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1. Introduction

How to efficiently and accurately solve the incompressible Navier-Stokes equations have attracted continued attention
(e.g., [1-6] and the references therein). The two main difficulties associated with the incompressible Navier-Stokes
equations are (i) the nonlinearity and (ii) the coupling of velocity and pressure by the incompressibility constraint. In this
paper, we shall concentrate on the latter and consider the time-dependent incompressible Stokes problem (Extension to
the incompressible Navier-Stokes equations will be discussed at the end of the paper):

9
a—ltl—vAu-i-Vp:f in 2 x]J, (1.1a)
V-u=0 in2 x], (1.1b)
u=0 onadf2 x], (1.1c)

with the initial condition u;—o = u® in £2, where v > 0 is the viscosity, £2 is a bounded domain and J = (0, T].
Numerical methods to deal with the incompressibility constraint can be classified into two categories: coupled
approach with a mixed formulation and decoupled approach through a projection type method. At each time step,
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the coupled approach needs to solve a saddle point problem, where the computational cost can be expensive although
many efficient solution techniques are now available [1,7-10]. Since Chorin [11] and Temam [12] proposed the original
projection method in the later sixties, an enormous amount of work has been devoted to the decouple approach which
only requires solving a sequence of Poisson type equations at each time step. These schemes generally fall into three
categories [13]: the pressure-correction method [14-19], the velocity correction method [20-23] and the consistent
splitting method [24-26] (see also the gauge method [27,28]).

The basic idea of the consistent splitting scheme is to first compute the velocity with an explicit pressure treatment,
and then update the pressure by a consistent pressure Poisson equation. Compared with other projection-type algorithms,
the main advantage of the consistent splitting scheme is that it is free of the operator splitting error so it can achieve the
full accuracy of the time discretization. At the space continuous level, there are two equivalent forms of the consistent
splitting [24]. The first version of the first-order consistent splitting scheme for (1.1) is

un+1 —u”
— vAu™t 4 vpt = 1 w0 =0, (1.2a)
(VP vq) = ("1 — vV x V x u™!, Vq), Vq e H'(2); (1.2b)
while the second version is
un+1 —u
— AU + Vp' = w0 =0, (1.3a)
lln+1 —u"
(Vo™ Vq) = (————. Vq), Yg € H'(R2), (1.3b)
At
Pl =t Lty gt (1.3c)

However, the fully discrete versions of the above schemes are usually not equivalent, and their stability and error
analysis require very different approaches.

While the consistent splitting schemes have been frequently used in practice as evidenced by the large number of
papers citing [24,25], only very limited works on their stability and error analysis are available. Guermond & Shen
established stability for the semi-discrete first-order consistent splitting scheme in [24]; Johnston and Liu [25] carried
out a normal mode analysis for a second-order consistent splitting scheme in the periodic channel case; Shen and Yang
analyzed a C° finite element approximation for the second version of the consistent splitting scheme [26]; a series of
work were carried out by Liu, Liu and Pego [29,30], including an error analysis for a C! finite element approximation for
the first version of the consistent splitting scheme. In particular, there is no analysis available for any C° finite element
approximation for the first version of the consistent splitting scheme.

The main purpose in this paper is to construct a fully discrete consistent splitting scheme for the Stokes equations
with the marker and cell (MAC) method [31,32] for the spatial discretization. The MAC method has been extensively used
in scientific and engineering applications due to its simplicity while satisfying the discrete incompressibility constraint,
as well as locally conserving the mass, momentum and kinetic energy [33,34]. There are many works to study the error
estimates and stability for the MAC scheme [7,35-37]. Most of the error analysis only achieve first-order accuracy for both
the velocity and pressure, although Nicolaides [38] pointed out that numerical results suggest that the velocity is second
order convergent. Inspired by the analysis techniques in [39,40] for Darcy-Forchheimer and Maxwell’s equations, Rui and
Li [7,41] established the discrete LBB condition and obtained the second-order accuracy for both the velocity and pressure
in discrete L norms for the Stokes and Brinkman equations respectively. With regards to the Navier-Stokes equations,
they derived the second-order accuracy for the velocity and pressure by using the characteristics technique in [8]. Very
recently, Li and Shen [42] constructed an efficient numerical scheme based on the scalar auxiliary variable (SAV) and MAC
scheme for the Navier-Stokes equations.

This work is unique in the following aspects: (i) we construct a numerical scheme based on the truly consistent splitting
approach in time and the MAC discretization in space for the Stokes equations, where one only needs to solve several
Poisson type equations for the velocity and pressure; (ii) we obtain the equivalence of the two consistent splitting versions
by constructing an interpolation operator and performing appropriate approximation for the discrete operators on the
staggered grids; (iii) we derive optimal error estimates in space and time for both velocity and pressure.

The paper is organized as follows. In Section 2 we describe some notations and present some preliminary results on the
MAC method. In Section 3 we present the fully discrete consistent splitting scheme based on the MAC discretization and
establish the equivalence of the two discrete pressure Poisson equations. Stability of the constructed scheme is derived
in Section 4. In Section 5 we carry out error estimates for the fully discrete scheme for the Stokes equation. In Section 6,
we demonstrate some numerical experiments to verify the accuracy of the proposed numerical schemes.

2. Preliminaries

We describe in this section the various operators, discrete functional spaces and inf-sup conditions associated with
the MAC discretization.
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2.1. MAC discretization

Set
fn _fn—]
At

To fix the idea, we consider §2 = (L, Lx) x (Ly, Ly ). Three dimensional rectangular domains can be dealt with similarly.
We partition §2 by £2, x £2), where

At =T/N, t" = nAt, forn <N, [df]" =

Q¢ il =X <X < -+ <Xn_1 < XN, = Ly,
2y:ly=Yyo<y1 <:<Yn-1<Yn, =Ly.
For simplicity we also use the following notations:
{ X_12 =Xo =L, Xnet+12 = XN, = Lix, -
Vo122 =Yo =Ly, Yn+12=Yn, =Ln.
Fori,j, 0 <i <Ny, 0 <j < N,, define

