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This article is devoted to wavenumber explicit analysis of the electric field satisfying the second-order
time-harmonic Maxwell equations in a spherical shell and, hence, for variant scatterers with e-perturbation
of the inner ball radius. The spherical shell model is obtained by assuming that the forcing function
is zero outside a circumscribing ball and replacing the radiation condition with a transparent boundary
condition involving the capacity operator. Using the divergence-free vector spherical harmonic expansions
for two components of the electric field, the Maxwell system is reduced to two sequences of decoupled
one-dimensional boundary value problems in the radial direction. The reduced problems naturally allow
for truncated vector spherical harmonic spectral approximation of the electric field and one-dimensional
global polynomial approximation of the boundary value problems. We analyse the error in the resulting
spectral approximation for the spherical shell model. Using a perturbation transformation, we generalize
the approach for e-perturbed nonspherical scatterers by representing the resulting field in e-power series
expansion with coefficients being spherical shell electric fields.

Keywords: Maxwell equations; Helmholtz equation; wavenumber explicit analysis; Dirichlet-to-Neumann
boundary conditions; divergence-free vector spherical harmonic expansions.

1. Introduction

This article is concerned with wavenumber explicit analysis and spectral-Galerkin approximation of the
time-harmonic Maxwell equations:

V xVxE®—kE*=F" in Q=B\D; (1.1)
E* xe, =0, on dD; (VxE") xe —ikZ[ES1=h at r=n, (1.2)

where 2 = {a < r = |r| < b} is the spherical shell formed by two concentric spheres D and B of radii a
and b, respectively, E*? is the electric field, EX” = —E** x e, x e, (with e, = r/r) is the tangential field,
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MAXWELL EQUATIONS 811

k > 0 is the wavenumber, i = ~/—1 and .7}, is the capacity operator (see Nédélec, 2001, (5.3.88) and
(3.13) below). Here, the source term F? is assumed to be compactly supported in 2, and the function
h in (1.2) is added for potentially inhomogeneous boundary conditions.

We also consider (1.1) and (1.2) with the spherical shell £2 being replaced with B \ D, where D is an
e-perturbation of the inner ball of radius a:

D={(r0,0): 0 <r<a+ef0,0), 00,7, ¢ €[0,27)}. (1.3)

Based on the transformed field expansion (TFE) (David & Fernando, 2004), the electric field in Q=
{a + €f(0,¢) < r < b} can be represented as an e-power series with the expansion coefficients being
spherical shell electric fields. Therefore, the spectral algorithm and analysis for the Maxwell equations
in the spherical shell are essential for such a variant.

The study of the above model problems is motivated by the exterior Maxwell system:

—iwopH +VXE =0, —iweE —VxH =], in R\D;
(E xn)l;p=0; lim r(\/u/stfE—E) =0, (1.4)

where the scatterer D is a simply connected, bounded, perfect conductor, E, H are respectively the electric
and magnetic fields, u is the magnetic permeability, ¢ is the electric permittivity, w is the frequency of the
harmonic wave, n is the outward normal and X = x/|x|. The boundary condition at infinity in (1.4) is known
as the Silver—Miller radiation condition. Typically, the electric current density J is localized in space; for
example, it is restricted to flow on an antenna (cf. Orfanidis, 2002). The Maxwell system (1.4) plays an
important role in many scientific and engineering applications, including in particular electromagnetic
wave scattering, and is also of mathematical interest (see, e.g., Nédélec, 2001; Monk, 2003; Colton &
Kress, 2013b). Despite its seeming simplicity, the system (1.4) is notoriously difficult to solve numerically.
Some of the main challenges include (i) the indefiniteness when w is not sufficiently small; (ii) highly
oscillatory solutions when w is large; (iii) the incompressibility (i.e., div(uH) = div(¢E) = 0), which
is implicitly implied by (1.4) and (iv) the unboundedness of the domain. On the one hand, one needs
to construct approximation spaces such that the discrete problems are well posed and lead to good
approximations for a wide range of wavenumbers. On the other hand, one needs to develop efficient
algorithms for solving the indefinite linear system, particularly for large wavenumber, resulted from a
given discretization. We refer to Monk (2003) and the references therein for various contributions with
respect to numerical approximations of the time-harmonic Maxwell equations. The methods of choice
for dealing with unbounded domains include the perfectly matched layer technique (Berenger, 1994),
boundary integral method (Jinefal., 1991; Lin et al., 2009; Sauter & Schwab, 2011; Chandler-Wilde et al.,
2012; Colton & Kress, 2013a; Kirsch & Hettlich, 2015) and the artificial boundary condition (Engquist
& Majda, 1977; Grote & Keller, 1995; Hagstrom, 1999). The last approach is to enclose the obstacles and
inhomogeneities (and nonlinearities at times) with an artificial boundary. A suitable boundary condition
is then imposed, leading to a numerically solvable boundary value problem (BVP) in a finite domain. The
artificial boundary condition is known as a transparent (or nonreflecting) boundary condition (TBC), if
the solution of the reduced problem coincides with the solution of the original problem restricted to the
finite domain.

The TBC characterized by the capacity operator .7, (cf. Nédélec, 2001) can reduce the exterior
Maxwell equations to an equivalent BVP. With this, we obtain the second-order problems (1.1) and
(1.2) by eliminating the magnetic field H and adding & in (1.2) to deal with potentially inhomogeneous
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812 L.MA ET AL.

boundary conditions. Note that the wavenumber k¢ = w,/ue and we denote n = /1/e. In Nédélec
(2001) and other related works (e.g., Ma et al., 2015), the usual vector spherical harmonics (VSH) are
used to expand the electric field E*". Then the problems (1.1) and (1.2) can be reduced to a coupled
system of two components of E*?, whereas the other component satisfies the same equation reduced
from the Helmholtz equation (cf. Ma et al., 2015):

_ AUa,h _ kZUtl,h — Fﬂ,h’ in 2 = B\D, (15)
Uy =0y 9,U" = TLU ) =H, at r=b, (16)

where 7,, is the Dirichlet-to-Neumann (DtN) operator (Nédélec, 2001) (see (2.1) below). The wavenumber
explicit analysis for the above Helmholtz equation has been carried out in Shen & Wang (2007) (also
see Chandler-Wilde & Monk, 2008 for starlike scatterers), but the analysis for two coupled components
appears very difficult. In fact, only the result on well posedness of (1.1) and (1.2) was obtained in Ma
et al. (2015). However, if we use divergence-free vector spherical harmonics (Morse & Feshbach, 1953;
Bullard & Gellman, 1954), the Maxwell systems (1.1) and (1.2), in the case D is a sphere, can be reduced
to two sequences of one-dimensional problems, which are completely decoupled and the same as those
obtained from the Helmholtz equations (1.5) (note: one sequence is with the boundary conditions (1.6),
but the other is with a slightly different boundary condition at r = a). Therefore, we can carry out
wavenumber explicit analysis for these decoupled problems, leading to wavenumber explicit estimates
for the Maxwell equations in a spherical shell with exact TBC.

There has been a longstanding research interest in wavenumber explicit estimates for the Helmholtz
and Maxwell equations. In particular, much effort has been devoted to the Helmholtz problems (see, e.g.,
Douglas et al., 1993; Ihlenburg & Babuska, 1995; Babuska & Sauter, 2000; Demkowicz & Ihlenburg,
2001; Ainsworth, 2004; Shen & Wang, 2005; Cummings & Feng, 2006; Hetmaniuk, 2007; Shen & Wang,
2007; Chandler-Wilde & Monk, 2008; Ganesh & Hawkins, 2008, 2009; Feng & Wu, 2011; Melenk &
Sauter, 2011; Moiola & Spence, 2014; Spence, 2014; Baskin et al., 2016 as a partial list of literature). The
Rellich identities played an essential role in obtaining wavenumber explicit estimates for the Helmholtz
equation in a star-shaped domain (cf. Melenk, 1995; Shen & Wang, 2005; Cummings & Feng, 2006;
Hetmaniuk, 2007; Shen & Wang, 2007; Chandler-Wilde & Monk, 2008; Melenk & Sauter, 2011). In
this article, we shall also use a Rellich-type identity on one-dimensional equations reduced from the
Helmbholtz or Maxwell equations to derive wavenumber explicit estimates.

It is noteworthy that most of the results were established for the Helmholtz equation with an approxi-
mate boundary condition: 9, U —ikU = 0. However, as shown in Shen & Wang (2007) and Chandler-Wilde
& Monk (2008), the presence of the exact DtN boundary condition brought about significant challenges
for the analysis. It is also important to point out that some new estimates for more general settings were
recently obtained in Moiola & Spence (2014), Spence (2014) and Baskin et al. (2016). On the other
hand, Hiptmair et al. (2011) (and Feng, 2011 independently) extended the argument based on the Rellich
identities to the time-harmonic Maxwell equations and derived for the first time the wavenumber explicit
estimates, but with the approximate boundary condition: (V x E) x e, — ikEg = h.

The main purposes of this article are to extend the analysis in Shen & Wang (2007) to the Maxwell
equations (1.1) and (1.2), and in the meantime, provide an essential improvement, which is critical to
obtaining the desired estimate for the Maxwell equations, to an estimate for the Helmholtz equation in
Shen & Wang (2007). We demonstrate that the spectral algorithm and analysis for the Maxwell equations
in the spherical shell are essential for dealing with the perturbed scattering problem by using the TFE
approach (David & Fernando, 2004).
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MAXWELL EQUATIONS 813

The rest of the article is organized as follows. In Section 2, we conduct a delicate study of the DtN
kernel in (2.2) and use the new estimates to improve the estimates for the Helmholtz equation (cf. Lemma
2.3 and Theorem 2.4), by removing the factor k'/3 in Shen & Wang (2007, Theorem 3.1). Using the
divergence-free VSH expansion of the electric field, we reduce in Section 3 the Maxwell systems (1.1) and
(1.2) in the spherical shell to two sequences of decoupled one-dimensional BVPs in the radial direction.
This is essential to derive the wavenumber explicit bounds in Theorem 3.10. In Section 4, we study a
spectral approximation of the reduced Maxwell equations and derive the corresponding wavenumber
explicit error estimates for the one-dimensional problems (cf. Lemmas 4.3 and 4.5), which finally lead
to the wavenumber explicit error estimates for the Maxwell system (cf. Theorem 4.6). In Section 5, we
apply the TFE (David & Fernando, 2004) to deal with an e-perturbed scatterer, and using the general
framework derived in Nicholls & Shen (2009), we obtain rigorous wavenumber explicit error estimates
for the complete algorithm. Some concluding remarks are presented in the last section.

2. Improved wavenumber explicit estimates for the Helmholtz equation

In this section, we improve the a priori estimates for the Helmholtz equations (1.5) and (1.6) in Shen &
Wang (2007, Theorem 3.1), where the DtN operator is defined by

Uab] = Z Z h(l) (kb) Um Ym Where f]m — /Ua’b| st (2 ])
I=1 |m|=0 h<l>(kb) Lo ! s r=b "1 s

and {Y}"} are spherical harmonics (SPH) defined on the unit spherical surface S (cf. Appendix A).

