A SPACE-TIME SPECTRAL PETROV-GALERKIN SPECTRAL METHOD FOR
TIME FRACTIONAL DIFFUSION EQUATION

CHANG-TAO SHENG! AND JIE SHENDZT

ABSTRACT. We develop in this paper a space-time Petrov-Galerkin spectral method for linear
and nonlinear time fractional diffusion equations (TFDEs) involving either a Caputo or Riemann-
Liouville derivative. Our space-time spectral method are based on generalized Jacobi functions
(GJFs) in time and Fourier-like basis functions in space. A complete error analysis is carried out
for both linear and nonlinear TFDEs. Numerical experiments are presented to demonstrate the
effectiveness of the proposed method.

1. INTRODUCTION
We consider in this paper the following time fractional diffusion equation
SDgu(z,t) — yAu(z,t) + N (u(z,t),t) =0, V(z,t) € Q= (-1,1) x (0,77, (1.1)

with the initial and boundary conditions
u(z,0) = up(z), Vo e (—1,1),

w(£l,t)=0,  Vtel0,T]. (1.2)

In the above, a € (0,1), 7 is a diffusion constant, N is a linear or nonlinear operator, and OCD?
refers to left-sided Caputo fractional derivative of order o (see the definition in (2-4)). For the sake
of simplicity, we choose to concentrate on the case of one spatial dimension. However, the pro-
posed method and analysis can be directly extended to the multi-dimensional case with rectangular
domains thanks to the Fourier-like basis functions that we employ in this paper.

The TFDEs are frequently used to model anomalous diffusion in heterogeneous media, and
its numerical solution has attracted much attention recently, including [22] [15], 29 28] which use
finite difference methods, and [26], [12], 111 [I3] which use finite element methods.

Two main difficulties in solving fractional PDEs such as are (i) fractional derivatives are
non-local operators and generally lead to full matrices; and (ii) their solutions are often singular so
polynomial based approximations are not efficient.

Since spectral methods are capable of providing exceedingly accurate numerical results with less
degrees of freedoms, they have been widely used for numerical approximations [I, O 19, 20]. In
particular, well designed spectral methods appear to be particularly attractive to deal with the
difficulties associated with fractional PDEs mentioned above. Polynomial based spectral methods

1991 Mathematics Subject Classification. Primary: 26A33, 34A08, 42C10, 656N35, 65N15.

Key words and phrases. fractional differential operator, generalised Jacobi functions, Fourier-like basis function,
Space-time spectral method, error analysis.

1 Fujian Provincial Key Laboratory on Mathematical Modeling & High Performance Scientific Computing and
School of Mathematical Sciences, Xiamen University, Xiamen, Fujian 361005, China.

2 Department of Mathematics, Purdue University, West Lafayette, IN 47907-1957, USA..

fCorresponding author. E-mail: shen7@purdue.edu (J. Shen), ctsheng@stu.xmu.edu.cn (C. Sheng).

The work of J. Shen is partially supported by NSFC grants 11371298, 91630204, 11421110001 and 51661135011.

1



2 SHENG AND SHEN

have been developed for TFDEs, e.g., [14, 23, B]. However, these methods use polynomial basis
functions which are not particularly suitable for TFDEs whose solutions are generally non-smooth
at t = 0. Zayernouri and Karniadakis [25] first proposed to approximate the singular solutions
by Jacobi poly-fractonomials, which were defined as eigenfunctions of a fractional Sturm-Liouville
problem. Chen, Shen and Wang [4] constructed efficient Petrov-Galerkin methods for fractional
PDEs by using the generalized Jacobi functions (GJFs) which include Jacobi poly-fractonomials
as special cases. Subsequently, some authors developed spectral methods by using nodal GJFs for
fractional PDEs [10, 27, 30, 24]. Most of these work are concerned with linear equations only.

We recall that the method presented in [4] is very efficient and accurate for fractional differential
equations in time of the kind:

6 Dfu(t) = f(t),  u(0) = uo.

On the other hand, an efficient and accurate space-time spectral method based on Fourier-like basis
functions is developed in [2I] for solving linear or nonlinear parabolic equations. In this paper,
we combine the approaches in [4] and [21] to construct an efficient space-time spectral method for
solving TFDEs. We highlight below the main contributions of this paper.

e For the time variable, the choice of GJFs can be tuned to match the singularities of the
underlying solutions; and for the spatial variables, we use the Fourier-like basis functions.
This combination greatly improves the accuracy and simplifies the implementation.

e We carry out error analysis of the proposed method for linear and nonlinear cases.

The organization of this paper is as follows. In the next section, we introduce the basis functions
in both time and spatial directions, present some useful properties of fractional calculus and define
some functional spaces. In Section 3, we develop efficient Petrov-Galerkin methods for linear/and
nonlinear TFDEs. In Section 4, we derive error estimates for linear/nonlinear problems. We present
in Section 5 some illustrative numerical results. Some concluding remarks are given in the last
section.

2. PRELIMINARIES

In this section, we first review basics of fractional integrals/derivatives, define some functional
spaces endowed with norms and inner products, and introduce some properties of the shifted gen-
eralized Jacobi functions and the shifted Legendre polynomial.

