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ON THE APPROXIMATION OF THE FOKKER-PLANCK
EQUATION OF THE FINITELY EXTENSIBLE NONLINEAR
ELASTIC DUMBBELL MODEL I: A NEW WEIGHTED
FORMULATION AND AN OPTIMAL SPECTRAL-GALERKIN
ALGORITHM IN TWO DIMENSIONS*

JIE SHENT AND HAIJUN YU#

Abstract. We propose a new weighted weak formulation for the Fokker—Planck equation of
the finitely extensible nonlinear elastic dumbbell model and prove its well-posedness in weighted
Sobolev spaces. We also propose simple and efficient semi-implicit time-discretization schemes which
are unconditionally stable, i.e., the step size of time marching does not depend on the number of
the bases used in configurational space. We then restrict ourselves to the two-dimensional case
and construct two Fourier—Jacobi spectral-Galerkin algorithms which enjoy the following properties:
(i) they are unconditionally stable, spectrally accurate, and of optimal computational complexity;
(ii) they conserve the volume and provide accurate approximation to higher-order moments of the
distribution function; and (iii) they can be easily extended to coupled nonhomogeneous systems.
Numerical results are presented to show how to choose a proper weight to get the best numerical
results of the distribution function and the polymer stress.
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1. Introduction. The finitely extensible nonlinear elastic (FENE) dumbbell
model (cf., for instance, [30, 11, 29] and the references therein) is a well-known coarse-
grained model for dilute polymer solutions in which every polymer molecule is modeled
by a dumbbell.

Let 71 and 75 be the position of the two beads of a dumbbell; then the center of
the molecule is @ = (r1+7r2)/2, and the direction vector of the molecule is ¢ = ro—7;.
In kinetic theory, a configurational distribution function (CDF) f(t, x,q) is used to
describe the probability density of finding a molecule at position & and at time ¢ with
orientational director g. Then, the whole polymer solutions in the background of
macroscopic flow field can be described by a macroscopic-mesoscopic coupled system
which consists of the Navier—Stokes equations
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and the Fokker—Planck equation

(1.3) a—f+u-vmf+vq~(K-qf)=ﬁvq-(quUH

1
at A‘Jf

De

In the above, K = (V,u)! and 7, is a polymer stress given by Kramers’ expression

(1.4) Ty = —I+/ faVq4Udg,
Q
where (2 is the configurational space of ¢ and U is the FENE spring potential

(1.5) U= —g log (1 — |q|?).

The system includes four nondimensional constants, b, De (Deborah number), Re
(Reynolds number), and e, which are given by

_ Hgj Y _ Plovo n0¢q3

T Ekpd O kgl o g 21

(1.6) b

Here qg is the maximum length of dumbbell, kp is the Boltzmann constant, ¥ is
the temperature, H is the FENE spring constant, € is the friction factor of the polymer
molecules, tg is the characteristic time of the background flow, [y is the characteristic
length of the background flow, p is the fluid density, n is the fluid viscosity, ng is the
number density of polymer molecules, and vy = ly/tg is the characteristic velocity of
the background flow.

As a first step toward developing an efficient numerical method for the above
coupled system, we shall restrict our attention in this paper to the homogeneous
system, i.e., the system in which the CDF f(¢,x,q) does not depend on . More
precisely, we consider the following Fokker—Planck equation:

of

w5

1 1 d
+V~(K-qf)—EV-(fVU)+EAf, g€ Q=DB(0) e RY,
where d = 2 or 3 and B;(0) is a ball centered at the origin with radius 1. Once
we have an efficient solver for the homogeneous Fokker—Planck system (1.7), the
coupled Navier—Stokes-Fokker—Planck system (1.1)—(1.5) can be solved by combining
a Navier—Stokes solver and the Fokker—Planck solver. (The convection term in (1.3)
can be handled with a classical finite difference scheme or a spectral element method;
cf., for instance, [3, 6]). Since the spatial variable  does not appear in (1.7), we
eliminate the subindex g from the differential operators.

While for given K and U (1.7) is linear, the unbounded FENE potential term
V - (fVU) introduces difficulties in both mathematical analysis and numerical ap-
proximation. Recently, there have been many mathematical and numerical studies of
the homogeneous system (1.7); see, for instance, [20, 7, 8, 19, 29, 15, 14] and the ref-
erences therein. In particular, some delicate numerical algorithms based on spectral
methods were developed recently for the Fokker—Planck equation of the FENE model
in [20, 7, 15, 14, 6]. In fact, the use of spectral methods for the FENE model started
as soon as the FENE model was constructed by Warner [30]. Later, Fan [10] improved
Warner’s method and used the results of the Fokker—Planck equation to verify the
approximation of the FENE-P model. Our work is inspired by the recent work of
Knezevic and Siili [15, 14] and aimed at developing optimal spectral algorithms with
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minimal assumptions on the initial condition. More precisely, our approach will be
based on a new weighted weak formulation which allows initial conditions in a much
larger functional space, and we construct unconditionally stable semi-implicit schemes
in time and spectral-Galerkin algorithms in space with optimal computational com-
plexity while properly handing the pole conditions and unbounded drift.

The main goals of this paper are twofold: (i) introduce a new weighted weak
formulation and establish its well-posedness for b > 2; and (ii) propose simple sta-
ble semi-implicit time-discretization schemes and construct two fast Fourier—Jacobi
spectral-Galerkin algorithms in the two-dimensional case. The weighted weak formu-
lation proposed here leads to well-posedness in suitable weighted functional spaces and
allows us to construct simple and efficient numerical algorithms. The weight in the
weak formulation goes directly into the weight of Jacobi polynomials in the numerical
implementation and thus leads to linear systems with optimal banded matrices. We
hope that this weak formulation and the corresponding estimates we establish here for
the homogeneous system will be useful to derive new results for the Navier—Stokes—
Fokker—Planck equations where the parameter b is of great interest; see, for example,
[19, 17, 21, 31, 4, 5].

The rest of the paper is organized as follows. In the next section, we introduce
the weighted formulation and prove its well-posedness. In section 3, we consider sim-
ple semi-implicit time discretization schemes and discuss their stability. Then, we
construct two Fourier—Jacobi—Galerkin algorithms with optimal computational com-
plexity in section 4. We present in section 5 illustrative numerical results to show
correctness and effectiveness of our numerical algorithms. We make some concluding
remarks in the last section, followed by appendixes containing some tedious calcula-
tions on the system matrices of the Jacobi—Galerkin algorithms.

2. A new weak formulation and its well-posedness. We denote D =
(K+K'") /2, W = (K — K")/2, and M,(q) = (1 —|g|*)". When W equals zero,
(1.7) has a stable equilibrium solution which is the minimizer of the dimensionless
free energy (see [30])

(.1) A= [sns = aa+ [ {o7- 15D aa}ag
and takes the form
(2.2) 2(q) = %Mb/z(q) exp 3 Diad,

where z is a normalization constant. On the other hand, when D = 0, the system
has a stable steady state solution (see [12, 2])

(2.3 fla) i= "2

We shall now derive a suitable weak formulation for (1.7). Taking the inner
product of (1.7) with a test function g € C5°(2), using (1.5) and integration by parts,
we find that the following equation holds:

My 2(q)-

0 b 1 .
(2.4) (8_{’g) + De <ﬁﬂ Vg) + De (Vf,Vg)=(K-qf,Vg) Vg€ C5(Q).

