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1. Introduction

We consider in this paper numerical approximation of the following time-dependent incompressible Navier-Stokes equa-
tions:

d
8—?+(u'V)u—vAu+Vp=f inQx J, (1.1a)
V.ou=0 inQxJ, (1.1b)
u=0 onai2xJ, (1.1¢c)

where € is an open bounded domain in R¢ (d = 2, 3) with a sufficiently smooth boundary 92, J = (0, T], (u, p) represent
the unknown velocity and pressure, f is an external body force, v is the viscosity coefficient, and n is the unit outward
normal of the domain 2. The first equation represents the momentum conservation while the second equation represents
mass conservation or incompressibility of the fluid.

There exists a large number of work devoted to the numerical approximations of the Navier-Stokes equations, see, for
instance, [5,33,6,11]. and the references therein. As we all know, the nonlinearity and the coupling of velocity and pressure
have long been the main source of difficulties in both numerical analysis and simulations for the Navier-Stokes equations.
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In view of numerical computation, it is desirable to treat the nonlinear term explicitly so that one only needs to solve
simple linear equations with constant coefficients at each time step. However, a simple explicitly treatment usually leads to
a severe stability constraint on the time step.

The recently developed schemes [19,17,13,18,35] based on the scalar auxiliary variable (SAV) approach [28] with explicit
treatment of nonlinear term can be unconditionally energy diminishing, and ample numerical results presented in the above
work demonstrate that the above (implicit-explicit) IMEX type schemes (i.e. the nonlinear term is treated explicitly) are very
efficient and robust.

On the other hand, there are in general two classes of numerical approaches to deal with the incompressible constraint:
the coupled approach and the decoupled approach. The coupled approach is computationally expensive since it requires
solving a saddle point problem at each time step [5,1,4]. The decoupled approach, originated from the so called projection
method [2,30], can be more effective for the reason that one only needs to solve a sequence of Poisson type equations to
solve at each time step. There have been extensive efforts in constructing various projection type schemes which can be
roughly classified into three categories [9]: the pressure-correction method [26,34,8,27,18], the velocity-correction method
[10,24] and the consistent splitting method [7,15,29] (see also the gauge method [3,23]). Among these, the consistent
splitting scheme has outstanding advantages in the following two aspects: (i) It is free of the operator splitting error so it
can achieve the full accuracy of the time discretization; (ii) The inf-sup condition between the velocity and the pressure
approximation spaces is not mandatory from a computational point of view.

However, there are only very limited works on the stability and error analysis of the consistent splitting methods. Liu
et al. derived a key inequality in [20] for the commutator between the Laplacian and Leray projection operators, and es-
tablished local error estimates in [21] for the first-order consistent splitting schemes in two- and three-dimensional cases.
Recently, based on the generalized SAV approach [14], Huang et al. constructed high-order consistent splitting schemes for
the Navier-Stokes equations with periodic boundary conditions in [13] and no-slip boundary conditions in [35]. Further-
more, in the case of periodic boundary conditions, they established in [13] optimal error estimates (up to first-order) which
are globally (resp. locally) in time in the two (resp. three) dimensional case. However, it is non trivial to extend the cor-
responding error analysis to the case with non-periodic boundary conditions: (i) additional difficulty due to the pressure
Poisson equation; and (ii) weaker stability result compared with the case of periodic boundary conditions.

The main purpose of this paper is to carry out a rigorous error analysis for the first-order consistent splitting SAV scheme
for the Navier-Stokes equations with no-slip boundary conditions. Our main contributions are:

e Global in time error estimates in L>(0, T; H'(2)) (| L?(0, T; H2(£2)) for the velocity and
L%°(0, T; LZ(Q))ﬂLZ(O, T; H1(Q)) for the pressure are established in the two-dimensional case. To the best of our
knowledge, this appears to be the first global-in-time error estimate for a consisting splitting scheme with no-slip
boundary conditions.

e Local in time error estimates in L% (0, T.; H1(22)) ([ L%(0, T«; H2(2)) (T« < T) for the velocity and L% (0, T; L2(£2))
L%(0, T,; H1(Q)) for the pressure are established in the three-dimensional case.