2.1. Fractional derivatives. We start with some preliminary definitions of fractional derivatives
(see, e.g. [B,[I7]). To fix the idea, we restrict our attentions to the interval I.
For p € R™, the left-sided and right-sided Riemann-Liouville integrals are respectively defined as

oIfu(t) = 1)/;( uS) g ver

F(lp e ?)g_p (2.1)
tIhu(t) = () /t G it :)17;)‘187 tel,

where T'(+) is the usual Gamma function.
For v € [m — 1,m) with m € N, the left-sided Riemann-Liouville fractional derivative of order v
is defined by

1 dm [t u(s)
Diu(t) = ———— —d tel 2.2
oDru(?) F(m—u)dtm/o (t—s)—m1 ™ < b (2.2)
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and the right-sided Riemann-Liouville fractional derivative of order v is defined by
(=™ am /T u(s)
Diu(t) = —/————— ———ds, tel. 2.3
tDru(t) L(m —v) dt™ (s —t)v—m+l y (2:3)
For v € [m — 1, m) with m € N, the left-sided Caputo fractional derivative of order v is defined
by

1 Eoum(s)
Cryv
DY u(t) = d tel 2.4
0 tu( ) F(m—z/) /0 (t—s)l’_m""l S, S ) ( )
and the right-sided Caputo fractional derivative of order v is defined by
_1)ym T (m)
Crv (-1) / u'™(s)
DX u(t) = d tel 2.5
t Tu( ) F(m . V) (S . t),/,m+1 S, S ) ( )

where u(™ denotes n-th derivative of w.
The following lemma shows the relationship between the Riemann-Liouville and Caputo fractional
derivatives (see, e.g., [5, [I7]).

Lemma 2.1. Forv € [k —1,k) with k € N, we have

u9) (0

DYu(t) =5Du v, 2.6
0D} u(t) =5 +JZ;F1H,V (2.6)

2.2. Some functional spaces and their properties. We now introduce some functional spaces
endowed with norms and inner products that are used hereafter.

Let C§°(I) be the space of smooth functions with compact support in I, and H§(I) denote the
closure of C§°(I) with respect to norm || - ||s,;. We also define the space

0C>°(I) = {v| v € C°°(I) with compact support in (0, 1]},
6C>°(I) = {v| v € C°°(I) with compact support in [0,1)}.
The space ¢H*(I) and {H*(I) denotes the closure of (C*°(I) and jC>°(I) respectively, with respect
to norm || - ||s,7. For the Sobolev space X with norm || - || x, let
H (LX) = {o] [lo(,t)|lx € H*(I)}, s >0,
ol (I; X) := {o] v(-,D)lx € oH*(I)}, 520,
o (I; X) := {v] lv(-,t)llx € gH* (1)}, s =0,
endowed with the norm:
[ollae(rix) = MlvC Dl x s r-
We define space
B(Q) := L*(1, L*(A)) N H*(I, L*(A)) N L*(1, Hj(A)),
equipped with the norm:

2 2 /
s(Q) = (||UHL2(1 r2ny) 10l Es 2 a)) + ||UHL2(1,H3(A))) :

[vlls
It can be verified that B*(2) is a Banach space. Next, we introduce following definitions (cf. [14])

Definition 2.1. Given s > 0. Let H(I) be the closure of (C>°(I) with respect to the norm

N

vl s (1) = (||v||L2(1) + |U|H["(I)> : (2.7)

We also define the semi-norm [v|g: (1) := [loDfv| L2 (1)
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Definition 2.2. Given s > 0. Let let H(I) be the closure of {C*(I) with respect to the norm
1

2
lollazzn = (Wollzeary + olmsn) (2:8)
We also define the semi-norm |v|g: (1) = (¢ D70 L2 (1)

Definition 2.3. Given s > 0 and s # n+ 1/2. Let let HZ(I) be the closure of C5°(I) with respect

to the norm )

2
vl s (1) == (||v||L2<1) + |v|Hg(1)) : (2.9)
We also define the semi-norm |v|gs(p) = |(0va7tD5TU)I\%

Lemma 2.2. For s > 0, s # n+ 1/2, the spaces Hf (I), H:(I) and H§(I) are equal in the sense

c
that their seminorms as well as norms are equivalent.

Lemma 2.3. (see, e.g., [14]) For all0 < a <1, if w € H'(I), v € oH?2 (I), then

(()va, ’LU)[ = (()D?’U, tD;U}) (210)

I
Using an argument similar to the proof of Theorem 2.10 in [7], we can prove the following:

Lemma 2.4. (Fractional Poincaré-Friedrichs) Give s > 0. Then, for v € Hf(I), we have

[vllr2ry < [vlmp ) (2.11)
and forv € HE(I), we have

lvllz2(ry S |0lmsn- (2.12)
2.3. Trial & test functions in time. We introduce below the Trial & test functions that we will
use for the time variable. For o, 8 > —1, let P,Eba’ﬁ)(sc), x € A be the standard Jacobi polynomial of

degree n, and denote the weight function x(*#) (z) = (1—x)*(1+x)?. The set of Jacobi polynomials
is a complete Lim'ﬁ) (A)-orthogonal system, i.e.,

1
| R @R o @)de =5, (2.13)

-1
where d; ,, is the Kronecker function, and

VOO 20001 Tl +a+ I+ B+1)
! U+a+p+1) UIT(l+a+B+1)

In particular, Po(a’ﬁ)(a:) =1.
The shifted Jacobi polynomial of degree n is defined by
2t — T

ﬁrga,ﬁ)(t) _ Prga’ﬁ)(T)’ tel, n>0. (2.14)

