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Abstract. Solutions for many problems of interest exhibit singular behaviors at domain corners
or points where the boundary condition changes type. For these types of problems, direct spectral
methods with the usual polynomial basis functions do not lead to a satisfactory convergence rate. We
develop in this paper a Miintz—Galerkin method which is based on specially tuned Miintz polynomials
to deal with the singular behaviors of the underlying problems. By exploring the relations between
Jacobi polynomials and Miintz polynomials, we develop efficient implementation procedures for the
Miintz—Galerkin method, and provide optimal error estimates. As an example of applications, we
consider the Poisson equation with mixed Dirichlet—Neumann boundary conditions, whose solution
behaves like O(r1/2) near the singular point, and demonstrate that the Miintz—Galerkin method
greatly improves the rates of convergence of the usual spectral method.

Key words. spectral-Galerkin method, Miintz polynomial, error estimate, singular solution
AMS subject classifications. 65N35, 65F05, 65F30

DOI. 10.1137/15M1052391

1. Introduction. Spectral methods have been extensively used in numerical so-
lutions of differential equations, function approximations, and other variational prob-
lems [7, 4, 9, 21, 22]. For usual spectral methods based on polynomials, their conver-
gence rate is only limited by the smoothness of the problem, so they are particularly
effective for problems with smooth solutions. However, many problems of interest
exhibit singular behaviors at domain corners or points where the boundary condition
changes type, so direct application of spectral methods to these types of problems
does not yield a satisfactory convergence rate.

Within the finite element framework, methods to deal with singular solutions can
be classified into two categories: (i) one is based on local adaptivity [17] and (ii) the
other is the so called extended or generalized finite element method [2, 6] in which one
adds, to the usual local polynomial basis, special shape functions that capture local
singular properties, such as jumps, kinks, and singularities, etc.

For many singular problems, it is often possible to determine their singular ex-
pansion near a singular point in the form Zzio cpa™ , where {6}, is an increasing
sequence, and also called a Miintz sequence [1]. We develop in this paper a Miintz—
Galerkin method in which Miintz polynomials [1], instead of the usual polynomials, are
employed to form the approximation space. However, the Miintz polynomials them-
selves are not suitable as basis functions due to their poor conditioning. We shall
explore relations between Jacobi polynomials and Miintz polynomials to develop ef-
ficient implementation procedures for the Miintz—Galerkin method as well as derive
optimal error estimates. As examples of applications, we shall use the Miintz—Galerkin
method to solve the Poisson equation with mixed Dirichlet—-Neumann boundary con-
ditions, whose solution behaves like O(r'/?) near the singular points, and demonstrate
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that the rates of convergence are greatly improved compared to the classical spectral
methods.

The rest of the paper is organized as follows. In section 2, we motivate our work
by analyzing the singular behaviors of the Poisson equation with mixed Dirichlet—
Neumann boundary conditions. We introduce the Miintz polynomials and Miintz—
Jacobi functions, and give the error estimates for Miintz—Jacobi approximations in
section 3. In section 4, we propose a Miintz—Galerkin method for a model problem,
and develop an efficient implementation procedure as well as optimal approximation
results. Several examples are presented in section 5 to illustrate the performance of
the proposed algorithms. Some concluding remarks are given in section 6.

2. Singularities of the mixed Dirichlet—Neumann BVPs. In this section,
we recall some well-known results on the solution of the two-dimensional Laplace
equation

(2.1) Au=0, (z,y)€Q,

with mixed Dirichlet—Neumann boundary conditions. For more details, we refer the
readers to [8, 13, 15] and the references therein.

Let (r,8) be the polar coordinates with (z,y) = (r cos(6),r cos(f)). The Laplacian
operator in polar coordinates takes the form A = 0,, + %OT + r%@gg. Using the
separation of variables with respect to the polar coordinates (r,8), one can prove the
following result.

LEMMA 2.1. The general solution of the Laplace equation (2.1) in polar coordi-
nates 1s

(2.2) u(r,0) = (cr® + dr=%)(acos(af) + bsin(ab)),

where o > 0, a, b, c,d are real constants.

Let €2 be the half-circle domain shown in Figure 1. Since the origin is on 0f2, the
parameter d in (2.2) should be 0, i.e., the general solution in this case is
(2.3) u(r,0) = r*(acos(ad) + bsin(ab)), o> 0.

At the bottom of 2, the outward normal vector is n = (0, —1)%, and the normal
flux is

ou Ou

2.4 = — = — = ar®(—asi .
(2.4) q(r,0) 90 - " (—asin(af) + bcos(ab))

We consider two kinds of mixed boundary conditions on the bottom of €2, shown
in Figure 1. One is

ou
(2.5) n l{z<0}n{y=01= 0, U [{z>0}n{y=01=0,

which is referred as “N-D”boundary conditions (Neumann boundary condition on the
left half-line of the = axis, and Dirichlet boundary condition on the right half-line of
the x axis). The other is

ou
(2.6) U |{z<0ynfy=0y=0, ™ l{z>0}n{y=0}= 0,

which is referred as “D-N”boundary conditions (Dirichlet boundary condition on the
left half-line of the = axis, and Neumann condition on the right half-line of the x axis).
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F1c. 1. Mized boundary conditions: top is N-D and bottom is D-N.

THEOREM 2.2 (Asymptotic expansion in the vicinity of one singular point). The
singular parts of the general solutions of Laplacian equation (2.1) with N-D and D-N
boundary conditions are, respectively,

(2.7) uNP(r,0) = bt 2 sin(k + 1/2)0,
k=0

(2.8) uPN (r,0) = i arr* 2 cos(k +1/2)0.
k=0

Let u(r,0) = v(r)w(f) be the solution to the problem —Awu = f with either N-D
or D-N boundary conditions. According to the expansions in (2.7) and (2.8), v(r)
should have two parts, the singular part vg from the general solution of homogeneous
equation (2.1), and the regular part vy from the particular solution associated with
the right-hand side f, i.e.,
v(r) = vr(r) + vs(r).
The regular part vg(r) can be well approximated by the set of classical polynomials
{1,7,7%,...}, but the polynomial expansion of the singular part vg(r) will converge
very slowly. From the expansions in (2.7) and (2.8), it is apparent that we should
seek approximate solutions (in the r-direction) in the space spanned by {r%’“} which
includes both the singular basis and the regular basis.
More generally, if the singular part expansion takes the form wug(r) =
Zk bpr¥tP/4 p < g are two integers, or, as found in solving some fractional PDEs,
ug(r ) Zk o b P/ DE+3 e can use an expansion of the form u(r) = "3 apr*/9,
which can also cover both the singular part and regular part. The sequence {r*/d}
is just a special sequence of Miintz polynomials that we shall consider in the next
section.

