy
the recurrence relations

2041 ¢
2.2) Ly (x) = e—:l"”(’” — ke, =1,

(2.3) (20 + 1)Ly(x) = dxLpyy (x) —0xLp_1(x), £=1.



184 BEN-YU GUO ¢ JIE SHEN

We also have the following identities:

Le(1) =1, Le(-1) = (-1)¢,

2.4
(24 axLe(1)=%1/’(13+1), OxLyp(~1) = (—1)“1%3(%1).

We define the modified Legendre rational functions of degree € by

Rpx) = Y21 (X_1>, £=0,1,2,...,

x+1 ¢ x+1

By (2.1), Ry(x) are the eigenfunctions of the singular Sturm-Liouville problem
(2.5) (x +1Dox(x(0x((x + Dv(x))) +Av(x) =0, x €A,

with the corresponding eigenvalues Ay = ¢(£ + 1), £ =0, 1,2, .... Due to (2.2)
and (2.3), they satisfy the recurrence relations

20e1x—1p - L g0, 051,

(2.6) Rpa () = oy Re 0+1

(2.7) 220 + 1)Ryp(x) = (x + 1)2(0xRyps1(x) — 0xRp_1 (x))

+ (x + 1) (Rps1(x) = Rp_1(x)).

Furthermore,

(2.8)  lim (e + DRe(xX) =2, lim x0x((x + DR¢(x)) =0,
By the orthogonality of the Legendre polynomials,

(2.9) JA Ry(xX)Rp(x)dx = (# + ;)4 Ot.m»

where 0y, is the Kronecker function. Thus the modified Legendre rational ex-
pansion of a function v € L2(A) is

S 1
v(x) = > DyRp(x), withdy=(€+3)| v(x)Rp(x)dx.
2o ( 2) JA

Let Ré(x) = O0x((x + 1)Ry(x)) and w;(x) = x. By virtue of (2.5), (2.8), and
integration by parts,

-1
(2.10) JAR}/,(X)R}%()()wl(x)dx =0 +1) (19 + %) 80m-
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Hence, {R{lj} form a set of orthogonal rational functions in Lﬁ,] (A).
We end this section with an inverse inequality for the modified Legendre ra-
tional functions. Let N be any positive integer, and

RN =span{Rg,Ry,...,Rn}.

Hereafter, ¢ denotes a generic positive constant, independent of any function and
N.

Theorem 2.1. For any @ € Ry andv =0,
l@ly < cN*[l(x + 1) " @l

Proof- Let A = (=1,1). Then, x = (1 +3)/(1-y) mapsy € Atox €A.
For any @ € Ry, weset ¢ () = @((1+ »)/(1 — »)). Obviously, we can write
Y(y) = %(1 — v)Wn(y) with some function @y € Py, where Py is the set of
all polynomials of degree at most N. By direct computation, we have

1
2.11) Iox @l = ijwyw(y))z(l —y)2dy,
and
(2.12) () = 3 (1= Moy () — 3N ).

Let x(®A) () = (1 = »)*(1 + ¥)B, &, B > —1. By Theorem 2.2 in Guo [17],
(2.13) 10y nllyws < cN2Nllywp, VN € Py.

The above with (2.11) and (2.12) leads to

lox@l? < ¢ jx(awa(y))z(l ~y)idy e [Xw/N(y))z(l ~y)2dy

< eN* [y ()21 = ¥ dy = eN* [ ()2 dy
=cNil(x + D7 |2
Repeating the above procedure, we obtain the result for any non-negative integer

r. Using a standard technique of space interpolation, we obtain the result for
positive non-integer 7. O

3. PROJECTIONS USING MODIFIED LEGENDRE RATIONAL FUNCTIONS

In this section, we study several projection operators on the half line based on the
modified Legendre rational functions.
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The L?(A)-orthogonal projection Py : L*(A) — Ry is a mapping such that
(PNyv —v,p) =0, V@ e Rjy.
We introduce below a sequence of recursively defined Hilbert spaces, which play
an essential role in the analysis of spectral methods based on the modified Legendre
rational functions.
For any non-negative integer ¥, we define

Hj (A) ={v]|vis measurable on A, and [V [y 4, < o},

with the norm
S ri2kak, 2 /2
|v||rA0—(Z 1o + 1) Raky )