Clearly, the set of {ﬁ}f"ﬁ) (t)}n>0 is a complete L? , , (I)-orthogonal system with the weight function

w @B (t) = (T — t)“t?, by (2.13) and (2.14) we get that
T

_ . a+p+1
| P 0Peo @ 0= () 56, (2.15)
I

For any «, 8 > —1, the shifted generalized Jacobi functions on I is defined by (cf. [I8])
B =t PO (t), tel, nxo. (2.16)
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and our approximation space on [ is defined by
FENI) = {t(t) : (1) € Pn(I)} = span{J @ (8) = t*BC @9 (6) : 0 <n < N}, (2.17)

which incorporates the homogeneous boundary conditions at ¢ = 0.
A particular case is the shifted Legendre polynomial L, (t), ¢t € I is defined by
2t

Ly(t) :PS’O(? -1), n=0,1,2,---. (2.18)
The set of L, (t) is a complete L?(I)—orthogonal system, namely,
T
Li(t) Ly (t)dt = ———01.1m- 2.19
Clearly, we derive from (2.16]) - (2.18)) and a direct calculation that (cf. [4])
I'n+a+1
opegt-aa) gy = Lntat b, (2.20)

n!
3. PETROV-GALERKIN SPECTRAL METHOD

In this section, we will propose a Petrov-Galerkin spectral method for (|1.1). We shall start by
considering a special case of ([1.1)) with Nu = Bu:

ngu(:r,t) — yAu(z,t) + fu(z,t) = f(z,1), Y(x,t) € Q, (3.1)

with the initial and boundary conditions (1.2]). The algorithm we develop for (3.1) will play a key
role in solving (|1.1]).

3.1. Petrov-Galerkin spectral method for (3.1). For the case of non-homogeneous initial con-
ditions u(z,0) = ug(z), we first decompose the solution u(x,t) into two parts as

u(z,t) = u'(z,t) + uo(z), (3.2)

with uh(x,O) = 0. Hence, by (3.2) and (2.6, the equation (3.1) is equivalent to the following
equation with Riemann-Liouville fractional derivative:

oD&u" (2, t) — yAu" (x, ) + Bu(z,t) = g(a,t), V(z,t) € Q, (3.3)

where
gla,t) = f(x,t) +~05u0(x) — Buo(x),
with homogeneous initial and boundary conditions
ul(x,0) =0, YV € A,
N (3.4)
u"(£1,¢t) =0, vt e 1.

For the space variable, we shall use the standard polynomial space

Vi ={u € Py (A) : u(£1) = 0}. (3.5)
For the time variable, we shall use the fractional polynomial space F J(\?‘ )(I ) defined in (2.17)). Then,

the space-time Petrov-Galerkin spectral method for lb is to seek u? (z,t) == ul, Ny € Vir ® }"J(Va),
such that

A(u’i,v) = (thau}i, v)q + 7(89011%,89011)9 + B(u’i,v)g =(g,v)q, Yo € Vi @ Pu. (3.6)

Next, we shall construct suitable basis functions of Vj; and ]-'](\?)(I ) so that the above system can
be solved efficiently.
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We consider first basis functions for the space variable. Setting hy(z) = \/ﬁ(ﬂc(x) -

Pk+2(x)), with 0 < k < M — 2. Denote by M* and S* be the spatial mass and stiffness matrix
respectively. One verifies readily that S* (with entries s, = —(hy,h,)) is an identity matrix, and
M? (with entries mj, = (hp,hy)) is a symmetric positive definite penta-diagonal matrix. Next,
we construct a set of basis functions which lead to diagonal stiffness and mass matrices. Let
E” := (o, - ,gm—2) = (€pq)p,g=0,-- ,M—2 be the matrix formed by the orthonormal eigenvectors of
the generalized eigenvalue problem S*y; = A\ M®y; and A* = diag(\g, -+, Aj;_»), i.e.,

S*E® = M“E"A, (E*)TSTE® = A*, (EXYTMTE* = Iy_,. (3.7)
Following [21], we set
M-2
= Z ejmh;(x), 0<m<M-—2, (3.8)
j=0
which satisfying
M—2
(0p, Bq) = Z erp€iq(h, hy Z €jqMkChp = ((EE)TMmEz) = pg;
k,j= 0 k,j= 0 (39)
Z ekp€jq( Z €jqSikChp = (Ew)TSwEw)pq = A7 0pqg-
k,j=0 k,j=0
Accordingly, we have
Vi = span{¢y, : 0 <m < M — 2}. (3.10)
For the time variable, we use the generalized Jacobi functions Jp (e a)( t) defined in the last
section:
.7-'](\,0‘) (I) = span{J{ ") () : 0 < n < N}, (3.11)
and for Py (I) in the test space, we simple use the scaled Legendre polynomials, namely:
I(2n+1)
I)=s {L(O‘)t = kin o Ln(t) : 0 < <N}, ith ko= — T2 (319
PN() Sparn n() Kn, () SN Wil K, TF(n+a+1) ( )

We now describe the numerical implementations for (3.6) under this set of basis functions. We

write s N
ul =y Z J(=)(¢), (3.13)

m=0

Substltutlng into , and taking vy, = ¢,(z )Lz(l )(t) we obtain that
M-2 N

DI nm{ G 00) (005 TS0, L) = (@ 6) (S, L) + B0, 8) (S0, L) }

m=0 n=0

= (f,p L0

(3.14)
Denote
f (f7 ¢m( )L(a ( ))Qa F= (fnm)OSWSN,OSmSM—%
Shy = / oD IS (LI (dt,  mb, = / Je) (L (1), (3.15)
I I

S* = (spdospasns  M' = (mp)o<pasn, U= () m)o<nsno<men—2.
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It can be verified easily from (2.19)), (2.20) and (3.12)) that S* = I with I being the identity matrix.
On the other hand,

mh, = /1 T (1) L (1) dt = /1 B (1) L) (1) dt. (3.16)
So M is not sparse but can be accurately computed by Jacobi-Gauss quadrature with index (0, a).
Then, from and , we find that is equivalent to the following linear system:

U+yM'UA* + BM'U = F. (3.17)

Hence, the m-th column of the above matrix equation becomes:
I+ (Y%, + )M, =f,,, 0<m<M-2, (3.18)

with
Wy = (U0 g Wl U)o = (foms Frms s Fvm) T

Finally, we obtain the numerical solutions of (3.1)) by ur, = u” + u.

