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1 Introduction

Fractional differential equations (FDEs) have attracted considerable attention in
recent years due to their ability to model certain processes which can not be
adequately described by usual partial differential equations. Two main difficulties
for dealing with FDEs are (i) fractional derivatives are non-local operators; (ii)
fractional derivatives involve singular kernel/weight functions, and the solutions of
FDEs are usually weakly singular near the boundaries and at initial time. Hence, a
straightforward extension of usual polynomial based numerical methods for FDEs
are not effective as it usually involves dense matrices even for the simplest FDEs
and suffers from low convergence rate due to the weak singularity. Thus, one
needs to develop non-standard and non-polynomial based numerical methods to
effectively deal with the difficulties associated with FDEs.
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In this paper, we shall focus on some recently developed spectral methods
using the generalized Jacobi functions (GJFs) for solving FDEs. Some pioneer work
on using spectral methods for solving FDEs are carried out [17, 18]. However, the
methods in these papers use the usual polynomial approximations which do not
particularly address the two difficulties mentioned above. A breakthrough is made
in [32] in which the authors introduced the so called poly-fractonomials, which are
eigenfunctions of some fractional Sturm-Liouville operator. So using them as basis
functions greatly simplifies the computation of fractional derivatives and leads to
sparse matrices for some simple model equations. Furthermore, one can choose
suitable parameters in poly-fractonomials so that its leading term is in fact the
leading singular term of the corresponding FDE. Thus, the spectral method using
poly-fractonomials can also resolve the leading singularity in a FDE. It turns out
that the poly-fractonomials introduced in [32] coincide, within certain parameter
range, with the generalized Jacobi functions introduced in [10]. In [5], the authors
reexamined the generalized Jacobi functions in the context of FDEs and derived
optimal approximation results with norms suitable for fractional derivatives. In
particular, it is shown in [5] that well constructed spectral methods using GJFs for
some typical FDEs can lead to exponential convergence despite the fact that their
solutions are weakly singular.

Thanks to the aforementioned remarkable properties of the poly-fractonomials/GJFs
with regards to fractional derivatives and fractional differential equations, there is
now a significant number of recent work on using the poly-fractonomials/GJFs for
different kind of FDEs and singular integral equations, including, for examples,
spectral-Galerkin or spectral Petrov-Galerkin methods [31, 11, 36, 23, 21, 28, 15];
spectral collocation methods [35, 36, 15, 12, 14, 34, 13]; DG spectral-element
methods [33, 16].

The aim of this paper is not to provide an exhaustive review of all developments
with regards to spectral methods for FDEs, rather, it aims to present essential
properties of the GJFs, including relations to the fractional derivatives and their
approximation results in properly weighted Sobolev spaces, and how one can use
them to construct efficient and accurate spectral methods for FDEs.

In order to illustrate the idea and advantage of spectral methods using GJFs,

we shall consider the following FDE:

DS u(z, 1) — pRDYu(z, ) — (1 — p) ED u(, 1) = f(2,1),

u(z,t)|pp =0, Vtel:=(0,T), (1.1)
U(J),O) = u0($)7 VzeA= (CL, b)7
where 0 < < 1,1 < <2, p€0,1]; CD,?‘, RDf and fDB are the Caputo, left-
and right- Riemann Liouville fractional derivative operator, respectively. More
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precisely, we shall consider, successively, the following four cases: (i) y =0, p = 1:
an initial-value problem and a boundary-value problem with one-sided fractional
derivative; (ii) v = 0, p = 1/2: Riesz FDE; (iii) v = 0, p # 0,1/2,1: a boundary-
value problem with general two-sided fractional derivatives; and (iv) v # 0 and
p = 1/2: a space-time fractional diffusion equation.

The rest of the paper is organized as follows. In the next section, we introduce
the GJFs corresponding to the one-sided fractional derivative, Riesz derivative
and two-sided fractional derivatives with different coefficients, summarize their
special properties, particularly with regards to fractional derivatives, and present
approximation results using these GJFs. In Section 3, we construct successively
efficient spectral methods using GJFs for the four cases above, and derive their
error estimates. We provide some concluding remarks in the last section.

Due to the space constraint, we shall not present numerical results in this
paper. However, theoretical results presented in this paper have been validated by

ample numerical experiments in the correspondingly cited papers.

2 Generalized Jacobi functions and their
approximation properties

In this section, we collect some basic relations and approximation properties of
GJFs with respect to fractional derivatives from [21, 23, 22]. These results will
play essential roles in developing efficient algorithms for FDEs and in deriving the

corresponding error estimates in the next section.

2.1 Fractional integrals/derivatives

We inotrduce below the definitions of fractional integrals/derivatives. Let a < b
and denote A = (a, b).

Definition 2.1 (One-sided fractional integrals and derivatives [24, 7]). For p €
R, the left and right fractional integrals are respectively defined as

x

Po(x) = L V(W) x
20 =55 [ Gyt wet

(2.1)
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where I'(+) is the usual Gamma function.
For s € [k — 1,k) with k € N, the left-sided Riemann-Liouville fractional

derivative of order s is defined by

Rpys _ 1 d7k v(y)
Dyv(x) = T =) daF / @y dy, x €A, (2.2)

a
and the right-sided Riemann-Liouville fractional derivative of order s is defined by

b

R G ) v(y)
2D v(z) = Th—s) dat | (g —a)—F0 dy, x€A. (2.3)
x
For s € [k —1,k) with k € N, the left-sided Caputo fractional derivatives of
order s is defined by

xT

5 1 v(F)
CDiv(z) == NG / (%y)g?i)kﬂdy, z € A, (2.4)

a

and the right-sided Caputo fractional derivatives of order s is defined by

IRV RS
gDSv(:U) = (=1) /(yiz)gg)mrldy, x €A (2.5)

According to [7, Thm. 2.14], we have that for any absolutely integrable function
v, and real s > 0;

RD;I;U(LE) = v(z), f”DsmIsv(a:) =o(z), ae. inA. (2.6)

The following lemma shows the relationship between the Riemann-Liouville

and Caputo fractional derivatives (see, e.g., [7, 24]).

