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1 Introduction

The phase field crystal (PFC) model was developed in [3,4] to model the crystallization process in the
purification of solid compounds. It has been used to model the evolution of the atomic-scale crystal
growth on diffusive time scales. In the PFC model, the phase field variable is introduced to describe the
phase transition from the liquid phase to the crystal phase. The model is versatile and able to simulate
various phenomena, such as grain growth, epitaxial growth, reconstructive phase transitions, material
hardness and crack propagations. Numerical methods and simulations for the PFC model have been
studied extensively, including the finite element method [5], the finite difference method [12,18,20], the
local discontinuous Galerkin method [6] and the Fourier-spectral method [10,19].

The modified phase field crystal (MPFC) equation was introduced in [15] to model phase-field crystals
with elastic interactions. The MPFC equation can be viewed as a perturbed gradient flow with respect to
a free energy, and is a sixth-order nonlinear damped wave equation. However, as pointed out in [16], the
original free energy of the MPFC equation may increase in time on some time intervals. Thus, a pseudo
energy is introduced in [16] and shown to be dissipative. There exist a number of works on the numerical
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approximations of the MPFC model. First- and second-order accurate nonlinear convex splitting schemes
have been proposed in [2,16], and are proved to be unconditionally energy stable and convergent. A
nonlinear multigrid method is used to solve the nonlinear system at each time step [1]. Guo and Xu [7]
developed first- and second-order nonlinear convex splitting schemes and a first-order linear energy stable
scheme, coupled with local discontinuous Galerkin (LDG) methods in space. Very recently, Li et al. [§]
proposed unconditionally energy stable schemes based on the “invariant energy quadratization” (IEQ)
approach for the MPFC model but without the convergence proof. The convergence analysis is challenging
due to the nonlinear hyperbolic nature of the MPFC equation. To the best of our knowledge, there is no
second-order convergence analysis on any linear scheme for the MPFC equation.

The main goals of this paper are to construct linear and unconditionally energy stable schemes based
on the recently proposed scalar auxiliary variable (SAV) approach [13,14], and to carry out a rigorous
error analysis. More specifically, we construct two SAV block-centered finite difference schemes for the
MPFC equation based on the Euler backward and Crank-Nicolson schemes, respectively, and show that
they are unconditionally energy stable with a suitably defined pseudo energy. In addition, we establish
second-order convergence in both time and space in a discrete L>(0,7; H3(£2)) norm.

The rest of the paper is organized as follows. In Section 2, we describe the MPFC model and reformulate
it using the SAV approach. In Section 3, we construct fully discrete schemes for the reformulated MPFC
equation by the block-centered finite difference method, and show that the scheme conserves mass and
is unconditionally energy stable. In Section 4, we derive the error estimate for the MPFC model. In
Section 5, some numerical experiments are presented to verify the accuracy of the proposed numerical
schemes. In Section 6, we give a summary.

2 The MPFC model and its semi-discretization in time

We describe in this section the MPFC model and its reformulation using the SAV approach, construct
a second-order SAV semi-discretization scheme and show that it preserves mass and dissipates a pseudo
energy.

2.1 The MPFC model and its SAV reformulation
Consider the free energy (see [1,2,7])
1 o
£0) = [ {5807 - 6 + 50+ F(0) s, (2.1

where Q C R? (d = 1,2,3). The phase field variable ¢ is introduced to represent the concentration field

of a coarse-grained temporal average of the density of atoms. It holds that F(¢) = %qﬁ‘l. Here, a=1—c¢

with € < 1. Then the MPFC model is designed to describe the elastic interactions

2
%“%%ZMA% zeQ, >0,
p=A0+20¢+ap+ F (), weQ, >0, (2.2)

¢(x,0) = do(),

where $ > 0. The PFC and MPFC equations have close relationship. However, we should keep in mind
that the original energy (2.1) of the MPFC equation may increase in time on some time intervals. Thus,
it is desirable to introduce a pseudo energy. Besides, we can observe that (2.2) does not satisfy the mass

conservation due to the term %. However, it is possible to verify that fQ a—fdw = 0 with a suitable
initial condition for %. In what follows, similar to [1,8], we can simply set 8—?(95, 0) = 0 point-wise so

that [, %(x, 0)dx = 0 is trivially satisfied.
To fix the idea, we consider the homogeneous Neumann boundary conditions

Ondloa =0, OnAdlon =0, Onploo =0, (2.3)



Li X L et al. Scit China Math  October 2022 Vol. 65 No.10 2203

where n is the unit outward normal vector of the domain 2.

Remark 2.1. The homogeneous Neumann boundary conditions are assumed to simplify the presen-
tation. The algorithm and its analysis also hold for the periodic boundary conditions with very little
modification. One can refer to [17, Lemma 3.6] for more details about the periodic boundary conditions.
While we only present the algorithm and analysis for homogeneous Neumann boundary conditions, we
do present some numerical results with periodic boundary conditions in Section 5.

To introduce an appropriate pseudo energy for the MPFC equation, we need to define the H~! inner-
product [1]. Let £ be a bounded domain with the Lipschitz continuous boundary and

Uy, uy € {f € LQ(Q)‘ /Qfda: = o} = L(Q).