Introducing the change of variable

(25) f(ta Q) = MS(Q)h(ta Q)
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and denoting (u,v)s = [, uvM,(q)dq, (2.4) becomes
(2.6)

oh b—2s 1 o
(E’g>S+D—€ ( —q |2h Vg) +D_e (Vh,Vg), = (K -qh,Vg), Vge C5°(Q).

Now let us introduce some functional spaces which will be used in what follows:
(27) L2Q) = LAQM,) = {g  N9l2 = ol 2eny == /Q 1920, (q)dq < oo} ,

H9||§{1w2(9,M5) = HQH%Q(Q,M5_2)

(2.8) X4 (Q) = HY?(Q, M,) := {g

d
+ Z HaagH%?(QMS) < OO},

a=1
(2.9) Wh2(Q, My) := { gl 2(Q,M,) H9||L2(Q M,)
d
+ Z HaagH%?(Q,MS) < OO},
a=1
T
(2.10) LY0,T;F) = 9(t,@) : |9l 72(0,7;r) ::/0 lg(t, )pdt < oo,

and

(2.11) L*>(0,T;F) := {g(t,q) : Hg||L°°(O7T;F) 1= €SSSUPg<y<T llg(t,)|lr < OO}-

Remark 2.1. The weighted Sobolev type spaces W12(Q, M) and H%2(Q, M)
are well studied in [16]. For s > 1, it is proved that W, >(; M,) = H“2(Q; M,) =
W2(Q; My), i.e., C§°() is dense in HY2(Q, My), and the WH2(Q, M) norm and
HY2(Q, My) are equivalent. (See [16, Proposition 9.6 and Theorem 9.7, p. 68].)

The new weak formulation for (2.6) is

(2.12)
given ho(q) € L*(9Q, MS) find h € L? (0, T; X4(Q)) N L>=(0,T; L*(Q, M,)) such that

oh b—2s 1

(0, q) = ho(q).

Based on (2.5), the corresponding weak formulation for the CDF f is

given fo(q) € L*(Q, M—y), find f € L*(0,T; X3 () N L>=(0, T; L*(Q, M_,))

such that

of b—2s q g 1 / g
(2.13) (8t )f De <1—|q|2f’vMs T oe \Var, Var, ).

(. g '

—(K qf,VMS) Vg € XJ(9),

1(0,9) = fola),
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where
oL p _ Jog L
219) X0 = {15 1 = [ 1PM(@da+ [ (94794 |rag < o}

The main result in this section is the following.

THEOREM 2.1. Given 1 < s < b/2 and ho(q) € L*(Q, My), there exists a unique
solution h for the problem (2.12). Moreover, there exists a positive constant C, de-
pending only on T, b,s,De, and K, such that

(2.15) Omt{XT [h(t, )||2L2(Q,M3) + HhH%2(O7T;XS) < C”hOHQL?(QMS)'
A straightforward consequence of the above theorem is the following corollary.
COROLLARY 2.1. Given 1 < s < b/2, and fo(q) € L?*(Q, M_y), there exists a

unique solution f for the problem (2.13). Moreover, there exists a positive constant

C, depending only on T, b, s,De, and K, such that

(2.16) omax 1 2m ) + 1120750 < CllfollF2n .-

Remark 2.2. For 1 < s, no boundary condition is required, since C§°(€2) is dense
in WH2(Q, My). The results of Theorem 2.1 and Corollary 2.1 are consistent with the
results in [19, 13]. In [15], the case s = b/2 was considered. In this particular case,
the weak formulation in [15] is equivalent to (2.13).

We only need to prove Theorem 2.1. To this end, we need to establish some basic
estimates and lemmas.

2.1. Basic estimates. We define two bilinear forms in X (2) x X(£2) by

b—2s 1

Blh,g] = Alh,g] — (K - qh,Vg)s-

A[hag] =

Then, we can rewrite (2.12) as

(2.17) (%,g) + B[h(t,"),9] =0 Vg€ Xs(0).

We start by establishing the continuity and coercivity of the two bilinear forms
A and B.

LEMMA 2.1. Given 1 < s <b/2. Let C, = ﬁ +
with | K |o = max; ; |K;j|. Then

b—2s _ 1 b—2s
5o Ov = 55 T “Be + | Koo

(2.18) Alh, g] < Callhlx.IVglls < Callhlx.Nlgllx. Vh,g € Xs(Q)
and
(2.19) Blh,g] < Gy < Gyllh| x, Vh,g € Xs(9),

and there exist positive constants Ya, Ba, Yo, Bp such that

(2.20) A[hv h] + 7a|‘h|‘2 =z ﬁaHhHX Vh € X5(9),
(2.21) Blh,h] +v||h2 > Vh € X,(Q).
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Proof. The proof for the case s = b/2 is trivial, so we consider only 1 < s < b/2
below.
First, by using the Cauchy—Schwarz inequality, we have

b—2s q 1
A < s s R s s
h,9] <~ =l Valls + 5 IVAIL Vgl
< Cal|Rlx,
and
Blh, g] < + [ K[l Vglls < Cy < Gol|R|x,

Next, we observe that

1 h? d h?
h,Vh| = —/ ——M.dS — / —— Mdq
(1—| 2 )S 2 Joo 1 qf? 2 Jo1- g

lq|*h?
+ —1 ———M.d
(s >/Q 0 JqP 14

d
= (s = Dllghl2_ = 51113

Setting
d (s —1) d _ 7(s)
ez =1+ 25 ) = e-n (1- 22,
it is easy to verify that for v > v(s), we have
d

(2.23) (1 -1a)?* -5 (1 ~la)+ (s = Dlgl*>A() >0, la* €[0,1].
Therefore, we derive from the above that for v > ~(s),

d
(2.24) ( Pl Vh) RIS = (s=DllghllZ_a= IR +YIRIE = ADAIE-2,

which we rewrite as, for v > 7(s),

b2 (=257, 2. (=270, s
~ 77 > @ 27
De <1 _| |2h Vh’>s + De HhHS = De ||h||s—2

Hence, for v > ~(s), and g, = mln{DC, DZS/\ )}, we have

(2.25)

A[h’ h] M”h” w

me IRl 2+D (Vh,Vh), > Ba|bl%,

which implies that

Alh, ) +7allh1Z = Ba

. 1 b—2s Yo De
De 7(s), Ba_mm{ﬁ’ De )\(b—2s>}'

where

(2.26) Yo > Ymin =
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For the bilinear form B[h, g], we first use the Cauchy—Schwarz inequality to obtain
De 1
2.2 K - qh,Vh), < —|K|% k|12 + == V|2
(227) (K - qh, V1), < SR + 5 [V

Setting ¢y = De |K|2,, we find

bh—2s q €05 12 1 2
Blh,h] > ——h,Vh | — —|h ——||Vh|%.
) > 252 (=L Vh) = SR+ IV

Then, by using inequality (2.25), we get

(b—2s)y o 5 _ (b—=2s8)A(7) 9 1 9
RS’/ A4 > TNl _— )
sl + (2 2 iz CER O g+ o
Therefore, we have
Blh, h] + | RlI3 = By hl|%.,
where
(b—2s)v(s) o ) 1 b—2s ((v —co/2)De
i = . O
T > De + 2 and  f, = min 2De’ De A b—2s

Next, we use a standard Galerkin approximation procedure (see, e.g., [9]). Since
the embedding of X, in L?(£, M) is compact, there exists a complete set of appro-
priately normalized eigenfunctions {¢;}7° of the operator —M_,V - (M,V) in X,
which is also a set of orthogonal bases in both X, and L?*(Q; M;). The Galerkin
approximation of (2.12) is as follows: Find h,,(t, ) € H,, = span{¢x,k=1,...,m}
such that

(2.28) (> 9)s + Blhm, gl =0 Vg € Hp,
where ] is a shorthand notation of 83;”. And
(2.29) (hm(0,-),01), = (ho,0k)s, k=1,...,m.

