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ARTICLE INFO ABSTRACT

AMS subject classifications: We consider in this paper a variable-step generalized second-order BDF scheme (VS-gBDF2) based
65M12 on the Taylor expansion at time #,_; + 7,& (¢ > 1). Using the linear reaction-diffusion equation as
65M50 an example, we investigate the numerical stability, convergence and computational efficiency
35K20 of the proposed scheme for any ¢ > 1. We provide an asymptotically compatible analysis on the
Keywords: discrete energy dispassion law and establish stability and second-order convergence of the VS-
Generalized BDF2 scheme gBDF2 scheme for any ¢ > 1. These results are proved under a restriction on the ratio of adjacent
Adaptive time step steps 0 <r, <r, <F, where the upper bound 7; and the lower bound r, are dependent on the
Energy stability parameter & The asymptotic compatibility means that the required ratio restriction will reduce to
Optimal error estimate 0 < ry < Fpa ~ 4.8645 as & — 1, which is the ratio restriction for the classical variable-step BDF2

(VS-BDF2) given in (J. Math., 2021, 06:471-488). Numerical examples are provided to substan-
tiate our theoretical analysis and validate the effectiveness of the adaptive time-step strategy. In
particular, the proposed adaptive VS-gBDF2 schemes are shown to have stronger stability and
higher efficiency than the classical (¢ = 1) VS-BDF2 schemes when an appropriate value of & is
chosen.

1. Introduction

The adaptive time-stepping strategy is a heuristic method that can significantly improve computational efficiency without sacri-
ficing accuracy in the realm of numerical analysis and scientific computing. It demonstrates practical utility, especially in capturing
the multi-scale behaviors, i.e., a system is evolving quickly in some regions of time while slowly changing in other regions [1-3].

The rigorous numerical analysis of such adaptive strategies is relatively easy for one-step methods such as the backward Euler
and Crank-Nicolson schemes since they involve only one degree (the current step size z,) of freedom. But, the analysis of variable-
step multistep methods (two or more steps that involve multiple degrees of freedom) is more challenging. For instance, the typical
variable-step second-order backward differentation formula (VS-BDF2) is known for its robust stability, but its analysis, as documented
in Thomée’s classical book [4], is already highly nontrivial even for linear parabolic equations. Becker [5] presented a stability and
convergence analysis for VS-BDF2 by introducing the adjacent time-step ratio restriction 0 < r, :=7,/7_; < 2+ \/E)/ 3~ 1.868.
Such a ratio restriction is subsequently relaxed by Emmrich [6] to 0 < r, < 1.91, by Wang et. al [7]. to 0 < r, < 1+ \/5, and by Chen
et al. [8] to 0 <r, <3.561 using a novel technique of positive-definiteness of BDF2 kernels. Under the same condition, Liao and
Zhang[9] carried out the stability and convergence by introducing a discrete orthogonal convolution (DOC) kernel, and Zhang and
Zhao [10] further relaxed the ratio restriction to 0 < r, < 4.8645.
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$0\leq \urbeta <r_k< \brbeta $
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$\urbeta $


$\xi $


$0<r_k<r_{\max }\approx 4.8645$


$\xi \to 1$


$\xi =1$


$\xi $


$\tau _n$


$0< r_k:=\tau _k/\tau _{k-1}\leq (2+\sqrt {13})/3\approx 1.868$


$0< r_k<1.91$


$0<r_k<1+\sqrt {2}$


$0<r_k<3.561$


$0<r_k\leq 4.8645$


$t_{n+\xi -1}$


\begin {align}v_t(t_n)\approx \bar {\mathcal {D}}_2^\xi v^n &=\frac 1{2\tau }\Big ({(2\xi +1)}v^{n}-4\xi v^{n-1}+{(2\xi -1)}v^{n-2}\Big ),\label {EQ-gBDF2}\end {align}


$\xi $


$\tau $


$\xi =1$


$t_{n+\xi -1}, \xi =1, 2.5, 5$


$\xi $


$t_{n-1}+\tau _n \xi $


$\xi \geq 1)$


\begin {align}\tau _{n+1}:=\min \Big \{\max \Big \{\urbeta \tau _{n},\tau _{\min },\frac {\tau _{\max }}{\sqrt {1+\alpha |\partial _\tau \mathcal {E}^n}|^2}\Big \},\brbeta \tau _{n}\Big \},\label {EQ-ATS}\end {align}


$\tau _{\min } = 0.01, \tau _{\max } = 0.03$


$\tau _{\min } = 0.02, \tau _{\max } = 0.1$


$\xi $


$\xi $


$\tau _{\min }=10^{-5}$


$\tau _{\max }$


$\xi =1$


$\xi =7$


$\brbeta $


$\urbeta $


$\xi $


\begin {equation}\label {gBscheme} \mathcal {D}_2^\xi u^n = \Delta E_\xi u^n +\kappa E_\xi u^n + E_\xi f^n, \quad 2\leq n\leq N,\end {equation}


$\xi \geq 1$


$r_k$


$0\leq \urbeta <r_k\leq \brbeta $


$\brbeta $


$\urbeta $


$\xi $


$\xi \to 1$


$0<r_k\leq 4.8645$


\begin {align}\mathcal {D}_2^1 v^n &=\frac {1+2r_n}{(1+r_n)\tau _n}\nabla _\tau v^n-\frac {r_n^2}{(1+r_n)\tau _n}\nabla _\tau v^{n-1}.\label {EQ-BDF2}\end {align}


$\xi \to 1$


$0=t_0<t_1<\cdots <t_N=T$


$\tau _k\defeq t_k-t_{k-1}$


$\taumax \defeq \max _{1\le k\le N}\tau _k$


$r_k = {\tau _k}/{\tau _{k-1}} (2\leq k \leq N)$


$v^n:=v(t_n)$


$\nabla _\tau u^n:= u^n-u^{n-1}$


$t_{n-1}+\tau _n \xi $


\begin {align}\mathcal {D}_2^\xi v^n &=\frac {1+2r_n\xi }{(1+r_n)\tau _n}v^n-\frac {1+(2\xi -1)r_n}{\tau _n}v^{n-1} +\frac {(2\xi -1)r_n^2}{(1+r_n)\tau _n}v^{n-2}\label {EQ-GBDF22}\\ &=\frac {1+2r_n\xi }{(1+r_n)\tau _n}\nabla _\tau v^n-\frac {r_n^2(2\xi -1)}{(1+r_n)\tau _n}\nabla _\tau v^{n-1},\label {EQ-GBDF2}\end {align}


$\xi \geq 1$


$r_n\equiv 1$


$\xi =1$


\begin {equation}\label {0001} \begin {aligned} & u_{t}(\x ,t) =\Delta u(\x ,t) +\kappa u(\x ,t) +f(\x ,t),&&\x \in \Omega \subset \mathbb {R}^d, t\in (0,T],\\ &u(\x ,0)=u_0(\x ),&& \x \in \bar {\Omega },\\ &u(\x ,t)=0,&&\x \in \partial \Omega , t\in [0,T], \end {aligned}\end {equation}


$\kappa \in \mathbb {R}$


$\Omega $


$E_{\xi } v^n:= \xi v^n-(\xi -1) v^{n-1}, \;n\geq 1$


$f^n:=f(\x ,t_n)$


$u^0$


$u^1$


$u^0 = u(0)$


$u^1$


\begin {align}\A n\xi 0 :=\frac {1+2r_n\xi }{(1+r_n)\tau _n},\quad \A n\xi 1:= -\frac {r_n^2(2\xi -1)}{(1+r_n)\tau _n}, \; \A n \xi j=0\; (n\geq j\geq 2),\label {EQ-Adef}\end {align}


\begin {align}\D \xi u^n:= \sum _{k=1}^n\A n \xi {n-k} \nabla _\tau u^k, \quad \text {for all} \;n\geq 2.\label {EQ-GBDF2_CS}\end {align}


$\urbeta <r_k\leq \brbeta $


$2\leq k\leq N$


$\brbeta $


\begin {align}(1+2x\xi ) = (2\xi -1)x^{3/2},\label {EQ-rcondition2}\end {align}


$\urbeta $


\begin {align}\urbeta = \Bigg \{ \begin {array}{cl} 0, &\text {if}\quad 1\leq \xi \leq \frac 9{8},\\ \frac {2\sqrt {\brbeta }-\brbeta }{1+\brbeta }&\text {if}\quad \xi > \frac 9{8}. \end {array} \label {EQ-urcondition2}\end {align}


$\brbeta , \urbeta $


$\xi $


$\xi $


$\xi $


$\xi $


$\brbeta $


$\urbeta $


$\brbeta $


$\urbeta $


$\brbeta $


$\xi $


$1^+$


$\xi \to \infty .$


$\urbeta $


$\xi $


$\urbeta \geq 0$


$\xi \geq 1$


$1/2$


$\xi \to \infty .$


$r_{\max }\approx 4.8645$


$\xi =1$


$g_\xi (x):= (2\xi -1)x^{3/2}-2x\xi -1$


$\xi \geq 1$


\begin {align*}g_\xi (1) = -2<0,\quad g_\xi (r_{\max }) = 2(r_{\max }+1)(\xi -1)\geq 0,\end {align*}


$\brbeta $


$(1,r_{\max })$


$\xi \geq 1$


$\xi $


$\brbeta $


\begin {align}\xi = \frac {1+\brbeta ^{3/2}}{2\brbeta (\sqrt {\brbeta }-1)}.\label {EQ-0225}\end {align}


$h(x) = \frac {1+x^{3/2}}{2x(\sqrt {x}-1)},\;x>1$


\begin {equation*}\frac {{\rm d} }{{\rm d} x}h(x) = \frac {1-\frac {1}{2} x^{3/2}-\frac {3}{2} \sqrt {x}}{2(x^{3/2}-x)^2}<0,\end {equation*}


$h(x)$


$(1,\infty )$


$\brbeta $


$\xi $


$1^+$


$\xi \to \infty .$


$\urbeta $


$\brbeta $


$\urbeta $


$\xi $


$\brbeta =4$


$\urbeta =0$


$\xi =\frac 98$


$\brbeta \to 1^+$


$\xi \to \infty $


$\brbeta $


$\urbeta $


$\urbeta \geq 0$


$\xi \geq 1$


$\urbeta $


$0.5$


$\xi \to \infty .$


$\xi \to 1$


$\xi = 1$


$\urbeta = 0$


$\brbeta = r_{\max }\approx 4.8645$


$r_{\max }$


$x^3=(1+2x)^2$


\begin {align}\mathcal {D}_{ws}v^n:=\frac {1+2\theta r_n}{\tau _n(1+r_n)}\nabla _\tau v^n+\frac {(1-2\theta )r_n^2}{\tau _n(1+r_n)}\nabla _\tau v^{n-1},\label {EQ-WSBDF2}\end {align}


$\theta \in (\frac 12,1]$


$\xi \in (\frac 12,1]$


$\kappa =0$


$0<r_n\leq r_s$


$r_s$


$\theta $


$r_s\to r_{\max }\approx 4.8645$


$\theta \to 1^-$


$r_s\to +\infty $


$\theta \to \frac 12^+$


$\brbeta $


\begin {align}\mathfrak {I}_\xi (x,y) = \frac {2+4x\xi -(2\xi -1)x^2/\sqrt {\brbeta }}{1+x}-\frac {(2\xi -1)\sqrt {\brbeta }y}{1+y},\label {EQ-MI}\end {align}


$\xi \geq 1$


$\brbeta $


$\brbeta $


$\urbeta $


\begin {align}\mathfrak {I}_\xi (x,y)\geq 0, \quad \forall \urbeta \leq x,y\leq \brbeta ,\quad \xi \geq 1.\label {EQ-1032}\end {align}


$\mathfrak {I}_\xi (x,y)$


$y$


$\urbeta \leq y\leq \brbeta $


\begin {align*}\mathfrak {I}_\xi (x,y)\geq \frac {2+4x\xi -(2\xi -1)x^2/\sqrt {\brbeta }}{1+x}-\frac {(2\xi -1)\brbeta ^{3/2}}{1+\brbeta }.\end {align*}


\begin {align}\mathfrak {I}_\xi (x,y)&\geq \frac {2\sqrt {\brbeta }(\brbeta ^{3/2}-\brbeta +(1+\brbeta ^{3/2})x)-(1+\brbeta )x^2-\brbeta ^2(1+x)}{(1+x)(\brbeta ^{3/2}-\brbeta )\sqrt {\brbeta }}\nonumber \\ &:=\frac {-\left ((1+\brbeta )x-(2\sqrt {\brbeta }-\brbeta )\right )(x-\brbeta )}{(1+x)(\brbeta ^{3/2}-\brbeta )\sqrt {\brbeta }}.\end {align}