Xit1/2 = )

v hiv12 =%41 —x, h=maxhiqp,
1

hiy12 +hiz1y2
2 9

v K2 =Y — Y5, k= maxkii1,
J

hi = Xit1/2 — Xi—12 =

_YitYin
Yjir12 = T
kiv1/2 + ki—1/2
2
Qiv1y2.j4172 = (Xi, Xig1) X Vi, Yi1)-

ki = Yit12 = Yi-12 =

’

It is clear that

hy, 12

hi/2 k12 kny—1/2
2 hy, = == ky ==
2 2 2
For a function f(x, y), let f;,, denote f(x;, yn) where | may take values i, i 4+ 1/2 for integer i, and m may take values
j, j+ 1/2 for integer j. For discrete functions with values at proper nodal-points, define

ho = , ko=

f 1 f fl 3/2 _fl 1/2
[ lierjom == Dl =
i+1/2 i1 (22)
fi+3/2,m _fi+1/2,m fl]+1 fl] '
[Difligin = ————"—, [d)flij+12 = .
hiyq kit1/2
For functions f and g, we define some discrete I? inner products and norms as follows.
Nx—1Ny—1
(f.8pem = Z Z hiv12Ki12fi01/2, 417281412, 1725 (2.3)
i=0 j=0
Nx Ny 1
.o, =Y. > hikfigi. (2.4)
i=0 j=1
Nx—1 N)’
(F.8es, = Y > hikfigi. (2.5)
i=1 j=0
il = fee  §=M, T, Ty (2.6)
and
Ny—1Ny—1
o @erm= Y D hikirofijer/28iiras (2.7)
i=1 j=0
Ny—1Ny—1
. Demr =D, Y hiviokifiviigii, (2.8)
i=0 j=1
W12 4 =P 12,0 =0 Pemr (2.9)
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T
* pressure
* * * > x-velocity
y-velocity|

* * * *

Fig. 1. Partitions: (a) 75, (b) 73, (c) 72

For vector-valued functions u = (uq, uy), it is clear that
Ny—1MNy—1
Idun = D0 Y hirykivapldat izl (2.10)
i=0 j=0
Nx—1 Ny

Z ZhikﬂDyU],i’ﬂz, (2-11)

i=1 j=0

Dyu |2
1D 1%,
and ||dyuzll2 7, IDxtiz |2 1, can be represented similarly. Finally we define the discrete H'-norm and discrete [>-norm of
a vectored-valued function u as follows.
2 _ 2 2 2 2
IDull” = Il |1}, + 1Dyl + 1Dtz 7, + lldytiz - (2.12)
2 2 2
i = fuld ,,, + Il , .- (2.13)

For simplicity we only consider the case that for all hiy1,, = h, kj;1/2 = k, i.e. uniform meshes are used both in x and
y-directions.

2.2. The discrete inf-sup condition

In order to carry out stability and error analysis, we need the discrete inf-sup condition. Below, we use the same
notation and results as Rui and Li [7, Lemma3.3]. Let

b(v,q):—/ qV -vdx, veV, ge W,
2
where
V = H,(2) x Hy(£2), W={qeL2(.Q):/ qu=0}.
Q

Then we construct the finite-dimensional subspaces of W and V by introducing three different partitions 73, 77.,1, Th2
of £2. The original partition 8§, x 8, is denoted by 7 (see Fig. 1(a)). The partition 7711 is generated by connecting all the
midpoints of the vertical sides of £2;;1,2 j+1,2 and extending the resulting mesh to the boundary I” (see Fig. 1(b)). Similarly,
for all £211/2j+1/2 € Tn we connect all the midpoints of the horizontal sides of 2,11/, j+1/2 and extend the resulting mesh
to the boundary I”, then the third partition is obtained which is denoted by Thz (see Fig. 1(c)).

Let Qi denote the space of all polynomials of degree < k with respect to each of the two variables x and y. Corresponding
to the quadrangulation 7;, we define W, ¢ W by

WhZ{qh: dnlr € Qo, VTEThand/ quzo}.
2

We also define V, = S} x S? C V with
Sh={geCO2): glp e ("), VT' € 7}, and g|r =0}, 1=1,2.

Next we introduce the bilinear forms

bn(Vh, gn) = — Z / qnIIn(V - vp)dx, vy € Vi, qp € Wy,
Qiy1y2j41/2€Th Y FiH1/201172

4
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where T, : CO(2i11/2j11/2) = Qo($2i41/2j+1/2) such that

(IMh@)iv1/2j4172 = Piv1/2j+1/2, ¥ Riy1y2j412 € Th. (2.14)
Then, we have the following result [7]:

Lemma 2.1. There exists B > 0, independent of h and k, such that

br(vh, gn)
VeV ”Dvh”

It is easy to verify that the following discrete integration-by-part formulae hold.

> Bllaullzy Yqn € Wh. (2.15)

Lemma 2.2 ([42-44]). Let {V1ijy1/2}, {Va,iv1/2,} and {q1,iv1/2,+1/2)5 {92.i412,+1/2} be discrete functions with Vi o110 =
Vingi+172 = Vair12.0 = Vaiir1j2.n, = O, with proper integers i and j. Then there holds

{ (Dxq1, Viderm = —(q1, V1) y,

(2.16)
(Dyq2, Vo)emyr = —(q2,dyVa)p y-

2.3. Additional notations

Let L™(£2) be the standard Banach space with norm

1/m
||v||Lm(:z)=</ |v|md9> .
2

For simplicity, let
6.8) = £y = [ fede
2

denote the [*(£2) inner product, ||v]ls = lv]|zoe(s2). And W;,‘(.Q) be the standard Sobolev space

Wy(2) = {g ¢ llglwge) < )

where
1/p

_ p
lgllwgiay=| D 1Dl | - (2.17)
loe|<k
Throughout the paper we use C, with or without subscript, to denote a positive constant, independent of discretization
parameters, which could have different values at different places.

