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ANALYSIS OF A SPECTRAL-GALERKIN APPROXIMATION TO
THE HELMHOLTZ EQUATION IN EXTERIOR DOMAINS*
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Abstract. An error analysis is presented for the spectral-Galerkin method to the Helmholtz
equation in 2- and 3-dimensional exterior domains. The problem in unbounded domains is first
reduced to a problem on a bounded domain via the Dirichlet-to-Neumann operator, and then a
spectral-Galerkin method is employed to approximate the reduced problem. The error analysis is
based on exploring delicate asymptotic behaviors of the Hankel functions and on deriving a priori
estimates with explicit dependence on the wave number for both the continuous and the discrete
problems. Explicit error bounds with respect to the wave number are derived, and some illustrative
numerical examples are also presented.
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1. Introduction. We consider in this paper the acoustic wave scattering from
a bounded obstacle D C R?, d = 2,3. In this case, the scattered wave satisfies the
Helmholtz equation

(1.1) ~AU - k*U =F in R\D,

along with the Sommerfeld radiation condition at infinity

1—d

(1.2) 8TU—ikU=0(7" 2 ) asr — oo, d=2,3,

which ensures that waves do not reflect from the far field. On the surface of the
scatterer D, a Dirichlet (sound soft) or Neumann (sound hard) condition is assumed.

Although the Helmholtz equation with (1.2) is linear, its numerical approximation
and associated analysis are notoriously difficult due to the following: (i) the domain
is unbounded; (ii) the system is not positive definite; and (iii) when the wave number
k > 1, the solution is highly oscillatory. In particular, it remains a challenge to
design numerical algorithms which are robust and efficient for moderate to high wave
numbers.

There has been extensive research work devoted to overcoming these difficulties
(see, for instance, [16, 23, 22] and the references therein). In particular, it has been
shown, at least for some simple cases, that errors of pth order numerical methods for
the Helmholtz equation behave like O(kP*1hP) (see, for instance, [18, 4, 30]). Hence,
high-order methods are particularly preferable for this type of problem over low-order
methods. We note also that some very detailed analyses were carried out in [2, 3]
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SPECTRAL APPROXIMATION TO THE HELMHOLTZ EQUATION 1955

on the discrete dispersive relation by the hp version of finite element method (FEM)
and by the high-order discontinuous Galerkin method. These results indicate, once
again, that high-order methods are preferable, if not necessary, for highly oscillatory
problems.

On the other hand, the linear system from a discretization of the Helmholtz equa-
tion with moderate to high wave numbers is usually highly indefinite and difficult to
solve. It is with these considerations in mind that we choose to use the transformed
field expansion (TFE) method (cf. [26]), which improves over the classical field expan-
sion method [27, 5, 6], coupled with a fast spectral-Galerkin solution (cf. [28, 29, 24]).

There are a few recent works on wave number independent boundary element
methods and on error estimates with explicit dependence on wave numbers for acous-
tic scattering problems. In [19, 8], the authors introduced a novel Galerkin bound-
ary element method using a graded mesh and special basis functions and derived a
quasi-optimal error estimate which is independent of wave number for the Helmholtz
equation in a half-plane and exterior of a convex polygon.

We now briefly describe the TFE method for a 2-dimensional (2-D) obstacle
enclosed by {r =a+g(0) : 0 < 8 < 27}. The TFE algorithm consists of the following
steps:

e Assuming F' is compactly supported and choosing b such that b > a +
maxo<g<2r [9(0)] and suppF C Qg := {(r,6) : a + g(0) < r < b}, we then use
the Dirichlet-to-Neumann operator T' (see [15, 13] and the next section) to
reduce the problem in the unbounded domain to

~AU - KU =F in Q

1.3
( ) U‘r:a+g(9) = ga (arU + T(U))|T=b = 0.

e Make a change of variables

(1.4) = (b —a)r — bg(9) 0 =0,

(b—a)—g(0) ’

which maps Q4 to an annulus . To simplify the notation, we still use (r,§)
to denote (r’,0") and U, F, ¢ to denote the functions U, F, ¢ after the change
of variables. Then the problem (1.3) becomes

— AU - k*U = F+ J(g,U)  in Qq,

(1.5) U(CL,@) 26(9)7 (8TU+TU)|T’:b = (g, U)7

where J(g,U) and 7(g,U) contain differential operators with nonconstant
coefficients for which a fast direct/iterative solution is not available.

e Consider the obstacle {(r,0) : 7 < a + ¢g(0)} as a perturbation of the disk
{r < a}; i.e., write g = eh and expand u as

U(r,0;¢) = Z U, (r,0) ™.
n=0

Plugging the above expansion into (1.5) and collecting terms with ™, we find
that [24]

— AU, — kU, = 6,0F + J(9,Up_4,...,Up_1)  inQy,

(1.6) _
Un(a7 9) = 6n,0§(9)7 (8TUn + TUn)'r:b = ”7(97 Un71)~
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1956 JIE SHEN AND LI-LIAN WANG

e Solve (1.6) for n =0,1,2,..., and sum up the series by using a Padé approx-
imation.

It is shown in [25, 26] that this TFE method is stable and robust at high order, and

it is demonstrated in [24] that this method, coupled with a spectral-Galerkin solution

for (1.6), is very efficient and capable of providing very accurate results for bounded
obstacle scattering with moderate to high wave numbers.

Notice that the whole algorithm boils down to solving a sequence of the following

nonhomogeneous Helmholtz equation in an annulus (2-D) or a spherical shell (3-D):

—AU-KU=F inQq,
Ula,0) =£6), (0,U+TU)|r—p = n(6).

The purpose of this paper is to present a detailed error analysis of the spectral-
Galerkin method for (1.7). The main difficulty here is to obtain error estimates with
explicit dependence on the wave number. Among the very few results available in this
regard are those in [18, 30], where the Helmholtz equation in bounded domains with
a first-order approximation to the radiation boundary condition was considered and
error estimates with explicit dependence on the wave numbers were derived. To the
authors’ best knowledge, there seems to be no rigorous error estimate available with
explicit dependence on the wave number for a numerical scheme to bounded obstacle
scattering.

We now introduce some notations to be used throughout this paper. Let w be a
given positive weight function in I := (a,b). We denote by L2 (I) a Hilbert space of
real or complex functions with inner product and norm

(1, 0) = / W@, ulle = v/ u)m,

respectively, where v is the complex conjugate of v. Then the weighted Sobolev
spaces HS (I) (s = 0,1,2,...) can be defined as usual with inner products, norms,
and seminorms denoted by (-,)sw, || - [[s,, and | - [, respectively. For real s > 0,
HE (I) is defined by space interpolation (cf. [20]). The subscript w will be omitted

from the notations in the case of @ = 1. For simplicity, we denote lv = %, [ >1.
We shall also use (), and || - ||, to denote the weighted inner product and the
weighted L?-norm, respectively, in two and three dimensions.