2.1 Properties of the DtN kernel

The key is to conduct a delicate analysis of the DtN kernel:

h(l)/
T, =: ’(T(K) I>1, k>0. (2.2)
h[ («)

Recall that (cf. Shen & Wang, 2007, (2.16))

L L) + YY) _22_ v
R =3+ noarrew W= naire 3P

forv =1+ 1/2, where J, and Y, are Bessel functions of the first and second kinds, respectively, of order
v (cf. Abramowitz & Stegun, 1964). Alternatively, we can formulate

Yiii() Ju (k) 1Y) Jy (k)
Y, (0) m( zK)Y( RN AT — Im( zK)Y( )’ 2.4

[
Re(7,,) = Pl

which can be derived from (2.3) and the properties of Bessel functions. Recall that (see Nédélec, 2001,
Page 87):

I+1 1
il Re(7,) < ——, 0<Im(7,) < 1. (2.5)
K K
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814 L.MA ET AL.

In what follows, let 0 < 6, < 1 be a prescribed constant, and let

Ko = /00/2 (1 — 00)™% (e.g., ko ~ 21.21, if 6 = 0.9). (2.6)

On the basis of asymptotic properties of Bessel functions, we shall carry out the analysis separately for
four cases (note: in the course of the analysis, we shall show how these arise (see (B.10))):

/0::2 E(0790)U[90701]U(ﬂ1,02)u[‘02700) for U:l+1/2» lz 17 (27)
K
where k > K is fixed, and

3
By = 91(6) = » T14.,/1+ 2 +j1 Ji4 2
=T =g 27x2 276 |

3

1[5 2 3 2
192!:192(1():5 14 1_ﬁ+ 1-— 1_ﬁ . (28)

LEMMA 2.1 Let 6y, ko, ¥, and 1, be the same as in (2.6) and (2.8). Then we have

O0<v <1<t Vi>2/21, 2.9)
and
D=1 + 0™, h=1+ L + 0(™?) (2.10)
1= NoT ek ’ 2= Y2 k203 ) )

Moreover, if k > Kk, then we have 6, < ¥,.

Proof. We examine the function f(r) := &/1+1¢ + /1 —t, t > 0, associated with (2.8). One verifies
readily that f/(f) < O forall 7 > 0,7 # 1. Thus, f () is monotonically decreasing, and

V20 =f(V142/Q7?) < f(1) < f(V1—=2/Q2Tk2)) = 2, (2.11)

which implies (2.9). It is evident that

1+ +O0®™). (2.12)

27k 27k?
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A direct calculation from (2.8) yields
200 =2+3{(1 + )P — )P+ A+ 1)1 — 1)} =2 ‘3/53/1_ /1
P =243{0+0)PA =)'+ A+ )P =)} = _W( +h+y1—1)

3 3
:2_K£<32+ ! ! >+0(K-2)=2—£<€/§— ! +0(K—2)>+0(K‘2),

27k 3k2/3 K23 3xc2/3

which implies the asymptotic estimate of ¢, in (2.10). Similarly, we can derive the estimate of .
We now show that 6, < ¥y, for all €k > K with ko given by (2.6). Observe from (2.11)—(2.12) that
V29, = f(t)), so it suffices to show /28, < /29, = f(#;). Using the monotonic decreasing property

of f, wejustrequire f 1 (/26p) > t; = /1 + 2/(27«?2), so working outf ~!, we can obtain kg in (2.6). [

In what follows, the expression ‘A < B’ means that there exists a positive constant C, only depending
on the domain (but independent of k and the related unknowns or functions), such that A < CB. As with
Abramowitz & Stegun (1964) and Olver et al. (2010), the notation ‘A~B’ stands for A(v) = B(v)+LH(v)
orA(v) = B(v)(14+LH(v)), where for sufficiently small or large parameter v, LH(v) is some insignificant
lower-order or higher-order term to be dropped in the bound or estimate.

We have the following estimates of Re(7;,) and the refined estimates of Im(7;,.) in Shen & Wang
(2007, (2.35)).

THEOREM 2.2 Let 6y, 9, 1, and kg be the same as in (2.6) and (2.8). Denote v =174 1/2 and p = v/k.
Then for any k > k(, we have the approximation

Re(7,) ~ Ej,

e Im(7;,) ~ E{K VIi>1, (2.13)
where

(i) for p =v/k € (0,6)),
1 1
Ef=—— (14— ). E,=V1-p (2.14)
. 2k 1—p? ’
(ii) for p = v/k € [0y, ],

1 1
Ef =—— <1 + —) E.=2p(1—p); (2.15)

2% 2(1— p)

(iii) for p =v/k € (8, ),

1 /2\!/3
EfK =—— <—> (1 + 2¢1t + cztz) —

Cq V

1 2\ /3
7o El = V3cip(1 —2ci1) (5) , (2.16)
where t = —v/2 (k — v)/ /v (note: |t| < 1), and

1

3
2

W

I'(
(

Wit
N

1 — 16¢}
~ 03645, ¢, = LI WY 0.3088; (2.17)

Cq

cp =

~

ey s
N
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(a) (b) (c) (d)

Re(T,)

4|

120

o 30 50 70‘ 90 150 30 50 70 90 150
|

Re(Ti,) Tm(7;,x) Re(Ti, ) versus EBff, Im(T;,) versus B[

FIG. 1. (a,b) Real and imaginary parts of 7}, with various samples (I, ) € [0, 120] x [1, 100]. (c) Re(7;,) (solid line) against El’i(‘
(d) Im(7;) (solid line) against E,’x with « = 30, 50,70, 90 (note in (c—d), ‘+’ for p = v/k € (0,6p), ‘¢’ for p € [0y, V1], ‘o’ for
p € (91,9;) and ‘%’ for p € [7, 00)).

@iv) for p = v/k € [, 0),

1 1
Elli( = —/ ,02 —1—-— (1 - ﬁ), E{J{ = ,02 - 16721)‘1/, where (218)

2K

Jr =1
W =1In(p++/p?—1)— pT o> 1. (2.19)

We provide the proof of this theorem in Appendix B. In Fig. 1, we depict in (a,b) the graphs of Re(7},.)
and Im(7;,) for various / and «, and in (c,d), the exact value and approximations in Theorem 2.2 for
various samples of .

2.2 Improved estimates for the Helmholtz equation

We first introduce some notation. Let / := (a,b) and w > 0 be a generic weight function defined on a
generic domain A. The weighted Sobolev space H; (A) with s > 0 is defined as usual in Adams (1975).
In particular, L2 (A) is the weighted L?-space with the inner product and norm:

1

(U V)op = / u-Tode ulon = i)l ,
A

which also apply to vector-valued functions. If o = 1 or A = I = (a, b), we drop w or A in the notation.
The inner product of L*(S) is defined as

2m pm
(U,V)S=/ / uv sin 6 d dg.
0 JO

‘We also use the anisotropic Sobolev spaces, e.g., H;/ (S; H; (1)) (where ‘p’ stands for the periodicity) with

the norm characterized by the spherical harmonic expansion coefficients ﬁ,”’ of U (cf. Shen & Wang,
2007, (1.8)).
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MAXWELL EQUATIONS 817

Denote (H'(I) = {v € H'(I) : v(a) = 0} and w = r2. A weak form of (1.5)—(1.6) is to find
U’ € H,(S;0H'(I)) such that (cf. Shen & Wang, 2007, (3.9)):

BU,V) = U, 8,V)m.0 + (VsU™, VsV)g = (U, V) 0 = BUTU™, V)
= (F™ Vo +(H,V)s ¥V €H)(S3oH' (). (220)

We expand U, F** H in SPH series as
[e9) 1
{U*r ko2 1Y =Y AU ), F (), H'} Y0, ). (2.21)
I=1 |m|=0

Taking V = Vl’,”/ (nY, l’,’” in (2.20) and using the property of SPH (cf. Appendix A), we obtain the
corresponding weak form for each mode (/,m) : find u = U}" € (H'(I) such that

B (u,v) := (', V)ey + Br(14,v) — K> (U, v) gy — kb T 1 (b) V(D)

= (f, V) + D*hi(b) Vv € oH'(I), (2.22)

where 8, =I(l+ 1), f = f,’" and h = 1"-7,’”. Here, we drop the weight function @ in the space (H'(I) as it
is uniformly bounded below away from 0 on /.

We have the following improved estimate in the sense that k'/* is removed from Shen & Wang (2007,
Lemma 3.1).

LEMMA 2.3 Let u be the solutions of (2.22). If f € L?>(I) then we have that for all k > k, > 0 (for some
fixed constant ko) and for [ > 1,0 < |m| <[,

112, + Bullull® + K2 lull?, S WFIZ + 1 (2.23)
Proof. Taking v = u in (2.22), we obtain

112, + Billull®> — K Nlull?, — kb Re(ZTip)lu(b) | = Re(f, u) + b* Re(hi(b)), (2.24a)
—kb* In(Ty 1) (D) |* = Im(f, u) o + b Im(hir(b)). (2.24b)

Next taking v = 2(r —a)u’ in (2.22) and following the derivations in (Shen & Wang, 2007, (3.26)—(3.28)),
we obtain

b 2
DI (D) + Billllu(b)|” + 2allv/ru'||* + kz/ <3 - Ta) ul*r* dr

= 1117, + Billull® + k6?1 |u(b) > + 2Re(f, (r — a)')y

+ 2b*|I| Re(hit' (b)) + 2kb*|I| Re{ T 15, u(b)it' (b) }, (2.25)
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818 L. MA ET AL.

where |I| = b — a. Substituting [|«[|2 + Bllu||* in the identity (2.24a) into the above and collecting the
terms, we obtain

b
a
BB + (B~ 0 Re(T) )P + 201 Vi 14262 [ (1= 4) upr?ar

= K°D*|1||u(b)|” + 2kb* 1| Re{ T u(b) il (b) } + 2b°|I| Re (hit' (b))
+2Re(f, (r — a)u'), + b*Re(hii(b)) + Re(f, u)o. (2.26)

Hereafter, let C and {C;, ¢;} be generic constants independent of k,/,m, and any function. Using the
Cauchy—Schwarz inequality, we obtain

2kb°|1| [Re{ T u(b) & (D) }| < &P I1|u D) + 1 K2 1| Ty || (D)

20%|1| |Re(hit' (b))| < &b |111u' (b)) + &5 ' B> 1] h|*;

2

b
b* [Re(hit(b))| < e3kb* [Re(Zi)|[u(®)* + ——————I|h|*;
| e(hii( ))| <& |Re( l,kh)”u( )+ g3k|Re(77,kb)|| |

2 [Re(f, (r — @)u) oy | < eall/rud | + e BIPIFIZ ;
[Re(f,u)w | < esllull?, + (des) "I FII2. (2.27)

Thus, by choosing suitable {¢;}, we obtain from (2.26)—(2.27) that

, , 1
C\P W (B)]> + Dy u®)* + Coallru |* + Gk ull2, S IFIZ + (1 + —> ||,
k |Re(7; )1
(2.28)

where C, =1 — () +&,),C, =2 — &4, C3 =2(1 — a/§) — es5/k* with & € (a,b) and
Dy = B — (1 — e)kb*[I| 7' Re(Tyip) — K2b* (1 + &7 T ). (2.29)

It remains to estimate D, ;, which can be negative for small /. According to the estimates in Theorem 2.2,
we conduct the analysis for four different cases as in (2.7).

(i) If p = 3 € (0,6] for fixed 0 < 6 < 1, we obtain from (2.24b) that

272 2 k 2 7y
ko™ lu(b)|” = m{llm(ﬁu)wl + 0% [Im (hu(b)) |}

IL£1I%, kb’ |?