The paper is organized as follows. In Section 2, we provide some preliminaries. In Section 3, we construct the first-order
consistent-splitting scheme based on the SAV approach. In Section 4, we carry out a rigorous error estimates for the first-
order GSAV consistent splitting scheme. Some numerical experiments are presented in Section 5 to validate our theoretical
results.

2. Preliminaries

We describe below some notations and results which will be frequently used in this paper.

Throughout the paper, we use C, with or without subscript, to denote a positive constant, which could have different
values at different appearances.

Let © be an open bounded domain in R? (d = 2, 3), we will use the standard notations L2(R2), H*(Q2) and HE(S) to

denote the usual Sobolev spaces over 2. The norm corresponding to H¥(2) will be denoted simply by || - ||x. In particular,
we use || - || to denote the norm in L%(S2). Besides, (-, ) is used to denote the inner product in L%(S2), and boldface letters
are used to denote vector functions and vector spaces.

We define

H={vel*(Q):divv=0,v-n|r =0}, V={veH)(Q):divv=0}.

Next the trilinear form b(, -, -) is defined by

b(u,v,w) = /(u - V)v - wdx.
Q

We can easily obtain that the trilinear form b(-, -, -) is a skew-symmetric with respect to its last two arguments, i.e.,
b(u,v,w) = —b(u,w,v), YueH, v,weH)(Q), (2.1)
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and

b(u,v,v) =0, YucH, veH)(Q). (2.2)

By applying a combination of integration by parts, Holder’s inequality, and Sobolev inequalities [32,26], we have that for
d<4,

clulllviiilwli, Yu,veH weH)(SQ),

cllullzliviiiwly, YaeH*(Q) NH, ve H,weH)(Q),

b(u,v,w) < { ca|lull2|Iv|1lw], VueHz(Q)ﬂH, veH,weH}J(Q), (2.3)
clullfvizliwl, YveH*(Q)NH, ueH weH)(Q),

cllulllivizlwlq, YveH?(Q)NH, ueH weH)(Q).

In addition, we have the following more precise inequalities [31,13]:

1/2 1/2 1/2
caully 2 vy 2 vy wl, - d <2, 24)

b(u,v,w) <
c2llull1 IVvli12llwll, d<3,

where c; is a positive constant depending only on .
We will frequently use the following discrete version of the Gronwall lemma [25,12]:

Lemma 2.1. Let ay, by, ck, dk, vk, Aty be nonnegative real numbers such that

A1 — A + b1 Aty 1 + Crp1 Atgg1 — CeAty < adi Aty + Yier1 Aty (2.5)

forall 0 <k <m. Then

m+1 m m+1
mi1+ Y beAt <exp (Z dkAfk) {ao + (bo + co)Ato + »_ ViAty). (2.6)
k=0 k=0 k=1

To obtain the local error estimates in the three-dimensional case, we recall the following lemma [20,22]:

Lemma 2.2. Suppose that F : (0, 00) — (0, 00) is continuous and increasing, and let T, satisfy that 0 < T, < f,ﬁf dx/F(x) with
M > 0. Suppose that quantities x,,, wy, > 0 satisfy

n—1 n—1
Xnt Y Atok) <M+ AtF(x), Yn <n,,
k=0 k=0

ne—1

with n, At < T. Then we have M + Zk_o AtF (x¢) < Cy, where C, is independent of At.
3. The first-order consistent-splitting scheme based on the SAV approach

In this section, we construct the first-order consistent-splitting scheme based on the SAV approach for the Navier-Stokes
equation [35].

Set
gn+1 _ gn
At=T/N, t" =nAt, d;g""! = o forn <N,
and introduce a SAV
1
R(®) = Ew) + Ko, E(u) = - [lul?, (31)
with some Ky > 0, and recast the governing system as the following equivalent form:
ou
E—l—(u-V)u—vAu—i—Vp:f, (a)
dR R

2
T Ew T (—v||Vu|| + (f, U)), (b)
V.u=0. ()
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It is clear that the above system is equivalent to the original system. Motivated by the SAV approach and the consistent
splitting scheme, we construct the following first-order linear and decoupled scheme, which is almost the same to the
first-order scheme in [35]: Find (@™, w1, pn+1 gn+1 Rr+1) by solving

