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Abstract. We propose a hybrid spectral element method for fractional two-point
boundary value problem (FBVPs) involving both Caputo and Riemann-Liouville (RL)
fractional derivatives. We first formulate these FBVPs as a second kind Volterra in-
tegral equation (VIEs) with weakly singular kernel, following a similar procedure
in [16]. We then design a hybrid spectral element method with generalized Jacobi
functions and Legendre polynomials as basis functions. The use of generalized Ja-
cobi functions allow us to deal with the usual singularity of solutions at t = 0. We
establish the existence and uniqueness of the numerical solution, and derive a hp-
type error estimates under L?(I)-norm for the transformed VIEs. Numerical results
are provided to show the effectiveness of the proposed methods.
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1. Introduction

This paper is concerned with numerical solutions of the following FBVPs:
—0DFu(t) + by (t) + c(t)u(t) = f(t), te€(0,T), (1.1

with Robin or Dirichlet boundary conditions

u(0) — apu’(0) = 7o, w(T) + aq(T) =, (1.2a)
u(0) =0, w(T) =, (1.2b)
*Corresponding author. Email addresses: shen7@purdue.edu (J. Shen), ctsheng@stu.xmu.edu.cn (C. T.
Sheng)
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where § € (0,1), and D27 refers to either Caputo or RL fractional derivative of order
2 — ¢ (see (2.2) and (2.4), respectively). The constants oy, a1, Y9, v1 and the functions
b(t), c(t) and f(t) are given. In the case of (1.2a), we assume that ¢(¢) > 0 and

1

m and a1 2 0. (13)

Qg >

The conditions ¢(t) > 0 and (1.3) guarantee that (1.1) with (1.2a) satisfies a suitable
comparison/maximum principle, from which existence and uniqueness of the solution
u of (1.1) (see, Theorem 1 of [16]).

The FBVP (1.1) is motivated by the studies on anomalous diffusion processes, which
model the steady state of one-dimensional superdiffusion of particle motion when con-
vection is present see [13,21]. Similar to the classical diffusion case, closed form
solutions are usually not available, and one has to resort to numerical methods. Some
recent numerical works for (1.1) include finite difference method and piecewise poly-
nomial collocation methods for FBVPs, see [11, 13,16, 28] and the references therein.

Two main difficulties in solving fractional PDEs such as (1.1) are: (i) fractional
derivatives are non-local operators and generally lead to full matrices; and (ii) their
solutions are often singular at the endpoint(s) so polynomial based approximations are
not efficient.

Since spectral methods are capable of providing exceedingly accurate numerical re-
sults with less degrees of freedoms, they have been widely used for numerical approx-
imations of PDEs, see e.g., [4,10,12,24,25]. In recent years, spectral methods have
been proposed for VIEs with smooth/weakly singular kernels. We refer to [7, 8, 18] for
the p version of spectral methods and [27,29] for the hp-version of spectral collocation
methods. However, these methods are based on polynomial basis functions which are
not particularly suitable for FBVPs whose solutions are generally non-smooth. In some
earlier work [1, 5], the authors employed non polynomial methods for weakly singu-
lar VIEs. Very recently, Shen et al. [23,26] proposed one-step and multi-step spectral
Galerkin methods using generalized Jacobi functions for weakly singular VIEs.

The main purpose of this paper is to propose and analyze an efficient hybrid spec-
tral element methods for FBVPs. Our approach is inspired by [16] where the authors
reformulated Caputo FBVPs (1.1) with Robin boundary conditions to a second kind
VIEs with weakly singular kernel, and proposed a numerical scheme based on piece-
wise polynomial collocation. The main advantage of this approach is that, instead of
solving a two-point FBVP which couples all unknowns together, one can now use a
time-marching method for VIEs. The main strategies and contributions are highlighted
below:

e We extend the approach in [16] to include RL and Caputo FBVPs with other
admissible boundary conditions, and propose hybrid spectral element methods
with basis functions that can be tuned to match the singularities of the underlying
solutions.
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e We analyze and characterize the hp-version error bounds of the proposed meth-
ods. The error bounds can guide us to choose parameters h and p to achieve
higher accuracy.

The rest of this paper is organized as follows. In Section 2, we introduce some
basic properties of fractional calculus and generalized Jacobi functions. In Section 3,
we first transform three kinds of FBVPs into weakly singular VIEs, and present hybrid
spectral element methods for the transformed weakly singular VIEs. In Section 4, We
establish some useful lemmas and prove the existence, uniqueness and convergence
for the proposed methods. We present in Section 5 some numerical experiments, and
some concluding remarks are given in the final section.

2. Preliminaries

In this section, we first review some basics of fractional itegrals/derivatives, and
some properties of the shifted generalized Jacobi functions and the shifted Legendre
polynomial. We then reformulate the three kinds of FBVPs as weakly singular VIEs, and
propose a hybrid spectral element methods for transformed weakly singular VIEs.

2.1. Fractional calculus

We start with some definitions of fractional calculus (see, e.g., [9,22]). To fix the
idea, we restrict our attentions to the interval (0,7").
For p € RT, the left-sided and right-sided RL integrals are respectively defined as

olfu(t) = F(lp) /0 i f(ss))l_pds, t € (0,7), (2.1a)
T uls
yu(t) = F(lp) /t e _(t))l_pds, te (0,7), (2.1b)

where I'(+) is the usual Gamma function.
For v € [m — 1,m) with m € N, the left-sided RL fractional derivative of order v is

defined by
DY (t)—*ﬁ/t&d te(0,7) (2.2)
0F ) = T(m—v)dt™ J, (t—s)v—mtl * T ’
and the right-sided RL fractional derivative of order v is defined by
vy (D™ ﬁ/T u(s)
D) = fo g |, poprrds L€ @), (2.3)

For v € [m — 1,m) with m € N, the left-sided Caputo fractional derivative of order
v is defined by

C v _ 1 ¢ u(m) (S)
o DYu(t) = Tlm =) /0 syt ds, te(0,7), 2.4)
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and the right-sided Caputo fractional derivative of order v is defined by

—-1)m u™ (s
Cprat) = =Y )/tT (s_t)v(‘;+1ds’ te (0,7). (2.5)

It is clear that for any m € Ny,

dm
oD* =D™, Dy =(-1)"D™, where D™ := P
Thus, we can define the fractional derivatives as
oD{u(t) = D™oI" " ul(t), ¢Dru(t) = (=1)™ D™ 17 u(t),
§ Dy u(t) =o 1"~ D™ul(t), £ Dfu(t) = (1) I~ D™ u(t).

