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Abstract. OQur aim in this article is to study the existence and regularity of solutions of a quasilinear
elliptic-hyperbolic equation. This equation appears in the design of blade cascade profiles. This leads
to an inverse problem for designing two-dimensional channels with prescribed velocity distributions
along channel walls. The governing equation is obtained by transformation of the physical domain to
the plane defined by the streamlines and the potential lines of fluid. We establish an existence and
regularity result of solutions for a more general framework which includes our physical problem as a
specific example.
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0. Introduction

The main object of this article is to study the existence and the regularity of
solutions of a quasilinear equation. One specific application is the equation
governing the flow of a perfect and isentropic fluid, obtained when solving the
inverse problem of determination of transonic channels, with the deviation as
well as the Mach number distributions prescribed along channel walls (see
[3,9, 10] and appendix).

This equation was established for a fluid verifying the exact isentropicity law:
p/p” = cst (where v is the ratio of specific heats (= 1.4), p and p are, respectively,
the pressure and the density of fluid) after transformation of the physical domain
to the plane defined by the streamlines and the potential lines of the fluid.

The unknowns of this equation are the velocity, the Mach number, and the
density — the two last quantities are given as algebraic functions of the velocity by
virtue of St. Venant’s relations for isentropic fluids (see [4, 6, 10]).

The streamline curvatures in the physical domain can be determined by a
function of these aerodynamic unknowns as well as the angle between the
streamline tangent vector and the physical domain basis vector i. The Cartesian
coordinates of the channel walls are obtained by an integration of first-order
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differential equations; these equations are functions of angle and velocity along
the streamlines defining the channel walls.

0.1. PHYSICAL PROBLEM MODEL

The considered domain is rectangular because being formed by the channel
image in the plane defined by the streamlines (¢ = cst) and the potential lines
(¢ = cst) (see Figures 1a and b).

Fig. 1a. Physical domain.

Fig. 1b. Computational domain.
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The equations governing the fluid flow in this rectangular domain (%) are as
follows:

a¢

PV 1-M&V 1+M*(aV\2 1+ yM*[aV\2 .
By p*> 8¢ VvV \ay PV

2 1 —
M=V [ in @,
y 1__7 V2
v+1

-1 Y(y-1) _
,o=(1—“y—+—1 V2) in %,
Y

(0.1)

BD: Vg =g,

where V is the dimensionless velocity, p is the dimensionless density and g is
obtained from the Mach number distributions prescribed on the channel walls
(for more details, see the appendix).
In addition, we have the following expression for the streamline curvatures
A% -
=p— in R. 0.2
X=poy 0.2)
Finally, the deviation that generates the channel walls as well as their coordinates
are obtained by integrations of the following equations in R:

d¢_x  9x_cos¢  dy_sing
3 V' 3V ° e Vv

BC: (b(O’ (/j) = (bl » x(O’ l//) = xl(d’), Y(Or lp) = Yl('/’) ’

where ¢,, x,(¥) and y,() are physical data. More details about the equations are
given in the appendix (see also [10]).

0.3

0.2. MATHEMATICAL SETTING AND GENERAL FRAMEWORK

We analyze the equation (0.1) by setting it in the more general framework which
follows:

(#) Find ue W"P()) N L™(Q) such that
Au+ F(u,Vuy=T inQ,
u—ge WHP(Q).

Here () denotes a bounded open set of RN, Au=—(9/ax;) ai(x, u, Vu)*, an
elliptic-hyperbolic operator of Leray-Lions type which maps W!P(Q) N L=((2)

* In the sequel, we will often omit the sum signs.
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into WP (Q), (1/p’+ 1/p=1) and such that

For almost every x € Q,Vue IcR,VéeRY

ai(x, u, &= v(u)| £P. (0.4)
g is given in WP(Q) N L=(Q) and F is in W~ "7 (Q).

Some similar problems in the case of the homogeneous boundary condition (i.e.
¢ = 0) and in the case where the operator is uniformly elliptic on all real axes for
u (i.e. v(u) = cst=vo>0, Vu e R) were studied by several authors (see [1,5,7]
and the references therein).

More recently, one of the authors found a situation in [17-19] where the
operator can degenerate (i.e. »(u) >0 for u # 0 and »(0) = 0). In this last case, he
proved a maximum principle which will be used in the present approach. In
addition, three new approaches are presented in this article.

One can observe that one of the main differences between the papers quoted
above [1, 5, 7] and ours is that the operator A is not elliptic on all the real axes
but only on some intervals. This is why we assume only the following condition
on v: there exists an interval (0, u), uo> 0 in the domain of the function » on
which the function » is continuous and strictly positive. For example,

1
v(u)=1 _|““/17¢12—142’ a>0,

The condition is related to the values of the Mach number (less than 1) for the
physical model case which, in this case, represents a subsonic flow.

The second novelty appears when we use a principle of comparison to show
that if there exists a constant § > 0 such that g = §, then there exists a solution of
the problem (%) satisfying also u = 8.

Also observe that here the boundary condition is nonhomogeneous on ).
This is another case not treated in the papers [16, 17, 19]. Note that the one side
condition on F (see assumption H;(i)) is not preserved by translation on u.

Finally, the third novelty resides in the fact that the domain of the function
u—> F(x, u, &) as well as the function u— a;(x, u, ¢) are not necessary R, for
almost every x and for all £eR". In [1,5,7,19], F is defined everywhere on
QOXRXxRY. But in our case, it is only defined on a subset of this domain.
Specifically, in our model case:

Dom F(x, -, §) = (0, a)U(~a,0),

where
+1
a= \/7— with y=14.
y—1

We can also treat some functions of the following form:
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/ 2
F(x, u, §)=1——1—|§|"+‘1—u|§|"_'-
og u u
In [1], Boccardo et al. treated only the case where the operator is uniformly
elliptic, and where the second member (i.e.: T') is a smooth function in L°. Here,
we do not need the notion of sub and sur-solution. The assumptions for the
operator A in [5] and [7] are the same as those in [1] and also, the growth of the
function F is less than p. Moreover, in [7] these operators are very smooth.