3. The MAC discretizations of the consistent splitting scheme

Denote by {U*, P¥}¥_, the approximations to {u, p*}¥_, respectively. Starting from the initial conditions

{ U?,i,j-H/Z = u?,i,j+1/2’ 0<i=<N:,,0=<j=<N,, (3.1)
Ug,i+1/2,j = ug«,i+1/2,j! 0<i<Ny,0=<j=N, ’
the fully discrete consistent splitting scheme based on (1.2) and the MAC discretization is as follows:
Step 1. Find (U, UJ™') € V), such that
[de UL I 5 — vDMdxUn Y o — vdy(DyULTEY 5 + IDSPT
=filifh 1SisMN—1,0<j<N -1, (3:2a)
[deUa 110 — vDy(dyUa)i s — vax(DxU2) s + [DyPI
=Rl 0<i<N—1, 1<j<N,—1, (3.2b)
with the homogeneous Dirichlet boundary conditions for U™*1:
Uln,JE,le/z = U?,Tvi,jﬁ/z =0, 0<j=N, -1,
Utto = u;{,f,‘vy =0, 0 <i<N, 33)
Uztj = Uz =0, 0<j<Ny, '
Ug,ﬂ]/w = Ug,ﬂl/z,Ny =0, O0=is=Ne—1
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Step 2. Find P™*! € W), such that
[DXP]ZJ-'TUz = vd,(DyU; )2}:11/2 vd (DXUZ)”+1/2

+ AN 2 0<i<Ny, 0<j<N, -1, (3.4a)
[Dyp]?ﬂ/z,j = ”dx(DxUZ)?L]/z.j — vdy(DyUy )?:11/2,1‘
+ [fz]?jl]/zyj, 0 = i = Nx - 1’ 0 S] = Ny- (34b)

By applying the divergence operator to (3.4a) and (3.4b) and recalling (3.3), we can obtain the discrete Poisson equation
for the pressure with the following nonhomogeneous Neumann boundary condition:

Un+} Un+/1
n+1 g ntl 2.1/2.j+1 2.1/2.
[DXP]O,j+1/2 = [fl]o,ﬁ_]/z - hoki+1/2 —, (3.5a)
U;T\f 1/2.j+1 Uﬁvl 1/2.
[DxPIt s = (il hyyp + v —lt 12T (3.5b)
XU INy j+1/2 Ny.j+1/2 Mok 2
U"‘.q Un+1
+1 +1 1,i+1,1/2 1,i,1/2
[DYP]?+1/2 0= [f2]1n+1/2 0 - i — (3.50)
hiy1/2ko
n+1 et
1,i+1,Ny—1/2 1,iNy—1/2
[DyPI sy, = LRI . (3.5d)
yClivioN, = 1+1/2 Nt hiy 12k,

It is difficult to conduct stability and error analysis for the above scheme due to the second-order derivatives in (3.4).

Hence, we shall first derive an equivalent form of (3.4).

Theorem 3.1. The system (3.4) is equivalent to
+1 +1 _ +1 +1
A(Dx¥ )12 v1y2 T O (DY) 2 12 = duldeUn) i 2 + dy(deUn) 1o

. (3.6)
0<i<N,—1,0<j<N,—1,
with the homogeneous Neumann boundary condition:
[Dxlp]gﬂruz =0, [Dxlp]v]lﬂ/z =0, (3.7a)
[Dyw]?rll/z.o =0, [Dyll’]?:ll/z,Ny =0; (3.7b)
and
Plel/zjﬂ/z = lI/le}Z]-F]/Z + Pirji—l/zj+l/2 (3.8)

— VI [d Uy + dyUs ]
where Iy, is defined by (2.14).

1+1/2]+1/2’ OSISNX_L OSJSNy_L

Proof. We first prove that the discrete form of the identity —V x Vu = —Au+ V'V - u holds for the interior points. Since
for1<i<Ny—1, 0<j<N,—1, we have

1

dy(DxU3 )i j+1/2 = (DxUs,ijr1 — DeUsij)
172

1 <U2,i+1/2,j+1 —Usicijzje1r Univiya) — UZ,i—l/Z,j)
h;

k2 hi (3.9)
1 <U2.i+1/2,j+1 —Usivi2j  Unicijzjen — U2,i—1/2,j>
h; kit1/2 Kiv12

=Dy(dyU3)ijt+1/2-
Similarly for 0 <i <Ny —1, 1 <j <N, — 1, we have
dx(DyU1)ix12,j =Dy(dxU1)iz1/2,)- (3.10)
Thus we can easily obtain that
dy(DxUZ) - dy(DyUI) = _Dx(dxul) - dy(Dyul) + Dx(deI)
+Dx(dyUy), in (X;, Yjy172), 1<i<Ny—1, 0<j<N,—1,
dx(DyUl) - dx(DxUZ) = _Dy(dyUZ) - dx(DxUZ) + Dy(dyUZ)
+Dy(dUy), in (Xip1/2,¥j), 0 <i<Ny—1, 1<j<N,—1,
6

(3.11)
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which is the discrete form of the identity —V x Vu = —Au+ V'V -u at the interior points. Furthermore, we observe that
Iy(dyU; + dyU,) is included in the pressure space Wy. Thus we can obtain that (3.4) is equivalent to

DL, = Ui, T<i<Ne—1, 0<j<N,—1, (3.12a)
Dy, = diUa], 0<i<N,—1, 1<j<N —1 (3.12b)

Applying the discrete divergence operator, we obtain the discrete pressure Poisson Eq. (3.6) at the interior points.

Next we shall prove that the boundary condition for (3.4) is equivalent to (3.7). Without loss of generality, one only
need to prove that DxlI/(?jH/2 = 0 for the case thati = 0 in (3.4a).