We define n,, € H*(2) N L3(2) to be the unique solution to the following problem:

—Any, =u; inQ, Opny, loa =0, i=1,2. (2.4)
Then we have 7,, = —A~ ;. Define
(w1, u2) -1 = (VNuy, Vi, )12 (2.5)
By using the integration by parts, we can obtain
(ur,u9) g1 = —(A  ug,u) 2 = — (A ug, )2 = (ug, ur) g1 (2.6)

Then we define ||ul|g-1 = \/(u,u) -1 for every u € LE(Q).
In order to construct an efficient scheme for the MPFC equation (2.2), we first reformulate it using the

so-called SAV approach [13]. Introduce two auxiliary functions as follows:

_0 o
P = FTR r=+/Ei(¢):= W (2.7)

Then the MPFC equation (2.2) can be recast as the following system:

0
aif + By = MAp, (2.8a)
— A2+ 2A O g, 2.8b
1 ¢+ 200 + ad + ) (¢) (2.8b)
Ty = #/ F/(¢)¢tdw (28C)
2\/E1((25) Q

Next, we derive that the MPFC system (2.8) is mass conserving with the initial condition [, 1 (x,0)dz
= 0. To prove this, integrating (2.8a) over €2 and taking notice of (2.3) lead to

% /Qw(x,t)dx + 5/9@[1(96,t)dx =M . Vi -nds=0. (2.9)

Since (2.9) is actually an ODE system for time, we can easily obtain the solution

/ Y(x,t)dr = exp(—pt) / P(z,0)dx. (2.10)
Q Q
Thus we can obtain the desired mass conservation
/ a—d)(x,t)dx = / Y(x,t)de =0 (2.11)
o Ot Q

under the condition [, ¥ (z,0)dx = 0.
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Define the pseudo energy

o) = [ (5802 = 196P + 567 o472+ 10l (2.12)

which requires that fQ 1 = 0 for well-posedness. As long as ¢ = %‘f is of mean zero, we can obtain the
following dissipation law:

d _ [ 00, 1 Ony
%E(Qévr?w) - Quat d(B M o An"/«' at dw
_ [, 90\ _ 1 e
<“’at> M(w’A 6t>
— B pae) =2 <o (2.13)
M\ M"TTIHTE S :

where 1y, = (—A) 7.
2.2 The time discretization scheme

Let N > 0 be a positive integer and J = (0,T]. Set At =T /N and t" = nAt for n < N, where T is the
final time. The second-order semi-discrete scheme based on the Crank-Nicolson method for (2.8) is as
follows:

Assuming ¢", ¢ and r™ are known, we update ¢"+1, "+ and r"*! by solving

1/)77.—&-1 _ ,(/)n + BAt,(/JTH_l/Q — MAtAM”J"l/Q, (214)
At¢n+1/2 _ ¢n+1 —¢", (2.15)
1/2
p Y2 = A2gntl/2 4 g AGnTL/2 4 qgntl/2 LF/((;”H/?), (2.16)
El(¢n+1/2)
1 ~
P = e (FY(97T2), 9 - 1), (2.17)
24/ E1(¢n+1/2)

where frH1/2 = (frtl 4 fny /9 and frti/2 = (3f" — f7=1)/2 for any function f. For the case where
n =0, we can compute ¢'/2 by the first-order scheme.

Theorem 2.2.  The scheme (2.14)~(2.17) is mass conserving, i.e., [, ¢"  de = [, ¢"dx for all n,
and unconditionally stable in the sense that

é(¢’ﬂ+17 Tn+17 ¢n+1) - g(qﬁn’ Tna ¢n) < _%At||wn+l/2”i[*la (218)

where E(¢7, 1", ") = E(&", 1", 4") + [ Vg™ — Vg2,
Proof.  Taking the inner products of (2.14) with 1 leads to

(P — ™ 1) + ALY 1) = MALHAE"TY?)1). (2.19)
Similarly, by taking the inner products of (2.15) with 1, we can obtain
(6" — g™, 1) = Aty HI/2, 1), (2.20)
By using the integration by parts, the term on the right-hand side of (2.19) can be transformed into
MAHAE" T2 1) = —MAH(VE" /2, V1) = 0. (2.21)

Then (2.19) can be recast as follows:

<1 + gAt) (Y1) = <1 - gm) (™, 1). (2.22)
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Combining (2.22) with the condition on the initial condition (1/°,1) = 0 leads to (¢"*1,1) = 0 for all
n > 0. Recalling (2.20), we have (¢"1 1) = (¢, 1).
Next, we prove (2.18). Taking the inner products of (2.15) with p"*+/2 gives

At(¢n+1/2,ﬂn+1/2) _ ((bn—i-l o ¢n7un+1/2)' (223)
Taking the inner products of (2.16) with ¢"*! — ¢", we have

(un+1/2’¢n+1 . an) — (A2¢n+1/27¢n+1 - (bn) + 2(AQE”+1/2,¢”+1 - ¢n)
Tn+1/2

+ a2 et — o) + < F'(¢"T/2), n ! — ¢”>~ (2.24)

Ey(¢nt1/2)

The first three terms on the right-hand side of (2.24) can be estimated with the help of the integration
by parts:

1
(AZgmH1/2 gntl — ) = FUIAG™ 7 = [ag™|), (2.25)
2(A$n+1/2,¢n+1 _ ¢n)
1
= =V + Ve |I* + S(IVe™™ = Ve |* — Vg™ — Vo |[?)
S IVen - 2vgn 4 Vo P (2.96)

and o
a2, = 6" = S8 P 167 P). (227)

Multiplying (2.17) by (r"*1 4 77) leads to

Fnt1/2

= = ] (229

E1($n+1/2)
Combining (2.24) with (2.23) and (2.25)—(2.28), we have
1
S IAG™HHZ = AG™[2) = [V 12 + [ V™[ + [ 12 — "2
1 _
+ (9™ = Vg2~ 99" — Vo)

1 n 3 n— « 3 n
+5lVe 1 —2ve" + Vo 1||2+§(||¢> 2 =1l 1%
= At(yntl/2 ntl/2), (2.29)

Recalling (2.14), we can derive

S 9" B = 97 0) = 22 = g7 g2
= (Y g, ATy
= DA - A ) (230)
Finally, combining (2.29) with (2.30) gives the desired result. O

Since the scheme (2.14)—(2.17) is linear, one can also show that it admits a unique solution, and can
be efficiently implemented. For the sake of brevity, we shall provide the details only for the fully discrete
scheme presented in the next section.
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3 Fully discrete schemes and their properties

In this section, we construct two linear SAV block-centered finite difference schemes for the SAV refor-
mulated MPFC equation (2.8).