Lemma 2.1. For s € [k —1,k) with k € N, we have

k—1

Rpys _ Cps u(])(a)
Diu(t) = Dtu<t>+j§_;]r(

> iyt a)’ ~*. (2.7)

Definition 2.2. (Riesz fractional integrals and derivatives [25]) For p € [0, 1), the
Riesz fractional integral of order p is defined as

1
Po(z) = 2cos(mp/2)

For p € [2k — 1,2k) with k € N, the Riesz fractional derivative (RFD) of order
p is defined by:

(I£ + 21 v(z), € A. (2.8)

DPo(z) := D*I2FPy(a). (2.9)
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The following results [8, 17] play fundamental roles in the analysis of FDEs.

Lemma 2.2. For all 0 < a < 2 and o # 1, we have

(Dfv,w)a = (ADF v, D% w) . Wo,w € HY*(A); (2.10)

Lemma 2.3. For all « > 0 and that o — 1/2 is not an integer, we have

(RDEﬁufD%U%X§|WH;gp Yo € HY?(A). (2.11)

(A)’

In the sequel, we use ¢ to denote a generic constant.

2.2 GJFs for one-sided fractional derivatives

We start by considering the one-sided fractional derivatives. Unless otherwise
specified, we set A = (—1,1).

2.2.1 Jacobi polynomials and Bateman’s fractional integral formula

According to [30, (4.21.2)], the classical Jacobi polynomials with parameters «, 8 €
R can be defined by

(Of + 1)n

P (@) = 2

Fl(—n,n+a+ﬁ+1;a+1;—1;x) (2.12)

where 2 F(a,b; c; z) is the hypergeometric function, and the rising factorial in the

Pochhammer symbol, for a € R and j € Ny, is defined by

I'(a+3j)
I'(a)
For a, B > —1, the classical Jacobi polynomials are orthogonal with respect to
the Jacobi weight function: w(®#) (z) = (1 — 2)®(1 + 2)?, namely,

(ao=1; (a)j:=ala+1)---(a+j—1)= , for j>1. (2.13)

1
/ PP (2) PP (2)0 P (@) da = ) 6, (2.14)

-1

where §,,, is the Dirac Delta symbol, and the normalization constant is given by

(a,8) _ 2a+'8+1f(n +a+1)I'(n+B8+1) (2.15)
m T @Cnda+B+DnT(nta+ 1) '
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The following fractional integral formula of hypergeometric functions due to
Bateman [3] (also see [2, P. 313]) plays an important role in the computation of

fractional integrals/derivatives: for real ¢, p > 0,

x
oF1(a,b;c+ pyx) = %xl_(cﬂ)) /tc_l(x — )" Y Fy(a, by c; t) dt, |z| < 1.

(2.16)
One derives easily from (2.12) and (2.16) the following results (cf. [30, P. 96]):

Lemma 2.4. Let p € RT, n €Ny and = € A.
(i) For o> —1 and B € R,

1
e C) ACETES) / —y)* )

(1—gz)*™P2 =
PT(La-&-p,B—p)(l) (a+1)T —z)l-r p(a 5)(1)

(2.17)
(i) For a € R and f > —1,

(14 oy BT @) Tt / 1+y PN W) 4

P(ﬁ"t‘lha P) (1) ﬂ-’- 1 /) 1 P P(/B a)(l)
(2.18)

Using the notation in Definition 2.1, we can rewrite the formulas in Lemma 2.4 as

follows.

Lemma 2.5. Let p e RT, n e Ny and = € A.
— Fora>—-1and B eR,

17{(1—2)* PP (2)} = %0 — o) PPt (),
(2.19)

- Fora€eRand B > —1,

}7 (n+8+1)

n+ﬂ+p+1%1+xw+W%wmﬁ+m@)(2%)

2{(1+2)’ PP (@
Thanks to (2.6), we obtain from Lemma 2.5 the following useful “inverse” rules.

Lemma 2.6. Let s € RT, n e Ny and z € A.
— Fora>—-1and B eR,

B {(1 Ry = TR D e
(2.21)
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— Fora€eR and B> —1,

Rpys B+s pla—s,f+s) _In+B8+s+1) B pla,B)
Dx{(l—i—m) P, (x)}_—F(n—F,B—Fl) 1+2)" P, (z).
(2.22)

The above lemmas are remarkable in the sense that fractional integrals/derivatives

« ,SQ’B) can be expressed in the same form

of functions in the form of (1 + x)
with a set of different parameters (o, 3). In other words, the global fractional
integral /derivative operators become local operators in suitable "spectral" spaces.
In particular, if & = 0 in (2.21), the fractional derivative operator ZD* takes
(1- w)sPy(lS’ﬁ_S)(x) to the polynomial P,SO’B)(JS); conversely, if « + s = k € Np,
BD* takes the polynomial (1 — x)kP,gk’ﬁis)(x) to (1 — x)kiSPT(Lkis’ﬁ)(x). Such
remarkable properties are essential for constructing efficient spectral algorithms for
FDEs.

Definition 2.3 (One-sided generalized Jacobi functions [5]). Define
1700 (1) = (1 — 2)* PP (2), for a > -1, BER, (2.23)

and
_Jr(la’fﬁ)(x) =1+ x)ﬁPy(la’ﬁ)(x), for a eR, B> -1, (2.24)

for allz € A and n € Np.

2.2.2 Some important properties of GJFs

It follows straightforwardly from (2.14) and Definition 2.3 that for o, 8 > —1,

1
[ @0 @) ) e
-1

. (2.25)
_ / 7B ()70 (2) W (2) da = 1D b
21
Similarly, we have that for & > —1 and k € N, and n,n’ > k,,
1
/ +Jy(b_a’_k)(l’) +J7(l/_a’_k) (z) w(_o"_k)(l‘) dx
! (2.26)

1
= [ @ T @R @) de =P,
—1
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where 'y,(f"B ) and %(f"fk) are some constants which can be found in [5].

