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A LAGUERRE-LEGENDRE SPECTRAL METHOD FOR THE
STOKES PROBLEM IN A SEMI-INFINITE CHANNEL*

MEJDI AZAIEZ', JIE SHEN* CHUANJU XU$, AND QINGQU ZHUANGS?

Abstract. A mixed spectral method is proposed and analyzed for the Stokes problem in a
semi-infinite channel. The method is based on a generalized Galerkin approximation with Laguerre
functions in the x direction and Legendre polynomials in the y direction. The well-posedness of this
method is established by deriving a lower bound on the inf-sup constant. Numerical results indicate
that the derived lower bound is sharp. Rigorous error analysis is also carried out.
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1. Introduction. The Stokes problem plays an important role in fluid dynamics
and in solid mechanics, and its numerical approximation has attracted much attention
during the last three decades (see, for instance, [10, 5, 4] and the references therein).
Most of these investigations have been concentrated on problems in bounded domains.

There is, however, a need to consider numerical approximations to the Stokes
problem in unbounded domains. In particular, the flow in a channel and flow pass a
cylinder /sphere have important theoretical and practical applications. In most pre-
vious investigations for these problems, an artificial boundary is introduced, and an
approximate boundary condition at the artificial boundary has to be used. The accu-
racy of these methods usually depends on how far downstream the artificial boundary
is (cf. [17]). Therefore, even when high-order or spectral methods are applied for these
problems, one can not achieve high-order or spectral accuracy for the original problem
due to the approximation made to the “unknown” outflow boundary conditions.

We shall take a different approach in this paper. More precisely, we shall con-
sider the problem directly in the unbounded domain without introducing an artificial
boundary. In fact, many other problems in science and engineering are also set in
unbounded domains, and there have been some investigations in using Laguerre poly-
nomials/functions to approximate PDEs on semi-infinite intervals (see, among others,
[8, 12, 18, 11, 15]). However, all these works are concerned with Poisson-type elliptic
equations. To the best of our knowledge, no result is available for spectral methods
to the Stokes problem in semi-infinite channels. Thus, results in this paper are the
first of its kind and will play an important role for the numerical approximation of
Stokes and Navier—Stokes equations in unbounded domains.
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272 M. AZAIEZ, J. SHEN, C. XU, AND Q. ZHUANG

More precisely, we consider the Stokes equations in a semi-infinite channel and
introduce a mixed formulation based on Laguerre functions in the x direction and
Legendre polynomials in the y direction. It is worthwhile to emphasize that we use
Laguerre functions instead of Laguerre polynomials because the latter behaves wildly
at infinity and is not suitable for approximation to flows which are well-behaved at
infinity (cf. [18]). The well-posedness of this mixed formulation relies on the veri-
fication of the so-called inf-sup condition (cf. [1, 6]). The main contribution of this
paper is the derivation of a lower bound on the inf-sup constant. We shall also present
numerical results which indicate that the derived lower bound is sharp.

The rest of the paper is organized as follows. In the next section, we intro-
duce some notations, derive some useful inverse inequalities for Laguerre functions
and Legendre polynomials, and present the mixed Laguerre-Legendre formulation
for the Stokes problem. Section 3 is devoted to deriving a lower bound for the inf-
sup constant. In section 4, we carry out a complete error analysis for the mixed
Laguerre-Legendre approximation. Finally, we present some implementation details
and numerical results in section 5.

2. Mixed Laguerre—Legendre approximation. We start by introducing some
notations. Let Rt = (0,4+00), A = (—=1,1), 2 = Rt x A, and T = 99Q. Let w > 0
be a weight function on Q; we denote by (u,v)q,. = fQ uvwdS? the inner product of
L2(€2), whose norm is denoted by || - [|w.o. We use H™(Q) and H{", () to denote
the usual weighted Sobolev spaces, with norm || - ||;..,0. In cases where no confusion
would arise, w (if w = 1) and Q may be dropped from the notations. Let M and N
be the discretization parameters in x and in y. We denote by ¢ a generic positive con-
stant independent of the discretization parameters, and we use the expression A < B
to mean that A < ¢B. Throughout this paper we will use boldface letters to denote
vectors and vector functions for ease of reading.

Let Li(x) be the Laguerre polynomial of degree k; we denote the Laguerre func-
tion by

Li(x) = Li(x)e/?
and set

Py = span{L;(x),i =0,1,..., M}
and

Py = span{Li(x),i =0,1,...,M}.

We now recall some definitions and related results which will be used in what
follows.
Let w(xz) = e %, and let

Li(R") = {v;ve‘z/Q € L? (R+)} = {v;/ vwdr < oo}.
0

The space L2 (R™) is endowed with the norm || - [|g,, g+ (also denoted by || - [[o,., or
| - |- when there is no confusion), defined by

oo 1/2
lvllow,r+ = </ v%;da:) .
0
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A LAGUERRE-LEGENDRE SPECTRAL METHOD 273

Let 7%, be the L2-orthogonal projector from L2 (R™) into Py (R™) defined by

/ (v —miv)puwde =0, Yo € L2 (RY), ¢ € Py (RT).
0

The projector 7§, can be characterized by the following expression:

(2.1) (T Z o Lo () Yo(z) = Z o Lo ()
m=0

We define the operator 7%, from L2(R*) into Py (RT) by (cf. [18])
7% 0(x) = e 208, (v(x)e™?) Yo € L (RT).