3.1 Fully discrete schemes based on the block-centered finite difference method

First, we describe briefly the block-centered finite difference framework that we will employ to define and
analyze our schemes. To fix the idea, we set Q = (0, L) x (0, L,), although the algorithm and analysis
presented below can be also applied to the one- and three-dimensional rectangular domains.

We begin with the definitions of grid points and difference operators. Let L, = Nyh, and L, = Nyh,,
where h, and h, are grid spacings in « and y directions, and N, and NN, are the number of grids along
the x and y coordinates, respectively. The grid points are denoted by

(xi+1/2ayj+1/2)a ’L'ZO,...,Nw, j:057N7/

and
xl_(xi7%+m1+%)/27 7’:17 asz
yj (y]—% +y]+%)/27 ]: 17 aNy
Define
deglivs ;= (Git1.5 — 9ij)/ha,

dyg}zﬁ% = (9ij+1 — 9i,j)/ Iy,
Dagli; = (41,5 — 9i—1,3)/ has
Dyg]m (91,34-2 gi,j—%)/hm
Angli,j = D2(d29)i; + Dy(dyg)ij-

Define the discrete inner products and norms as follows:

N, Ny
=33 hahyfijgii,

i=1 j=1
N,—1 Ny
Z thhyfi+§,j9i+é,j’
i=1 j=1
N, Ny—1

(fvg)y :Z Z hxhy ivj_‘_%gi’j_‘_%.

i=1 j=1

[
[
[
[
[

(f:9)a

Lemma 3.1.  Let q;j, w1 41725 and wa; 172 be any values such that wyj/2; = wi N, 11725 =
Wy 4172 = W N,+1/2 = 0. Then

(Q7me1)m = _(sz7w1)z> (q>Dyw2)m = _(dyQ7w2)y'

Next, we define the discrete H~! inner product. Suppose 14, € {f | (f,1)m = 0} =: H to be the
unique solution to the following problem:

—Ah%i = i, (31)

where 7, satisfies the discrete homogenous Neumann boundary condition

{(%i)o,j = ¢ )15 Mg)Nev15 = Mg )N, J=1,2,..., Ny, (3.2)

(Mg k0 = Mo k1, (Mo )kN,+1 = Mg kN, k=1,2,..., N,
We define the bilinear form

(¢1v ¢2) 1= ( anbudﬂ?ndm)l’ + (dy77¢1 ) dy77¢2)y
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for any ¢1,¢2 € H. Then we can obtain that (¢1, ¢2)_1 is an inner product on the space H. Moreover,
we have

(P1,02)—1 = —(01, A, P2)m = — (A}, b1, h2)m

Then we can define the discrete H ! norm ||¢|_1 = \/(¢,¢)_1

Hereafter, we use C with or without a subscript to define a positive constant, which could have different
values at different appearances.

Let us denote by {Z", W™ R™ ¥"}N_ ' the finite difference approximations to {¢", u™, r™ "}V |
The second-order scheme defined by the Crank-Nicolson method for (2.8) is as follows:

Set the boundary condition as

20 =215, ZN,+15=2N,5, J=12,...,Ny,
Zio=2i1, ZiNy+1=ZinN,, 1=1,2,..., Ny,
Wo; =Wij, Wnev1;=Wn,j5, J=12,...,Ny, (3.3)
Wio=Wii, Win,1=Win, i=12...Ny,

AnZoj = AnZij, AnZn,+1,5 =AnZnN,5, J=12,...,Ny,

AnZio = AnZiy, AnZin,+1=AnZin,, 1=1,2,...,Ng.

We find {Z"+1, Wt Rrtl gt V- b guch that

W O A2 = MAEA, W2, (3.4)
AEnHY2 = gnAl g
~ Rn+1/2 _
W2 = A2 70412 o N, ZnHY/2 g g zntL/2 F'(Zn+1/2), (3.6)
E{'L(Zn+1/2)
1 -
Rn—‘rl _ RTL — —(F/(Z"—H/Z),Zn'H _ Zn)m7 (37)

2/ Ep(Zn+1/2)

where frt1/2 = (frtl 4 gy /o f = W, U, R, Z"t1/2 = (32" — Z"~1)/2, and the discrete form of
Ey(Z7F1/2) is defined as follows:

h(Zn+1/2) = Zzh hyF(Z n+1/2).

i=1 j=1

3.2 Efficient implementation

A remarkable property about the above schemes is that it can be solved very efficiently. We demonstrate
the detailed procedure to solve the second-order SAV scheme (3.4)—(3.7). Indeed, we can eliminate U +1,
Wt and R*! from (3.4)—(3.7) to obtain

2 Zntl_gn o
<+5>Atm‘1’

< Az 4 A Z" 4202 7012 %AhZ”“ + gAhZ”>

A, F' Zn+1/2 E Zn+1/2
+M h ( )(Rn + ( ( ) ’Zn—}—l _ Zn) ) (38)
4 m

BH(Z?) VL)

nt1/
Let b" = \/% Then the above equation can be transformed into the following:

AZn+1 _ %(bn’ Zn+1)mAhbn — fn, (39)
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where A = (25 + %)I — 2 A3 — 2 aA), and the term on the right-hand side satisfies

2 > B\ M., M
ne Z gy (2 DV A A, ) 2
"=a +<(At2+At> Toent g ”)

- 1
+2MA2Zn 2 4 M(R" - i(b", Z”)m) Apb™.