3.2. Petrov-Galerkin spectral method for nonlinear problems (l.1). As above, we first
rewrite the equation (|1.1]) using Riemann-Liouville fractional derivative as follows:

oD u" (w,t) — yAu" (2, ) + N(u (2, 0),1) = g(w,t),  V(a,t) €Q, (3.19)
where
gx,t) =vlug(z),  N('(@,),t) = N(u"(z,t) +uo(w), 1),

with the initial and boundary conditions (3.4]).
The corresponding space-time Petrov-Galerkin spectral method for (3.19) is to find u” (z,t) €
Vi ® }"1(\?), such that

(0D, v) g + Y(Bpult, 0pv)q + (N (ul, 1), v)q = (g,0)0, Vv € Vi © 5. (3.20)
We set
M-2 N
D w2 TSN @), T = (N (], 1), (@) L (1)),
m=0 n=0
h o~ o _ (3.21)
ui)l@ (U’gmau}fma”' u}]i/'m)Ty n, = (no,h%nl,mf" 7”N,m)Ta

( ¢m( )L(a ( ))Q, gm = (QOma T 7gNm)T'

As in the linear case, we find that the unknown vector u”, satisfies the following system of nonlinear
algebraic equations:

(I4+~422 MHu", +n,, (") = g, 0<m<M-—2, (3.22)

which can be solved, e.g., by a Newton-type iterative procedure that we describe below.
We rewrite the above system (3.22) as

N,,(u") := I+, MYu" + n,,(u") - g,, =0, 0<m< M-—-2. (3.23)
Then, the Newton iterative algorithm applied to (3.23)) is:
N/ (u M) (@) yh )y = N (™), 0<m < M -2

— — 3

(3.24)
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where
6No’m aNO m
aug ., oul
N'(uh) = :
8NN,7n 8NN m
oup . - oul,

We observe from ([3.23)) that
N;n(uh,(n))(uh,(nJrl) . uh,(n))

= (L A () =l 0) ol (a0 () )

where
811[),771 8n0,m
aag,m, dak{ m
n;, (u") =
omy. m onn,m
Bﬂg,m Bﬂ’&,m

Hence, we can rewrite as
(A8 MO el ()l )
= T+, MY ul™ 4 n), (@ )ufh ™) — N, (u), 0<m < M -2,
A combination of and yields
(L +~X2, MYHu™+) 4on! (w)uh D) — ! (@)™ () 4 g (3.26)

m m

(3.25)

The above system (with a variable coefficient n’, (u(™) can be efficiently solved by using a precon-
ditioned CG iteration with a preconditioner, based on replacing the variable coefficient n/m(uh’(”))
by a suitable constant 3, which can be applied very fast as we described in the last subsection.

4. ERROR ESTIMATES FOR PETROV-GALERKIN SPECTRAL METHOD (1.1))

In this section, we conduct an error analysis for the Petrov-Galerkin method described in the
previous section. Since the full error analysis for the nonlinear system in its most general form is
not feasible, we shall only consider the analysis for following two special cases of (3.19).

Case I: a linear case
/\~/'(uh) = Bu" 4 up).
Case II: with a Burgers-like nonlinearity
~ 1
N(uh) = §8z(uh + ug)?.

We start with two projection operators (in space and time direction) and the corresponding
approximation results which will be used later. The first one H}\}IO : HY(A) — Vi is defined by

((My'v —v),¢'), =0, Vo€ V. (4.1)
According to [2] [§], we have
Lemma 4.5. If v € H}(A) and 9kv € Lik,l(A) with 1 <k <r, then we have

[0 (T v — v)|[a < MP(|050] g yr—1, u<r, n=0,1. (4.2)
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In order to characterize the regularity of u in ¢, we define the following non-uniformly weighted
space involving fractional derivatives

s s(D)i={v e L2 o) : oD} v € L2 (ipyrn(I) for 0<r<s}, se€Ng.

The second projection operator is a e L2 .. — }'J(\?‘) (I) defined by
(70— 0, )y caa =0, Vibh € FUI). (4.3)
It is shown in [4] that
(oD§ (x v —v),p) =0, ¥pe Pn(l). (4.4)

We recall from [I8] that

Lemma 4.6. Let o € (0,1), for any v € B2, ,(I), with integer 0 < s < N. Then

17 * 0 = vl gcamar S NTOF) [0 DI | e (4.5)
and
loDg (xG 0 = 0)llr S N~ [lo DE+0 | oo - (4.6)

Next, we define suitable functional spaces for our space-time approximation. We denote by
E"(Q) (respectively G*(£2) and K*(12)) a function space consisting of measurable functions satisfying
Ge(q) < oo and |lu gs(q) < o), where, for integers r > 2 and s > 0,

l|lull g (@) < oo (respectively ||u]

1

2

ull 2r @) = (H&Qvllii?‘_lm,mm) + ||a;71(0D?U)||%ir_2(A’L2(1))) )
1
- (0% ot} 2
o = (PO, )'

lulle@) = (D vlan ie, iy + 1BGDE 0 2aaze )

Case I. This corresponds to (3.3) with the space-time Petrov-Galerkin approximation (3.6)
considered in Subsection 3.1.