LEMMA 2.2. The problem (2.28)-(2.29) admits a unique solution, and there exists
a constant C, depending only on T, b, s,De, and K, such that

(2.30) OglthXT HhmH? + Hhm||2L2(O,T;X3) + Hh;nH%?(O,T;Xg) < 0Hh0||§, m=12,...,

where X! is the dual space of X4(9).

Proof. Writing hp,(t,q) = Y11 bmk(t)Pr(q), and taking g = ¢p(k = 1,...,m)
in (2.28), we arrive at a system of linear ODEs for the coefficients {b,, x(¢)} 7. It is
then clear from the theory of linear ODEs that this system admits a unique solution
in the interval [0, 7.

Next, we take g = hy, (2, -) in (2.28) to obtain

(., hn)s + Blhm, hn] =0 ae. 0<t<T.

Thanks to the property (2.21), we get

d
(2.31) Tl + 2801, < 2 1hm -
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Applying Gronwall’s inequality, we find

2 < 2% T 2'
a1 (I3 < e lhol

Now integrating (2.31) from 0 to 7', and using the inequality above, we obtain
(2.32) Hhm||2L2(O,T;X3) < (1+T (2T —1))/2B|ho 2

It remains to show that ||h;n|\%2(0)T;X;) is bounded. For any g € X, with ||g||x, =
1, we write g = g1 + g2, where ¢1 € H,, and (g2, ¢r)x, =0,k =1,...,m. Obviously,

IVarlls < Vylls < llgllx, =1

and
(hms 9)s = (i 91)s = = Blhm, 9131] < Col|hum || x. [V g1lls < Collhaml|x.,
which implies
1l < Coll |l x.

We then drive from the above and (2.32) that

T T
| il < ci [ nl
0 0

This completes the proof. a

We shall need the following lemma, which is a particular case of a general theorem
of interpolation by Lions and Magenes [18] (see also [28] and [9]).

LEMMA 2.3. For1 < s, if h € L*(0,T; Xs(2)) and b’ € L?(0,T; X.(Q2)), then we
have

.4t < Cllhol.

h e C([0,T]; L*(, My)).

The mapping t — ||h||? is absolutely continuous with
d
&thﬁ =2 (N (t,-),h(t,")), for ae. 0<EtLT.

2.2. Proof of Theorem 2.1. With the above lemmas, the proof of Theorem 2.1
can be carried out following a standard procedure for parabolic equations as described
in, e.g., [9]. For the reader’s convenience, we sketch the main steps below.

The uniqueness is a direct consequence of Lemma 2.1, so we only need to prove
the existence.

Step 1. According to the energy estimate (2.30), the sequence {h,,}5o_; is
bounded in L2(0,T;X;) and {h!, }°_, is bounded in L?*(0,T;X!). Consequently,
there exists a subsequence {hm, }72,, {h},,}72; and a function h € L?(0,T; X,) with
h' € L*(0,T; X!) such that

A, = h  weaklyin L*(0,T; X,),  hl, —Hh weaklyin L*(0,T; X)).

Step 2. Fix an integer N and choose a function g € C*([0,T]; Hy) having the
form

N
(2.33) g(t,q) = br(t)ow(q),
k=1
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where {by(t)}Y_, are (arbitrarily) given smooth functions. Then in (2.28), we let
m > N and integrate with respect to ¢

T
(2.34) A (W )s + Blhm, gldt = 0,

Letting m = m; — oo, we find

T
(2.35) A(ng+3wma:u

The above equation holds for any function g in L2(0,T; Hy), since functions of the
form (2.33) are dense in L?(0,T; Hy). Hence, for any g € L*(0,T; X;), we have

(2.36) (h,9)s + Blh,g;t] =0 ae 0<t<T.

We then derive from Lemma 2.3 that h € C([0,T]; L?(2, My)).
Step 3. In order to prove h(0,q) = ho(q), we first note from (2.35) that

T
(2.37) —A(MJ%+BWJMFZW@4%MQ®%

for each g € C1([0,T7]; X5) with g(T, q) = 0. Similarly, from (2.34) we deduce

T
_/O (hmag/)s"_B[hmag]dt: (hm(ovq)vg(ovq))s'

Letting m = m; — oo, we find

T
(2.38) —A<m¢x+3wmw=ummgmg»&

As ¢(0, q) is arbitrary, comparing (2.37) and (2.38), we conclude that h(0, q) = ho(q).

3. Semidiscretization schemes in time and their stability. We construct
in this section efficient semidiscretization schemes in time and discuss their stability.
It is clear that in order to have good stability, the terms in the bilinear form A[-, -]
should be treated implicitly. On the other hand, we observe from the proof of well-
posedness in the last section that the term V- (K -gh) is not dissipative so it does not
help on the stability to treat it implicitly. In fact, the proof of well-posedness in the
last section suggests that it can be treated explicitly without affecting the stability.
Such a semi-implicit treatment not only allows us to prove unconditional stability but
also enables us to construct simple and fast spectral algorithms in the next section.

3.1. A first-order semi-implicit scheme. We start with a first-order semi-
implicit scheme for (2.12).
Given kY € L%(Q, My), for n =0,1,..., find h"*1(q) € X,(2) such that

A b—2s q a1 1 el
(7At ,g) + e (1_|q|2h+,Vg) +D—e(Vh+,Vg)S

= (K -qh",Vg), Vge X,(Q).

(3.1)

THEOREM 3.1. Let1 < s <b/2, h® € L?(Q, M), and Ymin be as defined in (2.26).
Then, for At > 0 when s = b/2, and for 0 < At < 1/9min when 1 < s < b/2, the
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scheme (3.1) admits a unique solution h"*1(q) € X4(Q) forn =0,1,.... Moreover,
we have

hn+1 hn 2

3.2) ||pmtt
(32) | 113/ AL

At - n com
+ == VR R < e AR0
b/2 De n=0

for s =b/2 with any At and

hn+1 h

(3.3) ||hm+1||2+AtZ T

n=0

Z VA" 2

+28(y Atz IR g < e ™[R0 12

for 1 < s < b/2 with At < 1/67 and v > Ymin. Here co = De|K|%,, ¢1 = 3co/2 + 37,

B(y) = S A(5).-
Proof. We rewrite (3.1) as

(3.4) AR gl = (h",g) Vg € X,(9),
where

_ 1

Alu,v] = Kt(u, v)s + Alu, v)
and

(1,0) = (K - qu, Vo), + 3 (u,0),

It is obvious that the problem (3.4) admits a unique solution for any At > 0 when
s=b/2.