In order to solve the above equation, we should determine (b",Z"*1),, first. To this end, multiply-
ing (3.9) by A~! leads to

M

Zn+1 o
4

(0", Z" ) AT AR = AT (3.10)
Multiplying (3.10) by b} ;h,h, and making summation on 7 and j for 1 <i < N, and 1 < j < Ny, we
have

(bn,A_lfn)m
1- %(A*Ahb", b )
Since M > 0 and for «, 3 > 0, A=A}, is negative definite, (b", Z"*1),, can be uniquely determined from
above. Finally, we can get Z"*! by (3.10). Since the scheme is linear, the above procedure shows that it

0", 2" ) = (3.11)

admits a unique solution.
In conclusion, the second-order SAV scheme (3.4)—(3.7) can be effectively implemented in the following
algorithm:

Give U™, Z" R"™ and b".
Step 1. Compute (A~YApb™,b™),,. This can be accomplished by solving a sixth-order equation with constant coefficients.
Step 2. Calculate (b", Z"*1),, using (3.11), which requires solving another sixth-order equation A~!f" with constant

coefficients.
Step 3. Update Z"+1 by Zn+1 = M (pn znt1), A=1A,b" + A7Lf7

While the second-order scheme above is suitable in most situations, there are cases, e.g., when only
steady state solutions are desired, where a first-order scheme is preferred. For the readers’ convenience,
we list the first-order SAV scheme below:

We find {Z7+1, wntl Rrtl w1 VL guch that

UL P BARDT = MALA, W™ (3.12)
AtgnTt = zntl . gn (3.13)
n+1
Wt = AR Z" 20,27 + a2 + LF’(Z”L (3.14)
BY(Zm)
1
R R = —— _(F/(Z™), 2" —Z™),,. 3.15
5 E{L(Zn)( (Z") Jm (3.15)

3.3 The mass conservation and unconditional energy stability

Define the discrete pseudo energy

1 « 1
Ea(Z", R",U") = §IIAhZ"H3n —IVaZ"™|? + §||Z”+1II?n + R+ WH‘I’"II%—M (3.16)

where |V, Z|| = \/(dzZ, Ao ) + (dyZ,dyZ),.
Theorem 3.2.  The scheme (3.4)—(3.7) admits a unique solution, which is mass conserving, i.e.,

(Z" 1) = (27, 1) for all n, and unconditionally stable in the sense that

gd(Zn+1,Rn+1,\I’n+1) _ gd(Zn,Rn,\I’n) < 7%At”‘1,n+1/2”§{_1’ (3.17)

where E(Z", R",W") = Ea(Z", R, ¥") + 3[|VaZ" = Vi Z" |,
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Proof.  Since the scheme (3.4)—(3.7) is linear, the algorithm described in Subsection 3.2 indicates that

it admits a unique solution. The proof for the mass conservation and energy dissipation is essentially the

same as that for the semi-discrete case. For the readers’ convenience, we still provide the details below.
Summing (3.4) on ¢ and j for 1 <i < N, and 1 < j < N, leads to

(U W 1), 4 BALHETY2 1) = MAL(A, W2 1), (3.18)
Similarly, by summing (3.5), we can obtain
(Z"FE — 27 1) = AL(B"H2 1), (3.19)

By noticing Lemma 3.1 and the boundary condition (3.3), the term on the right-hand side of (3.18) can
be transformed into

MAH(A W2 1), = —MAH(d, W2 d, 1), + (d, W2 d,1),) = 0. (3.20)
Then (3.18) can be estimated as follows:

<1 + gAt) (vt 1), = (1 — gAt) (U 1) . (3.21)

Combining (3.21) and (¥°,1) = 0 leads to (¥"*1 1),, = 0 for all n > 0. Recalling (3.19), we have
(Z" ) = (27, 1) .

Next, we prove (3.17). Multiplying (3.5) by W:fl/ thhy and making summation on i and j for
1<i< Ny and 1 <5 < Ny, we have

AU W) =z -z W), (3.22)

Multiplying (3.6) by (ZZ"J"'1 —Z};)hzh, and making summation on 7 and j for 1 <i < Ny and 1 < j < N,
we have

(W’n+1/2’Z’n+1 _ Zn)m

— (A}QLZnJrl/Z,ZnJrl _ Zn)m +2(Ah2n+1/2’zn+1 _ Zn)m

Rn+1/2

+a(Z" V2 2 7y, + ( F/(ZnHY2y, zntt Z”> . (3.23)

m

B (Zr1?)