[NIE

Theorem 4.1. Let u” be the solution of (3.3) and u% be the numerical solution (3.6)). If ul €
H*(I; HE (M) N E™(Q) NG*(Q) N K*(Q), there holds

lu* = upllpoc@) S M |lu" (@) + NI M1 |gre@) + N7 u" e (0)- (4.7)
Proof. Let us denote u? := ﬂg\;a’a)ﬂ}v’[ouh = H}\}Ioﬁj(\fa’a)uh and ey, := u? —u”. We derive from

and that
alep,v) : = (oneL,v)Q + 7(8weL,8$v)Q + B(eL,v)Q
= (oD{(ul — uM), v)Q + (0, (ul — uh)ﬁIv)Q + B(ah - uh,vL)Q,
for all v € Vy ® Sy. Due to and , the above equation can be simplified to

alerv) = (oDF (" — ) v) g + (0, (™l — ), 0,0), + B(EE —ul v). (49)

(4.8)

Taking v = ¢Dger (€ Var ® Sn) in above equation, we obtain that
(oDfer, 0D er), + v(0zer, 0x(0Dfer)), + Bler, oDfer)
= (OD?(HS\}’O)U}L — uh),OD?eL)Q + 7(8I(7T](\7a’a)uh —ul), d:(oDfer)), + B(er,oDfer) -
We recall the following result [16]:
Hi(I)=HS%(I)=oH%(I), forany 0O<a<Ll (4.11)

(4.10)
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Since ey, (z,0) = 0, we derive from Lemma [2.2]- Lemma 2.4 (2.9) and (£.11) that

2 < ] 2
lozeclfs S 10:0DF eslfy = Wosesl?, s .
= (31(0D1?6L)aam(tD'1§“eL))Q = (ar(ODfeL)ya$eL)Qa
and
9 a 9 a a o
ezl S oD erlld = lle LHLZ(A u3 (1) = (th2 er, D7 eL)Q = (ODt eL,eL)Q. (4.13)

This, along with equation , yields
loDgerld + 0secli+ llerl? < [loDg (I u” — uh)||g lloDger |,

2~ ) laDen g+ 1 — oD

Hence, by the definition of the norm || - |

el gy < |oDf (1T 5\4 Jul = uh )|+ 1|02( 71'N Sy — uh)HQ + ||lah —u|q. (4.14)

Bs() leads to

The two terms at the right-hand side can be bounded by using Lemma .5 and Lemma [£.6]as follows:
loDg (155" — ) llo S MY 1057 0D7 )2z, 2,220y
02y ut =)o S NN raa sz, )

and
i — uhllo < |y (uh — 7l a’u’nnn + [Jul — Ty u"|g
ALY = D(uh — 7l D u) o + | — 7§D ut) o + uh - Ty ub|g
S N-E@F M9 DaJrsUh)”LiPz(A,Li(s’ﬁ)(1))
+N_(a+s)HOD?H“}L”LQ(AJQS,S)(1)) + Ml—r|

(4.15)

8;I,i_luh||Lf<T72(A7L2(1))~
A combination of the above and (4.14]) leads to
lerllBe (o) SMl_THa;_l<0Dtauh)HLiT72(A,L2(I))
+ Nt ”83(0D?+Suh)||L2(A,Li(&5) (1)

_ oDl (4.16)
_"_N (a—i—S)M THaI 1(0Dt+ uh)HLiT,Q(A?Li(s,S)(I))

+ N (o) HOD?-HU}L”LZ(A,L?U(S’S) (y + M |8£71uh”LiT72(A,L2(I))~

On the other hand, we have u" — u? =u —u" + ey. Then, using Lemma and Lemma again
yields

10, (" — @)l < [16: H”( — e M) |g + 1|8 (uh — TyPu) o
a,a 10
S0 (u — 7 P ut) g + 1100 (u? — Ty uh)||o
< N0, (0D ul) || 24, L S)(z)) + M- r||a;uh”Lir71(A,L2(1))a

lo Dy (u” —uL>uQNHOD%§v“>< 50 ul) || + lloDg (uh — 7l *ul) g
< [loDg (u — Ty u h>||Q+||oDa<u — 1y *Yuh) o
S M on 1(0Da h)||L2 L,z N SHODaJr u ||L2(AL2 NGE

Consequently, the desired result follows from the above estimates and the triangle inequality. [

Case II. We consider (3.19) with AV (u",t) = 109, (u" + ug)?. We first establish a stability result.
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Lemma 4.7. Let ug € H}(A) and u? be the solution of 1D with N'(uh,t) = 10, (uM + ug)?.
There holds

L B2
luflle < foDfulllg <K, |10:uf]le < K, (4.17)

where K is a positive constant independent u’LL.