According to Theorem 2.14 of [9], we have that for any absolutely integrable function
u, and real v > 0,

oDy ol u(t) = u(t), (DiIiu(t) = ult), te (0,7). (2.6)
According to Theorem 3.8 of [9], assume that v > 0, m = [v], and u € A™[a,b], we
have .
DO '« DFu(0
o126 Dfutr) = u(r) — 3 240 @7
k=0

where A™ denote the set of functions with an absolutely continuous (m — 1)st deriva-
tive.

The following lemma shows the relationship between the Riemann-Liouville and
Caputo fractional derivatives (see, e.g., [9,22]).

Lemma 2.1. For v € [k — 1, k) with k € N, we have

k—1 ;
oD} u(t) =§ Dyu(t) +> L@tj"’. (2.8)
= ri+j-v)

2.2. Properties of basic functions

We recall below properties of generalized Jacobi functions and Legendre polynomial
(see, e.g., [6,29]), which will serve as basis functions of our hybrid spectral element
methods.

For a, 8 > —1, let P,(LO"B) (x), x € A := (—1,1) be the standard Jacobi polynomial
of degree n, and denote the weight function x(®*#) (z) = (1 — 2)*(1 + z)?. The set of
Jacobi polynomials is a complete Li(“"” (A)-orthogonal system, i.e.,

1
/ P2 (@) PR (2)x P () da = 5761 m, (2.9)
-1
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where ; ,,, is the Kronecker function, and

(@8) _ 20+A+1 Fl+a+1D)I(I+B8+1)
gl , : (2.10)
T @l4a+p+1) IT(I+a+B+1)
In particular, P\*? (z) = 1.
2.3. Shifted Jacobi polynomials
Let I;, be a mesh on the interval I = (0,7,
Ino={th: 0=to <ty <--- <ty =T}
We denote
hp =ty —th-1, Nmax = 1<11L34<XN hp, In= (tn—latn)-
The shifted Jacobi polynomial of degree [ on I, is defined by
PP () = PP <h—1> . tel, 1>0. (2.11)

Clearly, the set of {]5(0"5 ) (t)}i>0 is a complete L? ,, , (I,)-orthogonal system with the
- Xn

weight function X1(1 P) (t) = (tn — t)*(t — tn_1)?, by (2.9) and (2.11) we get that

{( S(a a hp\ atB8+1 a,
[ B 0peponedwa= (1), @)
I,
For any integer M,, > 0, we denote by {w(o‘ %) (O‘ ) }M'b the nodes and the corre-

sponding Christoffel numbers of the standard Jacobl Gauss interpolation on the interval
A. Let Py, (I,,) be the set of polynomials of degree at most M,, on the interval I,,, and

tilajﬁ ) be the shifted Jacobi-Gauss quadrature nodes on the interval I,,,
tP) = 2(h ot bty ), 0< < M, (2.13)

Due to the property of the standard Jacobi-Gauss quadrature, it follows that for any
o(t) € Panr,+1(I) (cf. [26]), we have

a+pB+1 Mn
ol X (t)dt = (2 ) S oM, (2.14)
7=0

We shall use the shifted Legendre polynomials L,, ;(t) := ploo (t) as basis functions

n,l
on I, for n > 1. Since solution of FBVPs (1.1) are usually non-smooth at t = 0, we

shall use non-polynomial basis in I;.
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2.3.1. Shifted generalized Jacobi functions on I3
For any «, 8 > —1, the shifted generalized Jacobi functions on I is defined by (cf. [6])
I =P ), ten, 1>0, (2.15)
and the finite-dimensional fractional-polynomial space on I; is defined by
Fu(I) = {tP0(t)  ¢(t) € Par, (1)} = span{J\7” 10 <1< My} (2.16)

By (2.12) and (2.15), the set of {Jl(ol"ﬁ) (t)}i>0 is a complete L?, _, (I)-orthogonal
) = X1

system with the weight function Xga’_ﬁ ) (t), namely,

/I TGO 010D (x> (1)t

1

= [ R PG Ox P ey
1

_ / PP ) PP ()37 (1)at

1,m
I

hi\ot+B8+1
- (71) 3O ) (2.17)

By (2.14), it follows that for any o(t) = t2#$(t) and ¢(t) € Pars, 41(I1), we have

h a+B+1 My
> 17.]

/I 1 (™7 ()dt = i o))" (Bt = (71 3 ol

j=0

P\ TGN ) 28 (@) (@)
(%) S et 218)

=0
Next, let (U,’U)Xm,—ﬂ) and H’UHX(a,fﬁ) be the inner product and the norm of space
1 1
L? (g (I1) respectively. We also introduce the following discrete inner product on the
X

1
interval I,

I\ P ()28 By (@) (@)
<u,v>X;a,5):<7> Z(tlg ) Bu(tld’ Jo(ty ;7 Jwy ;0 (2.19)
7=0

Thanks to (2.18), for any ¢, € ]-'](\51)([1),
(@,9) (ams) = (& 0), (a-p)- (2.20)
1 1

3. Hybrid spectral element methods: formulation

We shall first transform (1.1) with different boundary conditions into weakly sin-
gular VIEs, then we construct efficient hybrid spectral element methods for them.
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3.1. Transformation to weakly singular VIEs

We consider three admissible cases separately below:

Caputo-FBVPs (1.1) with B. C. Robin (1.2a).
It follows from (2.7) with v = 1 — §, we have

oI} 70 (5 DF0u) (1) =0 170 ( DY 0u') () = !/ (t) — o/ (0).
Hence, applying oI}~ to (1.1), we obtain that
—u/(t) + ' (0) 40 I} 0 (b’ + cu)(t) =o IF2(f)(1). (3.1)
Set

pw=1u'(0), z@t)=u{t)—p, Z(t) = /0 z(s)ds, tel:=][0,T]. (3.2)