For any positive integers ¥, g such that ¥ = g = 1, we define
Hf\q(./\) = {v | v is measurable on A, and [[v ||y 4, < o},
with the norm
Ilvily,a, = l1(x+ Dox((x + D)) llr-1,4, -

For any real positive 7 such that ¥ > g, the space H} (A) is defined by space
interpolation. Let A be the Sturm-Liouville operator in (2.5), namely

AV (x) = —(x + 1)0x (x0x ((x + 1)V (x))).
We can verify by induction that for any non-negative integer m,
2m
(3.1) AM(x) = > (x + D™ Kpr(x)okv (x),

k=1

where py(x) are some rational functions which are bounded uniformly on the
whole interval A. Hence, A™ is a continuous mapping from H3 AH(A) to L2(A).

Theorem 3.1. Foranyv € H), (A) andv = 0,
IPNV = v < N7V lr 4

Proof. We first assume that ¥ = 2m. By virtue of (2.5), (2.9), and integration
by parts,
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20+ 1

Ve= 50+ AU(X)A,Ry(X)dx
20+ 1
= ) ), X0 (X DU ((x + DRy (x)) dx
20 +1
YUY X 1)0x (x0x ((x + v (x)))Ry(x) dx
20+ 1
= mJAAU(X)Ry(X)dx
20+ 1 "
- mJAA v(x)Ry(x) dx,

Therefore, we derive from the above and the definition of H); (A) that

- © A"V (x)Ry (x)dx
IPyv —vl?= > DfIReI* <N D A THE IRII?
{=N+1 {=N+1 ¢

< cN~M|A™y |2 < CN_27||U||12,’A0.
Next, let ¥ = 2m + 1. By (2.5) and integration by parts, we have

s 20+ m

Vy = WJAA "U(X)Rg(X)dX
o 20 + 1
- 2ym+1(g+1)m+1

3 20+1
- 20m+1(f 4 1)m+1

Thanks to (2.9), (2.10), and (3.1),

JA(X + 1)A™V (x)0x (XR}(x)) dx

L\ Ox ((x + 1)A™ v (x))R}(x) w1 (x) dx.

|Pyv — v
< 20+ 1 2
= > —— (] ax((x + DA™V ()R} (x)w; (x) dx
2 20T+ 1)? :(], l )

o0 m 1 2
< on-2men Y (anX((x+l)A v(lxg)Rg(x)wl(x)dx> IRIE.
0N IR},

< eN722m D5, ((x + DA™ )||h,, < eN“2|u|[7 .-
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The proof is complete. O

We now consider the H™ (A)-orthogonal projection Pyt : H™(A) — R,
which is defined by

PV -=v,@)m =0, V@ eRy.
Theorem 3.2. Foranyv € Hzm (A) andd<m <7,
1PV = Vm < cN™ " Vllir,ay,-

Proof. We shall prove the result by induction on m. Clearly, Theorem 3.1
implies the desired result for m = 0. Now, we assume that the conclusion is true
for P]]f[, O<k=<m-1.Givenv € H};m (A), we introduce

(3.2) u(x) =J:(z+1)az((z+1)v(z))dz.

Then 0xu(x) = (x + 1)0x((x + 1)v(x)), and

(3.3) v(x) = (L} (z+ D 'o,u(z)dz + v(O)).

x+1

We also introduce
1 x —-1pm-1
(3.4) @p(x) = m(ﬁ) (z+ D' Py 0zu(z)dz + v(O)).

By the definition of P, there exists a polynomial gn-1 € Pn-1 such that
P o,u(z) = 1/(z + 1)an-1((z — 1)/(z + 1)). Therefore,

P = (j:u +1)2ay (27) dz+v(0)

1 (x=1)/(x+1)
T 2(x+1) (j—1 an-1(y)dy + 2v(0)> ,

which implies that @ € Ry. By the Hardy inequality [22], (3.2)-(3.4), and the

assumption of the induction, we have

00 X 2
(3.5 lle-vl*=< JO (% JO (z+ 1) H(PE o ul(z) — 0;u(2)) dz) dx

< 4J (x + 1) 2P0y u(x) — Oxu(x))?dx
0
< 4IPI 0xu — dxull® < eNP" 2 |oullr oy 4

= NP2 || (o + Dax ((x + D)4,

= cN?"™ 2 |[v Iy a,,-
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On the other hand,

1

W(P oy u(x) — dxu(x))

(3.6) O0xP(x) —0xV(x) =

(x+1)2J (z+ 1) Y(PI 0 u(z) — 0,u(z)) dz.