$1\leq \xi \leq \frac 98$


$\urbeta =0, \brbeta \geq 4$


$\urbeta \leq x\leq \brbeta $


$(1+\brbeta )x-(2\sqrt {\brbeta }-\brbeta )\geq \brbeta -2\sqrt {\brbeta }\geq 0.$


$\xi >\frac 98$


$\brbeta < 4$


$(1+\brbeta )x-(2\sqrt {\brbeta }-\brbeta )\geq 0$


$\urbeta \leq x\leq \brbeta $


$\urbeta \leq x,y\leq \brbeta $


\begin {align}\mathfrak {I}_\xi (x,y) \geq 0.\label {EQ-0333}\end {align}


$\{w_k\}_{k=1}^n$


\begin {align}&2w_k \sum _{j= 1}^k \A k\xi {k-j} w_j \geq \frac {(2\xi -1)\sqrt {\brbeta }r_{k+1}}{1+r_{k+1}}\frac {w_{k}^2}{\tau _{k}} -\frac {(2\xi -1)\sqrt {\brbeta }r_k}{1+r_k}\frac {w_{k-1}^2}{\tau _{k-1}}, \label {EQ-0942}\\ &2\sum _{k=2}^nw_k \sum _{j= 2}^k \A k\xi {k-j} w_j \geq 0, \quad \text {for } n \geq 2.\end {align}


$2ab\leq \epsilon a^2+b^2/\epsilon $


$\epsilon =1/\sqrt {\brbeta }$


\begin {align}w_k \sum _{j= 1}^k &\A k\xi {k-j} w_j = \frac {2+4r_k\xi }{(1+r_k)\tau _k}w_k^2-\frac {2r_k^2(2\xi -1)}{(1+r_k)\tau _k}w_kw_{k-1}\nonumber \\ &\geq \frac {2+4r_k\xi -(2\xi -1)r_k^{2}/\sqrt {\brbeta }}{1+r_k}\frac {w_k^2}{\tau _k} -\frac {r_k\sqrt {\brbeta }(2\xi -1)}{1+r_k}\frac {w_{k-1}^2}{\tau _{k-1}}\nonumber \\ &= \frac {(2\xi -1)\sqrt {\brbeta }r_{k+1}}{1+r_{k+1}}\frac {w_{k}^2}{\tau _{k}} -\frac {(2\xi -1)\sqrt {\brbeta }r_k}{1+r_k}\frac {w_{k-1}^2}{\tau _{k-1}}+\mathfrak {I}(r_k,r_{k+1})\frac {w_k^2}{\tau _k}. \label {EQ-1024}\end {align}


$\sum _{j= 2}^k \A k\xi {k-j} w_j = \sum _{j= 1}^k \A k\xi {k-j} w_j$


$k\geq 3$


\begin {align*}2\sum _{k=2}^nw_k \sum _{j= 2}^k \A k\xi {k-j} w_j &= {2}\A 2\xi {0} w_2^2+2\sum _{k=3}^nw_k \sum _{j= 2}^k \A k\xi {k-j} w_j \nonumber \\ & \geq \frac {2(1+2 r_2\xi )}{(1+r_2)} \frac {w_2^2}{\tau _2} - \frac {(2\xi -1)\sqrt {\brbeta }r_3}{1+r_3}\frac {w_{2}^2}{\tau _{2}}\\ &\geq \frac {(2\xi -1) r_2^2}{(1+r_2)\sqrt {\brbeta }} \frac {w_{2}^2}{\tau _{2}}\geq 0,\end {align*}


$H^1$


\begin {align}\mathcal {E}^k:= \frac {(2\xi -1)\sqrt {\brbeta }r_{k+1}}{{2(1+r_{k+1})}}\tau _{k}\|\partial _\tau u^k\|^2+\bar {\mathcal {E}}^k \;\text { for}\; \kappa \leq 0\;\text {and}\; k\geq 1,\label {EQ-dis_energy}\end {align}


$\partial _\tau u^k:=\nabla _\tau u^k/\tau _k$


$\xi \geq 1$


\begin {align}{\bar {\mathcal {E}}^k:=\frac 12\|\nabla u^k\|^2-\frac {\kappa }2\|u^k\|^2.} \label {EQ-OE}\end {align}


$\kappa \leq 0$


\begin {equation}{\partial _\tau \mathcal {E}^k\leq (E_\xi f^k,\partial _\tau u^k)}, \quad 2\leq k\leq n.\label {EQ-E1}\end {equation}


$u^n$


\begin {align}{\sqrt {\mathcal {E}^{n}}\leq \sqrt {\mathcal {E}^1}+ 2C_\Omega \Big ( \sum _{k=2}^{n} \|\nabla _\tau E_\xi f^{k}\|+\|E_\xi f^{1}\|\Big ).}\label {EQ-enegystable}\end {align}


$n=k$


$\nabla _\tau u^k$


\begin {align}(\mathcal {D}_2^\xi u^k,\nabla _\tau u^k) &= (\Delta E_\xi u^k +\kappa E_\xi u^k + E_\xi f^k,\nabla _\tau u^k), \quad 2\leq n\leq N.\label {EQ-1632}\end {align}


\begin {align}(\mathcal {D}_2^\xi u^k,\nabla _\tau u^k)\geq \frac {(2\xi -1)\sqrt {\brbeta }r_{k+1}}{2(1+r_{k+1})}\frac {\|\nabla _\tau u^k\|^2}{\tau _{k}} -\frac {(2\xi -1)\sqrt {\brbeta }r_k}{2(1+r_k)}\frac {\|\nabla _\tau u^{k-1}\|^2}{\tau _{k-1}}.\end {align}


$2(a+c(a-b))(a-b)=a^2-b^2+(1+2c)(a-b)^2$


\begin {align}2(\Delta E_\xi u^k, \nabla _\tau u^k) &= -\nabla _\tau \|\nabla u^k\|^2-(2\xi -1)\|\nabla _\tau \nabla u^k\|^2, \label {EQ-1659}\\ 2(\kappa E_\xi u^k ,\nabla _\tau u^k) &=\kappa \nabla _\tau \| u^k\|^2+(2\xi -1)\kappa \|\nabla _\tau u^k\|^2,\label {EQ-1700}\end {align}


$\tau _k$


$k=2$


$n$


\begin {align}\mathcal {E}^n\leq \mathcal {E}^1+ \sum _{k=2}^n (E_\xi f^k,\nabla _\tau u^k).\label {EQ-1850}\end {align}


\begin {align}\sum _{k=2}^n (E_\xi f^k,\nabla _\tau u^k) = (E_\xi f^n, u^n)-\sum _{k=2}^{n-1}(\nabla _\tau E_\xi f^{k+1},u^k)-(E_\xi f^2,u^1).\end {align}


\begin {align}\sum _{k=2}^n (E_\xi f^k,\nabla _\tau u^k) &\leq \|E_\xi f^n\|\|u^n\|+\sum _{k=2}^{n-1}\|\nabla _\tau E_\xi f^{k+1}\|\|u^k\|+\|E_\xi f^2\|\|u^1\|\nonumber \\ &\leq C_\Omega \Big (\sqrt {\mathcal {E}^n} \|E_\xi f^n\|+\sum _{k=2}^{n-1} \sqrt {\mathcal {E}^k}\|\nabla _\tau E_\xi f^{k+1}\|+\sqrt {\mathcal {E}^1}\|E_\xi f^2\|\Big ),\end {align}


\begin {align}\mathcal {E}^n\leq \mathcal {E}^1+ C_\Omega \Big (\sqrt {\mathcal {E}^n} \|E_\xi f^n\|+\sum _{k=2}^{n-1} \sqrt {\mathcal {E}^k}\|\nabla _\tau E_\xi f^{k+1}\|+\sqrt {\mathcal {E}^1}\|E_\xi f^2\|\Big ).\label {EQ-1851}\end {align}


$n_0$


$\mathcal {E}^{n_0}=\max _{1\leq k\leq n} \mathcal {E}^k$


$n=n_0$


\begin {align}\mathcal {E}^{n_0}\leq \sqrt {\mathcal {E}^{n_0}}\Big (\sqrt {\mathcal {E}^1}+ C_\Omega \Big ( \|E_\xi f^{n_0}\|+\sum _{k=2}^{{n_0}-1} \|\nabla _\tau E_\xi f^{k+1}\|+\|E_\xi f^2\|\Big )\Big ).\label {EQ-1856}\end {align}


$n_0\leq n$


$\mathcal {E}^n\leq \mathcal {E}^{n_0}$


\begin {align}\sqrt {\mathcal {E}^{n}}&\leq \sqrt {\mathcal {E}^{n_0}}\leq \sqrt {\mathcal {E}^1}+ C_\Omega \Big ( \|E_\xi f^n\|+\sum _{k=3}^{n} \|\nabla _\tau E_\xi f^{k}\|+\|E_\xi f^2\|\Big ).\label {EQ-1941}\end {align}


$f^n = \sum _{k=2}^n \nabla _\tau f^k+f^1$


\begin {align}\|E_\xi f^n\|&+\sum _{k=3}^{n} \|\nabla _\tau E_\xi f^{k}\|+\|E_\xi f^2\|\leq 2\sum _{k=2}^{n} \|\nabla _\tau E_\xi f^{k}\|+2\|E_\xi f^1\|.\label {EQ-1940}\end {align}


$f (x, t) = 0$


\begin {align}\mathcal {E}^k\leq \mathcal {E}^{k-1}, \quad \text {for}\; k\geq 2.\end {align}


$\xi $


$\theta _{n-j}^{(n,\xi )}$


\begin {align}& \sum _{j=k}^n \theta _{n-j}^{(n,\xi )} \A j\xi {j-k} = \delta _{nk}, \quad \text {for all } 1\leq k \leq n,\label {Def2g}\end {align}


$\delta _{nk}$


$p_{n-j}^{(n,\xi )}$


\begin {equation}\sum _{j=k}^n p_{n-j}^{(n,\xi )} \A j\xi {j-k} \equiv 1, \quad \forall 1\leq k \leq n, \; 1 \leq n \leq N. \label {Def1g}\end {equation}


\begin {align}\sum _{j=2}^n\theta _{n-j}^{(n,\xi )}\mathcal {D}_2 u^j & = \sum _{l=2}^n\nabla _\tau u^l \sum _{j=l}^n\theta _{n-j}^{(n,\xi )}\A j \xi {j-l} + \theta _{n-2}^{(n,\xi )}\A 2 \xi {1}\nabla _\tau u^1 \nonumber \\ & = \nabla _\tau u^n + \theta _{n-2}^{(n,\xi )}\A 2 \xi {1}\nabla _\tau u^1 , \quad 2\leq n \leq N, \label {did2g}\end {align}


$\A j \xi {j-1}\equiv 0$


$j\geq 3$


\begin {align}p^{(n,\xi )}_{n-j}&=\sum _{l=j}^n \theta ^{(l,\xi )}_{l-j},\quad \forall 1\leq j\leq n,\label {Pr1g}\\ \theta ^{(n,\xi )}_{n-j} &= p^{(n,\xi )}_{n-j}-p^{(n-1,\xi )}_{n-1-j},\quad \forall 1\leq j\leq n, \label {Pr11g}\end {align}


$p^{(n,\xi )}_{-1}:=0 \; (\forall n\geq 0)$


$q^{(n,\xi )}_{n-j}=\sum _{l=j}^n\theta ^{(l,\xi )}_{l-j}.$


\begin {equation*}\sum _{j=k}^n q^{(n,\xi )}_{n-j} A^{(j,\xi )}_{j-k}=\sum _{j=k}^n \sum _{l=j}^n \theta ^{(l,\xi )}_{l-j}A^{(j,\xi )}_{j-k}=\sum _{l=k}^n \sum _{j=k}^l \theta ^{(l,\xi )}_{l-j}A^{(j,\xi )}_{j-k}=\sum _{l=k}^n \delta _{lk}=1.\end {equation*}


$q^{(n,\xi )}_{n-j}=\sum _{l=j}^n\theta ^{(l,\xi )}_{l-j} \;( 1\leq j\leq n)$


$p^{(n,\xi )}_{n-j}=q^{(n,\xi )}_{n-j}=\sum _{l=j}^n\theta ^{(l,\xi )}_{l-j}$


$\A n\xi {n-k}$


$\theta ^{(n,\xi )}_{n-k}$


$\{\omega _j\}_{j=2}^n$


\begin {equation*}\sum _{k=2}^n\omega _k\sum _{j=2}^k\theta _{k-j}^{(k,\xi )}\omega _j \geq 0, \quad \forall n\geq 1.\end {equation*}