Then, we can use Rbc to conclude

(cu)(t) = e(t) [ /O (u/(5) — v/ (0))ds + put + u(O)] = (cZ)(t) + p(t + ao)e(t) + voc(t).
Consequently, (3.1) can be rewritten as
2(t) —o I} 7 (bz + eZ)(t) =0 I} ° (ng1 + 92)(t), (3.3)

where
91(t) = b(t) + (t + ao)e(t), g2 =0c(t) — f(t), tel. (3.4)

Caputo-FBVPs (1.1) with B. C. Dirichlet (1.2b).
By a similar argument as before, we apply oftl_6 again to (1.1) yields

—u/(t) + ' (0) 40 I} 0 (b’ + cu)(t) =o IF2(f)(2). (3.5)

Meanwhile, by using the Dbc, we get that

(cu)(t) = e(t) [ /0 (u/(s) — /' (0))ds + pt + u(O)] = (cZ)(t) + pte(t) + yoc(t).
The above with (3.2) and (3.5) leads to

2(t) —o I} 0 (bz + eZ)(t) =0 I} (g1 + g2)(t), (3.6)

where
g1(t) = b(t) +te(t), ga =noc(t) — f(t), tel (3.7

RL-FBVPs (1.1) with B. C. Dirichlet (1.2b).
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We now turn to following RL FBVPs with (1.2b):

— oDF0u(t) + b(t)u! (t) + c(t)u(t) = f(t), te (0,7), (3.8a)
u(0) =0, u(T) = . (3.8b)

Note that with RL derivative, only homogeneous Dirichlet condition at ¢ = 0 can be
considered. Clearly, we obtain from (2.8) and the above equation that

5—1
_CD2 0ty + (el (1) + c(t)ult) = £(£) + ”Ft O 3.9)
Analogously, applying Oltl_‘s to (3.9), we obtain that
5—1
—/ (t) + ' (0) +0 I} 0 (b’ + cu)(t) =0 I} °(f)(t) +0 I} 7° <“Ft ) ) . (3.10)
Hence, we note that by u(0) = 0, there holds
t
(cu)(t) = c(t) [/0 (u'(s) — u/(0))ds + ,ut] = (cZ)(t) + ptc(t).
This togerher with (3.2) and (3.10) implies that
2(t) —o I} °(bz + cZ)(t) =0 I} ° (ugr + g2)(t), (3.11)
where
461
g1(t) = TO) +b(t) +te(t), go=—f(t), tel. (3.12)

In all three cases, we are led to a second kind weakly singular VIEs (3.3), (3.6) and
(3.11). Hence we only need to consider the following weakly singular VIEs

y(t) — Cs /Ot(t — 5)7%b(s)y(s)ds — Cs /Ot(t —5)%c(s) [/OS y(T)dT} ds
=Cj /Ot(t —5)%g(s)ds, (3.13)

where Cs = 1/T'(1—0), g can be g1, g2 (see (3.4), (3.7) and (3.12)), and whose solution
y(t) can be v and w respectively, this imply that y = pv + w.

In order to use a spectral-element method, we shall first rewrite (3.13) as a se-
quence of equations in non-overlapping time intervals {I,, :n=1,--- ,N}.

Let y"(t) the solution of (3.13) on the n-th element I,,, namely,

y'(t) =y(t), vtel,, 1<n<N.
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From (3.13) we have that for any ¢ € I,,

y (1) — Cs / - o bR ©)de — Cs / (t — )~ 0b(s)y" (s)ds

n—1

~a [a-ga] [ o] -, | =] [ oo

— G /tjl(t_s)—%(s)[ /t y”(T)dT} ds

tn—1 t
—Cs / (t— &) g(€)de - C / (t — 5)~g(s)ds. (3.14)

The Eq. (3.14) can be rewritten as

t

n—1
Y. _ )9 k — —8)7%(s)y™(s)ds
y"(t) — Cs kE_l/Ik(t §)7°b(&)y" (§)dE Cs/ (t—s)"°b(s)y"(s)d

tn—1

n—1 & + n—1
_C(;;/Ik(t—g)—%(g)[/o y(T)dT}d§—C§ /tnl(t_s)—%(s){;/h yl(U)dO'}dS

- C(;/t (t — 5)"°c(s) [/ts y"(T)dT} ds

n—1 " " t
=C — &) %g(8)de — C — ) %g(s)ds. 3.15
‘E/zk“ €)0g(€)de ‘5/tn1“ 50 g(s)ds (3.15)

In order to transfer the integral intervals (¢,,—1,¢] to I,,, we make the following linear
transformation:

()‘ - tn—l)(t - tn—l)

s=s(t,\):=t,—1+ I ,

Ael,. (3.16)

Then, the Eq. (3.15) reads

n—1
() - Gy / (t — €)7b(€)y* () de
=171k

t—1tn—1

1=0 -6 n(g
= 0o(Sm) T (= s D0,

n—1 n—1 13
—Ogg/lk(t—s)‘%(i)[;/h yl(a)daJr/ y" (s)ds] dg

_ C5<t —htn_1>l—6/l (tn, — )\)—50(3(15, A)) {f/j yl(a)da} d\
! " =174
- 05<t _ht:_1>1_5/1 (tn — A)°c(s(t, N)) [/:(M) y"(T)dT} dX
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n—1
— -6 B t—t, 1\1-0 b
_C(Skz::l/fk (t =€) °g(&)dg C’5< ™ ) /In(tn N 0g(s(t,A)dN. (3.17)

Finally, under following two linear transformations, which transfer the integral inter-
vals (ty_1,&] to I and (t,,—1, s(t, A)] to I,

—t_ —
S = g(fa Q) =tg—1+ (Q i 1}1](66 b 1)7 0 € [ka (3183)
T=T7(t,\p) =t,_1+ (= t”‘l)(s}ft’ N - t”‘l), p €I, (3.18b)

The Eq. (3.17) becomes
y" () = Viy(t) = Va'y"(t) — V3y(t) = Viy(t) — Viy"(t) = Vgg(t) + Vig(t), (3.19)

where

n—1
Viy(t) = Cs S / (t— &) b(E)yF (€)de,
k=1" Ik

V300 = Ca (") [ = 0 A st )

n—1 k—1 4
Viv() = Cs 3 / (GERCI) oo+ (S52) [ o¥ste o]
e ) n—1
vin®) = 0s(52) " [ - eott [T | v
Vey"(t) = Cé(t _ht:_1>1_6
[t =0y Setste ) [ (B [y Gete g

n—1
Vig(t) =5 Y / (t— &) g(6)de,
=11k

t—1tn-1
b,

() = Co(“52) [ = 0ot 1in

3.2. Hybrid spectral element methods for weakly singular VIEs

Below we only consider Caputo FBVPs (1.1) with (1.2a), since a similar procedure
can be applied to the other two cases (see, Remark 3.1).