By an induction argument, we can derive from (3.6) that for 1 < k < m,

X (x) — 0%V (x) = F(x) + Gr(x),

where
k-1 o
Fr(x) = > dj(x + 1) K190 (P o u(x) — dyu(x)),
j=0

Gr(x) = (=1)¥k!(x + 1)7k1 L}X(z + 1) NP0 u(z) - d,u(z)) dz,

with d; being some constants independent of N and u. Thus, by a similar argu-
ment as in (3.5), we can show that for 1 < k < m,

_ _ 2 _ 2
IFkll < clIPF oxu — Oxull-r < eN*" 270wy _y 4, = CN*" 21| |0|[; 4, -
Similarly, we have
2m-2r 2
Gkl < cN vy 4,
Hence,
IPFV = Vilm < @ = Vlim < N[Vl A, -

The proof is complete. 0

When we apply the modified Legendre rational approximation to numeri-
cal solutions of differential equations with boundary conditions, we need to use
orthogonal projections with built-in boundary conditions. To this end, let

HI*(A) = {v | v e H™(A) and 2Xv (0) = 0, for 0 < k < m — 1},

and ’RIVV"’O = Ry N H{"(A). We denote in particular .’R?\, = ’R}\}O
We define the orthogonal projection PK,"’O :HMA) — ,ervn,o by

PV —v,@)m =0, Vo eRF.
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Theorem 3.3. Foranyv € H) (A) N H{"(A) and0 <m <7,
1PNV = Vllm < eN"™ T [0 y,a,,

Proof. We define u(x) as in (3.2), and set
1 * 1 pm—1,0
p(x) = m JO (z+ 1)~ Py_{ o,u(z)dz.

Clearly, @ € Ry°. The desired result follows from the same argument as in the
proof of Theorem 3.2. O

In order to analyze the modified Legendre rational approximation for the
Korteweg-de Vries equation (see Section 5), we need another orthogonal pro-

jection. Let HI™(A) = H™(A) N H}(A). We define the orthogonal projection
P HIM(A) — R, by

(ISKJ"’OU -v,Q)m =0, Ve .’R?V.
Theorem 3.4. Foranyv € H) (A) N HIMA) and0 <m <,
1PV = Vllm < N0 1y 4

Proof. Again we define u(x) as in (3.2), and
Px) = r(z + D)7 9,u(z) dz € RY
x+1Jo N-1 "z N-

Then, the result can be established in the same manner as in the proof of Theorem
3.2. O

We will need another special projection operator in the analysis of modified
Legendre rational interpolations. To this end, we set

Hjio(A) = {v | v is measurable on A, and [[v |, 4, < o},
with
lvlly 4, = Ul(x + D320 v* + lvlIH)!2,
and

Hg(A) = {v | v is measurable on A, and ||V, 5 < 0},
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with
Ivirg = I1(x + 1)0x ((x + D*V)ly_1,4,-

Now, we define the Hjio—orthogonal projection P, : H}xo (A) — RN by
J dx (PYv (x) = v(x))dx @ (x) (x + 1) dx
A

+ JA(ﬁ}Vv(x) —v(x))p(x)dx =0, V@ € Ry.
Theorem 3.5. Foranyv € Hy(A) andv = 1,
IPAu =il 4, < NIVl 5
Proof. Let us denote
u(x) = Jox(z +1)320,((z + 1)*v(2)) dz.

Then, we have
Oxu(x) = (x + 1320, ((x + D*v(x)),

and
v(x) = (x + 1)*2“:(2 +1)7320,u(z)dz + v(O)).

Setting

P(x) = (x + 1)*2(J:(z + D)7 'Pyoa((z+ D)7Y20,u(z)) dz + v(O)),

then, by the definition of Py_7, there exists a polynomial gn-» € Pn-2 such that

1 (x-1)/(x+1)
Q(x) = m({_l quz(Z)dZ-I—ZU(O)).

Using the identity 1/(x + 1) = =3 ((x — 1)/(x + 1) — 1), we find that @ € Ry.
Furthermore, by an argument as in the proof of Theorem 3.2 and the Hardy
inequality, we have

lp —vl|? < L %(JO (z+ 1) N (Py_2((z+1)"120,u(2))

2
—(z+ 1)*”282u(z))dz> dx <
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< g J:(x + 1) 74Py ((x + D720 u(x)) — (x + 1) 720u(x))? dx
< g”PN—l((X +1)720u) - (x + 1) V20ull?