Since for i = 0 in (3.4a), we have

D Pnj+11/2 = vdy(DyU, )0j+1/2 vdy(Dy U2)0]+1/2 + [fl]0]+1/2 (3.13)
Recalling (3.8) and (3.2a), we have

b lpt)nj++1l/2 =D\Py T} ) — DxPGji1 o + vDLITn(d Uy + dyU)gh
=vd,(D,U; )gﬂl/Z vd (DXU2)01+1/2 + [f1]o,j+1/2
— DiPGjy 1) + VDI Tn(dxUs + dyUa )t
=vdy(DyU; )33411/2 - de(DxUZ)gﬂuz + [dtul]g,ﬂl/z (3.14)
— VDU )5, — vy (DY UL )G 2
+ WD ITh(dyUs + dyUa )yl
=[d U151, =0,

which implies that the system (3.4) is equivalent to (3.6)-(3.8). O

4. A stability result

Theorem 4.1. The fully discrete scheme (3.2)-(3.3) and (3.6)-(3.8) is unconditionally stable in the sense that

m+1
At[[d U™ % + 20)|d UT + dyURE Y AL VR
n=0

m
< ClldUY + dyUSI1% ,, + CALIdUCIIE, +C Y (A7
n=0

Proof. Taking the time difference of two consecutive steps in (3.2a), we have

[deUi11 5 — vDx(ded U )Y 5 — vdy(Dyd Uy ),

1]+1/2 ij+1/2 u+1/2 (4 1)
+ [Dxdtp]lj+1/2 - [dff]]l]+]/27 1 = i = Nx - 1, 0 S] < Ny - 1,

+1
where dttUn+] M

Taking notice of (3. Sf\we canobtainfor 1 <i <Ny —1, 0 <j <N, —1,
[DxdePYj 112 = (At)il[DxlI/]?’H»l/z — v(At) ' De(IMhldx Uy + dyUa1)j1/2- (4.2)
Substituting (4.2) into (4.1) yields
[de U7 o — vD(dde U, 5 — vdy(Dyde U, ) (43)
— V(AT DThlds Uy + dyUa )i + (AT D140 = [T -

Multiplying (4.3) by ZAt[d[Uﬂff;jrll/z, making summation on i,jfor 1 <i <Ny—1, 0 <j <N, — 1, and taking notice of
Lemma 2.2, we arrive at

IdeUS 2 4 — NdeUTIE o + (AEPdeUSTE L + 20 At dyd UTTZ
+ 2vAt||DycltU"+1||,2 + 2v(ITy[dy Uy + dyUs]", dyd U ),z’M (4.4)

+ 2(D", d U Yo gy = 2A6(def], deUTT o gy
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Similarly in the y direction, we have
IdeUS %y = NdeUS IR 3, ¢ + (AP Ide UGG, 1+ 20AEdyd U,
+ 2vAt||Dyd Uy I 7, + 2v(Tald Uy + dyUs]", dyd: U o (4.5)
+ 2Dy, d U ey r = 2A8(d 5 iU e
Combining (4.4) with (4.5) leads to
Id:U™ 5 — 1deU" (17 + (AL [|de U™ |5 + 2v At D, U
+20(A0) M d U + dy U L — 20(A0 T I dUT + dy U3,
+2(Vp@", d, U,
=2vAt|dd U + dyd, UST!

(4.6)

13y + 2A6d ™, d U™ ),

where V), = (D, D).
Multiplying (3.12a) by 2Dxl1/i'3fl/2, making summation oni,jfor 1 <i <Ny —1, 0 <j <N, — 1 and replacing n + 1
by n, we have

2||DXW"||122,T,M = 2(d: Uy, D¥ " 1 - (4.7)
Taking the time difference of two consecutive steps to (3.12a) yields
[Dd W1 = [deUs ] 5 T<i<Ne—1,0<j<N,—1. (48)
Multiplying (4.8) by 2AthlI/if‘j+]/2 and making summation oni,jfor 1 <i <N, —1, 0 <j <N, — 1 arrives at
IDF ™R 1y = DS 1y — (AL (IDed ™!
= 2At(de U™, Dy ™ 1 -
Combining (4.9) with (4.7) leads to

(X
o (4.9)

D™ L+ DR L, — (AP IDd ™R (410)
= 2(d: U7, D)o 1 -
Similarly in the y direction, we have
Dy M 7+ IDY I 4y 7 — (AP IDYde W™ G @11
= 2(d Uy, Dy ™oy 7
Taking notice of
IVade ™3 = [ U112
and combining (4.6) with (4.10) and (4.11), we have
U™ — 1deU" 1 + (AEP e U™ 7 + 20 At DA U™ 2
+20(A0) T d U + dyUT IR — 20(A0 T 1 dUT + dyUS I,
+ (IVR ™% + (Va1 (412)
=20Atded UT*" + dyde U311, + (AP Vade W™
+ 2At(d ", d, U
<20AL|Dd U™ P + (ALY | de U™ |15 + Atl|def 13 + At)|d U5
Multiplying (4.12) by At, summing over n from 0 to m and using discrete Gronwall inequality give that
m+1
At||d U™ 2 4 20)|d UTH 4+ dy US4 Y AL VR
= (4.13)
< ClldUY + dyUS|1% ,, + CALIdUCIIE + C Y (AP (7,
n=0

which implies the desired result. O
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5. Error analysis

In this section we carry out an error analysis for the fully discrete scheme (3.2)-(3.3) and (3.6)-(3.8). Before we embark
on the error estimates, we first construct an auxiliary problem.

5.1. An auxiliary problem

We consider first an auxiliary problem which will be used in the sequel.

Let (u, p) be the solution of Stokes system, and set g = f — <*. For each time step n + 1, we rewrite (1.1a)-(1.1c) as

Aun+1 + Vpn+1 — gn+1 in x ], (5.1&)

V.ul=0 inxJ, (5.1b)

u=0 onadf2 xJ (5.1c)

and consider its approximation by the MAC scheme: For eachn = 1,...,N, let {ﬁf;fjlﬂ/z}, {ﬁz ,+1/2]} and {P1+1/2]+1/2}
such that

- VDx(d ﬁl )?]-':,11/2 - de(Dyﬁﬂzﬁ]/z + [DXP]?]_:}l/Z - g?_f]tr]/zv 1< i =< Nx -1,0 S] =< Ny -1, (52)

— vDy(dyUa) o s = v o + D P 0y = gy iy 0<i<Ne—1,1<j<N, —1, (53)

U e AU pinp =0, 0<i<Ny—1,0<j<N,—1, (5.4)

where the boundary and initial approximations are same as system (1.1a)-(1.1c).