Let V|7, = V™, W], := W™ be the numerical solution (3.19) with g = ¢1, g2
respectively for 1 < n < N. It follows from Lemma 5 in [16] that

T
T+ao+a1+a1V(T)+/ V #0.
0
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Then, according to Theorem 2 in [16], we can construct a numerical approximation of
win (1.1), denoted by U as follows:

U'(t) = pu [V () 4+ 1] + W (1), (3.20a)
U(t) = + parao + /Ot U'(s)ds, (3.20Db)

where
g = L0 aW(T —h W (3.21)

T+ao+a1+a1V —I—fo
Therefore, we only need to solve two weakly singular VIEs (3.19) (with ¢ = ¢; and

g = g2).
The hybrid spectral element methods for solving (3.19) is to seek Y (¢) € ]-'1(\}1_5) (I1)
and Y"(t) € P, (I,) with n > 2, such that

(V5 9) nomn = YT+ V5V 0), cosmn
—0
= (Vig, ANCIERE Vo e fﬁl (1), (3.22)

Y™ ), —(VeY" +VgY"™ ¥,
= (VEg+Vig, )1, + VY +VEY + VYY), Y € P, (In).

We now describe the numerical implementations of scheme (3.22). To this end, we set

My
Yie) =Y ylai M 1), ten,
p=0

Lp
M, (3.23)
YR =Y yrLnp(t), tel, n>2
p=0
Substituting (3.23) into (3.22) and taking
), 0<q< M,
¢ = Ln,q(t)7 0< q=< Mna
we can obtain that
( M
Z (J1( 5,1-5) J( 51— 6)) Casn)
p=0 a
M,
A (2R WA il e
p=0 (3.24)
5,1-5 :
(V7 7J1(q - )) 5*5’5*1)7
Mp,
Z Uy (Lnps Lng) — Y Up (V8 +VE) Loy Lng) ;.
p=0
= (Vg +vp >g,Ln,q>,n + (VP +VE+ VDY, L),
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Set
yn — (y6L7 c.. ,y?/[n)T, A" = (a;LQ)ng,qSMn’ (3.25a)
(—6,1—8) 7(—8,1-5) (N 1
(Jl '] ) 5*575*1) - <?> '7;(9 )5p,q,1n
Dy,
= m%,q, n>2, (3.25b)
B" = (bgp)0<q7p<Mn (3.25¢)
= (V3 + VI g o) RIS (3.25d)
bgp (V3 +V5) Ly, L"v‘])LL? n =2, (3.25e)
<= ()T = (VR VE VDY, Lng);, m>2, (3.25f)
g = (g g, gb =W, ) T (3.25¢)

g9 = (0§ + V?)g,Ln,q),n, n>2. (3.25h)
Thus, the Eq. (3.24) is equivalent to the following linear system

{ Aly! — Blyl =gl (3.26)
Anyn _ Bnyn — gn + cn, n> 2.
In practical computation, we shall use the quadrature formulas such as (2.14) and
(2.19) to approximate the terms in (3.25a).

Once we have V' and W, the numerical solution U can be computed from (3.20a).
Note that the integrals in (3.20a) can be computed exactly and efficiently since V' and
W are expressed in terms of basis functions. More precisely, we have

My Mn
V(T) = o) Lyy(T), W(T) = w) Lyy(T),
=0 =0
g N
/v}j/%ﬁ5dez /,p
n=2 p=0
_Zp+2 6126 1)+nz::2hn’v6l,
N M,
/ W= Zw / T dt+Zng/ Lnp(t)dt
n=2 p=0 I

N

5 1,2-94) n

—Z (t) + >
p+2 n=2

then we can obtain u,; by using (3.21).
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Moreover, it follows from Theorem 3.1 in [6] and (3.20a) that

t
d
U () =0 + s + / Lo (s)ds
0 dS

t
=0+ msao+ | aalVi(s)+ 1+ W(s)ds
0

A41 t A41 +
—51-6 —51-6
=70 + parco + ppst + pas E v;,/ J1(7p ’ )(s)ds + E wll,/ Jl(,p ’ )(s)ds
0 0
p=0

p=0
ul vy (—6—1,2—6)
= t Y A (7
Yo + pamQo + pm +MMPZ:;)p+2_5 Lp (t)
ol w,, (—6—1,2—6)
+) s gy U PARR UL (3.27)
p=0
where J1(;5—1,2—5) with the index —§ — 1 < —1 is also well define in [6]. Similarly, by

the derivative recurrence relations of Legendre polynomials (cf. (3.176a) in [25]), we
have that for any ¢ € Iy,

n—1
d . tog
n t) = - n
U"(t) 70+MMC¥0+kE:1/Ik dsU (S)ds+/ dsU (s)ds

tn—1

n—1
=0 + uaprop + Z/ ,uM[Vk(s) + 1] + Wk(s)ds
k=1"1r

+ /t pnm[V*(s) + 1] + W"(s)ds

tn—1
n—1 n—1
=0 + pamro —|—,th+,uMZ/ Vk(s)ds+z Wk(s)ds
k=1"1k k=1"1Tr
t t
+ pnr V"(s)ds + W"(s)ds
tn71 tnfl
vl (=6—1,25) a
_ P —0—-1,2— k
_’yo+/LMC¥0+MMt+/LM|:ZmJLP (t1)+thU0]
=0 k=2
ul wy, (—6—1,2—6) —
P —6—1,2— k
P ) 4 S
p=0 k=2
M
he A Wb s=t b,
+ WM; 25 Lrati(8) = Lup1 ()|, + G (t = taa)
M.
hp o~ Wy s=t hy,
+ 7 172::1 m (Ln,p+1(8) — me_l(S)) o—t_1 + Ewg(t — tn—l)- (328)
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In summary, we can obtain U (and U’), approximation of the solution v (and u’),
through the following algorithm.