ﬁﬂ+] _ ﬁn

Q- AT = — @ vyu" — vp", @")ye =0; (3.3)
Rn+1 _ Rn RI’H-] _ .
= (—vIvE TR+ ) (3.4)
At E@") + Ko
n+1 Rn+1 n+1 n+142 n+1 n+1gn+1
=———=—n =1-(1-")", u" =n"u" (3.5)

E@"™) + Ko
(Ver»], Vq) — <fﬂ+1 _ (un+] . V)un+1 — PV x V x ﬁl’l-‘rl, Vq)) , Vq c H](Q) (36)

By using similar procedure in [35], we can easily obtain the following unconditional energy stability:

Theorem 3.1. Let [|f(-, )|l < My, ¥t € [0, T], and Ko > max{2Myp, 1}. Then given R" > 0, we have g1 > 0 and
0<R"™! <R", Vn<T/At. (3.7)
In addition, there exists a constant Ct only depends on T such that

n
"l +v ) AT VA2 < Cr, vn < T/AL, (3.8)
k=0

where u" is the solution of scheme (3.3)-(3.6).

4. Error analysis

In this section, we carry out a rigorous error analysis for the first-order semi-discrete scheme (3.3)-(3.6) in two- and
three-dimensional cases.
We set

éﬁ+1 :ﬁnJrl —u(t”“), eg+1 :un+l _ u(tn+1)’

ez—H — pn-H _ p(t”+1), 61}1{+1 — Rn+l _ R(tn'H).

Next we give some preliminaries to estimate the part of pressure. Similar to [20], we let P denote the Leray-Helmholtz
projection operator onto divergence-free fields, defined as follows. Given any b € L2(2, RY), there is a unique q € H'()
with [, q =0 such that Pb=hb+ Vq satisfies

(b+Vq,V¢)=(Pb,Vep) =0, V¢ H! (). (4.1)
Then for u € L2(2, R?), we have [20]
APu=Au—-VV.u=-V xVxu (4.2)

Next we recall the estimate for commutator of the Laplacian and Leray-Helmholtz projection operators.

Lemma 4.1. [20] Let 2 C R be a connected bounded domain with C3 boundary. Then for any € > 0, there exists a positive constant
C > 0 such that for all vector fields u € H> N H} (2, RY),

1
/|(A7?—PA)u|2 §(§+6)/|Au|2+C/|Vu|2. (43)
Q Q Q

We define the Stokes pressure ps(u) by

Vps(u) = (AP —PA)u,

where the Stokes pressure is generated by the tangential part of vorticity at the boundary in two and three dimensions by
[20,21]
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/Vps(u)-V¢>:/(qu)~(nxv¢>), V¢>6H1(Q). (4.4)
Q r
Then by using (4.2), we have

Vpsu) = (AP —PAu=(1—-P)Au—-VV.u=(—-P)(Au—VV -u). (4.5)
Recalling (4.1), we have

/Vps(u)~V¢=/(Au—VV-u)~V¢, Vo € H(Q). (4.6)

Q Q

The main result of this section is stated in the following theorem.

Theorem 4.2. Assume u € H(0, T; L>(2)) (H'(0, T; H*(2)) (| L°(0, T; H?(2)), p € H'(0, T; L*(2)) and

n+1
ACY P + Atfau|? + [Vl |? < c*
k=0

with C* > 0, then for the first-order scheme (3.3)-(3.6) with At < 1+1c2 , we have
0

n
It —u @D+ V@ —u@) P A A@ ! —u )2
k=0
_ C(AD?, d=2, Yn<T/At,
~|can?, d=3, vn < T,/At,

(4.7)

and

n
Ip™ = p™ |12 + ALY V(T — pkth))?

k=0 (4.8)
- C(Ab)?, d=2, Yn<T/At,
~|can?, d=3, vn < T,/At,

where T, is defined in (4.23) and the constants Cq and C are some positive constants independent of At.

