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A New Efficient Spectral Galerkin Method for
Singular Perturbation Problems

W. B. Liu' and Jie Shen?
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A new spectral Galerkin method is proposed for the convection-dominated
convection-diffusion equation. This method employs a new class of trail function
spaces. The available error bounds provide a clear theoretical interpretation for
the higher accuracy of the new method compared to the conventional spectral
methods when applied to problems with thin boundary layers. Efficient solution
techniques are developed for the convection-diffusion equations by using
appropriate basis functions for the new trial function spaces. The higher accuracy
and the effectiveness of the new method for problems with thin boundary layers
are confirmed by our numerical experiments.

KEY WORDS: Spectral-Galerkin method; boundary layer; singular perturba-
tion; convection-diffusion.

1. INTRODUCTION

Many physical processes possess very thin boundary layers within which
some concerned physical quantities vary sharply. The presence of thin
boundary layers introduces a serious difficulty for their numerical simula-
tions. Conventional numerical schemes, e.g., conventional spectral methods,
finite element methods or central difference methods, usually suffer from
numerical instability and/or unphysical oscillation when applied to a
reasonably accurate mathematical model of such processes. Among the well
studied mathematical models is the convection-diffusion equation:

—& du(x) + Vu(x) - p(x) + g(x) u(x) = f(x, €), in Q (1.1)
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where Q is a domain in RY with d=1,2 or 3, ¢>0 is a fixed constant.
We assume for convenience that p=(p,,.., p,)’, g and f are smooth func-
tions on 2 and | f(-, &}l «(q, is bounded by a constant independent of .
In this paper, we restrict ourselves to the cases 2 =(—1, 1) and only the
homogeneous Dirichlet boundary condition for u is considered.

In many applications, Eq. (1.1) possesses boundary layers of width
O(g”), where y is a positive constant. When the parameter ¢ is very small,
it is well known that the central difference schemes and conventional finite
element schemes suffer from unphysical oscillation when applied to Eq.
(1.1), unless very fine meshes are used. For the conventional spectral
methods (cf. Gottlieb and Orszag (1977); Canuto et al. (1988): or Funaro
(1992) for a general introduction of the spectral method), very large N
(N is the number of modes of the approximate solution in each direction)
is required to get acceptable resolution of the boundary layer. This causes
various computational problems. For instance, the pseudo-spectral methods
with large N lead to severely ill-conditioned systems, resulting a significant
loss in precision. In fact, when the problem possesses a boundary layer of
width O(g) with ¢ <1 (e.g., £ < 10~°), high accuracy cannot be expected by
using the conventional pseudo-spectral method [cf. Eisen and Heinrichs
(1992)]. There have been many attempts in searching suitable schemes for
this problem. For instance, the adaptive finite element or finite difference
method (cf. Ascher er al. (1979)], up-wind finite difference method [cf.
Hughes (ed.) (1979)], the boundary layer resolving spectral methods
[ BLRSMs, cf. Orszag and Israeli (1974); Tang and Trummer (1993)] and
others [ Kalinay De Rivas (1972); Maclcenzie and Morton (1990); Oriordan
and Stynes (1991)] have been successfully applied to the Eq. (1.1) in various
cases. We shall focus our attention to the spectral methods. It is observed that
the BLRSMs can handle very thin boundary layers and give very accurate
results when the solutions are smooth [ cf. Orszag and Israeli (1974); Liu and
Tang (1994b); and Tang and Trummer (1996)]. The key to the success of the
BLRSMs is to apply suitable transformations to the approximate equations
before discretizing them with global polynomials as the trial functions.
However, the transformed equations are usually rather complicated with
degenerate coefficients even when the original equations are very simple. In
fact, let x;= g,(y,;) with g,e C*[ —1, 1] such that