3. Miintz polynomials and Miintz—Jacobi functions. Assume that the so-
lutions to some singular problems have the following expansion

(31) ch.%'/\k with Adg < A1 <Ao< ---.
k=0
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It is then natural for us to look for their approximations in the space My = span{z**

0 < k < N}. However, it is obvious that the functions {z*}2° ; themselves are not
suitable as basis functions. The goal of this section is to construct a sequence of
Miintz—Jacobi functions such that (i) they are mutually orthogonal and (ii) they are
easy to evaluate. Besides, the error estimates for Miintz—Jacobi approximations are
carried out at the end of this section.

3.1. Miintz polynomials. We define a Miintz sequence as an increasing se-
quence of distinct real numbers

AZZ{)\k}ZOZO, )\0<)\1<)\2"',

and we call a system of the form (z*0, 2*

Miintz space associated with A:

1 ...) a Mintz system with the corresponding

= U M, (A) = span{z** :n=0,1,...}, z€]0,1],

where M, (A) := span{z*o, z* ... 2} for each n =0,1,....

The celebrated Miintz theorem shows the relation between the density of the
Miintz polynomials Y_;'_, cxz™ in C([0,1]) and their growth of the exponents A =
{220

THEOREM 3.1 (see [1]). If Ak, = 0 for some ko > 0, the Miintz space associated
with the Miintz sequence A is a dense subset of C([0,1]) if and only if

We define the nth Miintz—Legendre polynomial associated with A by (cf. [23])

t+A+1 2t
2 A)
(3.2) Ln(z; 2m/H t— A t—/\ndt’

where I' is a simple contour surrounding all zeros of the denominator in the integrand.
If the Miintz sequence A satisfies the condition

(3.3) A >—=, n=0,1,...,

57
a straightforward application of the residue theorem shows that the Miintz—Legendre
polynomial L, (x;A) € M, (A). More precisely, for each n =0,1,2,..., we have

n—1
n Ak +Aj +1
(3.4) mezz%@,%ﬁnﬂ” 3
k=0 [T5=0,26 (A = Ag)

It is shown (cf. Theorem 2.4 in [3]) that the Miintz—Legendre polynomials are
orthogonal in L?[0, 1] with respect to the Legendre weight w = 1, i.e.,

1
5nm
(3.5) /0 L, (x; A) Ly, (x; A)dz = VSR
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We can also define Mintz—Jacobi polynomials. Consider first the Jacobi index

(0,8). Let w?(x) = 2# with 8 > —1, then the nth Miintz-Jacobi polynomial with
index (0, 8) associated with A is defined by

—B/2 n—1 9 1 t
(3.6) LA = /Ht+/\k+/8/ + x
I'r=o

27 t— A — /2 t—An—ﬂ/2dt’

where the contour I' encloses all zeros of the denominator of the integrand. We can
show that LZ(z;A) € M,(A), and the following orthogonality relation holds:

1
0,
: LE(z; A)LE (5 N)2Pde = — 2 ——.

Similarly, we can define Miintz—Jacobi polynomials ® L, (z; A) with index (c,0).
While Miintz—Legendre polynomials are mutually orthogonal, but their direct
evaluation is numerically poorly conditioned, since the coefficients cy , defined in
(3.4) quickly become unmanageably large, although the summation of them is always
equal to 1. For example, for A = {n/2}, the tenth Miintz—Legendre polynomial is

Lo (t;A) = 11 — 660tY/2 4 12870t — 120120t3/2 4 630630t> — 2018016¢°/2
+ 408408013 — 5250960t%/2 + 4157010t* — 1847560t/ + 352716t°.

The troubles associated with poor conditioning have been addressed in [5, 16].
3.2. Miintz—Jacobi functions. In this paper, we consider special Miintz se-
quences in the following form:

(3.8) A) = {A, = ak}i,,

where o > 0 is a constant, and construct stable algorithms to deal with the Miintz—
Legendre polynomials {Lj(x; A(p))}72,. Solutions of many interesting problems (see
some examples in the subsequent sections), have singularities which can be charac-
terized by such Mintz sequences. Other type of Miintz sequences require different
treatments that we will address in a subsequent work.

For obvious reasons, we shall work on the interval I = (—1,1). Then, we can
define the left and right Mintz spaces as follows:

(3.9) ME(a) :=span{l,(1 +2)%,...,(1 +2)*"}, ML(a)=U0U2,M(a),
. MTIL%(O‘) = Span{la (1 - x)av R (1 - x)an}v MR(a) = U;L.O:OMTIL%(O[)'

We consider first the case with singularity at the left endpoint, and define the
following one-to-one mapping I — I:

(3.10) x=a(y) =271 y)Vo — 1,
(3.11) y=y(z):=2"1+2)* 1.

We define the Miintz—Jacobi function with index (0,1/a — 1) by

(3.12) IO @) = g y(w) VR =0,1,.. .,
where J,S’l/a_l(-) is the Jacobi polynomial with index (0,1/a — 1) and y(x) is defined
in (3.11).
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Similarly, for the case with singularity at the right endpoint, we use the following
mappings:

(3.13) z=a(y)=1-2""(1—-p),

(3.14) y=y@):=1-2""2(1-1)",

to define the Miintz—Jacobi function with index (1/a — 1,0) by

(3.15) JHe @) = g (@) vk =0,1,....
Hereafter, the pair of functions u(x) and U(y) are related by

(3.16) u(z) = U(y()).

THEOREM 3.2. Let o« € (0,1). The Miintz—Jacobi functions { )?’1/0“1(3;)} are
mutually orthogonal and form a complete orthogonal system in L*(I). Furthermore,

(3.17) ME(a) = span{j,?’l/o‘_l :0<n< N}.
71/a—1,0

The Miintz—Jacobi functions {J (x)} are mutually orthogonal and form a com-
plete orthogonal system in L?(I). Furthermore,

(3.18) ME(a) = span{jrl/o‘_l’o :0<n< N} .