$\theta ^{(n,\xi )}_{n-k}$


$\sum _{j=1}^n\theta _{n-j}^{(n,\xi )}\equiv \tau _n.$


$\sum _{l=1}^j \A j\xi {j-l}\tau _l\equiv 1.$


\begin {align*}\sum _{j=1}^n\theta _{n-j}^{(n,\xi )}=\sum _{j=1}^n\theta _{n-j}^{(n,\xi )}\sum _{l=1}^j \A j\xi {j-l}\tau _l= \sum _{l=1}^n\tau _l\sum _{j=l}^n \theta _{n-j}^{(n,\xi )}\A j\xi {j-l}=\tau _n.\end {align*}


$\theta ^{(n,\xi )}_{n-k}$


\begin {align}\theta _{n-k}^{(n,\xi )}= \frac {(1+r_k)\tau _n}{1+2r_k\xi }\prod _{i=k+1}^n\frac {(2\xi -1)r_i}{1+2r_i\xi },\quad n\geq 2.\label {EQ-thetag}\end {align}


\begin {align*}\theta _{0}^{(n,\xi )}\A n\xi 0 = 1 \quad \text {and}\quad \theta _{n-k}^{(n,\xi )}\A k\xi 0=-\frac { \A {k+1}\xi 1}{\A {k+1}\xi 0}\theta _{n-k-1}^{(n,\xi )}\A {k+1}\xi 0.\end {align*}


\begin {align*}\theta _{n-k}^{(n,\xi )}\A k\xi 0 = \prod _{i=k+1}^n\frac {(2\xi -1)r_i^2}{1+2r_i\xi } =\frac {\tau _n}{\tau _k}\prod _{i=k+1}^n\frac {(2\xi -1)r_i}{1+2r_i\xi }.\end {align*}


$\tau $


$r_k\leq r_*<\brbeta $


$r^*>0$


$p^{(n)}_{n-k}$


\begin {align}&p^{(n,\xi )}_{n-j}=\frac {(1+r_j)}{1+2r_j\xi }\sum _{k=j}^n\tau _k\prod _{i=j+1}^k \frac {(2\xi -1)r_i}{1+2r_i\xi },\quad 2\leq j\leq n,\label {EQ-pbdsg}\\ &\sum _{j=1}^n p^{(n,\xi )}_{n-j} = t_n, \quad p^{(n,\xi )}_{n-j}\leq \frac {(1+r_j)}{1+2r_j\xi }\cdot \frac 1{1-R_*}\sqrt {\tau \tau _j}, \label {EQ-pnkrg}\end {align}


$\prod _{i=j+1}^k (\cdot ) = 1$


$j\geq k$


\begin {align}R_*:= \frac {(2\xi -1)r_*^{\frac 32}}{1+2r_*\xi }<1.\label {EQ-R_*}\end {align}


$g_\xi (x):=\frac {(2\xi -1)x^{3/2}}{1+2\xi x}$


$x$


$\xi \geq 1$


\begin {align}p^{(n,\xi )}_{n-j}\;\leq \;\frac {(1+r_j)\sqrt {\tau _j}}{1+2r_j\xi }\sum _{k=j}^n\sqrt {\tau _k}\prod _{i=j+1}^k R_* \;=\;\frac {(1+r_j)\sqrt {\tau \tau _j}}{1+2r_j\xi }\sum _{k=0}^{n-j} R_*^k.\label {EQ-0401}\end {align}


$g_\xi (x)$


$R_*<1$


$\lambda >0$


$\{v_j\}_{j=1}^N$


$\{\eta _j\}_{j=0}^N$


\begin {equation*}v_n \leq \lambda \sum _{j=1}^{n-1} \tau _j v_j + \sum _{j=0}^n \eta _j, \quad \text {for} \quad 1\leq n \leq N,\end {equation*}


\begin {equation*}v_n \leq \exp \big (\lambda t_{n-1}\big ) \sum _{j=0}^n \eta ^j, \quad \text {for} \quad 1\leq n \leq N.\end {equation*}


$\urbeta $


$\brbeta $


$\urbeta \leq r_k\leq r_*$


$r_*<\brbeta $


$u^n$


$L^2$


$\kappa >0$


$\tau \leq {1}/(4\kappa (2\xi -1)\xi )$


\begin {align}\label {Exp} \|u^n\| &\leq 2\exp \Big (4(2\xi -1)(\xi +\brbeta (\xi -1))t_{n-1}\Big )\cdot \Big (\|u^{1}\|+2(2\xi -1)(t_n \max _{2\leq k\leq n}\|E_\xi f^k\| +\frac {1}{1-R_*}\sqrt {\tau \tau _1}\|\partial _\tau u^1\|)\Big ),\end {align}


$\partial _\tau u^1:=\nabla _\tau u^1/\tau _1$


$R_*$


$\kappa \leq 0$


\begin {align}\|u^n\|&\leq \|u^1\|+2(2\xi -1)\Big ( t_n \max _{2\leq k\leq n} \|E_\xi f^k\|+\frac {1}{1-R_*}\sqrt {\tau \tau _1}\|\partial _\tau u^1\|\Big ).\label {EQ-ustablity1}\end {align}


$k\geq 2$


\begin {equation}\label {m1} \nabla _\tau u^k =\sum _{j=2}^k\theta _{k-j}^{(k,\xi )} (\Delta E_{\xi }u^j +\kappa E_{\xi } u^j+E_{\xi } f^j) - \theta _{k-2}^{(k,\xi )}\A 2 \xi {1}\nabla _\tau u^1.\end {equation}


\begin {equation}\label {EE1} \sum _{k=2}^{n} \sum _{j=2}^{k} \langle E_{\xi } u^k, \theta _{k-j}^{(k, \xi )} \Delta E_{\xi } u^j\rangle = -\sum _{k=2}^{n} \sum _{j=2}^{k} \langle E_{\xi } \nabla u^k, \theta _{k-j}^{(k,\xi )} E_{\xi } \nabla u^j \rangle \leq 0.\end {equation}


$2 E_{\xi } u^k$


$2$


$n$


$2\leq n\leq N$


\begin {align}2\sum _{k=2}^n\langle \nabla _\tau u^k, E_{\xi } u^k \rangle &\leq 2 \sum _{k=2}^n\sum _{j=2}^k\theta _{k-j}^{(k,\xi )} \langle E_{\xi } u^k, \kappa E_{\xi } u^j+E_{\xi }f^j\rangle - 2\langle \A 2 \xi {1}\nabla _\tau u^1, \sum _{k=2}^n \theta _{k-2}^{(k,\xi )} E_{\xi } u^k \rangle . \label {EQ-0420}\end {align}


\begin {align*}2\langle \nabla _\tau u^k, E_{\xi } u^k \rangle = \|u^k\|^2 - \|u^{k-1}\|^2+(1+2\xi )\|\nabla _\tau u^k\|^2\end {align*}


\begin {align}\|u^n\|^2 \leq \|u^{1}\|^2+&2 \sum _{k=2}^n\sum _{j=2}^k\theta _{k-j}^{(k,\xi )} \langle E_{\xi } u^k, \kappa E_{\xi } u^j+E_{\xi }f^j\rangle - 2\langle \A 2 \xi {1}\nabla _\tau u^1, \sum _{k=2}^n \theta _{k-2}^{(k,\xi )} E_{\xi } u^k \rangle . \label {EQ-z2}\end {align}


$\kappa \leq 0$


$u_{\xi }^k = \xi \|u^k\|+(\xi -1))\|u^{k-1}\|.$


\begin {align}\|u^n\|^2 &\leq \|u^{1}\|^2+2 \sum _{k=2}^n\sum _{j=2}^k\theta _{k-j}^{(k,\xi )} u_{\xi }^k\|E_{\xi }f^j\| -2\A 2 \xi {1} \|\nabla _\tau u^1\|\sum _{k=2}^n \theta _{k-2}^{(k,\xi )}u_{\xi }^k\label {EQ-z22}\end {align}


$\|{u^{n_0}}\| = \max \limits _{1\leq k \leq n} \|{u^k}\|$


\begin {align*}\|u^{n_0}\|^2 &\leq \|u^{1}\|\|u^{n_0}\|+2(2\xi -1)\|u^{n_0}\|\left ( \sum _{k=2}^n p_{n-k}^{(n,\xi )} \|E_{\xi }f^k\|- \A 2 \xi {1} p_{n-2}^{(n,\xi )}\|\nabla _\tau u^1\|\right ),\end {align*}


$\|{u^{n_0}}\|$


$n_0\leq n$


\begin {align}\|u^n\|\leq \|u^{n_0}\|&\leq \|u^1\|+2(2\xi -1)\left (\sum _{k=2}^n p_{n-k}^{(n,\xi )} \|E_{\xi }f^k\|- \A 2 \xi {1} p_{n-2}^{(n,\xi )}\|\nabla _\tau u^1\|\right ). \label {EQ-2110}\end {align}


\begin {align}-\A 2 \xi {1} p_{n-2}^{(n,\xi )} \;\leq \; \frac {r_2^{\frac 32}(2\xi -1)}{1+2r_2\xi }\frac 1{1-R_*}\sqrt {\frac {\tau }{\tau _1}} \;\leq \;\frac {1}{1-R_*}\sqrt {\frac {\tau }{\tau _1}}.\label {EQ-2109}\end {align}


$\kappa >0$


\begin {align}\|u^n\|^2 &\leq \|u^{1}\|^2+2 \kappa \sum _{k=2}^n\sum _{j=2}^k\theta _{k-j}^{(k,\xi )} u_{\xi }^j\|E_{\xi }u^k\|+2 \sum _{k=2}^n\sum _{j=2}^k\theta _{k-j}^{(k,\xi )} u_{\xi }^k\|E_{\xi }f^j\| -2\A 2 \xi {1} \|\nabla _\tau u^1\|\sum _{k=2}^n \theta _{k-2}^{(k,\xi )}u_{\xi }^k.\end {align}


$n_0$


$\|{u^{n_0}} \|= \max _{1\leq k \leq n}\|{u^k}\|$


\begin {align}\|u^{n_0}\|^2 &\leq \|u^{1}\|\|u^{n_0}\|+2(2\xi -1)\|u^{n_0}\|\sum _{k=2}^n \Big (\kappa \tau _k\|E_{\xi }u^k\|+ p_{n-k}^{(n,\xi )} \|E_{\xi }f^k\|\Big ) - 2(2\xi -1)\A 2 \xi {1} p_{n-2}^{(n,\xi )}\|\nabla _\tau u^1\|\|u^{n_0}\|, \label {EQ-z2111}\end {align}


$\|u^{n_0}\|$


\begin {align}\|u^n\|\leq \|u^{n_0}\| &\leq \|u^{1}\|+2(2\xi -1)\sum _{k=2}^n \Big (\kappa \tau _k\|E_{\xi }u^k\|+ p_{n-k}^{(n,\xi )} \|E_{\xi }f^k\|\Big )+2(2\xi -1)\frac {1}{1-R_*}\sqrt {\tau \tau _1}\|\partial _\tau u^1\|,\label {EQ-2249}\end {align}


$\tau \leq \frac {1}{4\kappa (2\xi -1)\xi }$


\begin {align}\sum _{k=2}^n\tau _k\|E_{\xi }u^k\|&\leq \xi \sum _{k=2}^n\tau _k \|u^k\|+\brbeta (\xi -1)\sum _{k=1}^{n-1}\tau _k \|u^k\|\nonumber \\ &\leq (\xi +\brbeta (\xi -1))\sum _{k=1}^{n-1}\tau _k \|u^k\|+\xi \tau _k\|u^n\|\nonumber \\ &\leq (\xi +\brbeta (\xi -1))\sum _{k=1}^{n-1}\tau _k \|u^k\|+\frac {1}{4(2\xi -1)\kappa }\|u^n\|.\label {EQ-2248}\end {align}


\begin {align*}\|u^n\| &\leq 2\|u^{1}\|+4(2\xi -1)(\xi +\brbeta (\xi -1))\sum _{k=2}^{n-1} \tau _k\|u^k\| +4(2\xi -1)(\sum _{k=2}^n p_{n-k}^{(n,\xi )} \|E_{\xi }f^k\| +\frac {1}{1-R_*}\sqrt {\tau \tau _1}\|\partial _\tau u^1\|).\end {align*}


$e^n:= u(t_n,x)-u^n(x) \; (n\geq 1)$


$e^n(2\leq n\leq N)$


\begin {align}\label {EQ-error} \mathcal {D}_2^{\xi } e^n = \Delta E_{\xi } e^n +\kappa E_{\xi } e^n + \eta ^n+R\Big (\Delta u(t_n)+\kappa u(t_n)+f^n\Big ),\end {align}


$\eta ^n =\mathcal {D}_2^\xi u(t_n)- u_{t} (t_{n-1}+\tau _n \xi )$


$R(v) = v(t_{n-1}+\tau _n \xi ))-E_{\xi } v(t_n)$


$\eta ^n$


$R(\Delta u(t_n)+\kappa u(t_n)+f^n)$


$\eta ^n:=\mathcal {D}_2 u(t_n)- u_{t} (t_n)$


\begin {equation}\label {EQ-truncation_error_eq} \|\eta ^n\|\leq c_1 \tau ^2, \quad 2\leq n\leq N,\end {equation}