Algorithm 3.1 Algorithm for solving Caputo BVPs with B. C. Robin (1.2a).

Forn=1,--- ,Ndo
Compute the vectors {gg}é\ino (both ¢; and g¢5), {Cg}é\i”o, and the matrices

A", B by (3.252).

Compute the coefficients {5;‘}2@0 and {@g};\i”o (with g; and g¢2) by (3.26).
end For

Compute the value p s by (3.21).

Compute the values {U"(t, ;) }}™ and {U™(t,)})_, by (3.27) and (3.28).

1=

Remark 3.1. We can solve Caputo FBVPs with (1.2b) and RL FBVPs with (1.2b) in a
similar fashion. Indeed, let V'(¢) and W (¢) be the solutions of (3.7) (or (3.12)) with ¢;
and g,, respectively. Assume that 7" + fOT V #0, using (1.2b) and (3.8a) leads to

U't)=pupu[V(E)+ 1]+ W(t), (3.29a)
t
U(t) = U(0) + / U'(s)ds, (3.29b)
0
with
_ Y1 — Y0 — fOT w
T+ v

4. Well-posedness and error analysis

We recall some lemmas which will be used later. We denote by ¢ a generic positive
constant independent of hj, My, the solutions of y(¢) and Y (¢). For any integer m > 0,
we introduce the weighted Sobolev space on (—1,1),

sem a1 ={v e vlmn, 1) <oob

B) A

with the norm

[NIES

m
_ ko2
HUHH;’EQ’,@,)’A(—Ll) = (Z HavaLi(Mk’Bm(_171)>

k=0
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Clearly, to characterize the regularity of the solution y, we introduce the non-uniformly
weighted space involving fractional derivatives in the first interval I;:

Big(l) = {v € Ligafﬁ)(h) oD € Ligaﬂwm)(h) for 0 <r<m}, meN,
Hg’fg([l) = {'U G Liga’iﬁ)(ll) : ODtﬁ‘l'T’U G Liga’iﬁ)(ll) fOI" 0 S T é m}, m G N(]

(ev,8)

We denote 7} 7 is the Liﬁa'f s (11)-orthogonal projection upon F. ](\51) (I1)

a,B Jé]
(71.}171\4)11) o U,¢) XE%*B) =0, Ve ‘F](Ml) ([1)' 4.1)

According to Lemma 3.2 of [26], we have
Lemma 4.1. Leta > —1, 8> 0, forany v € B;”lﬁ(ll), with integer 0 < my < My, we get

that

(a,8)

—Bq —(B+
1, 20, v = vl o < ey 7P 1YoV

1U||X§a+l3+m1,m1)- (4.2)
In particular, if v € H[}'5(11), then

Imfoitw = oll oo < chP A FH D] o . 4.3)

Next, we define 7y, s, is the standard L?(1,,)-orthogonal projection upon Py, (1,,),

(T M, 0 —0,0)1, =0, Y € P, (In). 4.4

According to Lemma 3.4 of [26], we have

Lemma 4.2. For any v € H™(1,) with integer 1 < m < M, + 1,

lv =71, 0,00 < My ™10 0l g2 |y < chn' My ™ 108 ]I, (4.5)
Xn

where H™(I,,) is the usual Sobolev space.
The following discrete Gronwall Lemma can be found in [27].

Lemma 4.3. Assume that {k;} and {p;} (j > 0) are given non-negative sequences, and
the sequence {e,,} satisfies ¢y < pg and

n—1 n—1
en<pnt Y ai+ > kjej, n>1,
=0 =0

with ¢; > 0 (j > 0). Then

n—1 n—1
€n Spn—l—Z(qj+k‘jpj)eXp Zk:j , n>1.
§=0 §=0
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4.1. Existence, uniqueness and error estimate

We first establish the existence and uniqueness of the solution of (3.22).

Since the solution of (3.13) is generally nonsmooth at t = 0 and smooth for ¢ > 0, it
is reasonable to assume that the solution ylier, € B}, 5(I1), and y(t)|ter, belongs to
the usual Sobolev space H(I,,) with n > 1. Let Y (¢) be the global numerical solution
of (3.22), which is given by

Y(t)=Y"(t)|er,, 1<n<N.

Lemma 4.4. Assume that b(s),c(s) € C(0,7T), 0 < § < 1/2, and hmax sufficiently small.
Then the Eq. (3.22) possesses a unique solution.

Proof. Consider (3.22) with ¢ = 0, according to the definitions (4.1) and (4.4) of

the projection operator 7T§1_(]$\7/[11_5) and 77, v, we know from (3.22) that

1 (=6,1-6) ry51 1\1/1
{ Yi=mp o (Vo + V)Y, 4.6)

Y =7, m, (VI + V5 + V)Y + 7o, (V5 + VE)Y™, n> 2.

We first proof the case n = 1. The first formula of (4.6) along with the projection
theorem, implies

) —5,1-6
IV, <Y ooy = ehinlimy " (V% + VY oo

<chy (VY ”ig—s,a—n +[[Viy? Higf&(Sfl))' 4.7)

Then, we derive from (4.7), the definition in (3.19) and the Cauchy-Schwarz inequality
that

DAY s

Sc/l </t(t - s)_éb(s)Yl(s)ds>2x§_5’5_1)(t)dt

to

<c /11 [/:(t —5)7%ds /tt(t —5)7° (Yl(s))zds] Xg_é’é_l)(t)dt

0 0

e /I (‘“%21_5 ) / (= ) (V1 (s) 2D )t

<e [ @1~ [ (b= )7 (V) () M D ()t

to

=c /11 (tp —t)~° /tt(t —5)7° (Yl(s))2dsdt

0

:c/ (Yl(s))2 /tl (t1 —t) 70t — s)°dtds

I s

s=t

s=to

<ch; ®|IY|3, (4.8)
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and

IVAY 2 s

§c/l1 [/tt(t — s)‘%(s)( ) Yl(T)dT> ds} 2x§_6’6_1)(t)dt

0 to

SC/I [/t(t —5)%ds /t(t - S)_5< ) YI(T)dT)2d8:|Xg_&é_l)(t)dt
<chy /1 [ /t t(t—s)—éds /t t(t—s)—5( /t ’ (YI(T))QdT)ds] B ()t