€72 12 2
< =kNul, + ———Z—— + —u®)|" + ————.
2 2e7/Im(7; )12 2 2[Im (7, ) 12

(2.30)

By (2.14), Im(7;,,) in this range behaves like a constant, so (2.30) implies

20 ub)? < ek lull?, + C(IFIIZ, + 1A1%). (2.31)
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MAXWELL EQUATIONS 819
By (2.14), |7;|* < C, so D, < —Ck*b?. Therefore, using (2.28) and (2.31) leads to
IVri | + K ull?, + K u®)> < C(IFI2, + 7). (2.32)

Thus, we derive the desired estimate in this case from (2.24a) and (2.32).

(i1) For p = ﬁ € (6p, 911, we first show that for any ¢y € (1 — 6y, 1/\3/5) and kb > 1, there exists a
unique y, € [1/3, 1) such that

In((1 — p)/c
p=1—2cb)", e, =1+ “((Tkg/c"). (2.33)

Apparently, y, decreases with respect to p, so by (2.10),

L2 | In(+OWD ) | In((l = 90)/c) In((1 = 60)/)
3 Inkb) * In(kb) =i+ T kb)) =n<I1l+ Tty (2.34)

Then one verifies readily that for ¢y € (1 — 6, 1/«3/5), we have yp € [1/3,1). In view of (2.33), we can
write

v = kb — ¢o(kb)™. (2.35)
Thus, by (2.15),
1
Re(7 ) ~ —f(kb)fm, Im(Zj ) ~ /2Co (kD)0 V2 | Ty | ~ 220 (kb)Y (2.36)
0

which implies

1 b
Dy ~ v — 7 + - 83)2|1|_ (kb)' 770 — kb (1 4 &, '280(kb)"0 ") ~ —2¢0(1 + & ) (kb)"0+".
Co
(2.37)
By (2.24b) and the Cauchy—Schwarz inequality,
(kb)"* u(b)* < (kbi{llm(f )| + 0% [Im(hin(b)) |}
~ Im(7 )] T
€7 50 (kb)?10=2 ,  (kb)nt! ) (kb)ro~! )
= Sk Nuly + 5———7—5 1/l + lu)|” + s——— |hl". (2.38)
2 27 |Im(7;4) 12 2 2{Im (7 ) 2

Then by (2.36) and (2.38),

(kb)Y [u(b)* < e7k? ull?, + C (kD) FIIZ, + [AI%). (2.39)
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820 L.MA ET AL.
Thus, we derive from (2.28) that
IVrd 1P + K Jull2, 4+ (kD) u@®) > < C(IFIZ + 7). (2.40)

Therefore, we obtain (2.23) from (2.24a) and (2.40).
@iii) If p = ﬁ € (U, ], we find from (2.10) that

[kb [kb
kb — -+ O™ <v <kb+ -+ o). (2.41)

Re(Zii) ~ —C1(kb) ™2, Im(Tjpp) ~ E2(kb) ™" [Tl ~ T3(kb) P, (2.42)

By (2.16),

where {c;} are some positive constants independent of k, /. We can follow the same procedure as for Case
(i) (but with y, = 1/3) to derive

INruII? + K2 ulls, + &b)* P lu®d)? < C(IF12, + 181). (2.43)

Similarly, (2.23) follows from (2.24a) and (2.43).

(iv) If p = 3 € (D, 00), we find from (2.18) that Im(7,,) decays exponentially with respect to /,
so we cannot get a useful bound of |u(b)| from (2.24b). We therefore consider two cases:

(a) v=kb+cs(kb)" with 1/3 <y; <1, (b) v > nkb, (2.44)

for constant ¢5 € (n — 1, 1/\3/5) and 1 < n < 1+ 1/«3/5. Here, we show that Case (a) can cover
o € (9, n). Indeed, similar to (2.33)—(2.34), we have p = 1 + ¢5(kb)"1~!, and

I In(W28)  In(+0GD) (@ — D/es) In((ny — 1)/s)
3 In(kb) * In(kb) =1+ In(kb) <n<Il+ TG (2.45)

This implies if &s € (n —1,1/+/2) and 1 < n < 1+ 1/+/2, then 1/3 < y; < 1 and we can write v in the
form of (a).
In the first case, we derive from (2.18) that
Re(T i) ~ v/285(kb) "D [T |> ~ 285(kb)" ™", Dy ~ —2¢s(e7" — 1) (kb)""*, (2.46)
where we recall that ¢, < 1. Noticing that
Billull® = K lull?, = (B — Kb |ull* = 0 (2.47)

and Re(7;,) < 0, we deduce from (2.24a) that

—kb® Re(Tip)[u(d)* < [Re(f,u) | + b” [Re(hia(h))]. (2.48)
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MAXWELL EQUATIONS 821
Using (2.46), (2.48) and following the derivation of (2.38), we can get
(kb)Y ub)* < esk®llully, + (KD IFI2, + |AI?). (2.49)
We then derive from (2.28) that
INru I? 4+ & [lull?, + kDY u®)® < C(ILFII, + 141%). (2.50)

Thus, we derive (2.23) for this case from (2.24a) and (2.50).
In the second case of (2.44), we observe from (2.18) that

2

v v
Re(Tiw) ~ —— |Tiwl* ~ —, 2.51
e(Ti ) b 71| 2n (2.51)
which implies
1 b
Dy~ vi= 2+ (- 83)|71; K — e~ —G4 B (2.52)
Then, by (2.51) and (2.48),
Bilub)® < esByllull® + C(ILF 12, + 17). (2.53)
We then derive from (2.28) that
IVru|I* + K ull?, + Bilu®)* < C(I£17, + |hl?). (2.54)
Finally, we obtain (2.23) from (2.24a) and (2.54). O

Thanks to the above lemma and the orthogonality of SPH, one can easily derive the following improved
result, where a factor of k'/3 is removed from the upper bound of Shen & Wang (2007, Theorem 3.1).

THEOREM 2.4 Let U’ be the solution of (2.20). If F** € L?(£2) and H € L*(S) then we have
VU le + kU o S I Flle + 1HI 2. (2.55)

REMARK 2.5 Similar wavenumber explicit estimate was derived by Chandler-Wilde & Monk (2008,
Lemma 3.8) for general starlike scatterers and H = 0, together with an explicit constant in the upper
bound. However, the result therein does not imply the mode-by-mode estimate in Lemma 2.3. The analysis
in this article essentially relies on the estimates bounded by the corresponding mode of the data.

3. A priori estimates for the reduced Maxwell equations

In this section, we perform the wavenumber explicit a priori estimates for the Maxwell equations (1.1)
and (1.2). The key is to employ a divergence-free vector harmonic expansion of the fields and reduce
the problem of interest into two sequences of decoupled one-dimensional Helmholtz problems. This
decoupling not only leads to a more efficient numerical algorithm, but also greatly simplifies its analysis.

020z Asenuep gz uo Jasn NINQYV Ssauelqi] Alsiaalun anpind Agq 00878E/01 8/2/8E10eNsqe-ajonie/eulewi/woo dno-olwapeose//:sdiy Woll papeojumoc]



822 L. MA ET AL.

3.1 Dimension reduction via divergence-free VSH expansions
Introduce the spaces

H(div; 2) = {E € L*(22) : divE € L*(2)}, H(div"; 2) = {E € H(div; 2) : divE =0},  (3.1)
where H(div; £2) is equipped with the graph norm as defined in Monk (2003, p. 52).

Built upon the SPH {¥;"}, the VSH {Y}"e,, VsY", T}' = VsY" x e,} forms a complete, orthogonal

system of (L*(S))? and refer to Appendix A for some relevant properties. The following VSH expansion
of a solenoidal (or divergence free) field plays an important role in our analysis and spectral algorithm.

PROPOSITION 3.1 For any E € (L2(£2))?, we expand it as

o0 1
E=1) Y0e,+Y > (v, T/ + V3, ¥e, + 3, Vs¥)"}, (3.2)
I1=1 |m|=0
where
Vi =B E T s, V= (E.Y"e,)s, Vi, =B "E,Vs¥"s, Bi=I11+1). (3.3)
If E € H(div’; £2) then we have
d n 2\ 0 r(d n 2\ . . (3.4)
— 4+ =)y, =0, —\|—+—- )V =7, .
dr r 2,0 ﬂl dr r 2,0 3,1
and we can write
0 1
E=u)Yje,+> > {ul, T/ +V x (uy, T}")}, (3.5)
I=1 |m|=0
where
o_ .0 __ i m __ .m m _ p—1_.m 3.6
Uy ="Vy0 = 2 uy, =i,y = Brny, (3.6)

with ¢ being an arbitrary constant.
Proof. Since div(v{'; T}") = 0 (cf. (A.4)), we obtain from (4.8) and (A.6)—(A.7) that
. d 2 S d 2 m Bi m m
divE = (E + ;> Vo + ; MZ::O { (E - ;) Vi, — 71@3,} Y. (3.7)

Then the identities in (3.4) follow from div E = 0 immediately.

020z Asenuep gz uo Jasn NINQYV Ssauelqi] Alsiaalun anpind Agq 00878E/01 8/2/8E10eNsqe-ajonie/eulewi/woo dno-olwapeose//:sdiy Woll papeojumoc]



MAXWELL EQUATIONS 823

Note that the equation of vg,o in (3.4) has the general solution: vg’o = ¢/r*. To derive (3.5) under (3.6),
it suffices to show that

BV x (v, T)) = vy, Yi'e, + vy, VsY)". (3.8)

It follows from a direct calculation using (A.4), that is,

r(d 2
IBI_IV X (rVZI Tm) = V2l Y”’e, + ,31 18 (}’Vzl) VsYlm = VZI Y"’e, + — 13] (E + ;) ng[ VsYZm. (39)

Therefore, the expansion (3.5) is a direct consequence of (3.2), (3.4) and (3.6). ]
REMARK 3.2 Equivalently, we can reformulate (3.5) as

00 1
N d 1
E=uyYye,+) ), {“lsz + By, VY + ’?u;", Y'"e,} =S4 (10
=1 |m|=0

which allows for exact imposition of the divergence-free condition. Such a VSH expansion turns out to
be a very useful analytic and numerical tool for, e.g., Maxwell equations and Navier—Stokes equations
in spherical geometry (see, e.g., Morse & Feshbach, 1953; Bullard & Gellman, 1954; Nédélec, 2001;
Monk, 2003; Ganesh et al., 2011; Colton & Kress, 2013b).

Denote by L? 7(S) the space of tangential components of vector fields in (L?(S))*. Then we can expand
E € LA(S) as

o) 1
W =E = > {yp T7 + vy sy (3.11)
I=1 |m|=0
where the expansion coefficients

=B (lII,T}")S, Yy, = ,31_1<l11, VSYl’">S. (3.12)

Recall that the capacity operator in (1.2) is defined by (cf. Nédélec, 2001, (5.3.88)):

h(l)(kb) h(l)(k ) }
W] :=nH , — Yy, VY ¢, 3.13
h[ ] n x e IXI: l;() { h(l)(kb) ‘WTI hl(l)(kb) wY,I sty ( )

where n = /uu/¢, hl(l) is the spherical Bessel function of the first kind (cf. Abramowitz & Stegun, 1964),

and
. d 1
d,h" (kb) = (— - —) (3.14)
dr r
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824 L. MA ET AL.