The first three terms on the right-hand side of (3.23) can be dealt with the help of Lemma 3.1 and the
boundary condition (3.3), i.e.,

n n n 1 n n
(AR Zm 2 70— 2, = FUIAnZ i = 12RZ717), (3.24)
2(Ah2n+1/2’ g+l Zn)m
1 _
= —|VaZ" 2+ Va2 + 5(\|VhZ”+1 =V Z"|? = IVaZ™ = ViZ" %)
1
+ §||th"+1 — 2V, 2" + VL2 Y2, (3.25)
n n n « n n
a(ZV2 7 = 2, = 52 = 127115)- (3.26)

Multiplying (3.7) by (R™*! + R™) leads to

Rn+l/2 _
(R = (R = (e (27,27 - 27) (3.27)
El(Zn+1/2) m :
Combining (3.23) with (3.22) and (3.24)—(3.27), we have

]' n n n n n n
SUARZ™ T = AR Z715) = Va2 4 VR 272 + (R™H)? = (R")?
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(V2™ = VW Z™|? = |VaZ™ = Vi 2" H?)

N | =

_|_

1 n n n— a n n
+ §||VhZ T2V 2t + VRZTTHP 4 E(HZ = 12701%)
= At(OnTY2 2y (3.28)

Recalling (3.4), we can derive

s (0 B — 073 ) = 2 (0w g 2)
— _%(\ynﬂ — O A2y
= —%AtH\P"H/Qqu,I — AY(WEV2 g2y (3.29)
Finally, combining (3.28) with (3.29) gives the desired result. O

4 An error analysis

In this section, we carry out a rigorous error analysis for the second-order scheme (3.4)—(3.7).
Set
eg = 2" —o(t"), e =" —9(t"),
ey =W"—pu(t"), el=R"—r(").
We start by proving the following lemma which will be used to control the backward diffusion term in
the error analysis.

Lemma 4.1.  Suppose that ¢ and Ap¢ satisfy the homogeneous Neumann boundary conditions. Then
we have

1 2¢
[AR9]|7, < @Héﬁ\\fn + §||Vh(Ah¢)||2- (4.1)

Proof.  The proof for the homogeneous Neumann boundary condition is essentially the same as that
for the periodic boundary condition. One can refer to [18, Lemma 3.10] for more detail. O

Theorem 4.2.  Assume that
¢ € L°(J; W (Q)) N W (J; W (Q)) N W (T, W3°°(Q)) N W (J; L=(Q)).

Let At < C(hy + hy). Then for the discrete scheme (3.4)—(3.7), there exists a positive constant C
independent of hy, hy and At such that

1Z54E = S D) + IVR(ARZETY) = V(Db (N + 180 25 = App (") [l + [RM = r(#5F1)]

< C|llwaoe(gip (@) + l18llw2o(rwae ) + | Dllws.o(gws.ee(q))) AL?
+ Cllll oo (iwse )y (B2 + h3), VO< k<N -1 (4.2)

Proof.  Subtracting (2.8a) from (3.4), we obtain

e’ﬂJrl _e’n n+1/2 n+1/2
d’T“’ + Bel TP = MAert 2 T, (4.3)
where
" o tn—H _ tn
Ty oY ") —w () 4 M(Ap — A tH?
I R At

< Cllllwa.ce ;100 () AL + [|ptl] oo (1w () (h2 + h). (4.4)
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Recalling (2.7) and (3.5), we have

et _en
en+1/27 ¢ ¢+Tn+1/2
v At 2

where )
/2 _ o™t —o(t") 09
2 At ot

Subtracting (2.8b) from (3.6) leads to

< C|‘¢||W3'°°(J;L0°(Q))At2.
t=n+1/2

n+1/2 ~
e = At panE ol g F/(ZH7)
Ep(Zn+1/2)
B pntl/2 F’(¢"+1/2) Lt/
Eq(¢nt1/2) ’ 7

where

TP AZg(1712) - AZG(E72) 4 2A,B(17TY2) — 2AG(7H12)
< O(H¢||L‘>°(];W6,OO(Q)) + H¢||LOO(J;W4,OO(Q)))(}L§ + hi)
+ CH¢||W2*°°(J;W2v°°(g))At2.

Subtracting (2.8c) from (3.7) gives that

6?4_1 _ 6:" _ 1 (F/(Zn-‘rl/Z) Zn+1 _ Zn)
1

o F/ n41/2 n+1/2d$+Tn+l/2,
N T I RACARL ;

where o
n n tm - tm
TR /2 r(E"t) — (")

; S < Clrllws sy A,

2211

(4.9)

(4.10)

Multiplying (4.3) by ezt’lj/thhy and making summation on ¢ and j for 1 <i < N, and 1 < j < Ny, we

have

et _en
(S el™) 4 BT = M2 e (1
m

At Y

The first term on the left-hand side of (4.11) can be transformed into the following;:

<h en+l/g> _ g R — leg I,
m

NI 2At

Noticing (4.7), we can write the first term on the right-hand side of (4.11) as

M(ApeptV2, el = M(AGel T2 el TR, 1 aM(AZer TR et ),
n+1/2 _ n+1/2
+ M(R ApF' (2t o
Ep(Zn+1/2) Er(¢" /%)

en+1/2)m + M(AhT§L+1/27 en+1/2)m.

n+1/2
+ Mo(Apey €4 W

AhF/(¢n+1/2), e:;+1/2>

(4.11)

(4.12)

m

(4.13)

Using Lemma 3.1, the boundary condition (3.3) and (4.5), we can write the first and second terms on

the right-hand side of (4.13) as

n+1/2 n+4+1/2
M(Aie¢+/,ew+/)m



2212 Li X L et al. Sci China Math  October 2022 Vol. 65 No. 10

= —M(Vi(Anel ™), Vi(Anel )

||vh(Ahe"+1)||2 — IV (Aned)|? n n
— _ ¢ _M(vh(Ahe +1/2),Vh(AhT2 +1/2))