$c_1$


\begin {align}c_1&:=\Big (\frac 12(1+(2\xi -1)\brbeta )(1+\xi (\xi -1)) +(\xi -\frac {1}{2})((1+\brbeta )^2+(\xi -1)(1+\brbeta \xi ))\Big )\|u_{ttt}\|_{L^{\infty }(0,T;L^2(\Omega ))}.\label {EQ-C0}\end {align}


$v\in C^2([0,T])$


$R(v(t_n)):= v(t_{n-1}+\tau _n \xi )-E_{\xi } v(t_n) \;(1\leq j\leq N)$


\begin {align}\|R(v(t_n))\| \leq \Big ((\xi -1)^2+1\Big )\frac {\tau _n^2}2\|v\|_{L^{\infty }(0,T;L^2(\Omega ))}.\label {EQ-0320}\end {align}


\begin {align}\|R\Big (\Delta u(t_n)+\kappa u(t_n)+f^n\Big )\|\leq c_2\tau _n^2, \label {EQ-R}\end {align}


\begin {align}c_2:= ((\xi -1)^2+1)\frac {(|\kappa |+1)}2(\|u_{tt}\|_{L^{\infty }(0,T;H^2(\Omega ))}+\|f_{tt}\|_{L^{\infty }(0,T;L^2(\Omega ))}). \label {EQ-c2}\end {align}


$\urbeta $


$\brbeta $


$\urbeta \leq r_k\leq r_*$


$r_*<\brbeta $


$u^n$


$L^2$


$\kappa >0$


$\tau \leq {1}/(4\kappa (2\xi -1)\xi )$


\begin {align}\|e^n\| &\leq 2\exp \Big (4(2\xi -1)(\xi +\brbeta (\xi -1))t_{n-1}\Big )\cdot \Big (\|e^{1}\|+2(2\xi -1)\Big (t_n (c_1+c_2)\tau ^2 +\frac {1}{1-R_*}\sqrt {\tau \tau _1}\|\partial _\tau e^1\|\Big )\Big ), \label {EQ-1449}\end {align}


$R_*$


$c_1$


$c_2$


$\kappa \leq 0$


\begin {align}\|e^n\|&\leq \|e^1\|+2(2\xi -1)\Big ( t_n (c_1+c_2) \tau ^2+\frac {1}{1-R_*}\sqrt {\tau \tau _1}\|\partial _\tau e^1\|\Big ).\label {EQ-1450}\end {align}


\begin {equation}\partial _\tau u^1 = \Delta u^1 +\kappa u^1 + f^1 \label {EQ-Euler}\end {equation}


$u^1$


$a,b,c>0$


$a^2\leq b^2+ac$


$a\leq b+c$


\begin {align*}(a-\frac {c}{2})^2-(\frac {c}{2}+b)^2=a^2-ac-b^2-bc\leq -bc<0,\end {align*}


\begin {align*}|a-\frac {c}{2}|<|\frac {c}{2}+b|.\end {align*}


$a\leq b+c$


$a>c/2$


$a\leq c/2$


$u^1$


$\urbeta $


$\brbeta $


$\urbeta \leq r_k\leq r_*$


$r_*<\brbeta $


$u^n$


$L^2$


$\kappa >0$


$\tau \leq \min \{1,{1}/(4\kappa (2\xi -1)\xi )\}$


\begin {align}\label {Exp2} \|u^n\| &\leq 4\exp \Big (4(2\xi -1)(\xi +\brbeta (\xi -1))t_{n-1}\Big )C^*\cdot \Big (\|u^0\|+\sqrt {\tau }\|\nabla u^0\|+\tau _1 \|f^1\|+ t_n \max _{2\leq k\leq n} \|E_\xi f^k\|\Big ),\end {align}


$\partial _\tau u^1:=\nabla _\tau u^1/\tau _1$


$R_*$


$C^*:=(2\xi -1)(2+(1+|\kappa |)/(1-R^*))$


$\kappa \leq 0$


$\tau \leq 1$


\begin {align}\|u^n\|&\leq 2C^{*}\Big (\|u^0\|+\sqrt {\tau }\|\nabla u^0\|+\tau _1 \|f^1\|+ t_n \max _{2\leq k\leq n} \|E_\xi f^k\|\Big ).\label {EQ-ustablity2}\end {align}


$\|u^1\|$


$\|\partial _\tau u\|$


$2u^1$


$2a(a-b)=a^2-b^2+(a-b)^2$


\begin {align}\|u^1\|^2-\|u^0\|^2 +\|\nabla _\tau u^1\|^2+2\tau _1\|\nabla u^1\|^2=2\kappa \tau _1\|u^1\|^2 + 2\tau _1( f^1,u^1).\label {EQ-2226}\end {align}


$\kappa \leq 0$


\begin {align}\|u^1\|^2 +\|\nabla _\tau u^1\|^2&\leq \|u^0\|^2 + 2\tau _1\|f^1\|\|u^1\|.\label {EQ-2223}\end {align}


\begin {align}\|u^1\| &\leq \|u^0\| + 2\tau _1\|f^1\|.\label {EQ-2224}\end {align}


$\kappa > 0$


$\tau \leq {1}/(4\kappa (2\xi -1)\xi )\leq 1/(4\kappa )$


\begin {align}\|u^1\|^2 &\leq 2\|u^0\|^2 + 4\tau _1\|f^1\|\|u^1\|,\end {align}


\begin {align}\|u^1\| &\leq 2\|u^0\| + 4\tau _1\|f^1\|. \label {EQ-2330}\end {align}


$2\nabla _\tau u^1$


$2a(a-b)=a^2-b^2+(a-b)^2$


\begin {align}\frac {2}{\tau _1} \|\nabla _\tau u^1\|^2&+\|\nabla u^1\|^2+\|\nabla _\tau \nabla u^1\|^2=\|\nabla u^0\|^2+2\kappa \|\nabla _\tau u^1\|^2+2(f^1+\kappa u^0,\nabla _\tau u^1).\label {EQ-2314}\end {align}


$\kappa \leq 0$


\begin {align}\frac {2}{\tau _1}\|\nabla _\tau u^1\|^2\leq \|\nabla u^0\|^2-2\kappa \|u^0\|\|\nabla _\tau u^1\|+2\|f^1\|\|\nabla _\tau u^1\|.\label {EQ-2306}\end {align}


\begin {align}\|\partial _\tau u^1\|\leq \frac 1{\sqrt {\tau _1}}\|\nabla u^0\|-\kappa \|u^0\|+\|f^1\|.\label {EQ-2310}\end {align}


$\kappa >0$


\begin {align*}\frac {(2-2\kappa \tau _1)}{\tau _1} \|\nabla _\tau u^1\|^2\leq \|\nabla u^0\|^2+2\kappa \|u^0\|\|\nabla _\tau u^1\|+2\|f^1\|\|\nabla _\tau u^1\|.\end {align*}


$\tau \leq {1}/(4\kappa (2\xi -1)\xi )\leq 1/(4\kappa )$


$2-2\kappa \tau _1 \geq 1$


\begin {align*}\frac {\|\nabla _\tau u^1\|^2}{\tau _1}\leq \|\nabla u^0\|^2+2\kappa \|u^0\|\|\nabla _\tau u^1\|+2\|f^1\|\|\nabla _\tau u^1\|,\end {align*}


\begin {align}\|\partial _\tau u^1\|\leq \frac 1{\sqrt {\tau _1}}\|\nabla u^0\|+2\kappa \|u^0\|+2\|f^1\|.\label {EQ-2336}\end {align}


\begin {equation}\partial _\tau e^1 = \Delta e^1 +\kappa e^1 + \eta ^1 \label {Xeqn8-79}\end {equation}


$\eta ^1=u(t_1)- u_{t} (t_1)$


\begin {align}\|\eta ^1\| = \|\int _{0}^{t_1} u_{tt}(s)s{\rm d} s\|\leq \|u_{tt}\|_{L^{\infty }(0,T;L^2(\Omega ))}\tau _1.\end {align}


$u^1$


$\urbeta $


$\brbeta $


$\urbeta \leq r_k\leq r_*$


$r_*<\brbeta $


$\kappa >0$


$\tau \leq \min \{1, \frac {1}{4\kappa (2\xi -1)\xi }\}$


\begin {align*}\|e^n\| &\leq 4\exp \Big (4(2\xi -1)(\xi +\brbeta (\xi -1))t_{n-1}\Big )C^*\Big (\|e^{0}\|+\sqrt {\tau }\|\nabla e^0\|+C_1\tau ^2\Big ),\end {align*}


$C_1:=t_n (c_1+c_2) +\|u_{tt}\|_{L^{\infty }(0,T;L^2(\Omega ))}$


$R_*, c_1, c_2$


$\kappa < 0$


$\tau \leq 1$


\begin {align*}\|e^n\|&\leq 2C^*\Big (\|e^0\|+\sqrt {\tau }\|\nabla e^0\|+ C_1\tau ^2\Big ).\end {align*}


$\Omega = (0,1)$


$\kappa =0$


$T=2$


$h = 1/M$


$M$


$\Omega _h = \{x_i=ih|0\leq i\leq M\}$


$M$


$M=N$


$\tau _k = T\lambda _k/\Lambda $


$1\leq k\leq N$


$\Lambda = \sum _{k=1}^N \lambda _k$


$\lambda _k$


$k=1,2,\cdots ,N$


$(0,1)$


$\hat {\lambda }_k$


$\lambda _k = \min \{\max \{\urbeta \lambda _{k-1},\hat {\lambda }_k\},\brbeta \lambda _{k-1}\}$


$k\geq 2$


$\urbeta \leq r_k\leq \brbeta $


$f = (\pi ^2-\kappa +1)\exp (t)\sin (\pi x)$


$u = \exp (t)\sin (\pi x).$


$L^2$


$T$


\begin {align*}e(N) = {h}\sqrt {\sum _{1\leq i\leq M} (u(x_i,T)-u^N_h(x_i))^2},\quad {Order}=\log _2(e(N)/e(2N)).\end {align*}


$L^2$


$\xi =2.5$


$\brbeta =1.91, \urbeta = 0.29$


$\xi =5$


$\brbeta =1.42, \urbeta = 0.$


$\xi $


$\xi =2.5$


$\xi =5$


$\kappa =0$


$u_0(x) = \sin (\pi x)$


$\mathcal {E}^n$


$\brbeta $


$\urbeta $


$\tau _{\min }$


$\tau _{\max }$


$\alpha $


$\tau _{\min } = 1e-5$


$\tau _{\max }=1e-3$


$\alpha =0.5$


$T=0.5$


$N=1000$


$\|U_h^n\|_{\infty }$


$\xi $


$\xi =1$


$r_n\equiv 1$


$\tau =1e-5$


$\mathcal {E}^n$


$\mathcal {E}^n$


$\|U_h^N\|_{\infty }$


$\tau =1e-3$


$\tau =1e-5$


$\tau =1e-5$


$\xi $


\begin {equation}\label {CHeq} \partial _t u=\Delta \mu \quad \text {with} \quad \mu =-\Delta u+ \frac {1}{\varepsilon ^2}(u^3-u),\quad (\bm {x},t)\in \Omega \times (0,T],\end {equation}


$u(\bm {x} , 0) = u_0(\bm {x})$


$H^{-1}$


\begin {equation}\label {GL} E[u]=\int _\Omega \left ( \frac {1}{2} |\nabla u|^2+\frac {(u^2-1)^2}{4\varepsilon ^2}\right ) \textrm {d}\bm {x},\end {equation}


\begin {align}\label {EnDissipation} \frac {\textrm {d}}{\textrm {d} t}E[u(t)]=\int _\Omega \frac {\delta E}{\delta u}\partial _tu\textrm {d}\bm {x}=-\int _\Omega |\nabla \mu |^2\textrm {d}\bm {x}.\end {align}


$N$


\begin {equation}\label {BschemeCH} \mathcal {D}_2^\xi U_h^n = -\Delta ^2 E_\xi U_h^n + \frac {1}{\varepsilon ^2}\Delta ( ( \hat {U}_h^n)^3-\hat {U}_h^n) , \quad 1\leq n\leq N,\end {equation}


\begin {equation}\hat {U}_h^n=\left \{\begin {array}{cl} (1+r_n\xi )U_h^{n-1}- r_n\xi U_h^{n-2},&n\geq 2,\\ U_h^{n-1},& n=1. \end {array}\right .\end {equation}


$\Omega =(0,2\pi )^2$


$\varepsilon ^2=0.1$


\begin {equation*}u_0(\bm {x})=\max _{1\leq i\leq 2} \tanh \big (R-\frac {\sqrt {(x-x_i)^2+(y-y_i)^2}}{4\varepsilon ^2}\big ),\end {equation*}