As F*" in (1.1) is a solenoidal field, we can expand it as (3.5) with the coefficients f; and {f{",f2}.
We also expand the data h € L2 7(S) in (1.6) as

o) l
h=3" > (W, T7 + 0y, YY)}, (3.15)

=1 |m|=0

where the expansion coefficients are given by (3.12) with & in place of ¥.
ProPOSITION 3.3 Denote
uy = MTJ, U = uﬁ”,l, N =flr,"l, N =fzr3, hy = hrT",l, hy, = k_l(z,kb + (kb)_l)hr;’,l, (3.16)

for / > 1. Then the Maxwell equations (1.1) and (1.2) reduce to —k*u) = f;, and the following two
sequences of one-dimensional problems:

— —( 2 u) + ﬁu, Ku;=f rel=(ab); ud) —kTpud)=h i=1.2, 3.17)

but with different boundary conditions at r = a:
u(@) =0, uy(a)+ a'uy(a) = 0. (3.18)

Proof. We first consider (1.1). Recall that if divu = 0 then we have V x V x u = —Au. Since
div(V X (fT;”)) = 0 (cf. (A.4)), we derive from (3.5) and (A.4)—(A.5) that

V x V x (u’l”IT;”) = —A(u’l'flT;”) = —El(u’l”l)T’",
VxVxVx (u;”ZT;") =-V x (A(u;”le”)) -V x (El(uy) ) ) (3.19)
where the Bessel operator £, is given in (A.3). Thus, using the expansions (3.5), we can reduce (1.1) to
— (L, + W) =f(r) for {w,f} = {ul' 1) or {uy, 1) (3.20)
for/ > 1 and r € I. In addition, we have
—kPu) =f), as Vx u)Yle) =V x (f)YJe,) =0, (3.21)

since E*” and F*" are solenoidal. This leads to the mode ug, so we only consider the modes with [ > 1
and 0 < |m| < [. A direct calculation using (A.2)—(A.3) and (A.4)—(A.5) leads to the reduction of the
boundary condition (1.2):

R . d 1
wiy(@) =0, (@) =0, where 3= +-. (3.22)
’ r r

‘We now turn to the DtN boundary condition (1.2). By (3.5) and (3.19),

o) !
VX EY ="V x (uf\ T}') — Lig )T} (3.23)

=1 |m|=0
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Again from (A.2)—(A.3) and (A.4)—(A.5), we derive

(V x E*) x e, Z Z { (Bl )T + L,Ge) Vs Y

I=1 |m|=0
EY| = i XZ: {u';f,T;" + B, VSY,’”} ‘ B (3.24)
=1 |m|=0
Then, by (3.13) and (3.24),
—ik Z[ES"] = Z Z { 8 }(‘:)(kb ) ul (b) T} + k# d,u,(b) VSY'”} (3.25)
hy" (kb) 0.h, " (kb)

=1 |m|=0

Consequently, by (3.15) and (3.24), the DtN boundary condition (1.2) reduces to

3,h" (kb) . B " (kb)
W u]’,(b) = hT,I’ £1(u2l)(b) + km

il

B (b) — B (b) = Iy, (3.26)

By the equation (3.20) (note: f,';(b) = 0 as the source field is assumed to be compact supported), we have
E;(ugl)(b) = —kzug'fl(b), so we can simplify (3.26) as

O, (kb) . 10,h" (kb)

o (b) — ul(b) = — L
2 4) " (kb) u) =g h" (kb)

hy,. (3.27)
This ends the derivation. O

3.2 A priori estimates for {u}';, uy,
A weak form of (3.17)—(3.18) is to find u; € ¢H'(I) such that
B (uy, w) = (fi, W) + B> hyw(b)  Yw € oH' (D), (3.28)
and to find u, € H'(I) such that
B} (2, w) — aur(@)w(a) = (5, W) + b*haw(b) Yw € H' (D), (3.29)
where the sesquilinear form B} (-, -) is defined in (2.22).
Observe that the weak form for u; is the same as that of the Helmholtz equation in (2.22), whereas
(3.29) differ from (3.28) with an extra term —au, (a)w(a). As a result, we can obtain the a priori estimates

like Lemma 2.3 by using the same argument.

THEOREM 3.4 Let u; and u, be solutions of (3.28) and (3.29), respectively. If f, /o € L*(A) then for all
k > ky > 0 (for some fixed constant ky), and [ > 1,0 < |m| < [, we have

l11%, + Billwill? + K2 w17, S AN, + l® = 1,2. (3.30)
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826 L.MA ET AL.
Proof. The estimates in Lemma 2.3 carry over to u,, so it suffices to consider u, and deal with the extra
term herein. Following the proof of Lemma 2.3, we take two test functions: w = u, and w = 2(r — a)uj,

and note that the term * — au,(a)w(a)’ vanishes for the second test function. Thus, we only need to deal
with the contribution from this extra term as follows:

I lI?, + Billua|® + K w17, — aluwa(@)* S N A5, + hal. (3.31)

Using the Sobolev inequality (see, e.g., Shen et al., 2011, (B.33)), we obtain

alux(@)® < a 2+; luzlllluz]ly < a 2+; (2 l1* + Nzl l2a311)
2 = b—a 2 201 = bh—ua 2 2 2

-3 1 2 ’
<a’ |2+ h—a (w2, + Nzl N1 ]l ) (3.32)

where we used the simple inequality /A2 4+ B2 < |A| 4 |B|, and the fact @ /a* > 1. Thus,

alus( 2o L Clluz? 3.33
2a)]” = 2””2”w+ a2l - (3.33)
Thus, by (3.31) and (3.33),

| _

Elluzllfn + Billua|* + k(1 = Ck ) woll2, S WAL + |l (3.34)
This leads to the desired estimate. O

It is important to point out that as the expansion in (3.10) involves {é,ugf,}, the direct use of Theorem
3.4 and the orthogonality of VSH only leads to an overly pessimistic estimate: ||[E“’||o = O(1). However,
the expected optimal estimate should be |[E“’|; = O(k™"). In view of this, we next derive an ‘auxiliary’
equation of é,uzl and apply the analysis similar to that for {u}', u3';} in the previous subsection.

3.3 A priori estimates for 5,u§'f,

3.3.1 Egquation of éru;'fl. Denote

V2 = ﬂzué”,,/r = B /r, v3= éruzl = ér”Zv hy = —kS;why, = h?,l,

g = B3/r = Bil/r. 83 = 0fi) = 0ifa, (3.35)
where the DtN kernel pertinent to (3.13) is defined by

n) A" (i) B 1
an"uw)  h" )+ h ) Tt

S = [>1, « >0. (3.36)

Recall that 7}, is defined in (2.2).
From the equation of u, in Proposition 3.3, we can derive the following ‘auxiliary’ equation.
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MAXWELL EQUATIONS 827

PROPOSITION 3.5 Letv; = éruz. Then we have

1 7N/ ﬁl
_ﬁ r2v3) +r—2V3—k2V3—ﬁV2=g3 rel,
vi(@) =0, V() — k(S — (kb)) v3(b) — b 'va(b) = hy. (3.37)

Alternatively, we can replace the boundary condition at r = b in (3.37) by

Oy kb hy hy
‘) — L) = —— = -2, 3.38
V(D) b v2(b) kb S p (3.38)
where
1 Kb LI P kb 1+ T + b (3.39)
O = 1— - =1- T : :
Lk B kbS, s B, kb kB>
Proof. One verifies readily that 9,v; = 3,(d,u2) = r=2(r’ul)’, so by (3.17),
é .Bl 2 _
— rV3+—2M2—k Uy —f2 rel. (340)
r

Applying 3, to both sides of the above equation, we obtain the firstequation in (3.37) by adirect calculation.
Since v3(a) = 0,uy(a), the boundary condition v;(a) = O is a direct consequence of (3.18). Noting that
u5(b) = v3(b) — uy(b)/b, we obtain from (3.36) and the boundary condition in (3.17) that

S S h
uy(b) + %w(b) = %hz = —k—g. (3.41)

Taking r = b in (3.40) (note: f,(b) = 0), we obtain
ur(b) = —k 2 (vg(b) + b7 v (b) — b_lvz(b)). (3.42)

Inserting (3.42) into (3.41) yields the boundary condition at » = b in (3.37).

The alternative boundary condition (3.38) can be obtained by eliminating v;(b) in (3.37). More
precisely, solving out v3(b) from (3.41) and using the fact u,(b) = bv,(b)/p,;, we can obtain (3.38)—(3.39)
from (3.37). O

3.3.2  Properties of the DN kernel S;,.. By (3.36), we have that for integer / > 1 and real « > 0,

B Re(7,0) +«~! _
(Re(Z,0) + k=12 + (Im(7;,))*’

Im(7;,)
Re(T,) + k712 + (Im(7;,))?’

Re(Si,) = Im(S,,) = (3.43)

which, together with (2.5), implies

Re(S) >0, Im(S,) >0 for [>1, « > 0. (3.44)
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n(s,)

80
2 0 40 30 50 70| 920 150 0 30 50 70| 920 150

Re(Si,x) Im(S;,.) Re(S;,) vs Sﬁn Im(S;,) vs Sl{n

FIG.2. (a,b) graphs of real and imaginary parts of S, for various (/,x) € [0,120] x [1, 100]. (c) Re(S;,) (solid line) against
ka. (d) Im(S; ) (solid line) against S,{K with ¥ = 30,50,70,90 (note: ‘+’ for p = v/k € (0,6p), ‘o’ for p € [6p, V1], ‘o for
p € (91,9;) and ‘%’ for p € [7, 00)).

InFig. 2 (a,b), we depict the graphs of Re(S;,) and Im(S;,,) for various samples (/, «) € [0, 120]x[1, 100],
which shows a quite different behaviour, compared with that of 7;, in Fig. 1.

Thanks to (3.43) and the estimates in Theorem 2.2, we can analyse the behaviour of S;.. In Fig. 2(c,d),
we plot the exact value and approximations in Theorem 3.6 below for various samples of «.

THEOREM 3.6 Let 6, ¥, 1%, and kg be the same as in (2.6) and (2.8). Denote v =74 1/2 and p = v/k.
Then for any ¥ > k),

Re(Si) ~ SR, Im(S,) ~ S, VI>1, where (3.45)

N

(i) for p =v/k € (0,6p),

st = 1 (P 2 sho— L. (3.46)
Lk ™ o 1—p2 ’ Lk — 1_[02’ '
(ii) for p =v/k € [0y, 1],
G _;(H;) s L (3.47)
Y ap(l - p)e 20-p))" T V2o(0=p) '
(iii) for p = v/k € (¥4, 1),
1 ,suN\1/3 ﬁ v\ 13
SR N HR 1), SI = — | — HI 1), 348
BT 4 (2) ©: i € <2) © (349
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MAXWELL EQUATIONS 829
where 1 = —v/2 (k — v) /v (note: |¢| < 1) and

1+ 2¢it + cyf?
1 —2c1t + (4¢3 + 2 /2)2 + cieat® + 34 )4’
1 —2ct
1 —2¢it + (462 + /D2 + c1eot® + 34 )47

HR() =

H 1) = (3.49)

with ¢y, ¢, given by (2.17);
@iv) for p = v/k € [, 0),

R __
Sl,/c -

1 1
1+ 1+ , (3.50)
pZ—l( 2K\/p2—1( p2—1))
P U (1 4! ) (3.51)
le — p2_1 K/—pz—l '02_1 > .

where ¥ is defined in (2.19).

We postpone the derivation of the above estimates to Appendix C.

