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ARTICLE INFO ABSTRACT

Keywords: The scalar auxiliary variable (SAV) approach is widely utilized to construct energy-stable
SAV numerical schemes for gradient flows. Its relaxed version (R-SAV) further enhances numerical
Relaxation accuracy by directly linking the updated auxiliary variable to the original energy. Although

Original energy dissipation law

X numerical experiments have suggested that the original energy in the R-SAV scheme exhibits a
Gradient flows

dissipative property under sufficiently small time steps, a rigorous theoretical proof has been
lacking. This work fills this gap by providing a complete proof of the original energy dissipation
law for a first-order R-SAV scheme applied to general gradient flows. The proof centers on
establishing a key inequality that circumvents the need for an L®-norm bound on the numerical
solution. By leveraging the inherent relaxation step of the R-SAV approach, the dissipation
property is rigorously proved through mathematical induction. Numerical experiments validate
the theoretical results.

1. Introduction

Many scientific and engineering problems can be described by gradient flow equations. These equations are generally derived
from the thermodynamic variation of a system’s free energy and are governed by a dissipative dynamical path. A typical form of
the gradient flow energy functional is given by

1
E(¢) =/ (5L0-0+F@) dx O
Q
where £ is a self-adjoint linear symmetric nonnegative operator in L2(£2) and F(¢) is a nonlinear potential, 2 is a bounded domain
in RY, (-, ) is the inner product in L?*(f2), and || - || is the associated norm in L?(£2). The gradient flow associated with the above free
energy can be written as
OE
¢ =—Gu, p= 0 L+ F' (). (2)

where G is a symmetric positive operator in L?(£2). The equation is supplemented with the boundary condition: periodic, or ¢|,, =0,
or % =0 if ¢ = I, periodic, or % = g—z =0 if ¢ = —A. With these boundary conditions, the above gradient flow system satisfies the
following energy dissipation law:
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A highly desirable property of numerical algorithms for the dissipative systems (2) is to be able to satisfy the energy dissipation
law, which is crucial to eliminating numerical results that are not physical. In the last few decades, a large body of research has
been devoted to developing efficient energy-stable numerical schemes [1-6]. In particular, the SAV approach has attracted significant
attention due to its simplicity, efficiency, accuracy, and broad applicability. Building upon this method, the relaxed SAV (R-SAV)
approach introduced in [7,8] incorporates a relaxation step that directly links the updated SAV to the original energy, thereby
further enhancing the computational accuracy.

Ample numerical evidence from [7,8] indicates that the original energy of the R-SAV scheme is also dissipative when the time
step is sufficiently small. However, only the dissipation law for the modified energy has been rigorously established. It is therefore
desirable to derive the original energy dissipation law for the R-SAV approach.

This paper presents a rigorous proof of the original energy dissipation law for a first-order R-SAV scheme applied to (2) under
sufficiently small time steps. The success of the proof hinges on two key elements: firstly, we derive a pivotal inequality (Lemma
1) that circumvents the need for L®-norm estimates of the numerical solution; secondly, in contrast to original SAV methods, the
relaxation step in the R-SAV approach directly links the auxiliary variable to the original energy at the current time step, enabling
effective control of the SAV by the numerical solutions ¢” and ¢"~! when the time step is sufficiently small. By integrating these two
key aspects with mathematical induction, we successfully prove the dissipation of the original energy. It is important to note that
the proof presented herein cannot be directly extended to the original SAV scheme, due to the absence of a direct linkage between
the auxiliary variable and the original energy. Extensions of the results presented in this paper to the original SAV schemes and
higher-order R-SAV schemes will be the subject of a future study.

The rest of this paper is organized as follows. Section 2 provides a brief review of the R-SAV approach. In Section 3, we first
establish a key inequality and then present and prove our main result, namely the original energy dissipation theorem. Finally,
Section 4 presents numerical experiments to validate the theoretical results.