It can be easily verified that

(2.2) /Ooo(frfﬂ) —v)ppdr = /000 (W‘X/[ (U(x)e””/2) — U(x)e””/2) e 2 pprda
=0Voy € Py (RT).

Consequently, 7%, is the orthogonal projector from L?*(R") into E”M(R*).

We now present several useful results. We start with an inverse inequality for
Laguerre functions.

LEMMA 2.1. For all ¢pr € ]@’M(R"’), we have

1020 llo,r+ S Ml darllo, r+

Proof. Let ¢ (x) = Y4t drLi(x). Then, [[onl|2 v = Y4ty @3 and

Oudm (z kzo¢k‘ck % < Ek( )) e .

k=0

Hence, the desired result is a direct consequence of the above and the inverse inequality
for Laguerre polynomials (cf. [4]). a
We now denote by Py (A) the space of polynomials of degree less than or equal to
N in A, and let 7% be the standard L2-orthogonal projector from L?(A) into Py (A).
LEMMA 2.2. For all ¢ € Py(A) N HE(A), we have

lonlloa < N2 |7k _sénllo,a-

Remark 2.1. A proof of the above result, with a constant in front of N'/2, can
be found in [3]. In fact, a more precise computation as in [3] shows that the constant
can be bounded by one.

A similar result with respect to Par(R*) N HE (R) is as follows.

LEMMA 2.3. For all ¢p; € Ppr(RT) N HE(RT), we have

éaello.re < (M +1)4/2

Proof. Writing ¢p; in the form
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274 M. AZAIEZ, J. SHEN, C. XU, AND Q. ZHUANG

we derive from (2.1) that

M M—1
i aou(@) = ey, (Z amﬁm@c)) =Y amln()
m=0 m=0
Hence,

ng(x) = ﬁ%_ld)M(%) + QMEM($)€71/2,

and by using the orthogonality relation,

o0 2
23)  léul re = 175100 @I s + 0 / (Larlw)e/2)" da.

Note that ¢r(0) = 0 implies that
ag+o;+--F+ay =0,

from which

1/2
(24) |aM|:|OCO+"'+aM_1|§ [Z 057271‘| M1/2.

Combining (2.3) and (2.4) gives

M—
lparll3 me < 1751601 (2) 12 e + M Z = (M + )75 _ou@)|pe. O

m=0

Now we consider the mixed Laguerre-Legendre approximation. Let Py n(€2) be
the space of all polynomials in Q of degree < M in the x direction and < N in the y
direction, i.e.,

PN () :=span{L;(z)L;(y),i=0,1,...,M;j=0,1,...,N},

where £;(z) and L;(y) are, respectively, Laguerre and Legendre polynomials of degree
7 and j, satisfying

1 o e 2
/_ 1 /O L)L) (0) L (g)e iy = 5B,

We also define
Parn(9) ::span{ﬁ (@)L (y),i=0,1,..., M;j :0,1,...,N}.
Let us denote by N the pair of parameters (M, N) and set
Xy = HY Q)2 NPy n(Q)2, My = L*(Q) NP1 v_2(Q).
LEMMA 2.4. For all ¢ € H*(2) N HE(Q), we have

(25) <[5 321/’

82¢
Ox2
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A LAGUERRE-LEGENDRE SPECTRAL METHOD 275

Proof. For all 1 € H?(Q), with ¢(x,+1) = 0 Vz € (0, +00), we have

| ol (2
S(y+1)/_1 (%) ds.

Therefore,

(2.6) /11 P (x, y)dy < /11(y+ 1)dy/11 <8wg;’s))2ds = 2/11 <%§’y)>2dy-

As a consequence,

oo 1 [e%e] 1 a ’ 2
@7 [¢l2a= / / (o) dyde <2 / / (w(gy y>) dyd

2

7|

e

o
2

Using (2.7), we find

Y e [ o

0
s\ ||¢|m<f\ 8—;6

I3,

oy?

)
0,9

from which we derive

Y2

[5:.. =

We then derive from (2.7) and the above that

9% ||?

2.8 2 <4'_
(28) Wlho<4 |57

On the other hand, applying (2.7) to g—i’ with ¢ € Hg (), we obtain

2 2
|55

a9 |”
(29) H oz dyox

0,0

2y
dy?