REMARK 3.7 With some careful calculations, one can verify that for r € [—1, 1],

min{H (1)} = HX(t = —1) ~ 0.2493, max{H"(t)} = H(t ~ 0.8004) ~ 1.9291,
min{H' (1)} = H'(t = 1) ~ 0.2479, max{H' ()} = H'(t = 0) = 1.

Thus, we roughly have 0.2493 < H®(¢) < 1.9291 and 0.2479 < H'(¢t) < 1 fort € [—1, 1].

A weak form of (3.37) is to find v; € ¢H'(I) such that
Bl (v w) = G'(w)  Yw € oH' (D), (3.52)

where

ﬁ’,”(Vs, w) = (Vyu W)y + Bi(vs, w) — K (v3, W), — kb (Sl,kb — (kb)fl) v3(b)w(b);
G'(w) := bvy(b)w(b) + 2(va, w) + b*hyw(b) + (g3, W)y @ = 1" (3.53)

Alternatively, we can use the equivalent boundary condition (3.38)—(3.39) and modify (3.53) as

B (3, w) = (Vo W)y + Bi(v3, W) — K2 (v3, W)

hy

G'(w) = bava(b)w(b) + 2(v2, w) + (g3, W)y + b
k S

w(b). (3.54)
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830 L. MA ET AL.

THEOREM 3.8 Let 6 and {9;}7_, be the same as in (2.6) and (2.8). If g5, g3 € L*(I) then we have that for
all k > ky > 0 (for some fixed constant ko) and [ > 1,0 < |m| <,

, 1 B}
V512 + Billvall> + K2 vs 12, < Cix (anzn; - ||g3||§,> +C (1 - k—g) |hyl?, (3.55)
1

where C is a generic positive constant independent of &, /, m and v, and

oot if p = v/(kb) € (0,0,] U (i, 00), 56
T by, i p = v/kb) € (@, 9. '

Note that for p € (6, 9,], we have p = 1 + E(kb)™ or v = [+ 1/2 = kb + £(kb)’~", for some
y € [1/3,1), and some constant &.

Proof. Taking w = v; in (3.52), we obtain
V312, + Billvsll® = K2 [Ivs 17, — kb® Re(Spi) [v3(B)1* + blvs ()
= bRe(n(b)¥3(b)) + 2Re (v, v3) + b* Re(hyvs(b)) + Re(g3.v3) (3.57a)

—kb? I(S140) V3 (B)* = bIm(v2(b)V3(b)) + 2Im(v2, v3) + b* Im(hy V3 (b)) +Im(g3,v3),r.  (3.57b)

Next taking w = 2(r — a)v} in (3.52) and following the derivation of (2.25)—(2.26), we can obtain

/ b a
DIV, (D) + (B + D) v (b) P + 2all /v |I° + 2k2/ [1 - ;]lezrz dr

a

= (KD*|I] + kb Re(Syi)) [vs(D) > + 2kb* [T1|Re{ (S — (kb) ™ )vs(v)V4(b)}
+ bRe(n(b)3(b)) + b* Re(hyVs (b)) + 2Re(v2, v3) + Re(gs, v3)o + 2b11| Re(Vz(b)\_’; (b))
+ 2071 Re(hy\73(b)) + 4Re(vy, (r — a)vy) +2Re(gs, (r — a)vy)s-.
(3.58)

Then we can derive the estimate similar to (2.28) (by noting that S;;, — (kb)~! should be in place of 7;
and the term of the left endpoint » = a is not involved):

BV B)P + DigllvsD))> + all/rvi 1> + K llvsllZ, < C(IvallZ, + va D)1 + ligsllZ, + hy[),
(3.59)

where
Dy := B — (1 — )| kb* Re(Si) — k0> (1 + &7 | Sy — (kD)™ |2). (3.60)
Thus, it remains to bound the term Dy, |I||v3(b)|* (note: it is negative for some range of /) and to estimate

the terms of v, by using that of u, in Theorem 3.4 and its proof. Following the proof of Theorem 3.4, we
proceed with four cases.
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(i) If p = 35 € (0,6) for fixed 0 < 6y < 1, we find from (3.46) that both kbRe(S;4,) and Im(S; )
behave like constants. Thus, from (3.57b), we can obtain the bound like (2.31):

Kb [vs(B) ] < ek vl + C(IvallZ, + a1 + ligsllz, + |y [?). (3.61)
Noting from (3.46) and (3.60) that
Dy ~ B — Ck*b?, (3.62)

we infer from (3.59) that
DV + BilllIvs(B) > + all/rvillP + K vsll2, < C(Ivalls, + )P + ligslls, + [hy[?). (3.63)

Recall from (3.35) that h, = —hy/(k Sj4p), 2 = rﬂl’lvz and f, = r,Bl’lgz. Then by (2.32),
2 2 1 2 B 2 1 2 B 2
vally + 2(D)” = C| Flgally, + 5 1hvl” ) = C g2l + 5 1Arv[™ ). (3.64)
k k B k
Thus, using (3.57a), (3.61), (3.63), (3.64) and the Cauchy—Schwarz inequality, we can obtain (3.55).
(i) If p = > € [0y, P11, we start with (2.35) and find from (3.47) that

1

m(kb)“—m)/z, (3.65)
0

1
Re(Spyp — (kb)™") ~ F(kb)l_zm, Im(Siap) ~
o

where 1/3 < y < 1. Thus, by (3.62)—(3.65), D ~ —C(kb)>~". As with (2.37)-(2.39), we can derive

(kb)*™70 v3(D)* < ek*[Ivsll7, + C ((kb)' 70 (Ivall7, + llgsllz) + [va(B) I + [hy ). (3.66)
Therefore, we have

IVrvIIP + K2 v 17, + (kb)Y vs(b) P < C ((kb)' 70 (Iv2l7, + llgsllz) + B + [hy[?).  (3.67)

Like (3.64), we derive from (2.40) (note: h, = —hy /(k Sjup), 2 = r,Bl_lvz,fz = r,BI_lgz) and (3.65) that

K012 + va(b))F < € ! llgl2 +ﬂ—]2|h P)=<cC klillg I +ﬂ—12|h ? (3.68)
2l 2 = o 1821l + iy = B 2l + g i) .

Thus, as with the previous case, we can obtain the desired estimate.

(iii) If p = 3 € (91, 12), we have the range in (2.41). Using (3.48)—(3.49), we can show that in this
range, the bound is the same as (2.50) with y, = 1/3:

VP2 4+ R s I12, + (k)PP s (b) P < € (kb)Y (Ivall7, + llgsllz,) + va B + 1hy[?).  (3.69)

Similarly, we can bound the terms involving v, by (3.68) with y, = 1/3.

020z Asenuep gz uo Jasn NINQYV Ssauelqi] Alsiaalun anpind Agq 00878E/01 8/2/8E10eNsqe-ajonie/eulewi/woo dno-olwapeose//:sdiy Woll papeojumoc]



832 L. MA ET AL.

@Gv) If p = ﬁ € [, 00), we find from (3.51) that Im(S;4,) decays exponentially with respect to /.
However, since Re(S;, — (kb)) > 0, we do not have (2.48) to bound the term D, ;|I||v3(b)|* (note:
Dyx < 0), as opposite to the estimate of u, in Theorem 3.4. For this purpose, we use the equivalent
boundary condition (3.38)—(3.39). Correspondingly, we modify the weak form (3.52) as

VW) + B3, w) — K2 (v3,W) oy = b0y v (D)YW(D) + 2(v2, W)

hy

+ (g3, W) + 1 w(b), VweH'(A). (3.70)

k kb

Taking w = v; in (3.70) leads to

V512, + Billvs I = K2 [1vs |2, = bRe(01u v2(b)V3 (b))

h
+ Re(gs,v3)w + 2Re(v2,v3) + b'Re ( 4 173(b)>. (3.71)
kSl,kb

Next taking w = 2(r — a)v} and following the same procedure in deriving (2.25)—(2.26), we have

b
a
DIV, + (B — KB [[vs (D) + 2allV/rvil* + 2k2/ (1 - ;) |vsl?r? dr

a

= 2b|I|Re{O'l,kb Vz(b)\_/; (b)} + bRC{O’]kaVQ(b)l_/j;(b)} =+ 4RC(V2, (r — (l)V;) + ZRC(Vz, V3)

h h
+ 2Re(gs, (r — a)V,)w + Re(g3, v3)w + 26%|1|Re < ! 53(19)) + b*Re ( ! 53(19)). (3.72)
kS]‘kb kSl,kb

Using the Cauchy—Schwarz inequality, we can derive
VB + (B = K26 vsD)* + IVrvi 1> + K w7, < € {Iaz,kaZ(l + (B = K26 ma b))

v 2, + llgsllz, + (1+ B - kzbz)_l)lhylz}. (3.73)

1
(kb)? |S; x|

We first consider the range (a) in (2.44), i.e., v ~ kb + c5(kb)"! for 1/3 < y; < 1 and some constant
¢s > 0. From (3.39) and (3.50), one verifies

1
B — k*b* ~ 2es(kb)' 1, S| ~ IRe(Sip)| ~ ———= o1 ~ 2¢5(kb)" . (3.74)
V2¢s(kbyri—1
Then we obtain from (3.73)—(3.74) that
llvsl2, < € ((bY* "=V ma ) + [Ivall2, + llgs 2, + kb)™ 7 hy ). (3.75)

Recalling that h, = —hy /(k Sjp), U2 = r,Bflvz and f> = rﬂl"gz, we have from (2.50) and (3.74) that

1

V212, + (kb)Y =Py (b)) < € (ﬂ
1

2 /312 2
g2l + k—4lhy| . (3.76)
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As vy € oH'(I), one verifies readily that

b
lvs(D)| = / Vi(n]dr < ClIv;lle. (3.77)

Thus, using (3.71) and the Cauchy—Schwarz inequality, we can obtain the same upper bound as (3.75)
for [[V4]12, + Billvs||*. This leads to the desired estimate for this case.
We then consider the range (b) in (2.44), i.e., v > n kb with n > 1. Once again, by (3.39) and (3.50),

kb
1Sii| ~ IRe(Sppp)| ~ ——, ol ~1—n7" (3.78)
vy 1 —n2

It is evident that
BillvslI> = K2 llvsllZ, = (B — KbP) [vsll” = Bi(1 — n72)lvs > (3.79)

Using the Cauchy—Schwarz inequality and (3.77)—(3.79), we have from (3.71) that

/ - - B
VA1, + BillvslI> < € (|V2(b)|2 + B vall + B g2, + k—ilhxvl2 : (3.80)

Then by (2.23), (2.54) and the fact that iy = —hy /(k Six),us = rf; v, and f» = r; ' g2, we obtain

1

B
B !

lg21l2 + —Ihylz). (3.81)

2B + B Ivall® < C( ?

Then we can derive the desired estimates. O

REMARK 3.9 It is seen from (3.30) that ||u}||,, = O(1), while by (3.55), ||u}]l, = Ok™"'/Cix) (note:
V3 = éruz).