Let S be the unit circle in 2-D and the unit sphere in 3-D; we also use the
nonisotropic periodic-type Sobolev space on Q = S x [I: H;/ (S; H;(I)), s >0
(subscript p stands for periodicity in the #-direction) with the norm

(Shogmo+m2)* il

. 1/2 .
(S X m)> a2 ) i d=3,

where {d,,} (resp., {G;m}) are the expansion coefficients of U in terms of Fourier
(resp., spherical harmonic) basis, i.e.,

(1.7)

1/2
g,w) if d=2,

(18) MUl ary (55, (1y) =

(1.9) U= i Upe™ or U= i Emj wumY} (0, 0).
\m\:O m=0[]l=—m

The norm of the Sobolev space H;/(S) on S can be defined in the same fashion by
replacing the norm || - ||5,- by the absolute value |- |. In particular, we have

2 0 0 : d—1
L2(Q) = HO(S, H(I)) with @ =791, d=2,3.
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SPECTRAL APPROXIMATION TO THE HELMHOLTZ EQUATION 1957

We assume that a > 0 is a fixed parameter representing the radius of the scatterer.
Throughout this paper, we denote by ¢ a generic positive constant which depends only
on a and possibly on a fixed kg > 0. We use the expression A < B to mean that
A < ¢B.

2. Dirichlet-to-Neumann (DtN) map. The error analysis relies heavily on
the properties of the DtN map which we investigate below.

2.1. Formulation of the DtN operator. We start with the 3-D case and
consider an “auxiliary” exterior problem

_ 277 — : T3\ B
21) {AU K2U =0 in Qe :=R3\ B,

U=0 on 0B,

where B is a ball of radius b. This problem can be solved analytically via separation
of variables; namely, we can express its solution as

m

(2.2) U(r,0,¢) = Z A (kr) Z U Y,

l=—m

where (1,0, ¢) € [b,00) X [0,27) x [0, 7), ) (z) is the spherical Hankel function of the
first kind of order m, and {Y,},} are the spherical harmonic functions. To determine
the coefficients {4y, }, we expand the Dirichlet boundary value ¥ on the sphere 0B
as

(2.3) U(b,0,0) = Z Z Gim Yy,

m=0[]=—m

Letting 7 = b in (2.2) and comparing the coefficients of the two expansions yield that

(2.4) U, = for m > |I| > 0.

hY (kb)

Plugging it into (2.2) leads to the exact solution of (2.1):

0o 1) , m R
25) Uro.6)= 3 Pt S™ Ly 6.9,

2 8, U(b,0, ) = 3 khg),(kb) " ! 0,
(2.6) LU(b,0,0) = Z PO Z Yim Y, (0, 0).
m=0 m ( ) l=—m
Hence, the DtN map is defined explicitly as
ou U = Y
2. T = — = =— k————= m
27) ) an‘aB SO = mz::o A (k l_z;mwl

where n is the outward normal of Qey;.
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1958 JIE SHEN AND LI-LIAN WANG

The counterpart of (2.1) in 2-D is

—AU - k*U = in Qe :=R?\ B
(2.8) { U—-kU=0 in ¢ \ B,

U=9o on 0B,

where B is a circle of radius b which can be solved analytically with the exact solution

(2.9) Ul(r,0) = i T HY (kr)ei™ Y(r,0) € [b,o0) x [0, 27).
|m|=0

Here HY (z) is the Hankel function of the first kind of order m. The coefficients {,, }
are determined by the boundary value ®(0) with the expansion

oo

(2.10) U®,0)=(0) = > ¢me™.

|m|=0

Hence, letting r = bin (2.9) and comparing the coefficients of the above two expansions
lead to iy, = (im/Hy(,%)(k‘b). As a consequence, the exact solution of (2.8) is

(2.11) U(r,0)= > —y D bme™ Y(r,0) € [b,00) x [0, 2).
\m| OHm( )

The 2-D DtN map is given by

ou

(2.12) ) = onlos 87"

(1)
Z kH(l) eimd
r= b | o Hm

By using the DtN map T" and choosing b sufficiently large so that B contains both
D and suppF, the original problem (1.1)—(1.2) with a Dirichlet boundary condition
is reduced to:

~AU-kU=F in Q:=BnRI\D, d=2,3,
(2.13) U=¢ on 8D,
0U+TU =0 on 0B.

To fix the idea, we prescribed a Dirichlet boundary condition on the scatterer D;
other types of boundary conditions can be used as well.

2.2. Properties of the DtN kernel. In order to carry out a rigorous mathe-
matical analysis for the problem (2.13), we need to study carefully the properties of
the DtN kernel associated with (2.7) and (2.12), i.e., the properties of the coefficients:

14 (r) if d=2
(2.14) T = (1)(*’~) ’
. m,Kk h(l (H)
it d=3.
b’ (k)
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SPECTRAL APPROXIMATION TO THE HELMHOLTZ EQUATION 1959

2.2.1. Behavior of the 3-D kernel. In this case, we have x > 0 and m > 0.
We recall that

. . T .
(2.15) RO (K) = jm (k) + iym (K) = ﬂJm-&-l/Q(H) +1 %Ynz+l/2(/€)v

where J, and Y, (resp., j, and y,) are the Bessel (resp., spherical Bessel) functions
of the first and second kinds, respectively, of order v. Using the relevant properties of
the Bessel functions (cf. [31]), one verifies that

m G (K)Fm+1(K) + Ym (k) Ym+1(k)

3
(2.16a) " [ ()
_m Jmi172(F)Imy3/2(K) + Y y1/2(5)Yini3/2(k)
K J72n+1/2 (k) + Y73L+1/2(;<;) ;
1 2 1
(2.16b) (T p) = ——57—3 =

n2]h5711)(/<e)|2 R Toirj2(B) Y0 1 p(R)
An explicit expression of 7y, , is given by Theorem 2.6.1 of [23]:

_ Pu(k) i
$Qum (k) T Q)

(217) IZ;n K — Re(’];n,%) + 1 Im(,];ﬂﬁ) =

,
where

1
Prn(’i) =1+ 2a71n§ +ot (m + l)a:'nli

(2.18) 1
Qm(l"i) = 1+a§n?++a:ﬁn2—m,
with
! !
(2.19) g = mt)H2)!