2At ¢
IIVh(Ahe’“rl)ll2 — [Va(Arel)|? n
<o 2A7 e CIVR (AP
+ Cll@l3ys.00 (w300 () AL (4.14)
(A2 ~n+1/2’ Z+1/2)m
= M(An(3e} —ef "), Ape ”“/2>m

M n n n n n n—
(IIA eg Hm — 1Aneglln — (IIA eyt — Aneglln, — | Aney — Aney; 1||3n)>
||A entl — 2Anel + Apel V|2, + M(AR(Bel — i), AR Ty ) (4.15)

The third term on the right-hand side of (4.13) can be estimated by

Rn+1/2 . ,,,n+1/2 . n
M( ALF'(Z +1/2) _ AnF' (¢ +1/2)’€w+1/2)

B(Zn 1) IACTRlD
_ MT,L+1/2<AhF/(Zn+1/2) AR (Gn1/2) y +1/2)
\/Eh Zn+1/2) \/Eh ont1/2) m

_’_M,,,n-i-l/Q(AhFI( n+1/2) ARF "(¢nt1/2) en+1/2)
JErGr  VE@ Y,
(

m

A, F'(Z n+1/2 n
+ Men+1/? (H,ewﬂ/z) . (4.16)
\/ ER(Zn+1/2) m

Below we shall first assume that there exist three positive constants C7, Cy and C3 such that
1Z" L) < C1, IVeZ™ L= < C2y |ARZ™ Lo < C3, YOS n <N, (4.17)

which will be verified later in the proof.
Applying Lemma 4.1, the first term on the right-hand side of (4.16) can be controlled similar to the
estimates in [17] by
ML/ <Ah,F'(Zn+1/2) B AhF’(érrFl/Q) 7 en+1/2>
VENZ ) B "
n n n— 1/2
<Clleplz, + [1Anepl2) + Cles™ 12, + [Ane ™ 12,) + Clieg ™ 2112,
n n — n+1/2
Cllepl2, + [IVa(Anep) 1) + Clles ™ 12 + 1Va(Anel M) + Clley ™ 2|12, (4.18)

where C'is dependent on ||7|| (), [|Z27||L () and ||[VLZ" || Lo (q)-
The second term on the right-hand side of (4.16) can be handled by

Mrn+1/2<AhF’(g£"“/2) ARF (¢71/2) +1/2>
\/E{l(gan/Z) VE (¢"H172) v m
_ Mr"+1/2<AhF/(¢Bn+l/2) B AhF’(¢n+1/2),en+1/2>
VER@m )\ [BL G m

n MT”+1/2(AhFI(¢n+1/2) _ARF (¢ 1) en+1/2>
VENGm2) VBT Y
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n+1/2
< Clley” 212, + CllplFr2.00 (rwz.o () At + CllN T o (1ows.00 2y (i + Py (4.19)
The last term on the right-hand side of (4.16) can be directly controlled by the Cauchy-Schwarz

inequality

A, F' Zn+1/2 n n
Me:f“/?(’“” (~ ),eJ”"’) < Clley ™15 + Cler P, (4.20)
E{L(Zn-i—l/Q) m

where C' is dependent on || Z" (|1 (q), [|VrZ"||L~(0) and [|ApZ"| L (q). Applying the estimates (4.18)-
(4.20) yields
n+1/2 _ n+1/2
M<RAhF’(Z"“/2) o
Eb(Zn+1/2) Ey(¢nt1/2)
< Cleglm + IVR(Aneg)[?) + Cllleg™ 17 + IVa(Aneg ™))
1/2 n
Ol 21 + CE2) 4 Cllblyne e oy At

+ C”QJ)HZLOO(J;W&OC(Q))(hi + hy). (4.21)

AhF’(¢n+1/2), €Z+1/2)

m

By recalling Lemma 4.1, the fourth term on the right-hand side of (4.13) can be transformed into
MO((AhEZ+1/2, eZH/Q)m
n+1/2 n+1/2
< Cleg 5+ Claneg ™I,
n n n n n+1/2
<Clleg ™M 2, + ClVR(Anes ™I + Clle |2, + CIVA(Ane) | + Clley 2|2, (4.22)
The last term on the right-hand side of (4.13) can be estimated by
n+1/2 n+1/2 n+1/2
M (A, Ty cent ), < Clley” )12, + CllplIFy2.00 (7w .00 () A
+ C(H¢||2Loo(J;W&oo(Q)) + H¢||2L°°(J;W6v°°(ﬂ)))(hi + ). (4.23)
Combining (4.11) with (4.12)—(4.23) leads to

lep 12, = lleg %,
2At
M An+17A n27An7A n—12
+72At(H hey negllm — [[Aneg — Anel™"(5,)
< C(legt 17 + 1IVa(Anel ™I + CllleglZ, + IVi(Aned)|?)