Inspired by [45], we extend the work in Rui and Li [7] to the above approximation. By following closely the same
arguments as in [7,26] and taking the time difference of two consecutive steps in (5.2)-(5.4), we can establish the following
results:

Lemma 5.1. Assuming that u € W3 (J; W4 (£2))2, p € W3 (J; W2 (£2)), we have the following results:

n
U™ =2 4 (UM =T + Y Atde (U - )%
=2

(5.5)
+2Atnz Y12, < O(AL + h* + k),
=1
Id(UT" = uf ™I, + Iy (U5 —ug™)2 , < O(AE + h* + k%), (5.6)
IDy(UF —uft g . < O(AL + h* + 1), (5.7)
DTS — w3 I | < O(AL? + 1P + k), (5.8)

n n n
Y AIVRPIG, 4 Y AtV Y Atllde VP, 59)
=1 =1 1=2 .

2 2
= CUMIy3 6w e + 1Pz 6w 00
Lemma 5.2. For the discrete function U satisfying the boundary condition (3.3), we have
IDUJI? = [|dsUs + dyUall}, ,, + IID<U2 = DyUsll7, (5.10)

where we define

X y
IDxUs = DyUs I3, = ) Y " hikiDyUs i — DyUs i 1. (5.11)
i=0 j=0
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Proof. Taking notice of (2.12), we have

IDUIZ =lidUn% , + IDyUL I3 + DU 13, + Ul

Ne—1Ny—1
4 Utivrjr12 — Utijri2 o
= Z Z hit12Kki41/2( I )
=0 =0 i+1/2
Nx—1 Ny
Utijr12 — Utij-172 o
3 JINCCEELEEE
Pl k (5.12)
Nx Ny—1
U . N U . .
+ Z Z hikj( 2,i4+1/2,j . 2,i—1/2,j )2
i=0 j=1 !
Nxy—1Ny—1
% Uzit172j41 — U2it12 2
+ Z Z hiy1/2K5412( T ).
i=0 j=0 J+1/2

Using the definitions (2.2) and (2.10) leads to

ldUs + dyUs 12 ,,

Nx—1Ny—1
Utirtjr12 — Unijrz - Uiiviy2g01 — Uziv12
= Z Z hiy1/2kiz1/2( P + P )
0 j=0 i+1/2 j+1/2 (5.13)
Ny—1Ny—1
=ldUn 15, + AUl +2 D Y Urisrjigz — Urijr2)Uaisijzjen — Unisig).
i=0 j=0
For the discrete function U satisfying the boundary condition (3.3), we have
|DxUz — Dy Uy ||%Xy
Nx N.V
_ Z Z hik( Uzivi/2j = Unic1j2j  Unigriz = Unig-12 P
- ! ] . .
parden hi ki (5.14)
Nx Ny
=Dy Uy ||122,Ty + ||DxU2||,22’TX -2 Z Z(Ul.i,jJrl/z — Urij—172)Uzit1/2j — Uzi-1/2,)-
i=0 j=0
Combining (5.13) with (5.14) yields
ldUs + dyUs I ,, + DUz = DyUs I,
Nxy—1Ny—1
=IDUI? +2 > " > (Uritijsrz — Unijir2)Uzis1201 — Uzizrja)
rfian (5.15)
Nx Ny
-2 Z Z(Ul,i,j+1/2 = Urij-172)(U2iz 172 — Uz ic1j2)-
i=0 j=0
Since
Ny Ny Ny Ny
Z Z Utij-12Uz2i-12) = Z Z Urij-12Uz,i-1/2;
i=0 j=0 i=1 j=1 (5.16)
Nx—1 Ny Ny—1Ny—1
= Z Zul,i+1.j—l/2U2,i+l/2.j = Z Z Utivj+12U2i401/2, 41
i=0 j=1 i=0 j=0

10
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2 Z Z(Ul.i+l,j+1/2 = Utij+172)(Uziv1/241 — Uz,iv1/2,)

i=0 j=0
Ny Ny

=2 Z Z(Ul,i.j+1/z = Utij—12)Uzix1/2 — Uz,iz1/2,)s

i=0 j=0

which implies the desired result (5.10). O

5.2. Sub-optimal velocity estimate

In this subsection we derive the error estimates of the velocity. Denote

+1 _ gt _6n+1 +ﬁn+1 —ut!

_An+1 +2;n+1

ez-H — Pn+l _ Pn+1 +Pn+1 _pn+l A11—%—1 _,’_"ﬂ+l

ey =t — @ + vITy(dey +dA"+1)

p

Lemma 5.3. Suppose that u € W2 (J; W2 (£2))%, p e W2 (J; W3 (

Atd,P",

£2)), then we have

e I% + llda€ ™15 < C(At+h*+k*), 0<m <N -1,

Aerl Am+1
a2yt +dyers'Iz

+ ”dt Am+1 +dd"m+‘1

”12 M

§CAt2+CAt(h4+k , 0<m<N—1,

and

ey *l% < C(At+h* +k*), 0<m <N -1,

where C is a positive constant independent of h, k and At.

Proof. Subtracting (5.2) from (3.2a), we can obtain

d"n+1

aLl1 n+1

S e — (UL, + AtD P!

ij+1/22

u1ij+1/2 VDx(dxeuJ)?,jH/z - de(DyeuJ)z]H/z + [Dxep]”+1/2

Taking the time difference of two consecutive steps in (5.22), we have

dtt?r,::}i,j+1/2 - VDx(dxdt?u,l)H}:_ll/z - de(Dydt?u,l)?}:_ll/z + [Dxdt/e\p]?,j_;_yz

8u1

= dt( )l:fj-:']l/z - [dttU1],‘nj—+l1/2

Recalling (3.12a), (3.8) and (5.4) yields

[Dxew 1}, 5 = [d U],

ij+1/2 — 1]+1/2’

+ At[Dydy PI™,

u+1/2’

1<i<N,—1,0<j<N,—1

1<i<N—1,0<j<N,—1

1<i<Ny—1,0<j<N,—1

Taking the time difference of two consecutive steps in (5.24) leads to

[Ddie 1), =

Multiplying (5.23) by 2Atdt?['jl”+1/2hk and making summation for i,j withi =1, ...,

recalling Lemma 2.2 lead to

ldieys! e}

||12TM “1||12TM

3”1

=2At | de(—
(a5

+ 2At(Dxdy P, o 1 -

)n+1 d Un+1 d"fH»l)

2,T.M

)IZTM

+ At?||dget! I 1 4 + 2vAtlldy eyt
+ 2vAt|D, d*"“u,2 + 2At(D,d€), diey

11

[de Ul o 1Si<Ne—1,0<j<N,—1.