Furthermore, we have, for all 1 € H} (1),
Y

0y |I° 29\ (0% 92
907 // (5) (e ) oo <|

(2.10) 2 H 52

2
"
Q
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276 M. AZAIEZ, J. SHEN, C. XU, AND Q. ZHUANG

Finally, combining the above inequalities leads to

=[], + 5]

1,9 H@y

:H% 0,0 ‘8:1" 1,0 Hay 0,Q ‘39
o o 0%y 0%y s
-/ <%> +(a_y> + (55 ) (a ) + (%) ]d“”dy
1 oo [ 62’¢ 2 821/1 a?w
</ _4<axay> +(%> oy

1,Q
2

1,Q

N 0%y
</ 3(W> +5(a2> ol
829 82|
3‘35”2 07Q+5'ay

This estimate, together with (2.7), y1e1ds (2.5). O
Now we set up the Stokes problem in a semi-infinite channel as depicted below:

(0,1) r
y
—Au+Vp= f in Q,
V-u= 0 in ,
(2.11) r Q ulr = 0, X
lim = 0.
(0,-1) r

Its weak formulation is as follows: Find (u,p) € Hg(Q)? x L?(Q2) such that
(Vu, Vo) = (5, V -v) = (f,0) Vo e H}(Q),
(¢, V-u)= 0 Vqe L*Q).

Then, the mixed Laguerre-Legendre spectral approximation to (2.12) is as follows:
Find un € Xar, par € M such that

{ (Vun, Vo) = (oa, V-on )y = (F,on)n Yon € X,
(v, V-un)nv = 0 Vg € My,

(2.12)

(2.13)

where the discrete inner product (-, ) is defined by

M N
N = ZZ¢(épv€q)w(épa€q)@pwqa

p=0g=0

where {ép,c&p}p:m,m) n are the Laguerre-Gauss—Radau points and the associated
weights, such that the following quadrature rule holds:
M

p=0
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A LAGUERRE-LEGENDRE SPECTRAL METHOD 277

{&q,wq}tq=0,1,... v are the Legendre-Gauss—-Lobatto points and the associated weights,
such that the following quadrature rule holds:

—1

1 N
/ o)y =3 9(E)wg, Voly) € P 1(A).
q=0

It is well known that, since the coercivity and continuity of the bilinear form (Vaw,s,
Vun)n and the continuity of the bilinear form (V - vy, gn)a are evident, the well-
posedness of the mixed formulation (2.13) relies on the so-called inf-sup condition
[6]:

(V-
(2.14) inf osup —PNININ g

AN EMN yr X p HUN| l,QHqN| 0,0

where O is called the inf-sup constant. The next section is devoted to the estimation
of this constant.

3. Estimation of the inf-sup constant. The main result in this section is
what follows.
THEOREM 3.1.

—(V-v 1
(3.1) inf  sup — (Vo av)w > .
aveEMy vy exy lonllellavlo ~ M

Remark 3.1. Tt is surprising that the inf-sup constant is independent of N, since it
is well known that the inf-sup constant of the Legendre-Legendre P% — Py _s method
in A2 is of order N2 (see, for instance, [3]), and we have found numerically that in
the Legendre-Legendre case in A2, the corresponding inf-sup constant behaves like
max{ﬁ, x/_lﬁ}’ where M, N are, respectively, the degrees of Legendre polynomials
used in the z and y directions. However, our numerical results in section 5 indicate
that the estimate (3.1) is sharp.

The proof of this result will be accomplished with a series of lemmas, which
we present below. The confirmation of the result will be done by the numerical
experiments carried out later. X

LEMMA 3.1. Given qn € My, the problem of finding vnr € HE(Q) NPy ()
such that

(32) (AYn,rv) = —(an,7a) Vv € My
admits a unique solution satisfying
(3.3) [Yallz.0 S Mllgnllo,o-

Proof. Obviously, problem (3.2) defines a system with the number of unknowns
equal to the number of equations, so the existence of such a function s is guaranteed
by estimate (3.3), which we prove below.

By definition (3.2), we have

(A, r1(2)r2(y)) = —(gn, 71(x)r2(y)), V1 € Pary (RT),Vry € Py_s(A).
This implies

/OO g (z,y)r (z)de = —7%_, /OO Appr(z,y)ry (z)dx
0 0

o /ooo Th_a (At y))r (2)de ¥ € Bary (RY)
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278 M. AZAIEZ, J. SHEN, C. XU, AND Q. ZHUANG

and consequently

~ iz 82 82
an(@,y) = =71 o Ty o (AYn(2,y)) = —Fh 1 0 TRy ( 352\/ + 852\/)

Yy aZQ/}N AT 82 w./\/.

= —Th—1°TN_o on2 Ta—1 By

Py L, Puw

_TrN ZOWM 1 ox a2  TMm-1 ayQ

Hence,
. Py L. |’
lanllf.o = WM—la—yz O,Q+ TR 2 © a1 N oo
x 82¢N AT 82¢N
—|—2/Q7TM1827T§’V 20 150
N R Pyy ., P
(34) = TrM_la—yz O)Q"‘ 71'}”’\/ O7TM 1W 079"'2 0 8y2 7TM_1 83}2 .
Observing that
. Yy Py 1
(3.5) WMAW:W—Z(I T 1) UN,
where I denotes the identity operator, then the last term in (3.4) can be rewritten as
Py o Oy [ Yy Yy 1 [ Oy (1= 7))
o Oy2 "ML g2 o O0y?2  Ox? 4 Jo Oy? M—1) YN

For the first term on the right-hand side, we have, by integration by parts,

/ Yy Pw [ Pipw Py
2  Ox? o 0x0y 0z0y’

To estimate the second term, we write
(3.6) Z m (Y) Lo (2)e ™2 € Hi (Q) NPy ().