+ Clleg™ 17 + 1V (Bneg ™)) + Cliey ™ |17, + Clep /2P

IVR(Aneg™)I? = IVA(Aneg)lI?
20t

+Blley ™22, + M

M n n
+ Kt(HAh%HH?n —Aneglin) + C||¢H%°°(J;W8v°°(ﬂ))(h;l: + hy)
+ C(”QZ)HQV[/‘*’N(J;LOO(Q)) + ||¢||%/V2’°°(J;W4’°°(Q)) + ”¢||%/V31W(J;W3,°°(Q)))At4' (4.24)

Next, we give the error estimate of the auxiliary function r. Multiplying (4.9) by e?*! + e leads to

n+tl|2 | n|2 n+1/2
‘er | |er| _ er (F/(Zn+1/2)’dtzn+1)m
At Eh(Zn+1/2)
en+1/2

F(m )0 M P g 4 TP P2 (ent ey, (4.25)

i
VB Jo
The first two terms on the right-hand side of (4.25) can be transformed into

61?+1/2 ~ 67-1+1/2
T (FI(Zn+1/2),dth+1) _

E:{L(Zn+1/2) " \/E1(¢n+1/2) Q

(¢ 2) g P da
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1/2
ent1/

- /(an+1/2 n+1 _ 1(an+1/2 n+1/2
\/W<(F (¢ ), did" T )m /QF(d) )by da:)

F/(Zn-l—l/Q) F/(¢n+1/2)
JErzmr) VRGP

n+1/2
r

JEr )

which can be handled in a similar way to that in [11]. Thus we have

+€:}+1/2( dt¢n+1>

m

F/(Z"HY, drel ), (4.26)

n+1/2 n+1/2
T &

€ 7n n s n n+1/2
——(F/(Z"*Y?), dy 2", — e | F(¢"TY ) T P da
[ Eh(Zn+1/2) ' VE1(¢nt1/2) Jo !
< Clef 2P + Clldly.oe (s poo () (le Nl + el 12,
n+1/2
+ Ol 212, + Ol @l oe (iw.oe ay (E + ). (4.27)

Substituting (4.27) into (4.25) and applying the Cauchy-Schwarz inequality, we can obtain

led T2 = Jep n+1/22 2 ny2 n—12
Al < Cley ° + CllollWr.oe (000 Ulegllm + [leg ™ [15)
n+1/2
+ Clley 212, 4+ Cllse s @ (0 + Ba) + Cllrlys.c ) AL, (4.28)

Combining (4.24) with (4.28) and multiplying by 2A¢, summing over n (n =0,1,...,k), we have

k
leb 12, + 83 Atel ™22 + M Vi (Anekt)|? + 2kt 2
n=0
k+1 k+1 k+1
<M Auek 2, + O3 AteR2, +C 0 AYTA(ARR)Z +C 3 Atle?

n=0 n=0 n=0
k+1

+C Y Ale P + CUIQNF o (rsws.oo () + 1917 oo (iws.oo () (B + hiy)

n=0

+ C([10113a.00 (1,100 (62)) F 102,00 (e tioe (@y) F 1Dl Fr3.00 (75,00 () ) ALY (4.29)
To carry out further analysis, we should give the following inequality first. Recalling (4.5), we have

k k
k41 0 1+41/2 1+1/2
€y =€yt E Ate¢ + E AT, ,
1=0 1=0

and using the Cauchy-Schwarz inequality, we obtain

k
1+1/2
> Ate,
=0

2 2

k
S AT
=0

k
lleg 11 < 2llegll7, +2

s

m m

k k
<20 ed)2, +27 3" Al 22, + 21y ATy, (4.30)
=0 =0
By applying Lemma 4.1 and (4.30), the first term on the right-hand side of (4.29) can be transformed
into
M
2M || Aneg 7, < Cllef 7, + 7||Vh(Ah6';+l)||2

k+1 k+1 M
L2 112 k+1y(12
<cgmnewum+C§At||T2||m+7th(Ahe¢ )12 (4.31)
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Then by using the discrete Gronwall inequality and Lemma 4.1, (4.29) can be estimated as follows:

e 17 + e IR + I Aneg ™ I%, + IVr(Aneg I + e

< Cllface (rine () + 1020 (race )y + 19 fs.00 (oo () ) AL
+ Cllpl7 e (sowsoo(y (hz + hy), YOSk N-—1. (4.32)

It remains to verify the hypothesis (4.17). Actually, this part of the proof follows a similar procedure
to that in our previous works [9,11]. For the readers’ convenience, we still provide a detailed proof for
|1 Z"|| Loy < C1 in the following two steps by using the mathematical induction.

Step 1 (Definition of C1). Using the scheme (3.4)—(3.7) for n = 0 and applying the inverse assumption,
we can get the approximation Z' with the following property:

<|NZ' = ¢ =) + 16 | L)

<2 = Mot | () + Tnd" — ¢ || 1) + 6 | 2 (0)

SCh M| Z" = @Ml + 19" = g [[in) + Tng" — &' || (@) + 16| L= ()
S O(h+h'AP) + |9 | L= ) < C,

12| Lo ()

where h = max{hg, h,} and II} is a bilinear interpolant operator with the following estimate:
¢t = ¢!l L) < CR2. (4.33)
Thus we can choose the positive constant C independent of A and At such that
Oy > max{| 2" | 1y 20 6(t") | )}

Step 2 (Induction). By the definition of C1, it is trivial that the hypothesis || Z!|| (o) < C1 holds true
for [ = 1. Supposing that ||Zl*1||Loo(Q) < C1 holds true for an integer [ = 1,...,k+ 1 with the aid of the
estimate (4.32), we have || Z! — ¢, < C(At? + h?). Next, we prove that ||Z'| ;=) < C; holds true.
Since

<NZ = ¢l + 1620

<12 = | oo () + IR0 — ¢l Lo () + 16 L= ()

SCh |1 Z" = ¢ lm + 16" = Tnd' ) + Mo’ — @'l Lo ) + 19| 2o @)

< Ca(h+h7 A) + 16" 1< (o). (4.34)

Let At < Csh and a positive constant hy be small enough to satisfy Cy(1 + C’g)hl < % Then for
h € (0, hy], we derive from (4.34) that

C
1 28| poe () < Ca(h+ B AL?) + [|¢H|| Lo () < Calha + Cohy) + 71 < Ch.