”12 M

Ny

~1,j=0,...,

Ny

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

— 1, and

(5.26)
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Taking notice of the last equation in (5.18) and recalling Lemma 2.2, the last term on the left hand side of (5.26) can be
estimated by
ZAt(Dxd[E d ll ] )12 M — Z(Dxeq,, dte )[2 T M
+ 2v(ITy(dye] 4 + dyey ,). d diey ),z M (5.27)
+ 2At(D d[Pn dte )12 M-+

We can establish the similar results as (5.26) and (5.27) in the y direction, thus it can be easily obtained

ld@ 1% — 1d:ll3 + AL lde@lt 13 + 2v At [Dd e
+ 2(Vhel,, di&yt ) + 2v(At) N IdEy ! + dyeyt
— 2v(At)” ”dxeuj + dy,e\gg”p M

||12,M

”12 M

X (5.28)
u —~

—JAt (dt(ﬁ)nﬁ—l d UT!+1 d"n+l> + 2At2(vhd[tpn+]a dt’e‘1l’ll+l)l2

2

+ 20At|di(deel ! + dTNIZ | + 2AL(Vyd P", diglt ).

”12 M

Multiplying (5.24) by 2[Dxe¢,]2;“+11/2hk and making summation for i,j withi=1,...,Ny—1, j=0,...,N, — 1 leads to

21Dsel M IR 1 4y = 2(deUT, Deey M 1 - (5.29)
Replacing n + 1 by n in (5.29) yields
2(|Dxe 15 1 py = 2(deUT, Dxel ), 1 - (5.30)

Multiplying (5.25) by 2At[Dxeq,]{fj+]/2hk and making summation for i,j withi=1,...,Ny—1, j=0,...,N, — 1 leads
to

IDeel" 1% 1 o = IDx€y I 1 oy — A% Dxdrely’ = 2At(de U™, D€l )z 1 - (5.31)

”lZ,T,M

Combining (5.31) with (5.30), we have

+1 2
IDeely N2 1, + DL 12 4

— (5.32)
= AC|Dxdeey I} 1y + 2(de8 ! Dael)p r — 2cideUTH, € )2 -
Similarly in the y direction, we have
IDyel" 1% 4 7 + 1Dyel I 4y (5.33)
= AC|Dydeel N7\, ¢ 4 2de8ys", Dyel e — 20dyde U™ e ) -
Combining (5.32) with (5.33) and recalling (5.4) yields
IVhel 1% + 1 Vhey 11
e fe IR e (5.34)

— AC|Videel | + 2(dil, Viel) o

Next we focus on the first term on the right hand side of (5.34). Multiplying (5.25) by [Dxd[e|p]u+1/2hk and making
summation fori,jwithi=1,...,Ny—1, j=0,...,N, — 1, we have

IDxdeel IR 1y = (du€yh's Dedeel e 7y — (s de UM, drel ) . (5.35)
By following the similar procedure as (5.34) and using (5.4) and (5.35), we get

IVadeel, |5 = (du€yt", Vadiel ). (5.36)
Hence we can easily derive from above

I Vadeey™ 15 < llduel™ 1% (5.37)

12
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Combining (5.28) with (5.34) and (5.37) arrives at
Ide ™ 1% — Id@y 115 + A lde@y I + 2v At Ddie
+ ZV(At) ”d ’“ﬂ+l + d’*ﬂ+1
+ Vel % + ||vhew||lz

”12 M

I 0y = 20(A8) ™ 1dxy 1 + dyey 5117

Ju ~ -
=2At <dt(§)”“ — d, U™, d{é{;“) + 2AtX(Vyd P, det )
’2
+ ARVl I + 2AL(VdP", Viel, o (5.38)
+ 20At | di(dy ! + dyey IR,
<AC||dgeSt + CArndA"“ I+ ClUll 200200 AL
+ CAt||dy@y |5 + CAC || Vad P12 + CAL || Vid P[5

+ 1Vhey Il + 2vAtlide(deey ! + dyey I -

Recalling Lemma 5.2, summing (5.38) over n from 1 to m and applying Gronwall’s inequality result in
m
IG5 +2v Y~ Atlldi(Deeg' — Dyeai I,
n=1
+ 2v(A0) " eyt + dyept iy, + Z IVhelt 1%

<|ld:e} ||,22 +20(At) 7 [d@l , + dyed o2, (5.39)

+C Z A\ dg &% + C Z AL || Vad P |2

n=1
m

+C Z AP VidP" I+ C Y AL o 2
n=1 n=1

Next we focus our concentration on the error analysis for the first two terms on the right hand side of (5.39) at n = 0.

Multiplying (5.22) by Tu 1 ,J+1/2hk and making summation fori,jwithi=1,...,Ny—1, j=0,...,N,—1, and recalling
Lemma 2.2 lead to
CHE e 1%
*””At o AL 111 gy + 2018 1
+ 2v||Dye, ||,2 +2(D8). 8y 1 )21 (5.40)

oul
:2(87['1 —d[U], u1)12TM+2At(D dtP eul)IZTM

We can establish the similar results as (5.40) in the y direction, thus it can be easily obtained
eglls + A% ||dey |15 + 2vAt||Dey||> < C(AL)* + (AP (h* + k%), (5.41)
which implies that
deeylly +2v(At) Mlde8y 1 + dyey 51l < C(AL? + C(h* + k). (5.42)
Thus combining (5.39) with (5.42) and recalling Lemma 5.1, we have
m
@G+ 1% +2v ) Atldd(D@Eyh' — DegihIE,

n=1

(5.43)
+20(A0) N Id@tt + eI, + Z I1Vney 1%
< C(At+h* + k*).

Using (5.43), taking the time difference of two consecutive steps again and giving the identical estimations as above, we
can obtain the desired results (5.19) and (5.20).