Remark 1. In addition, we will get a uniform upper bound for all solutions of
(?) by the method developed in [16-19] by one of the authors. To our
knowledge, it is the first time that such a quasilinear equation with quadratic
growth representing a physical problem has been so thoroughly studied.

The presentation of our work will be as follows:

In Section 1, we present the assumptions on the operator A, the function F and
the right-hand term T, and we will show how the physical model case can be
represented by the general framework presented previously.

In Section 2, we introduce a family of modified problems (%,) whose solution
u, stays in a bounded domain of W"?(2) N L*(£}). Moreover, we show that it
possesses a principle of comparison.

We also prove that the sequence u, converges to a function u strongly in
W'P(Q) and weak-star in L(£}).

In Sections 3 to 5, we deduce that this function u is, in fact, a weak solution of
the problem (%).

We establish in Section 6 the Hoider continuity for the solutions of this
problem (%).

We complete this article with an appendix which explains briefly how the
problem (0.1) is established from the physical considerations on the inverse
problem. Several numerical approaches of this type of inverse problem have been
studied for a subsonic flow (see [20,21]) as well as for a transonic flow (see
{9,10]. In [11], we propose a numerical scheme based on a finite difference
method with various boundary conditions corresponding to different physical
problems.

1. Hypotheses

Let Q be a smooth bounded open set of RN, (N= 1) and p e (1, +x). We propose
to solve the following problem (2):
(#) Find ue WhP(Q) N L*(Q),
Au+ F(u,Vu)=T inQ,
u—ge WikQ)
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under the following assumptions on A, F, T and g:

(H) TewQ), r=p,r>N/(p—1) and T =0 in the sense of WP ((})
ie. for all pe W¢P(Q)), ¢=0, (T, ¢)=0 where, 1/p+1/p’=1 and
(-, ) denotes the scalar product between W7 (Q) and W§P(§2).

(H,) There exists a number u; € R¥, (i.e., u; can be infinite but u; > 0), such
that:
(i) The maps a; are Caratheodory functions from QX (0, u;) X RN into
R: ie.,

Vnel0, u,VEeRY,
x> ai(x, m, £) is measurable from () into R.
For almost every x € 2

(n, &> ai(x, m, & is continuous from (0, u;) X RY into R.

(i) (growth) For almost every xe€(}, for all ne(0, u;) and for all
£eRN,
la:(x, 7, O < a(n)(| €] + ao(x)),

where a: (0, u;) — R, is increasing
and age L7(9).

(iii) (restricted coercivity) there exists a continuous function v on its
domain, such that:

(0, u;) € Domain of v, V(a, 8) € (0, u;)>, min v(n)>0.
asn=<g
For almost every xe Q,Vne (0, u,), VEeRY,
N

2 ailx, m, O&= v(n)|£P.
i=1
(iv) (restricted monotony) For almost every x € Q, Vn € (0, uy), VEe RN
and V¢ eRN, ¢+ ¢
N

Z [ai(xa n, g) - ai(x’ , é:,)][gl - glt] > O

i=1

(Hs)
(i) There exists a number u,€RY such that the map F is a Cara-
theodory function from Q x (0, u,) xR" into R*.
(ii) Ve >0, VM e (0, u,), there exists a constant C.(M) >0 such that
Vne (e, M), for almost every x € (), YEc R,

|F(x, n, &) < cc(M)(|€]P + fo(x)),
where f, € Li(Q).
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(iii) F(x, n,0) =0, for almost every x € ) and V7 € (0, u,).

(Hy) ge W"P(Q)N L™(Q) and there exists a constant 8 € (0, min(u, , &,)) such
that g = & in the sense of traces on ). (See Remark 2 below.)

SEVERAL EXAMPLES

We prove first that the model problem (0.1) satisfies the hypotheses (H;) to (H,).
We transform (0.1) so that we can write it in the abstract form of problem (%).

Next, let us consider (0.1), using the variables x, and x;, instead of £ and ¢, we
can write Equation (0.1) in the following form

f—"’ Y a4 RV, v =0, (L1)
j= 6 i=1 axi
where
vy o . 1= MA(V)
(,,)_( 1) with f(V) =" (1.2)

We note that the functions M and p are continuous on their domain. We establish
that (see appendix)

4

%

f(V)=—(y+1)— (1.3)

(see (0.1) for the definition of M and p). Using (0.1), (1.2) and (1.3), we get

vy - +VM2)[(%:_:)2 ' f(v)(%)z].

Hence, V&= (£, &) eR?,

2

a(x,n, =), a;(n)§.

i=1

The expression of the function M (Mach number) implies that

+1
uy < 12—
vy—1

and, moreover,

v(n) = min(1, f(n)),
where
1-M*(n)

flm = p*(n)
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Therefore, we have to choose u; =1 so that v satisfies (H,)(ii). We also deduce
that

[&3+ f(n)é€l]

2
F(n, 8 =1_+_1‘:_(71)

satisfies the required hypotheses if we choose u, = 1.

Remark 2. The condition on the boundary data (g = &) corresponds to the fact
that the prescribed Mach number distributions on the channel walls do not vanish
in the case of curve channels. Hence, these distributions are bounded from below
by a strictly positive constant.

The hypothesis on v: ¥(n) > 0 corresponds to the case of a subsonic flow (i.e., the
Mach number is less than 1).

Mathematical examples

Ist example:

—div(v(u)|VulP2Vu)— |Vg“|u - |V lad(x) = f(x),
u—ge W()’ ),
V(u) —lm ag(x) € Lw(Q), f€ Lf/‘”s(ﬂ).