With the above definitions, we can rewrite Lemma 2.6 as

Theorem 2.1. Let s € RT, n e Ny and z € A.
- Fora>s—1and B R,

Rpys f+7(—a,B) _ DPlnta+l) 4 (—atspts)
2D {7 (x)} = Tt a_st1) T (). (2.27)

- ForaeRand B >s—1,

Rpsp—jla=B)yy _ LT+ B+1) —jats—p+s)
D, == . 2.28
The analysis of GJFs essentially relies on the orthogonality of fractional derivatives
of GJFs. Recall the derivative formula of the classical Jacobi polynomials (see, e.g.,

[29, P. 72]): for a, 8 > —1 and n > [,
Dlpéa,ﬁ)(x) _ Kilfflyﬁ)PT(L(i-;-lﬂ-‘rl)(x)’ (2.29)

where /iglofl’ﬁ) is some constant. Noting that ZD*T! = (—1)!D'ED* and D5+ =
D'ED? for s € RT and [ € N, we derive from (2.14) and (2.27)-(2.29) the following
orthogonality relations:

— Fora>0,a+8>—-1,and n,n’ >1>0,

1
/fDa—H +J7(;a,5)(x) gDa+l +J7(Llfozﬁ) (z) batB+D (z)dz = hfﬁl’ﬁ)%nu
—1
(2.30)

where
o _ 22Tt o+ )I(n+a+ B +1+1) (2.31)
mt Cnta+B+Dnl(n—DT(n+a+4+1) .

— Fora+8>-1,8>0,and n,n’ >1>0,

>

1
/RDI,H-H LB (g) B 70 () o+ BHLD (1) g = hﬁfia)%nu

-1
(2.32)

2.2.3 Approximation by the one-sided GJFs

We show below that approximation by GJFs can lead to truly spectral convergence

for functions in properly weighted Sobolev spaces involving fractional derivatives.
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For simplicity of presentation, we only provide the results {_J,(la’fﬁ ) } Similar
results can be established for {+J7(l_a”8)} [5].

Let Py be the set of all algebraic (real-valued) polynomials of degree at most
N. Let w(z) > 0, x € A, be a generic weight function. The weighted space L?E(A)
is defined as in Adams [1] with the inner product and norm

(u,0)e = /u(m)v(m)w(aj)dm, e = (u,u)LL2.

A

If w =1, we omit the weight function in the notation.

We define the finite-dimensional fractional-polynomial space:
FET ) = = (1 +2)7p ¢ € Py} =span{ S 10 <n < N},

By the orthogonality (2.25), we can expand any u € Li((,,_ﬁ)as

oo
2)= > a P @), (2.33)
where
1
ﬁ"(fla) / *J(a) w(oﬁfﬂ)dx’
-1
and there holds the Parseval identity:
(o)
[ R e S Gl o (2.34)
Consider the L? i»(a,—py-0rthogonal projection onto _7-'(0" ﬁ)( A):
( 1(\7 Py —%UN) gy = 0, Vuy € _J:](\,?"_ﬁ)(A). (2.35)
wle—
Then, it is easy to derive from (2.28) that for any I € Ng, we have
RnB+l— (a,=B), ! ) _
( Dy " (T u—u),D'wy ety 0, Ywy € Py(A). (2.36)

To describe the projection error, we define

_BZL,B(A) = {u € Liw,_[g)(A)  Bpptiy e Li((H.ﬁHJ,) (A) for 0<I< m}.
(2.37)
By (2.32) and (2.33), we have that for (a,) € “2%F = {(a,B) : B>0, >
71} and [ € Ny

oo
l ) ~ (o, —
1D ) 2 oy = Y B a2, (2.38)

n=l
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Theorem 2.2. Let (o, 3) € 720"’8, and u € 76225(/\)'
-  For0< 1< m, we have

HRDI'BH(_”g\?’_m“ - u)||w<a+ﬂ+l,l) <Nt HRDﬁ—quHmmevm)'

(2.39)
—  For 0 <m, we also have the LZ(m—B) -estimate:
— (o, =B —(B+m) || RS+
|7 )u_un(a,,B) < eNTEE | BpSrmy | e (2:40)
Proof. By (2.33), (2.35) and (2.38), we have
oo
R l— (a,— 2 o) |~ (0, =) 2
|| Df+( WE\? B)u_u)Hw(a-HHH) — Z hgf,la”us{l 5)|
n=N+1
— Z n,l (5 0‘)| - (o, —ﬁ)| N+1,1 HRD/B-‘rm ||
- AR i, ) 2 Bllwtetstmm:
n=N-+1 N+1,m

We now estimate the constant factor. By (2.13), (2.31) and a direct calculation, we
find that for 0 <1 <m < N,

B«
hg\/ﬂ)z _T(N+a+B+1+2)(N-—m+1)!

p(B:2) IN+a+B8+m+2)(N—-1+1)!

N+1m
B 1 (N —m+1) (2.42)
(N+a+p+2+10)- - (N+a+B+1+m) (N-1+1)!
l—m (N —m+1)!
< RS Nl
=N (N—=1+1)17

where we used the fact: o + 8 > —1. Thus, we obtain (2.39) from (2.41), (2.42)
and the property of the Gamma function.

The Li@,,ﬁ)—estimates can be obtained by using the same argument. We
sketch the derivation below. By (2.34) and (2.38),

o Pu = S A lake P
n=N+1

©, e (a,B) (2.43)
_ RGO el P2 < MHRDH%HQ
h(ﬁ ‘1) h(ﬁ a) x wlatB+m,m)*
n=N+1 N+1,m

Working out the constants by (2.15) and (2.31), we use the property of the Gamma
function again to get that

WH TN +a+2)0(N +m+2)(N —m+1) < n-2B4m)
W) T TINHG+2T(N +a+f+m+2)(N+m+1) -~ :

(2.44)
O
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Remark 2.1. Note that the error estimates, in the above theorem and in subse-
quent theorems, depend on the smoothness of fractional derivatives of the function,
instead of the usual smoothness. To better understand the above results, we consider

a typical solution of a one-sided fractional differential equation
u(@) = (1-x)’g(z), BERT, weA, (2.45)

where ¢ is a smooth function, and compare the GJF approximation with the
Legendre approximation. Recall the best L2—approxirnation of u by its orthogonal
projection ﬂjlv([u (see, e.g., [29, Ch. 3]):

Iriu —ull < N D™ ul| o m) -

If 8 is not an integer, a direct calculation shows that the righthand side is only
bounded for m < 1+ 28 — €. On the other hand, using the explicit formulas for
fractional integral /derivative of (1 + z)® and the Leibniz’ formula (see [7, Ch. 2]),
we find that RDf‘””u is integrable for any m € Ny, so the convergence by GJF
approximation is faster than any algebraic rate.