3.4  Main result on a priori estimates of E**

We are in a position to derive a priori estimates for the Maxwell equations (1.1) and (1.2). Recall the
space H(div’; £2) defined in (3.1). We further introduce

H(eurl; 2) = {E € (L*(£2))’ : VX E € (L*(2))*};
Ho(curl; 2) = {E € H(eurl; 2) : E x e,|,—, = 0}, (3.82)

which are equipped with the graph norm as defined in Monk (2003).
A weak form of (1.1) and (1.2) is to find E*® € V := Hy(curl; £2) N H(div’; £2) such that

BE W) := (V x E,V x W), — kK’ (E“", W) , — ikb*( ZES", W),
= (F*" o), + b (h,Ws), V¥ eV. (3.83)

020z Asenuep gz uo Jasn NINQYV Ssauelqi] Alsiaalun anpind Agq 00878E/01 8/2/8E10eNsqe-ajonie/eulewi/woo dno-olwapeose//:sdiy Woll papeojumoc]
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Its well posedness can be established using the property: Re(%Eg’b, Eg”b )s > 0 (see, e.g., Nédélec, 2001,
Chapter 5 and Monk, 2003, Chapter 10).

By Nédélec (2001, (5.3.47)), the surface divergence of k (with the expansion (3.15)) can be expressed
as

o0 ! o)

1
divsh ==Y Bihy, ¥, so |divshllg =Y > B2lny,|. (3.84)

=1 |m|=0 I=1 |m|=0

THEOREM 3.10 Let E** be the solution to (3.83). If F** € L*(2), h € L2.(S) and divgh € L*(S) then
we have E*? e Hy(curl; £2) and

IV x E*“|lg + kIE“|lg < C(K'IF*|o + 212 5) + k2 \divshll s ) (3.85)

for all k > ky > 0 (ko is some positive constant), where C is independent of k, E**, F* and h.

Proof. With the notation in (3.35), we can rewrite the field E*’ in (3.10) as

0 1
E" = uyYoe, + Z Z (il T+ V5, Y'e, + V5, VsY' (3.86)

=1 |m|=0

where we recall (cf. Proposition 3.3): —k*u{) = f). Thus, by the orthogonality and (A.1),

=S !
VE“ 1% = gl + D Y Bl + B I + V32, ). (3.:87)

=1 |m|=0

Working out V x E* via (3.86) and (A.4)—(A.5), we obtain from (A.1) that

00 !
a. a m m 1 A 11 2
1V x B =32 37 B {18l + Bl 2+ W/ = ). (3.88)

I=1 |m|=0

Noting that f; +2 < 2f; and || 3,112, < 2(| ")’ ||fy + llu, 1), we obtain from (3.87)—(3.88) that

e} !
IV x E“lG + R IE NS < NudlZ + Y > B {200y 1%, + Bl 17) + K21l 1%}

=1 |m|=0

o] 1 o] 1
Y B2 BTV T+ DD BRI + v + Rl )

I=1 |m|=0 I=1 |m|=0
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Similarly, using the orthogonality of VSH, we have

00 l
IF“NG = WG + 3 2 BAIAIIG + B I3, + 15, |

I=1 |m|=0
00 1
m 2 m 2
1l g = D2 > Al + 1 ) (3.89)
1=1 |m|=0
Recall from (3.35) that 1y, = —hy,/(k Sj4p), us', = rﬁl_lvgfl and f), = r,Bl_lg'z'fl. Then by Theorem 3.4,
VN2 4+ k2B IV, < LB Igs s, + kB2 IRY 1), (3.90)

where we have used the fact |S;,| ™2 < CpB;/k* for all the ranges of I, k in the proof of Theorem 3.8. We
further derive from Theorems 3.4 to 3.8 and (3.90) that

i

o) o) !
a a - m m 2 - m
IV x E“1% + RIEIS < k2112 +C Y0 3 A IR + [} + €30 D7 ai{a el

I=1 |m|=0 I=1 |m|=0

o0 1
kBRI P+ B Cu(B I8h % + 1ghlI%) + C(1+ K BE) Iy, 7).

I=1 |m|=0

Finally, the desired estimate follows from (3.84), (3.89) and the above. ]

REMARK 3.11 We point out that the estimate in Theorem 3.10 is suboptimal due to the presence of the
factor k'/3. In the bound of the ‘auxiliary’ variable v; in Theorem 3.8, we have C;;, = O(k'/?), which
brings about this, but appears hard to be removed.

4. Spectral-Galerkin approximation and its wavenumber explicit analysis

In this section, we consider the analysis of spectral-Galerkin approximation to (3.83). We look for the
approximation of E*? in the form

L
Ey = —k2fy Yoer+ 3 3 {ul" T+ V x (7" 17)}, (4.1
I=1 |m|=0
where ullv " =: u) and u’zv " =: u) are, respectively, the solutions of the spectral-Galerkin schemes:

(i) Find u) € ¢Py := oH'(I) N Py (Where Py is the space of polynomials of degree at most N) such
that

B (), 9) = (fi, @) + B*m@(b) V¢ € ¢Py. 4.2)
(i) Find u)’ € Py such that

B4y, ) — auy (@ (@) = (f, ¥)o + D’y () VY € Py. (4.3)
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Here, the sesquilinear forms B}" is defined in (2.22). It is evident that by Proposition 3.1, the expansion
in (4.1) preserves the divergence-free property of the continuous field.

THEOREM 4.1 Theorem 3.4 holds when u’l" s u]zV are in place of uy, u, in (3.30), respectively.

REMARK 4.2 The algorithm in the recent work (Ma et al., 2015) was based on the VSH expansion in
Nédélec (2001), so the divergence-free condition could only be fulfilled approximately. Moreover, one
had to deal three components where two were coupled. In a nutshell, the above algorithm is much more
efficient.

4.1 Error estimates

As before, we start with the schemes (4.2) and (4.3) in one dimension. To describe the errors more
precisely, we introduce the weighted Sobolev space

X (1) :={ueL2(1) = a) b= )T u?® e LA, 1§l§s} seN:={1,2,---,},

with the norm and seminorm
s 1/2
-1 s—1 .
lullssay = (||u||2 +Y e =a-n1zu® }|2) o ulsay = [0 =) =17 u®|.
=1

Define X°(/) = L*(I). Following the proof of Shen & Wang (2007, Theorem 4.2) (but using the improved
estimate in Theorem 3.4), we have the following error estimate for the scheme (4.2).

LEMMA 4.3 Let u; and ) be the solution of (3.28) and (4.2), respectively, and define ey = u; — u}. If
u; € oH'(I) N X*(I) with integer s > 1 then for all k > k, (where kj is a certain constant ), we have

x|, +vBilley |l +kllen o < (VB + NN lulssa. (4.4)

where 8, = I(I + 1) and @ = r? as before.

Now, we turn to (4.3). Consider the orthogonal projection 7, : H'(I) — Py defined by
(Gryv —v). @)+ (myv—v.¢) =0, V¢ePy. 4.5)

Noting that the weight function @ is uniformly bounded below and above, we follow the argument in
Shen et al. (2011, Chapter 3), and derive the following estimate.

LEMMA 4.4 For any v € X*(I) with s € N, we have

Iy = V)l + Nlimgy = vl <

~

N gy (4.6)

LEMMA 4.5 Let u, and 1) be the solution of (3.29) and (4.3), respectively, and define ey’ = u, — ). If
u, € X*(A) with s € N then for all £ > k, (where kj is a certain constant ) the estimate (4.4) holds when
u, and e)? are in place of u; and e,/ , respectively.
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Proof. Letéy = ub — whuy and éy = up — mhu,. Then e} = ey — éy. By (3.29) and (4.3),
By (e’ ¥) — aey (@)Y (a) = 0 = B} @y, V) — aéy (@) ¥ (a) — B ey, ¥) + aey(@)yr(a) Y € Py.
Thus, by (4.5),

Bl (en, ) — aey(@) ¥ (a) = B @y, ¥) — aéy(a)y (a)
= Bi@y, ¥) — (k> + D@y, V) — ain(@ ¥ (a) — kb* T en (b)Y (b) Y € Py. 4.7)

Compared with the analysis for (4.2), the only difference is the presence of the extra term ‘—a ey (a)zﬁ (a)’,
which is akin to the situation in the proof of Theorem 3.4. We omit the details, as one can refer to the
proofs of (Shen & Wang, 2007, Theorem 4.2) and Theorem 3.4. O

We now estimate the error between the electric field and its spectral approximation in (4.1)—(4.3).
We first introduce suitable functional spaces to characterize the regularity of the electric field. For any
E* e L*(£2), we write

o) 1
EY =20, Yse. + Y Y () T} + vy (r) Y]'e, + v, (r) VsY/'). 4.8)

=1 |m|=0

We introduce the anisotropic Sobolev space H'(S; H: (I)) for t > 0 and integer s > 0 equipped with the
norm:

1
2
1+[ 1 2 2
NE s, a»—<uvzonﬂwm+§:Eiﬁ, Vg, ) + B V5, ||H;;<,>+llv§”,zllﬁg_,u>}) :

=1 |m|=0

Note that H°(S; HC (1)) = L*(£2). Here, we are interested in the divergence-free fields. In this case, like
Proposition 3.1, we can rewrite E“ ¢ H, (curl; £2) in the divergence-free form:

o] 1
E* = S¥ie,+ ) Y i) T +V x () T7) . (4.9)

=1 |m|=0

where c is an arbitrary constant, and for [ > 1,

B m d 1
vy () = uj (r) vy (r) = uzz(r) vy (r) = (E )uﬂ(r) (4.10)

Note that we can substitute (4.10) into (4.1) to express the norm in (4.1) in terms of {u}';, u3';}.
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THEOREM 4.6 If E“ € Hy(curl; $2) N L*(S; HS, (1)) N H*(S; L2, (I)) with s € N, then

IE* — Eglle S (L + k"ML +ENONIE | 2 o) + L7 NE | sisiaz i (4.11)

for all k > ky with k, being a positive constant.
Proof. By (3.5) and (4.1),

L 1

EY —Ey=) > 0~ T+ 9 x (@) = ;") T})}
I=1 |m|=0
o) 1
+ Y {un T+ x (4, T = S+ 5s, 4.12)
I=L+1 |m|=0

where S, counts the error from truncating the VSH series. It is clear that by the orthogonality of VSH,
(4.1) and (4.10),

[eS) 1
105 = >0 37 Bl + 8|2, + Bl P} < L7 | E*?|

2
HS(S:L2, (D) (4.13)
I=L+1 |m|=0
Next, by (3.87), Lemma 4.3, Lemma 4.5 and (4.10),
L l
m ,m m SN/ 2 m Sm 2
IS S D0 2 B, — a2 + s — a2 + Bl - )
=1 |m|=0
Lo
—1\27,— —2s,,m
YD BB A RN KON W
I=1 |m|=0
Lo
—1\2p7—2s),m
+Y Y B(BAH RN N R, (4.14)
I=1 |m|=0
By (4.10) and a direct calculation,
05 P gy S 10575 12 ) = 192y — 920 /)|,
N8Bty )2, + 1855 /1)y = 10V, + BNBVA 22 - 4.15)

As the weight @ is uniformly bounded below and above for r € (a, b), we derive from (4.1), (4.10) and
(4.14)—(4.15) that

ISille < (1+k'"N)L+ KN HN|EY|,, (4.16)

(S:Hz (1)

A combination of (4.13) and (4.16) leads to the desired estimate. O
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Note that the estimate in (4.11) is in the L?>-norm not in the usual energy norm. For the continuous
problem, we were able to obtain the bound for the energy norm through a further estimate of érug,
in subsection 3.3. However, this approach does not carry over to the discrete problem, as the second
test function does not belong to the finite-dimensional space for the spectral-Galerkin approximation
of (3.52). We shall derive below a sub-optimal error estimate in the energy norm through a different
approach.