Proof. We shall only prove the left case as the proof for the right case is similar.
From (A.1), we know that
21/(1

1
1 0,1/a—1 0,1/a—1 1 1/a-13, _ N
1) [ IR ) )y = b

From the definition of {j,g’l/a_l(x)}kzo in (3.12), and

de 217V« a1 dy —a a-

(3.20) W o (L+y)H/, @ZOK?I (1 +a)*
we derive

Yot/ 20,1 /a—1 A 1/a—1 1/a—1
[ ety gt wpds = [ Rt ) 20 ) (14 ),
1 —1

2

321 =5 +9mn,

( ) 2na +1

which implies the orthogonality of {j,g’l/afl(x)}kzo in L2(I).
For any u(-) € L*(I), we have U(-) € L2_(I). Thus, by the completeness of

Jacobi polynomials {J,S’l/ *~1(4)}eo, we have the following unique expansion

(3.22) u(@) =Uy) =Y udp ) =Y u ) (@),
k=0 k=0

U’JO,I/ufl o B _
\<|J0-T‘/a*1n o g = WOVl (y) = (14 y)l/e-t,
k

where u, = 5
Laa

Finally, (3.17) is a direct consequence of the facts that j271/a_1(x) € M%(a) for
0 <n < N and they are mutually orthogonal. 0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/23/20 to 128.210.107.27. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

MUNTZ-GALERKIN METHODS A2363

In addition, since we will frequently use the relation (3.20) in the error estimates,
we rewrite it as
dz dy 1 o1-1/a

(3.23) d—y = CoWa, 1= PR where ¢, = o

3.3. Approximation results for Miintz—Jacobi functions. In this section,
we develop the estimates for the weighted L? and H' projection errors of the Miintz—
Jacobi function approximation.

First of all, recall the usual Jacobi weight w®?(z) := (1—2)*(1+2)”, o, B > —1.
We introduce a new weight function based on the relation between x and y defined
in (3.11):

(3.24) O (x) == (1 — y(z))*(1 + y(x))® Va,beR.
Thanks to (3.23), it is easy to know that

1 1
E25) it = [ Ju@Pde=co [ [U@Pwady = al U0

—1 -1

1BatulGr.2res = / uu(@)P(1 = y@)(1 + y(@))* " do

1 [t 1
(326) = L |8yU(y)|2(1 - y)(l + y)l/ady = :“ayUllil)l/aa

Ca

1
10,205 2o = / 10u(@) (1 + a5 da

1
— a2 [ o, U () P(1 4y ay
1

(3.27) = CallOyUl 2001,

where ¢, = a2(1-1/@)(1-2a)

Next, we introduce the following differential operators according to the relation
between the function pair (u,U) shown in (3.16):

dU dzx
2 Dyu:= — = —d,u,
(3.28) u Q u
d?U  dx dx
2 Diu=—5 = —0, (| —0u,
(3.29) “u e dya <dy8 u)

d*U  dz dx dx
k, . =
(3.30) Dju:= o Oy ( Oy < .. ( axu> )) , k=0,1,2,....

Then we have the following relations

! o 1! 1
(3.31) U0, /0 =/1\U(y)l2(1+y)l/ dy = f/ u(z)[Pdz = ;HUIléo,m

Ca J_1
1

_ 1
(3:32)  [0yUlI11/0 = /1 10,U ()P (1 = y)(1+y) (1 +y) '/ dy = C*HDxullfal,l,

1
(3.33) OSU2sssijas = C—||D’;u||§,c_,k, k=0,1,2,....
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Let Py be the set of all polynomials of degree at most N, and define the Miintz
approximation space as

(3.34) Vn = {p:p(x) = P(y(x)), VP € Pn}.
By Theorem 3.2, we know that
P (1) =span{J" " )}, V() = span{Jp T @)}
Consider the weighted L? spaces

2o 1jas (1) = {U  [Uluoses < o0},
Bosjos(D) = {u: ulz) = Uly(x)). U(y) € L2onjor (D)}

Let Ty : Lim/a,l (I) — Pn be the orthogonal projection defined by
(3.35) (IIyU — U, P) 0.1/a-1 =0 VP € Py.
We define my : ﬂiovl/u,l(l) — Pn by
(3.36) (myu)(x) = (nU)(y(x))-
Then we have myu € Vy and by (3.25),
(3.37) ("Nt —u,p) 2 = co TINU = U, P) 01/a-1 =0 Vp € Vn.

Recall the error estimate for orthogonal projection Il defined in (3.35) (cf. The-
orem 3.35 in [22]): for 0 < < m,

(3.38) 10, TINU = U) | grasrsa-1 S N[00 U] ymms1 /a1

for any U € Bﬂyl/w_l(l) ={U : 8§U € Lik,kﬂ/a_l,O < k < m}. To perform the
error estimates for the projection 7y defined in (3.36), we define the mapped space

(3.39) Bﬁ,‘l/a,l(l) = {u: HU| B;"o,l/a_l < oo}

equipped with the norm and seminorm

m 1/2
Jull 3 =(Z||D’;u||zk\k> Clulgy = 1D ulan
k=0 wh e

w0, 1/a—1

THEOREM 3.3. Let u € BZ@YI/Q,I(I) ﬁzio,l/a,l(l) and p = 0,1. Then for the Loy
projection wn defined in (3.37), we have the following estimates:

(3.40) 108 (TNu — u) || gustr S NHT™ ] gm ,

~ W0, 1/a—1

0, p =0,

wheres(p):{z/a_l L= 1
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Proof. By (3.25) and (3.26), we have

(3.41) HTI’NU—UHLQ = \/@”HNU_UHWO,I/afl,
1
(342) ||3I (TNU — U) ||a)1,2/a71 = \/7870(”374 (HNU — U) ||w1,l/a.