We now study the monotonic property of Im(7,, ) with respect to m and k.
We observe from (2.17)—(2.19) that, for a fixed m > 0, Im(7,,,) is an increasing
function of &, as illustrated by Figure 2.1(b). However, for a given £ > 0, Im(7,, ) is
a decreasing function of m, which follows from Nicholson’s formula (see p. 444 of [31])

+oo
(2.20) J?nH/Q(H) + Yn%b+1/2(’f) = % ; Ko(2ksinht)cosh ((2m + 1)t)dt,

where K(€) > 0 is Kelvin’s function defined by (A.2) in the appendix.
We next consider the bounds and asymptotic behavior of 7, .. An immediate
consequence of (2.17)—(2.19) is that

(2.21) Re(Tn) <0,  Im(Zp.) >0,

s

which ensures the well-posedness of the problem (2.13) (cf. [11]). Moreover, we have
the following bounds (see, e.g., p. 87 of [23]):

m+1
K

(2:22) < Re(Te) € —= 0<Im(Tn) < 1,
K
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1960 JIE SHEN AND LI-LIAN WANG

(a) Graph of Re( vak) (b) Graph of Im( Tm‘K)

Fi1c. 2.1. Graphs of Re(Tm,x) and Im(Tm,, k), with (k,m) € [1,100] x [0,120], in the 3-D case.

(a) Case: k=m+1/2 (b) Full range (k=20,30,40,50)
0.5

0.4

0000 @ ©

)
03l @
®

0.2

0.1

0 50 70 920

FiG6. 2.2. (a) Im(Z,,, m41/2) (X) against By, pyy1/2 (O) with m € [1,200]; (b) Im(Zm,x) (solid
line) against Em x (+ for K > m+1/2, (O) for k = m + 1/2, and (%) for k < m + 1/2), with
K = 20,30, 40, 50.

in particular, by (2.17)—(2.19),

1
(2.23) Re(To) = ——,  Im(To,) = 1.

We now seek more precise estimates of Im(7,,,) and proceed separately with
three cases:
(i) k> m+1/2. We first recall the estimate (see p. 447 of [31])

2 ) ) 2 1
(224) E < JD(KZ) +Yu (R) < m lf 5 S v < R,

which, together with (2.16b), implies that

7 1/2)2 1
(2.25)  Eppi= Y- (m+ 12 ) <1 it R>mat .
K

We observe from Figure 2.2 that the lower bound E,, . provides an acceptable
approximation to Im(7,, .).
(ii) k= m+ 1/2. Using the formulas (see p. 232 of [31])

(226) J,(v) = C Y+ 0w, V() = —Cor~ P+ O,
with

I(1/3)

B 31/37(1/3)
T 92/331/6

= 22/37

~ 04473, Cop= ~ 0.7748,
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SPECTRAL APPROXIMATION TO THE HELMHOLTZ EQUATION 1961

we obtain from (2.16b) that

(2.27) Im (7o mt1/2) ~ Co(m + 1/2)_1/3 = Ernmt1/2,

with C, = 2/(n(C} + C3)) ~ 0.7954.
In Figure 2.2(a), we plot Im (7, p1/2) against Ey, ;4172 for 1 < m <200,

which shows that, even for small m, the asymptotic estimate C, (m +1/ 2) /3
provides a very good approximation to Im(’];n,m_s_l /2).
(iii) Kk < m+1/2. By the asymptotic formulas (see p. 243 of [31])

ey(tanhafa) el/(aftanha)

Jy (vsecha)) ~ ————, Y, (vsecha) ~ — ————,
(228) V2nvtanha /%Wutanha

one verifies that for m + 1/2 = kcosha, with a > 0,

2(2m + 1)tanha
(229) Il’n(Tm,n) ~ K[6(2m+1)(tanho¢7a) + 46(2m+1)(o¢7tanha)} = Em,n.

Hence, Im(7,,,,,) becomes exponentially small for large m. The exponential
decay of Im(7,, ) is shown more clearly from the asymptotic estimate

(2.30) (7, ) ( or )2m m> K
. m,K om + 1 5 )

which follows from formula 9.3.1 of [1]:

2.31)  Jo(k) ~ \/2%(%) Yy(/ﬁ)w—\/%(%>7y, V> k.

We plot in Figure 2.2(b) the estimate E,, ., (defined in (2.25), (2.27), and (2.29))
versus Im(7,, ), with k = 20, 30,40,50 and various m, which indicates that E,, .
provides an accurate picture of Im(7,, ,.).

2.2.2. Behavior of the 2-D kernel. The identity H(_IIZ(Z) = e””iHl(,l)(z) and
the definition (2.14) imply that

7O g
(232) T _Z-m (H) _ ( ) m (FG) -7
A R SO

—m

Hence, it suffices to consider 7, , with m > 0. Using the recursion formulas of the
Bessel functions, one verifies that

o m Jm(H)Jm 1('%) +)/TVL(H)YVWL 1( )
(2.33a) Re(Tn,x) = P jﬁl(“) +Y2(k) : ’
(2.33h) Im(Zom, ) = 2 =2 1

We observe that the 2-D kernel has an expression similar to that of the 3-D kernel
(cf. (2.16)). In fact, they share similar properties and asymptotic behaviors except
for m = 0 (comparison: Figure 2.1(a) versus Figure 2.3(a) and Figure 2.2(b) versus
Figure 2.3(b)).

Indeed, we notice that the same monotonic property holds for the 2-D Im(7,, ) :
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(a) Graphof Re( T

mx) (b) Full range (k=20,30,40,50)

0 20 30 40 50 70 90
m

Fic. 2.3. (a) Graph of 2-D Re(Tm,x), with (k,m) € [1,100] x [1,120]; (b) 2-D Im(7Zp ) (solid
line) against Em, « defined in (2.35) (+ for k > m+1/2, O for k = m+1/2, and (%) for k < m+1/2),
with k = 20, 30, 40, 50.

(i) For a given m > 1, Im(7,, ) is a strictly increasing function of x, which
follows from (2.33b) and the fact that I€|H7(71)(KZ)|2 is a strictly decreasing
function of x (cf. p. 446 of [31]);

(ii) for a fixed k > 0, Im(7,, ) is a strictly decreasing function of m, which is a
direct consequence of Nicholson’s formula (A.3a).

As in (2.22), we have the following bound for the 2-D kernel (see the appendix

for the proof):

(2.34a) 0<Im(7,.) <1, m>1;
m 1 1
. —— < m,K S YR Z 5 -5 S K ;
(2.34b) = Re(T i) 5o M 1 - Re(7p,x) <0
(2.34c) Im(7p,) >1 V& > 0.