THEOREM 4.7 If E“" € L*(S; H:, (1)) N H*™'(S; H (I)) N H*(S; L2 (I)) with s > 3, then

|V x (E“> — E)| N+ A+ iNHL+EN DN

w.2 N( E* ||L2(S;H‘,‘H )

+ L IE g1 s.ndy oy + VE“ Narscsa, an b 4.17)
for all k > ky with k, being a positive constant, where w = (b — r)(r — a).

Proof. For notational convenience, let e, = u, — ufv,m (i=1,2). By (4.12), (A.1) and (A.5)—(A.4),

i

i

L
|V x @ —EH| 0 <337 B{lirdes 12 + Billephl2 + 7 L)1)

I=1 |m|=0
00 1
+ >0 Y B{lrdad %+ Bl 1%+ LI} = T+ o (4.18)
I=L+1 |m|=0

We first estimate 75. It is clear that by (4.1) and (4.10),

2 2
1o, 15, 4 Bl I S IV ) + BV s
A2 —1 A2 —1
”r['l(u )” = ||r3 “21 - Bir M'z";ll , = ”rar’/"zrfz - Bir “2[”w = ||r8 V;] - Vz]”
SRy o)+ VRl s (4.19)
so we have
T < Z Zﬂl [ e e e (VAo
I=L+1 |m|=0
2 2 b b
+ 30 > B o S B B s g ) T VB W2 1} (4:20)
I=L+1 |m|=0

We next turn to estimating 7. We see that it is necessary to obtain H>-estimate of e;?2. To simplify the
notation, we will drop /,m from the notations if no confusion may arise. Taking ¥ = we}, (€ Py) with
w(r) = (r —a)(b — r) in (4.7), and using integration by parts, we obtain

B (e, wey) = —((r*eyy) ,wey) + Bi(ey. we) — k> (rey, wey,

= Bi(en,wey) — (kK + 1) (r*ey, we)). 4.21)
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Using integration by parts again, we derive from a direct calculation that
—Re((rzeN) w”’) —|lrey || - 2Re(reN,w2§\',) = —|lrey || / ey |?(rw) dr;

b
Re(ey, wey) = —lley s, — Re/ enelw' dr = =&yl — IeNI / len|*w"d
a

= —lleyll;, a(lézv(a)lz +len®)) — llewl;

2

1 1 [
ey 12+ 5|éN|2<r2w>/;fj -3 / ex2(2w)” dr

2 A A
—Re(r ey, wey)

~ —a ~ ~ 1 b ~ ”
= 1y — 75 (@lew @l + Ben D)) — 5 / ex2(2w)" dr,

and further by the Cauchy—Schwartz inequality,
~ Y 1 ~ N/ 1 Y ~ ~
[(en,wey)| < / [(wen)'lley| dr < —|I VIP -+ II(WeN) I? < EIIeNII2 +c(llenl® + lley %)

1, 1 - 1 ., . .
|(rPey, wey)| < / |(rPwey) ||y dr < EIIeNII2 + Ell(rzwezv) I* < EIIeNII2 +c(llenll* + lley %)
Thus, we obtain from (4.21) and the above estimates that
Irenlls, < (B + k) (el g, + ||EN||12_11(1))~ (4.22)

Recall that &y = u) — mhus, ey = uy — mhu, and ey} = éy — éy, so we derive from Lemma 4.3 and
Lemma 4.5 that

17212 S Ir @) 12+ B+ K (162 12, + 2w l2,,)

Sz = 7yw) 1P + B+ YW B+ NN g2, (4.23)

n°

To estimate || (u; — wyuz)"||*, we need to use the orthogonal projection w3 : H*(I) — Py, and recall

its approximation result (cf. Shen et al., 2011, Chapter 4): for any v € X*(/),
||7TNV — Ve SN Py n=0,1,2, s>2. (4.24)

Applying the inverse inequality (cf. Shen et al., 2011, Theorem 3.33) and the above approximation result,
we obtain

Gryv — el S N2 Grgy — igw) | S NP |vlssqy s > 2.
Therefore, we have

Iy =)'l < Gy = m20)" I+ 10 = 72| S NP~ vlsa- 4.25)
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From (4.23) and (4.25), we have
1) 12 < AN* + B+ DB+ NN i (4.26)
Now, we are ready to estimate 7 in (4.18). Using Lemma 4.5, we obtain
IrLie)I S M@ 115 + Bl S AN + B+ KB+ NV IN g 2y, (427)

Therefore, we derive from Lemma 4.3, (4.27) and (4.15),

L 1
s Z Z ﬂl(\/E"' kzN_l)2N2_2s|“’1n,l|§s~‘(1)

I=1 |m|=0
L 1
+Y DY AN+ B AV B+ NN,
=1 |m|=0
SN+ A+ BN DL+ NN B, S (" (4.28)
A combination of (4.18), (4.20) and (4.28) leads to the desired estimate. ]

5. Perturbed scatterers through TFE

We consider a perturbed scatterer enclosed by
D={(r.0,¢) : 0<r<a+g®,¢9), 0 €[0,x], ¢ €[0,27)}

for some @ > 0 and given g. Let us choose the radius b of the artificial spherical boundary such that
b > maxggfa + g(0,¢)} and consider the Maxwell equations (1.1) and (1.2) in the domain Q2 =
{a+ g(0,¢) < r < b}. An effective approach to deal with scattering problems in general domains with
moderately large wave numbers is the so-called TFE (David & Fernando, 2004). It has been successfully
applied to various situations, including in particular acoustic scattering problems in two dimensions
(Nicholls & Shen, 2006) and three dimensions (Fang et al., 2007).

In our recent work (Ma et al., 2015), we applied the TFE approach to the Maxwell equations (1.1)
and (1.2) in £2. We outline below the essential steps of this approach and refer to Ma et al. (2015) for
more details.

* The first step is to transform the general domain 2 ={a+ g < r < b} to the spherical shell
2 ={a < r' < b}in (1.1) with the change of variables:

, _ b—ayr—>bg®,¢)
r = 0

—0, ¢ =¢. 5.1
b—a—g0.0) ¢ =0¢ (5.1

With this change of variable, the Maxwell equations (1.1) and (1.2) in 2 is transformed to a Maxwell
equation in §2, which can still be written in the form (1.1) and (1.2) with the understanding that all new
terms (induced by the transform) are included in F' “b and h (cf. Ma et al., 2015, (3.6)). With a slight
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abuse of notation, we shall still use r to denote r’ and the same notations to denote the transformed
functions.

¢ The second step is to assume g(6, ¢) = €f (6, ¢) and for clarity, we denote the electric field and the
data by E¥, F and h, respectively. We expand them in e-power series:

EY(r,0,¢) =Y E(r,0,¢)", F/(r,0,¢) =Y Fu'(r.0,¢)",

n=0 n=0

R ©,¢) =Y h,(0,p)e". (5.2)
n=0

One can then derive a recursion formula for EZ‘Z’ (for n > 0):

V xV x E* —I*E* = F** + G**, in £2; (5.3)
E“ xe, =0 at r=a; (5.4)
(V x E2) x e, — ik Z,[(Ee"))| = h, +g, at r=b, (5.5

where GZ’}’ and g, are given by explicit recurrence formulae in Ma et al. (2015, Appendix B).

* The third step is to obtain the approximation Eﬁ’N (in the form of (4.1)) to EZ"’ (for0 < n < M) by
solving the above Maxwell equations (5.3)—(5.5) in the spherical shell §2 using the decoupled method
presented in Section 4. Then, we define our approximation to E¥ by

M
EGM(r,0,¢) =Y ELy(r.0,¢)€". (5.6)
n=0

Next, we shall use the general convergence theory developed in Nicholls & Shen (2009) to give an
error estimate for E — E5". Using essentially the same argument as in the proof of Nicholls & Shen
(2009, Theorem 5.5) for the Helmholtz equation, we can prove the following bounds.

PROPOSITION 5.1 Let F** € (H*2(£2))*, f € H*(S) and h, € (H*"*/*(S))? for an integer s > 2. Then,
the expansion (5.2) converges strongly, i.e., there exists Cy, C, > 0 such that

IES" |l sy < CrllF% Nl as—2y3 + 1all ggs-32(5)2)B"s ~ for some B > Col| fllmss).- (5.7
On the other hand, it can be shown that the space with the norm in (4.1) satisfies H'(S; H: (I)) <
(H**"(£2))3. Therefore, with the above result and Theorems 4.6—4.7 at our disposal, we can then apply

Theorem 2.1 in Nicholls & Shen (2009) to obtain the following estimates.

THEOREM 5.2 Let E¥ be the solution of the Maxwell equations in 2 and E5M be its approximation
defined in (5.6). Then, under the condition of Proposition 5.1 and Theorems 4.6—4.7, we have

IEY —E™ g S B +{(1 +k'NYL + PN N + L YUIFY || gs-202)3 + 10 | grscsy2)s
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and
IV x (EY —Ey"l,o S B! +{(N+ A +kN")L+ NN
+ L FF g2y + 1B N rss )

for any B > G, || f|lus(s), where C; is the constant in Proposition 5.1.

6. Concluding remarks

We summarize below the major contributions of this article.
Firstly, we considered the Maxwell equations in a spherical shell.

*  Wereduced the Maxwell system into two sequences of decoupled one-dimensional problems by using
divergence-free VSH. This reduction not only led to a more efficient spectral-Galerkin algorithm, but
also greatly simplified its analysis.

e We derived wavenumber explicit bounds for the (continuous) Maxwell system with (exact) TBCs,
and wavenumber explicit error estimates for its spectral-Galerkin approximation.

e We derived optimal wavenumber explicit a priori bounds and error estimates for the Helmholtz
equation, which improved the results in Shen & Wang (2007).

Then, we applied the TFE approach (David & Fernando, 2004) to deal with general scatterers. By using
the general framework developed in Nicholls & Shen (2009), we derived rigorous wavenumber explicit
error estimates for the complete algorithm for the e-perturbed variant. To the best of our knowledge, these
are the first estimates for time-harmonic Maxwell equations with exact TBCs.
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Appendix A. Properties of VSH

We adopt the notation and normalization of SPH in Nédélec (2001). Let (r,8, ¢) (with 8 € [0, 7] and
¢ € [0,2m)) be the spherical coordinates. Then the (right-handed) orthonormal coordinate basis consists
of {e,,ey,e,}. Denote by Vs and Ay the tangent gradient operator and the Laplace—Beltrami operator on
S (the unit spherical surface). We denote by {Y;"(0, ¢)} the (scalar) SPH that are eigenfunctions of Ag,
and form an orthonormal basis of L2(S).

We use the family of VSH: {Y/"e,, VsY", T = Vs¥;" x e,} in Swarztrauber & Spotz (2000) (also
see Morse & Feshbach, 1953). They are mutually orthogonal in L?(S) (for vector fields) and normalized
such that

(ry.17) =10+ 1), (VY VY] ), =1U+1), (Y]e..Y]e,), = 1. (A.1)
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We have
T/ xe, =—-VsY", VsY"xe =T/ Y'e xe =0. (A2)

Define the differential operators:

d d> 2d Id+1 4 d 1
df=—+-, L,=— , Oy =—4-. A3
! dr r "Tarr T rar r? dr + r (A-3)

Let f be a scalar function of r. The following properties can be derived from Hill (1954):

f

div(fTy") =0, A(FfT})=L(OT), V x (fT]) = 3f VY + 11+ 1)=Y"e,, (A.4)
r
V x (fVSY,’”) = —5,f T, V x ,’"e,) = Ji T (A.5)
r
Moreover, we have
le(fVAng ) = ZZ—H(d171 - d]trz)f Yl = —l(l + 1); Y B (A6)
: m 1 - + m d 2 m
le(le e,) = CTT 1 (ldFl + (+ 1)d,+2)f Y" = o + - fY" (A7)

Appendix B. Proof of Theorem 2.2
Case (i) p = v/k € (0,6,). SetsecB=«/v=p~' ie.,cosB = pwith0 < B < /2. One verifies

2

1_
sinf=+v1—p2 tnf=Y—""2" cotfp=—L O<p<b <l (B.1)

o
o 1 — p?