< cN?72||(x + 1)‘”28,(u||i_1’A0

= N2 (x + 1)ox ((x + D*V) ly—1,4, < N> 2|V 11, 5.

Next, we write

Ox@(x) — 0xV(x) = F(x) + G(x),

with
F(x) = m(PN,z((x + 1) 20u(x)) — (x + 1720 u(x)),
G(x) = —ﬁ Jo (z+ 1) N (Py_2((z+ 1) V20,u(z))

—(z+1)"120,u(z)) dz.

It can be shown that

1 + 1)P2FI? < IPN—2((x + 1)7205u) — (x + 1) 71205 ull?

< eN*7|(x + 1)71/26)(””12/71,,40 = CNZ?NH”H?B-
Similarly,

I(x + 13262 < ¢ j: % ( J:(z D) (a2 + 1) 20,u(2))
—(z+ D) V20,u(2)) dz)z) dx

= N* V2
Therefore,
1BYv = v|[f 4 < llo —vllf 4, < Ix + D2E+ O + @ - v
< N> |[ul2 =

Finally, when we use the modified Legendre rational spectral method for non-
linear problems, we may need to estimate the upper-bounds of various orthogonal
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projections. In particular, the following result will be used in Section 5.

Theorem 3.6. Let 0 < p < m — %, with a positive integer m. Then, for any
v e HY (A),

1PV g0 < €NV I, Ay, -

Foranyv € HX‘M (A) N H{" (AN,
PRV oo < IV I, -

Proof Letd =m — p > 5. By embedding theory and Theorem 3.3,

IPF Voo < 1V g0 + IPFHV — VUl oo
< vllysa + cllPFv = vily+a
< vllg+a + cllvlima, < cllViima,,-

The second result can be proved similarly. )

4. INTERPOLATIONS USING MODIFIED LEGENDRE RATIONAL
FUNCTIONS

We first consider the modified Legendre-Gauss rational interpolation.  Let
{Cn,j}j=o0,..~ be the N + 1 distinct roots of Ry+1(x). Indeed, we have

(4.1) Cnj=+on)(1—-on;)h,

where oy, ; are the roots of Ly1(x). We denote

1 ,
(4.2) WN,j = EpN,j(CN,j +1)%, 0<j<N,

where py,;j are the weights of the Legendre-Gauss quadrature,

2
P= , 0<j=<N,
PNI= (1= 02 ) @xLnsr (ow,))2 !

By virtue of (15.3.10) in Szegd [28], we have

21 2 1/
(43) pN,jNN_"_l(l_O-N‘j)l 2-
Thanks to the above and (4.2), we have

21
(4.4) WN,j ~ Ny 1 OV N+ D)
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We now introduce the discrete inner product and the discrete norm associated

N
(u,v)y = > u(@n)v(Cn)wn,, viv =, v

j=0

Lety = (x - 1)/(x + 1), A =(-1,1), and Pn be the set of all polynomials of
degree at most N. For any @ € Ry and ¢ € Ry, we can write

1 X —

(51) veo = pqavn (551).
W i) v LA

with gy € Py and gn+1 € Pn+1. By the property of the Legendre-Gauss quadra-
ture and (4.2), we have

@(x) =

(43) (Cp"”):J (le)ZQN(i;DQN*‘( +1)dx

QJ an(y)an+1(y)dy = Z:QN(O-N])QN+1(O-N])pJ
J 0

N
2 QN YN, j)wnN,j = (@, P)N, VP ERN, Y € Ryy1.

In particular, we have
(4.6) lply =ll@l, Ve e Rn.

For any v € C(A), the modified Legendre-Gauss rational interpolation oper-
ator Iyv € Ry is defined by

INv(CN,j) :v(CN,j)’ OSjSN,
or equivalently
(Unv -V, )N =0, V@ €Rpy.

The following theorem is related to the stability of the interpolation.