As in the 3-D case, applying the general formulas (2.24), (2.26), and (2.28) to the
2-D Im(7,,,x), we find that an accurate approximation for Im(7y, ) is

vV1—m?/k? if k>m>1,
_JoomT/3 if kK =m,
(2.35) Emop 1= 4m tanha

k [e2m(tanha—a) | ge2m(a—tanha)] it & =msecha, a >0,

where the constant C, is defined by (2.27).
In Figure 2.3(b), we plot E,, ,, against Im(7,, ), which indicates that the estimate
E . gives an accurate picture of the behavior of Im(7y, ).

3. A priori estimates. In order to carry out error analysis for the spectral-
Galerkin approximation to (1.7), we need to establish some a priori estimates for the
solution of (1.7). Without loss of generality, we shall set £ = 0 since the nonhomo-
geneous boundary condition at » = a can be simply converted to a homogeneous one
by subtracting a suitable function from the solution.

3.1. Dimension reduction. We now rewrite (1.7) with £ = 0 in polar coordi-
nates (r,6) or spherical coordinates (r, 8, ¢):

(3.1)
U|T’:a = O’ [aTU + T(U)] |’l":b =1,
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SPECTRAL APPROXIMATION TO THE HELMHOLTZ EQUATION 1963

where

892U if d=2,
(3.2) AgU =

OFU + -0, (sin¢dyU) if d=3,

%m2

sin ¢

and its eigenfunctions are the Fourier basis {eima} (in 2-D) or the spherical harmonic
functions {Y},(6,)} (in 3-D), i.e
(3.3)  —Age™ =m?e™ (d=2); —AsY,(0,0) =m(m+1)Y}(0,9) (d=3).
We shall denote

m2, m=0,+1,+2,..., if d=2,
3.4) ﬂm—{m(erl), m=0,1,2,... it d=3.

Expanding the solution and given data in terms of the eigenfunctions of Ag :

Y=o (m (1), fn(r), hom)e™ it d=2,
Zvonozo Zln;—m (alm(T)v flm(r)a Blwn)y,ln(97 (b) if d=3,

we find from (3.3) that the problem (3.1)—(3.2) is reduced to the following sequence
of 1-dimensional equations (for brevity, we use u to denote d,, or i, and likewise
for f and h below):

(35) (U, F, n) =

1 d d— 1d’LL 2
(3.6) _rdiflﬂ{r } ﬁm r2 —k*u=f, re€(ab),d=23,

u(a) =0,  w (b) kTm,ku(b) = h,
where T, i, is derived from (2.7) and (2.12):

(3.7) Tk = 1 i

h(”(kb)
Notice that Th, kx = T,k (defined by (2.14)).

2. Variational formulation and a priori estimates. We denote the weight
functions w®(r) = r* and w(r) = r. Define the 1-D weighted space

(3.8) X=X ={ueHL,.(I)NL2,_s(I): u(a)=0}.
We define a bilinear form on H}(S; X) x H1(S; X) :
BU,V)=(0:U,0,V) us + (VsUVsV) s =k (U V) .,
+ VT (U) (), V(b)) g

where (-, -)g is the L?(S)-inner product (cf. the appendix), and the gradient operator
Vs is defined by

(3.9)

OpU if d=2,

(3.10) Vel =
(500U + (0,0)7,  if d=3.
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The variational formulation of (3.1) is as follows: Given F € Lid,l(Q) and n €
L2(S), find U € H}(S; X) such that

(3.11)  BU, V)= (F,V)gar + b0, V(b,)), VV eEHNS;X), d=2,3,

S

which admits a unique solution (see, e.g., [23]). The first main result of this paper is
the following a priori estimates.

THEOREM 3.1. Let U be the solution of (3.11). If F € L?(Q) and n € L*(S),
then we have

(312) VUl + KU le S (V7 + VRITIR)) lnllsacs) + (k)4 T,

where |I| = b — a.

The rest of this section is devoted to the proof of this estimate. Observe that, for
each mode m or (I,m), the expansion coefficient u = @y, or 4, (cf. (3.5)) satisfies
the following reduced problem (i.e., the variational formulation of (3.6)—(3.7)):

Given f € L2,_.(I) and h € C, find u € X such that

(3.13) P
B (u,v) = (f,v)ga—1 + b "ho(b) Vv e X, d=2,3,

where f = fm or flm, h = }Alm or ﬁlm, and the sesquilinear form

(3.14)
B (u,v) == (0ptt; 0,0) a1 + B (4, 0) a3 — k*(u,v)ga-1 — kb Ty, pu(b)v(b),

where §,, is defined in (3.4).

An essential step is to derive a priori estimates for each u = 4, or 4, and then
combine these estimates to get the desired result for the original problem (3.11).

We have the following a priori estimate for the solution of (3.13)—(3.14).

LEMMA 3.1. Let |I| = b—a be the length of the interval I = (a,b). If f € L2 ,_,(I),
then given ko > 0, we have that, for k > ko and d = 2,3,

10rull a1 + v/ Bml[tflwa-s + Ellullpa-r

(3.15)
< (Vb + V/bI|Crn i) [B] + Co | TN fll a1
where
3 if <
(3.16) Cone = 4 FV) i ml < kb,
’ 1 if |m| > kb.

Proof. Some early work (cf. [12, 17, 18]) in this direction relies on the explicit
form of Green’s function which is very difficult, if not possible, to extend to more
general cases. Our proof is based on an argument in [21, 10] (see also [30, 9]). More
precisely, we take two test functions v = u, (r — a)d,u € X in (3.13) successively
to obtain a priori estimates without using Green’s functions. In the following, ¢; >
0(j=1,...,5) are some suitable real numbers.

We first take v = u in (3.13). The imaginary and real parts are, respectively,

(3.17a) —kb M (T, 1) [u(B)]? = b4 m(hu(b)) + Im(f, u)ya-1,
[18rul2as + BrllullZazs — K [ullZa-1 — k6" 'Re(Tn k) u(b)]?

(3.17b) = b4 Re(hu(b)) + Re(f, u) 1.
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In order to derive an upper bound for ||9,u|? ., + Bm||ul|? .5, we proceed separately
with two cases: (i) d =2, |m| >0ord =3, m >0 and (ii) d =2, m =0. In the
first case, we have from (2.22) and (2.34b) with |m| > 1 (note that x = kb) that

1

(3.18) FRe(To )]

<b ford=2, |m|>0o0rd=3, m>0.