Then, we have with oy, (y) € P4 (A),m =0,1,..., M, and by using the orthogonality
of the Laguerre polynomials,

2 M
_Z : ({98;/]'2/\/ (I—ﬁ'%_ﬂ YN = —EK) [Z a%(y)ﬁm(x)ew/2‘| O[M(y)ACM(x)eiw/z
m=0
1 . = ! ” .
I T
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A LAGUERRE-LEGENDRE SPECTRAL METHOD 279

Combining the above estimates leads to

Py o Py _ [ Py Py 1T

-1

Hence, by using (3.7) and Lemma 2.3 in (3.4), we obtain

321/)/\/

Y 2y ||?
Thr—1 8y

(3.8) lan .o = + || TN—2 © a1 N

0,9

0,0

2\’ ot
) - / 2
n /Q(axay) dndy+ 5 [ (@t
Py ||? Py ||?
2 |l Oxdy

> Mt

~

0,0

On the other hand, from the inverse inequality in the = direction (cf. Lemma 2.1) and
the Poincare inequality in the y direction, we have

R e

1 .
22 S o . D20y Vi € Hy (Q) mIEDMJ\/'(Q).

0,Q

o

Using the above inequality and Lemma 2.4 in (3.8) gives

||
0x?

+ M2

1020w |)?
lanllg o = M~ 52

0,0

0,0
Z M72|[gn 3 0

This leads to (3.3). O
LEMMA 3.2. For all gy € My, there exists zy € (Parn(Q) N HE(Q)) x
(Parnve1(Q) N HE(Q)) such that
(V-zn,mn) = —(anv,rv) Vi € My

and

Proof. For any qn € My, let ¢ be defined by (3.2) and war = V. Then, we
have wyr € Py v (Q)? satisfying

(V-wn,rw) = =(an, ) Vi € My,
(3.9) wy - T =0,

lwallie < Mllanlloe
where 7 is the unit tangent vector along 0f.

We now construct a lifting function ¢n € Pas n41(2) such that

oon
—— =—wx-n onl,
orT
(3.10) Ion _ 0 onT,
on

lonll2.0 S llwalle,
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280 M. AZAIEZ, J. SHEN, C. XU, AND Q. ZHUANG

where n is the outward normal to 9. To this end, we define three functions on the
boundaries I'y = {(x,1),0 <z < o0}, 'y = {(0,y), -1 <y <1}, T3 = {(z,-1),0 <
x < oo}, respectively, as follows:

b}\/(x,y) = — /w(w/\/ -n)(o,y)do,

o0

) = te(0.1) -~ [ (- m)(z, 0)do,
b (2. y) = B3o(0, ~1) - / (e - ) (0, y)do

Then, it can be easily verified that ij (j = 1,2,3) satisty the following continuity
conditions:

bir(0,1) = b3,(0,1),
b3-(0, —1) = b3-(0, 1),

by _ O

oT (Oa 1) = Wy n(Ov 1) =0 T (Oa 1)7
2 3
271 21,2
g;g; (0,1) = g;g; (0,1)=0,
922, 0263,
1) = 1) =o.

The above conditions, together with the fact that ij € Punvi() (5 = 1,2,3),
guarantee that there exists a g € Py nv41(Q2) satisfying (see [2])

QSN:b?\f on F]a .]: 172737
(3.11) Do

—— =0 onT,

on

and

3
2.0 S Z Hb5\/||3/2,1‘ S llwa - nllior S [wal
j=1

kg

1,0

Moreover, it is seen that the first equality of (3.11) implies

Opn
or

This completes the construction of the lifting function ¢xr. Now, let

=—wpyn-n onl.

ZN = War + ot

then ZN € HA)M,N(Q) X HADM,N+1(Q) and

0
zj\/-n|p:'w/\/-'n,—l—rot(bj\/-'n,:wN.n_|_%:07
T
0
ZN'T|F=wN-T+rot¢N-T:$:0’
n
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A LAGUERRE-LEGENDRE SPECTRAL METHOD 281
which means zx € (Par.n(Q) N HE(Q)) x (Parv11(2) N HL(Q)). Moreover, we have

(V-zn,rw) = (V- wa,ra) + (Ve roton, ) = —(an, i) Vi € My,
and, by (3.9) and the last inequality of (3.10),

(3.12) Izl = lwx +roténllie < llwnlle + llrotén e

The proof is complete. O
LEMMA 3.3. For all gne € Myr, there exists var € Xar such that

(V-vn,ra) = —(an, ar) Ve € My
and
lowvlle S Mllgxllo.o-

Proof. For given qy, let zpr 1= (zj(&), z/(\?)) € (P n(Q)NHE(Q)) x (Parni1(Q)N
H}(£2)) be a function associated to gy in Lemma 3.2. Then, the second component
of zxr can be written under form

N+1
40 = 3 aula)e P (Lily) — Liva(v)).

with a;(z) € Py (RY) N HY(RY),i=2,...,M + 1. We decompose zj(\?) into

22 =524 50
with
N
(2 _r
P =" ai@)e " (Lily) — Li-a(y))
1=2
~(2) _ —xz/2
Zy = anti(x)e” " *(Ln1(y) — Lv-1()),
and let

o = (o0,59).