Remark 2.2. The results in Theorem 2.2 can be extended to some other («, 3) ¢

28 we refer to [5] for more detail.

2.3 GJFs for Riesz derivatives

The Riesz derivatives include both the left- and right-sided fractional derivatives so
the one-sided GJFs defined above are not suitable. Instead, we define a new class
of GJFs:

Tt V(@) = (1— )"0+ )" P (@), v > -1, (2.46)

It can be derived from (2.14) that the general Jacobi functions J,, " (z) are

mutually orthogonal:

1
/ T (@) T 7 (@)w ) (@) = A S, (2.47)
-1

and
Fy ™" (A) = {7 ™" (@) in=0,1,-+ N}, (2.48)

oz,fa(

For Riesz derivatives, we shall use J, x) which satisfied the following:

Theorem 2.3. If s € (2k — 1,2k) with k € N, then

s

ks 753 (@) = (=1)F D(m+s+1—2k) (5-2k,5—2k)

Q—ka! m—+2k ("E)7

(2.49)
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and for j =0,1,--- ,2k —1,

DT R @) = 2j(—1)’“wpﬁﬁf’2 ) (2:50)

We point out in particular that with j = 0 in (2.50), we have

Corollary 2.1. If s € (2k — 1,2k) with k € N, then

g T(m+1+5s)

- P (g). (2.51)

D' @) = (-1)
Let s € (2k — 1,2k) with k € N, and [ € Ny, we denote for any m € Ny

2 —k+1 2
BIA) i={ue Ll 5 5 (A): D" Mue L’ w5 (D), for0<I<m}.

(2.52)
By the orthogonality (2.47), we can expand any u € Lw( ooy (A) as
)
2) =3 ay T g e ), (2.53)
n=0
and there holds the Parseval identity:
oo
L T i L S (2.54)
n=0
Moreover, for any 2« € (2k — 1,2k) with k£ € N, we have
D2 |12 ot ey = Z I (2.55)

n=l

Theorem 2.4. Assume 2a € (2k — 1,2k) and k € N. Let u € By, (A). We have

|‘D2a_k+l(71'](\,_a’_a)u—u)||w(a_1«+z,a—k+z) < CNl_m||D2a_k+mu“w(a—k+m,a—k‘,+'m,) 5
(2.56)

and

||ﬂ_§v—a,—a) Nk7(2a+m)”D2a7k+m

U= un(*afa) <c un(ocfk#»m,,a—k«}»m)- (2.57)

Proof. By (2.68) (with = v = a) and (2.55), we have

o0
20— —a,—« 2 a,0)~(—a,—a) |2
HD “ k—H(ﬂ'](v )u_u)’}w(a—k+l.a—k+l) = E hghl )|U$L )l
n=N+1
00 (o, @) h(("va)
_ Z n,l (aa)| a,—a)| N+1,1 HDQQ—k-&-muH
h(a Ot) nm h(a’a) w(a—k+7n,a—k+m)'
n=N+1 N+1,m

(2.58)
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We now estimate the constant factor. Similar to the proof in Theorem 2.2, we find
that for 0 <1 <m <N,

Dy lem (N +k—m+1)!

_ VT oyt PR T ) .
P Ry sy g (2:59)
N+1m

Thus, we obtain (2.56) from (2.58), (2.59) and the property of the Gamma function.
The Li(_a,_a)—estimates can be obtained by using the same argument. We
sketch the derivation below. By (2.54) and (2.55),

oo

—a,—a 2 a,a) | ~(—a,—a) |2

e ™l = D )
n=N+1
ol (o, ) (a,0)

_ Tn (a,a)lﬁ(a,a)|2 < 7N7+1HD20¢7k+mu||
- h(a’a) n,m n = h(a’a) wla—k+m,a—k+m) -

n=N+1 ""n,m N+1m

Similarly, by (2.15) and (2.31), we obtain that

(@)

INtL (N+D(N+k+m+1I(N+Ek—m+1)!
hg\f;ffl) (N +2a+2)['(N +2a—k+m+2)(N +k+m+1)!
m
< N2k—(4o¢+2m).
This completes the proof. O

2.4 GJFs for two-sided fractional derivatives with different
coefficients

Forl1<p<2,0<pv<fB,ut+v=p30<p<1andp+#1/2, we define the

two-sided fractional integral operator
IhVP = Cp o, (pIL + (1 — p)aI”), (2.60)

where
sin(mp) + sin(7wv)
sin(w ) '

Then for s € (k — 1,k), we define the two-sided fractional derivative operator

Cﬁ,p = C(/Baﬂv l/) =

d* -
HoVys pov,k—s
Dp*e = T : (2.61)
It turns out that suitable basis functions for dealing with two-sided FDEs with
different coefficients are of the form J,, """ (z) where (u,v) are determined as

follows ([9, 22]):
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Theorem 2.5. Given (p,3) such that 0 < p < 1 and 1 < B < 2, let (u,v) be
determined from

w+v=_,, psin(mp) = (1 — p) sin(wv), (2.62)

then forn =0,1,2,---, it holds that

2B o D(n+8-1) w22
TR P g (@) = 4%1972’;2 “ (), (2.63)
and fork=1,2,--- ,n+2,
kA B—2 e, — 'n+k+p8—-1 —24k,u—2+k
DR g () = H ok—2,] )vaiz—k D (). (2.64)
In particular, for k = 2,
ppd gy (gy = LA+ D tf 1) pi) (). (2.65)

For the sake of simplicity, we shall denote Zg’y’p and Dé,"y’p by I{,) and D;,',
respectively.

By virtue of (2.14), a consequent result of equation (2.64) is the orthogonality
of Dg“ for l=-1,0,1,--- ,min{m,n}. If (u,v) and (p, B) satisfy the conditions
of Theorem 2.5, then

1
/ DEH =Y () DEH Jm i (@)D () da — 0, W £m,  (2.66)
—1

1
/ijll)jn:“’_”(ac)Dlﬁjzl)Jn_“’_"(m)w(V'H’“H)(ac)dx =0, Yn#m. (267
-1

We define

(Wj(vi“’iy)u —u, UN) =0, Yoy e F"77(A), (2.68)

wl=w,—v)
and for p, v satisfying (2.62), we denote
BEL,(A) = {u€ L2,y (A) : DT ue L2 siin (M), for —1<1<m}.