In what follows, we shall repeatedly use the inequality 2AB < A% + %2 for all
A,B,e > 0.
Applying the Cauchy—Schwarz inequality to (3.17b) leads to

10 ulZams + Bl Zams — 6™ Re (T 1) [u(b)

kb= Re (T )| pi-1
< k2 2 . —77747 b 2 s h 2
(319) = ||und + ) "LL( )l + 2]€|R€(Tm7k)|| |

1
+erk?ullfamr + Y 1F1Eas-

Thus, by (3.18), the estimate (3.19) becomes (for d =2, |m| > 0or d =3, m > 0)

kb 1Re(T),
Rt )

bd
< (L F ek ullgas + FIAI” +

10, ullZa-r + B |ullZa-s —
(3.20)

eVl

To treat the only remaining case, (ii) d = 2 and m = 0, we apply the Cauchy—Schwarz
inequality to (3.17a) and get that

kbIm(T, b
FbIm(To )u(®)? < FT0k) gy b

(3.21) 2 2kTm (T ;)

. +MH 12 + ;HfHQ

© 252k1m(T0,k) w?
which implies that
(3.22) K2bu(b)? < eak?[luf? + — B+ —— £,
(T ) ol (To )|

Thanks to (2.34c), we can rewrite the inequality (3.22) as
1
(3.23) Fblu)” < eak®ullg + bIAI” + —[If I
2

We now apply the Cauchy—Schwarz inequality to (3.17b) (with d = 2 and m = 0) and
use (3.23) to bound the term involving |u(b)|? to get

10wl + Bollullz— — kbRe(To,k)\U(b)lz

Elki
(3.24) < K22 + K2bfu(B)]? + —g A2 + T a2 + 1112

4k2 2e k:2

< (1 +e1)k?|ul|Z + cb|n* + gllflli,
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where we took g2 = €1/2 in (3.23). In view of (3.20) and (3.24), we have the following
estimate which is valid for all cases:

(3.25) 10 ullZa—s + BrnllulZa—s < (1 +en)k®|ullZams + bR + ]l fl1Zas-

Now the main difficulty is how to bound the term k2|\u||wd 1. To do this, we need
to derive further estimates by testing (3.13) with another function. Using a standard
regularity argument, one can easily verify that for f € Lid_l (I) the weak solution of
(3.13) satisfies (r — a)d,u € X. Hence, we can take v = 2(r — a)d,u in (3.13), and
after integration by parts and thanks to the identity

(3.26) (u,v)w + (v,u) = 2Re(u, v)w,
we find that the first three terms of the real part of (3.13) with v = 2(r — a)0,u are

2Re(0ru, 0, ((r — a)@ru))wd,1 = b1 1110, u(b)|?

(3270) + /b [(2 —d)+(d-1)2 }|a ul?rd=dr;
26mRe(u, (r — a)dyu) ,_, = ,6’mZ”HIII\U(b)|2
) b [ [4-2) — a3
—2Kk*Re(u, (r — a)0pu)ya-1 = —a1<:2bd—1|1r||u(b)|2
(3.27¢)

b
+k2/ [0 (@ 1)t
Accordingly, we find that the real part of (3.13) with v = 2(r — a)9,u becomes

(3.28)
b1 (10:u ) + B2 u(®)?) + ald = 1)|ull3a-s

+k2/b [0 @ 1) tar

b

S kZbd71|I||U(b)|2 =+ (d — 2)”87/&”3,1,1 + BTYL/ |:(d — 2) + (3 — d)%:l |u|2rd*3dr

a

+ 20471 |I||Re(hd,u(b))] + 2|Re(f, (r — a)Optt)ya-1].

Note that in the third term the factor d — (d — 1)% > 1 for all r € (a,b), so we can
use this term to bound k?||ul|2,_, in (3.25).

By the Cauchy—Schwarz inequality, we can treat the last two terms at the right-
hand side of (3.28) as, respectively,

d—1
(3.29) 267 I||Re(hO,u(b))| < w|6ru(b)|2 + 2647 1|2,
and
I
(330) 2|Re(f, )8 u wad— 1| < 63“8 U”wd 1 + qu”w’i 1.

We now proceed separately for d = 2 and d = 3.
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Case I: d = 2. In this case, a combination of (3.28)—(3.30) leads to

b
1 (10ru(®) + B2 u®)?) + al|Oull® + & / (2= 2] lulrdr

b
(3.31) §k2b|1||u(b)|2+(53||aru||i+aﬁm||u||3,z)+ O 5, u(b)P

III

+20[1||h|* + IIfIIw

Using (3.25) with d = 2, we have that, for €3 < 1 and for certain & € (a,b),

call0rully + B ulfs-» < max {ea, -} (j0-ul + Bl -+)
< (1 )2 Jull?, + eb? [ + el £113-

Hence, it remains to bound the term k2b|||u(b)|? in (3.31).
(i) [m| > kb. In this case, the term b|I|k*|u(b)|?> can be absorbed by
b=YI|Bm|u(b)|? at the left-hand side of (3.31). Hence, a combination of
(3.31)—(3.32) leads to the desired result:

(3.32)

1 _
blI|(S10-u(®)? + (B~ = K)u(b)?) + alldrull? + CH?[ul2
S OB+ (112712,

where, with a suitable choice of €1, the constant

(3.33)

(3.34) C=1- 53 —e1 >0 for certain & € (a,b).
2

(ii) |m| < kb. Similar to the derivation of (3.22), we apply the Cauchy—Schwarz
inequality to (3.17a):

bIII B2 4+ III

Then a combination of the estimates (3.31), (3.32)7 and (3.35) leads to

(3.35) k20| I|ju(b)[* < e3]I|k*||ull? +

1 B _
blI|(510,u(B)? + Bnb (b)) + allOul® + Ok [l

(3.36)
2
S COLRE + CD,If 12,

where, with a suitable choice of €1 and 3 and using the fact that Im(7T}, 1) <
1, the constants are

C=1- g —e1 —e3|I| >0 for certain &3 € (a,b),
3

bl
o =v*+
(3.37) m,k |Im( )‘
(2) — I2 | | I 1
Conie =11+ iy S 1P (U fee)

Notice that we have
(3.38) Im(T,, ) > c(kb)~5  for |m| < kb,

since Im(7},, ) is a decreasing function of m and the estimate (2.35).
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Therefore, the desired result (3.15) with d = 2 follows from (3.25), (3.33), and
(3.36).
Case II: d = 3. In this case, a combination of (3.28)-(3.30) leads to

b
B0, u(b) + b~ u(®)) + 2al0rul + 4 [ [3- 22 juprdr
3.39 272 2 b1 2 2 2
(3.39) < K21 [u(b) 2 + = 10ru(®) + (19rul2: + Bonllul?)