Proof. First we shall make the hypothesis that there exists a positive constant Cqy such that

11— &k < CoAt, Yk < T/At, (4.9)

which will be proved in the induction process below by using a bootstrap argument.
We can easily obtain that (4.9) holds for k = 0. Now we suppose

11— X < Coat, Vk<n, (4.10)

and we shall prove that |1 — £"1| < CoAt holds true.
Step 1: H2 bounds for " and u* with k < n in two- and three-dimensional cases. First using exactly the same procedure in
[13], we can easily obtain that

1
5= g, k| <2, (411)

under the condition At < min{;TO, 1}. Recalling Theorem 3.1, we have

n n
I8+ v Y A Va4 Y A vuttT P <8Cr, o= 1, (4.12)
=0 =0
where Ct is independent of Cy.
Noting
Au—VV.-u=-V xVxu, (413)
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and taking g = p**! in (3.6) lead to

VP <41 — @ vyt 4 vkt ). (4.14)

Recalling (4.6) and Lemma 4.1, we have

VIV 12 <ver| AT 4 vCo | VETT)2, (4.15)

where the positive constant % <o <.

Taking the inner product of (3.3) with —2AtATF!

, we obtain
(Va2 = | Va“)® + [ vatT - va?) + 2v At a2
<AL AT = (- Vyuk] 4+ 2a8 AT V¥
<2At[ AT FF — @k wyuf) + 1 — @ vyuk) 4+ v vpkan ) (4.16)
<VALIAGT I+ var At AT + vALCy | VE)? + l_TavAtnAa"” I

8 16
+ ——— AC(IF) + [P + —— At Vyu|P.
T—-ov 1—a)v
Next we shall estimate the nonlinear term. Taking notice of the fact that by using Ladyzhenskaya’s inequalities and Sobolev
embedding theorems [16,20] and (2.4), we have
(12, 1 Vub)2, < Cllu¥| 2 Vb2, | Veb|ly, d=2,

|12 1 Vub)2, < ClIVu |3, [Vt ), d=3.

[ - vyuk|? <

In addition, by using the elliptic regularity estimate ||l.lk||H2 < C||Au¥|| and recalling u* = n"ﬁk, we have

24,2 - -
Q=™ ) AGK |2 4 Clluk )2 vk 4, d=2,

I - vyuk|? < 20 X
(=™ AGk|2 4 €| Vi |6, d=3.

(4.17)

Thus for d =2, we can recast (4.16) as follows:

Va2 — vt + vttt — vk ) 4 vagaattt?

1—«
=<

. 1—-«o - - -
VAL AT + TmtnAu"n2 +vaAt| AT |2 + vALC, | VEK |2

+ CAL(IF)? + 1FF1)2) + CAtuk )2 vk |2 vk (4.18)
11—«

< VALIATTT 2 + (vCq + Cuk P vk 12 At vk

1-«o
4
Summing (4.18) over k, k=0, 2, ...,n, using (4.12) and Lemma 2.1, we can arrive at

+( v+ av) AL AT 2 + CAL(IE)? + 11 )2).

n
||Vﬁn+1 ”2 + Atz ||Aﬁk+1 ”2
k=0

- (4.19)

< CAEY 2+ catad’|? + Cva® |2 < ¢*, d=2,
k=0
where C* is independent of At and Cy. Recalling (4.11), we have for d = 2,

n
IVa"|2 + At " jladt)? <, (4.20)
k=0
where C is independent of At and Cp.
Next we consider the case with d = 3. Using (4.17), we can transform (4.16) into the following:

Ava 2 — vt + (vatt — vk ) + vagaattt?
1—-«o

- 1-« - - -
< VAL AT )2 + TvAtHAukHz + va At AT + vALCy | VEF |2 (4.21)
~k
+ CAL(IF)? + [1£1)12) + c At v ©.
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Summing up (4.21) over k from 0 to n leads to

n
”Vﬁn+1 ”2 +AtZ”Aﬁk+1 ”2

k=

=0 . (4.22)
<CAtZ||v~’<|| +CALY )% + At A2 + O VE’|2, d=3.

k=0

Recalling Lemma 2.2, we let Mg > 0 and F(x) = x%, and choose T* satisfy that 0 < T* < fn‘flz dx/F(x), then we can estimate
(4.22) as follows:

n n
Va2 4 a2+ Aty [AT2 4 ALY AUT2 <C,, d=3, Vn < T,/At, (4.23)
k=0 k=0
where T, =min{T*, T} and C, is independent of At and Co.
Step 2: Estimates for H2 bounds for ¢%*! in two- and three-dimensional cases.
We shall first start by establishing an error equation corresponding to (3.3). Let S’l‘,+l be the truncation error defined by

tk+1
Ju(tk+1 a1y — u(ek 52u
skl _ ) _uE™) —u) -2 Y. (4.24)
ot At N ot2
tk
Subtracting (3.2a) at t**1 from (3.3), we obtain
et —ey Skt 1 k+1 k+1
_ A t* Vu(t”
At —vAey = (u( ) Vu( ) (4.25)