We can check that for this system, we have

U= u= 1,
ai(x, n, &)= V(n)|§|"_2§.~,
Flem 9= 4 T g,

ge WhP( Q)N L=(QY), g = 3, s<1.

2nd example:
. P(u) -
- ———V”2V>+“"+2 P=T
(T gz V) el + adtole
u—ge WqPQ),
where P is a polynomial whose real zeros are positive and P(u) >0 for u>0in a
neighborhood of 0. For example,

Pu)=u"2—-u)’, uy=2,
P(u)=u’>+u+1, u =+,
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Hence, if P does not admit any real zero or 0 is the unique real zero of P, then
u, = +o. Otherwise, we take: u; = min{t € R*, P(f) = 0} and in this case
u =+, 0=<g=np,

P(n) p—2¢
1+a(2)(x)|n|p |§| gl’

F(x, m, &) = e"| €7 + al(x)| £,

ai(x, n, §) =

Te W™ "(Q), r=N/(p-1), r?p'=;§—l, T=0.

To simplify, we can take a;€ L*((}), i =0, 1.

Remark 3. We note that the operator

< 9
Au=-— Z o ai(xv u, Vu)
i=1 i
is not necessary defined, even if we restrict ourselves to the class of functions of
WP(Q) N L=(2). This is one of the novelties of our work in relation to other
treated cases (see [16, 19]).

In the present case we do not assume any differentiability hypotheses on the
operators. We can imagine that the functions ai(x,..., ¢£) and F(x,..., & are
discontinuous outside the considered interval in the previous assumptions. For
example:

d ou
-2 (n —)+ VuP=f(x), u-ge Win(Q
o () 5) BT =10, u=ge W)
where
7% Osn<l,
0, 7n=<0
h(n) =1 T .
(n) 1/3, m>1, 5 is a rational number,
0, m=1, nis not a rational number,
1 Osyns=s?2
1" =M=,
gm=y 0, 75<0,
XO(’?)» 1722’

where xo is the characteristic function of Q (Q is the set of rational numbers)
g=46, 8<1,ge WP(Q)NL QD).

In brief, to solve the problem, one has to check that gis ‘small’ (i.e.,0<d=sg=<
m) and that in a neighborhood of ge W'P(€2) N L=(Q), the considered operators
A and F are well defined (i.e., Awe WP (Q), F(-, w,Vw)e LL.(Q) for win a
neighborhood of g).
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To give a meaning to the problem (%), we introduce the following definition:

DEFINITION 1. We say that u € W"?(Q) is a weak solution of (%) if
(a) 0 < essinfq u < ess supo u <min(u,, u,).
(b) For all ve WHP(Q) N L™(Q),

(Au, v)+ I F(x, u(x), Vu(x))v(x)dx ={(T, v) .
Q)

(c) u—ge Wge(Q).
Notation. ay = measure of the unit ball of RY,

F(u, Vu)(x) = F(x, u(x), Vu(x)),

o] 1-1/(p=D)r
y= (J. o UN=D(p=Drip=1)r—1) da')
0

Then, the main result of the problem (%) is the following:
THEOREM 1. Let ug e (0, min(u;, 4,)) and vo = min s<n<qu, ¥(n) such that:

Y

'}
o NaT® I TN < o (1.4)

m = ess sup g(x) +
Q
Under the hypotheses (H,) to (Hy), there exists at least a weak solution of (P) in the
sense of Definition 1. Moreover, all the weak solutions of P satisfy:

d<u(x)sm. (1.5)

Remark 4. The condition (1.4) can be explained in the model case (0.1) by the
fact that on the boundary, the velocity g stays small, i.e., the Mach number
distributions on the channel walls are less than 1. The relation (1.5) then explains
the fact that the Mach number also stays less than 1 inside the domain (subsonic
case). These results are compatible with the numerical results (see [9, 11]).

2. A Family of Modified Problems

As in [16, 17] and [19], we introduce a family of modified problems arising from
the problem (%) for diverse reasons:

- We do not know a priori if the operators are well defined outside of the
intervals (0, u;), i=1,2.

- We have to work within the interval (0, uo).

— The numerical results obtained for the model case confirm that the estimate
(1.5) has to be satisfied by the solution. Therefore, we choose a modified
problem whose solutions verify the estimate (1.5).

We define the function a; as follows:
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For almost every xe Q, VneR, VécRY,

ai(x’ 7’7 g)’ 551’5[‘0,
a,i(x’ n, f) = ai(x’ 69 §)3 n = 8’ (2.1)
ai(x, uo, £), up=<n.

We will use C; to denote different constants depending only on 8, g, T, u, and
€} in the rest of this article.

Properties of a’:

(P;) (growth of a}) From the hypotheses (H,)(i) and (ii) on the function a;, we
get

lai(x, 1, &< Ci{{ €7 + ao(x))
for almost every xe Q, VneR, VéeRY.

(P,) (monotonicity) For almost every x €, VneR, V&éeRN and V¢ eR",
£+ ¢

N
; [ai(x, n, &~ ai{x, n, ON&— £]1>0

(the property (P,) is a direct consequence of (H,)(iv).)