Then, it is seen that var € Xr, moreover, for all 7nr € My, by using the orthogonality
of the Legendre polynomials, we have

(V- on,ry) = (sz/(\}) + 0, 2/(\/),7‘/\/)

= (92 + 0,57 ) = (awaa @)™ (Lvan (0) = La(v). yrv )
= (.40 + 0,7 ,w)+(aN+1 20, (Lya () — L ().
- ( ;) z(2),w)

= (V- z/\mw)
= —(av,7n)-
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282 M. AZAIEZ, J. SHEN, C. XU, AND Q. ZHUANG

It remains to prove [|[vy|i,0 S [2a]l1,0. Since 255) = zﬁ) — 2% we need only to

~

prove Héﬁ)”LQ < ||z/(\?)|\1)g. First, we have

8952(2) =0, (ozN+1($)6’_r/2) (Lnt1(y) = Ln-1(y)),
N+1

arZ(Q) — Z am (ai(x)eiw/2) (Ll(y) - L172(y))
=2

= 0: (s (@)e™/2) Livia (9) + 02 (o (@)e™™/?) Liv(y) + -

thus

) Z,Q - /11 [/OOO (31 (OzN+1($)e—I/2))2 dy:| Ly (y)?de +---

(aws@e ), o w17
e \TAE o+ N+1+1/2

> E ‘a (x)e*wm‘ 2 + 2
=6Vt LR+ \2N+3 " 2N — 1

2
o @e™| (1wl + 1Lyl )

2

-5l

0,9
Similarly, we have
20,0 2 151,
0,0

Second, from

02 = an(@)e (L1 (y) = Ly_1(9) = ansi(@)e 22N + 1)Ly (y),

N+1 N+1
Byzny = 3 ai(@)e ™A (Li(y) — Li_,(y) = Y ou(w)e™/3(2i — 1)L; 1 (y),
=2 1=2

we derive that

’HOQ ZHa e 2|2 (20— DL

> ||aN+1(3:)6_ 1|6 m N + D2 Lnll3 o
= 10,27 5.0

Combining all above estimations together gives

2
(2) 5(2)
20,02 [,

1,0’
which yields
V= [0, o =9 =22, 5[]
HUN 1,9 N N .07 N 1,0
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A LAGUERRE-LEGENDRE SPECTRAL METHOD 283

This gives

lovlie S lzvlline S Mllavlloo.- O

Proof of Theorem 3.1. For all g € Mys, let var € X be the associated function
given in Lemma 3.3, then

~(Veoovsany - —(Voonvay) _ (avsaw)
lonlnellavloe  lloalellavloe  llvalliellavioe
_ llanlloe >1
lonlle ™~ M

This means (3.1) holds. O
COROLLARY 3.1. For all f € C°(Q)2, problem (2.13) admits a unique solution
(un, ) satisfying

1
(3.13) lunllie + 37 lparllo S 1 llz=(9)-

Proof. First, it can be checked that, for each un € Xnr,vn € X,

|(Vun, Voy)nl <3 lunllilloal,
1
(Vo Vox)w = |on i = S llonT.
Then, thanks to the above inequalities and (3.1), the well-posedness of problem (2.13)

and stability estimate (3.13) are straightforward consequences of the abstract inf-sup
theory (cf. [1, 6]). O

4. Error estimation. We start with some notations and definitions which are
needed in the following error analysis. Denote w,(z) = a"e™*, &,.(x) = 2", and, in
particular, we set w(z) = wo(z), @(x) = wo(x). Then, for any non-negative integer r,
we define two Banach spaces

A"(R*) := {w;v is measurable on R* and o]l 4 g+ < 00},
A"(RY) := {v;v is measurable on R* and ||v| - g+ < 00},

equipped, respectively, with the following norms:

T 2
HU”,ZV‘,I-?,+ = <Z |U|ik7R+> , with |U|Ak7R+ = HanHwk,R-%— Vv e A (R+) )
k=0

T 2
lv]|ar p+ = (Z |v|124k)R+> , with |v| gk g+ = ||8§U"d)k,R+ Yo e A" (R+).
k=0

We now recall several approximation results. Let 7§, and 7%, be the projection
operators defined in section 2. A
LEMMA 4.1 (cf. [19]). For any v € A"(R") and integer r > s > 0,