g(—-1)=-1, g(l)=1, gi(y)>0, for y,e(—=1,1)andi=1,..,d

Applying the change of variables x =g(y) to Eq. (1.1), we obtain

d d

—¢ ), 4;0,(a;0,0)+ ), aiP;d,v+q(gly) v=/flg(y)e), nQ (12)

i=1 i=1
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where

wy)=u-gly), aly)=1gy), Ply)=p;-gly) i=1.,4d

In order to obtain a finer resolution near the boundary, it is necessary to
have J,(—1)=g'(—1)=0 and/or J,(1)= g}(1) =0 for at least one index i.
Hence, a,(y,) is not even bounded near the boundary. Therefore, the trans-
formed equation has unbounded coefficients even when the coefficients of
the original equation are constants. This causes several major difficulties o
the analysis and to the implementation of these methods. For instance, it
is very difficult to carry out a theoretical analysis for such schemes due to
the degenerate character of the transformed equations. On the other hand,
the complexity of the transformed equations also increases considerably the
difficulty of the implementation.

One of the essential questions is what is the gain in accuracy by using
the BLRSMs compared with the conventional spectral methods. This ques-
tion has recently been-addressed in [Liu and Tang (1994a,b)]. Another
important question which we would like to address here is how to
efficiently solve the transformed Eq. (1.2). The existing procedures [cf.
Orszag and Israeli (1974); and Tang and Trummer (1996)] are based on
applying the conventional pseudo-spectral methods directly to the trans-
formed equations. Therefore, to generate the discretized matrix system, one
first needs to evaluate some unbounded functions at the collocation points
including those near or at the boundary. This introduces extra computa-
tional difficulties and appreciable roundoff errors when the number of
collocation points N in each direction is large. Furthermore, one needs to
solve an ill-conditioned linear algebraic system with a full matrix. There-
fore, this type of implementations is not efficient.

The main purpose of this paper is to address the difficulty of the
implementation. We here propose a new spectral-Galerkin method which
uses a new trial function space. In addition to the ability of resolving very
thin boundary layers, the resulting linear system can also be efficiently
solved in many notable cases. More precisely, when p; (i=1,.., d) and g are
constants, the resulting linear system has sparse matrix which can be
efficiently inverted by a direct method. Therefore very efficient and accurate
direct solvers can be developed for Eq. (1.1) in this case. A remarkable fact
is that the computational complexity of the new spectral-Galerkin method
is essentially the same as that 1: of the very efficient conventional spectral-
Galerkin method developed by Shen (1994). In other words, the ability of
resolving much thinner boundary layers does not introduce extra computa-
tional expenses. Variable-coefficient or nonlinear problems can be dealt
with using an iterative method with a suitable constant-coefficient problem

854/11/4-9



414 Liu and Shen

as the preconditioner or subdomain solver. More specifically, in solving Eq.
(1.1) on a complex geometry by the domain decomposition methods or
fictitious domain methods, it is essential to have a fast and highly accurate
solver on a rectangular domain. Since this solver will be repeatedly used in
the iterative process, the efficiency and accuracy of those methods will
largely depend on that of the solver. The method developed here can also
be used in solving time-dependent problems with thin boundary layers such
as Navier-Stokes equations with high Reynolds number, since at each time
step an equation like the form of Eq. (1.1) need to be solved.

Theoretical analysis for the one-dimensional case and numerical
experiments for one and two dimensional cases indicate that this new
method is more efficient and more accurate than the existing spectral
methods. The idea in this work can be easily adopted to other singularly
perturbed elliptic equations, including the fourth-order elliptic equations.

We now briefly describe some of the notations used in this paper.
We adopt the standard notations L*(2) and H”(Q) to denote the usual
Sobolev spaces, and H}(2) to denote the subspace of H™(£2) whose
elements have vanishing traces. We denote by L2(Q) and H7(Q) the
weighted Sobolev spaces with the weight function w. Let I=(—1,1),
we denote 7, to be the space of real polynomials on 7 with degrees not
exceeding N. We set Xy={uyeny:upy(+1)=0}. We shall use letters of
boldface type to denote vectors and vector functions as well as product
spaces such as Xy=[1", Xn.