This indicates that ||Z"| p-(q) < Ci for all n. The proof for the other two inequalities in (4.17) is
essentially identical with the above procedure so we skip it for the sake of brevity. O

5 Numerical results and discussions

In this section, we carry out some numerical experiments with the proposed scheme for the MPFC
equation. We first verify the order of convergence. Then we plot evolutions of the original energy as well
as the pseudo energy to show that the pseudo energy is indeed dissipative while the original energy is
not. Finally, we conclude this section by applying our constructed scheme to the problem of long time
simulation.
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5.1 Accuracy test

We take Q = (0,1) x (0,1), T = 0.5, e = 0.25, M = 0.001 and the initial solution ¢y = cos(2mx) cos(27y)
with the homogenous Neumann boundary conditions. We use the second-order scheme (3.4)—(3.7) and
measure the Cauchy error since we do not know the exact solution. Specifically, the error between two
different grid spacings h and % is calculated by |lec|| = [[Cn — (2]l We take the time step to be At = %
with V = N, = Ny, and list the results in Tables 1 and 2 with different 3. For simplicity, we define
lleflloec = maxo<i<r ||elf|\ We observe a solid second-order convergence rate, which are consistent with
the error estimates in Theorem 4.2. It can be easily obtained that our constructed scheme (3.4)—(3.7) is
robust with respect to 3, in particular, as § — 0.

5.2 Energy stability test

In this example, we set Q = (0,128) x (0,128), M = 1, ¢ = 0.025, 8 = 0.1, and consider the MPFC model
with the periodic boundary conditions. The initial condition is taken as follows [1,7]:

¢o(z,y) = 0.07 — 0.02 cos (W) sin (%(?52—1)) 4 0.02 cos? (7T(5133—&-210))

X cos? (7T(3’3;L3)> —0.01sin? (4;;) sin? (Z“T(Y;Q_G)). (5.1)

We evolve the system to the final time 7" = 100. The evolutions of the discrete original energy and the
pseudo energy using the second-order scheme with At = 0.05 are plotted in Figure 1(a). We observe that
the discrete original energy may increase on some time intervals, while the pseudo energy is non-increasing
at all times, which is consistent with our analysis. To demonstrate the robustness of our constructed
second-order scheme (3.4)—(3.7), we present the modified SAV pseudo energy evolutions for different time
sizes At equaling 0.1,1,2,5 and 10 (see Figure 1(b)), which indicates that the constructed second-order
scheme (3.4)—(3.7) is energy stable even for large time steps.

5.3 Long time simulation

As a final example, following Baskaran et al. [1], we show a long time simulation of the MPFC model with
the homogenous Neumann boundary conditions. We set €2 = (0, 128) x (0, 128) with a random initial data
¢i,; = ¢o+ i, where ¢g = 0.1 and n; ; is a uniformly distributed random number satisfying |n; ;| < 0.1.
The other parameters are M = 1, e = 0.025, 5 = 0.5 and h = 1. We present the evolutions of the density
field ¢ using the second-order scheme with different At equaling 0.5,1,4 and 10 in Figure 2, where we
compare numerical results using different time steps at the same discrete modified pseudo energy, rather
than at the same time, i.e., we have the same pseudo energy associated with each column in Figure 2.

Table 1 Errors and convergence rates for the scheme (3.4)—(3.7) with 8 = 0.9

Nz x Ny lleg]loo,m Rate [Vi(Aneg)lloo Rate ler]|oo Rate
20 x 20 1.15E—-1 - 79.6E—0 - 2.15E-2 -
40 x 40 3.15E—-2 1.87 22.0E-0 1.85 6.62E—3 1.70
80 x 80 8.02E—3 1.97 5.62E—0 1.97 1.28E—-3 2.38

160 x 160 2.11E-3 1.93 1.48E—-0 1.93 2.32E—4 2.46

Table 2 Errors and convergence rates for the scheme (3.4)—(3.7) with 8 = 0.01

Nz X Ny lleg lloo,m Rate IVi(Anes)lloo Rate ller|loo Rate
20 x 20 1.41E-1 - 97.8E—-0 - 2.61E—2 -

40 x 40 3.91E-2 1.85 27.4E-0 1.84 9.19E-3 1.51
80 x 80 9.99E—-3 1.97 7.01E-0 1.96 1.90E-3 2.28

160 x 160 2.63E—3 1.93 1.85E—0 1.93 3.72E—4 2.35
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Figure 1 (Color online) (a) The discrete original energy and the pseudo energy plotted as functions of time; (b) Modified

SAV pseudo energy evolutions for different time sizes

Figure 2 (Color online) Snapshots of the phase function ¢ using the second-order scheme with different At equaling
0.5,1,4 and 10 in each row, respectively in Subsection 5.3. The plots in the same column have the same modified pseudo

energy
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6 Summary

We construct in this paper two efficient schemes for the MPFC model based on the SAV approach and
block-centered finite difference method. Since the original energy of the MPFC equation may increase in
time on some time intervals, we introduce a pseudo energy that is dissipative for all times. It is shown
that our schemes conserve mass and are unconditionally energy stable with respect to the pseudo energy.
We also establish rigorously second-order error estimates in both time and space for our second-order SAV
block-centered finite difference method. Finally, some numerical experiments are presented to validate
our theoretical results.
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