2. A brief review of the R-SAV approach

Assuming E,(¢) := fQ F(¢)dx > 1 - Cy, V¢ for some C, > 0. By introducing a SAV r(t) = v/ E,(¢) + Cy, (2) can be reformulated

as
¢t =—Gu,
r(1) '
= Lo+ — D Fg)
g VE@® + G, @
S —— TN

2V E(¢) + C

Taking the inner products of the first two equations in (4) with x and —¢,, respectively, and making use of the third equation, we
derive the following modified energy dissipation law:

dz = —
3 E @) =—Gp. ), (5)

where E(¢) = f_Q %Ed) - ¢pdx + r* is the modified energy. Let ¢" := ¢"(x) denote the numerical approximation of ¢(t,x) at ¢ = t,,.
Then, a first-order SAV scheme for the modified system is given by

¢n+1 _ ¢n B il

- —Gu",

W = L g ©)
VE (@) +Cy

rn+1 = 1 (F/(¢n)’¢n+1 _ ¢;1) .

24/E (¢ + Cy

Taking the inner products of the first two equations in (6) with 74! and —(¢"*! — ¢"), and using the third equation, we have the
following energy dissipation law:

E"-n+1 _ En < —T(gﬂn+1,ﬂn+l), Vn > O, (7)
where the modified energy at time level » is defined as
E" = / 1£¢" S@dx + (") (8)
0?2

Based on the SAV scheme (6), the R-SAV scheme is constructed as follows:
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Step 1: Compute the solution (¢"*!, 7*!) using the original SAV method:

¢n+l _ ¢n B il

— =T

W = L L) ©
VE (@) +Cy

;nJrl — = 1 (F’((ﬁn), ¢n+1 _ ¢n) .

24/ E(¢") + Cy

Step 2: Update the SAV r"*! by a relaxation:

rn+1 — 9n+]Fn+1 + (1 _ 0n+1) /El(¢n+1) + C()s 9n+] e V"H. (10)

Here V™! is the admissible set defined by
V= {6 € [0, 11| E™ — E" < —(1 = p)e(Gu™' ™), an

where y € [0,1] is a tunable parameter. Note that (7) implies 1 € V"*! for all n > 0, guaranteeing that V**! is always nonempty.
Therefore, the R-SAV scheme (9)-(10) is unconditionally energy stable.

Remark 1 (Optimal Choice for 6"). The relaxation parameter "*! can be selected as the solution to the following constrained
minimization problem:
0 = min 0, 5.t ("NOF < B = JILGE - (= pye@utt w ),
€[0,

where
L9y 1= 07 + (1 - 0)0(¢") and  Q(¢) := VE () + Cy.
This problem can be rewritten in the simplified form:
0" = min 0, s.t.,f(0)=ab>+b0+c<0, a2)
0€(0,1]
with coefficients given by
a= " - 0@"H? b=20"HFH! - 0" ).
=01
¢= 0" = "+ SN 2P 4 (1= pye@utt!, uth,

If a = 0, we set 0"t = 0. If a > 0, we observe that f(1) < —yz(Cu"t!, u"t1) < 0. It follows that f(0) has at least one real root, and
f(0) <0 for any 6 € ((—b — Vb2 —4ac)/(2a), 1). In this case, we choose

—h— 2 _
0"t = max {0, b= Vb —dac } . (13)
2a

3. The original energy dissipation law of the R-SAV scheme

In this section, we establish the original energy dissipation law for the R-SAV scheme (9)-(10). We first present a key auxiliary
result. In the remainder of this paper, we denote the space H!(2) by H! for brevity.

Lemma 1. Let v,w € H'. Then for any ¢ > 0, the following inequality holds:

C 2

/ lwl? dx < ellolly, + =+l llwll}y (14)
Q

where C, := 2+ |Q)NC>** /4 and p > 0 arbitrary if d = 1,2, 0< p <2 if d = 3.