1 0 0 0

gchl/I [/tt(t—s)—éds/tt(t_3)—6ds]x§‘5’5_1)(t)dt/j (Vi(r))%dr

0
s=t \ 2
)X e [ (e)ar
s=to I

—(t —s)' 70 5=
—ch / —t=s) "
! 11< 1—6  ls=
<chy / (t1— )70 (t — to)' dt / (Yi(r))dr
I Iy
<ch{ 2 |YH3,. (4.9)

Therefore, a combination of the above estimates (4.7)-(4.9) leads to
Y7, < ehi> Y], (4.10)

We now turn to show the case n > 1, we obtain from the second formula of (4.6) and
the projection theorem that

Y™ 117, =78, 00, (VP + V5 + VDY + 7,00, (V5 + VE)Y 17,
<c(IPrY I, + IVSYIE, + IVEYIL, + IVEY IZ, + IVEY™IIZ,)- (411

Next, let 0 < § < 1/2, it follows from (3.19) and the Cauchy-Schwarz inequality that
tn—1 5 2
viylz, —Oa/ (/ (t—s)” b(s)Y(s)ds) dt
0

/In [/tn ' 25ds /Otn1 (Y(S))zds} gt
VAS 1_2; T [ s

s=0
:c/In ((t—tn_l)l_% —|—t1_2‘5>dt/0tn1 (Y(s)) ds

<chn Y _[IV*3,. (4.12)
k=1
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Similarly, by (3.19) and the Cauchy-Schwarz inequality, we have

vl =cs [ [ [ =t ( [ v a
gc/jn [/Ot“(t—s)—%ds/ot“ (/OSY(T)deds}dt
gcT/In [/Ot“(t—s)—%ds /Otnl (/0 (v(r))*dr ) ds|dt
<cT? /1 [/Otnl(t— 5)"2ds] dt/otnl (Y (r))2dr
—cT? /I n <7_(t1__32);_26 :”*jdt /0 " (Y (r))%dr

tr
§CT2/ <(t—tn_1)1‘25+t1—25>dt/ 1 (Y(r))*dr
In 0
n—1

<cT?h, » |IV¥)7,, (4.13)
k=1

VY| =C /1 [ /tjl(t—s)—%(s)( /O tnlY(T)dT)ds]zdt
gc/In [/Otnl(t— )P ds /Otnl (/Otnl Y(T)dT)zdS} dt
<cT? /In [/Otnl(t—s)_%ds]dt/otnl (Y (r)%dr
—cT? /1 <—<t1—_82);‘26_ :’“jdt /0 o (Y(r))%dr

Lo
SCTQ/ <(t—tn_1)1_25—|—t1_25)dt/ 1 (Y (1)) dr
In 0
n—1

<%, 3" VM3, (414)
k=1

and

Furthermore, by (3.14) and the Cauchy-Schwarz inequality, we obtain that

Wavei =0 [ ([ o tnorneas)

<c /I /t jl(t—s)_‘sds /tjl(t—s)_5(Y"(s))2dsdt
e /I [_(’5%35)1_5 ] / " (= ) (v(s)) st

tn—1

s=t

s=tn—1
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<ch!™® / / t (t— )70 (Y"(s)) dsdt
In Jtn—1

tn
§chi_6/ (Y"(s))z/ (t — ) Odtds
In s
<chZ 2| y™|3? . (4.15)

Similarly,

VEY" 2 =C; / [ /t (t—s)"%(s) [ Y"(T)desrdt

In th—1 tn—1

Sc/ln [/t: 1(t—s)_5ds/tt (t—s)_5</ts Y"(T)d7>2ds]dt

n—1

t t s
<chn, / / (t—s)%ds | (t—s) / (v™(r)) des]d
th—1 tn—1 tn—1

|
<chn, / [ t ) 5ds/j (t—s)" 5ds]dt/l (Y"(r))%dr
—chy, / ( s_tH) dt /In (Y™ (1)) dr

<ch?=% / (Y"™(r)) dr < eh2 2|y . (4.16)
I,

Again, a combination of the above estimates (4.11) - (4.16), leads to

n—1

IY™I7, < e hallY*IF, +ch2 2 Y"1, (4.17)
k=1

Finally, by using Lemma 4.3 we have
Y3, < chi 2| Y"3,. (4.18)

Thus, if hyay is sufficiently small such that ch?2-2° < 3 < 1, we find from above that

IY™||1, =0, n > 1. This implies that (3.22) admits a unique solution since F ](\/1[1_6) (I1)
and Py, (I,) are finite-dimensional. O

Remark 4.1. The condition 0 < ¢ < 1/2 is technically required for the above analysis,
but it may not be necessary. Our numerical experiments show that the scheme is still
well posed for § € [1/2,1).

Next, we carry out an error analysis. Hereafter, let e(t) = e, (t)|cr, = y"(t) —
Y™(t)|er,, 1 <n < N,and Muyin = minj<p,<y M,.
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Lemma 4.5. Let y™ be the solution of (3.19) and Y™ be the solution of (3.22). Assume
that b(t), c(t) € C(0,T), yler, € B"5,_s(1) yler, € H™" (1) with n > 2, and integer
1<m, <M,+1,and 0 < é < 1/2. Then, for hyax is sufficiently small and 2 < n < N,
we have

o— —(1-6 —
Hel”ll S Ch 1/2M1 (1 —i_Tnl)”O.Dlél 6+m1yHX§1726+m1,m1)7 (4.193)
llenllr, < chpm M0 yll1,,, n>2. (4.19b)

In particular, if ylier, € ’HTil_é(Il), then

leall, < ehi™ M T oDy | s, (4.20a)
lenllz, < chpt My ™ 107 yll1,, n > 2. (4.20b)
Proof. According to the definitions (4.1) and (4.4) of the projection operator
}1 (15\411 *) and x I,,,M,> we know from (3.22) that
5,1-6 5,1—6
Yl 71-gl My )V7 + gl My )(V21 + V51)Y17
Y™ =7, 0, (VE+ Vg + 7,0, VP + V5 + VY (4.21)

+7TI7L7M7L(V£L + Vg)Yn7 n 2 2

By subtracting (4.21) from (3.19), we deduce that

5,1-6 —51-5
=Vig— 51 My )V719 +(Z- 77.(T1,M1 ))(Vzl + VYL,

€n = (VG + V7) ﬂ—In,Mn(VéL + V’?)g + (Z - Tr-[ruMn)(V{L + Vgl + VZL)Y
+(I—7T[mMn)(V§L+Vg)Y", n > 1.