$x_1=\pi -1, y_1=\pi , x_2=\pi +1, y_2=\pi , R=1.$


\begin {align}\bar {\mathcal {E}}^n_{\small {\text {CH}}}=\int _\Omega \left ( \frac {1}{2} |\nabla U_h^n|^2+\frac {((U_h^n)^2-1)^2}{4\varepsilon ^2}\right ) \textrm {d}\bm {x}.\end {align}


$\alpha =0.1$


$T=1$


$N=128$


$\tau _{\min }$


$\tau _{\max }$


$\tau =0.015$


$t=0.2$


$\xi $


$\tau _{\min }>0.015$


$\xi =7$


$\xi $


$\tau = \tau _{\max }$


$\xi =7$


$\xi > 1$


$\tau _{\min }=10^{-5}$


$\tau _{\max }$


$\xi =7$


$\tau _{\max }=0.02$


$\tau _{\max }=0.02$


$\tau _{\max }=0.01$


$\tau _{\max }$


$\xi =7$


$t_{n-1}+\tau _n \xi $


$\xi \geq 1)$


$\xi \geq 1$


$t_{n,\xi }:=t_{n-1}+\xi \tau _n$


\begin {align}u(t_n) =& u(t_{n,\xi })- (\xi -1)\tau _n u_t(t_{n,\xi })+ \frac 12 (\xi -1)^2\tau _n^2 u_{tt}(t_{n,\xi })-\frac 12\int _{t_n}^{t_{n,\xi }} (r-t_n)^2 u_{ttt}(r)\d r,\label {EQ-1425}\\ u(t_{n-1}) =& u(t_{n,\xi })-\xi \tau _n u_t(t_{n,\xi })+\frac 12 \xi ^2\tau _n^2 u_{tt}(t_{n,\xi }) -\frac 12\int _{t_{n-1}}^{t_{n,\xi }} (r-t_{n-1})^2 u_{ttt}(r){\rm d} r,\label {EQ-1426}\\ u(t_{n-2}) =& u(t_{n,\xi })-(\xi +1/r_n)\tau _n u_t(t_{n,\xi })+\frac 12(\xi +1/r_n)^2\tau _n^2 u_{tt}(t_{n,\xi })-\frac 12\int _{t_{n-2}}^{t_{n,\xi }} (r-t_{n-2})^2 u_{ttt}(r){\rm d} r.\label {EQ-1427}\end {align}


\begin {align}\eta ^n: =& -\frac {1+2r_n\xi }{2(1+r_n)\tau _n}\int _{t_n}^{t_{n,\xi }} (r-t_n)^2 u_{ttt}(r){\rm d} r+\frac {1-r_n+2r_n\xi }{2\tau _n}\int _{t_{n-1}}^{t_{n,\xi }} (r-t_{n-1})^2 u_{ttt}(r){\rm d} r-\frac {(2\xi -1)r_n^2}{2(1+r_n)\tau _n}\int _{t_{n-2}}^{t_{n,\xi }} (r-t_{n-2})^2 u_{ttt}(r){\rm d} r.\label {EQ-0431}\end {align}


\begin {align}&\|\int _{t_{n-1}}^{t_{n,\xi }} (r-t_{n-1})^2 u_{ttt}(r){\rm d} r -\int _{t_{n}}^{t_{n,\xi }} (r-t_{n})^2 u_{ttt}(r){\rm d} r\|\nonumber \\ = &\|\int _{t_{n-1}}^{t_{n}} (r-t_{n-1})^2 u_{ttt}(r){\rm d} r +\int _{t_{n}}^{t_{n,\xi }} [2(r-t_n)\tau _n+\tau _n^2] u_{ttt}(r){\rm d} r\|\nonumber \\ &\leq \Big (\frac {1}{3}+\xi (\xi -1)\Big )\tau _n^3\|u_{ttt}\|_{L^{\infty }(0,T;L^2(\Omega ))}, \label {EQ-0432}\end {align}


\begin {align}&\|\int _{t_{n-2}}^{t_{n,\xi }} (r-t_{n-2})^2 u_{ttt}(r){\rm d} r -\int _{t_{n}}^{t_{n,\xi }} (r-t_{n})^2 u_{ttt}(r){\rm d} r\|\\ =& \|\int _{t_{n-2}}^{t_{n}} (r-t_{n-2})^2 u_{ttt}(r){\rm d} r+\int _{t_{n}}^{t_{n,\xi }} [2(r-t_n)(\tau _n+\tau _{n-1})+(\tau _n+\tau _{n-1})^2] u_{ttt}(r){\rm d} r\|\nonumber \\ &\geq -\Big (\frac {(1+\frac 1{r_n})^3}{3}+(1+\frac 1{r_n})(\xi -1)^2+(1+\frac 1{r_n})^2(\xi -1)\Big )\tau _n^3\|u_{ttt}\|_{L^{\infty }(0,T;L^2(\Omega ))}. \label {EQ-0433}\end {align}


$\eta ^n$


\begin {align}\|\eta ^n\|\leq &\frac {1-r_n+2r_n\xi }{2}\Big (\frac {1}{3}+\xi (\xi -1)\Big )\tau _n^2\|u_{ttt}\|_{L^{\infty }(0,T;L^2(\Omega ))}\nonumber \\ +&(\xi -\frac 12)\left (\frac {(1+r_n)^2\tau _{n-1}}{3}+(\xi -1)(1+r_n\xi )\tau _n\right )\tau _n\|u_{ttt}\|_{L^{\infty }(0,T;L^2(\Omega ))}.\label {EQ-2044}\end {align}


$r_n\leq \brbeta $


\begin {align*}v(t_n)&=v(t_{n,\xi })-v_t(t_{n,\xi })(\xi -1)\tau _n+\int _{t_n}^{t_{n,\xi }} v_{tt}(r)(r-t_n){\rm d} r,\\ v(t_{n-1})&=v(t_{n,\xi })-v_t(t_{n,\xi })\xi \tau _n+\int _{t_{n-1}}^{t_{n,\xi }} v_{tt}(r)(r-t_{n-1}){\rm d} r.\end {align*}


\begin {align}\|R(v(t_n))\| &= \|\xi \int _{t_n}^{t_{n,\xi }} v_{tt}(r)(r-t_n){\rm d} r-(\xi -1)\int _{t_{n-1}}^{t_{n,\xi }} v_{tt}(r)(r-t_{n-1}){\rm d} r\|\nonumber \\ &=\|\int _{t_n}^{t_{n,\xi }} v_{tt}(r)(r-t_{n-1}-\xi \tau _n){\rm d} r-(\xi -1)\int _{t_{n-1}}^{t_{n}} v_{tt}(r)(r-t_{n-1}){\rm d} r\|\nonumber \\ &\leq \Big ((\xi -1)^2+1\Big )\frac {\tau _n^2}2\|v\|_{L^{\infty }(0,T;L^2(\Omega ))},\end {align}
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(a) £=1 (b) £=2.5

Fig. 1.1. The pink parts show the region of absolute stability of the gBDF2 method with Taylor expansion at #,,._;,¢ = 1,2.5,5.

Recently, a generalized BDF2 (gBDF2) formula based on Taylor expansion at time 7,,_; is constructed in [11] as

0,1, ~ z')gv" = % ((25 + o' —4e0m ! 4 (28 - 1)v"—2), (1.1)

where ¢ is a free parameter and 7 is the time-step size. If setting £ = 1, (1.1) reduces to the classical BDF2 scheme. It offers better
stability than the classical BDF2 scheme as illustrated in Fig. 1.1 (c.f. [11, Fig. 1] for more details), which shows the stability region
increases as ¢ increases. Due to its stronger stability, the gBDF2 has been successfully applied to the Navier-Stokes equations in [11]
to establish the unconditional stability, for the first time, of a second-order consisting splitting scheme.

In this paper, we propose a variable-step generalized second-order BDF scheme (VS-gBDF2) based on the Taylor expansions at
time t,_, + 7,£ (£ > 1) and introduce an adaptive time-step strategy in (6.1). Taking the Cahn-Hilliard (CH) equation as an example,
as we show in Fig. 6.2, the proposed adaptive VS-gBDF2 scheme exhibits stronger numerical stability with increasing &, consistent
with the gradually expanding stability region depicted in Fig. 1.1. Due to its strong stability, the adaptive VS-gBDF2 scheme also
achieves higher computational efficiency when an appropriate ¢ is chosen, see Fig. 6.3.

We also provide a numerical analysis for the VS-gBDF2 scheme. Without loss of generality, we apply the VS-gBDF2 scheme to the
linear reaction-diffusion equations, and provide an asymptotically compatible analysis on the mesh-robust energy dissipation law,
stability and second-order convergence of the VS-gBDF2 scheme (2.5) for any & > 1. The mesh-robustness means that the proposed
results hold for any adjacent time-step ratio r, satisfying restriction C1 introduced in Section 2.2, namely, 0 < r. < r, < 7. Here the
upper bound 7; and the lower bound r, are dependent on ¢. Especially, as ¢ — 1, C1 will reduce to 0 < r, < 4.8645 and the VS-gBDF2
method (2.2) will reduce to the VS-BDF2 method (2.3). The compatibility, as &£ — 1, on these results with the classical variable-step
BDF2 method in [10] is termed asymptotically compatible.

The analysis introduced in this paper can be in principle extended to (i) various nonlinear equations: phase field models [3,12-16],
the jump-diffusion option pricing model in finance [17-19], the Navier-Stokes equation [11,20,21] and so on; (ii) various schemes
incorporating VS-gBDF2: the (generalized) scalar auxiliary variable (SAV) approach [14,22-25], Newton linearization method [26],
convex splitting method [27-29] and so on.

The rest of the paper is organized as follows. In Section 2, we show the positive semi-definiteness of the VS-gBDF2 kernels under
the ratio restriction C1. Based on the positive semi-definiteness, we prove in Section 3 that the VS-gBDF2 scheme (1.1) admits a
discrete energy dispassion law. Then, we develop some new properties of the DOC and DCC kernels in Section 4, and provide in
Section 5 an asymptotically compatible analysis, and establish the stability and for the VS-gBDF2 scheme (1.1). In Section 6, we
provide some numerical examples to validate our theoretical results.

2. The VS-gBDF2 scheme and its kernels

We start by describing the VS-gBDF2 scheme, and then proceed to show that its kernels are positive semi-definite.

2.1. The VS-gBDF2 scheme

Set nonuniform time levels 0 =1, <t < <ty =T with the time-step size 7, :=1t, —,_, the maximum step size 7 :=
max, <y 7, and the adjacent time-step ratio r, =7, /7,_;(2 < k < N). Denote by v" :=v(t,) and V u" :=u" —u""!. Then, the VS-
gBDF2 method based on Taylor expansion at t,_; + 7,,£ is given as

2
DEv = L+2n,¢ v — 1+ @ ry oy -y "2 (2.1)
2 A +ryz, Ty A +ry7,
1+2 RE-1
L N el (2.2)
1 +r)z, 1 +r)z,
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5 : : ; :
1,4.86 o . . .
—‘—mlnlmal ratio r, —M—maximal ratio 7¢ |

ratio bounds

Fig. 2.1. The red line and blue line represent the parametric curves of the upper bound 7, and lower bound I'ss respectively, as functions of the
parameter &.

where £ > 1 is a constant. If r, = 1, then (2.2) reduces to the gBDF2 method (1.1). If ¢ = 1, (2.2) reduces to the classical VS-BDF2
scheme [8-10]

1+2r, r2

1 n n n n—1
= v — V. " 2.3
2 (+r)r, © A+rpz, © 23)

Without loss of generality, we consider the linear reaction-diffusion equation:

u,(x, 1) = Au(x, t) + ku(xz, t) + f(x,1), ®EQC [Rd,t € (0,71,
u(zx, 0) = up(x), reQ, 2.4)
u(x, 1) =0, x € 0Q,t €[0,T],

where the reaction coefficient x € R is a given constant, and Q is a bounded domain. Set E " :=80" - (& - Do" !, n> 1. Then, the
VS-gBDF2 scheme for (2.4) is

Diu" = AE" + kEgu" + E;f", 2<n<N, (2.5)

where f" := f(x,t,). For the method (2.5), we need the starting values «° and u!. We set u° = u(0) and compute u! using other
numerical methods, such as the backward Euler method.
Define the VS-gBDF2 kernels as

1+2 r2Q2& -1
A 2 1208 e 7D 00 g 50, (2.6)
0 1 +r,)z, 1 A+rpr,

the VS-gBDF2 (2.2) can be written as a convolution form of

n
Diu" = 2 A;"_’i)Vruk, for all n > 2. (2.7)
k=1

We point out that the positive definiteness of VS-gBDF2 kernels plays a pivotal role in the stability and convergence analysis of
the VS-gBDF2 scheme (2.2), and this property is valid under the condition C1 presented in the next subsection.