(2.69)
Then, we have the approximation results for the projection errors.
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Theorem 2.6. Assume 1 < 8 < 2 and let u € BEP(A) with m € N. Then for a
gwen p, 0 <p<1,if0< pv<pB, and p,v satisfying (2.62), we have that, for
~1<1<m<N,

l — i, — l— 3
ID5 (2™ u = ) ywstwrn < eNTIDY MUl sty (2.70)
and
17w = wll gy < NTEFDET |yt m (2.71)
Proof. The proof is similar to that of Theorem 2.4. O

3 Spectral methods for FDEs based on
generalized Jacobi functions

In this section, we present spectral methods using the GJFs defined in the last

section to solve several typical fractional differential equations.

3.1 Fractional differential equations with one-sided
fractional derivative

We consider first a fractional initial value problem, followed by a fractional boundary

value problem with one-sided fractional derivative.

3.1.1 A fractional initial value problem (FIVP)

As the first example, we consider the fractional initial value problem of order
s € (0,1):

“Dfu(t) = f(t), tel:=(0,T); wu(0)=up. (3.1)

For the non-homogeneous initial conditions u(0) = ug, we first decompose the

solution u(¢) into two parts as
u(t) = u"(t) + uo, (3.2)

with u(0) = 0. By definition, “Df up = 0, we then derive from (2.7) that the
equation (3.1) is equivalent to the following equation with Riemann-Liouville

fractional derivative:

Bpsul(t)y = f(t), tel:=(0,T); u"(0)=0. (3.3)
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A Petrov-Galerkin scheme for (3.3) is: find uf; € _.7-'](\,78’75)([) (defined in
(2.2.3)) such that

("D uly,on) = (frow), Von € Py(D). (34)

We expand f(t) as o
10 =S Fu Palt), (3.5)

n=0

where P, (t) := Py(LO’O) (z(t)), z(t) = (2t — T)/T is the shifted Legendre polynomial

of degree n on I, and write
N
uf ()= al) T ) e TFY T, (3.6)
n=0

Taking vy = P;(t) in (3.4), we obtain from (2.28) and the orthogonality of Legendre

polynomials that
_(s) _ n!

- 7 <n<N. .
F(n+s+1)f"’ Osns (3.7)

Therefore, we obtain the numerical solution u}ﬁ, without solving any algebraic
equation. Hence, the method is very efficient. As for the error estimate, we have
the following result [5]:

Theorem 3.7. Let u” and uf% be the solution of (3.3) and (3.4), respectively.
Then
17D (" = wfo)l| < eN T omaim . (3:8)

Proof. Let 77r1(\,_s’_8)uh be as defined in (2.35) for 0 < s < 1. By (2.28), we have
("D (™ — ) 0) =0, Vo e Py,

Then by (3.3),

(f _ RDtS _Wys’_s)uhﬂb) _ (RDtSuh _ RDtS _7r§\7_87_8)uh7w) =0, ViePy.

Let wn f be the L2-orthogonal projection of f upon Py. We infer from the above
that fD? _ﬂg\l_s’_s)uh = wnf = FD ul. Therefore,

||RDt3(uh _ U?V)H — ”RDtS(uh _ —ﬂ_gv—s,—s)uh)”
< ||RDtS(uh _ —ﬂ_](v—s,—s)uh)H + HTer _ f”

It follows from Theorem 2.2 (with a = — = s and 0 < s < 1), and the Legendre

(3.9)

approximation results (see, e.g., [29, Ch. 3]) that

R h h — R h
1708 (u" = af) | < eN TP M| gy + NF ™ N mrmen). (3.10)
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We deduce from (3.1) that

Rpys+ h
1D | s < el F™ st
O
3.1.2 One sided fractional boundary value problems
Now we consider an one-sided fractional boundary value problem
BDV () = f(z), v € A=(-1,1); u(xl) =0, (3.11)
where v € (1, 2).
Let s = v — 1 and introduce the solution and test function spaces:
= {'LL S Li(—s,fl) (A) : gDSu S Li((),sfl) (A)}, (3 12)
V= {’U S Li(_L—s)(A) : Dv e Li(o,l—s) (A)}y .
equipped with the norms
2 R 2 1/2
lullo = (lullf -1 + l2D%ull50.-1) 7
) ) 12 (3.13)
lollv = ([vlI5-1.-0) + 1DvllG00-0) "
For w € U and v € V, we write
o0
- Z a7V @) = (- 2)* (1 +2) Y an PV (@),
= n=l (3.14)

3

Z 1 () = (1 - 2)(1+ 2)° Z 5, P (@),
= n=1

With the above setup, we can build in the homogenous boundary conditions
and also perform fractional integration by parts. Hence, a weak form of (3.11) is
to find u € U such that

a(u,v) == (8D%u, Dv) = (f,v), VveW (3.15)

Let +]:](\,_S’_1) (A) and _]-"J(V_l’_s) (A) be the finite-dimensional spaces as defined
in the previous section. Then the GJF-Petrov-Galerkin scheme for (3.15) is to find
uy € Jr]:](\,_S’_l)(A) such that

a(uy,vn) = (FD%uy, Doy) = (fion), Yoy € FG UM, (3.16)
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We derive from (2.27) and fD} = % that

(T @), T T @) = O (T @), TR T @) =0 Wt m,
(3.17)
Hence, we can obtain up directly without solving any algebraic equation.

To characterise the regularity of u, we define for any m € Ny,

Bata(A) = {ue L2 apm(A) - EDMu € L2 aisin (A) for 0<1<m}.
(3.18)

Theorem 3.8. Let s € (0,1), and let u and uy be the solutions of (3.15) and
(3.16), respectively. If u € UNTB™_;(A) with 0 < m < N, then we have the error

s,—1
estimates:
— R
||U - uNHU S CN m”éEDSeru”w(nL,sflﬁ»?n)' (3'19)
In particular, if f(m_l) S Li(mys,Hm) (A) for m > 1, we have
- -1
lu—unll < eNT™{[ £ o1y (3.20)

Here, ¢ is a positive constant independent u, N and m.