Proof. Taking v = u” +ug in 1D with /\~/'(uh, t) = %&E (uh + u0)2, using the fact that (%836 (u}LL + u0)2 ,
u}L‘ + uO)Q =0, as well as 1D and , we get that
(onu}z, u}LL)Q + 'y(@ggu}i, @u%)g
= —(ODf‘u}L‘,uo)Q — 'y(&cu'z, 3xU0)Q + W(Auo,u}i + uo)Q
< — (oD, DF o) o + |0l o [|0uol | + ]| 0o, (|01 | + 7|9l
< loDF ul ollDF ol + 21/0su g ostal, + T orval (418)

A

o
= ||th%U’£HQ/It’%dt||uO||A + 290 [l [ 9uoll + T Do 1§

TS

g 2
loDE g ol + 2700t 2210l + T el

o
2
T

2 2 2
villy + 5 —ayzllvolly + 2l10muillg 9uolly +T 9ol

Then, we derive from (2.10) and (4.11) that

oD ult||g + Y| 0xu |15 = (oDF . DEult) , + ]| 0sul |5

fe3
2

oD

N = =

<

1 2 2 T« 2 2 1 2 2 (4.19)
< S lloDé utllg + @HUOHA + 5 0zutlg + 7 l|0avol[5 + AT 0ol
or equivalently,
oD wt 2 + 01 < ol -+ owol2. (4.20
Thus, by using Lemma [2.4] we can derive the desired result. O

Theorem 4.2. Let u" be the solution of (3.19) and u? be the numerical solution (3.20) with
N @b t) = 10, (uh +ug)®. If uh € HO(I; HE (M) N E™(Q) N K*(), there holds

lo D (u" —ul)lle + 1100 (u" — uf) o S M u"||pr () + N~°[[u* | ke(s)- (4.21)
Proof. We derive from and that
aler,v) : = (oDfer,v), + 7(0zer, 82v),
= (oD (@} — u),v) o +(0u (@ — uh), 0p0) o + Nl t) = N(@h,1),0),  (4.22)
+ (N (@, t) — N 1),v), Yve Vi @S
Thanks to and , the above equation can be simplified to
aler,v) z(on‘(Hg\}’O)uh —uM), V), + 7(8I(7r1(\7a’a)uh —u"),0,v)

N N ~ N @ (4.23)
+ (N(up,t) = N(@g,t),v), + N (uf,t) = N(u", t),v),.
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Taking v = ¢Di'er, (€ Var ® Sn) in the above equation, we obtain
(oneL, ODf‘eL)Q + 7(5@@, ax(oneL))Q
= (oD (M ut — ), 0Dfer) o + 7 (8a(x§ M ul — ut), 8, (6Dfrer)) (4.24)
+ (/\~f(u’L’,t) N(u%, t), oDy eL)Q + (N(u%,t) —ﬁ(uh,t),ODfeL)Q.
Since ./\7(uh, t) = %81 (uh + u0)2, we derive from and integration by parts that

loDerll? + 10zeLlld < [loDg( H‘A}(’) " uh)HQHODtaeLHQ
+H82(7T1(V uh)HQHODt eLHQ
+||0= (u’LUruo) — 9, (ﬁL+u0) ||QH0D eLHQ
|00 (@ + wo)” = 05 (u + ) [oDgrer |
which leads to

loDferlo+verllo S [JoDf (T " + |02 (xSl — ul)

e le

S C o (4.25)
+ 102 (u +w0)™ = 0 (WL + o) [l + 1|0 (WL + 10) ™ — Do (u" + w0) [

The two terms at the right-hand side can be bounded by using Lemma[f.5]and Lemma[£.6] as follows:
oD (5w — )l € M [1057 D5 M ls (a2
02 — )l S N DE ) aa e oy

and
10z (uf +UO)2 — 0u (U} + UO)2HQ [uf, + 1 [|o[|0zerlly < l|0verq,
102 (@ +10)” = 00 (u” + o) || S ([ + o ]|00 @i — u)|g-

A combination of the above and - ) leads to

loDferlla + 10zerllo S M'"(|0; " (o Dfu h)”LZT L (A L2(D))
+ N7 92 (o Dy oul )HLZ(A,Li(SYs) ) (4.26)

+ N=@T))g, (oD ul) ”L?(A,Li(s’s) () t Ml_r||(9£uh||L§(T_1 (A, L2(1))-

h

On the other hand, we have u" — u}} = u — u} + er. Consequently, the desired result follows from

the above estimates and the triangle inequality. O

5. NUMERICAL RESULTS FOR PETROV-GALERKIN METHOD

We now present some numerical results obtained by the proposed space-time spectral methods
introduced in Section 3 for both linear and nonlinear cases.

5.1. Numerical Results for time fractional diffusion equation (3.1). we present below three
numerical experiments to validate our algorithms and error estimates.

Example 1. We consider with the exact solution u(z,t) = sin(rz) - t* sin(7t), and non-
homogeneous initial conditions ug(z) = sin(wz). The main purpose is to check the convergence
behavior of numerical solutions with respect to M and N for several a. In Figure we list the
B*(Q)-errors in semi-log scale. Clearly, the exact solution has a singularity at ¢ = 0, but for the
weighted Sobolev spaces involving fractional derivatives B* I), we have u|; € B%,, ,(I) for any
large s so spectral accuracy is still expected despite the singularity at t = 0. We observe from Figure
[-1] that the numerical errors decay exponentially as M or N increases.

—Q, Ot(
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Example 2. We consider time fractional subdiffusion equation with the exact solution
u(z,t) = sin(wx) - sin(7t®), and the homogeneous initial conditions ug(x) = 0. The singularity at
t = 0 is more complicated than Example 1, and its approximation in time can not achieve spectral
accuracy. In Figure (a), we list the B*(2)-errors in semi-log scale against various M and o with
N = 40. We also list the B*(Q)-errors in log-log scale against various N and « with M = 20 in
Figure (b). We observe that the numerical errors decay exponentially as M increases since the
solution is smooth in z, but only algebraically, as N increases since the GLF basis can only resolve
the leading singular term of the solution.