2.2. The ratio condition C1 for the positive definiteness

The restriction on the ratio of adjacent time steps is given by

where 7; is the maximal real root of the following equation
(1+2x8) = 26 - DX/, (2.8)

and the lower bound r, is given by
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, (2.9)

= 2 fFr—F
re i 9
1+7; if &>g5

{ 0, if 1<£<3,

The relationship between 7;,r, and ¢ is illustrated in Fig. 2.1. Fig. 2.1 shows that the ratio condition becomes more severe as &
increases. This indicates that while the VS-gBDF2 method exhibits increased stability with larger ¢, its mesh robustness diminishes.
Therefore, in practical applications, ¢ should not be set too large.

Lemma 1. Let 7; and re be defined by (2.8) and (2.9) respectively. Then 7, and r, exist uniquely and satisfy

1. The upper bound 7, is monotonically non-increasing with respect to & and tends to 1* as £ — oo.
2. The lower bound reis monotonically non-decreasing with respect to &. Moreover, r, > 0 for any & > 1 and tends to 1/2 as & — co.

Proof. Let r,,, ~ 4.8645 be the real solution of (2.8) with & = 1. We define g¢(x) := (2& — 1)x*/2 — 2x& — 1. For & > 1, we observe that

max
8:(1)=-2<0, ge(rpax) =20rmax + DE - 1) 20,

which implies that 7, exists in the interval (1, r,,,) for any ¢ > 1. From (2.8), ¢ can be represented in terms of 7; as follows:

max
B 1+r2/2
2?5(\/F—§— 1)

Let h(x) = Lto/2 , x > 1. Its derivative is given by:

2x(y/x=1)
_ 1 3/2 \/—

h( )= —2(x3/2—x)2 <0,

(2.10)

which implies that A(x) is non-increasing on (1, o). Hence, 7; is monotonically non-increasing with respect to £ and tends to 1* as
¢ — co. Similarly, it can be verified that r, is non-increasing with respect to 7. Thus, r r, exists uniquely and is non-decreasing with

respect to &£. Simple calculations indicate that Fe=4andr, =0if¢ = § and 7; — 1% as 5 — oo, which together with the monotonicity
of 7 and Iy imply that >0forany ¢ > 1andr, tends to 0.5 as & — oo. The proof is completed. O

Remark 1. If ¢ — 1, as we know, VS-gBDF2 method (2.2) reduces to VS-BDF2 method (2.3). In the situation of &£ = 1, we have
the lower bound r, =0 and the upper bound 7, = ry,, ~4.8645, where r,, is the positive root of equation x> = (I +2x)?, which
is consistent with the positive definiteness presented in [10] for VS-BDF2 kernels. In this sense, we say that the ratio restriction is
asymptotically compatible.

Remark 2.

1. In [30], the authors introduce a weighted and shifted BDF2 (WSBDF2) method with variable time steps, namely,

1+ 26r (1-20)r?
Dyt = ——LV "+ ——L2V " (2.11)
T,(1+r,) 7,(L+r,)

where the parameter 6 € (%, 1]. In fact, the WSBDF2 method is a special case of the VS-gBDF2 method (2.2) with & € (%, 1].
2. When the WSBDF2 method is applied to the linear reaction—diffusion equation (2.4) with x = 0, stability and second-order con-
vergence are proven in [30] under the ratio condition 0 < r, <r,. The upper bound r, is non-increasing with respect to 6, with

Fo = Foax ©4.8645as 0 - 17, and r; - +o0 as 6 — 5 .In thls sense, the decreasing property of our upper bound F; is consistent
with behaviors in [30].

2.3. The positive semi-definiteness of VS-gBDF2 kernels

We now consider the positive-definiteness of VS-gBDF2 kernels. In the beginning we define

2+4xE— (26 - DXP/\fF; (2= Dy/fFey
1+x - I+y

Su(ry) = (2.12)

where ¢ > 1 is a constant and 7, is defined by (2.8). The proof of the positive semi-definiteness relies on the assistance of the lemma
below.

Lemma 2. Let 7; and I be defined by (2.8) and (2.9) respectively. Then it holds that

S,y 20, Vr,<x,y<F, £21 (2.13)
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Proof. It is straightforward to verify that S,(x, y) is decreasing with respect to y. Then, we have for any re <y<F

24+ 4xE — (28— 1)x2/\/§ (2¢ - 1)‘3/2
1+x 1+r§ '

Se(x,y) 2

Inserting (2.10) into the above inequality, one has
2 A =+ 4R = (147X = P21+ )
(1 +0G =) F
—((L+F)x - (2\/_ —Fe))(x — ré)
1+ x)(r —Fe)/Fe

If1<§_ ,1tfollowsfrom(29)and(2 10)thatr =0,F. > 4. Thenonehasforr < x <Fethat (1 + Fe)x — (24/Fs — Fe) > Fe — 24/F= > 0.
3 ¢ 3 s e 2Ty c

Ifé> 2 8, it follows from (2.10) that 7, < 4. It is easy to check by (2.9) that (1 + F;)x — (2\/E— F¢) > 0 for any re Sx <P Thus, we
have for re<x,y < Fe that

Se(x, ) 2

(2.14)

Se(x,) 2 0. (2.15)
The proof is completed. O

Lemma 3. Assume C1 is satisfied, then it holds for any real sequence {w,};_, that

(25—1) Ferger W2 (28 = D)y /Fary w?
Zwsz(kg) ) \/_€k+l_k_ \/_fk k—1

, (2.16)
147 T 1+7r; Th_1
ZZwkZAik_‘i)wj >0, forn>2. (2.17)
k=2 j=2
Proof. Using the Young inequality 2ab < ea® + b? /e and taking e = 1//F;, one has
2+ 4r 2r (28 -
k& k k
wy, ZA( ) 1w w; = wi - Wy Wy_y
(I +r)7 (I 477
. 244rE - QE - Dri/\fFr w2 ryJF 8- D wl_|
- 147y Ty 147 Ti_1
Q& = D[Feriq wi (28 = D)[fFery wk . w2
= 1 +‘5("kv"k+1) (2.18)
+ g Ty I+7, Ty_q

Then (2.16) is achieved by applying Lemma 2 to (2.18).
It follows from the definition (2.6) that Z A%y, ;= Zj‘ | A(k é)w if k > 3. By the inequality (2.16), the direct calculation yields

Jj=2""k—j
k 2, k
ZZwkZA( w 2A( §)w2+2k23wkz;A( w
=
L 214208 w2 Q&= 1)\frary w?

(I+r) n 1+r; T,
@Q&-1r wg

>0,

(1 +r2)\/_ )

where the last inequality uses the inequality (2.13). The proof is completed. O

Remark 3. As pointed out in Remark 1, the positive semi-definiteness presented in Lemma 3 is asymptotically compatible. The
subsequent analysis of discrete energy dispassion in Section 3 and stability and convergence in Section 5 is also asymptotically
compatible in the same sense.

3. Discrete energy dissipation

We now consider the energy (H' semi-norm) stability of VS-gBDF2 scheme (2.5) by defining a modified discrete energy as

e . 25~ DV

o.uk||2+ &% fork <Oand k > 1, 3.1
) T llogu |l K < > 3.1

with 9,u* := V_u¥/z,, where & > 1 is a constant and the original energy

& 1= LIVt - P (3.2
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Theorem 1. Assume C1 holds and x < 0. Then the discrete energy (3.1) holds
0. EX < (Eef* 0,48, 2<k<n (3.3)

And the discrete solution u" exhibits unconditional stability in the energy norm as
n
Ver < Vel 42c( Y IV E I+ IES'T). (3.4)
k=2

Proof. Setn =k in (2.5) and take inner products with V_u¥, one has
(D5uk, V) = (AE + kBl + E.f* v ub), 2<n<N. (3.5)

For the first term in (3.5), we apply (2.16) to have

(¢ = Dy Vb I? Q8 = Dy Vb1 |12

(Do, Verl) 2 =5 ) 20+ T (36
For the second and third terms in (3.5), we use the identity 2(a + c(a — b))(a — b) = a®> — b* + (1 + 2¢)(a — b)? to have

UAAE*, V by = =V |V |? — & - DIV, Vuk |2, 3.7)

2k Egu, Vo) = &V k)P + 28 = DIV |, (3.8)

where (3.7) uses the formula of integration by parts. Inserting (3.7) and (3.8) into (3.5), and then using the definition (3.1), one
produces (3.3).
Multiplying r;, by (3.3) and summing the resulting inequality from k = 2 to n, we have

en<el Z(ngk, V_ub). (3.9)
k=2
Noting that
n n—1
D E L5V ) = (B ") = 3V Eg ff4ub) = (g f2,ub). (3.10)
k=2 k=2

Then we use the Cauchy-Schwarz inequality to have

n—1

n
SUE SV Y < NEef M+ DV Eef** N+ Bl |
k=2 k=2

n—1
< CQ(VS"IIng"II + ) VEKIVE |+ Ve IIE.ngII), (3.11)
k=2
where the last inequality uses the Poincaré inequality. Together with (3.9), one has
n—1
£" < &'+ Co(VEE S I+ Y, VEIV Ef I+ VETIE ). (3.12)
k=2
Choosing n,, such that £ = max, ¢, €. We take n = n in (3.12) and have
np—1
£ < Ve (Ve +Co(IEs™I+ Y, IV S I+ 1EA1) ). (3.13)
k=2
Then we use the facts ny < n and £” < £ to obtain
n
Ver < vew < Vel+ CoIlES I+ Y IV Eer I+ I1E£21)). (3.14)
k=3
From the equality /" = Y/_, V. f* + f1, one has
n n
NE /"l + D IV Eef5 I+ NE-F21 <2 ) IV Eef5ll + 201 Ez £ (3.15)
k=3 k=2

Inserting (3.15) into (3.14), one obtains (3.4). The proof is completed. O
If f(x,t) =0, the inequality (3.9) implies the discrete energy dissipation law
ek < ekl fork>2. (3.16)
This property is crucial for numerical schemes in simulating the gradient flow problems, cf [3,8,11]. and the references therein.

6



J. Shen et al. Journal of Computational and Applied Mathematics 482 (2026) 117325

4. The DOC and DCC kernels

To handle the difficulty arising from variable-step sizes, we will introduce the techniques of DOC [9] and DCC [10] kernels.
They will play a pivotal role in bridging the positive-definiteness of VS-gBDF2 kernels and the stability and convergence of VS-
gBDF2 scheme. For the VS-gBDF2 kernels defined in (2.7), the corresponding DOC and DCC kernels also depend on the parameter &.
Specifically, the DOC kernels foﬂf.) are defined by

n
S 009D 25, forall1 sk sn (4'1)
=k

(1, E)

where 6, represents the Kronecker delta symbol. And DCC kernels p, "’ are defined by

Z,;‘”@A‘f'f)—l Vi<k<n 1<n<N. (4.2)
The definition (4.1) of DOC kernels entails that
n
£ &) 42
ZW@D W= 2 v ZG(n@Au O 1 gD ACOY 1

— (”,é‘) 2.9 1
=Vu'+0 AV, 2<n<N, (4.3)

where we have changed the order of summation. Note that we recall that AE’_? =0 for all j > 3. Applying the techniques in [9,10],
we can similarly derive the following properties.

Proposition 1. The DOC and the DCC kernels have the relationships of

n
=3 ef’j), vi<j<n, (4.4
I=j
) _ ) _ (n=1) :
0,27 =P, — P2, Y1<ijsn, (4.5)

where p(_"l"f) 1= 0 (Vn > 0) is defined.

Proof. Set q(" <) = Zl = 0(’ ) 1t follows from the definition (4.1) that

qu:)Au:) 22905),409 229“5)1«1(’5) Zrm—l

j=k I=j
Hence, q(" <) = Z,_] 01(1 £ (1 £ j < n) are solutions to (4.2). Noting the DCC kernels uniquely exist due to the definition (4.2). Thus, we
have p(” ‘f) (" ‘f) =y I=j 91(1 f) The equality (4.5) follows from (4.4), so the proof is completed. [

Lemma 4 ([9]). If the VS-gBDF2 kernels A("’§> defined in (2.7) are positive semi-definite, then the DOC kernels Hf,'fi) defined in (4.1) are
also positive semi-definite in the sense that for any real sequence {w;}"

ZwkZe)“‘@ 20, Vn>1.

j=2

Lemma 5. The DOC kernels "% in (4.1) fulfill ¥"_, 6, = z,.