Proof. We derive from (3.15) and (3.16) that
— —r(=1,—s)
a(u—uy,vy) =0 Yoy € Fy (A),

which, along with (3.17), implies immediately that uy = Jr7r1(\,_s’_1)u. Hence, the

desired results follow from Theorem 4.1 in [5] and the fact fDVu = EDs+ly = f. O

3.2 Fractional boundary value problems with Riesz
derivatives

We consider first the so called Riesz fractional differential equations, followed by a

more general case with a zeroth-order term.

3.2.1 Riesz fractional differential equations

We consider the Riesz fractional equation of order 2« € (2k — 1, 2k) with k € N:

(—1)FD**u(z) =f(z), = €A,

l (3.21)
u(£1) =0, 1=0,1,---,k— 1.
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A Petrov-Galerkin spectral method for (3.21) is: Find uy € Fy™ ™ such that
(_1)k(D2auN7'UN)w(a,a) = (f, UN)w(a,a)7 Yoy € Py. (3.22)

The solution to this discrete problem can be found directly as follows. Given

Fa) =Y fm PR (@), (3.23)
m=0
and write
N
un (@) =Y andn @7 (@), (3.24)
n=0

Plugging the above in (3.22), using (2.51) and the orthogonality of {Pr(na’a)} in
Li,(a,o() (A), we find

n+1+2a)

Un = fn/(QCOS(ﬂ'Oé)F( ] )7 v0o<n<N. (3.25)

As for the error estimate, we have
Theorem 3.9. Assuming f(j) € Liaﬂ-,aﬂ (A) for 0 <j <m, we have
o= ll-amer < N2 ot (3.26)
1D (u — un) oo < N caom o - (3.27)
Proof. It is clear from (3.25) that uy = ﬂgv_a’_u)u. Hence, by (2.57), we have
= ooy = =7y ™ ullycamar < ENT2TIDZOIY| .
On the other hand, we derive from (2.56) with k =1 = 0 that
1D u—un]| o) = |\D2a(u—ﬂ§v_a’_a)u)me,a) < eNTD* | okt m) -

Since D2ty = f (M) we obtain the desired results from the above two inequalities.

O
3.2.2 A more general case
In the previous examples, we have developed optimal spectral methods using GJFs

in the sense that (i) the numerical solution can be determined directly without

solving any algebraic equation; and (ii) the error converges faster than any algebraic
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rate as long as the righthand side function f is smooth, despite the fact that the
solution is weakly singular at the endpoint(s).

However, it is not possible to construct such optimal spectral methods for
more general FDEs. Nevertheless, using proper GJFs still allows us to (i) deal with
fractional derivatives efficiently, and (ii) resolve the leading singular term in the

solution. Consider for example

2 _ T — (—
pu(z) — D**u(z) = f, z€A=(-1,1), (3.28)
u(£1) =0,

where p > 0 and 2a € (1,2). A GJF spectral Galerkin approximation to (3.28) is:
find uy € Fy™ ™ “(A) such that

alun,vn) = plun,vn) — (D*%un,on) = (f,on),  Yon € Fy®7%(A).
(3.29)
Setting
N
un (@) = indn @7 (@) (3.30)
n=0
Setting

N
UN(LL') = Z ,L'an;a;*a(x)’ U= (ﬂo,ﬂl, e 7/&]\7)7
n=0

Mk = (Ty @), T TN@), s = —(DP T (@), T (@),

M = (mjy), S = (s;), = (£,T; 7 %@), F=(fo, i, fm)"
(3.31)

Then, (3.29) reduces to the following matrix system:
(pM + S)U = F.
We recall from (2.50), (2.14) that S is a diagonal matrix

2Pkt at1)?
ik = TkD)2(2k + 2a + 1) Ik

(3.32)

The mass matrix M is full but its entries can be evaluated exactly (cf. [4]):

1
mj = /(1 —a?)* PN (@)(1 - 1) P ()

-1
i—k

_ D Gk I T (TR~ 0)ug rra + 1)
27K 1k (20 + 2) jui T P(2a+ 3)

, (3.33)
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Lemma 3.7. For allu € {u € Lw a—a(A): D?*u € L2(A)}, we have
[l —ay £ —(D**u, ). (3.34)

Proof. We write u =Y @;J; "~ *(x), so that

2 ~2
[ /pra—— Zunfa ),

By Theorem 2.3 and (2.14), we have

(D2au u Z D2a —o,—« Z a7—a

°O~F'+2+1 @ _ (e
:(Zuz‘i(l - )Pi( ’ ),ZUJ'PJ( ) e

il
i=0 =0

> F(i+206+ 1) ~2 (a,a)
W

=0
We can easily to get the desired result (3.34) by comparing the above results. [

We define the energy norm associated with (3.28) by
[ullBe = p(u,u) = (D**u, u). (3.35)

Theorem 3.10. Assume 2a € (1,2). Let u and un be the solution of (3.28) and
(3.29), then we have

lu = unllpe < N IDP T 0o rim 0 1em - (3.36)

Proof. Let us denote up := Wg\[_a’_a)

and (3.29) that

wand ey := uy —uy. We derive from (3.28)

alen,vn) = plen,vn) — (D*en, vN)
= p(in —u,on) — (D**(Un — u),on), Yo € Fy® % (A).

Taking vy = ey in the above, we derive from (3.35) and Cauchy-Schwarz inequality
that

a,—a)

2 2a
lenlBe := plen,en) — (D™%en,en) < PHWN = Ul llen | g—a—a

2 )
+ D (' = W)l oo e loy—er o -
The above and Lemma 3.7 lead to

@y | ey + D2

lenllpe < plly u— )|y -
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Then, by Theorem 2.4, the right hand side terms of (3.39) can be estimate as

(704170‘)

Hﬂ_N Nl—(2a+m)”D2a—l+m

U — Ul (—a,—a) <€ ullyam14ma—14my,  (3.37)
and

||D2a(775\7_a7_a)u =)l (a0 < CNl_m||D2a_1+mu|‘w(a71+m,a—1+m), (3.38)
which implied that
lexllpa < eN' DTl e st 1. (3.39)

On the other hand,

— (D**(u — ﬂj(v_a’_a)u), u— Wg\/_a’_a)u)

20 (—a,— —a,—
< ID** (7w = )| e o= 75T -
Since
lu =75 ™) < flu =75 ull o

We find from the above that
D —a,— 2 —a,—
lu— 7D ga < pllu— 75Ul o + D2 TV u = w0 e -

Finally, since u — uy = u — @y + en, combining the above with (3.39), (3.37) and
(3.38), we obtain the desired result. O

Remark 3.1. We emphasize that unlike in previous examples, here we can not
easily bound the errors in terms of f. In particular, the smoothness of f does
not imply that the righthand side of (3.45) is bounded for any m. Hence, only an

algebraic convergence rate can be achieved in this case.