Proof. By Holder’s inequality, we obtain

1/6 5/6
/ VwlP dx < (/ ° dx> (/(u|w|1’)6/5 dx) )
Q 0 Q

From the Sobolev embedding theorem, for any ¢ > 1 if d = 1,2, and 1 < ¢ <6 if d = 3, we have
([ 1wl a0 < Cqlel . 1s)
Q

Applying Young’s inequality yields
2

C 5/3
/ V?|w]” dx < efloll?,, + == (/(U|w|P)°/5 dx> . (16)
Q 4e \Ja
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Now, applying Holder’s inequality again to the last term in (16), we get

5/3 2/3
< / (ol dx) < ol ( / ol dx) . 17)
Q Q

Furthermore, for 0 < ¢ < 1, Holder’s inequality implies

/ o] dx < |9|""(/ o] dx)f < (2] + 1)(/ o] dx)e. 18)
Q Q Q
Combining (15) and (18), we deduce
2/3 ) )
3
</Q o] "dx> <@+ 12D CPlul?,. (19)

which together with (16) and (17) complete the proof. []
We now state the original energy dissipation law for the R-SAV scheme (9)-(10) in the following theorem.
Theorem 2. Assume that there exists a constant C such that [|¢||2, < CIL'2¢|1% |F'(@)| < R(L + [$|”*") and |F"(#)] < R(1 + |$]")

with0< p<2ifd=3and p > 0if d = 1,2. Then there exists a unifl;l)rm constant t* > 0, independent of n and the final time T, such that
for any © < t*, the R-SAV scheme (9)-(10) admits the following original energy dissipation law

E@"™) = E@") < =(1 = p)e@u™", u"™), Vn 20, 20)
where y € [0, 1] is the parameter in (11).
Proof. We now prove the theorem by mathematical induction. Assume that 0 € V* (1 < k < n), that is, ¥ = \/E,(¢¥) + C,. We now

consider the case of k = n+ 1. Taking the inner products of the first two equations in (9) with zx"*! and —(¢"*!' — ¢") respectively,
we obtain

E@"") - E(¢") + %Ilﬁl/z(cb”“ —¢MI* = (F(¢"™") - F(¢™),1)
7n+l , | . . (21)
(F (¢n)’¢n+ _¢n) — —T(g[l”+ aﬂn+ )

+ —_—
VE (@) +Cy

By Taylor expansion, we have
(F(@"™) = F@"),1) = (F'(¢"), ¢" —¢") + %(F”(f"), @' — ¢,

where &" = 0¢"! + (1 — 0)¢" and 0 := 0(x) € [0, 1], Vx € Q. Substituting into (21) yields

E(@"™") — E@" + %uﬁ'/z(qb"“ =P+ 1y + I = —2(Gu" . (22)
where
. 1 1 en n+1 172 . ;n+l !¢ an n+1 n
I :=—Z (F' &)@ =¢")), L '=(——————=-1) (F(@").¢"" —9¢"). (23)
=3 )= (e 1 )
From (11) we have the uniform bound
9”13, < CIE/2¢"|* <2CE" <2CE°, Vn >0, 24)

Since |F"(&M| < R(1 + |€"P) and [|€"]| ;1 < 100" (|1 + |I(1 — 8)¢"|| 1, from (24) and Lemma 1, we have

R R, . 4CE°yC
111 < ™! = g1, + 5 (4 ———)ll$"™ ~ "% (25)

We now estimate |I,|. From the third equation in (6) and the induction hypothesis " = \/E;(¢") + Cy, we have

~n+1 !¢ HN n+l _ pn
N CON et ) 26)

VE (@) + Cy 2(E(¢") + Cp)

By the Sobolev embedding theorem and (24), we obtain

IF' @M < 2R*(1Q] + /g |6"177*2 dx) < 2R2 (121 + C 11" 1771 < R2C, @7)
where C, :=2(|2| + (2CC, E®)**?). Substituting (26) and (27) into (23) gives

L] < @W“ - "I, 28)
where we have used the assumption E,(¢") + C, > 1. Now, inserting (25) and (28) into (22), and choosing ¢ = ﬁ, we derive