Thus, using the results (3.38) with { = 0,1, we obtain (3.40) from (3.41)—(3.42) and
the definitions in (3.33) and (3.39). ad

Consider the weighted H' spaces

Hlo s (1) = {U U

00,1/a—1

< oo},
Hlonsaa (1) = {u:u(z) = U(y(@)), Honsar (D)},

where the weighted H' norm in H,,,, (1) is defined by
1015, = 195U G0 + 100 s
By (3.25) and (3.27), the weighted H! norm in ﬁj}oyl/a,l(l) should be
ull % = [|0zullG02-20 + [lullZ2
0,1/a—1
= 5a||ayUHZO,1/a71 + COLHU”E)O,I/afl'

It is easy to know that
(343)  Vamintea el Ul < Nl < VinaxCea c|Ullm

Let us denote the inner product in H}um/a,1 (I) by

0,1/a—1"

a0.1/0-1 (U, V) = (U, V') ygorsa—s + (U, V)yo.1/a-1,
and define the orthogonal projection Iy : H', .1 (I) = Pn by
(3.44) a0/ (IINU = U, V) =0 VYV € Py.
Similarly, we can define 7} : H,, . ,(I) = Py by
(3.45) (myu) (@) = (TN U)(y(x)).

Recall the error estimate for orthogonal projection IT}, defined in (3.44) (cf. Theorem
3.36 in [22]):

(3.46) AU~ Ul < N[00

wm—1m+1/a—2
-1

for any U satisfying 9,U € B;nga,l(f). By (3.33), (3.43), and (3.46), we can prove
the following theorem.

THEOREM 3.4. Let u satisfy u € E[i,O,l/n/—l(I) and Dyu € BZ@:}Q,I(I). Then for
the H' projection w}; defined in (3.45), we have the following estimate

~

(3.47) | — u||g1011/m_1 < NV DM | gm1,m 1.
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Mapped polar coordinates (t,s)
1 -
Cartesian coordinates (x,y) D

0.8 D 0.5

0.6
0.4
0.2

-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1

F1G. 2. The original and transformed domains.

4. Mintz—Galerkin method. In this section, we shall develop a Miintz—
Galerkin method using the Miintz—Jacobi functions for solving the problem —Au = f
with Q being the upper half of the unit disk with D-N boundary condition on the
bottom of 2; cf. the left part of Figure 2.

4.1. Galerkin formulation. In polar coordinates, this problem reads

{ _%(rur)r - 7%2“09 = fv (Ta 0) € (07 1) X (077()7
9

4.1 u
( ) u |{T:170<0<7T}U{0<T<179:7T}: 0, n | {o<r<1,0=0} =0.

Since the original domain is a half-disk, we cannot apply a Fourier transform in the
f-direction to reduce the above problem to a sequence of one-dimensional problems
as in [20]. In order to apply a spectral method, we make the following transform,

t=2r—1e(-1,1)
(42) { s=20—1¢€(-1,1

);
and denote @(t, s) = u ((t +1)/2, (s + 1)7/2), f(t,s) = f ((t +1)/2, (s + 1)x/2). Then
the problem (4.1) becomes
=0 ((t+1)0i) — 05t = BELf, (t,5) € Q= (=1,1)%,
(4.3) it==+1,-1<s<1)=0,
dui—1<t<l1, s=-1)=0, a(-1<t<1l,s=1)=0.

The original and transformed domains are shown in Figure 2.
Let (u,v) = fil fil uv dtds. For a given finite-dimensional space Vp, the
Galerkin approximation for problem (4.3) is to find @4y € Viy such that

- 4 1 - t+1 -
(44) ((t + 1)8tuN, 875’1)) + ; (masuN, 88’()) = (4‘]07 ’U) Yv € V.

Let ¢y (t) and ¢;(s) be two sequences of one-dimensional basis functions satisfying
the boundary conditions in (4.3), respectively. Setting Viy = span{¢y(¢)}i_, ® span
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{v; (5)};\[:07 and writing

N N
(4.5) in(ts) =Y > ukidr(t)v;(s)
k=0 j=0
in (4.4), we find that the problem (4.4) reduces to the following linear system
. 4 -
(4.6) SUM" + MUS™ = F,
™
where U = (ug ;)o<k,j<n and
S = (sky), skj = ((t+ 151, 61(1) . S = (5g)s Sug = (¥5(5), ¥ (5)),

! ¢j(t)7¢k(t)> . My = (), g = (9;(8), ¥x(8)),

.7y M= (mig), m; = (t+1

F =), fos = (S i au).

In the classical Legendre—Galerkin method [20], we use polynomial basis functions
satisfying boundary conditions ¢y, (—1) = ¢x(1) = 0 and ¢}(—1) = ;(1) = 0:

(4.8) O(t) = Li(t) — Lit2(t),
o 243 s—(j+1)2 s
(49) 'LZJ](S) - LJ (S) (,7 i 2)2LJ+1( ) (,] n 2)2LJ+2( )7

where L,, is the nth degree Legendre polynomial. The stiffness and mass matrices
S, S, M, M corresponding to the above basis sets are all sparse, so the linear system
(4.6) can be efficiently solved [20].

However, according to Theorem 2.2, the polynomial approximation will lead to a
poor convergence rate due to the singularity of the solution (¢, s) in the ¢ direction
near the left endpoint ¢t = —1. Instead, we should use Miintz—Jacobi functions with
o = 1 to replace ¢y (t) in the t-direction.

4.2. Miintz—Jacobi basis functions. As in the classical Legendre—Galerkin
method, we should construct basis functions satisfying required boundary conditions
using compact linear combinations [19] of Miintz—Jacobi functions. Namely, we can
determine the coefficient pair (ag, b;) such that for each k

(410) o TN ) = YT ) a3 W) + BT )
satisfies ¢%1/2=1(£1) = 0. In fact, using (A.7) and (A.8), we find

(1/a—1)2k+1/a+2)
(k+1/a)2k+1/a+3)’

(k+2)2k+1/a+1)

b = C(k+1/a)(2k+ 1/a+3)

ap — —

We then obtain our desired basis functions in x:

b @) = o (y(2)

(4.11) = I @)+ ap T @) + b ST (@),

where y(x) is defined in (3.11).
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Case (I): a = 1/2. In particular, taking o = 1/2 in (4.10) and (4.11) yields the
following basis functions

2 2k + 3
(4.12) piy) =T () - m%?ﬁ (y) — %5 e (Y),
R N 2 4 2k +3 .
(4.13) (bg’l(x) = J,S’l(a:) T 184:1(33) T %5 18+12(95)

It remains to compute the stiffness and mass matrices associated with ég’l (x), namely,
50,1 _ (201y #01 _ 70,1 70,1
ST =8 )s 8y = ((tJF )0, (1), Or iy, (t)) )

~ ~ A~ 1 2 5
i =l = (o 082 0).