I2
o + 20y 2.
€3

By (3.25),
(3.40) 10rullEs + Ballul® < (1 +e)k[[ullZz + cb®[h]* + cl| £II2--

The rest of the proof is essentially the same as that in the 2-D case. More precisely, we
can derive the 3-D version of inequalities (3.33)—(3.38) with slightly different constants
2a .
C=2—€——51>0, & € (a,b), if m > kb,
3
~ 2a .
cC=2- & —e1—2e3)I|, & € (a,b), if m<kb.
3
Finally, since Im(T},, 1) is a decreasing function of m and Im(7T}, ;) = Im(Z, kb)
(cf. (2.14) and (3.7)), the desired bound follows from (2.27) and (2.35). |
The proof of Theorem 3.1. Since the proof of the 2-D and 3-D cases is essentially
the same, we prove only (3.12) with d = 3. Thanks to the orthogonality of the spherical
harmonic functions, we deduce from Lemma 3.1 that

IVUI? + B |U 1> S 110:U1Ze + IVsU? + B U2

(3.41)

oo m
S (10vaumliZe + Bualltuml® + K2l 2:)
m=01l=—m

S 3 (VB + VOTICme) V[ + C2, 4 TP fim 22

m=0[]=—m

S0 (VB VTR R+ (60 1) o2

m=0]l=—m
2
S (VO3 + VOIT(kD)2) (Il 2 (s) + (kD) 11| F|.
This ends the proof.
4. Spectral-Galerkin approximation.

4.1. The spectral-Galerkin method and its well-posedness. Let Py be
the space of all complex polynomials of degree at most N on I. Define Xy := {u €
Py : u(a) =0} and
(1) Span{eim(’ : —M§m§M} if d=2,

span{Yél(Q,@ 2 0< |l SmSM} if d=3,

where B(-,-) is defined in (3.9).
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The spectral-Galerkin approximation to (3.11) is as follows:

(42) Find Upny € Vun = Xy X Y such that
' BUnn, Vun) = (F,Vun)wi-r + 07 (0, Ven (b,2)) g ¥V Vi € V.

Since the sesquilinear form B(-,-) is not coercive in Vyn X Vasn even for small wave
number k, an important issue is to prove the well-posedness of the discrete scheme
(4.4).

Expanding the numerical solution and test function as

im0 (@ (r), DN (r))eim? it d=2,
S S (@ (), 0N ()Y (0,) it d=3,

one verifies that uy = 4l or 4y satisfies the reduced problem

(4.3)  (Umn, Vun) =

(4.4) { Find uy € Xy such that

Bm(uN,vN) = (f, ’UN)wd—l + bdithN(b) Yoy € Xn, d=2,3,

where B, (-, ) is defined in (3.14); for brevity, we denote vy := 92 or v}, and f and

h are the same as those in (3.13).

It is important to note that, unlike in the Galerkin finite-element method, the
spectral-Galerkin approximation space X has the following property: Foruy € Xy,
we have (r — a)O,uy € Xn. Hence, the proof of Lemma 3.1 is also wvalid for the
discrete system (4.4). In particular, Theorem 3.1 holds with uy in the place of w.
As a consequence, the problem (4.4) has at most one solution. Since (4.4) is finite-
dimensional, we then derive from a simple fact in linear algebra that the problem
(4.4) admits a unique solution.

Therefore, following the same procedure as in the proof of Theorem 3.1 leads to
the following result.

THEOREM 4.1. If F € L?(Q2) and n € L*(S), the problem (4.2) admits a unique
solution satisfying

(45)  IVUnnl + kTl S (VO -+ VBT ) [l cs) + (K0T ).

4.2. Error estimates. In this part, we shall estimate the error between U (so-
lution of (3.11)) and Upn (solution of (4.2)). Our starting point is to analyze the
error of 1-dimensional approximation (4.4).

4.2.1. Analysis of the 1-D scheme. In order to carry out the error analysis,
we define the orthogonal projection s} : X — Xy by

(4.6) (&(u - 07r]1\,u), GTUN) =0 Yoy e Xn.
For s > 1 and s € N, we introduce the weighted Sobolev space
B*(I):={ueL*(I) : [(r—a)(b— T)]l_Tlﬁiu € L*(I), 1 <1< s},

with the norm and seminorm

N

[[ul

P (S > it = @) =)= okul)

g = ||[(r = a)(b— )] T 8ul.

|u
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LEMMA 4.1. For anyu € X N B*(I), with s > 1 and s € N,

(4.7) 10 (grrvw = w)|| + N7 [ gryu — ull £ NP u

Bs-

Proof. This result is a direct consequence of the Legendre polynomial approxi-
mation (with a scaling and a direct extension to complex functions), which can be
found, for instance, in [7], with an improvement of the weighted seminorm in the
upper bound given by [14]. d

With the aid of Lemmas 3.1 and 4.1, we are able to obtain the following error
estimates.

THEOREM 4.2. Let u and uyn be, respectively, the solutions of (3.13) and (4.4).
If w € X N B*(I), with integer s > 1, then for d = 2,3

107 (w = un)llwi-r + V/ Bmllt = un [lwi=s + Ellu = unl|po-

(4.8) .
< Cyu(m, N, k;a,b,d)N""°|u|gs,
where
19) C.(m, N, kya,b,d) : = (1+ /Bm)b@ /2 4 \/Bra™= [[IN"

RV BabP Y22 ITIN-Y2 4 | 1)2692K2N 1.
Proof. Let ey = uy — grjyu and éy = u — gty u. By (3.13) and (4.4),
(4.10) Bn(u—un,vn) =0 Yoy € Xy.
Then we derive from (3.14), (4.6), and (4.10) that for any vy € Xy

Br(en,vn) =Bm(En,vn) = Bm (€N, UN)pa-3

4.11 .
( ) — k2(éN7UN)wd71 — kbd_leykéN(b)UN(b).