The rest of the paper is organized as follows. In Section 2, we intro-
duce the new spectral method. In Section 3, we develop efficient solution
techniques for the new Legendre-Galerkin method applied to the convec-
tion-diffusion equations in one-and two-dimensional domains. In Section 4,
we present numerical experiments, by using both the new and conventional
Legendre-Galerkin methods, on several typical examples with thin bound-
ary layer. Some error analysis for the one-dimensional case is presented in
the Appendix.

2. THE NEW SPECTRAL GALERKIN METHOD
We first examine the weak formulation for Egs. (1.1) and (1.2). The
weak formulation of Eq. (1.1) reads: Find ue H () such that

ngV::-Vvdx%—L(pr)vdx-%—Lquvdx

=L2fu dx, VveHYQ) (2.1
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The conventional spectral Galerkin method is: Find u,, in X, such that
sj VuN-Vva’x+J‘ (Vawp)vdx-i—j qqudx=J. Svdx, YveXy
2 2 2 2
(22)

As indicated in the introduction, Eq. (2.2) is not appropriate to
approximate Eq. (2.1) when ¢ < 1. To introduce the new method, we apply
the transformation x = g(y) as described in Section 1 to Eq. (2.1). Let us
denote J(y) =TT{., J:(y;) with J,(y;) = gi(y,) and

d

GHy(£2) 1={UGH<')(Q)Z 1ol 30y + 2 10,00 220 < 00} (23)
i=1

i=

where w,(y) =a(y,) J(y). It should be noted that all the smooth functions
with compact support in £ are indeed in this space. A weak formulation
of Eq. (1.2) can be established in GH(Q2) which is the image space of
H}(2) under the transformation Gu :=u-g. We multiply the Eq. (1.2) by
J{y) and set

d

A(v,w)= Y, j (a;J)2,v0,w) dy-}-j Qowdy (2.4)
i=1 782 @
d

Blo,w)=Y, j a,JP(,0) wdy (2.5)
j=1"92

(F, w)= j Fw dy (2.6)
Q

where Q(y)=q(g(y)) J(y) and F(y, ¢) = f(g(y), &) J(y). Then the weak for-
mulation for Eq. (1.2) is as follows:
Find ve GH () such that

eA(v, w) + B(v, w) = (F, w), YweGH Q) 2.7

We now consider the approximation of Eq. (2.7) by using a spectral
Galerkin method. At the heart of the new spectral Galerkin method is a
new trial function space. Although it is possible to present this space in the
x variable(s) and then introduce the new method for Eq. (2.1) directly, it
is more convenient to introduce the trial function space in the y variable(s)
and introduce the scheme for the transformed Eq. (2.7).

It is essential to find suitable trial function spaces in order to properly
approximate the solution of Eq. (2.7) in GH (). It is clearly improper to
consider the Galerkin approximation for Eq. (2.7) in X. One would then
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naturally consider the image space of X, under the transformation G
defined earlier as the trial function space. It turns out, however, that one
would obtain the same results by applying the spectral Galerkin methods
directly to Eq. {2.7).

Let Y\ ={veH{Q)I):v'=J,P,Peny},i=1,.d It is clear that
Y’, is a N dimensional subspace of GH(I) with Gu :=uo-g, It turns out
that the space Yy=[]¢_, Y’ is a good choice as the trial function space.
Therefore, the new spectral Galerkin approximation for Eq. (2.7) reads:
Find vy € Y, such that

eA(U N, WY+ Bluy, w)=(F, w), YweYy {2.8)

The theoretical analysis, especially the error analysis, for this scheme is not
an easy task. In the Appendix, we present some results for the one dimen-
sional case. The details of the proof can be found in Liu and Tang (1994b).
The analysis for the multi-dimensional case is much more difficult and will
be addressed in a future work.