— @ Vu =Vt —peth) + gt

Next we establish an error equation for pressure corresponding to (3.6) by

(Ve vg) = (@) - VyuE+h) — @ e, vg) ) 26)
— (W x Vx &+ vg), vge H'(Q).
Taking q = e n (4.26) leads to

||Ve’;,+1 I <l @@ - vyuEth) — @ vyt o) Vel @)l
<v|| Vel @ull + ek - VyuEth|| (4.27)
+ @ v)elt|
Recalling (4.6) and Lemma 4.1, we have
V(| Ve @) 1> <va || AggH 12 + vCa Ve |12, (4.28)
where the positive constant < a < 1. Taking the inner product of (4.25) with 2AtAe"+l we obtain
(IVEST 2 — 1Vek |1 + [ vekt! — ves|1?) + 2v At aggt |2
<2At| AT [T - yuEth — @t vyut|
+ 2A0 | ATk | + 2Ac AT (Ip ™) — pETH ]+ ISETHD
<2AL|| AT [Vl | 4+ 2At AGETT (Il (el - VIu) | + [ - Vel ) (4.29)
+ 20 A (Ip™ — pE DI+ ISEF I + T - VyuE ) — @) - vyuEh|)
<20AL[| AT Vek @)l + 3At AT (Il ek - Vyu®) | + - vyek)
+ 20 A (I pa™ — pE D+ 1SS + T - VyuE ) — @) - vyuE)|).
Using Cauchy-Schwarz inequality, the first term on the right hand side of (4.29) can be estimated by
20AL[| AT [[Vek @)l < VAL ABKTT |12 + va ALl AEK 12 + vCo AL VES 1. (4.30)

Recalling the Sobolev embedding theorems and Ladyzhenskaya’s inequalities, we have
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1/3 2/3

/ I(F- V)g|? < / If|°® / IVgl* | <CIVEPIVgllVelly. (431)

Q Q Q

Thanks to (4.31) and the H? boundedness for i in (4.19) and (4.23), the second term on the right hand side of (4.29) can
be estimated by

3ALI ATk - vyu )| + 1k - vyek I

1 -

s%AtHA K2 - Atk - vyuEh)|? + cAt) @ - v)ek |2
(1—ay i

= MG + CAtley - VIuh)|® + CAtl @ Veg? (432)
1—-w)v -

sTmnAeﬁ“ 12 + CALVeX 12 vu ) [ VuEh) | g1 + CAL VU2 Vel | Vel |

1—o)v - 1—a)v
<¥AtIIA6ﬁ+1 ||2+ !

- 6 12
From (3.5) and (4.10), we have

At Aek |2 + C At Vek |2

~ ~K
I aek |12 <2 a8k 112 + 21 — ¥ 2| adb)?

. ~ (4.33)
<2) a8k + 2 AT |2 cdan?,
and
IVek 12 <2 vek|? + 211 — nk 2 v ? (434)
<2|vek |12 + 2| v P cgan.
Thus we can recast (4.32) as
3ALI AT EE - vyuEh) || + 11k - wek)
1-— . 1—a)v - -
S(T)AtnAe{‘,“ 12 + %Arnm’;nz + CAt|vEk )2 (4.35)
+ (ATt + Va2 cgan)’.
Using Cauchy-Schwarz inequality, the last term on the right hand side of (4.29) can be bounded by
AL AT (Ip %) — p Y|+ ISKF ) + Tt - vyuek) — k) - vyueh)))
tkﬂ tkﬂ
(1—ayv i
STNIIA 12+ c(an? / Il pell®dt + / l[uge||%dt
(4.36)
tk'H tk'H
+C(an? / IVue [ Pde a2, + [lu@®) )12, / g 12, dt
Finally, combining (4.29) with (4.30)-(4.36), we obtain
- 1—-«o -
(Ve 2 — vk |2 4 vekrt — vek |12 + (1 - )vAtnAe{‘,“ 12
1-o k112 s
<(a+ WAL AEK 12 + vCy AL VEK % 4 C|[VEK |2
tk+1 tk+1
+C(ad|? + vk |5 cdan® + c(at)? f lIpell2dt + f g |2de (437)
tk+1 tk+1