We now consider 1 < s < b/2. It is easy to verify that |[(h", g)| < Cllg]|x,. On
the other hand, we derive from the estimates (2.18) and (2.20) that

1
Aluil < (5 +C) hulx ol,

and

- 1
A+ (50 = 55 ) Nl > Ballalls %0 > i

Thanks to the generalized Lax—Milgram theorem, the problem (3.4) admits a unique
solution when At < 1/vmin-

Next, we prove the estimate when s = b/2.

Taking g = A"+ in (3.1) and using the identity

(3.5) 2(a = B,a) = (a,a) = (B,8) + (a = B,a = B),
we obtain

1 n n n n
sz (IR = 7 + 14 = 7))

1 n n n
+ EHVh +1||12>/2 = (K-qh VI +1)b/2'
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Then, by using the Cauchy—Schwarz inequality on the term on the right-hand side,
we find

s (IR o = I 4 7 = 712 )+ IV < SR

which we can rewrite with ¢y = De|K |go as
IR Gy + IR = R™ 35 + ||th+l||b/2 (1 + coAt)[|h™[12-

Then, summing up the above relation for n = 0,1,...,m, we get

[R5 + § [ P § VA3 )5 < IIhOIIb/2+00At§ 1B™1132-
n=0 n=0

By applying a discrete Gronwall lemma, we deduce that

m n n At n ecom
([ +1||b/2+Z||h =Bl + ZHVh 5 < e R0 .
n=0

Now we consider the case 1 < s < b/2.
Taking g = h"*! in (3.1) and using the identity (3.5), we get

1

s (182 = 2 4 s — pe) )

1 b—2s
- thJrl 2
+ oIV

thrl, thJrl)

De \1-[qP

< (K- gh", VA" .
Then, by using the Cauchy—Schwarz inequality on the right-hand side, we find

1

1
n+12 ni2 n+l _ pn2 n+12
ooy (B2 = 72 4 B0 = B 2) 4 s [V

b—28

hn+1 th+l < @ hn 2.
— , <G

VAT +

Mﬁavmﬁﬁ > BOIE2 > 0

S

Thanks to the property (2.25), we have
De

for v > Ymin, B(7) = 552 (£5L). Combining the above two relations, we find

1

1
n+12 n|2 n+l _ pn2 n+1(2
sy (B2 = 2 4 | = 2) 4 sV

BNAFHZ_y — Al 12 < IIh”IIS,
which we can rewrite as

At
(L= 29 AR THIT A+ IR = RIS+ 5o VAT
+ 2B AR HZy < (1+ coAt)|R"]3.
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Assuming At < 1/6, and dividing by (1—2vAt) on both sides of the above inequality,
we obtain

At
L2 4 = 2 4 S TR 4 28 At 2

1+ coAt n
< — P2
1 —2yAt
< (14 (3co/2+ 37)At)) [|h"|3.
Then, summing up the above for n = 0,1,...,m, and denoting ¢; = 3¢y/2 + 3, we
get

m At m m
[ R TR De D OIVA I+ 28(n) At D[RR,
n=0 n=0

n=0
m
S 10 YN N 1
n=0

By applying a discrete Gronwall lemma, we can deduce that

TRt |2 At &
B2+ ALY ||| + == Y VR
n=0 At S De n=0

+28(7) ALY [y < e A RY3
n=0

This completes the proof. a
We note that in the case of s = b/2, Knezevic and Siili [14] considered a similar
semi-implicit scheme and proved a similar stability result.

3.2. The stability of a second-order Crank—Nicolson scheme. Following
a similar principle, we can easily construct second-order semi-implicit schemes which
are unconditionally stable. We consider, as an example, the following Crank—Nicolson
leapfrog scheme.

Given kY, h' € L2(Q, My), for n = 1,2, ..., find h"*1(q) € X,(2) such that

hn+l _ hn—l b—2 hn+l hn—l
) = )

2At De 1—|q|? 2
(36) S
+ 1 Vu v = (K h", V)
De B y VY S— q y VG)s -

Note that the above scheme needs two initial conditions h® and h' at ¢t = 0 and
t = At, respectively. Given h", we can compute h! from the first-order scheme (3.1)
without degrading the overall second-order accuracy.

THEOREM 3.2. Let 1 < s < b/2, h% ht € L*(Q, My), and Ymin be as defined in
(2.26). Then, for At >0 when s = b/2, and for 0 < At < 1/vmin when 1 < s <b/2,
the scheme (3.6) admits a unique solution h"*1(q) € X5(Q) forn =1,2,-. Moreover,
we have

m 2

. . 2At
2+ 2+ S5 S

n=1

hn+1 + hnfl

VT3

<A (IR0)2 + 1nH2)
s—2
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for s =b/2 with any At and

. . m hn+l+hn71 2 IAt m h"+1+h”*1 2
172+ B2 4 45 A | — e L[V
n=1 - € n=1 s
< €A (|02 + [|n1)2)

for 1 < s < b/2 with At < 1/67 and ¥ > “Ymin-
max {67, 3co}, B(7) = L522 A (325%).

Here co = De|K|%,, c2
b—2s
Proof. We shall only prove the case 1 < s < b/2. The proof for s = b/2 is similar
Taking g = % in (3.6), we get

1 1 hn+1+hn71
n+1)2 _ n—1/2 -
o (2 = 1) + g [

2

S

b—2 R 4!
+ S( g

hn+1 _’_hnfl hn+1 _’_hnfl
= (K. q-h"
De \1—|q? 2 'V 2 > ( q-h.v

),
Using the Cauchy—Schwarz inequality, we find

n+1 n—1

De 1 hn—i—l +hn—1

< —|K|% ||n")2 v
) < ek e
For the FENE potential term, we derive from the inequality (2.25) that

b—2s q prtl 4 pn-l prtl 4 pn-l
<
8(7) \ < <1 oy S

2

S
hn+1+hn—l 2

2

2

hn+1+hn—1 2

2

+

S
for v > ymin, B(y) = bgisx\(l?_c;s) > (. Combining the three estimates above, we get
1

g (B2 = A 12) + B)

|

(1= 29A8) W72 + 48(7) At \

thrl_'_hnfl 2

1
2

2
s—2 + 2 De

hn+1 + hnfl
2

2

De n
K,

hn+1 + hnfl
2

S

which we can rewrite as

hn+1 4 hnfl
2

2

2At
s_9 De

< (1+29A8) |22 + 2 De | K2 At]|h"|3.
Assuming 6vAt < 1, we have

2

thrl _|_hn71
vV———
v

S

hn+1+hn—1 2 2At hn+1+hn—1 2
n+1(2 4 A - @
T L e TR K
14 2vAt

e 2De|K|2 At
< IR+ —=— 112
1—2yAt 1 —2vAt

< (L4 6yA)[[A" 17 + 3 De [ K[ At][h"3.
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Then, summing up the above for n =1,...,m, we get