3. AN EFFICIENT IMPLEMENTATION OF THE
NEW GALERKIN METHOD

A new spectral Galerkin method is introduced above and the results in
the Appendix indicate that the new method leads to higher accuracy when
applied to Eq. (1.1) with ¢<1. However, one important question left
unanswered is how to implement the new method efficiently. It is clear that
the efficiency of the method depends on the choice of basis functions for Y.
1f the basis functions are not properly chosen, the resulting linear system will
generally have a full matrix. Therefore, the computational work will be
significantly increased compared to the conventional spectral Galerkin
method [cf. Shen (1994)]. In this section, we show that for problems with
constant coefficients, we can find an appropriate basis for Y, such that the
resulting linear systems have sparse matrices. Furthermore, these linear
systems can be solved by an efficient direct method. The problems with
variable coefficients are solved by using a preconditioned conjugate gradient
type method with a suitable constant-coefficient problem as the preconditioner.

3.1. One-Dimensional Case

Let us consider first the following equation:
—ev, +Pu.+yu=f xel, u(+1)=0 (3.1)

where f and y are some appropriate constants.
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Let k be a positive integer. We consider the following transformation:

=g =gk =—1+o [ (1) d

with o,=2 (jl

—1
(1=t dy) (32)

Hence, J(y)=J(y, k)= g'(y, k) =0,(1 — y*)* and
Yy=Yulk)={ve HYI): o' =JP with Peny) (33)

To alleviate the notations, the parameter k in the notations will be
frequently dropped when no confusion is possible.

Then the new spectral Galerkin method for Eq. (3.1) is: Find v, € Yy
such that

1 1 L
aj J“v’Nw'dy—}-,BJ Jv’,\,wdy-i-yj Joyw dy
1 -1 -1

H
= f Jfogwdy, YweVYy (3.4)
-1

It is clear that Y, is a N dimensional space. However, it is not clear at all
how to construct an appropriate basis for Y, such that the linear system
(3.4) can be efficiently solved.

Since the Legendre polynomials form an orthogonal basis for L*(I),
it is natural to construct basis functions for Y by using the Legendre poly-
nomials. Let L,{x) denote the ith degree Legendre polynomial. If we set

z//,(y)=jli‘ JONL(D) +a)dt,  i=1,2,..N (35)

and we choose a,= —3 (', J(r) L,(1) dt, then y,(1)=0 and ¢,e Y. It is
obvious that {y,},_ . » are linearly independent and therefore form a
basis for Y. Unfortunately, this basis leads to a full matrix for the linear
system (3.4) and hence is prohibited in practice for N large. We shall con-
struct below a more appropriate basis by exploiting the properties of the
Legendre polynomials.

The following well known identities of the Legendre polynomials [ see
for instance Szegd (1975)] will be frequently used:
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! 2
|| L L dy= =577, (36)
! 1
[ L) di =g (L () = Lii(3) (37
e
(1= B =22 o) - L) (38)

yLi(y)= ((G+ 1) Ly o (¥) +iLi_o(3)) (3.9)

2i+1

Let us define

¢,.~,{(y)=j"’ (A= LO  (d,  i=0,1,2,., k=1,2.. (3.10)

The following Lemma shows that ¢, , can be expressed as compact com-
bination of the Legendre polynomials.

Lemma 1. There exist constants {a\"*'} such that

k41

éi.k(y)= Z a}i‘k)Li—PZj(y)a i=09 I! 27"'a k= 15 2:--- (3'11)

i=0

Proof. We prove the result by induction on k. For k=1, we can
derive Eg. {3.11) by direct computation using Egs. {3.10), (3.7) and (3.8).