(P3) (coercivity) let vo=mins<,<u, ¥(1) >0 and from (H,)(iii) then
for almost every x € Q, VneR, VEeR",
N

Y aix, m, &= vol &P

i=1
(the property (P;) is a direct consequence of (H,)(iii)). The map a} are
some Caratheodory functions on @ xR XR". Then, we define for u«c
W'?(Q)), the operator A’ by

N

d
Au=-) P a{x, u,Vu). (2.2)
i=1 i
Let € >0, we define the real continuous function k. as follows
1, t=e,
he(£) =10, t<0,
affine for 0<t=<e. (2.3)

Then, we define

F(x’ n) g), 6Sn$u05
F'(x,n, §={F(x,8,8, m<3§,
F(x, up, &), up<m. (2.4)

and
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F'(x,n, é€

13eF(rn D Fln D (2.5)

F(x,n, §) = he(n—8)

Properties of F.:

(P,) F. is a Caratheodory function from O xR xR" into R™.
1

(Ps) F.<-.
€

Then, we define the family of modified problems (%) as follows

(®.) Find u. € W'P(Q),
A'u.+ Fe(x, u.,Vu)=T,
u.— ge WeP(Q).
LEMMA 1. Under the hypotheses (H,) to (H,), the problem (P.) admits at least
one solution.
Proof. We note w, = u.—g. The problem (%.) then is equivalent to the
following problem:
(?.) Find w. e W3P(Q),
A’w,.+ Fl(x, w.,Vw) =T,
where
" a 1
A'v= —; aix, g(x)+v,Vg(x)+ Vo),

and if we note
a’i(x, n, &) = ai(x, g(x)+ n, Vg(x) + &),

a’; verifies the equivalent properties (P;) and (P,) for the functions a’.
Morcover,

ilil a’:(x’ s g)gt s
|1 +1€7

for all |n| in a bounded set,

|&jroton + oo,

and if
Fi(x, n, & = Fu(x, g(x) + 1,Vg(x) + &)

then, F” is a Caratheodory function and also F{<1/e.

Then, by applying to () the theorem ([8], p. 183) of J. L. Lions, we conclude
that there exists at least one solution of (2. and, therefore, there also exists u,
solutions of (%2.).

LEMMA 2. (Principle of comparison) Under the hypotheses (H;) to (Hi), all
solutions u. of (#.) verify:
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(a) 8= ux), almost everywhere in (1,
Y '/
(b) u.(x)<esssupag +%—NE_}$—N" Tl[We @) < to.

Proof. Let v =(u.— 8)_, since g= 8§, then ve W§P(Q) and

(A'ue, v)+ I F(x, uc, Vu v dx =(T, v) (2.6)
Q
but
R ov
<A'u€,v>=j afx, u., Vu,) —dx
0 ax;
Ju,
=-— I aix, u.,Vu)—dx 2.7
U <5 ax;
and
(T,v)=0 (because T =0 in the sense of W7 (1)), (2.8)

J F.(x, u.,Vu)vdx = J (u.— 6)_hu.— 8)F'(x, u.,Vu)dx=0 (2.9)
Q u

e <8

from the definition of h,.
Then, we deduce from (2.6) to (2.9) that:

e x>0 (2.10)
ax;

—I a'i(xa ue’Vue)
u, <38

3

and from (P;) on the coercivity of a}

du,
ailx, u., Vue)iz vo|VulP. (2.11)

1

Thus, from (2.10) and (2.11) we get:
Vo I Vu P dx<0 ie., J [V(ue — 8)-|f dx < 0. (2.12)
u, =<8 0

Let:
{(u.—8)_=0, ie,u.=6a.e. (2.13)

The second part of the proof is issued from a technique developed by one of the
authors (see [16, 18]). For the reader’s convenience, we give here a sketch of the
proof. For more details on the relative rearrangement used here, we refer to
[13, 15] and [19].

Let 8 >0, h> 0 be two fixed positive real numbers for which we associate two
Lipchitz functions:
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Hy(7)=0, =<0,
Ho(r)=17, 0=s7<04,
Hy(r)=86, 0=<r,

Sﬂ,h(T) = O, TS 0’
Se.n(7) is affine for O=<r=<40+h,
Sﬂ,h(7)=1’ 0+hs7'.

We note that 6, = @+ esssupg g and we define v, = Sy, n(u.) Ho(u. — g). With
these definitions, we then get the following lemma which can be readily proved
(see [19] for more details). The parts (a) and (b) derive directly from the
definitions of Hy and S, j, -

LEMMA 3. Let v, = So, n(uc)Ho(u. — g), 0, = 0+ ess supq g, then

(@) ve=0,
(b) v.e W§P(Q) N L),

6 due 0<u.<6,+h
av, , F] 7> b =0, ,
(C) i = He(ue - g)sﬂl,h(ue) _ut‘ = [ h axi
0% ax  \p, otherwise.

End of Lemma 2 proof:

Since u, is solution of the problem (#.), we have

(A, 09+ | Fuls, e, Vo, dx =(T, w2 (2.14)
Q
and since v, =0 and F, =0 from (P,), we deduce
(A'u, ve) <(T, ve). (2.15)
But since T € W™ ""(€)), let us consider ;e L'(Q), (i =1,..., N), such that

N afi N
T=‘Zé; and ||T||W“-'(m=§1 17

i=1 i

L) (2.16)

Using the expression of A'u,. Equation (2.16) and part (c) of Lemma 3, we
deduce

av, d U

0
T, o=\ fi—d =—I ;—dx, 2.17
(T, o) jnf ax; * h 8,<u(s8,+hfaxi ¥ ¢ )
du.
(Alue, vo) =£j ai(x, u, Vi) == dx. (2.18)
h Jo, <u <,+n Ix;
Thus, from (2.15), (2.17) and (2.18), we find

b} 1 ou,
ax, u,Vu) S dx <~ f
Bx,-

; |
hlo<u<e+h OXi

h J‘91<ugs-01+h

dx. (2.19)



SOLUTIONS OF A QUASILINEAR MIXED EQUATION 301
From the coercivity of a;, we deduce that

1

h -[9'<uﬁsﬂl+h
Letting

fz(ig f‘?)p’/z

and using the Hoélder inequality

ayx, ue,Vuf)a—u‘dxaﬂql |Viulf dx. (2.20)
Bxi h 9

1<uU.=0+h

1 J’ U
- i dx
h 0|<u5$81+hf ox;
1 1/p 1 1/p
< (—I fdx) (—I |vu€|de) . (2.21)
h 8, <u,<6,+h h 0,<u,<0,+h
By (2.19) to (2.21), we deduce
1 1
Vo(— |Vu|? dx) = (— J fdx). (2.22)
h 0, <u.<6,+h h 6, <u,<8,+h
Let @, = (4, — ess supq g)+, then when h goes to 0, (2.22) implies
d d
-— i|Pdx )< — . :
VO( doL>9|V"‘| dx) - L)B fdx (2.23)