+C(an? / IV 2de a2, + a2, f g 12, dt
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Summing up (4.37) over k from 0 to n, using (4.19), (4.23) and Lemma 2.1, we can arrive at

C1 (14 CAAD?) (A%, d=2, ¥n <T/At,

~ | (1+cjan?) (an?, d=3, ¥n < T,/At, (438)

INGAMTE +At2||A~k“
k=0

where C; is independent of Co and At.
Next we estimate ||éﬁ+1 I. Taking the inner product of (4.25) with ZAtéﬁ“ and using the similar procedure as above, we
can easily obtain that

k=0 .

+ C(nAﬁ"n + IVEtP)cdan + can?,

where C; is independent of Cy and At. Choosing At < using (4.38) and discrete Gronwall inequality, we have

2C'

. 5 C3 (14 C3an?) (AD)2, d=2, Vn < T/At,

C3 (1+Ci(AD?) (AD?, d=3, Vn <T,/At,

where C3 is independent of Co and At.
Step 3: Estimates for |1 — £"+1|. We shall first start by establishing an error equation corresponding to (3.4). Let S’,‘{H be the
truncation error defined by

tht1

R fk+] R tk+1 _R tk 1 BZR
gt - ORCT)  RET)—RW) _ 1 /(tk —0 N, (4.41)
ot At At ot2

tk
Subtracting (3.2b) at t**1 from (3.4), we obtain

k+1 _ Jk k+1
er eR R

~l<+l k+1 ~k+1
v||Vu ft ,u )
M <~’<+1)+1<0< IV + )

B R (tk-‘rl )
E(u(tk+1)) + K

(4.42)
<—V ” Vu(tk+l ) ”2 + (fk+1 , u(tk+] ))) + SI[{{+1 )

Using (3.7), the first two terms on the right hand side of (4.42) can be estimated by

Rk+1 . _
i (VIVET P @)
E@™ ")+ Ko

R(tk+1)
E(u(tk+1)) + Ko
Rk+1

“EE ) 1 Ko (VIVa@ P — w4+ ) (4.43)

Rk+1 R(tk+1)
(E(ﬁ"”) YKy E@E1) +Ko
<CIVE Vet + ekt + ClE@Edt) — E@ )+ clelt
<V vek | + cliekt + ca ekt + clel ™.

(—VIVuE D2 + @ uty)

) (—U”Vu(tk+1)”2 + (fk+1,u(tk+l)))

Then taking the inner product of (4.42) with ZAte’,‘;“] leads to

k12 k+1 _ k(2
(1e1? — lekI” + el — ekl

. < (4.44)
<CAtekT 12 4 c At vekH 2 - cae)ektt)?

Summing up (4.44) over k from 0 to n, and using (4.38) and (4.40) lead to
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n
e 2 <Cant Y left P + cmz [vekH1)2 + CAtZ [ek+1?
k=0 k=0

CaAt Z lekF112 4 c (14 CAan?) (a2, d=2, Vn < T/At,
< k
CaAt Z lek 112 + € (1+ CAan?) (A%, d=3, ¥n < T./At,
k=0

where C4 and C are independent of Co and At. Thus choosing At < ﬁ and using discrete Gronwall inequality, we have

Cs (14 C3(AD?) (AD)?, d=2, Vn < T/At,
e < 5(1+ 2( >2)( >2 <T/ (4.45)
Cs (1+Cy(AD?) (AD?, d=3, Vn < T,/At,
where Cs is independent of Co and At.
Next we finish the induction process as follows. Recalling (3.5), we have
1 ‘;’_.n+1 =) R(tk+1) R+1 |
E+)) + Ko E@) + Ko
<C(leg I+ 18D (4.46)

CeAt,/1+Ca(At)2, d=2, Vn <T/At,
CeAt\/1+ C3(AD)2, d=3, Vn < T,/At,

where Cg is independent of Co and At.