Now we assume that Eq. (3.11) holds for k<m —1. Then by Eq.
(3.10) and integration by part,

b)) ==y L)+ [ 2 =2y L de (312)

We derive from Eq. (3.10) that
Prvcrm—1(¥)=(1=y*)" " L0 (p) (3.13)
Therefore, since ¢, ,(—1)=0 for any 7 and k, we have
BinN =1 =) Grrm N +2[ 1 t)d
=(1 ""y2) ¢’i+l.m—|(y)+2y¢i+l‘m-—l(y)

y
_—2f l¢i+).tn—l(t)dt (3.14)
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By assumption, we have

bigs

¢i+].m—l(y) = Z a}i“»l""_”Li,‘_l_,_zj(y)

j=0
Hence

i

i
;+1.m—1(}’)=z aj-H " ”L’i+l+2j(y)

j=0

Using these two relations in Eq. (3.14) and using Eq. {(3.7)-(3.9), one can
easily conclude that there exist constants a!“™ such that

w4+ 1

¢l’. m( y) = Z a_;'i' m)Li-i—Zj(y)a i= 0, 1: 25
=0

J=

The proof is complete.

Theorem 1. {4, .}—o 1. ~— form a basis for Yy(k), k=1,2,...

Proof. By definition, ¢, (—1)=0,i=0,1,.,N—1,k=1,2,.. On the
other hand, by using Lemma 1 and the fact that L,(+1)={+1)’, we derive

k+lo k+1 o
¢ (1) = Z a}"mLiJij(l): Z a}"mLi-o-zj(—l)(—l)MzJ
j=0 j=0

k+1

=(=1" Y af"* Ly (=D =(=1)¢,,(—1)=0
=0

J

Since L%, ., eny for i=0, 1,.., N—1, we conclude from Eq. (3.10) that

¢, « € Yylk) for i=0, 1,.., N— 1. On the other hand, if there are constants
b, such that 3V ' b,4, (»)=0, yeI, then by Eq. (3.10), we have

9 N-—1
[ (= T BLE L (0di=0,  yel
- i=0
Taking the derivative with respect to y, we derive
N1
(I=y ¥ oL (»)=0,  yel
=0

which implies

N—1
Z biLﬁ'i)k.f-:(}’):O, yel
i=0
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It is clear that {L*), . ()} =0.1.. ~_ are linearly independent. Therefore,

bo=b,= .- =by_;=0, and {¢i.k(y)}i=0.l.....N—l are linearly inde-
pendent. Since dim{Y,(k)} =N, {¢, ()} ;=0.1..~_1 form a basis for
Y (k). The proof is complete.

Since J(y, k) = o, (1 — y*)*, we conclude from Theorem 1 that for any
nonzero constants o, ,, the functions

i) =k jl J k) LY, (0d, i=0,1,.,N—1 (3.15)

also form a basis for Y,(k). The constants «, , are of our choice. By
Lemma 1, we have

k+1

Vily) =0, 1 0,¢;  (¥)= Z “i.ko'ka}i'k)l‘mzj(ﬂ, i=0,1,., N~1
i=0
(3.16)

Let us now reformulate the Eq. (3.4) under the basis functions defined by
Eq. (3.15). For a fixed k, we denote

N—1

UN(y)= Z xi‘//i.k(y)’ x=(x0:xlr"7 xN-l)T

i=0

and

fi=[ i g k) Vs dt 8= o frr )

We also denote
ay=a, (=] T3 W) dy
A= AK) = (@)K, oo v (3.17)
by=b,0)=[ TG Vi) ¥ a)
B= Bk = (by(k), o 1...n- (3.18)
cy=es=[ U)W dy

C=Clk)=(cy(k))i j=o.1..n-1 (3.19)
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By using these notations, we find that Eq. (3.4) is equivalent to the
following linear system:

(eA+pC+yB)yx={ (3.20)

The next Lemma shows that the matrices 4, B, and C are banded with
band-lengths independent of N. Thus, the system Eq. (3.20) can be solved
in O(N) operations for any k.