(4.14)

Unlike in the polynomial case where the stiffness and mass matrices are sparse and
can be computed with ease, the matrices in (4.14) are dense. Direct computations
using Gaussian quadratures are costly and may suffer loss of accuracy [14]. Below,
we shall find explicit relations between these two sets of stiffness and mass matrices,
which allow us to compute S%! and M ! efficiently and accurately.

It is obvious that J%!(y) = J%!(z) and (bg’l(y) = (;321(37) under the mappings
(3.10) and (3.11). The next theorem shows the relation between gbg’l(y) defined in
(4.12) and ¢y (y) defined in (4.8) .

THEOREM 4.1. The basis functions ¢\ (y) defined in (4.12) can be written as a
linear combination of {¢i(y) = Li(y) — Liy2(y)}r_y, i-e.,

M 2%k + 3 b L ,

=0

Consequently, let S and M (resp., SO1 gnd M0,1) be the stiffness and mass matrices
in (4.7) (resp., (4.14)) associated with ¢, = Ly, — Liyo (resp., 3" ); we have

. . 1
(4.16) MYt =20 MHT, S%!' = 5HSHT,

where H = (hk,j){gvjz() 1s a lower triangular matriz with nonzero entries

(D" 72k +3)(i +1)(j +2)
(k+1)(k+2)(k+3) ’

Proof. Let a = 8 = 0 in (A.4). Noticing that J2° = L,,, we have the relation
between JO!(y) and L, (y):

(4.17) i, = 0<j<k<N.

(1.18) (14 9T W) = (La(w) + L (),
Let a = 0,8 =1 1in (A.3), then we have
(1.19) (1) ) = A2 D 90 ) — 2 )

By (4.18) and (4.19), we know that

2(n+1)

(4.20) (1—y)* Tyt (y) = S

(Ln(y) = Ln+2(y)),
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which implies that we can rewrite ¢y as

2k +3

m(l —ZIQ)J;J(CU)-

(4.21) Ok (y) = Li(y) — Li+2(y) =

On the other hand, we can also rewrite qbz’l as

0,1 0,1 2 0,1 2k+3 o1
o W) =0 W) = g e W) — 5 T ()
(4.18) 2k + 3 2k + 3
LI N Ry "y T
o [B0) + SRL ) ~ Liialo) - 5 Lasaly)
(48) 1 2k+3
11y |:¢k(y) + 2k+5¢k+1(y)}
(4.21) 2k +3 1
az) LBy )+ )
Consider a new function
1 1 41 1 41
4.2 L o]

Plugging « = =1 in (A.2) yields the three-term recurrence relation

1 s 2k + 3 1,1 1 gLl k> 1

4.24 —_— - —
( ) k+2 k+1 — (k’+1)(k+3)yk k+3 k—1> =

It follows that
P k+2Jk+1 ((k+1)(k+3) i)
B ((2k+3)(1 +y) — k)
(k+1)(k+3)
(k+1)(k+3)"*  k+
Plugging (4.25) into (4.23) yields

(2k + 3)
(k+1)(k+3)

From the recursive relation (4.26), we obtain the expansion

1 1

(4.25)

(4.26) or(y) = Tt y) -

kt 3%71(9)

(4.27) er(y) =

k
D (=D)F (4 2)(2i 4 3)T (y).

(k+1)(k+2 )(k+3) pard
Therefore,

') =220 e,

k
) s S 2+ 97 ),
(4.21) 2k +3 k i . _
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It remains to show (4.16).
Thanks to (4.29), we immediately obtain the relation

(4.30) M%' = HMHT, S%'=HSHT,
where

SO = (sp1), s = (L + 10,00 ), 0,00 1) )

(4.31)
5= (e a)).

M071 — (p%}l) mkj =
So we only need to relate MOL §01 o pfO1 GO.1,
We derive from the mapping defined in (3.10) and (3.11) with o = 1/2 that

1
01 = / (1+ 2)0,00" (2)0,00" (2)da

-1
1
1+y, 01 0,1 1 01
— [ o o, 0y = 55t
-1
which shows that S0 = £5%1. Similarly, we can show that MO = 2001 Therefore,
we obtain (4.16) from (4.30). O

Finally, the linear system associated with the Miintz—Galerkin method for prob-
lem (4.4) is

N ~ 4 ~
(4.32) SPTUMT + S M*'UST = F,
Y

which can be efficiently solved by using the matrix diagonalization method [19] in
O(N3) operations.

Case (I1): o = 1/q, where q is a positive integer. In this case, taking o = 1/q in
(4.10) and (4.11) yields the following basis functions

(4.33) Ot (y) = J0T N y) + al i () + BT (),
(4.34) by () = JP T @) + al S0 (@) + bl (),
where
0l — (q—l)(2k+q+2) B — (k+2)(2k+q+1)
-

k+q)2k+q+3) % (k+q)2k+q+3)
Furthermore, it is easy to check that

2k+qg+1)(2k+q+2)
4(k+1)(k +q)

In order to obtain a relation similar to (4.15), we need the following

(4.35) v (y) = (1= ().

k
lq _ 1,1
(4.36) Jpt=>"di gt
§=0
Actually, by the demotion relation (A.6), we can find a series of {dz_>(H'1 }9711 such

that

1 i1 Z dz—) 1+1)J1 i
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Then (dj ;) can be obtained by the product of {d’ﬁm‘l)}q !. Plugging (4.36) into
(4.35) ylelds

a1, (2k+qg+1)(2k+q+2) A
e ) E e U D I

(a21) 2k+qg+1)(2k+q+2) Z j—i—l

4.37
(4.37) 2k +1)(k +q) <2j+3 43¢

(y).

Consider the stiffness and mass matrices with respect to the basis set {q@%’qfl}
defined in (4.34):

80t = (907, 8 = (14 00,60 (@), 0007 (@)

(4.38) ~10,g—1 0,q—1 0,qg—1 1 294-1 50,q—1
A0 = . e = (T R ).