Let Cop = max{2Cg, /2C4, /2C2,4} and At < we can obtain

c2'

Coy/1+ CA(AD? < Cs(1+ C3AD) < Co. (4.47)

Then combining (4.46) with (4.47) results in

CoAt, d=2, Vn < T/At
|1_§n+1|§{ 0AL, , Vn=T/AL, (4.48)

CoAt, d=3, Vn<T,/At,

which completes the induction process (4.9).
Now combining (4.38) with (4.40), we have

C(AD)?, d=2, Yn<T/At,

4.49
C(At)z, d=3, Vn<T,/At. (4.49)

k=0

Noting (3.5) and (4.48), and using the stability results (4.23) and (4.20), we have

n
leg 12 + [ VeRt |2 + ALYl aekt!|?
k=0
<232 4 [ a2 2 Vet 2 + e — 14 vattt?)

+2At2<nA~"”| + T -1t aat )
k=

5 ~ ~ ~ (4.50)
<2(Jleptty? +|s”+l 42+ 2¢vertt 2 + g™ — 14 vattt?)

+2AtZ(||A~"“|| +IET -1t a2
k=0

- C(AD)?2, d=2, Yn<T/At,
C(AH?2, d=3, Vn < T,/At,

which leads to the desired results (4.7).
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Table 5.1

Errors and convergence rates for Example 1 with v =1.
At IS Rate [|Veyllee Rate llep e Rate [IVepll;2 Rate
1/10 8.45E-3 - 4.30E-2 — 5.27E-2 - 2.85E-1 -
1/20 4.43E-3 0.93 2.28E-2 0.92 2.87E-2 0.88 1.92E-1 0.57
1/40 2.24E-3 0.98 1.15E-2 0.98 1.46E-2 0.97 1.12E-1 0.78
1/80 1.12E-3 1.00 5.78E-3 1.00 7.32E-3 1.00 5.98E-2 0.90

It remains to estimate the pressure error. Recalling (4.28), we can transform (4.27) into the following:

n n n
ALY VERT 12 <car Y agT 2+ cary | veRt?
k=0 k=0 k=0

n
+CALY [ VeRt P Vad ) [ Va1
k=0

n
2 k
+CALY AV Vet | Vet
k=0

_ C(AD?, d=2, Vn<T/At,
~|can?, d=3, vn < T,/At.

Taking q = A—le’;,“ in (4.26) and using (2.3) and (4.49), we can obtain

—(VV x V x Eﬁ"'], A_l/zel;"'l)

k+1,2 k+1y2 k+1 112 k+12 k+1,2
<Clleg M IFIVaE DT + Cla g1t I3 + ClI Vel
1
k+1 2 sk+1(2 sk+12
+ S lep" %+ vCIve T IE + vl

- C(At)?, d=2, Vn<T/At,
~|c(AD?, d=3, Yn<T,/At,

which leads to the desired results (4.8). O

5. Numerical experiments and concluding remarks

We present in this section some numerical experiments followed by some concluding remarks.

5.1. Numerical results

We first present some numerical tests to verify the accuracy of the first-order GSAV scheme with consistent splitting
method (3.3)-(3.6) for the Navier-Stokes equations. In all examples below, we take Q2 =(0,1) x (0,1). Weset T=1, Ko =1
and the spatial discretization is based on the MAC scheme on the staggered grid with Ny = N, = 250 so that the spatial
discretization error is negligible compared to the time discretization error for the time steps used in the experiments.

Example 1. The right hand side of the equations are computed according to the analytic solution given by:

p(x, y,t) =t(x3 —0.25),
ur(x, y,t)=—tx*(x— D2y(y — H 2y — 1),
ur(x, y,t) =ty2(y — D2x(x — 1H(2x — 1).