Theorem 4.1. Foranyv € Hii (A),
0

Invi < c(lvll+ N7 + 1) 20, v ).
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Proof. By (4.4) and (4.6),

N N
InvI? = [IIvvlly = 2 v2(@n)wn,; < eNTE Y vACn )TN (Crg + 1).
j=0 Jj=0

Let x = (1+y)/(1-7v),y =cos?, and V() = v((1 +cos$)/(1 — cos ?)).
Then

N
IINvI? < CN71 D 929N, )) (1 + cos On,j) 2 (1 — cos 9w, ;) 732
Jj=0

According to (4.1) and Theorem 8.9.1 in Szego [28],

b

4.7) IN,j = N1

(jr+0(1)), 0<j<N,

where O(1) is bounded uniformly forall 0 < j < N. Now letag = O(1)/(N + 1)
and a; = (N1 + O(1))/(N + 1). Then, we have 9x,; € K;j C [ao,a1], where
the size of K is of the order 1/(N + 1). Consequently,

N
_ . . 9/2
nvI2 < NS sup [0(9AD)2,  with A(9) = [T/~
N Jgo 96[1{31 sin® 9/2

We recall the following inequality (see (13.7) in Bernardi and Maday [2]):

1
@8 Ifliran = ¢ (=1 lean + b= a10f lan )

for all f € H!(a,b). Using the above inequality on each of the interval K;, we
find that

N
INvi* < > (Hf’)\Hiz(Kj) + N72|139(ﬁ7\)|‘i2(1<j))
=0

o2 - ~o2

< c([[0All20,m) + N72102 (D)2 (g a1)

< C(||ﬁ/\||i2(0,n) + N_2||A5919||i2(0,n) + N2 009 Al 2(0,m)) -
Using the identity

09A(3) = —%7\(9) (COS_1 %sin% + 3cos%sin_1 %) ,
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we derive that

103A(3)] < cNIA(8)].

Moreover,
% _dsdy (d_y)‘ld_y L2 i
dx dydx \d9) dax (x+12°
= —%(1 ~y)?sin"1 9 = —2sin4%sin*1 9 =-2%(9).
Therefore,
[Inv|? < C(”ﬁAH%Z(O,n’) + N2 0|12 0.m))
< c(lvl? + N2 |[(x + 1)320,v?). o

Theorem 4.2. Foranyv € Hy(A) withv =2 1 and0 <v <1,
IINv = vy < N2V T[]l p.

Proof. Since In(P{v) coincides with P} v, we derive from Theorems 3.5 and

4.1 that

IIyv — Phvll < c(IPLv — vil + N7UI(x + 1)320, (Phv — v))

<clPyv -vll, 4 <N vl .
Using Theorem 3.5 again yields
lnv = vl < [Pyv = vl + [ Ivv = Pyvll < N ([vlly .
Furthermore, by virtue of Theorems 2.1 and 3.5,

IIvv = vl < [Pyv - vl + v (v = Pyv)ly
< clPyv —vll 4, + N2 (x + 1) v (v = Pho) |

< cN'Y vy + eN?Iyv = PYvll < eN 7" [lv |y 3.

The desired result for 0 < v < 1 follows from space interpolation. O

We now turn to the modified Gauss-Radau rational interpolation. We denote

(4.9) Cnj=(1+ 0651 —6n)7",



On Spectral Approximations using Modified Legendre Rational Function 197

where O, j are the roots of Ly(x) + Ly+1(x) in descending order. In particular,
Cn.N = 0. We denote

\ 1, . .
(4.10) Wn,j = 5PN, Cny+ D? 0 0<j=<N,

where P, are the weights of the Legendre-Gauss quadrature,

N 1- 6w, , ~
PN =N+ 12 Ly (w2 O =d=N-L
L2
PNN = (N +1)2°
Thanks to (15.3.10) in Szego [28], we have
R 21T R .
(4.11) pN,j~m(1—afV,j)1/2, 0<j<N-1,
which implies that
41T

(4.12) Ww,j

~ A}V{?(ﬁwﬂ), 0<j=<N-1.

We now introduce the discrete product and the discrete norm associated to

N
(W V)N~ = > UGV (L) ony, V- = (v, )2

j=0
Similar to (4.5), we can prove that
(4.13) (@, ) = (@, P)n~, l@l=Il@lyn-~, VY@, peRN.

For any v € C(A), the modified Legendre-Gauss-Radau rational interpolation
operator Iyv € Ry is defined by

Inv(@n) = vy, 0=j=N,
or equivalently
(INv-v, )N~ =0, V@ e Ry.