Then, by (3.19) there holds
51-6 51-6 51-6
V7g - 7'('}1 M, )V%g = (I - 7'('}1 M, ))y + (7'('}1 My ) I) (VQI + Vé)y17
Vs +Vi)g — 71, m,(V§ + V7 )g

= (Z — 70, )" + (7100, — ) (VP + V5 + V) )y
+(71, 0, — ) (VS + VI, n>1,

with Z the identity operator. A combination of the previous two equalities, we get that

6,1—6 6,1—6
(I 7T§1 My ))y + 7T§1 My )(V21 + Vé)eb
en = (T — 7,0,y + 71, 00, VI + V5 +V))e (4.22)

+7r, 0, VY + Ve, n> 1.
Moreover, by (4.22) and the projection theorem, we obtain that

4,1 6 §,1—4
lenll, <21 — 75 5713, + 20l 5" (Vi + Vel

—6,1-6) 5,1—6
<ch <H( _7T11,M1 )y ”2( so-1) T H7711 )(V21 +V51)€1Hi55,51>>

§0h1 <HD1||2(5,51) + ||D2||2(—6,671) + HD3H2(6,61)> ) (4-23)
X1 X1 X1
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where
—4,1-¢ 1 1 1
Di=(T -y 5 W', Dy=Viei, Ds=Vie.

Next, we estimate
D512 —s5-1), J=1,2,3.
X1

By using Lemma 4.1, we find that for integer 1 < m; < M7 + 1,
9. —2(1-6 -
1D ooy < 200 o DI Ry
<ehf™ My T oDy 2 . (4.24)
1
By using similar arguments as in (4.8) and (4.9), we have
IIDzlliYa,gil) < chy ?lerl3,, (4.25a)
”DBHig—é,é—l) < chi e, (4.25b)
Therefore, for h,,, sufficiently small, we derive from (4.23)-(4.25b) that
_92(1—§ _
leallf, < ehfm H AL 20T Dty 2 (4.26)
1

In addition, we derive from the second formula of (4.22) and the projection theorem
that

lenll7, <3 — 71, a0)y" |17, + 37z, a0, (VI + Vi +Vi)ell?,
+ 3H7TI7L7M7L(V5L + Vg)en”%n

<c(||D4lF, + IDsll7, + |1 Dsll7, + D717, + 11Dsl7, + 1Doll7,) ,  (4.27)
where
D4 = (I - 7TI7L7M7L)yn7 D5 = V{Le7 D6 = V§L67
D7 = er, Dg = Vg‘en, Dg = Vg‘en
By Lemma 4.2, we get that for integer 1 < m,, < M,, + 1,
[1Dall7, < chy™ My 2™ |07yl 7, (4.28)
Let 0 < § < 1/2, in the same fashion as (4.12)-(4.14), we get that
n—1
D57, < chn > llell, (4.29a)
k=1
n—1
D67, < eT?hn > llexllF, (4.29b)
k=1
n—1
D717, < eT?hn Y llexll7,. (4.29¢)
k=1
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Furthermore, by using similar arguments as (4.15) and (4.16), we have

HDgH%n < chi_%/ ei(s)ds < chi_%HenH%ﬂ, (4.30a)

n

|Dgll7 < ch3% / e2(T)dr < chZ ®|le,|? . (4.30b)

A combination of the above estimates (4.27)-(4.30a) leads to

n—1

lell7, < e hallexlF, + chi™ M 97y, (4.31)
k=1

Finally, it follows from Lemma 4.3 that
lenll?, < chy™ M2 (|07 ]|, (4.32)
This ends the proof. O
A direct consequence of Lemma 4.5 is the following Theorem.

Theorem 4.1. Let y be the solution of (3.13) and Y be the global numerical solution
(3.13). Assume that b(t),c(t) € C(0,T), yler, € B™51_s(I1), Ylter, € H™(I,) with
n > 1, and integer 1 < m < My, + 1. Then, for hyaq suﬁ‘iciently smalland 0 < § < 1/2,
there holds

ly — Y21

N
6—1/2 —(1-¢6 — _
<ch V2N ™) D) 5+my\|xgl,25+ml,ml> + 3 RMT 0 Yl ey (4.33)

n=2

In particular; if ylier, € H™s5,_5(11), then

+1/2 4 ,—(1—6+ _
ly =¥ llzay <eh™ 20y O oDy |

N
+ 3 R M0 Y e - (4.34)

n=2

5. Numerical results

In this section, we present some numerical results to illustrate the efficiency of the
hybrid spectral element methods. To quantify the numerical results, we set
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= (3323 () - A0 o)
~ (/OT (%u(t) - %U(t)fdt)é, (5.1a)
N h My, 1
By(1) = (303 (uh(t5) — UMt ) Pen )
k=1 ° j=0
~ (/OT(u(t) - U(t))zdt)é. (5.1b)

Since solutions of (1.1) are in general non-smooth at ¢ = 0, we use a graded mesh
tn = (n/N)" forn = 0,1,--- ,N with r = M/(1 — §) in all examples below. At each
interval, we use polynomials/GJFs of degree M.

5.1. Accuracy test

We consider the following Caputo FBVP:

—§DF0u(t) + M (t) = f(t), te(0,T), (5.2)
with either B. C. Robin
o, B
(0) - 1o (0) =70, (5.3a)
u(T) + 5u/(T) =, (5.3b)

or B. C. Dirichlet u(0) = v and u(T") = ;.
We choose smooth data f = 1, and ~g, 71 such that the equation has the (non
smooth exact) solution

u(t) =2+ < +—/E15 s'70)d (5.4)

where

x 1-6\k
By ()\tl—é) — ()‘t ) ]
=0 ;:%F(l—kk(l—d))

In order to test accuracy, we use 800-point Legendre-Gauss quadrature to approximate
the integral in u(¢) in (5.4).