13
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Note that

IG5 < 2I@QII% + 2T Z ldegt |2, (5.44)

n=0

which implies the desired results (5.21). O

5.3. Improved velocity estimate

Our aim in this subsection is to improve the velocity results in Lemma 5.3 by constructing an auxiliary discrete inverse
Stokes problem, similarly as in [14,26].
Given U € Vj,, V = I U is the solution of the following discrete Stokes equations:

— vD(d V1), — vdy DYV, + IDQIE Y, = Ul 1<i<Ne—1,0<j<N,—1, (5.45)
—vD (d V2)1+1/2J de(DxVZ)?_:—ll/z,j + [DyQ]?:1]/zj - U;Jlr_:ﬁzjs 0= i <N:.—11 f] = Ny -1, (546)
dx V1n:+11/21+1/2 +d, zn,?r+11/2,j+1/2 =0, 0<i=<N—-10<j=<N, -1, (5.47)

with the boundary conditions

V1n,o,j+1/2 = VF,NX,]‘H/Z =0, 0=<j=Ny—1,

n __yn _ :
Vln,i,O = Vln,i,Ny =0, 0= 1 = Nx, (5.48)
Vooj=Von, =0, 0<j=Ny,
Vist20=V"2 ir12n, =0, 0= I<Ny—1,
where I is the discrete inverse Stokes operator.
We can easily obtain the following stability results:
IDV™2 4 Q™2 < CHIU. (5.49)
Define a discrete norm on Vj, by [|U[|;, = (U, U)’lz/z, which is identical to [26]. In addition, we have
IDILUI® < G105 (5.50)
Lemma 5.4. Suppose that u € W3 (J; W2 (£2))%, p € W2,(J; W2,(£2)), then we have
ZAtlr"+]||12<CAt +h* kY, 0<m<N-1, (5.51)
n=0
and
ZAtudA"“n,z IS < C(A? + R 4 k), 0<m <N -1, (5.52)
where C is a positive constant independent of h, k and At.
Proof. Multiplying (5.22) by 2Atl,e" €u1 ,J+1/2hk and making summation for i,j withi=1,...,Ny—1, j=0,...,N, — 1,
and recalling Lemma 2.2 lead to
24t(diey ey e ry — 2vA(Dd @y ey e
— 2vAt(d, Dy 1€y Ve 1 + 2ALDGE) 10 InC iz
gyt (5.53)
= 2At( — d UM 1@ e
+ 2At3(Dyd, P, ey et
Similar results as (5.53) can be established in the y direction, thus using (5.45)-(5.47), we have
ea g, — el + At?ldeeg I,
+ 2vAtEH! — v, R ), (5.54)
3un+l
=2 At( —d U™ 1),

14
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which leads to

eyt il; — Iegly + At lldeg™ (17 + 2vAefeg |5
v

sc—]AtuQ"“n,zM + CAtlldey ! +dyey 3%

n+1

+ 24t — ;U™ 4 + cAt||DIert |2

<vAte;t! ||,z + catiegt I} + cAtldeyt! + dyeys'iln ,
n+1

Tyn+12
—d U3,

(5.55)
+ 2At]

Recalling (5.5) and (5.20), summing over n from 0 to m and applying Gronwall’s inequality result in

m
leat iz + Z AP |7 420 Y At < C(AE + ht 4 k) (5.56)
n=0
which leads to the desired result (5.51). Similarly we can establish the error estimate (5.52) by taking the time difference
of two consecutive steps again, giving the identical estimations as above and using (5.44)

i . . O
5.4. Error estimate for the pressure

In this subsection, we derive the optimal error estimate for the pressure

Theorem 5.5. Suppose that u € W2 (J; W2 (£2))%, p € W2,(J; W2,(R2)), then we have
D AtEIP < (AP + B+ k'), 0<m <N -1

(5.57)
n=0
where the positive constant C is independent of h, k and At

Proof. For a discrete function {vﬁjﬂ/z} such that vf u+1/2|"9 = 0, multiplying (5.22) by vﬁ}ﬁ/zhk and make summation

fori,jwithi=1,...,Ny—1, j=0,...,N,— 1, and recalling Lemma 2.2 lead to

(dAfl+11’ Vi e rm + v(dy eu+1]’ d UnH)l?

+ (D DU, 1, — (€, dxvi™
1

auit

(5.58)
o —d UM 0, 4 AED P 0

12M

=(

Performing similar procedure in the y direction yields

GO A N L CCHAN I

€y 5 GyVy )IZM
An+1 n+1
+ v(D&yL . Dy ) g — (@, dyit!
8u11+1
2

:( ot _ d[U£1+1’ v3+1 )12,[\/1,7" + At(DydtPn+1, v£1+1 )12,]\/[ .
Hence we have

(d 'énJr]

(5.59)

vz 4+ v(dey del ey
P +1 +1
+v(Dyu], 2.t +v(dA:‘,2,dyv£' 2 m
- (&), devi ™ 4 dyui e

(5.60)
VrH»‘1 )’2 + At(Vhdtﬁn+] ) V"“ )12 .

+ v(D&,h', Dy u”“)
Ju"t!

(5

yn+1
—d, U,

Using Lemmas 2.1 and 5.1 and applying the discrete Poincaré inequality, we can obtain
1 (A’1dv1+1+dv+),2,\/,
|r"||12 M _ﬂ sup

veVy ”DV”

<G(lldey" llp + Nyt llzm + IIDy€,

e, (5.61)
+ ||dA”+1||l2 Mt ||DA"+1||12 )
+ CAt|VhdP™ |2 + O(At 4 h? + k).

15
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Setting v"*1 =€+ in (5.60), multiplying it by 2At and using (5.20), we have
|An+1 Il — eyl + At2||dA"+]||12 + 2vAt|| Dt |2

—2(c ——Ateyl% ,, + 5 Ar||m+1|| + CAtlldegt + dyegt I,
+ CAE3||Vd P"! ||l2 + CAt(AL? + h* + k%) (5.62)
<vAt||DEM |2 + CAt|dem |
+ CAL3||Vpd, P! I% + CAL(AL* + h* + k*).