Lemma 2. Let k be a positive integer. Then A4(k) and B(k) are sym-
metric positive definite and C(k) is skew-symmetric. Furthermore,

a,;(ky=0 for is#j
bk)y=0 for i#j, j+2,.,j+(4k+2)
c;=0 for i#j+1,j+3,.,jt2k+1)

Proof. We observe immediately that 4 and B are symmetric and C
is skew-symmetric. Furthermore, for any X = (Xg, X[, Xy_ ), let w(y) =
N X k(»). Then we have

1
xTAx——-f J')yw () w(yydy>0 if x#0

-1

and

xTBx=f‘ J)wyywy)dy>0 if x#0

-1

Therefore 4 and B are positive definite.
We derive from Eq. (3.15) that

Vi y)=ai (k) L () (321)

Using Eqgs. (3.17) and (3.21), and integration by part,
H . H kel
aif(k)'—'“s.a-j 1 Li‘ﬁ»)ki-l(y) ‘p}‘&(J’) dy = “%’.A—J 1 L‘,-f;.:;(}’) ‘f’j.k(}’) dy

Since LX*') e, we derive from this relation and Eq. (3.16) that
a;(k)=0 for i < j. By symmetry, we have also a;(k)=0 for i>j.
Since J(y, k) =0a,(1 — y*)*, we have

bk =i | (1= W) Vi) dy
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We observe from Eq. (3.16) that (1 — y*)* ¢, , €74 2 1)+ 2%~ Therefore,

by(k)y=0 for i+4k+2<j By symmetry, we have also b,(k)=0 for
j+4k+2<i On the other hand, it is easy to realize by using repeatedly
Eq. (3.9) that Legendre expansion of (1—p*)* L(y) is of the form
Sk _ W B¥EOL, 5 (y). Therefore, b;(k)=0 if i, j are not of the same parity.
We then conclude that

by(k)=0  for i#j, j+2,., j* (4 +2)

By using Eq. (3.7), it is easy to derive that

m—1

m(Y) Z (2[+ 1) L[(,\f)

= 0; I+ m odd

By using this relation and Eq. (3.15) in Eq. (3.19), we can conclude that

clky=10 for i#£j+1,j+3,..,jx2k+1)

if
The proof is complete.

The entries of 4, B and C can be explicitly computed by using proper-
ties of the Legendre polynomials. The following lemma provides explicit
formulae for a;;, b; and ¢, in the case of k= 1. Note that in the following
lemma, the parameter k is dropped from most of the notations, and q,, b,,
¢, are not related to a;, by, c;;.

Lemma 3. Let k=1, then J(y)=J(y, 1)=31—3?). We set «, , =
—(2(2i+3)2i + 5)/3(i + 2)(i + 3)) and denote

4 2(2i+5) _2i+3 o i B —2i*—i+3
i 7 0 T 2i 7 T 2i+ 10 T Q2i+ D)2+ )
oo 2 19i+42 f_(2i+3)(2i+5) 2
T it i) T ieneivy S T2t

Then we have

llli,l(y)=Li(y)+aiLi+2(y)+biLi+4(y) (3.22)
_42i+3)%(2i+5) B o
a;= 3G+ 2)43) a;=0 for i#] (3.23)
6(2i+5) 2024 3)
Ci+l.i=“ci.i+l=__"2l.—+9'—s Ci+3.i=_ci.i+3=~m (3.24)
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c; =0 for i#£j+1,j+3 (3.25)
biire=—fiCir6&i+s (3.26)
biiva=bigira—(€Ci agivstfidiia8iss) (3.27)

biiv2=(a;8ir2+b:a;,28:4)

—(dic;y 28 Feidi 28t filii28iys) (3.28)
b, i=(g;+algi 2 +blgis)

—(ci g +digi i +ei gyt S18irs) (3.29)
bij=b, by ;=0 for i#j,j+2,j+4,jt6 (3.30)

Proof. We can derive Eq. (3.22) by direct computation using Eqs.
(3.10), (3.7) and (3.8). By using Eq. (3.8) and integration by part, we
obtain