Hence, we can view (4.11) in the form of (3.13) with u = ex, h = —kb? 1T, rén (D),
f = —k%én, and an additional term 3,,(€x,vn)ya-3. As with the proof of Theorem
3.1, we take two different test functions vy = en,2(r — a)d,eny € Xy and treat the
extra term as

(112) nl(Ervsen)oes| < eobmlenliacs + 52 e 2as
and
200l (Zn (1 = @)Oren) uoal < 28, {62 11w (b)en B)]
+[(0ren, (1= ar™en) uma| + | (@n, (4= 2) = ald = 3)r Ven) uss| |

(4.13) mbd—3 I
|2_’_ﬁ . | ||éN

< erBmb™ 2| I]]en (0) (®)* + esBmllenZa-a

C ~ ~
0 (0, + el s ).
8

Thus, choosing suitable constants {e;}._; and following the same lines as for the
proof of Theorem 3.1 (with u = ex, h = —kb? 1T}, 1én (D), and f = —k?éy), we can

8
J
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derive that
[Oren|Za-s + Bmllen||Za-s + Elen||Za-s
S Bm(10ren|2ar + llEn]Zas) + Bmb 3 |I]|En (b))
_ 2~
+ K22 EADIT,, P (VB 4 B T|Crn )" e (D)2
+ EYIPCE cllen |2z

(4.14)

To estimate the term |éx (b)|, we use the Sobolev inequality and Lemma 4.1 to obtain
that

(4.15) en ) < 2+ 7Y lenlllenl S N2 [ul B

Next, using the inequality [v]|2. < max{b®, a®}||v||? and Lemma 4.1 leads to

|OrenIZas < 6T MOk En]* S I HIP TNy

lenlZa-s < a®Pllenl® S a® P [IPN " u

By p=0,1,

(4.16) ,
BS .

Hence, by the triangle inequality, (4.14)—(4.16), and Lemma 4.1, we have that

10:(u = un)[Za-1 + Binllu — un [[2a-s + K [lu = un || Fas
< (I9renZacs + BullenlZas + K llen]2a-1)

S (N e Y R T ey

(4.17) S U+ Ba)loven|Bas + Bullen|Za-s + Brnb*?|I]1En (b)?
RO (VB4 BITIC0) o ()
+EHIPPCR, kllew |G

S C*(m, N, ks a, b, )N [ul.,
where

C*(m, N, k;a,b,d) := (14 Bp)b% " + Brna® 3|12 N~2
(4.18) + B B IPNT 4+ k202EDIT, 4 2 (VB + O Croe) S TIN T
+ NI CR, N
We now derive an upper bound for C*(m, N, k; a, b, d). Since by (2.22) and (2.34)

+1)?
T, 2<1 L
| ,k| <1+ (k:b)2

and by (3.16) Cp . S (kb)Y/3, we deduce that for N > 1
C*(m, N, k;a,b,d) < (14 Bn)b% ™ + Brad 3|12 N2
+ ﬂm63d74|1|]€2/3N71 + ‘I‘4bdk4+2/3N72.

This implies the desired result. ]

Remark 4.1. Note that, in the error estimate (4.8), N'~%|u|p: is the best approx-
imation error, and k2N ~! in C, is the so-called “pollution error” which is typical for
the numerical approximations to the Helmholtz equation (cf. [4]). The extra term
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k'3 in C, is due to the asymptotic behavior of the DtN kernel (see section 2), and it
is unlikely that this extra term can be removed.

Remark 4.2. To illustrate how the error behaves with respect to N, k, and b with
a > 0 being fixed, we consider a typical oscillatory function u(r) = e**" — ¢**@. Then,
for any s > 0, we have

b
lu|%. = / |8ﬁu|2((r —a)(b— r))s_ldr
(4.19) @

< k2 /ab ((r—a)b—7))"""dr < k;(kb - “)QH.

Plugging this into (4.8), we find that for this particular but typical solution we have
that for any s > 1

100 (4 — un)[lwi-1 + V/Bmllu — un|lpa-s + Ekl|u — un|ya-r

(4.20) b—a k(b—a)\l-s
< . I S
< Culm, N.kia,b, d)ky | 2 ( ~ ) .

Hence, the error will decay exponentially as soon as k(;’;,a) < 1, as opposed to the

usual condition % < 1. Hence, we can significantly reduce the computational cost by
choosing b as close to a as we wish (note, however, that, for scattering from a general
obstacle D = r>a+g(f) in 2-D or D = r > a+ g(0,¢) in 3-D, we have to make
sure that b > a + ||g||z=).

With the above preparations, we are ready to perform the error analysis of the
full scheme (4.2).

4.2.2. Multidimensional cases. To describe the error, we introduce the fol-
lowing nonisotropic Sobolev space:
(4.21)

M, (Q) = L2(S; B (D) N HY (S HL o (1) N HE (3 L2 4o (1) N L2 (I)),

p,wd* 1

with d = 2,3, s, > 1, and the norm

oo

10 sy = (D2 [Htm e + (14 m2) 0y 2

|m|=0

-

s ~ ~ 2
+ (1 m?) (a2 + Jam]2)])

[0y =( 2 32 [l + (14 m)2 00

m=0[=—m

1
(1 m) (i + i 2)])

(4.22)

THEOREM 4.3. Let U and Upyrn be the solutions of (3.11) and (4.2), respectively.
IfU e L2(S; X)N H;’S (Q), withd = 2,3 and s,s" > 1, then we have

wd—1

V(U =Unn)|| + kU = Unnll
S (€M, N ks, b, )N o (14 kMM ) U]

(4.23)
()
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where

C,.(M,N,k;a,b,d) : = (1+ M)b=D/2 4 Mg 2" |[|N !

(4.24)
+ k1/3(Mb3d/2—2\/mN—1/2 + |I|2bd/2]€2N_1).

Proof. Since the proof of d = 2,3 is quite similar, we shall prove only the case
d = 2. For notational convenience, let Ey;ny = U — Uy n and é,,, = Uy — ﬁ% Thanks
to the orthogonality of the Fourier series, we have that

M

IV Esenl? + RN Esenl? < D5 (10remll +m? e
(4.25) |m|=0
+&2emll2) + D0 (10rim 2+ mim 21 + K2l ) = SF + 5.
|m|>M
Using Theorem 4.2 leads to
M 1
S1 < ( max {Cu(m,...)})N'"* i % )
< Co(M, N, k;a,b, )N *||U || o or -

We treat Sy as

MBS

oS M (N M R (|02 + m i 2-1))

|m|>M
1
(4.27) e (S )
|m|>M
S+ RM MU )

Hence, a combination of (4.25)—(4.27) yields the desired result. 0

5. Numerical results and discussions. We now present some numerical re-
sults to complement our error estimates for the spectral-Galerkin scheme (4.2). We
consider the problem (3.1) in 2-D and take

(5.1) F(r,0) =0, n(0) =0, &) =H (ka)e™".

In this case the exact solution is U(r, §) = Hy(,%)(kr)eme. Since for a given m, ™ can
be exactly determined with the number of mode M = Ny > 2m, we will concentrate
on the approximation behavior of our scheme with respect to the frequency k and the
thickness of the annulus b — a.