If we note f« the relative rearrangement of f with respect to ., we deduce
(see [16, 19])

d

T I fdx=—p'(0) fxz (n(6)) for almost every 0, (2.24)
u.>0

where u(6) =i, > 6| and p’ is the derivative of .
Since @1, € W§P(€2), we can show that (see [16, 19]):

de
From (2.23) to (2.25), we get

d u ,
(-5 ] wakax) " won = Nak o (2.25)

<_1_ 1/N—1 I/P I
I= vONa%N(u(o)) [ (p(0))(—p'(6)). (2.26)
Therefore, from (2.26) we derive (see [16, 18, 19]) that for all s €[0, |Q|]:

1 1o
ﬁe*(s)s.—ﬁj a1 fiE (o) da, 2.27
N s

V()Na
where ii.« is the decreasing rearrangement of a, .
We deduce from the properties of the rearrangement and from the Holder
inequality that for all s €[0, |Q|]
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Y

7
Na %N "T“}‘,?VE""

ux(s)—esssup g=<
0
or

i 1-/(p-1)r)
y= ( I & UN=D(p=Drip=1)r=1) do)
s

In particular:
Y U
U(x) < | the]| < es5 sup g+m||T||‘;V'—'1..s Uo. (2.28)

LEMMA 4. There exists a constant Cs independent of € such that
||Vu€||Lp =< (C;s.

In other words, the sequence u, stays in a bounded set of W'"(Q). Let us recall
the following lemma which is proved in [19].

LEMMA 5. Let p, >0 and w, > 0. There then exists a function o € C'(R) which is
a solution of:

mo' () — uala()| =1, teR,
ag(0)=0, oisodd.
Proof of Lemma 4. Consider w,=o(u.—g) with p;=w, and p, = Cs(up)
(see (H;)(ii)) then w. € WEP(Q) N L=(£2) and
au
,i s Hey V '€ ! € _ed
La(x u.,Vu)o'(u, g)aXi X
= j afx, u., Vu)o'(u.— g) %8 dx+
) ax;

+j Fu(x, ue, Vi) we dx +(T, w.). (2.29)
(1}

Since F.(x, u.,Vu) < F(x, u., Vu,), from (Hs)(ii) and Lemma 3, we deduce
F.(x, uc, Vu) < Cs(uo)(|Vue|? + fo(x)) (2.30)

and from the coercivity of a; and since ¢’ > 0, we get

U,
ax;

I aix, u.,Vu,) o'(u.—g)dx = VoJ o' (u. — @)|\Vul? dx. (2.31)
o n

On the other hand, since o'(u.— g) = Cs and from the growth property of aj,
using the Holder inequality, we deduce

3 ,
j alx, u., Vi yo'(u.— g) gﬁdx <G HVueni/;fzm + Cq (2.32)
[o} Xi
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and from (2.30), we get
I F(x, u.,Vu)w. dx
0
< L Cs(uo)|o (u. — g)| [Vu |’ dx + Co I fo(x)|o| dx
(9]

< L Cs(uo)lo (ue — g)||Vu [P dx + Cyo

and
(T, we) < | Thw-ro@ll well wie
= Cl ]"V“EHLP(Q) + C12 .

From (2.29) to (2.34), we get

L [0 (ue — 8) — Coltio)o(tse — )|V ueP dx

= C7||Vue"i/‘?(’ﬂ)+ cn|| Ve ey + Cis

and by the definition of o, (2.35) becomes
[ WuuP dx < GVl + CulValirar + Caa

Finally, by Young's inequality, we deduce |Vulj.r@q) < Cra.
We now assume that when € — 0,
u.— u weakly in W"?(€Q),
u,— u weakly-star in L=({2),

u. — u almost everywhere in ().

LEMMA 6. The function u defined by the relation (2.36) satisfies

Y ]
6 < u(x)< +—— | T8
(a) u(x) < ess supq g soNa N I T||%v2 )

for almost every x € ()
(b) u-ge WP (Q).

303

(2.33)

(2.34)

(2.35)

(2.36)

Proof. This lemma follows directly from Lemma 2, the definition of u (2.36)

and the continuity of the trace function.

Remark 5. Lemmas 2 and 6 ensure that almost every in {2,
ailx, u(x), Vu(x)) = ai(x, u(x), Vu(x)),
ai(x, ue(x), Vue(x)) = aix, u(x), Vue(x)).
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3. A Result of the Strong-Convergence in W'?(())

The purpose of this section is to pass to the limit in (%) as e—0. For
convenience, we denote by A(u, Vu) the vector of RN whose components are
a;(x, u(x), Vu(x)) and we write

N

2, ai(x, u(x), Vu(x)) %_ = A(u, Vu)Vu,

i=1 i

F(x, u,Vu) = F(u,Vu).

(3.1

LEMMA 7. The sequence u. converges strongly to u in W?(2) as e — 0.

Proof. We use essentially the property (S.) introduced by F. E. Browder (see
[2]). The idea of the proof is partially due to Boccardo-Murat-Puel [1]. Since the
operator A satisfies the property (S.), it suffices to show that

lim sup I [A(u.,Vu)— A(u, Vu)]V(u. — u)dx <0. (3.2)
0

e—0

Let puy = v and u, = Cs(uo), and o be the function associated to wu; and u,,
according to Lemma 5. Then, Ve >0, Yn >0

Ve,p = o(u.— u,,)} 1p
Ve = 0(Uy— ) € Wor(@).