(4.1) o = 750l g e S MC 20l 40 s
A direct consequence of Lemma 4.1 is that, for any integer r > 0, v € A"(R™),

(4.2) o = #gollo,ne S M~/ 2

Ar R+"
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Denote Wy = {v € Py (RT);v(0) = 0}, and let wf:& : Hy ,(RT) — Wi be the
Hj ,(RT)-orthogonal projection operator defined by

/ (wf;&v)'qs'dex: / v dyywdz Vour € Wy
0 0
LemMA 4.2. Ifv e Hy (R"), dyv € A™=Y(RT), and integer r > 1, then
x,0 1 _r
Hv — 7T17’]\411||1’L‘)’R,/+ < Mz27z |81U|AT—17R+'
Proof. Given v € Hj (RT), let vy(2) = [; 75;_10,v(x)dx Vz € RT, then

vy € War and 0yvn(z) = 75, (Ozv(2z)). Hence, by Lemma 2.2 of [11] and Lemma
41,

o = 70l rs < 0 —varliwre S 10— Omliwrs
= 020 = 711 (020) et S MEE|O0] s o D
Now we set Wy = {ve™®/2;u € Wy} and define the projection operator ﬁfz?/[
from H}(RT) into Wy, by
fr‘fgﬂ)(x) = 671/27T‘1T77]?4 (U(x)e””/2) Vo € Hy (RY).

Then, it follows from Lemma 4.2 that, for r > 1,

(4.3)

~x,0

HU_WLMU Méf%‘aw(ew/%(x))

Hl,R+ = ||U€w/2 - Wf,’]?/[ (61/2U(x))"1,w,3+ < Ar1 Rt

For r > 1, we introduce the space, suitable for analyzing the approximation properties
of the Laguerre interpolation (cf. [19]),

B"(R") := {v;v is measurable on R* and [|[v||p- g+ < oo},

with norm

- 1/2
2
_ (r—1)/2 1/2 ok
|v||Br,R+—<I;Hx (e +1) azvuw) .

Let I%, be the Laguerre Gauss Radau interpolation, and define I%,v(x) = e=*/2I},
(e®/?v(z)); the following result is proved in [19].
LEMMA 4.3. For anyv € B"(RY), and 0 < p <1<,

||U - f]gf/[v||M7R+ < (lnM)l/QM“H/Z_T/Z(‘eI/ZU Argr T ‘31(61/21)) A7‘*1,R+)
<

(In M)l/QM”H/Z_T/Z||UHBT,R+-

Let 77%’)’]0\, : H (A) — PQ;(A) be the H(A)-orthogonal projector defined by

1
/ By (v — T2 0)Bypdy = 0 Vo € PR (A).
1 ’
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Then, it follows from [3] that, for all s > 1 and all v € H}(A) N H*(A), it holds that
(4.4) Jo =7 Rv]la S NS ollon, k=0,1.

We denote by L%(A, A"(RT)) the space of the measurable functions v : A — A"(R™)
such that

1
2
lollaro = { /A ||v<-,y>|iT,R+dy} < .

Moreover, for any nonnegative integer s, we define

v
s 2 +)) — . 2 2 + .
1 (A, L2 (RY)) = {v, Ler(nI}(RY) 0<y< S},
The norm of this space is given by
% 1
s ; 2 s ) 2
v v
HU”O?S = E ﬁ = ﬁ
j=0 19¥" llo,0 =0 19¥" 1lo:0

Now, for any nonnegative integer r and s, we define
AT(Q) = H* (A, L* (RT)) N L* (A, A" (RY)),
with the following norm:
1 .
[Vl ame = {llvllro + 0ll.e ) Yo € A™5(9).
We also define

Br(@) = H* (AL (RY)) N H' (A B (R)) N7 (A A7 (RY)),
ymn(Q) = H" (A, L* (RY))nH' (A, A" ' (RT))nH" ' (A, H' (RY))
NL* (A, A™ (RT)),

equipped, respectively, with the following norms:

1
2
Pollgre = (103 + ol3mms + loll2r0)

1
2
HU”Y"“" = (HU”g,n + ||UH124M*1;1 + ||’U| %;nfl + ”’UH.%V“;O)

THEOREM 4.1. If the solution (u,p) of problem (2.12) satisfies w € Hy(Q2)* N
Y™mr(Q)22nC(Q), pe AL Q)N CQ), m>1,n>1 and f € B"(Q)>°NC(Q),
r > 1,8 > 1, then the solution (un,par) of (2.13) admits the following error estimates:

lu—unle S (ME% + N0 (M [ullymo + [[pllan-se)
+ (I M)z M2 + N=)|| f[| grs »

Ip=pxlloe S M[(MEF 4+ N (M fullynn + [pllan-in-s)
+

((n M)YEMI=% 4 N=) | fl| v -
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Proof. Let
Vv == {on € Xn; (pn, V- on)v = 0 Vpy € Myt
Then, for all var € Xpr, wp € Vi,

(Vwn, Von) — (Vwpy, Voy)n = (V(wy —u), Voy) + (Vu, Vo)
— (Vwn, Von)n

< (|“_wN|1Q+‘“_7Tf1?4711/7N 1“‘19 )valie
+‘wN_7%T]?47T21JN 1u‘1 Q|vN|1Q

< (|“_wN|17Q+‘“ ﬁf}%ﬂh]\f 1“‘19 )varlLe.