3.3 Two-sided fractional differential equations with
different coefficients

We consider the two-sided fractional differential equation
(3.40)

where 1 < < 2,0<p<1, Cg,y defined in (2.4), and f(x) is a given function.
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Let p, v satisfy (2.62) and 0 < u,v < 8. A Petrov-Galerkin spectral method
for (3.40) is: Find uy € F"™" such that

(DPhun, 0N ) = (fLON) s  Yon € Py (3.41)

The solution to this discrete problem can be found directly as follows. We expand

f(z) as

f@) =" fm P (@), (3.42)
m=0
and write
N
un (@) =Y i Tn " (). (3.43)
n=0

Plugging (3.43) and (3.42) in (3.41), using (2.65) and the orthogonality of {Pg’“)}
in Li(u,m (A), we find

un:fn/(W) VO <n<N. (3.44)

As for the error estimate, we have

Theorem 3.11. Assuming fU) € LZ@H‘MH)(A) for0<j<m, letu and uy be
the solution of (3.40) and (3.41), then we have

e = un = < N it (3.45)

1P (1 = un) s < N1 |l ywsmptm - (3.46)

Proof. 1t is clear from (3.44) that uy = 7T§V_”’_”)u. Hence, by (2.71), we have
= vl ey = = 75l ey < NPT IDE T -

On the other hand, we derive from (2.70) with [ = 0 that

1D5 (4 = )l = D5 (=7 ™) |y < NG ully s -

Dyt

Since U= f(m), we obtain the desired results from the above. O

3.4 Space-time fractional differential equations

As the last example, we consider
CDu(x,t) — D*Pu(w,t) = f(x,t), Y(r,t) e Q=Ax1I,
0 ;

,t
u(z,t)|gp =0, VEel :=(0<T)
u(z,0) = ug(x) Vr €A,

(3.47)
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where a € (0,1), 28 € (1,2). To deal with the non-homogeneous initial condition,
we first decompose the solution u(x,t) into two parts as
u(@,t) = u (2,t) + uo(x), (3.48)

with u”(x,0) = 0. Hence, the equation (3.47) is equivalent to the following with

Riemann-Liouville fractional derivative:
ppul(a,t) — D*Pul(2,0) = gz, 1), V(z,t) € Q,
u(2,0)=0,  VaeA, (3.49)
u(z,t)or =0,  VEEL,
where
g(z,t) = f(z,t) + Dzﬁuo(x).

We consider the following weak formulation of (3.49): find u € X, such that
A" v) == Dfu" 0) g — (D*Pu v)g = (9,v)g, Yo eY, (3.50)

and describe a space-time spectral method for solving the above equation.

For the time variable, we shall use the shifted fractional polynomial space.
Let z(t) = 2t/T — 1. We denote 1—:’7(101’6)(25) = P‘,(La’ﬁ)(:c(t))7 7J~7(l_a’_a)(t) =
P (o),

and

7]:](\,_%_&)(1) = span{fjfl_a’_a)(t) :0<n< N} (3.51)
For the space variable, we shall use IF‘X/[B =P defined in (2.48). Then, the Petrov-
Galerkin method for (3.49) is: find u (z,1) := u?,y € IFMB’_B ® 7‘7](\,7&’7&) such
that

A}, v) == ("Dful, v)q — (D ulf,v)g = (9.v)g, W eFy P aPy. (3.52)

We first describe an efficient algorithm for solving (3.52) similar to the one
used in [23]. We write

ul Z Zumnj BB ()" i Y w). (3.53)

m=0n=0
For the test function, we take vy = Jp_ﬂ’_'g(x)Lga)(t) where L(a)() =

’fq,apéovo)( t) with Kg,a (2 +1)

m Substltutlng the above in into (352),

we obtain
M N ~
S S { (T ) FDp e L)
m=0n=0
- - — — —J(—a,—« (o2 (3'54)
— (D8 gy PP U, L)

= (9, prﬁ’iﬁLl(Ja))Q
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Denote
gpq = (gvjp_,g,_ﬁ(w)[’t(]a) t)qs G = (9pa)o<p<M,0<q<N>

s = [TDEIT T U O, iy = [T 0
I I

~h t t t t
U = (Umn)osm<mo<n<n: S = (spglo<pgsn, M = (mpgo<pq<n-

Note that S? is a diagonal matrix, M? is not sparse but its entries can be accurately
computed by Jacobi-Gauss quadrature with index (0, a).
Then, from (3.4), we find that (3.52) is equivalent to the following linear

system:
©MmeusHT + stumh)T = a, (3.55)

where M® and S¥ are the mass and stiffness matrix in the x-direction defined in
(3.31). S” is a diagonal matrix and M7 is full but symmetric. The linear system
(3.55) can be solved efficiently by using the matrix diagonalization method [26].
Indeed, let E := (&0, - ,én) = (epq)p,g=0,...,n be the matrix formed by the
orthonormal eigenvectors of the generalized eigenvalue problem M?¥e; = X\;87€;
and A = diag(Xo, -, AN), L€,

M®E = S® EA. (3.56)

Setting U = EV, and multiplying both sides of (3.55) by (S*E)~! = ETS%, we
arrive at

AV (SHT +vh)T = H .= ETs"G. (3.57)

Hence, let vy, and hy, be the m-th row of V' and H, respectively, the above matrix

equation becomes:
AmS' + MYvp =hm, 0<m< M, (3.58)

which we solve directly with LU decomposition. Once we obtain V', we set U = EV.
Finally, we obtain the numerical solutions of (3.47) by uz, = u” + uo.
We now turn to the error estimate. Thanks to (3.34), we can define the following

norm:

o 1/2
ol xen(gy = (I7DEoI = (D0, 0)q)
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Theorem 3.12. Let u” and u}i be the solutions of (3.50) and (3.52), respectively.
Then we have the following error estimates:

lu—urllxas(q)