Recalling Lemmas 5.1 and 5.4 and summing (5.62) over n from 0 to m leads to

e+ e +v Z At|lDeg|? + Z AP(|dE | < C(AL + h* 4+ k%), (5.63)
n=0 n=0
which implies the desired result (5.57) by combining (5.61) with (5.63). O

Combining the above results together, we finally obtain our main results:

Theorem 5.6. Suppose that u € W2 (J; W5 (£2)%, p € W2 (J; W2,(£2)), then we have the following error estimates for the
fully discrete scheme (3.2)-(3.3) and (3.6)—(3.8):

m m
U™ — ™2 Y A (U — a4 APt =P,

e o (5.64)
<At +h*+k*), 0<m<N-1,
m m
Z At“dx(Ur_H n+1)||12 wt Z At”dy(U;“H n+l)“’2 "
— — (5.65)
n=0 n=0
<0(A? +h*+ kY, 0<m<N-—1,

m
> AtIDUIT —ufthIIE < O(AC +h* + 1), 0<m <N -1, (5.66)
m
> AtID(UST =y < 0(AP + 1P 4k, 0<m<N-—1, (5.67)

where C is a positive constant independent of h, k and At.

Remark 5.1. We observe from the above that the results in (5.64) and (5.65) are both optimal in time (first-order)
and in space (second-order). However, the result in (5.66) (resp. (5.67)) is optimal in time and in the x—direction (resp.
y—direction), but sub-optimal in the y—direction (resp. x—direction). Note that the sub-optimal results can be improved
to optimal if the exact solution satisfies

32U1 82UZ

— =0aty=0,1;, —— =0 at x=0,1. (5.68)

0y? 0x2

These error estimates are confirmed in our numerical experiments below.
6. Numerical experiments

In this section we perform some numerical experiments to validate the fully discrete consistent splitting scheme
(3.2)-(3.3) and (3.6)-(3.8). Here we take 2 = (0,1) x (0,1), T = 1, v = 1 and set At = h?> = k.
We denote

If — gllco.2 = MaXo<n<m {IIf" — &"llx} ,
1/2
If —gllz2 = (X AL If" — g"ll)

where X is the corresponding discrete L?> norm.

’

Example 1. Consider the following exact solution for (1.1):

p(x,y, t) = exp(t)(x* — 1/4),
ui(x,y, t) = —exp(t)x*(x — 1°y(y — 1)2y — 1),
up(x, y, t) = exp(t)x(x — 1)(2x — 1)y*(y — 1)?

16
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Table 1

Convergence rates of the velocity and pressure in discrete L norm for Example 1.
Ny x Ny, U — w2 Rate IP = pll2,2 Rate
10 x 10 2.21E-3 - 9.02E-3 -
20 x 20 5.73E—4 1.95 2.52E-3 1.84
40 x 40 1.45E—4 1.99 6.58E—4 1.94
80 x 80 3.62E-5 2.00 1.67E—4 1.98
160 x 160 9.06E—6 2.00 4.20E-5 1.99

Table 2

Convergence rates of the velocity in discrete H; semi-norm for Example 1.
Ny x Ny ldxUr — dyuill2,2 Rate [[DyUr — Dyur|l2,2 Rate
10 x 10 4.66E—3 - 5.55E—3 -
20 x 20 1.22E-3 1.94 1.66E—3 1.74
40 x 40 3.09E—4 1.98 5.15E—4 1.69
80 x 80 7.74E—5 1.99 1.67E—4 1.63
160 x 160 1.94E-5 2.00 5.59E—5 157

Table 3

Convergence rates of the velocity and pressure in discrete L norm for Example 2.
Ny x N, U — w2 Rate IP = pll2,2 Rate
10 x 10 241E-3 - 5.93E-3 -
20 x 20 5.15E—4 2.22 1.85E-3 1.68
40 x 40 1.24E—4 2.05 5.09E—4 1.87
80 x 80 3.08E-5 2.01 1.32E—-4 1.95
160 x 160 7.68E—6 2.00 3.34E-5 1.98

Table 4

Convergence rates of the velocity in discrete H; semi-norm for Example 2.
Ny x Ny lldxUy — dxuq |22 Rate [IDyUy — Dyuqll2,2 Rate
10 x 10 3.55E-2 - 6.15E—2 -
20 x 20 8.88E—3 2.00 1.54E—-2 2.00
40 x 40 2.22E-3 2.00 3.84E-3 2.00
80 x 80 5.55E—4 2.00 9.60E—4 2.00
160 x 160 1.39E—4 2.00 2.40E—4 2.00

The numerical results for Example 1 are shown in Tables 1-2. For brevity, we only present the numerical results for uy,
the results for u; are similar. We observe that the results are consistent with the error estimates in Theorem 5.6, i.e., all
errors converge at second-order except that the convergence rate for Dyu; (and Dx(u) which is not shown in the table
for brevity) is 1.5.

Example 2. Consider the following exact solution for (1.1):

p(x,y, t) = sin(wt)(sin(my) — 2/m),
ui(x, y, t) = sin(rt) sin?(7rx) sin(27y),
Uy(x, y, t) = —sin(rt) sin(27rx) sin?(7r y).

The numerical results for Example 2 are shown in Tables 3-4. Since the exact solution satisfies (5.68) in Remark 5.1, we
observe uniform second-order convergence for all quantities, consistent with Remark 5.1.

7. Concluding remarks

We developed a fully discrete consistent splitting scheme for the time dependent Stokes equations based on the
MAC discretization. By constructing an interpolation operator and performing appropriate approximation for the discrete
operators on the staggered grids, we established the equivalence of the two discrete pressure Poisson problems (3.4) and
(3.12), proved the unconditional stability, and derived first-order accuracy in time and second-order error estimates in
space for velocity and pressure in different discrete norms.

Based on the presentation in this paper, one can easily construct fully discrete consistent splitting schemes for the
time dependent Navier-Stokes equations either with a skew-symmetric semi-implicit treatment for the nonlinear term
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as in [44] so that the corresponding scheme is still linear, but with variable coefficients, and unconditionally stable, or with
an explicit treatment for the nonlinear term coupled with a SAV approach as in [19] so that the corresponding scheme is
still unconditionally stable and can be efficiently solved as the scheme for the Stokes equations presented in this paper.

We only considered the first-order in time discretization in this paper. While second-order consistent splitting schemes
are constructed and have numerically shown to be effective in [24,25], but their stability and error analysis are still elusive.

Data availability

Data will be made available on request.
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