By replacing v by v, , (resp. v,.) in (&) (resp.(P,)), we get:

(Au, Ve q) + (Felue, Vi), v ) =(T, v ), (3.3)

(Auy, vg.e) + (Fytty, Vi), 04.0) =T, vn.0), (3.4)
Le.,

(Aue, 0 (ue — uy)) + (Fe(ue, Vue), o(ue ~ uy)) =(T, o (U — uy)), (3.5)

(Auy, 0 (uy = u)) + (Fouy, Vi), 0 (uy = u)) = (T, o (un — ue))- (3.6)

Since o is an odd function, we have

o(u. — uy) = ~o(u, — u.).
Using this fact, we get by summing up relations (3.5) and (3.6)

(Au. — Ay, 0 (ue — un)) + (Fe(ue, Vi) = Fo(uy, Vi), o (ue — u,)) =0
and we find

1 I [A(ue, Vu) — Alu,, Vi) IV(u, — u)o'(ue — u,) dx
@ (3.7)

< W L [|Fe(ue, Vue)| + | Fyuty, V)|l o (e — 1) dx.
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Using the assumption (H,) on the growth of F, we obtain that
L[lFe(ue s V)| + [ Fy(uy, Vug)|llo(ue — uy)| dx

< x| IVl + V"o (e = o)l e+ 20 | fl0lr (= ) .
(3.8)

From assumption (Hs), using the fact that |u|l. < M and |u,|. < M, we get
Alue, Vu)Vue = |V P, (3.9
Auy, V)V, = |V, P (3.10)

From (3.8), (3.9) and (3.10) we deduce that
J| 0P, T+t il (= )]
= M2 I A(ue 3 Vus)vue|o-(us - u-,,)‘ dx +
0

+ s J'n Alu,, Vi )Vuy|o(u — uy)|dx + 2,1, L fo(x)|o (ue — u,)| dx.
(3.11)

We now let € go to 0 and then n go to 0. Since u, — u almost everywhere in () as
e+—>0 (and also u,— u almost everywhere in {1 as n+~—0), we deduce by
Lebesgue’s dominated convergence theorem, that

im [ o0l e =l dx = [ folr = )
and (3.12)

lim I fol®lo (u— u)| dx =0.
1]

70 J0Q

From (3.7) and (3.11) we get

o j [A(ue, Vi) — Ay, Vi) IVt — )0 (4 — uy) dx
(3]
< L At , Vi)Vt | o (e — uy)| dx +

e L Aty Vity) Vit (e — )| dx + 2 a1tz Lfo(x)lfr(ue— )| dx.
(3.13)

Let us write:
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Alu., Vu)Vu, = Alue, Vu)V(u — u,) + Alue, Yu)Vu,, (3.14)
Ay, V)V, = — Aluy, Vu)V(u, — uy) + A(u,, Vit )V e . (3.15)

Hence, from (3.13), (3.14), (3.15) and the following relation
110" (e — ty) — po| 0 (e — uy)| = 1

we obtain
L[Awﬂm) — Altty, Vet IV (1 — )" (e — ) dlx

< L Alue, Vi)V o (u, - w,)| dx + (3.16)

+ i, L A(tty, Vito) V|0 (e — )| dx +2 1 2 L fo(0)|o (ue — 1)) ax,

since A(u,, Vu.) is in a bounded set of (LF(Q2))", we can subtract a subsequence
still denoted by € such that

A(u.,Vu)— U weakly in (LP(Q)N as e->0.

For a fixed 7, we take limsup as € ~> 0 in (3.16). Using Lebesgue’s dominated
convergence theorem, we obtain:

lim sup Alu,, Vu)Vu, dx — f A(u,, ,Vu,)Vudx +
o 0

e—>0

+I A(u,, Vu,)Vu, dx

Q

< [.sz UVu,|o(u—u,)|dx+ u, L Alu,, Vu,)Vulo(u—u,)| dx +
o

* 2t | fo0lo ()] dx. (3.17)

When 7+ 0 in (3.17), we find that

e—>0

lim sup A(ue,VuE)Vuedxsj’ UVudx (3.18)
Q [¢)

we conclude that

limsup | [A(u., Vi)~ A(u, Vu)]V(u. — u) dx
s

e—0

< lim sup A(ue, Vu)Vu, dx— J UVudx—
0 1)

e—>0

—J A(u, Vu)Vu dx+[ A(u, Vu)Vu dx, (3.19)
(¢) (9]



SOLUTIONS OF A QUASILINEAR MIXED EQUATION 307

From (3.18), we see that the second member of inequality (3.19) is less than or
equal to zero. This proves the desired result (3.2).

4. Existence of Solution for the Problem (%)

We will now prove the existence of a solution for the problem (%) by passing 1o
the limit in (#.). Let v € WEP(Q) N L™(Q), we can write

(Au, v) = j [ai(ue, Vue) — ailu, Vu)]a—vdx+
Q aX;
Jv
+I a;(u, Vu) —dx.
Q ax;

By Vitali’s theorem, we deduce by using Lemma 7 that
a(u.,Vu)— a;(u,Vu)—0 in LP(£)) as e—0.

Hence,

e—0

lim{Au,, v) = j a;(u,Vu)ﬂdx.
) ax;

= (Au, v)

In addition, we deduce from Lemmas 6 and 7 and assumption (H;)(iii), that for
almost every x € {):

lim ot — 8) e Yo V)

e—0 1 + GF'(x’ U, Vuf) = Fl(x’ u(X), Vu(x))

= F(x, u(x), Vu(x)).
Using Vitali’s theorem, we have
F.(u.,Vu) > F(u,Vu) in L'(f))-strong as € — 0.

Hence,
J F.(u.,Vu)vdx
Q
=J [F(u.,Vu)— F(u, Vu)lodx +
0

+J F(u,Vu)v dx B‘”’OJ’ F(u,Vuovdx
£9) £9)

and we conclude from these convergence results that

Yove WEP(Q) N L2(Q),

{Au, v)+J F(u,Vu)vdx =(T, v).
n
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Lemma 6 and this last relation ensure that u is a weak solution of (%) in the sense
of Definition 1.