< M @EFEm) | p2BlEm Bpay)|

w

(ﬁ71+7n,371+n1)(A;L2(I))
- R 2
+N (a+n)H Df”’"(D BU)HLQ(A;LQ( )

+M1—mHD2B—1+muHL2

w

T2
(B=1tmg—14+m) MLZ o o)D)

+N_nHRD?+"“HLiMﬁB) (AsL2 (1)

Proof. Let us denote @ := 7775\,_0"_&) ﬂ'g\zﬂ’_ﬁ)uh = 771(\2&_’6) 77r1(\[—a,—a)uh and
er = ﬂ’i — u}LL. We derive from (3.49) and (3.52) that for all Yuy, € F&B’_B ®Pn,
we have

bler,vr) : = ("Dfer,v)q — (D er,v)q
= ("Df @@} —u")vr)q = (D (@} — u"),vr)q
= (RD?(ﬂg\;ﬁ’_B)uh - uh),vL)Q - (Dw(_ﬂg\]_a’_a)uh — uh),vL)Q.
Taking vy, = #Dfer, (€ ]Fgf’_ﬁ ® Px) in the above equation, we obtain that
("Dfer,, "Dite)q — (D*er, "Dier)q
= ("D (r P =), D er) g — (D (Rl TVl — "), D e L) g
(3.59)

Thanks to the generalized Poincafe inequality [8]:
R o
lullzz(ry < el D ullpz(ry,
we derive from Lemmas 2.2-2.3, (3.59) that

(D*ep,er)q S (D ("D er), "D er),,
= (D (f'DFer), "Df ), = (D*er, "Dier)q,  (3.60)
This, along with equation (3.59), yields
I1"DgeL I + (D¥er,e)q < |RDF (nfy, ™ Dul —uM)q I"DgteL |,
HIDP (T — g 1R DfeL g,

which implies

ler %o () = IFDFeL? + (D*er er)q
SIEDR (i7"l — a2 + |D?P (T Pl — a1,
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The two terms at the right-hand side can be bounded by using Lemma 2.2 and
Lemma 2.4 as follows:

17D (el g < 1D (T = Mge s
< Ml—(2ﬁ+m)HD25—1+m(RDa ) '

122 o sy (NE2(D)

and

— (~ey—a). h _h “rTemayh b

10?2 ™ = g S 1Dl T = M paaze
—(a+n) | Ryo+n 128

SNTETVEDET (D u)HL?(A;LQ(mn)(U)'

Combining the above estimates, we arrive at

5M17(2B+m) ||D2,3*1+M(RD04 )

lerllxas(q) llz2

w(B—14m,B— 1+m)(A;L2(1))

+ Nt Epectnp2hy,)|| (3.61)

L2(A;Li(n,n) ()"

h

On the other hand, we have u" — uli =u— ﬂ]z + er,. Then, using Lemma 2.2 and

Lemma 2.4 again yields
(Dzﬂ(ﬂh _ uh),fbh _ uh)Q
28/~h _  h “h . h
SIDT@E = w2 ez eplla —wtlipe 0 e )

~h h
< ||D2B(U )”L ) —&-Hu —u ”L2
(

2 L2 0 oy o—p—py WL2 ooy (D)
=11 + Io.
Similarly, these two terms can be estimated as follows:
28,_(=B,—B)(— (—a,—a) h _
I <|D BWM (mn u )HL oy (SL2 o (D)
28, (=B,—B) h _ -
+||D B(W U )HL 2 6, ﬂ)(A'L )([))
28 ( a,—a) h
< ||D* (" u )”wa s (SE2 (D)
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Moreover, we have
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Consequently, the desired result follows from the above estimates and the triangle
inequality. O

Remark 3.2. Note that the error estimate in the above theorem can not be
easily expressed in terms of the data (f,ug). In particular, the space-time Petrov-
Galerkin method (3.52) will not lead to high-order convergence, even if f and
ug are sufficiently smooth, due to the singularities of the solution at ¢ = 0 and
x = +1. However, the leading singular term in time and in space is included in our
approximation space so our method will lead to better convergence rate than those

based on the polynomial approximations.

4 Concluding remarks

We presented in this article essential properties of the GJFs and their application to
a class of fractional differential equations. In particular, we showed that (i) by using
suitable GJFs, the non-local fractional operators become local operators in the
space spanned by GJFs; (ii) for simple FDEs, the spectral methods using GJFs can
lead to exponential convergence rate despite the non-smoothness of the solution in
usual Sobolev spaces; and (iii) for more general FDEs, a suitable spectral method
using GJFs is still very efficient as the non-local fractional stiffness matrices can
be easily computed, and furthermore, it is also more accurate than using a usual
polynomial based method as the GJFs include the leading singular term of the
underlying FDEs.

We only consider one dimensional FDEs in this paper. For multi-dimensional
fractional PDEs with only fractional derivative in time, one can couple the GJF
spectral method in time with a usual spatial approximation to construct a space-
time Petrov-Galerkin method. It can still be efficiently solved by using the matrix
diagonalization method as in the last subsection, we refer to [27] for more detail.
As for FDEs with multi-dimensional fractional operators in space, one has to
construct appropriate numerical methods with respect to the specific definitions of

fractional operator. In particular, the GJFs for Riesz equation in one-dimension can
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be extended to deal with fractional Laplacian by the integral definition on the multi-
dimensional balls [20]. On the other hand, for fractional Laplacian defined through
the spectral decomposition of the Laplacian operator, one can use the Caffarelli-
Silvestre extension to cast the fractional Laplacian equation in d-dimension into
an extended problem in d 4 1-dimension with regular derivatives and a weakly
singular weight in the extended direction. Then, one can construct efficient and
accurate spectral method in the extended direction to couple with any consistent
approximation in space, for more detail, we refer to [6]. For other types of multi-
dimensional fractional PDEs, we refer to a recent review paper [19] for a nice
presentation on different definitions of fractional Laplacian and their numerical

treatments.
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