2 2

hn+1 + hnfl
2

2At —
De

hn+1 + hnfl

12+ ) 2 -

S

SROIZ + [IRM 2+ 6vAe Y IR 12 + 3De [K [, At Y |A"3

n=1 n=1

SURE + IRHE + ety (1A + 11R"113)

n=1

where ¢y = max {67, 3De|K |§o} We can then deduce by using a discrete Gronwall
lemma that

2

. . m thrl + hnfl 2 IAt m hn+1 L 1
™12 + (1A FH|2 4+ 4B() ALY — D—Z —
n=1 s— _ s
e (R +pM2) . O

4. Fast spectral algorithms in two dimensions. In the two-dimensional
case, ¢ = (q1,42)' € Q= {(q1,¢2) : ¢ + ¢ <1}, f(t,q) = f(t,q1,¢2), and

K = (un)t = Fin ki with k11 + koo = 0.
k21 k‘.22

Denoting a = k11, ¥ = (k12 — K21)/2, 8 = (k12 + k21) /2, and € = y/a? + 82, cosp =
af/e, sing = (B/e, we have

K+ K' a B e 0 cosp  sing
D = — = = . N
2 8 —«a 0 —¢ —siny cosg

K- K' 0~
W="—" = .
2 (—’y 0)

Since the domain is a disk, it is convenient to use polar coordinates. Let ¢ =
rcosf, go = rcosb, h(t,q1,q2) = h(t,rcosf,rsind). The weak formulation (2.12) is
converted to the following. Find h € L?(0,T; X,(X)) N L*> (0,T; L*(X, M;)) such
that h(0,-) = ho(-) € L?(2, M) and

(4.1)

Oh 1 1 1 b—2s r
(E,g>s + E (8rh, 3Tg)s + E (r—289h, 39g)8 + De (h, 1— 7‘2 8rg)
=7 (h,009), + € (h,[co

where (r,0) € ¥ := [0,1] x [0,27), (h,g)s = [5,hg(1 — r?)*rdrddd, X (X) = {f :
f(r,0) = g(rcosf,rsind),g € X;(Q)}.

Due to the polar coordinate transform, the solution of (4.1) usually satisfies more
pole conditions than what is minimally required in X(X). More precisely, we can
consider the following conditions at the pole:

(i) h(-,0) = h(-,0 + m)—the two ends of the dumbbells are indistinguishable;

(i) % lr—o = O—required for the C° continuity (in the original variable q) at the

origin;

S

s(20 — ¢)rorg — sin(20 — )0sg]), Vg € X (),
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(iii) %h:o = 0—required for the C*! regularity (in the original variable q) at the
origin;

(iv) his C* (in the original variable q) at the origin.
Since the variable change f = hM; does not affect the regularities at the pole, the
above pole conditions for h also apply to the CDF f. We note that only condition
(ii) is essential with respect to the weak formulation (cf. [25]). It is relatively easy
to construct efficient spectral schemes if we impose only the essential pole condition.
However, one may get a more accurate solution if more pole conditions are imposed.
Below, we propose two spectral algorithms imposing two sets of pole conditions, re-
spectively: (a) conditions (i), (ii), and (iii); and (b) conditions (i), (ii), (iii), and
(iv). The algorithm using pole condition set (a) is described in section 4.1, and the
algorithm using pole condition set (b) is described in section 4.2.

Before discretizing (4.1) in space, we apply another mapping,
(4.2) I g

2

which converts the interval [0, 1] of r to [—1,1] of p. The mapping has been used in
the past [20, 7]. This mapping enjoys two main advantages: (i) the Gauss quadrature
points are much less scattered around the pole and (ii) the polynomial degree in
the weight function is reduced by half. With this mapping and setting ¥ (¢, p,0) =
h(t,r,0), (4.1) becomes

(4.3)

A 8 2 /1
( 5.0) + s (1 +00,0.0,0), + g (150000000

4(b — 2s) 1+p
s - De (d]’ - a )s
Y(h, 09g)s + € (1,2 cos(20 — ) (14 p) Dpg — sin(20 — )dpg), Vg e Y (¥ )7

Where ZI = [_13 1] X [Oa 277)7 Y(EI) = {f( 0) - g(\/ p+1 9)79 € XS(E)}v and (fa g)S =
o F925EE dpds.

4.1. A fast Jacobi—Galerkin method with C?! regularity (in q) at the
pole. Now we are ready to discretize (4.3) in space. It is easy to see that a suitable
set of basis functions for the € direction is the set of real Fourier series. Taking into

account pole condition (i), we should expand the solution of (4.3) in the 6 direction
as

(4.4) b0 = 3 Y avrens(®)

v=0,1 k=v

1/, v=0k=0,
evk = 4 cos(2k0)/\/m, v=0k>0,
sin(2k0) /7, v=1k>1.

Obviously, pole condition (i) is automatically satisfied. Pole condition (ii), which is
the essential condition, leads to 0v¢/00|,=—_1 =0, i.e.,

(4.5) ayp(—=1)=0 fork>1

Pole condition (iii) is satisfied thanks to the mapping (4.2) since ar Lm0 = $4T|r:0 =0.
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On the other hand, it is not as obvious to determine what should be used as
basis functions in the r direction. Due to the weight function (152)° in the weak
formulation, a usual Chebyshev— or Legendre—Galerkin method (cf. [23, 24]) would
lead to system (mass and stiffness) matrices with bandwidth which grows as s in-
creases. Therefore, it is better to build the weight function into the weight of basis
functions so that the bandwidth of system matrices does not increase as s increases.
Taking into account the change of variables and the orthogonality relation of the

Jacobi polynomials (cf. Appendixes A.1 and A.2), we are led to choose

T2 (p) k=0
46 dp) =47 ) ’
where J77*" is the ith degree Jacobi polynomial with index (s — 2,0) (cf. [27] and

Appendlx Ad).
Denote by Py all the polynomials of degree less than or equal to N, X% = Py,

X% = {o(p) € Pvy1,9(—1) = 0}, and
Y = span {e,x(0)avk(p), v =0,1; k=v,...,M; ay(p) € leﬁ,} .

Then, the first Jacobi-Galerkin method (JG1), applied to the first-order semi-implicit
discretization in time (3.1), is as follows. Find /3% € Y such that

(@7)
n+1 n

_ 8 " 2 1 n
<NMTtNMvg) + De ((1 +p)0p N';/},apg) + 50 De ( 891/}1\7—;/}’899)

4(b=25) [ per 1+
T e ( NM’l—pa s

YN 009)s + € (Viars 20820 — @) (1 + p) Opg — sin(20 — ©)dpg), Vg € ij‘/l.

Writing ¢, = >, — 0,1 Zk v Zz =0 1/ v, i €V, k(0)dk,i(p) and letting g = e, 1(0)dr 5 (p)
in (4.7), we get a sequence of one-dimensional linear equations.

For each p=0,1and l =p,..., M,

N

8At 8At? b— 2s)At "
48) 3 (of + Torrty + Bhmaty + LR o) — RS J),
=0

where
(4.9)

RHS (1,1, ) = OV Ib7 | 4y A1 (n—v)OLIbL | +eAt (2U,§‘,§S

137wl

il Align
i Vk i VVJC Okz V,k,i) )
with the usual notation for repeating indexes, and for each k,[, and

05;1— (Gr,is D15),
1—|—p ¢kla¢lj)

w,l,t

| |
/—\

o) wo<ij<N,

=
o= (Fhonediy),
b= (0

¢ku¢zj)

(4.10)
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(4.11) Ul’j]i = (cos(260 — p)eys k,eui) Vlff;f = (sin(20 —Q)ewk, e;hl) .