This result, together with Theorem IV.2.5 and Remark IV.2.7 of [3], leads to

(Vwpy, Vo) — (Vwyr, VvN)N)

|lu —upnlio S inf (|u—w/\/|17g+ sup

waEVN oA EX N |UN|17Q
Fyonv)n — (F,on
+ nf o= avloe+ suwp F, ol = F,ow)
an € o EXN |'UN|1,Q
~2,0 _y,0
gw/\}réfwlu wyl1,0 + |u— 7N 1“‘1,Q+ mf
Lo (f,on)n — (f,on)
v EXN |’UN|1Q
0 ,0
<Mlegf |U—UN|IQ+|U_WTMW1/N 1“‘1.9

fion fion
+ inf ||p—QNHOQ+ sup ( J — )
qNEM. o EXN |'UN|1 Q

And,

~2,0
lp—pnlloo S M ‘U_WTMWZ{N 1“‘19

+M Hlf |’U/—’U_/\/'|1)Q+ sup (f,'l)_/\/')_/\/'_(f7v,/\/)
N EX N |vN|1,Q

Now, for all fa n—1 € I@’MW,l(Q)?, we have
(f,on)n — (Foon) S (|| F - nyf/[fHOQ‘FHf Fun—1lo.)lvnlie
We know from the interpolation results of I}, and 17, that
£ = 250 fllg o < I1F = B Flloo + 1% (F = 50 P) ]
SN\ Flloss + | = T £l
SN Flloss + (nM)*MEF | 5o
Furthermore,

If = Farn—illog < [|f = 7Ry 0 75 Fllog S N7lIfllos + M 72| fllaro
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Combining the above two inequalities, we get
(Fron)w = (Fon) S (M)EMIE £ N7 | £l g onc o
Now we estimate inf,, e x, |4 — var|1,0. Since
0
lu —vn)10 = a—(u—v/\/) —(u—vy) ,
€L 0,0 0,0
by choomng VN = 1?4 R,u, we know from the approximation results of ﬁf:& and
7r1 N that
0 0 9 .20 0
—(u—wy) H ) + H_771 v (u — 7 yu)
H Ox ’ 0,0 x> ’ 0,
M0, () g+ N L
O;n—1
1-n 9 z/2
S M2 uflampo + N5 (e Pu)
€ woin—1
< M3
,0 ~T,
Ha_(“_”/\/) H_ u—m N“) H_WillN(u T,M“
Y 0,0 0,2 0,22
+M2E 61/227#’70 u
ay 1,N—1 Am-1.0

+ M= F Juf gy

Combining the above two results leads to

_ < _ ~z,0 _y,0
leg)f(Nlu vn|1,0 \U 7T1M7T1N“‘1,Q~

Similarly, we have

|u 7ATiEI(\)/ﬂ?lJ?\I 1“|1Q~ (M2 El + N Juflymin.

S (MZF 4 NY) [l ymen.

Now it remains to estimate inf, e [|[p — gnllo.0. By using the known properties of

the projectors 7%, and 7% in [16], it follows that

inf — <llp—nY
Lot lp—anlloe <llp—7%_s
SN =2)"""pllosn—1+ Ip
SN pllosn—1 + M=% ||p|| am-1,0

S (M35 + NV ||pl| am—1m-1.

As a direct consequence of the above estimates, we finally obtain

u—unllio S (M2~% +1N17”T)(M|\U||Ym=" + lpllam—1:m-1)
+ ((InM)2 M2 + N7°)[| fl grie

Ip = pwllos S M [(MF% + N (Ml min + ol am-1002)

+ (MM 4+ N9 fllge| . O
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5. Numerical results and discussions. We start with some implementation
details. Let upn = (uy, u3,)’, and we write

N—-1

M
ZEy Zu g’tvfj il ) () T:172a

j=1 i=1

where hj € Py(A) (0 < j < N) are the Legendre-Gauss-Lobatto interpolants satis-
fying h;(€,) = 044, while h; € Pa(RT) (0 < < M) are the Laguerre Gauss Radau
interpolants satisfying ﬁi(éq) = 04i. We use u,, to denote the vector consisting of the
values of UN at the nodes (é%gj)lSlSMJSjSN*l'

Similarly, we write

N-1

M
ZpN Cza(j ) (y)a

=1 i=1

<.

where (éi)lgig wm and ((j)1<j<n—1 are, respectively, the Laguerre-Gauss and Legendre—
Gauss points, and £; € Py_2(A) (1 < j < N—1) are the Legendre-Gauss interpolants
satisfying £;(&,) = (5,1], while /; € Ppr_1(RT) (1 < i < M) are the Laguerre-Gauss
1nterpolantb satisfying /; (qu = 0qi- We use p, . to denote the vector consisting of the
values of PN at the nodes (Ci, Cj)lﬁiSM,lﬁjﬁNfl'