Proof. If follows from the definition (2.6) that Z:z ) A}’_‘?r, = 1. Together with exchanging the order of summation, one can obtain

i 0;':? Z 0(" &) Z A(} 5) i 7 Z 6(" f)A(J &) _
=1 j=

j=1
The proof is completed. O
Lemma 6. The DOC kernels Hi'ﬁi) in (4.1) exhibit an explicit formula

o _ (Ltron, pr @E-Dn o, (4.6)
mk 1+ 2ne AL 1+2ng ’ ’

Proof. By the definition (4.1) and the VS-gBDF2 kernels in (2.7), one has

A(k+l,§)
18 41 _ (&) (k& _ _ 08 4K+
oA =1 and "9 Al __A(k+1,§)9n—k—1A0 )
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Thus, a simple induction yields

19 406 _ ﬁ Q¢-Dr} 1, {4 Q=D

n—k 20 [ 1+2rE "

i=k+1 Tk iZkt1

It yields the claimed formula and completes the proof. O

Proposition 2. Let 7 be the maximum time step and r, < r, < 7, for some r* > 0. Then the DCC kernels p(") defined in (4.2) satisfy

A +ry) (2¢& - D
(ng) _ i .
: . 2<j<n, 4.7
Pnej = 1+2r§Z _1]111+2r,-§ J=n “.7)
(+r) 1
)y ) o
Z" oo Pp S T3 TR VI (4.8)

where Hf.‘:j+1(~) =1 for j > k and

3
-2

=T .
T T iane © (4.9)

(2&=1)x3/2

Proof. The first claim (4.7) and the left equality in (4.8) can be verified by (4.4) and (4.6). Noting that the function g:(x) 1= T

is increasing with respect to x for any £ > 1, we then have

A +r)y/7; K (I +ry)y/fr7; "= J
o [t -
Phlj S 1+2r§ Z HR - 1+2r.§ Z (4.10)

i=j+1

It follows from the monotonicity of the function g:(x) and the definition (2.8) that R, < 1. Hence, the proof is completed by applying
(4.9) to (4.10). O

5. Stability and convergence analysis
We now consider the stability and convergence analysis for VS-gBDF2 scheme (2.7).
Lemma 7 (A discrete Gronwall inequality). Assume 4 > 0 and the sequences {v; } ,and {n j} are nonnegative. If

n—1 n
v, <A T+ Y m, for 1<n<N,
=

Jj=0

then it holds

v, <exp (i, Zn, for 1<n<N.
Jj=0

The standard induction hypothesis can prove lemma 7 and the proof is omitted here.
5.1. Stability analysis

We hereby present the stability of VS-gBDF2 scheme (2.7), followed by the ensuing theorem.

Theorem 2. Let I and 7, be defined in condition C1. Assume the time-step ratio satisfies re<rp<r, for any r, < F. Then the solution u"

of VS-gBDF2 scheme (2.5) is unconditionally stable in the L?-norm.
If k > 0 and the maximum time-step size © < 1/(4x(2& — 1)&), it holds

Il < 2exp (428 = D& + 7€ = Dty ) - (1!l + 228 = 1te, max 1B+

1
g VERloat). (5.1)

where d,u' :=V_ u' /7| and R, is defined by (4.9).
If x < 0, it holds

I < '+ 228 = 1)1, ax 1B/ + §

,/n l10,u ||) (5.2)

Proof. Applying the property (4.3) of DOC kernels to (2.5), we have for k > 2

k
= YOS EW + kBl + Egf) = 0 ATOV . (5.3)
j=2
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Noting the positive semi-definiteness of the DOC kernels in Lemma 4, we have

n k
D YUEk, 0 AEW) = Z Z(E Vit 69 E, Vi) <0, (5.4)
k=2 j=2 k=2 j=2
Taking the inner product with 2E5uk on both sides of (5.3), summing the resulting from 2 to n and using (5.4), we have for2 <n < N

2Z<v uk, Equy < 22 20(" NEak, kBl + Ep ) = 2(AP9V ! 20(" S Eak). (5.5)
k=2 k=2 j=2 k=2

Applying the identity
UV, By = [lub | = [ 1% + (1 + 201V b2
to (5.5), we have
)% < e 12+2 Z Z ok ‘5)(E§u KEgw + Eof7) = 2(A9V u!, Z 0" Eulb). (5.6)
k=2 j=2

If « <01in (5.6), we set u = &||luk|| + (& = 1)||u*~1||. Then applying the Cauchy-Schwarz inequality and Lemma 4 to (5.6), one has

2 2 (k&) k 2.8 1 (k. 5) k
lla" 1> < a1 +2k2220k, W Ez /1l = 2402V u IIZ% u (5.7)
p=

Set ||u"0]|| = [max |lu*]|, it follows from (5.7) that
<K=<n

llu 1 < flu® [l ]| + 22 = 1)|u" ||<Z PENEFFN = APV u ||)
where one exchanges the order of summation and uses property (4.4). Eliminating a ||«"0|| on both sides and noting n, < n, we have
|| < ) < flu' || +202¢ — 1)<2 PUNE N = APV ||> (5.8)
By (2.6) and (4.8), one has

—APD D) f2 (2‘5_1)

Pi2 = TTong 1— . 1— (5.9)
Inserting (5.9) into (5.8), using the property (4.8), one can obtain (5.2).
If « > 0 in (5.6), we apply the Cauchy-Schwarz inequality to have
lla" |2 < Q') + 25 Z 2 O Dull| Ecuk ) +2 Z Z O DU E 71| = 247NV | Z 0 uk. (5.10)
k=2 j=2 k=2 j=2
Selecting n, such that |[u™ || = max,;, lu*||, one has
112 < [l [l || +2(2€ — Dju™ | Z (mk||E5uk|| + PINESA1) = 228 = DAY o]l (5.11)
where one uses Lemma 5 and the property (4.4). Eliminating a |lu"0|| for both sides of (5.11), we further have
1
|| < Ml < flu' || +22€ = 1) Z (mkuEgu Il +p" f)ung"u) +20f = D VT o', (5.12)
*
where the inequality (5.9) is used. Taking the maximum time-step size 7 < ———— e : e one has
n n n—1
Z Tl Equf|| < & 2 Tl || + 7€ = 1) Z Tl
k=2 k=2 k=1
n—1
SE+FE =) Yl + & llu”]
k=1
n—1
= k
s<:+r§(5—1>>]§rknu ”+W” u". (5.13)

Inserting (5.13) into (5.12), we have
n—1

|l < 20l || + 428 — 1D(E + (& = 1)) Z lluf || + 428 - 1)(2 Pt NI+ 5

\/” llozu' 1.

Then together with the Gronwall inequality in Lemma 7 and (4.8), one can derive the result (5.1). The proof is completed. [

9
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5.2. Convergence analysis

Set e" :=u(t,,x) —u"(x) (n > 1). It follows from (2.5) that the error function ¢"(2 < n < N) satisfies
Die" = AE;e" + kEze" + 1" + R(Au(t,,) +Ku(t,) + f"), (5.14)

with the truncation errors 4" = Diu(tn) —u(t,_y +17,6) and R(v) = v(t,_; +7,8)) — E;v(t,).
We now present the estimates of the truncation errors " and R(Au(t,) + xu(t,) + f") in the following two lemmas, their proofs are
left to Appendix A for brevity.

Lemma 8. The truncation error n"* := D,u(t,) — u,(t,) can be bounded by
7"l < ee®, 2<n<N, (5.15)

where the constant c, is given by

1 _ 1 _ _

e 1= (5U+QE= DRI+ EE = D)+ E = A +7)* +E =11 + P2 )t 0200 (5.16)

Lemma 9. Assume that v € C2([0,T]), then the truncation error R(v(t,)) := v(t,_, + 7,£) — E;u(t,) (1 <j< N)can be bounded by
2

IR@EDN < (€= 102 +1) 2ol w0720 (5-17)
Furthermore, we have

||R(Au(t,,) + xu(t,) + f”)ll <7, (5.18)
where

+1
o i=(E-D*+ 1)—(|K|2 )(||un||L°°<0,T;H2(Q)) Wl L1200 (5.19)

Theorem 3. Let I and 7; be defined by condition C1. Assume re<rp<r, for any r, < F;. Then the discrete solution u" to VS-gBDF2

scheme (2.5) has the second-order convergence in the L*-norm.
If k > 0 and the maximum time-step size © < 1/(4x(2& — 1)&), it holds

lell < 2exp (42¢ = D& + 7€ = Doy ) - (1le! Il +28 = D(1y6ey + ) + l—lR VErloe'l)). (5.20)

where R,, ¢|, ¢, are defined by (4.9), (5.16) and (5.19) respectively.
If k <0, it holds

1
el < lle' || +2(2¢ — 1)(:,,(c1 +e)r? 4 el ||). (5.21)
s«

Theorem 3 can be derived immediately by using Theorem 2, (5.14) and Lemmas 8 and 9, we omit its proof here.

5.3. The backward Euler method for the start value

In this subsection, we consider the stability and convergence of VS-gBDF2 method if the backward Euler method
01“1 =Au' +xu' + f1 (5.22)
is used to calculate u' by beginning with the following lemma.
Lemma 10. Let a,b,c > 0. If a* < b? + ac, then we have a < b + c.
Proof. By simple calculation, one has
(a= 57 = (5 +0)° =a ~ac— 5 ~be < ~be <0,
which implies
|a—%| < |%+b|.
Hence, we infer that a < b + ¢ for a > ¢/2. Since the claim is immediately proved if a < ¢/2, the proof is completed. [

Theorem 4. Let the start value u' be calculated by the backward Euler method (5.22). Let re and Fe be defined in condition C1. Assume the

time-step ratio satisfies r. < r; <r, for any r, <F. Then the solution u" of VS-gBDF2 scheme (2.5) is unconditionally stable in the L*-norm.
If k > 0 and the maximum time-step size = < min{1, 1/(4x(2& — 1)&)}, it holds

llu"|| < 4exp (4(26 = DE+F(E =Dty )C : (Iluoll + VeIVl + 7l F 1 + 1, Jmax IIng’“II), (5.23)
where 0,u' :=V_u'/7,, R, is defined by (4.9) and C* := 2& — N2 + (1 + |k|)/(1 — R*). If k <0 and t < 1, it holds
n * 0 0 1 k
lu"|| <2C (Ilu I+ Velval L+ 7 1 + 1, max |[E.f II)- (5.24)

10
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Proof. We shall estimate [|u!|| and ||0,u|| respectively. On the one hand, taking the inner products with 2u! on both size of (5.22) and
using the equality 2a(a — b) = a* — b*> + (a — b)?, one has

' 117 = 11 + 1V, u 112+ 22, [V |1F = 207 a1 + 27, (1L uh). (5.25)
If k <0, the identity (5.25) leads to

' 17+ 1V 12 < a1 + 22, 1L ] (5.26)
Applying Lemma 10 to (5.26), one has

Nt | < 1l + 22, 0141 (5.27)
If £ >0, set 7 < 1/(4x(2¢ — 1)) < 1/(4k) in (5.25), one produces
a1 < 20117 + 4y 17 e (5.28)

which together with Lemma 10 yields
llu' 11 < 201l + 4z £ (5.29)

On the other hand, taking the inner products with 2V u! on both size of (5.22) and using the equality 2a(a — b) = a> — b% + (a — b)?,
one has

%uvful 112+ Ve 112 + 1V, V12 = Vi) + 26|V || + 2071 + kul®, Vo). (5.30)
If k¥ <0, the identity (5.30) produces

%uvfu1 I < IVallI? = 261V [+ 2017 IV (5.31)
Applying Lemma 10 to (5.31), one has

lloqu'll < %IIIVMOII — x|+ 1L (5.32)

If « > 0, from (5.30), we have

(2 -2k7y)
T—lIVTul 1 < VU1 + 26 [ IV e |+ 2017 IV -
1

Since 7 < 1/(4k(2¢& — 1)é) < 1/(4k), one can find 2 — 2x7; > 1. Thus, we arrive at

IV u'|? 0112 0 1 1 1
—— < IV lIT + 2 [l IV 20 IV e

which together with Lemma 10 yields

1
llou'll < W IVl + 26l + 211111 (5.33)
1

Then inserting (5.29) and (5.33) into (5.1), one obtains (5.23). And inserting (5.27) and (5.32) into (5.2), one has (5.24). The proof
is completed. O

From (5.22), we have
0181 = Ae! + kel + r]' (5.34)

with the truncation error #' = u(t;) — u,(t,). The Taylor expansion produces

n
'l = | /0 ()55 < Nl e 0722600 1. (5.35)

Then we have the following convergence theorem.