In the first set of tests, we take ¢ = 1 and b = 2. In Figure 5.1, we present
the relative L?-error versus the number of mode N = N, for a wide range of wave
numbers. We note that, as soon as N, > k(b — a)/2, the errors start to decay, for
moderate to large wave numbers, the errors decay slowly until about N,. ~ k(b — a),
and finally, for N, > k(b — a), all errors converge to zero at an exponential rate.

In the second set of tests, we take a = 1 and b = 1.25. The results are plotted in
Figure 5.2. We observe similar behaviors as in the first set except that now we have
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F1G. 5.1. Relative L?-error versus N, as compared to an ezxact solution: a = 1,b = 2.
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F1G. 5.2. Relative L?-error versus Ny as compared to an exact solution: a = 1,b = 1.25.

b—a= % and only about 1/4 of the modes are needed to achieve a similar accuracy.
These behaviors are consistent with our error estimates (cf. Remark 4.2).

These results indicate that (i) the approximate solution Uy, n, will converge to
the exact solution U(r, §) exponentially fast as N,., Ng — +o0 provided that all F'(r, §),
£(0), and n(f) are analytic in €2, and (ii) our numerical scheme is stable for large N,
and capable of providing accurate results for moderate to large wave numbers.

To summarize, we have presented a complete analysis for the spectral-Galerkin
method to the Helmholtz equation in exterior domains. We first studied asymptotic
behaviors of the Hankel functions which play essential roles for our error analysis.
Using these asymptotic estimates, we then derived a priori estimates with explicit
dependence on the wave number for both the continuous and the discrete problems.
Finally, we performed an error analysis and derived error bounds with explicit de-
pendence on the wave number. To the authors’ best knowledge, our error estimates
seem to be the first of their kind, i.e., with explicit dependence on the wave number
for a numerical method on bounded obstacle scattering via the DtN map. A particu-
lar advantage of this approach, verified by our error estimates and numerical results,
is that we can choose the artificial boundary very close to the scatterer while still
maintaining the spectral accuracy.

Appendix A. The proof of (2.34). We first prove (2.34a). It is clear that,
by (2.33b), Im(7,,, ) > 0. On the other hand, since Im(7, ) is a strictly increasing

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



SPECTRAL APPROXIMATION TO THE HELMHOLTZ EQUATION 1975
(resp., decreasing) function of x (resp., m), we have
Im(7, ) <Im(7q,) <Im(77,00) =1,
due to the asymptotic formula |H1(1)(/£)\2 ~ Z for > 1 (see Formula 9.2.3 of [1]).

We now turn to the proof of (2.34b). Recall that the modified Bessel function of
the second kind of order v is defined by

(A1) K.(2) = /000 e~ 0t cosh(vt)dt.

In particular, we have

(A.2) Ko(z) = /OOO e = coshitgt Ki(z) = —Kp(2).

By Formula (4) on p. 445 of [31],

(A.3a) J2(R)+Y2(k) = % /000 Ko(2k sinh t) cosh(2mt)dt,

(A.3b) [JmIms1 + Y Yinga] (k) = % /0 h K1(2k sinh t) sinh ((2m + 1)t)dt.

Using the identity K;(z) = —K{(z) and integration by parts leads to

8 [ sinh ((2m + 1)t)
72, 2k(sinh t)’

4 sinh ((2m + 1)t)
 km? cosht

4 o )
+ ﬁ /0 ICO (2/’% sinh t) <
4

K2

[Fndms1 + Yo Yo () = d(ICO(Qnsinht))

Ko(2k sinht)‘

sinh ((2m + 1)t) ’
cosht ) dt

oo
0

/ Ko(2k sinh t) cosh(2mt)W,, (t)dt,
0

where

1 (Sinh (2m + 1)t)>/.

Wi (t) =
m(®) cosh(2mt) cosht

Note that in the last step we used the asymptotic formula (see Formula 9.7. 2 of [1])

4 — i t
. 2 i t) ~ - 2k sinh ¢ ~ o€ ,t/g " 1
(A ) ]CO( k sinh ) e te , > 1,

to claim that

sinh ((2m + 1)t)

p— Ko(2ksinht) — 0 as t — oo.

Using the identities of the hyperbolic functions, W,,(¢) can be written as

(A.5) W, (t) = 2m(1 + (tanht) tanh(2mt)) +sech®, 0 <t < cc.
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We now seek the maximum and minimum values of W, (¢). Taking the derivative of
Wi (t) yields

W) .(t) = Qm((sechzt) tanh(2mt) + 2m(tanh t)sech? (2mt)) — 2(tanh t)sech?t
= 2(mtanh(2mt) — tanh t)secth + 4m?(tanh t)sech? (2mt).
It is obvious that
mtanh(2mt) —tanht >0 V¢t >0, ¥m > 1.
Hence, W,,(t) is an increasing function of ¢, and consequently,
(A.6) 2m+1 =W, (0) < Wy, (t) < Wip(oo) =4m Ve >0, Vm > 1.
Therefore, for m > 1,

2m+1  Jp(K)Imy1(K) + Y (K)Yip1 (k) 2m
(A7) T A mES I

which, together with (2.33a), yields the bounds

1
_m <Re(Tmy) < —— for m>1.
K ’ 2K

Finally, for m = 0, (A.5) implies that 0 < Wy(t) < 1. Accordingly, we find that

1
—ﬂ S Re(%’,{) < 0.

It remains to prove (2.34c).
Let us first show that Im(7p ) is a strictly decreasing function of x. By (2.33b),
it suffices to show that

f(@) =2l HV (@) = 2(J5 (@) + Y5 (@), >0,
is a strictly increasing function of z. Indeed, by (A.3a),

f(z) = 8 /OO Ko (2 sinh t)dt.
0

T2

Differentiating it gives
8 oo
fl(x) == / {Ko(2x sinh t) + 2z sinh t K{(2x sinh t) }dt.
™ Jo
Integrating the second term by parts leads to
8 o 8 [
f'(x) = = Ko(2zsinht) tanht|0 + —2/ Ko (22 sinh t) tanh? tdt.
™ T 0

Notice that the first term is zero due to the decay property of Kq (cf. (A.4)). Therefore,
we have

f(x) >0 Vz>0.

Finally, (2.34c) follows immediately from (2.33b) and the facts that Im(7p,) is a

strictly decreasing function of x and H|H81)(I€)|2 — 2 as K — oo.
This ends the proof of (2.34). a
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