Recall the formulas (cf. Abramowitz & Stegun, 1964, (9.3.15-9.3.20))

Jy,(vsecB) =

(Licosy + M, siny), Y,(vsecB) =

(L siny — M cos ),

mvtan S mvtan f

in2 in?2
s 'B(Lzsinlp —I—Mzcosw), Y/ (vsecB) = sin2p

J (vsecB) = —
TV TV

(Lz cos ¥y — M, sin 1//),

where ¥ = v(tan 8 — ) — 1/4,and L; = L;(v, B),M; = M;(v, B),i = 1,2 are given in Abramowitz &
Stegun (1964, pp. 366-367). Inserting them into (2.3) leads to

LM, + LM, o tan B

1
Re(7;,) = —— —sin , Im(7,,) = —.
(i) = =3¢ p L? 4 M? (i) L2+ M?

(B.2)
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We find it suffices to take the leading term of L;, M;, i = 1,2 in Abramowitz & Stegun (1964, pp. 366-367),
that is,

3cot B+ 5cot’ B 9cot B+ 7cot’ B

Ly~1, Ly~1, My~ ———— M, B.3
: g : 24y : 241 ®-3)
By a direct calculation and using (B.1), we obtain

. . cotB4cot’p 1 1

sin 8 (L1M2 + L2M1) ~ sin 8 o =51 pek (B.4)
and

34502 1 1
2, _o+op ~ 1= M =14 0%™). (B.5)

L1921 — p2)2 k2 L2+ MP

Then we obtain (2.14) from (B.2) and the above.

Cases (ii)—(iii) p = v/k € [0y, V1] U (91, ,). We adopt the asymptotic formulas (Abramowitz &
Stegun, 1964, (9.3.23-9.3.28)):

1
)‘ Bi(—v/22) + 0(v ™",

1
23\3 2
v+ 2v) ~ (;) Ai(=V20) + 0™, Y,(v+23/v) ~ — (;

2 2
Ty 4 z/v) ~ — (%) 3 AV (=V22) + 0(v™3), Yi(v+2Iv) ~ (%) ’ Bi'(—v/22) + 0(v™3),

(B.6)
where Ai(#) and Bi(r) are Airy functions of the first and second kinds, respectively. Set
t=-v2z, k=v+zJv (e, z=(k—v)/IV). (B.7)
‘We obtain from (B.6) and (2.3) that
1 2\ 2 fv\23
Re(T) ~—5-— (=) Taw. ImTo~—(5) T, (B.8)
2K v Tk \2
where
Ai(1)Ai' (1) + Bi()Bi'(¢) 1
Tr(1) = » Ti(n) (B.9)

A1) + Bi2(1) ~ AZ() +B()

Note that the Airy functions have different asymptotic behaviours for r < —1 and —1 < r < 1 (see,
e.g., Abramowitz & Stegun, 1964; Zhang & Jin, 1996). We therefore solve the equations: ¢ = —z=
—J2(k —v)/Yv = F1, that is,

V423w — k=0, v—273u3 —x=0. (B.10)
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. P B Lo
Both are cubic equations in v3 with only one real root each. We find the real root of the first equation is
k ¥, whereas that of the second one is « %,, where ¥, and ¢, are given in (2.8).

(a) For p € [0y, 9] (note: t = —/2z < —1), we recall the asymptotic formulas (see Abramowitz &
Stegun, 1964, (10.4.60))

L (sing - = cosg ), AT ~ — - (cosé — = sing
siné — ——cosé& |, i'(t)y ~—]—— |cosé — —siné& |,
- 72n w2 T2n
. 1 5 . . J (. 7
Bi(#) ~ — cos& + m sin§ |, Bi'(r) ~ = sin& + m cosé& |, (B.11)

where

Ai(r) ~

4

Thus, a direct calculation leads to

Ai()Ai'(t) + Bi(1)Bi' (1) ~ 1 i(—t)—”2
6wy ’

47
A1) + Bi*(t) ~ ! 1+ o 2 L +0((=n7"?) (B.12)
=1 721 =1 ' '
Inserting them into (B.9), we obtain
1 | /—¢ 12
Tty ~ - = LA e TV e (K0 (B.13)
4 42Kk —v 1+ 0((—1)3) vl/3

We derive from (B.8) that

1 1 v K
Re(Ti) ~ =50 = qo—yy T~ /2 <§ - 1). (B.14)

This yields (2.15).

(b) For p € (94, ,) (note: |t| = «3/5|z| < 1), we approximate Tx(¢) and 7;(¢) in (B.9) by their Taylor
expansions at # = 0, which requires to evaluate Ai” (0) and Bi"” (0) for m > 1. Recall that the Airy
functions satisfy the Airy equation: w”(¢) — tw(t) = 0, t € R, and some special values are

=

3

1
Ai(0) = —, AI'(0) = — , Bi(0) = —, Bi'(0) = . (B.15)
3303 330 36T (2) ra
With these and some tedious calculation, we can obtain
T// 0 T// 0
To) = o) + T, + 222 4 0(8), 1,00 = T,0) + Tj0) + L0272 1 00,

020z Asenuep gz uo Jasn NINQYV Ssauelqi] Alsiaalun anpind Agq 00878E/01 8/2/8E10eNsqe-ajonie/eulewi/woo dno-olwapeose//:sdiy Woll papeojumoc]



MAXWELL EQUATIONS 849
with

35 I (2
¢ = Tr(0) = 73 rEi;
3

A~ 0.3645, T(0) =27, Tp(0) =1— 16¢],

Wl

3

2
Ti(0) = - (F (%)) =3rc;, T)0) = —243nc2, T/ (0) = 0.

Noting that t = 2k —v) //v, Thus, we derive from (B.8)—(B.9) that

2 1 1
Re(7;,) ~ —CE (01 +2ct+ 5(1 — 16c§)t2> — 5 (B.16)

1 p2/3 =K —V
Im(7;,) ~ 23v/3¢;— (1 — 2¢11), where 1= —v/2
K

7

(B.17)

Hence, we obtain the desired estimates for this case.

! ie., cosha = p with @ > 0. One verifies

Case (iv) p = v/k € [V,00). Setsecha = p~

=1
sinha = /p? — 1, tamha=Y"""" @ —q—tanha > 0. (B.18)
0

Recall the asymptotic formulas (Abramowitz & Stegun, 1964, (9.3.7-9.3.8)):

67le/ ele/
J, ha) ~ ———{1+00™H}; 7, ha) ~ ——————1{1+00™"H]. B.19
(v secha) m{ 0™H} (v sech ) W{ 0™H}. B.19)

Note that by (B.18),

V-1
W (p) =arccoshp —/1—p2=In(p++/p>*—1) — v p>1, (B.20)
0

which is monotonically increasing with respect to p. By (2.10), we have

Norre= Norres
W) ~n(l+714+vV2r 41— YT Ve YT

1+ 1+
N 2 1
=r+t—T+T ~ 1, where T =——. (B.21)
1+ 2 123

Thus, we observe from (B.19) that in the range of interest, J,,J; decay exponentially, whereas Y., Y]
grow exponentially. By (2.3) and (B.19),

2 1 4y e
tanha —— ~ /p? —

-~ 1 e—2v'1/
wk J2 (k) + Y2 (k) K 4 4 etV

Im(7;,) = , (B.22)
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which leads to the estimate of the imaginary partin (2.18). As Im(7;, ) decays exponentially with respect
to [. We derive from (2.4) that

Y;+1(K) —Im(E’K)JU(K) ~ £ _ Yv+1(K).
» (1) Vo) k  Y,(x)

Re(7,) = é - (B.23)

To obtain better estimate, we resort to the asymptotic approximation of the ratio (cf. Kiefer & Weiss,
1972):

Yu+1(K)_1+\/1—/0_2{1_1_ 1—9_21+0<1)}, (B.24)

Y, () ol 20—p2) v v2

which is valid for v > k and « ~ v. In fact, as shown in Kiefer & Weiss (1972), it is derived from
the formula (B.19) with more terms. Inserting (B.24) into (B.23) leads to the estimate of the real part in
(2.18).

Appendix C. Proof of Theorem 3.6
Case (i) p = v/k € (0,6,). By (3.43) and (2.14),

I 1—p? o> 1 (1 —p»)?*/1 — p? 1
Re(S) ~ o- 2)3 St Y o g o AmSk) ~ 2)3 28 :
2k (1 = p?) +c72p* 26 (1 —=p?) (1 —=p?)° +4c2p 1—p2

This leads to (3.46).
Case (ii) p = v/k € [0y, ¥1]. By (3.43) and (2.15),

1 1 1 1 2 -
Re(S;) ~ e (1 + m) (m <1 + m) +2p(1 — P))

1 1
~ e
Il — pix ( o= p)>

and

V2o —p) !

Im(S,,) ~ ~ :
Y U gy t 2= p) V20T p)

so (3.47) follows.
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Case (iii) p = v/k € (¥4, 1,). By (3.43) and (2.16),

J2/v(cr +2c}t + (1 = 16¢7)1%) — 1/(2«)
(V27v(e1 4262 + L(1 = 16¢3)22) = 1/20))’ + (J2/03/3eip(1 = 2¢11))’

Re (SI,K) ~

~

1 /13 1+ 2¢it + cyt? 1 13 1+ 2¢it + cyt?

(E) (4 2c11 4 )2 +3p2(1 = 26102 ¢1 <§) (1 + 2¢1t + c2t2)2 4 3(1 — 2¢11)2
1 /v\1/3 14 2cit + cof?
T e <_) 1= 2¢11 + (4C + 2/ + c1eaf® + 244

Ci

2

where ¢, = (1 — 16¢3)/(2¢;) A~ 0.3088. In the above, we dropped the term —1/(2k), and used p ~ 1.
Similarly, we can derive

2

\/§(U)1/3 1 —2ct

Im(S;,) ~ — .
(S1) 4¢, 1 —2c1t + (4¢t + 2 /2)12 + cicat® + c3t* /4

Thus, we obtain (3.48).

Case (iv) p = v/k € [, 00). Noticing from (2.18) that Im(7,, ) is exponentially small in this range,
we obtain from (3.43) and (2.18) that

1 ry) 1 1 L)
~ 2 - [ = —_
Re(Sie) (V Pl <1 iy 1)) J -1 (1 2 /p? — 1 (1 e 1))

1 1 1
N—pz_l <1+2K po— <1+p2—1)> and Im(S;,)

-2

e v 1 1
(b
JVpr—1 264/ p? — 1 p?—1
e Y - 1 <1+ 1 )
V=1 ky/p? —1 p*—=1))

where we used (1 —y)™' ~ 14y, (1 —y)~2 ~ 1 + 2y for y ~ 0. This ends the proof.
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