Thanks to (4.6), we only need to evaluate the matrices in (4.10) for k,1 = 0, 1 since
O} = O} V1 > 1, etc. For each k,l = 0,1, the matrices Ofc,P,i, Q,RQ,S’,{C defined
in (4.10) are all sparse with the number of nonzero diagonals equal to 9,7,7,7, and
9, respectively (see the proof in Appendix A.2), thanks to the orthogonality of the
Jacobi polynomials. Meanwhile, U, V' are tridiagonal matrices.

We now comment briefly on the computational cost for solving all the linear
systems in (4.8). The storage for all the matrices is about 20N M. The computational
cost for evaluating RHS is about 90M N, and the cost for solving all these linear
systems with nine nonzero diagonals is about 18 M N. So the total storage requirement
is about 20N M, and the total computational cost at each time step is about 108M N.
Thus, this algorithm has optimal computational complexity. It is obvious that this
Fourier—Jacobi method applied to the second-order time discretization (cf. (3.6)) has
the same computational complexity.

Note that the algorithm proposed in [15, 3] involves an LU decomposition for
dense matrices, so the computational cost is O(8M3N?) for initial setup and then
O(4M3N?) for every time step. The algorithm proposed in [20] has a slightly better
computational complexity: O(8M3N3) for initial setup and O(4M?2N?) for every time
step. Hence, our algorithms are much faster than existing algorithms for moderate
and large M, N. We emphasize that the key reasons for the efficiency of our algorithms
are (i) we use semi-implicit schemes which treat the flow-transport term explicitly, an
approach that allows us to reduce the two-dimensional problem to a sequence of one-
dimensional problems; and (ii) we construct basis functions using Jacobi polynomials
with proper index which minimize the bandwidth of the system matrices.

4.2. A fast Jacobi—Galerkin method with C*° regularity (in gq) at the
pole. Let us first derive the conditions for the C'*° regularity at the pole. Consider
the Fourier expansion (4.4) and the mapping (4.2),

V0 =D Y awr@ensO) = Y Y an(r)enr(0) =hlr,0).
v=0,1 k=v v=0,1 k=v
Then, for h to be C* at the origin, we need (cf. [22])
d—iA (r)|r=0 =0, i=0,1 2k — 1
dria”7k’l" r=0—=0U, 12=U,1,..., —1,
which is equivalent to
(4.12) Gy (r) = 1?7 ay i (r).
By the mapping (4.2), the condition (4.12) becomes
(4.13) v (r) = avi(p) = (1+p)* /2% 1 (p(r)).

Therefore, the proper functional space for a, x(p) is
(4.14) X ={0: 6 =1 +p)"¢ with §eC= (1,1},

and a proper approximation space for Xk is

Xk ={¢: ¢(p) =1 +p)g(p) with g(p) € Px_s}.
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Setting
(4.15) }7]34 = span {ey,k(H)a,,,k(p), v=0,1Lk=v,....,M; a(p) € )N(]]%} ,

the second Jacobi-Galerkin method (JGinf) (with a first-order semi-implicit dis-
cretization in time; cf. (3.1)) is as follows. Find ¢t} € V¥ such that

(4.16)
wJT{er]\/}_ JT\L/M 8 n+1
T’g +D_e ((1+p)8PwNM78Pg)S

2 1 4(b—2s) 1+p
() n+1 ) Y =2) n+1 75
+D€ <1+p 91/)1\/1\/17 eg)s+ De ( NMal_p pd .
=7 (WRar Bog)s + e (Winr, 200820 — @) (1 + p) Dpg — sin(20 — ©)dg), Vg € YN'.
Given a set of basis functions {¢g ;(p), i =0, ..., N—k} for X% and write

M N-—k

Vm = Z Z Z bﬁ,k,ieu,k(e)wk,i(m

v=0,1k=v i=0

in (4.16), we obtain a sequence of one-dimensional linear systems similar to (4.8) for
the first Jacobi—Galerkin method.
For each p=0,1and l =p,..., M,

N—I

1.5 8AL 1.j 8Atl2 1.j 4(b—2S)At 1.j n .

(4.17) Z(Ouz + oo P+ Qi e R ) bt = RHS(s L ).
=0

Here the matrices O, P, Q% , RL, S! are obtained by using new bases ¢y ;(p). In order
to minimize the bandwidth of these matrices, we choose the basis functions to be

(4.18) 00,i(p) = I (D), prilp) = (L +p)" T2 (p) fork > 0.

It can be verified (cf. Appendix A.3) that the matrices O, P, Q%, RL, S. are all sparse
with only seven nonzero diagonals. Therefore, these linear systems can be solved by
a computational cost similar to (in fact slightly less than) that of the first Jacobi-
Galerkin method.

Note that the approximation property of this Jacobi—Galerkin method with C*°
regularity is mathematically equivalent to the linear moments closure model proposed
in Du, Liu, and Yu [8] with 1eq = (1 — |q|?)*/2. Actually, each term in an nth-order
moment can be expressed as

/ faitqy?dqrdgs = / hMr™ cos™ Osin™? Ordrdf, ny + ng =n.
Q Q

When n is odd, the moment equals to zero because f(q) = f(—q); when n is even,
one can verify that 7™ cos™ #sin"? 6 = (%)n/zPR/Q(COS 20,sin 20) € Ynn/22. However,
taking moments as degrees of freedom is not a good choice for a big n due to bad
conditioning.
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5. Numerical results. In this section, we present some numerical results using
the proposed algorithms and investigate how the solution error depends on the value
of s.

In order to verify the accuracy of the algorithms, we take the function given in
(2.3) as the initial condition and choose a symmetric K so that the exact solution
at steady state is given by (2.2). The spectral coefficients for initial value of h are
computed by the Gauss—Jacobi quadrature. We recall that the computed solution
YN is an approximation to the solution ¢ of (4.3). The approximation fn s for the
CDF f is then given by

fvm(t,q) = hnm(t, @) Ms(q) = vnwm(t,p, 0)Ms(q),

where (p, 0) are related to g through the polar transform and (4.2).
To measure the convergence rate, we define

_ 25+
If— fNMH%g :/2 (1Tp) (¢ — Y ar)*dpdd

and
D
— 2
E(Li): Hf bf‘eq||L,Y.
erqHL?Y

In Tables 5.1 and 5.2, we list, respectively, the errors and CPU time with different
sets of (M, N) for Case 1, s = b/2 = 6,De =24, v =0,8 =0, and @ = 1, and for
Case 2, s = b/2 = 10,De = 40, v = 0,5 = 0, and a = 2. All the computations are
performed on a Dell Inspiron 530 with Intel Core Quad CPU Q6600 at 2.40 GHz;
only one core is used.

The approximate steady state solutions for Cases 1 and 2 are plotted in Figure 5.1.