Theorem 5. Let the start value u' be calculated by the backward Euler method (5.22). Let re and 7, be defined by condition C1. Assume

the time-step ratio satisfies re<rp <, forany r, < 7. If x > 0 and the maximum time-step size satisfies 7 < min{1 }, it holds

1

> 42— DE
le”ll < 4exp (428 = D& + 726 = D)ty ) (el + VANVl + €y 22),

where C; 1=1,(c; + ¢) + lluyll Lo(o. 11202y AN R, ;. ¢, are defined by (4.9), (5.16) and (5.19) respectively. If k < 0 and = < 1, it holds

le"ll <2¢* (1) + VeI Vel + €172,
6. Numerical examples

We present in this section several numerical examples to validate our analysis and to show the effectiveness of the VS-gBDF2
schemes.

11



J. Shen et al. Journal of Computational and Applied Mathematics 482 (2026) 117325

Table 1
Errors and time convergence orders for & =
25 (7, = 1.91,r, = 0.29).

N e(N) order r, r,

‘max ‘min

160 2.796e-04 - 1.91 0.29
320 6.112e-05 2.19 1.91 0.29
640 1.607e-05 1.93 1.91 0.29
1280 3.926e-06 2.03 191 0.29

Table 2
Errors and time convergence orders for & =5
(Fe =142,r,=0.).

N error order r,

max

160 4.116e-04 - 1.42 0.40
320 9.254e-05 2.15 1.42 0.40
640 2.486e-05 1.90 1.42 0.40
1280 5.423e-06 2.20 1.42 0.40

6.1. The accuracy and efficiency of scheme (2.5)

We now present two examples to demonstrate the accuracy, energy decay and efficiency of the proposed scheme (2.5) for (2.4).
Set Q = (0,1), k =0 and T = 2. Take the spatial length 2 = 1/M for a positive integer M, the discrete grids Q;, = {x; = ih|0 <i < M }.
In the simulations, we use the standard finite difference method for spatial discretization and choose the number of spatial mesh M
by M = N.

Example 1. In this example, we investigate the quantitative accuracy of fully discrete scheme. To obtain the variable time
steps, the time steps are generated by 7, =TA1,/A for 1 <k < N, where A = Z,](V:l A, and 4, is drawn as follows. For each
k=1,2,---, N, randomly choose a number from a uniform distribution on (0, 1), denoted as ﬁk and then truncate the value by
A = min{max{fg/lk_] , ik },Pedg—y } if k > 2. Thus, the ratios of adjacent time steps satisfy C1, i.e., r, < ry < 7.

To investigate the convergence order of the fully discrete scheme, we take f = (7% — k + 1) exp(¢) sin(zx) in (2.4) so that the exact
solution is u = exp(f) sin(zx). The discrete L?>-norm at the final time T and the convergence rate are calculated respectively by

e(N)=nh Z (w(x;, T)— u,’lv(x,»))2, Order = log,(e(N)/e(2N)).
1<i<M

In each run, the discrete L?-norm, convergence rates, maximal and minimal adjacent time-step ratios are listed in Tables 1-2 for
different & (¢ = 2.5 and & = 5). Tables 1 and 2 show the second order convergence rates, which agrees with the results in Theorem 4.

Example 2. We now consider the evolution of modified energy and numerical solutions by taking x = 0 and the initial values as

uy(x) = sin(rx) in (2.4). We introduce the adaptive time-stepping strategy [12,13]

. M Tmax -
Tpyl .=mm{ max {QT"’Tmiﬂ’m}’rfrn}’ (6.1)

where £" denotes the discrete energy defined in (3.2), 7 and r, are defined by C1, 7, and z,,,, are the minimum and maximum time

steps respectively and « is a tunable parameter related to the level of the adaptivity. Set 7, = le = 5, T0x = le =3, a =0.5, T = 0.5

and N = 1000.

We compare the evolution of the modified energy and the maximum norm of solutions ||U il under different time steps (uniform
and adaptive steps) and different values of £. We also choose the classical uniform-step BDF2 scheme (i.e., £ =1 and r, = 1) with
7 = le—35 as the reference solution. Fig. 6.1a shows that the modified energy £”" is decreasing all the time, which is consistent
with Theorem 1. From Figs. 6.1a and 6.1b, the modified energy £” and maximum norm solution ||U;lV |l appear to be closer to the
reference values when employing the adaptive time-stepping strategy (6.1). It indicates that the adaptive time-stepping strategy (6.1)
can significantly improve the accuracy.

We now consider the CPU time for different adaptive and fixed step sizes. Fig. 6.1c plots the adaptive time steps, which shows the
adaptive step is relatively large when energy evolves slowly while relatively small when energy evolves quickly. Figs. 6.1d shows that
the CPU time for the adaptive scheme is similar to that of the large time step = = le — 3, and significantly less than the CPU time with
the small time step = = le — 5. And as shown in Figs. 6.1a and 6.1b, the accuracy of the adaptive time-step strategy is comparable
to that of the small time step = = le — 5, indicating that adaptive strategy can significantly reduce the CPU time without sacrificing
accuracy.

12
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Fig. 6.1. (a): Evolution of modified discrete energy; (b): Evolution of maximum norm of solutions; (c): adaptive time-step size; (d): CPU time

contrast.
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Fig. 6.2. Evolution of original discrete energy:(a) z,,;, = 0.01, 7, = 0.03 in strategy (6.1);(b) 7, = 0.02, 7,,,, = 0.1 in strategy (6.1).
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Fig. 6.3. Evolution of original discrete energy and CPU times with a minimal time step 7,,,, = 10~ and varying maximal time steps -,

min max in the
adaptive strategy (6.1) for é =1 and £ =7.

6.2. An application to Cahn-hilliard equation

Example 3. As illustrated in Fig 1.1 or [11, Figure 1], the gBDF2 scheme preforms better stability as & increases. We now present
an example to investigate the stability of VS-gBDF2 scheme by consider the Cahn-Hilliard equation

ou=Ap with pu=-Au+ Lz(u3 —u), (x,1)eQx(0,T], (6.2)
€

with periodic boundary conditions and the initial condition u(x, 0) = uy(z). The system (6.2) can be viewed as the H~! gradient flow
of the Ginzburg-Landau type energy functional

2 _ 2
E[u1=/ (1|Vu|2+u>dw, ©.3)
Q 2

42
which admits the following energy dissipation law

d _ [ 6E _ 5
th[u(t)] —/Q S oude = /lem dx. (6.4)

By adopting the Fourier-spectral method to discretize the space with N Fourier modes for each directions, the VS-gBDF2 scheme for
(6.2) is given by

DU} = -A’EU}' + %A((ﬁ;f -0n., 1<n<N, (6.5)
&
where
5 A+ U = U= n22,
n _ n h n>=h .
o -{ oy, n=1. ©o

We now consider the coalescence of two kissing bubbles by taking Q = (0,27)?, €2 = 0.1 and the initial value as

R- Vx—x)? 4+ —-y)?

4¢2

ug(x) = ]rr<1;d<x2tanh ( )-
where x, =z -1,y =n,x, =7+ 1,y, =z, R=1. The adaptive time-stepping strategy (6.1) is employed by defining the original
discrete energy

_— Lo (U =17
SCH_A<§|VUh| +T de. (6.7)

Set a = 0.1, the final time T = 1 and the number of Fourier modes N = 128.

We compare the evolution of the original discrete energy under different choices of 7,;, and 7, in the adaptive time strategy
(6.1). As documented in [31], smaller time steps are usually required to guarantee accuracy and energy stability for semi-implicit
scheme (6.5). When we adopt a large uniform time step = = 0.015 in Fig. 6.2, the original discrete energy blows up at ¢ = 0.2. This
phenomenon can be significantly improved when ¢ increases as we show in Fig. 6.2. Even when the minimum step size 7;, > 0.015,

as we show in Fig. 6.2b, the original discrete energy can still ensure accuracy when & = 7. Thus, the VS-gBDF2 scheme performs better

14
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stability as ¢ increases. This result is consistent with the gradually increasing absolute stability region illustrated in Fig. 1.1 as beta
increases.

In Fig. 6.2, we also show the energy evolution curves computed by VS-gBDF2 scheme with adaptive time-stepping strategy (6.1)
and gBDF2 scheme with uniform time step (z = r,,,,,) when & = 7. It can be seen that the VS-gBDF2 scheme significantly outperforms
the gBDF2, highlighting the superiority of VS-gBDF2 scheme and adaptive time-stepping strategy (6.1).

To demonstrate the advantage of our VS-gBDF2 (i.e., £ > 1), we further investigate the energy stability and the corresponding
CPU times by comparing with the classical VS-BDF2 scheme. In the simulations, we take a minimal time step 7., = 10~ and vary
the maximal time steps ,,,,, in the adaptive strategy (6.1). Fig. 6.3a shows that the adaptive VS-gBDF2 scheme with & = 7 remains
energy-stable even for a larger size r,,,, = 0.02, but the energy of the classical adaptive VS-BDF2 scheme becomes oscillating for
both 7,,,, = 0.02 and 7,,,,, = 0.01, and become stable for a smaller 7, =0.001. Fig. 6.3b shows that the corresponding CPU times. It
follows from Figs. 6.3a and 6.3b that our VS-gBDF2 scheme for ¢ = 7 requires much less CPU time than the classical VS-BDF2 scheme
to remain the energy stable.

7. Concluding remarks

We considered in this work a variable step generalized BDF2 scheme based on the Taylor expansions at time 7,_; + 7,& (¢ > 1),
and provided an asymptotically compatible analysis on the discrete energy dispassion law, stability and convergence of the VS-gBDF2
scheme for any ¢ > 1 under the ratio restriction C1. We also introduce an adaptive time-step strategy and provide numerical examples
to demonstrate our theoretical analysis and validate the effectiveness of the adaptive time-step strategy.

Our analysis on VS-gBDF2 scheme can be extended to a family of nonlinear parabolic equations and combined with other spatial
discretizations. In the future, we will consider the VS-gBDF2 scheme for nonlinear problems.
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Appendix A. The proof of Lemmas 8 and 9

Proof. (The proof of Lemma 8) For notational simplicity, we denote ¢, . :=1t,_; + ¢7,. By using the Taylor’s expansion, one has

1 22 1 [ 2
ut,) =u(t, &) — (& — Dr,u, (1, ) + 5(.’;’ = Dryu,(t, ) — 3 / (r—1t,)"u, (rr, (A1)
1.2 L[ 2
ut,_y) =u(t, ¢) — Er,u(f, ) + §§ Ty () — 3 (r = 1y—1) Uy, (r)dr, (A.2)
-1
tn,é
Uty o) =ult, ) — (€ + 1/r,)z,u,(t,s) + %(5 +1/r) 7 Pu, ) - % / (r = 1yt (r)dr. (A.3)
)

Combining (2.1) with (A.1)-(A.3), the truncation error can be expressed by

142r,& ('t 1—r, +2r,& [in Q&- 1k rine
P el —1 )2 1) —t )P R —t,,) : A
n W+ /., (r —1t,)"uy, (rdr + 2 /tn_l (r—t,_1) Uy (r)dr SIS (r—t,_5) uy (rdr (A.4)
Noting that
tug tng
2 2
Il / (r—t,_1) uy (rydr — / (r—t,) uy, (r)dr||
Thi ty
I X tng 5
=|| / (r—t,_1) uy (rdr + / [2(r = t,)T, + 7 Jug, (r)dr||
Thoy Iy
1
< (5 +&(¢& - 1))'53||uttt||L°°(0,T;L2(Q)), (A.5)
and
Ine ) e )
I / (r — t,_p) uy, (r)dr — / (r —t,) u;, (r)drl| (A.6)
12 In
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th the

ﬁ/(p%ﬁ%Ww+/ 2(r = t,)(t, + T, ) + (5, + T 1) Ttdyy, ()P ||

T Iy
a+1y

ry 1 1
> —(T +(1+ Z)(f: -+ 1+ 2)2(5 - 1))73||”m||LeO((),T;L2(Q))~ (A7)

Then inserting the bounds (A.5) and (A.7) into (A.4), n" can be bounded by

1—r,+2r,é /1
"Il S22 (5 + £E = D)l ooz
1 ((+r)r,
+(¢ - §)<+nl + (€= DA +r, 7, ) llugg |l Lo o 17:12(02))- (A.8)

Hence, the proof is completed by applying r, < 7; to (A.8). O

Proof. (The proof of Lemma 9) The Taylor’s expansion produces

Ing
u(t,) = u(t,g) — v, (& — Dz, + / v, (r)(r—1t,)dr,
1,

n

tne
U(t,_p) = v, ) — v, )éT, + / v, (N (r—1t,_)dr.

n—1

Hence, we have

Ine In.f
IR@G = 1€ / 0P — 1y)dr — = 1) / 0P — 1)
ty th-1
Ine Iy
- / 0P =ty — EE ) — (€ — 1) / 0 (P — 1))
’n tn—l

2 o
< ((f -7+ 1)7||U||Lw(o,T;L2(Q))’ (A.9)

which derives (5.17). (5.18) can be immediately obtained by (5.17) and the proof is completed. O
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