Then we can find the relations between S’O,q—17 M94=1 defined above and M, S defined
n (4.7) as follows:

N oo 1 1
(4.39) Mt =qH,MH], S%97" = quSHf ,

where Hy = (h} ]) kj—o is a lower triangular matrix with nonzero entries

e Ck+qg+Dk+q+2)(G+1) ,
WA s = g ki +3)

0<j<kE<N.

4.3. Error estimates. Since in the Miintz—Galerkin method (4.4), the
s-direction is treated with the usual polynomials so its error estimate is well known
[22], we only need to consider applying the Miintz—Galerkin method to the one-
dimensional problem:

(441) _aw((l"i_l‘)amu)‘f' 1+

u(£1) =0,

where f is a given function.
We define X = {u: [||ul]|g < oo} with

u=f, xzel=(-1,1),

1/2
(4.42) lullle = Valu,u) = (Ilu'[[Zon + lullfo ) "
Then, a weak formulation of (4.41) is to find u € X such that
(4.43) a(u,v) = (1 +2)u/,v") + (1 +2) 'u,v) = (f,v) YveX.

It is easy to verify that the bilinear form a(:,-) is continuous and coercive in X, so
(4.43) is well posed.
Let Py be the set of all polynomials of degree at most N, and define

(4.44) P = {u(y) € Py : u(£1l) = 0}.
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We define the Miintz—Jacobi approximation space
(4.45) VY = {¢: d(z) = U(y(z)), V¥ € PR}
Then, the Miintz—Galerkin approximation to (4.41) is to find uy € V¥, such that
(4.46)  a(un,vn) : = (Opun, OxvN) o1 + (UN,UN) oo = (fyon) Yoy € VR
Let us recall the definition of generalized Jacobi polynomials {.J, =1} [9, 10]:

(4.47) JV N y) = (1 =2 (y) YneN.

n

On the other hand, it is known that the Legendre basis {¢x(y)}7>, with Dirichlet
boundary conditions satisfy the following:

o B  2k+3 ooyl 2k+3 414
(4.48)  du(y) == Li(y) — Li+2(y) = 72(k+1)(1 y ) () = 1) Thee (v)-
Furthermore, for the Jacobi basis functions {(;52’1/ *~1Y defined in (4.10), we have
0,1/a—1 (2k+1/a+1)(2k+1/a+2) 2y 71,1/
= 1—
k
= 1— i
Dk LY );dﬂj @)
k ~

(4.49) =Y dids W),

where the coefficients {d;} are called connection coefficients [24] between two Jacobi
families {J,i’l/a} and {J,i’l}. Now it is clear that

PR(I) = span{oy/“ T )}y’ = span{ " ()},
VR (1) = span{ey /" (2) N2,
Consider the weighted L? spaces
L2 0 (1) = {U [U]lur s < oo},
B2 (1) = {us (@) = Uy(e)), Uly) € 121 (D)}
Let IT% : L2_, _, (1) — P} be the orthogonal projection defined by
(4.50) MU - U, ®),-1.-1 =0 VP ePY,
where the weight w™171(y) = (1 — y?)~!. We define 7% : Eiq,q(f) =W,
(4.51) (ryu)(z) = (LY U)(y()).
Then we easily derive by definition that
(4.52) (=, 0) 1 1je =ca (NU-U,®)_, , =0 VoeV,
2!t/

where @ =171/ is defined in (3.24) by setting a = —1,b = —1/a, and cq = 2—— is
a constant only dependant on a.
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To describe the error of the Miintz—Jacobi approximation for the above projections
1% and 7%, we find that the weighted norms of functions D¥u and 8§U defined in

(3.30) are related by

[Log o

/_ U@ +y) (1 — )7 (1 + )y

1
I 2~—1,—-1/a 1 2
(453) = [ @) Pe T = o,

1
10,0200 = [ 10,0+ )1+ )y

1
(4.54) = ?HD:EUHZ)O,—I/DHrla

1
(4.55) ||85U||i—1+k,—1+k T o HD’;quFHk,,l/aM.

(0%

Recall the error estimate for orthogonal projection I1%, defined in (4.50) (cf. The-
orem 6.1 in [22]): for 0 < < m,

(456) ||87ZJ (H(])VU — U) ||w71+1,71+z 5 Nl_m|\8;”U||w71+m,71+m

forany U € B™', _, (1) :={U : 8§U e LZ,IH,,H,C,O <k <m}.
Next, we define the mapped space

(4.57) B™, ,,.(I) = {u: llwll gm < oo},
w—1l,—1/a
equipped with the norm and seminorm
m 1/2
k
lallgm , (Z |Dmu||§l+k,l/q+k) C lulgn, = DRl s
© k=0 v

We now present our main approximation result for Miintz—Jacobi approximations.
THEOREM 4.2. Let u € BZZL,I/Q(I) N Ei—l,—l(-[) and p=0,1. Then we have

(4.58) 19 (mivu = wllgoseo S N ulgm
—_ 1, e O,

where §(p) = { :
1, pn=1.

Proof. First of all, for any u and U satisfying the relation (3.16), we have

1 _ 1 [t _ 1
(459) 201 = / (@) 2(1 + )" da = / UEEA +y)  y = HU)o
-1

a1
1 1
(4.60)  ||0pul|201 = / |0, u(z)|* (1 + z)dz = a/ 10,U (y)>(1 + y)dy = |8, U]||%0.1.
—1 —1
Thanks to (4.59) and (4.60), we have the following estimates

(461) ||7T?V’U, — u||wo,71 = ?VU - UHMO,—l < (J)\/U - U||w71,71,

1 1
ﬁllH ﬁl\ﬂ
(4.62) (|05 (7Xu — ) [lwor = V|| 0y (TXU = U) [lwor < Va||dy (IZU — U) [|00.
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Thus, using the result (4.56) with [ = 0,1, we obtain (4.58) from (4.61)—(4.62) and
the definitions in (4.55) and (4.57). d

We can now state error estimates for our Muntz—Galerkin method.

THEOREM 4.3. Let u and uy be the solutions of (4.43) and (4.46), respectively.
Ifue B™, ., (I)NL2_, _,(I), we have

(163 = unllls S Nl
Proof. By (4.43) and (4.46), we have
(4.64) a(u —uyn,vy) =0 Yoy € VY.