Theorem 4.3. Foranyv € H:io (A),

Iinvl < cllvl + N7 e+ D3 2av ).
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Proof. Thanks to (4.11)-(4.13), we have

N
(4.14) linvi? = ||fNU||]2V,~ = > v (Cn,j) DN,
Jj=0
N71 A A A
<CN7' Y v2@n )TN+ Eny) + (N + 1) 7202(0).
Jj=0

By the trace theorem, we have [v(0)| < c|lv|l;. Let ¥, &, and U (&) be the same
as in the proof of Theorem 4.1. Then

N-1
IIyvll> < N7 S 92(9n,1) (1 + cos n, ) V2 (1 = cos I j) 3% + CN~2||v|, 2.
Jj=0

According to (4.9), Theorem 8.9.1 in Szeg6 [28], and the relation between o, ;
and Gy, j, we also have

éN,j = %(jn +0(1)), 0<j=<N-1

Then the result follows from an argument as in the late part of the proof of The-
orem 4.1. o

Theorem 4.4. For anyv € Hy(A) withv = 1 and0 <v <1,
liyv = vy < NP7 vy .

Proof. This result can be proved by using the same argument as for Theorem
4.2, with Iy replaced by Iy. O

5. APPROXIMATION OF THE KORTEWEG-DE VRIES EQUATION USING
THE MODIFIED LEGENDRE RATIONAL FUNCTIONS

The main advantage of using the modified Legendre rational functions is that they
are orthogonal in L2(A). If we consider elliptic equations or parabolic equations,
we may use, for example, the usual Legendre rational approximation by Guo,
Shen, and Wang [20]. However, for some important nonlinear differential equa-
tions with essential conservation properties, the non-uniform weight for the usual
Legendre rational functions may destroy these conservation properties. Hence, the
usual Legendre rational functions are not suitable for these type of equations. In
this section, we take the Korteweg-de Vries equation as an example to show how
to deal with such problems by using the modified Legendre rational functions.
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There exists a large body of literature concerning the Cauchy problem of
Korteweg-de Vries equation, see, e.g., Zabursky and Kruskal [31], Lax [25], and
Bullough and Caudrey [6], see also Temam [29] for an analysis of the problem
using parabolic regularization, and Eden, Foias, Nicolaenko and Temam [10] for
a discussion on the long-term behavior of the problem.

In most existing numerical work on Korteweg-de Vries equation, finite differ-
ence or finite element methods were used, for example, Kuo and Wu [24], and
Kuo and Sanz Serna [23] first proved the convergences of some semi-discrete and
fully discrete schemes on the whole line, and Bona, Dougalis and Karakashian
(3] proved some higher-order convergence results for an implicit Runge-Kutta
Galerkin finite element scheme for the Korteweg-de Vries equation with periodic
boundary conditions. However, there are very few results for the initial boundary
value problem of the Korteweg-de Vries equation on the half line, which is the
subject of this section. The Korteweg-de Vries equation on the half line is phys-
ically relevant in situations such as water waves in a narrow and shallow stream
coming from a large water reservoir or waves originated by a wave maker.

The Korteweg-de Vries equation on the half line is as follows:

xeAN 0<t=T,

(5.1) U(o,t) = g(t), 0<t=<T,
;%U(x,t)zgigoaxmx,t):o, 0<t=<T,
U(x,0) = Uy(x), X € A.

Chu, Xiang and Baransky [9], and Guo and Weideman [21] discovered the pos-
sibility of producing solitary waves with suitable boundary values at x = 0. Guo
[13] also proved the convergence of the finite difference scheme for (5.1) used in
Guo and Weideman [21]. We now present a modified Legendre rational approxi-
mation for this problem.

Without loss of generality, we take g(t) = 0. Then the weak form of (5.1) is

to find U(x,t) € H}(A) forall 0 < t < T, such that
QU(1),v) = 5(U(1),0xv) — (32U (t),0xv) = (f(1),v),

(5.2) Vv e B (A),
U(0) = Up.

The well-posedness of (5.2) can be established as in Ton [30]. Moreover, by the
skew symmetry of the operators 0y and 93, the solution of (5.2) possesses certain
conservation properties. For instance, if f = 0, then,

(5.3) U@ = IToll, Vte(0,T].
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Now let un(x,t) be the numerical solution of (5.2), defined as follows.
Forany t € (0, T], find uy(x,t) € RY such that

(Qrun (1), @) — 2k (1), 0 @) — (B2un(t), 0xp)

(5.4) = (f(t),p), YperY,
LLN(O) = PyUy.