Example 3. We consider the time fractional subdiffusion equation with a given source
function f(z,t) = sin(wx) - sin(nt), and homogeneous initial conditions. The exact solution is
unknown but expected to have singularity at ¢ = 0 due to the time fractional derivative. We
compute a numerical solution with M = 40 and N = 80 as the reference solution. In Figure (a),
we list the B*(Q)-errors in log-log scale against various N and « with M = 20. As expected, we
observe that the numerical errors in time variable decay algebraically. In Figure (b), we list the
B*(Q)-errors in semi-log scale against various M and « with N = 80. We observe that the errors
decay exponentially.

5 5 H
5 8
1 1
g g
8 8
o o
2 2
g -0 8

-15

0

()
FIGURE 5.1. (a). The B®(Q)-error in semi-log scale against various M and « for Example

1 with N = 20; (b). The B*()-error in semi-log scale against various N and « for
Example 1 with M = 20.

5.2. Numerical Results for nonlinear problem (|1.1). Consider the following time fractional
Burgers equation:

CD%u(x,t) — yAu(z,t) + az(%zﬂ(m,t)) =0, V(a,t) e, (5.1)

with the initial data ug(z) = — sin(7z).

We initially solved this problem by using the preconditioned Jacobian-free Newton-Krylov method.
For the case with N = 40, M = 60, o« = 0.7, and v = 0.025, 90 iterations are needed to achieve
10~ 7-digit accuracy. To accelerate the convergence, we employed a two-grid approach. Namely, we
use the coarse approximation solution with N ~ N /2 and M~ M /2 as the initial data for the
iteration for the fine approximation solution with NV and M. This two-grid approach significantly
improved the convergence, only less than 10 iterations are needed to achieve 10~7-digit accuracy.
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-2

9
g
3
2 5
o
o -0-0=0.8
2 gl =0=08
——0=0.4
—+—0=0.2
-1 L
G2

(a)

log, 0(B“(Q)—error)

—4-0=0.2

2 2 3240
N
(b)

FIGURE 5.2. (a). The B®(Q)-error in semi-log scale against various M and « for Example

2 with N = 40; (b). The B*(2)-error in log-log scale against various N and « for Example

2 with M = 20.

B*(Q)—error

()

Iogm(B“(Q)—error)

—o—0=0.7

FIGURE 5.3. (a). The B%(Q)-error in log-log scale against various N and « for Example
3 with M = 20; (b). The B%(Q)-error in semi-log scale against various M and « for
Example 3 with N = 80.

The numerical solutions obtained using Petrov-Galerkin spectral method with M = 40, N = 60,
a = 0.7, v = 0.025 for various time are shown in Figure (a). We compute a numerical solution
with M = 40 and N = 100 as a reference solution. In Figure (b), we plot the B*(f2)-errors in
log-log scale against various N and « of .

We plots in Figure (a) the numerical solution with M = 40, N = 60, a = 0.7, v = 0.025 at
t =0, 0.1, 0.25, 0.5,1,1.5. We observe that, similar to the usual Burgers equation, the profile of
solution become steeper as t increases to about ¢ = 0.25, and the solution start to relax towards
zero for t > 0.25. To investigate the influence of o on the solution, we plot the numerical solution
with v = 0.025, N = 60, M = 100 at t = 0.971 for various « in Figure (b). As a comparison, we
also plot the solution with o = 1, i.e., the usual Burgers equation. We observe that, as « increases,

the profile of the solution becomes steeper and dissipates faster.
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=0.7, y=1/40 107

—0-0=0.7

B*(Q)—error

(a) (b)

FIGURE 5.4. (a). The numerical solution with a = 0.7, v = 0.025, N = 60, M = 40;
(b). The B*(Q2)-error in log-log scale against various N and « for (5.1)).

—0=0.6

Numerical solution
Numerical solution

(a) (b)

FIGURE 5.5. (a). The numerical solution with a = 0.7, v = 0.025, N = 60, M = 40;
(b). The numerical solution with v = 0.025, N = 60, M = 100 at ¢t = 0.971.

5.3. Numerical Results for nonlinear system. In this subsection, we shall consider the follow-
ing time fractional Volterra-Lotka systems with diffusion (cf. [6]):

ED8u — diAu — u(ay — Bru — y1v — dw) = 0, r €A,
OCDtav — daAv — v(ae — ot — v — dow) = 0, x €A,

5.2
§Dfw — dsAw — w(s + e1u — e9v) = 0, T €A, (5.2)

u(z,0) =ug(z), v(z,0)=wvg(x), w(z,0)=wy(x),
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with homogeneous boundary conditions (1.2]). Clearly, the above system can be derived in a similar
fashion as in section 3.1, we obtain that

oDful — dy Aut — (uh + uo)(a1 — Bi(u" 4+ ug) — y1 (V" + vo) — 5y (wh + wo)) =g1, T €A,
oD§v" — dy Avh — (VM + 'UO)(O[Q — Ba(u 4+ ug) — Yo (v + vg) — o (w" + wo)) =go, T €A,
oDfw" — dgAw" — (wh + wo) (s + e1(u" + ug) — e2(v" + vo)) = g3, x €A,
u(z,0) =0, v"(z,0)=0, w(z,0)=0,
(5.3)
where g1 = diug, g2 = dav{, g3 = dawy.
The corresponding space-time Petrov-Galerkin spectral method for are to find u (x,t), v% (z,1),
wh(z,t) € Vr ® f](\?), such that
(oDl v)e + Y(Datil, Dav)o + N (uf, v}, wh 1), )0 = (91,0)0, v E V@Y,
(oD ul v)q + Y(9pult, 0pv)q + (Na(ult v wh | 1), v)q = (g2,v)q, vEVy® S(a) (5.4)
(oDfult, v) + (Dol Do) + (Ns(uh, of wh, 1), v)0 = (g3, 0)0, v € Vi @ SY,
where