Inserting the expansions of ux and par into (2.13), the resulting set of algebraic
equations can be written under a matrix form:

(5.1) ANQN—I—DN]_?N:B/\/iN,
(5.2) Djruy =0,

where fis a vector representation of the f at the nodes (&, ;). The matrices Apr,
Dy, and By are block-diagonal matrices with 2 blocks each. The blocks of A are
the discrete Laplace operators, and those of Dys are associated to the different com-
ponents of the discrete gradient operators, while blocks of B are the mass matrices
with respect to each component of f.

Eliminating u,, from (5.1)-(5.2), we obtain

(5.3) DA Dn p,, = DYAG By £

Snr

The matrix Sy := D}\F/AX}DN is usually referred as the Uzawa matrix. A typical
procedure for solving (5.1)-(5.2) is to first solve p . from (5.3) and then solve uy,
from the Poisson equation (5.1) with known p

The Uzawa matrix is of dimension M x (N —1), full, symmetric, and semidefinite.
A usual procedure is to use a preconditioned conjugate gradient procedure with the
Gauss mass matrix By as a preconditioner [3, 7,9, 14]. Each outer iteration requires
the inversion of two Laplace operators (Ay matrix), which can be carried out by
the fast diagonalization method (see [13]). Hence, the efficiency of the method is
dictated by the condition number x ,\/ of By, 1S n. Another important consequence of
the inf-sup constant is that kK = 7 [14].

The first computational investigation is concerned with the sharpness of the lower
bound on the inf-sup constant derived in section 3. In the left of Figure 1, we plot
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F1G. 1. Left: inf-sup constant By vs. M in log-log scale; right: inf-sup constant Bar vs. N.

0 100 200 300 400 500 600 700

Fic. 2. Spectra of the Uzawa operator for three different values of N with M = N.

the variations of By versus (vs.) M in log-log scale for several N. We observe that
O is independent of N while it decays as ﬁ In the right of Figure 1, we plot the
variations of Sar vs. N for several M. We observe that O remains to be constant
as we vary N with M fixed. These results are fully consistent with Theorem 3.1,
indicating that our estimate for the inf-sup constant is sharp.

In view of inverting the Uzawa operator, the knowledge of the eigenvalues’ distri-
bution of the matrix Bj(,l Sy may help to design adapted preconditioners for (5.3).
The efficiency of the iterating methods depends on how the preconditioners affect the
eigenvalues of Sxr. In Figure 2 we plot all of the eigenvalues of B;fSN for some
values of M = N € {12, 16, 24}.

The first feature of the spectra is the similarity of their distribution for different
values of N with M = N. Another interesting aspect is a strong concentration of
the eigenvalues around the largest value 1. It is known that this type of clustering
is very advantageous for the conjugate gradient iteration since the contribution of
the eigenspaces associated with a given multiple eigenvalue is resolved in only one
iteration.
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F1G. 3. The velocity (o) and pressure (Q) errors as a function of N with M = N: left, in L>
norm; right, in L°° norm.

We now present some numerical tests to validate the error estimates. We consider
the Stokes problem with the following analytical solution:

sin(z) cos(y)e™* P

v ((Sin(x) — cos(z)) Sin(y)e””) ’ p = cos(z) cos(y)e”".

In Figure 3, we plot, in a semilogarithmic scale, the L?-velocity and the LZ2-
pressure errors (top figure), and the L*°-velocity and the L*-pressure errors (bottom
figure) with respect to N with M = N. We observe that the errors converge expo-
nentially, which is a typical behavior for spectral methods with analytical solutions.

Finally, in order to justify the use of compatible discrete velocity and pressure
spaces, we show via a simple test that the equal-order velocity-pressure approximation
Parn ()2 x P v () is ill-posed. In Figure 4, we present the velocity and the pressure
errors in the L?-norm as a function of N with M = N. Obviously the pressure fails
to converge when the polynomial degree increases. The reason for this failure is that
there are spurious pressure modes in the pressure space, similar to the well-known case
of the Legendre-Legendre P% — Py method for the Stokes problem in a rectangular
domain.
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G—©OError on the velocity

0 B\B_—E\E‘j—a Error on the pressure
D -l B

-2

-10 +

12 . I . I . I . I . I . ]
10 20 30 40 50 60 70

FiGc. 4. The wvelocity and pressure errors as a function of N(M = N) by the incompatible

Prr, v ()2 X Par, v () method.

In summary, we have presented a mixed Laguerre-Legendre spectral method for

the Stokes problem on a semi-infinite channel. We established the well-posedness
of this method by deriving a lower bound on the inf-sup constant and presented
numerical results which indicated that the derived lower bound is sharp. We have
also derived error estimates by using the inf-sup condition and the Laguerre and
Legendre approximation properties.
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