We observe from Tables 5.1 and 5.2 that the JGinf method uses about half the
degrees of freedom (DOF) and half the CPU times of the JG1 method while hav-
ing similar accuracy. This savings in DOF and CPU, while modest in this two-

TABLE 5.1
The approxzimation error of the steady state solution in Case 1. s = b/2 = 6,De = 24,
v =0, 8 = 0 with other parameters a = 1, At = 0.05. The CPU times measured in seconds for 1000
time steps are shown in the last two columns.

M | N | DOF/JG1 | DOF/JGinf | E(L?,) /JG1 | E(L?,) /JGinf | CPU /JG1 | CPU/JGinf

10 | 10 231 121 0.12346E-02 0.23598E-02 0.116 0.095

15 | 15 495 256 0.39179E-05 0.54751E-05 0.244 0.140

20 | 20 861 441 0.41173E-08 0.48941E-08 0.335 0.215

25 | 25 1326 676 0.17060E-11 0.18602E-11 0.487 0.311

30 | 30 1891 961 0.11704E-12 0.12328E-13 0.692 0.417
TABLE 5.2

The approzimation error of the steady state solution in Case 2. s = b/2 = 10,De = 40,
v=0,8=0, a =2, At =0.05. The CPU times measured in seconds for 1000 time steps are shown
in the last two columns.

M | N | B(L2,) /JG1 | B(L%,) /JGinf | CPU/JG1 | CPU/JGinf
10 | 10 blow-up blow-up 0.167 0.094
20 | 20 | 0.18019E-02 0.79619E-02 0.336 0.249
30 | 30 | 0.10653E-05 0.36857E-05 0.706 0.433
40 | 40 | 0.14300E-09 0.33844E-09 1.118 0.786
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Fi1c. 5.1. Left: the steady solution of Case 1. Right: the steady solution of Case 2. Top:
functions h. Bottom: functions f.

dimensional setting, could become significant in solving the coupled six-dimensional
Navier—Stokes—Fokker—Planck equations. The JG1 method does have one advantage:
it has a well-defined interpolation based on Fourier-Jacobi quadrature points, while
such an interpolation operator is not available for the JGinf method.

To figure out which value of s provides the best result, we carried out many
simulations using different values of b, De, and s. Here we present three typical
settings: Case 3, b = 10, De = 20; Case 4, b = 72, De = 10, M = 6, N = 6; and Case
5, b="72 De =50, M =8, N =8.

In all three cases, we let v = 0, 8 = 0, a = 1, and At = 0.05 and the JGinf
method is used.

Case 3 is reported in Table 1 of [6]. We used the JGinf scheme with different
values of M, N, and s as used in [6]. We observe from Table 5.3 that our result is
essentially identical to [6] and the numerical error for the polymer stress 7., is almost
independent of the choice of s.

In Cases 4 and 5, we choose different values of s. The numerical results of the
solution error measured in the L2 , norm and LZ norm together with the error of the
polymer stress 7., are presented in Table 5.4. We can clearly see that the polymer
stress error is much smaller than the solution error. This is because the polymer stress
depends only on the first few Jacobi—Fourier bases. For the smaller De number case,
larger value of s give better solution result. For the larger De number case, the best
choice of s is not b/2. Some integer that is close to 28 will be the optimal choice of s.
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TABLE 5.3
The JGinf approximation error of the steady state polymer stress Tz in Case 3 with different
values of M, N, and s. Note that the exact value reported in 6] is 9.37242277773, which is equal to

the stress calculated using (1.4) multiplied by #.

M | N | E(s=2)in [6] E(s=2) E(s=05)
5| 11 3.7E-05 3.69798E-05 | 3.69798E-05
6 | 13 2.2E-06 2.15125E-06 | 2.15125E-06
7| 15 1.1E-07 1.06085E-07 | 1.06085E-07
8 | 17 4.5E-09 4.50044E-09 | 4.50039E-09
9 | 19 1.6E-10 1.66261E-10 | 1.66618E-10

10 | 21 5.5E-12 5.39702E-12 | 5.54568E-12

TABLE 5.4

The solution error and polymer stress error of the steady state solution for Case 4 (the left four
columns, De = 10) and Case 5 (the right four columns, De = 50) with different values of s.

s E(L2)) E(L}) E(Tea) s E(L2 ) E(L3) E(7ea)

02 | 1.830E-01 | 1.711E-01 | 1.3247E-01 12 | 7.658E-03 | 6.295E-03 | 1.0676E-09
08 | 4.007E-02 | 3.204E-02 | 8.9732E-04 | 20 | 9.420E-04 | 7.333E-04 | 7.7693E-11
16 | 3.078E-03 | 2.139E-03 | 2.3410E-07 || 24 | 8.516E-04 | 2.276E-04 | 1.0722E-11
24 | 8.865E-05 | 5.675E-05 | 9.1268E-14 || 28 | 1.703E-03 | 8.898E-05 | 2.1693E-12
32 | 4.397E-07 | 2.670E-07 | 1.0324E-14 || 32 | 3.576E-03 | 3.353E-04 | 5.6351E-12
36 | 1.631E-07 | 1.705E-08 | 1.3322E-14 || 36 | 1.677E-02 | 1.627E-02 | 1.7415E-10

The error of the stress doesn’t depend on s in Case 3 because the value of b is
very small in that example, b/2 — s is less than 4 for all valid s, but the numbers of the
polynomials used in each Fourier mode are more than 10. The factor M;/,_, in the
equilibrium solution h., can be well approximated by a function in Y ¥ with N > 10.
In Case 4, M = 6, N = 6, when s is very small, b/2 — s can be very large, the factor
My o itself cannot be well approximated by a function in Y. The optimal value
of s is not b/2 when both b and De are very large (see Case 5) because if the whole
factor M5 of the equilibrium solution 5 is put into the weight, the remaining part
exp(De /2D : qq) is hard to approximate by functions in the corresponding Galerkin
space Y. Based on those observations, we conclude that the best value of s should be
the one that minimizes the projection error of projecting the interested solutions into
the Galerkin approximation space. Opposite to the observation of [6], the stability
doesn’t play a role in the choice of the optimal value of s.

6. Concluding remarks. We conducted in this paper a mathematical and nu-
merical analysis of the Fokker—Planck equation for FENE dumbbell model.

We introduced a new weighted weak formulation and proved its well-posedness
in weighted Sobolev spaces. In particular, the new weighted formulation is valid for
1 < s < b/2. We also constructed simple, easy-to-implement semi-implicit time-
discretization schemes which treat the flow interaction term explicitly. These semi-
implicit schemes allow us to reduce the two-dimensonal problem into a sequence of
one-dimensional problems. We then constructed two fast Fourier—Jacobi spectral-
Galerkin algorithms by using real Fourier series and special Jacobi polynomials as
bases.

The advantages of our weighted formulation and spectral-Galerkin algorithms
include the following: (i) it allows initial conditions in a much larger function space;
(ii) depending on the nondimensional parameters, one can choose a special value of
s (rather than s = b/2 and s = 2) to give a better numerical result; and (iii) our
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spectral-Galerkin algorithms give spectral accuracy with linear computational cost.
Thus, the algorithms presented in this paper provide a solid first step toward our
ultimate goal of directly solving the coupled five- and six-dimensional Navier—Stokes—
Fokker—Planck equations.