Ni(uf, v, wi )

—(u" 4+ ug) (a1 — B1(u" 4+ ug) — 71 (V" + vo) — 61 (w" + wp)),
— (0" +vo) (g = Ba(u" + ug) — y2(v" +vo) — F2(w" + wy)),

=

NQ(“vaanzat)

Na(ul, vl wh 1) = —(wh + wo) (s + e1(u" + up) — e2(v™ + vp)).
Set
M-2 N M-2 N
(o) = 30 3 Wb (@ISO, ) = DY b (@) IO 8),
m=0 n=0 m=0 n=0
M-2 N
wg(x,t) = Z@Zm(bm(x)‘]r(z_ava)(t)’ 1ﬁnm = (N1<UL7UL’wL’ ) ¢m( )L’E’La)(t))7

2ﬁnm = (NQ(U}levZ7wz,t)v¢’m(m)L£La)(t))a 3nnm = (NS(uLavLawLa ) ¢m( )L(a ( ))v (55)

h h h ~h T h h ~h ~h T
u,, = (’U‘Om?ul,m?”' 7U‘N,m> ) Vim = (UO myVlmy """ Nm) )

h __ h h h T 1 _ 1 1 1 T
Wi = (w(),m7w1,m7'“ wNm) ) Ny, = (n(]m7n1 mo T nNm) ;
2 (=2 ~2 2 T 3 ~3 ~3 3 T

Ny = (no’m’nl,mf" nNm) ’ Ny = (nO ms M my """ s nNm)

Similarly, we obtain the following linear system:

(Ins1 + di S, MYHul, +1n,, (0, vh wh) =gl | 0<m<M-2.
(Ing1 + doAf, MY)VE, 20y (uh Vi wh) =2 0<m <M -2 (5.6)
(Iny1 + dsAs, MYw!, +3n,, (uh, v wh) = g2 | 0<m<M-—2,

which can be solved by using the preconditioned Jacobian-free Newton-Krylov method as in the
previous case.

Nest, we present numerical results for the following two cases.

Example 4. We let f and the initial data be such that the equation has the solution
u(z,t) = sin(mrx)(t*sin(nt) + 1), v(z,t) = sin(rz) (LY cos(wt) + 1), w(w,t) = sin(nz)(t*e~* +1). In
Figure we list the max-errors of example 4 with a; = %, Br=1,v =046 =0.3, ay = 0.34,
Ba=1,7%=0380=01s=1,¢e =2/3,e0=0.1,dy = %, do = 0.7, d3 = 1. We observe that
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the numerical errors decay exponentially as M and NN increases. They indicate that our algorithm
is effective for this special problem.

—0—u,0=0.7
—o—v0=0.7
——w0=0.7

-4
S 2
V] )
% %
o 8 o
s s

-10

12

14

4 8§ 12 16 20 2

M
(a)

FIGURE 5.6. (a). The spatial max-errors in semi-log scale against M with o = 0.7 and
N = 20 for example 4; (b). The time max-errors in semi-log scale against N with o = 0.7
and M = 30 for example 4.

Example 5. We consider with the initial data ug(z) = vo(x) = we(x) = sin(wz). To
examine the error of spatial and time direction, we fix M = 50 and N = 80 as the exact solution.
Figure (a) plot the max-errors in semi-log scale against various M. The figure clearly indicate
that the error decays like O(e=“M). In Figure (b), we plot the max-errors in log-log scale against
various V. They indicate that the numerical errors decay algebraically as N increases. We also
present plots of the numerical solution uy, vy, wy with a = 0.7 M = 40, M = 60 for various time

in Figure 5.8

0 ‘ -1 ‘
-0-u, a=0.7; —0-u, 0=0.7;
v, =0.7; v, 0=0.7;
2 --w, a=0.7; -15 ~0-w, 0=0.7;
-2
° 4 5
o o
H £
< L 25
g 6 8
-3
-8
-35
o 8 12 16 20 - :
1 2
y 2 10 N 10

(a) (b)

FIGURE 5.7. (a). The spatial max-errors in semi-log scale against M with o = 0.7 for
example 5; (b). The time max-errors in log-log scale against N with o = 0.7 for example
5.
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numerical solution u, with M=40, N=60; numerical solution Vi with M=40, N=60; numerical solution w with M=40, N=60;

= W
sy
SRR
S
e AN

(c)

FIGURE 5.8. (a) (b) (c): the evolution of numerical solution ur, vr, wr with a = 0.7
M = 40, M = 60 for example 5;

6. CONCLUDING REMARKS

We developed a new space-time spectral method for nonlinear fractional subdiffusion equation.
Our new scheme is based on a set of Fourier-like basis functions in the spatial variable and GJFs in
time variable. The Fourier-like basis functions are discrete eigenfunctions of the Laplace operator,
and lead to diagonal stiffness and mass matrices; The GJFs are chosen to match the leading sin-
gularity of the underlying problem so that they provide better performance than polynomial basis.
We also presented error analysis for typical linear and nonlinear problems, and numerical results to

validate our algorithms and error estimates.
Although we only dealt with one-dimensional spatial direction in this paper, the algorithm and
the error analysis can be directly extended to multiple spatial dimensions of tensor product domains.
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