Example 2. The right hand side of the equations are computed according to the analytic solution given by:

p(x, y,t) =sin(t)(sin(ry) — 2/m),
uq(x, y,t) = sin(t) sin? (T x) sin2mr y),
ux(x, y,t) = —sin(t) sin(2mw x) sin? (ry).
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Table 5.2

Errors and convergence rates for Example 1 with v =0.1.
At IS Rate [|Veyllee Rate llep e Rate [IVepll;2 Rate
1/10 5.10E-2 — 2.74E-1 - 3.36E-2 — 1.86E-1 -
1/20 2.71E-2 0.91 1.47E-1 0.90 1.85E-2 0.86 1.19E-1 0.64
1/40 1.40E-2 0.95 7.62E-2 0.95 9.70E-3 0.93 6.88E-2 0.80
1/80 7.10E-3 0.98 3.88E-2 0.97 4.95E-3 0.97 3.69E-2 0.90

Table 5.3

Errors and convergence rates for Example 1 with v =0.01.
At ||ew [l Rate [|Veylljee Rate llep lliee Rate [IVepll;2 Rate
1/10 1.00E-1 — 7.66E-1 - 1.45E-2 — 8.36E-2 -
1/20 5.11E-2 0.97 3.97E-1 0.95 6.41E-3 118 4.76E-2 0.81
1/40 2.58E-2 0.98 2.03E-1 0.97 3.01E-3 1.09 2.63E-2 0.86
1/80 1.30E-2 0.99 1.02E-1 0.99 1.46E-3 1.04 1.39E-2 0.92

Table 5.4

Errors and convergence rates for Example 2 with v =1.
At |lew |l Rate [IVeyllee Rate llep lliee Rate IVepll;2 Rate
1/10 6.59E-3 - 5.04E-2 - 417E-2 - 4.06E-1 -
1/20 3.24E-3 1.02 2.50E-2 1.01 2.15E-2 0.96 2.62E-1 0.63
1/40 1.59E-3 1.03 1.22E-2 1.03 1.04E-2 1.04 1.48E-1 0.82
1/80 7.86E-4 1.02 6.02E-3 1.02 5.05E-3 1.04 7.79E-2 0.93

Table 5.5

Errors and convergence rates for Example 2 with v =0.1.
At |lew |l Rate [IVeyllee Rate llep Il Rate IVepll2 Rate
1/10 6.48E-2 — 4.59E-1 — 4.10E-2 — 3.45E-1 -
1/20 3.34E-2 0.95 2.58E-1 0.94 2.26E-2 0.86 2.05E-1 0.66
1/40 1.69E-2 0.98 1.32E-1 0.97 117E-2 0.95 1.17E-1 0.81
1/80 8.52E-3 0.99 6.62E-2 0.99 5.90E-3 0.98 6.21E-2 0.91

Table 5.6

Errors and convergence rates for Example 2 with v =0.01.
At ||ew [l Rate [|Veyl|jee Rate llep lliee Rate [IVepll;2 Rate
1/10 2.54E-1 - 2.50E-0 — 1.36E-1 - 5.96E-1 —
1/20 1.37E-1 0.89 1.36E-0 0.88 7.57E-2 0.85 3.01E-1 0.98
1/40 7.07E-2 0.95 7.00E-1 0.96 3.89E-2 0.96 1.48E-1 1.02
1/80 3.59E-2 0.98 3.54E-1 0.98 1.96E-2 0.99 7.32E-2 1.02

We demonstrate numerical results for Examples 1 and 2 with different viscosity coefficients v =1, 0.1, 0.01 in Tables 5.1-5.6.
It can be easily observed that the numerical results for the velocity and pressure in different norms are all consistent with
the error estimates in Theorem 4.2.

5.2. Concluding remarks

We carried out a rigorous error analysis of the first-order semi-discrete (in time) consistent splitting GSAV scheme for the
Navier-Stokes equations with no-slip boundary conditions. The scheme is linear, unconditionally stable, and only requires
solving a sequence of Poisson type equations at each time step. Thanks to its unconditional stability, we were able to derive
optimal global (resp. local) in time error estimates in the two (resp. three) dimensional case for the velocity and pressure
approximations. To the best of our knowledge, this is the first global in time error estimate for a consistent splitting scheme
for the Navier-Stokes equations with no-slip boundary conditions.

Although we only considered semi-discrete (in time) case in this paper, the analysis can be extended, albeit tedious, to
fully discrete approximations with C! subspaces for the velocity and C° subspaces for the pressure similarly as in [21]. The
consistent splitting GSAV scheme can also be easily extended to higher-order [35]. However, it is a non-trivial matter to
extend the current error analysis to high-order, which will be a subject of future study.
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