5. A Priori Estimate for the Weak Solution of (#?). (End of Theorem 1
proof)

LEMMA 8. All the weak solutions of (%?) satisfy

Y plp
< +——= | TlwE 5.1
u(x) < ess sgp g 7o Na [~ [ T w=rrcey (5.1)
where
o= min v(n)>0-

{ess infq u=<mn=<ess supq u}

Proof. Since u is a weak solution, by definition
0 < ess inf u < ess sup u <min(u,, u,).
Q O

This relation implies that for almost every x € (),

N

Y aix, u(x),Vu(x»%a BV u(x)[P, (5.2)

i=1
where 7, is given by (2.1) and 7, >0 (see (H,)(ii)).
We deduce also that for a weak solution of #, we have the following growth
property
for almost every x € {)

0 =< F(x, u(x), Vu(x)) < Ci(|Vu(x)|P + fo(x)),

(5.3)

where C; is a constant dependent on ess infq u and ess supq u.

From relations (5.2) and (5.3), the proof of Lemma 8 is exactly the same as for
u. if we replace v, by .

This completes the proof of Theorem 1.

6. Regularity of Solution of (%)

THEOREM 6.1. Assume (H;) to (H;) and in addition, that ape L'(Q), foe
L"P (). Then every weak solution of (P) satisfies the a-Holder condition in ().
Proof. Let us denote

o = ess inf u, B=esssup u.
Q O
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Since u is a weak solution of (%), then

0<a=B<min(u,, u).
From this relation, we deduce the following growth properties for A and F:

Q1) X1 ailx, u(x), Vu(x))au/ax; = v|Vu(x)?,
Yo = MiN,<q<p¥(n) > 0.

Q2 |ai(x, u(x), Vux))| < C(B)(Vu(x)]” + ao(x)),
C(p) is a constant dependent only on S.

(Q3) u(x)>0, F(x, u(x), Vu(x)) = 0.

(Q4)  F(x, u(x), Vu(x)) < Co(B)(|Vu(x)IP + folx)),
Te W (), r> N/(p—1).

The relations (Q;) to (Q,) imply that the assumptions of the theorem proved
in [16, 19] for local Holder continuity are satisfied. We can conclude that u is
Holder continuous inside of £2.

Remark: In [16, 19] the boundary condition is homogeneous, but the proof
does not change in the general case, since we show a local result.

In addition, the condition (Q;) ensures that the solution of (%) is also a solution
of a variational inequality with the constraint set

K={ve WyP(Q))+ g, v=0}

6.1. CASE WHERE T=0

The model case given in (0.1) corresponds to the case T = 0. In this particular
case, many precise results are given by many authors (see [7, 12,22]). In the
present case, we will use the results of N. S. Trudinger [22]. For the reader’s
convenience, we recall these results.

6.2. TRUDINGER’S RESULTS
Let ue W'P(QQ) be the solution of
(E1) div(A(x, u(x), Vu(x))) + B(x, u(x), Vu(x})) = 0.
We assume that A and B satisfy
(To) |A(x, u, &) < Cis(| £177" + ao(x)),
EA(x, u, &)= Ci6l &P,

|B(x, u, §)| = C17(|§|p + al(x)),
Cis, Ci6, C17>0 and a;€ L7(Q), |afe=< .
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Then, u is a solution of (E,) if

(E2) Vée Wik Q)N L (@),

j (VoA(x, u(x), Vu(x)) — ¢B(x, u(x), Vu(x))) dx = 0.
Q

6.3. HARNACK’S INEQUALITIES

Let u be a solution of (E;) such that 0 < u(x) < M. Then for all cube K, of edge
pin :

(I,) max u(x) < C min u(x),
K, K,
where C depends only on N, p, p, M, Cy5, Cyc and Cy; and

(Iz) p—N/y” u"LV(sz) =C n;ln u(X).

For all v such that
y< N(p- 1)’
N-p
y<wo, p>N,

P<N,

(I3) KZp < Qa
max u(x) < Cp” || ullLux,,), forall g>p—1
K

@) P Plull -1k, < Clmin u+ m(p)),

K,

where m(p) = pp +(up)”*™", C=C(p,N, a;, M),
&
sup u =< C(£) (M+ m(p),
K, Po
for all p<py, where $>0 and C=C(p, N, a;, Cys, Cis, C17, M).
THEOREM 6.2 (Trudinger). We assume that oQ is of class C' and g is

continuous on (). We also assume (Ip). Then, any solution of

div(A(x, u(x), Vu(x)) + B(x, u(x), Vu(x)) =0, in Q,
u=g, ondl,

is continuous in Q. Moreover, if g satisfies the a- Holder condition in ), then the
solution u satisfies also the a- Hélder condition in ().
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COROLLARY. We assume that T =0, g is a-Hélder continuous in Q, age
L*(8Y), foe L™(Y). Then, every weak solution u of P is a-Hoélder continuous in (¢)
and satisfies Harnack’s inequalities (1) to (L,).

Proof. From the inequality

0 < ess min u(x) < ess sup u(x) <min(u,, uo)
0 Q

we deduce that the assumptions (Ip) on the operators are well satisfied.

7. Appendix
7.1. AERODYNAMIC HYPOTHESES

- Plane flow (two-dimensional),

- Isentropic flow (nonviscous flow, no shock),

- Perfect fluid,

- Uniform upstream data (and also the downstream conditions).

We deduce from these hypotheses that:

(a) The dynamic equation is reduced to: curl V=0.
(b) The density p and the pressure p are linked by the following equation
(isentropic law) p/p" = cst.