It implies that

llu—unll|E = a(u —un,u—uy) = alu — un,u - 73u)
< |llu = unlll gl = 7y ullls-
The desired result (4.63) follows from the above and (4.58). o

5. Numerical experiments. In this section, we present several numerical ex-
periments to illustrate the efficiency and the accuracy of our Miintz—Galerkin method.

5.1. Model problem. Consider the one dimensional problem

() + = = f(), e ),
u(0) =u(l) =0

(5.1)

with the exact solution given by wu(r) = r? — r + sin(wr), where p is a parameter to
be chosen.

We choose two categories for the values of p: (i) p = 1/2,3/2,5/2; (ii) p =
1/3,4/3,7/3. We first solved the above problems by the classical Legendre—Galerkin
method with basis functions defined in (4.8) [20]. The errors with energy norm in log-
log scale are shown in the left parts of Figures 3 and 4 We observe that the convergence
rates are algebraic due to the singular term 7P in the solution. We then solved the
same problems by the Miintz—Galerkin method (4.46) using the basis function (4.11)
with @« =1/2 for p =1/2,3/2,5/2 and o = 1/3 for p = 1/3,4/3,7/3. The errors with
energy norm in semilog scale are plotted on the right parts of Figures 3 and 4. We
observe that the errors converge exponentially. These results are consistent with the
error estimates in Theorem 4.3.

5.2. Semicircular membrane with a free half-edge. Next, we consider the
so-called Motz’s problem [18] which is the following Poisson equation in a semicircular
domain with N-D mixed boundary condition on the bottom (see Figure 5):

(5.2) { —Au=1 1in{,

u=0 on 'y UL, g—:‘l:Ooan,

where I'y = {(r,0) : r = 1,0 < 0 <27}, Ty = {(r,0) : 0 <r < 1,06 =0}, T's =
{(r,0): 0 <r < 1,0 =2r}. It is shown in Theorem 2.2 that the exact solution in the
vicinity of the origin takes the form (2.7).
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107 1074
1074 N\N\M\e\‘ 10,4
-6 —6
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=110 =10
1073 ——p=1/2 1073 —e—p=1/2
=32 al|——p=32
10 —=—p=5/2 10 —=—p=5/2
4 8 16 32 64 128 256 512 4 8 12 16 20 24 28 32 36
Log(N) N

(i) Legendre-Galerkin method (ii) Miintz—Galerkin method (o = 1/2)

F1a. 3. Convergence rates for problem (5.1) with p=1/2,3/2,5/2.

L
107 F\N 1072
107 107
» -6 » -6
5 10 s 10
Y10° L10®
8’ -10 8’ -10
110 - 10
1072[——p=1/3 1072 —==p=1/3
» —o—p=4/3 _14 +p=4/3
10 —-—-p=7/3 10 ——p=7/3
4 8 16 32 64 128 256 512 4 8 12 16 20 24 28 32 36
Log(N) N

(i) Legendre-Galerkin method (ii) Miintz—Galerkin method (o = 1/3)

F1G. 4. Convergence rates for problem (5.1) with p =1/3,4/3,7/3.

We solve this problem using two methods:

1. Legendre—Galerkin method: using classical Legendre basis in (4.8) and (4.9);
2. Mintz—Galerkin method: using the Legendre basis (4.9) in the € direction
and the Miintz basis (4.13) in the r direction to treat the singularity at » = 0.
The comparison of convergence rates in the L?-norm is shown in Figure 6. The rates
of convergence are greatly improved (from second order to fifth order) since the main
singularity at the origin is taken care of in our proposed Miintz—Galerkin method, but

we did not attempt to treat the mild singularities at the two corners.

5.3. The eigenvalue problem. As the last example, we focus on the spectral
problems of a Laplacian operator with mixed Dirichlet—Neumann boundary conditions
on the half-unit disc:

(5.3)
_AU—LU 1nQ_{(T8)O<T<1O<Q< }
C(1472)? ={(r,0): , o,
ou ﬂ_ 7T
871319:0 OnalQ:{<7"70).TE(O,I)}U{(L@)_‘9_5’<Z}’
Hloas =0 on 2 = {(r,m) 7 € (0, D}uU{(0): |0 - 7| > T}
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‘rQ:au/‘ae=o )

(i) Domain and boundary conditions

(ii) Numerical solution

Fic. 5. Semicircular membrane with a free half-edge.

10
~107"
o
o
Y10
(@]
o
- ——Legendre
10°® || —e—Muntz
...... ON?)
N5
10 O(N™)
10 0 ‘ 1 2
10 10 10

Log(N)

Fic. 6. Convergence rates: Legendre—Galerkin method and Miintz—Galerkin method.

This problem is related to the isospectrality question for mixed Dirichlet—-Neumann
boundary conditions, called the Zaremba problem [25]. Jakobson et al. [11, 12] pro-
posed a conjecture about the first eigenvalue A; of the problem (5.3). Since a rigorous
proof of this conjecture is still not available, attempts [11] have been made to numer-
ically verify it.
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1 -05 05 1

[

N

(i) Domain and boundary conditions (ii) Transformed domain
F1G. 7. Boundary conditions and computational domain of the problem (5.3).

TABLE 1
First eigenvalues obtained by FEMs.

DOF P1 adaptive conforming P1 adaptive nonconforming
A ANy Ay AN
169 2.45590105457 2.13042989031

625 2.36301118569  9.2890e-02 | 2.20743747322  7.7008e-02
2401 2.32089716556  4.2114e-02 | 2.24561396752  3.8176e-02
9409 2.30111238184  1.9785e-02 | 2.26440630518  1.8792e-02
37249 | 2.29161462311  9.4978e-03 | 2.27364314423  9.2368e-03

Using the transformation given in (4.2), the problem (5.3) becomes

(5.4)

B L1 g g et o O 1112
_3t((t+1)3tu)—7T2t+1333u—)\(4+(t+1)2)2u in Q=[-1,1)°,
dsu(t,0) =0, €(-1,1),
da(l,s) = s€ (1/4 3/4 :

1)
)
ﬂ(tvl):u(* 75):07 ( 1 1) ( )a
u(l,s) = €(0,1/4)U(3/4,1),

where 4(t,s) = u ((t + 1)/2,7s). The original and transformed domains are shown in
Figure 7.