We first consider the case with B. C. Robin Figs. 1-2 show the numerical errors vs.
the numbers of intervals N with fixed uniform mode M = 4,5, 6, 7, in log-log scale with
T =1,\A=1/2,6 = 1/3. They indicate that the numerical errors decay algebraically as
N increases. In Figs. 3-4, we plot the numerical errors vs. the number of modes in each
interval M with fixed interval number N = 30, 40, 50, 60, in log-log scale with T = 1,
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Figure 1: The numerical errors F1(1). Figure 2: The numerical errors F2(1).
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Figure 3: The numerical errors E1(1). Figure 4: The numerical errors E2(1).

A =1/2,5 = 1/3. They also indicate that the numerical errors decay algebraically as
M increases, although Fig. 4 shows better than algebraic rate but this is probably due
to the fact that we are still in pre-asymptotic range. Since the solution is not smooth,
we do not expect exponential convergence w.r.t. M. However, one observe that with
a fixed total numbers of unknowns, increasing M leads to more accurate results than
increasing N. Despite the non-smooth solution, the method still provides very accurate
results for both «/(¢) and u(t), thanks to the graded mesh.

Next we consider (5.2) with B. C. Dirichlet. In Figs. 5-6, we plot, in log-log scale, the
numerical errors vs. the numbers of intervals N with fixed uniform mode M = 4,5,6,7
with 7= 1, A = 1/2, § = 2/3. And Figs. 7-8 show, in log-log scale, the numerical errors
vs. the number of modes in each interval M with 7' = 1, A = 1/2, 6 = 2/3.. These
results are similar to the above case with B. C.Robin

5.2. Comparison with the collocation method in [16]

We now provide a comparison with the collocation method in [16]. Consider the
FBVPs with b(t) = cos(t) — t?, c(t) = 0, ap = 1/(1 — §) and a1 = 3/5. We choose £, go
and ¢; such that the equation has the exact solution

1
w(t) = 26270 — 370 4 1 492t — 363 + 5154,

where regularity is typical of solutions of (1.1). This example was considered in [16].
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Figure 9: The numerical errors E1(1). Figure 10: The numerical errors E3(1).

In Figs. 9-10, we plot the numerical errors vs. the numbers of intervals NV with fixed
uniform mode M = 4,5,6,7, in log-log scale, of hybrid spectral element methods with
T =1, 6 =1/6. As in previous examples, we observe an algebraic convergence.

In Tables 1-2, we compare the maximum errors at 7' = 1 of our algorithm, with
M =7 and M = 11 respectively, and of the collocation method (see, Table 3 of [16]).
We observe that our method provides much more accurate numerical results with the
same degree of freedom (see the second - fifth columns of Tables 1-2). We also observe
that for a fixed number of total unknowns, M = 11 provides better accuracy than
M=T1.
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Table 1: A comparison of the numerical errors (with M = 7 in our algorithm).

DOF= 128 DOF= 256 DOF= 4096

Ref. [16] Our Ref. [16] Our Ref. [16]
0=0.11 3.787e-04 | 9.291e-10 || 9.476e-05 | 4.154e-12 3.704e-07
0=0.2 | 4.051e-04 | 4.762e-09 || 1.015e-04 | 2.191e-11 3.976e-07
0=0.3| 4.277e-04 | 1.941e-08 || 1.076e-04 | 9.234e-11 4.232e-07
0=04 | 4.361e-04 | 7.636e-08 || 1.104e-04 | 3.793e-10 4.392e-07
0=0.5 1 6.530e-04 | 3.147e-07 || 1.619e-04 | 1.672e-09 6.244e-07
0=0.6 | 1.337e-03 | 1.409e-06 || 3.346e-04 | 8.621e-09 1.313e-06
0=0.71 2.992e-03 | 7.941e-06 || 7.619e-04 | 5.858e-08 3.111e-06
0=0.81| 7.721e-03 | 5.285e-05 | 2.015e-03 | 6.519e-07 || 8.774e-06
0=0.9| 2.963e-02 | 5.038e-04 || 7.953e-03 | 1.702e-05 3.724e-05

Table 2: A comparison of the numerical errors (with M = 11 in our algorithm).
DOF= 192 DOF= 768 DOF= 6144

Ref. [16] Our Ref. [16] Our Ref. [16]
0=0.1| 4.885e-07 | 1.681e-11 || 7.690e-09 | 3.444e-13 1.504e-11
0=0.2 | 1.346e-06 | 1.407e-10 || 2.111e-08 | 4.138e-13 4.116e-11
0=0.3 | 3.005e-06 | 9.837e-10 || 4.696e-08 | 3.526e-13 9.110e-11
0 =04 | 6.449e-06 | 7.005e-09 || 1.008e-07 | 4.214e-13 1.944e-10
0 =0.5 | 1.409e-05 | 5.552e-08 || 2.230e-07 | 3.900e-13 4.287e-10
0=0.6 | 3.251e-05 | 5.200e-07 || 5.319e-07 | 4.236e-13 1.031e-09
0 =0.7 || 8.312e-05 | 5.860e-06 || 1.445e-06 | 2.773e-12 2.888e-09
0=0.8 | 2.604e-04 | 6.451e-05 || 4.998e-06 | 6.519e-10 1.064e-08
0=0.9 | 1.508e-03 | 6.566e-04 || 3.303e-05 | 9.867e-08 7.659e-08

6. Concluding Remarks

We proposed in this paper a hybrid spectral element methods for Caputo- and RL-
FBVPs with two-point Robin and Dirichlet conditions. To avoid solving linear system
which couples all unknowns, we first reformulated the FBVPs as weakly singular VIEs,
and then we designed an efficient hybrid spectral element method, which use GJFs in
the first interval to deal with the solution singularity at ¢ = 0 and Legendre polynomials
as basis functions. We established the existence and uniqueness of the numerical solu-
tion, and derived the hp-type error estimates for the hybrid spectral element methods.
Numerical experiments demonstrated that the proposed method is capable of proving
very accurate results despite the solution singularity.
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