7.2. GENERALITIES OF THERMODYNAMICS

We recall here some differential relations that we will use later. From the first
principle of thermodynamics, we write

dH;=0=dh+ VdV=d—p+ Vdv.
p

Since the enthalpy is constant, then for an isentropic flow, we have

d_p_(dp) dp_ ,dp
=(SP) S _ 2CP
p \dp/s p p

which implies
d
a2 Lyvdv=o,
P
therefore

d(pV)=(1—-M?)pdV, dp=-pM*—- (7.1)
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Similarly, we establish the following relations from the same thermodynamic
considerations (see [3, 4, 6, 10])

dv

_1 —
da=-Y—"-Mdv, dM=M(1+YTlMZ) -

3 (7.2)

Relations of St. Venant

Let p;, Ti, pi, etc. be the characteristic of the steady state of the flow
(generator state). If we consider an isentropic fluid, we also have from the first
principle of thermodynamics, the following equations of St. Venant (see [4, 10]):

_ ] N\ (r-1/7) it N2
2 T \p P a
and we deduce from these relations that
1+ 7;1 M= 11 ,
1-X— vy
y+1
- 2 1
=V I A -1
Y 1— Y V2
y+1
) y—1 ~2)<1/y—1)
={1l-—V 7.4
5=(1-17 , (7.4

where V=V/a,, p= p/p: and the characteristics of the critical state of fluid are
given by

(v—1/v) -1 2
B
T; Di pPi a; y+1

where ¢ denotes the critical state of fluid.

7.3. VELOCITY EQUATION IN FRENET’S COORDINATES

By introducing the continuity equation, we get the equations which represent the
flow of a 2-D perfect fluid:
curlV=90, div pV =0. (7.6)

Let (t,n) be Frenet’s vectors associated to a streamline of fluid, s and n be
the coordinates along the streamlines and the orthogonal lines of the streamlines
(V= Vt) and B be the normal vector of the physical plane.
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From (7.6), (7.1) and (7.2) we get (see [3,9, 10])
\’%
grad V=— (W div t)t + V(B - curl t)n. (1.7
On the other hand, we also have (see [3, 10])

ad . A
B-curlt=y=—, divt=y=—, 7.8
cur X=7 vt=x'=-" (7.8)
where y (resp. x') is the curvature of the streamlines (resp. of the orthogonal lines
of the streamlines).

Therefore, we deduce the following relations between angles and velocity.

_9_19V

as Van’

ap 1-M?8V

== —_ 79
X on V  3s (7.9)

It is clear that curl grad ¢ = 0. Taking then the scalar product of this vector with
B, we get from (7.1), (7.2) and (7.9) the velocity equation in the Frenet
coordinates

3PV vy VA2 2— M?+ yM?* (0V\2
iv_z —Z——V—(as) =0. (7.10)

o2
an? (1 M)as2 V\an \%

Computational domain. Introduction of the parameters £ and .

From the continuity equation div pV = 0, we deduce that there exists a stream
function ¢ such that dyy = pV dn and from the dynamic equation curl V =0, we
deduce that there exists a potential function ¢ such that d¢ = V ds.

The potential lines and the streamlines define a mesh of orthogonal lines in the
physical domain.

We use the following change of variables (¢, ¥)— (€, §):

d§‘=b‘fds, dz/;=p—Dde, (7.11)

where D is the channel flow. Noting by the sub-index 1 the upstream conditions
and h, the upstream channel spacing, we then have D = h;p, V, cos ¢;.
Therefore, the computational domain is rectangular because being defined by
the transformation of the physical domain to the plane defined by the streamlines
and the potential lines of fluid (see Figure 1).
From (7.11) and Equations (7.9) and (7.10), we get the following equations.

Velocity equation:

&PV 1—M2(32_‘7+1+M2(6_‘Z)2+1+7M4(6V)2
I (2 =
Vv
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Relations between angles and velocity:
3 av
=5, '=—(1- M) —;,
X=h7 x'=-( )3 z

b_x  9_x
o V' sy pV’ (7.13)

Similarly, from the differential relations between the Cartesian coordinates of the
physical plane and the Frenet coordinates

dx =cos ¢ ds +sin ¢ dn, dy =sin ¢ ds—cos ¢ dn
we get in the computational domain

dx cosd¢ dx _sin ¢
3 V' 8y pV°

=—— (7.14)

Let us establish now the relation (1.3). We have
1- M¥(V)
p(V)
and from (7.1), (7.2) and (7.4), one can readily check that
M4
(32_\7'

f(Vy=

f(V)==(y+1)

7.4. BOUNDARY CONDITIONS AND APPLICATION

The physical data for the inverse problem are the inlet and outlet angles and the
Mach number distribution on each channel wall. These distributions are the same
at the upstream and downstream points of the channel walls because we assume
that the flow’s upstream and downstream conditions are uniform.

We compute first the potential difference A&, on the lower channel wall on
which the length is equal to 1

11! -
’owz_— Vow .
A& DL (1) 7

and we multiply it by a constant L, to get
Aé]c)w = Af;oleow-

The potential difference on the upper channel wall has to be equal to one on the
lower channel wall (see Figure 1) Af,pp = Afiow.
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In the same way, we have

1 (-
I Vpp(7) d7

Afiupp = D b,

which gives us a second constant L,

Ay

Ag:lPP

The constants Ly and L,p, are respectively the length of the lower and upper
channel wall over the upstream channel spacing h;. Therefore, from the same
Mach number distribution M = F(7), 7€[0, 1], there are as many velocity dis-
tributions V = g(£) on the channel walls (boundary condition on the velocity) as
the pair (Liy, Lop) because multiplying by Liow and Ly, is the same as dilating
the £-axis. There exists, moreover a particular pair of values (Lin, Lsyp) Which
givés exactly the total deviation A¢ so desired. Hence, we are sure to get the
deviation. However, the upstream channel spacing is totally defined and it can be
modified only by changing the initial Mach number distributions.

If we prefer to have the upstream channel spacing as data, we will fix it and one
of the inlet and outlet angles. In this case, the deviation will be obtained from the
computation as in the previous case for the upstream channel spacing.
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