Take @ = un(t) in (5.4), we find that for f = 0,
(5.5 lun (D)l = lun(0)ll, Vte (0,T].

Therefore, the modified Legendre rational approximation are well suited for nu-
merical approximation of the Korteweg-de Vries equation. Indeed, we have the
following result concerning the convergence and error estimate for (5.2).

Theorem 5.1. Ifforv >3, U € L*(0, T; W (A)) n H'(0, T;H), (A)) and
U € ng (A), then we have

IU —unll < C3(U)N*>", Vte(0,T],

where C3(U) is a positive constant depending only on the norms of U and Uy in the
spaces mentioned above.

Proof. Let Uy = Igi,’OU . We derive from (5.2) that

(0:Un(t), @) — 2 (U (1), 05 @) — (B2Un(t),0x®)
3
(5.6) +2.Gi(t,@) = (f(H),®), VpeRY,
j=1

Un(0) = PY Uy,

where

Gi(t,®) = (0:U(t)-0:Un(t), @),
Ga(t, @) = =3 (UX(1)-UR (1), 9x @),
Gs(t, @) = — (22U (1)-32Un(1), 0x ).

Let Uy = uy — Uy. Subtracting (5.6) from (5.4) yields
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0O (), @) — 2 (O} (1), 0x @) — (320n (1), 0xP)
4
(5.7) = > Gi(t,p), Vo eRY,
j=1
Un(0) = PxUy — PY°U,

where Gy (t, @) = (Un()Un (1), 0x®).
Take @ = Uy in (5.7). It can be shown that

(O} (1), 0xUx () =0, (220n(1),0xUn (1)) = —(3xUn(0))2.

Therefore,

4
(5.8) FALNOIEEPD WA O]
j=1

Now, we estimate the terms at the right side of (5.8). Firstly, by Theorem 3.4,
1G1 (£, O ()] < 108 ()12 + N2 U (0)][2 4,
Next, by Theorems 3.4 and 3.6,

|G (t, Un ()| = [(U()0xU(t) — Un()dxUn(t), Un (1))

< IOND I + (U (L) — Un(£) U (1) 12
+ |UN (1) (Bx U (t) — 35 Un (1)) |I?

< 1Ov (&)1 + c[[UD|I LU ) = Un ()12
+cl|[UNZ | UM) —Un(t) |7

< 1On (&)1 + N2 (JUDIT 0 + ITUDOIEA) U D[4,
Using Theorem 3.4 again yields

1G5(t, Un(t)| = (23U (t) — 32UN(t), Un (1))
< 1On (O 1> + NS U @)][2 4,

By integration by parts and Theorem 3.6,

1G4(t, Un ()] = 313 Un (), TR ()] < 1UN () 11,0 1T (D) 12
< clU@®) 13,4, 1105 (0112
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In addition, Theorems 3.1 and 3.4 lead to
1UN(O)I12 < 1Ty — PyUpli® + [[Us — Py Ugll> < eNO2"||Ug ]2 4.

Substituting the previous estimates into (5.8) and integrating the result with
respect to t, we obtain that

t
IUN(D)11? < C1(U) L IUN () 11> ds + Co(U)NS~2,

where C; (U) is a positive constant depending only on ||UIILN(O,T;HQ‘?)(Amwl,w(,\)),
and C,(U) is a positive constant depending only on [[Ullg o,rimr, (a)) and
0ol (a). The desired result then follows from the Gronwall inequality and
Theorem 3.4. O

6. CONCLUDING REMARKS

We introduced a new set of modified Legendre rational functions which are mu-
tually orthogonal in L2(0, +0), and studied various projection operators and in-
terpolation operators associated with them. These resulted form the mathematical
foundation of approximations, by using the modified Legendre rational functions
for partial differential equations on the half line. These new rational functions are
particularly suitable for approximations of PDEs with essential global conservation
properties. As an example, we proposed a spectral scheme using the modified Le-
gendre rational functions for the Korteweg-de Vries equation on the half line. We
showed that the numerical solution of the scheme possesses the essential conserva-
tion properties satisfied by the exact solution of the Korteweg-de Vries equation,
and consequently, we were able to prove that the scheme convergences with spec-
tral accuracy. It is noted that we were not able to obtain this type of results using
the usual Legendre rational functions.
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