In a forthcoming paper [26], we plan to develop fast spectral algorithms for the
three-dimensional case and carry out a rigorous error analysis for the fully discretized
schemes in both two and three dimensions.

Appendix A.

A.1. Basic properties of the Jacobi polynomials. Jacobi polynomials
{Jf"ﬁ(p), i=0,1,...} are orthogonal polynomials with respect to weight w®?(p) =
(1 —p)®(1 4 p)?. All the properties we list below can be found in [1]. For simplicity,

we denote the integration fil S -w*B(p)dp by (-, )a.s
1. The recurrence relation:

apPpdi? = I ORIt e et
2. The orthogonality of the {J&#}:
(2P TP Ve =0 if i # .

3. The orthogonality of {dipjﬁ‘ﬁ }:

d d d d
—J;‘ﬁ,—J‘."ﬁ> = ( 1-p*)—JF, — ?"5> =0 if i#j.
<dp dp 7 /i1 81 ( )dp 7 ).,
4. The differential relations (cf. p. 783 in [1]):

(2n-+a+B)(1—p?) < Jo8 = nla—f—(2n-+a+B)plJe P +2(n+a)(n-+8)Jo,

dp
5. The recurrence relation (cf. p. 782 in [1]):

<n+a;ﬁ+1) (1L+p) I = (4 B+ 1) I + (n+ 1),

@n+a+ B)JSP = (n+a+ B)JEP + (n+ a) I
A.2. The sparsity of matrices O, P,Q, R, S for JG1. In the first Jacobi-
Galerkin method (JG1), the basis functions are given by (4.6). For notational simplic—
ity, we omit below the superscript from J;  and denote (f,g9)s = f_ fg(1—p)sd
e For matrix O: by using properties 1 and 2 in A.1, we have
- 08,’{ = (¢0,is0,5)s = (1 —p)Ji, (1 —p)Jj)S,g =0 forl|i—j|>2,
— Op] = (0.0 $13)s = (L= )i, (L =p*)Jj)s2 =0 for|i - j| >3, and

- OH = (¢1i,015)s = (L —p*)Ji, (1 —p*)Jj)s—2 =0 forl|i — j| > 4.
e For matrix P,
— by using the properties 1, 2, and 3, we find

Pyl = (L) 00,), = (1-0") T}, (1=p) J}),_,
=0 forli—j|>2;
— by using the properties 1, 2, 3, and 4, we find

Pl = ((1+p)¢) .01 ,), = (A=p)’ A +p)((+p) L), (1+p) T)),
=0 forli—j| > 3.
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e For matrix @): by using properties 1 and 2, we have
; 1 o
H = <m¢1,i; ¢1,j> =(1+p), (1 —p)QJj)S_Q =0 for|i—j|>3.

e For matrix R: by using properties 1, 2, and 4, we find
- Ry = (1+P¢01,¢0j) ((1— )Jl,JJ’) _5=0 forli—j|>1and
= Ry = (12014, ))s = (L=p*)(1+p) i, (14D)J;) )52 = 0 fori—
Jjl > 3.
e For matrix S: by using properties 1, 2, and 4, we derive
597 = (14P)b0 8 1)s = (1=p2)(1—p) i sz = 0 forli—j| > 2,
= So7 = (L +p)dos @i j)s = (1 =p)(1 = )i (1 + p)J;) )s2 =
0O for|i — j| > 3,
- syl = ((1+p)¢1z,¢oj) = ((1=p*)(A=p*) i, J})s—2 = 0 for|i—j| >3,
51155 = (L +p)ori¢hj)s = (L —p )(1 = )i, (L + p)J;) )s—2 =
0 forli—j| > 4.

A.3. The sparsity of matrices O, P, Q, R, S for JGinf. In the second Jacobi—
Galerkin method (JGinf), the basis functions are given by (4.18). For notational sim-
plicity, we omit below the superscript from J;~ 2:2k=1 " We star with the case k = [.
For k =1 = 0, the matrices are exactly the same as in JG1. The cases k =1 > 1 are
given below.

e For matrix O,

O = (@risog)s = (L= (L+p) i Jj) _y oy =0 forli—j| >3.
e For matrix P,
Pr = ((14p)ehi ;)
/ /
= (praen (a+pta) (04t ) )
s—2
= ((1 —p)2 [kJ; + (1 —|—p)Ji/] ) [kjj +(1 +p)JI'D3 2,2k—1
=k (1 -p)° s, Jj)sf272k71 +k((1+p)Ji, (1= p)? J/)s 2,2k—1

+ k((l _p)2Ji/a(1+p)Jj)S,2)2k,1 + ((1 -Dp )lea( )J/)S 2,2k—1
=0 forli—j|>2.

e For matrix @,

; 1
kg — . N = (1 =02 T = i
i = <1 p(pk7z,(pkd> =(1-p) Jl,J])87272k71 =0 forli—j|>2.

S

e For matrix R,

j 1+p
k,
Ryl = (1 p@ku‘ﬁk,g)

- ((1 ~p(+p) )" JJD

-2
=k((1-p?) Ji’Jj)sf272k71+((1+p)‘]“( -p)J )s 2,2k—1
—0 forli—j|>2.

S
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Next, we consider the cases k =1+ 1.
e For matrix O,

O(ljf = (1,6, %0,)s = ((1 +p)JE2 (1 —]9)2st72’0)372 =0 forli—j|>3
and

1,j
Ol—ili = (SOlJrl i SOLJ‘)

( (1 + )L 22141 (1 4 p)! 5 2,2 1)872
(1+p I 22z+17(1_p)2 J;72,2z71)3 -
=0 forli+1—j>3,1>1.
Due to the symmetry of O,
Cla=Qnt 1>
e For matrix S,
Sod = (1o ¢0,), = (L= p) (A =p)Ji, Jj) =0 forli—j| > 2.

kg _
Sk,i

—~

(14 D)Prir P ),
A=p* @t (e )

_ ) , A
(1—p)* (1+p)Ji, kJ; + (1 +p)JJ)HmH

O/\/\

for[i —j| >3, k> 1.
S?:f = ((]— +p)§017i7 QOIOU) ((1 +p) JS 2,1 (1 _ p)2JJ{872’0) .
=0 forli—j|>3.
1
Sl—il,i

(L +Dp)er1,is91),

:< 1+p)l+2js 2,21+1 [(1+ )Js 2,21— 1})
s—2
_ 1 Js 2,21+1 le 2,21—1 1 Jls 2,21— 1)
( +p) +(1+p) s—2,21—1
_ JE2:2041 )2 752,201 _ 2y ls—2,20-1
=(a+ AL =p?s P e (A=t
=0, forli+1—j|>3,1>1.

S = (L +p)poir ¢ ;), = ((1_ p)?(1+p) e 20, [+ p)Js™ 21})

=0 forli—j|>3.

s—2
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l,j
Sl*li
1 +p) Pl—1,i, Py ])

2(1 4 p)gs 2,203 [(1+p) i 2,201 }’)

s—2

I
/-\/—\

1+p) Js 2,21-3 Us 2,21—1 F(1+ )J/s 221—)
s—2,21—3

:<Js 2,21-3 (1 )(1+ )Js 2,21—1

=D - )
5—2,2l—

0 forjli—j—1]>3,1>1.
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