E@"™") — E@") + c(Gu"™", u") + 4% V@™ = ¢MI* < Csllgp™" - ¢"I1%, (29)

4
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where C; = R/2 + CR?>(4CE®)?C; + R®C,/2, and we have used the inequality ||¢||i[
7* := y/C*. We now analyze the L?> and H~! gradient flow cases separately.
For L? gradient flow (i.e., G = I), it follows from the first equation in (9) that

| < C|I£'2¢|%. Define C* := CC? + C; and

”¢n+l _ d)n”Z - 12(9;4"“,;4"“). (30)

Taking 7 < 7* < y/Cs, inequality (29) implies that 0 € V"*1.
For the H~! gradient flow, it follows from the first equation in (9) that

g™ = ¢"I* = 2 au™ " I7, and V(@™ = @M = VAR €30
Substituting (31) into (29) yields
2
E(¢"™) = E(¢") + o Vu" > + :—C VA2 < Gy (|l Aau™H 2.

Note that

1

VA4 n+1 2+CC v, n+1 2'
aoc VAT P+ e

||A/4”+1 ”2 — _/ VA”VH—I . VM"+1 dx <
Q
Combining the above inequalities, we obtain
E@"™) - E(¢") < ~(1 - CCnr|| V|12, (32)

Taking = < 7* < y/(CC3), we conclude that 0 € V"*!.

Since ¥ = \/E,(¢Y) + C,, the same argument shows that 0 € V! (details omitted). The proof is thus completed by mathematical
induction. [J

Remark 2. The genetic constant R can be very large for realistic physical models. For example, for the Allen-Cahn equation
where F(¢) = glz(l — ¢*)?, R = O(¢72). From the above analysis, it follows that the admissible time-step threshold satisfies
T = O(R™?) = O(¢*) Therefore, the present analytical technique still exhibits a strong dependence on . This strong dependence
mainly arises from the theoretical analysis itself, in particular from the use of Young’s inequality in the proof. Improving the e-scaling
of the stability threshold will be considered in future work.

Remark 3. The growth assumptions imposed on F in Theorem 2 are satisfied by a broad class of polynomial-type potentials,
including the widely used Ginzburg-Landau potentials. It is worth noting that certain singular potentials, such as the Flory-Huggins
potential, do not satisfy these polynomial growth conditions due to the singular behavior of their derivatives near the pure phases.
Extending the present analysis to such singular potentials would require additional techniques and constitutes an interesting direction
for future research.

4. Numerical experiments

We now provide a numerical example to demonstrate the original energy dissipation law of the R-SAV approach. We consider
the Cahn-Hilliard equation

b =Adp, = ‘;—g = —Ap+ :—2<¢3 _— 33)

with periodic boundary condition and the initial condition
#(0,x) = 0.3+ 0.01 rand(x), rand(x) : uniform random distribution in [-1, 1].

The algorithm is performed in the bounded domain 2 = (0,2x) using the spatial Fourier-pseudospectral discretization with N ’
Fourier modes for each direction. We define an indicator function as follows:

1, if maxog,cp/, (E™' — E") > ¢,
X = -
0, otherwise,

where E" denotes the original energy and the tolerance is set to ¢ = 1 x 10713, Clearly, the original energy dissipation law is deemed
satisfied when y = 0.

Fig. 1 illustrates the variation of the indicator y with the time step size 7. In the simulations, the interface width parameter is
chosen as £2 = 0.03,0.06, the relaxation parameters as y = 0.1,0.5, 1, the Fourier modes as N r=32,128 and the final time as T = 10.
The results show that for sufficiently small time steps, the R-SAV schemes with different values of y all satisfy the original energy
dissipation law, in agreement with the theoretical results in Theorem 2. Furthermore, we observe that the maximum time step size
7* preserving the original energy dissipation is independent of the number of Fourier modes N, but depends on interface width
parameter e.
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Fig. 1. Behavior of the indicator function y with respect to the time

satisfied; otherwise, y = 1.
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