We solve the above problem using the Miintz spectral-element method. More
precisely, we divide the transformed domain into three subdomains, and use the
Miintz basis sets in the t direction, and the Legendre basis set in each subinterval
(0,1/4),(1/4,3/4) and (3/4) plus two nodal basis centered at the s = 1/4 and 3/4 in
the s direction.

The approximate first eigenvalues obtained by P1 adaptive conforming and non-
conforming finite element methods in [11] and our Miintz spectral-element method
are shown in Tables 1 and 2, respectively. Here, we denote DOF as the degree of
freedoms, N as the maximal degree of polynomials, A; and AA; as the approximate
first eigenvalue and difference between the two successive values of Ay, respectively.

It is well known that for eigenvalue problems, the conforming finite element
method always gives upper bounds while the nonconforming one here gives lower
bounds. Based on the numerical results shown in Table 1, we can conclude that the
first eigenvalue should be located in the interval 2.2736 < A; < 2.2916, which means

~

t

=
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TABLE 2
First eigenvalues obtained by Miintz spectral-element method.

N DOF Ay ANy
8 208 2.297300191344
16 800 2.281650971945  1.5649e-02
32 3136 2.276933351716  1.2834e-03
64 12416 2.275629083928  1.3745e-04
128 49408 2.275285624415  1.5959e-05
192 110976 | 2.275225763943  3.3971e-06
232 161936 | 2.275218759615  2.5856e-07

Fic. 8. Contour of the first eigenfunction of problem (5.3).

the number of significant digits obtained by these finite element methods is only 2.
However, the results in Table 2 indicate that we can achieve 6 significant digits with a
smaller DOF by using the Miintz spectral-element method. Note also that, with the
same DOF's, our Miintz spectral-element method is also much faster than adaptive
finite element methods (FEMs), since we use a direct matrix diagonalization method
on each subdomain with a total cost being a small multiple of DOF3/2. Tt demon-
strates that for this problem the Miuntz—Galerkin method is much more efficient than
adaptive FEMs.

In Figure 8, we plot the first eigenfunction obtained by the Miintz spectral-element
method.

6. Concluding remarks. We developed in this paper the Miintz—Galerkin meth-
ods for problems with singular solutions for which the direct spectral method with
the usual polynomial basis functions does not lead to a satisfactory convergence rate.
Assuming that we have a singular expansion for the solution near a singular point in
the form O(r®), our Miintz—Galerkin method is based on Miintz polynomials defined
from the singular expansion. To overcome the poor conditioning of the Miintz poly-
nomials, we explored relations between Jacobi polynomials and Miintz polynomials,
and developed efficient implementation procedures for the Miintz—Galerkin method.
We also developed a framework to analyze the approximation errors of Miintz poly-
nomials and derived the optimal error estimates for the Miintz—Galerkin method. As
examples of applications, we employed the Miintz—Galerkin method to solve the Pois-
son equation with mixed Dirichlet—-Neumann boundary conditions, and showed that
the Miintz—Galerkin method leads to much improved rates of convergence compared
to classical spectral methods.
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Note that the rates of convergence by our Miintz spectral method for the last two
problems in section 5 are not exponential, since we only treated the main singularity
at the origin, but did not make special treatments for the weaker singularities at
(r,0) = (1,0), (1,7) for the problem in subsection 5.2 and at (1,7/4) and (1,37 /4)
for the problem in subsection 5.3. How to efficiently treat all these singularities
simultaneously is still under investigation.

We showed the explicit formula for the Miintz—Jacobi basis functions as well as the
efficient algorithm to compute the corresponding stiffness and mass matrices only for
a special Miintz sequence A(«), where o« = 1/q and ¢ is an integer. For the case with
arbitrary Miintz sequence, one could employ the quadrature technique developed in
[14] to calculate the inner products. We shall consider singular problems characterized
by other typical Miintz sequences in the future.

Appendix A. Some useful formulas for Jacobi polynomials. The Jacobi
polynomials, denoted by J#(x), are orthogonal with respect to the Jacobi weight
w*B(x) := (1 — 2)*(1 + z)? over the interval I := (—1, 1), namely,

1
(A1) / T2 (@) TP ()P () = 7 S
-1

where the d,,, is the Kronecker function and

op 2P T(n+a+1)I(n+ B+1)
" Cn+a+B+1)nTn+a+8+1)

Here T'(+) is the gamma function.
The Jacobi polynomials are generated by the three-term recurrence relation

(A2) Tl (@) = (@2Pz — b3 P) TP (2) — &P TP (2), n>1,

with
1 1
JoP @) =1, JPP(@) = Sla+ B+ Do+ 5(a—p),

where

4B — Cn+a+B+1)2n+a+8+2)
" 2+ (n+a+p+1)

(B2 —a?)2n+a+B8+1)
2n+1)(n+a+B+1)2n+a+p)’
s __(nta)ntB)n+a+tfi2)
" (n+1)n+a+8+1)2n+a+p)

)

bz”@ —

This relation allows us to evaluate the Jacobi polynomials at any given abscissa
x € [—1,1], and it is the starting point to derive the following useful properties.
1. Index shifting:

(A.3) JotLe _ 2 (n+a+1)J%P — (n+ 1),]T‘jf1
" 2n+a+B+2 1—z ;

(A.4) JouBHl _ 2 (n+B+1)J2P + (n+1)J5f |
" 2n+a+pB+2 1+z
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2. Demotion relation:

n

(A.5) Je (@) = 37wl OTED) foB g,
=0

(A.6) TP @) =Y wgy DT g (),
=0

where

oy _ T4 B+1)  @ltatf+DM0+a+f+l)
nl -

I'n+a+p+2) ri+p+1) ’
(@O @B+ _ (_qyne P(n+a+1) (2l+a+B+1)I(I+a+B+1)
nl [(n+a+3+2) D(l+a+1)
. Boundary values:
I'(n+p+1)
A. “B(_1)=(—-1)" L
(A7) TP = (0 )
T(n+a+1)
A. o, )= ——F—~
(A-8) T () nIl'(a + 1)
Derivatives:
1
(A.9) Oudi P (1) = S(n+ ot B+ 1)L (a).
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