[+ 2)(i+3) !
A =10t % (—12_1')-&1_;:—){_1 (Lis¥)=Liss(D) LjsoAy) dy

(since L,(+1)=(+1))

. 2 . 3 ]
(2003 | Ly aONEL(9) = L)) dy

L T T

(using Eq. (3.7))
1
=10, (i +20+3) [ Lya(y) Liya(y) dy

Equation (3.23) is then a direct consequence of the above relation and
Eq. (3.6).
Similarly, using Eq. (3.10), Eq. (3.8) and integration by part,

1 1
ey=] WO dy=a [ T L) () dy
(+2)(j+3)

_3
T2 245

& J_l (Lj+ 1(}’)—Lj+3(Y)) Y, (y)dy

We can then derive Eq. (3.24) and (3.25) by direct computation using
Eq. (3.22) and Eq. {3.6).
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The computation of 4;; is a little more involved. We split b, into two
part as follows:

! !
b::i=§f_t (1) ‘//_/,l(f)df”‘%J ! i (1) “//j.1(f)df=b;,~—b}",v

Then b ,'g can be easily computed by using Eq. (3.22) and Eq. (3.6). To com-
pute b3, we use Eq. (3.9) and Eq. (3.22) to get

W (ty=cL,_(t)+d,L; () +e.L; 1)+ fil;, s(1)

We can then compute b, and derive Egs. {3.26)—(3.30) by straightforward
computation using Eq. (3.6).

Remark 1. Thanks to Lemma 1, the matrix for the system Eq. (3.20)
has only nine nonzero diagonals in the case k=1 and hence can be easily
inverted in O(N) operations. The matrix becomes even simpler when f or
y=0. In fact, if y=0, the matrix is tridiagonal; if =0, the system
(¢4 +yB) x =f can be decoupled into two subsystems with odd and even
components of x.

In the case k> 1, it is clear that we can also derive explicit formulae
for the corresponding matrices A(k), B(k) and C(k) under the basis
Eq. (3.15). We should point out that although the numbers of nonzero
diagonals of B(k) and C(k) increase as k increases, but they remain to be
independent of N (see Lemma 2). Therefore, the system Eq. (3.20) can still
be solved in O(N} operations.

3.2. Two-Dimensional Case

It is well known that certain singularly perturbed problems arising in
physical and engineering sciences also exhibit boundary layers of the form

u(x, s) =a(s)yexp(—e " p(x))

where s, p denote the arc length and the normal distance to the boundary
of a point x within the boundary layer, a(s) is a smooth function. It is clear
that this type of boundary layer phenomenon is essentially one-dimen-
sional. Hence, good approximation properties can be expected by using the
tensor product of the one-dimensional approximation space. To fix the
idea, we consider the model problem:

—edu+Pu,+yu=f  xeQ=I* ulp=0 (3.31)
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where ff and y are some appropriate constants. More general equation with
additional first-order term au,, can also be treated in similar manner.

We continue to use the notations in Section 3.1. For fixed k, Let g be the
function defined in Eq. (3.2), we use the transformation x; = g( ;) = g(y;, k),
i=1,2. Hence, J{y)=J(y)=J(y; k)=0,(1—y])* and a,(y,)=1/T(y),
i=1, 2. We will drop the parameter k£ from the following notations. We set

Yy=Yyx YN=5pan{lpi(.V|) Yi(y2):4,j=0,1,.,N— 1}

Therefore, the scheme in Eq. (2.8) applied to Eq. (3.31) is as follows: Find
vy € Y, such that

j Jza,a‘.‘vNa‘.lwdy-}-f J,aza,,ﬂv,\,a‘,,wdy—kﬁj J,0,,oywdy
Q ’ ’ Q o o Q o

+ | JlszNwdy=_[ JJofogwdy, YweYy (3.32)
Q (2]
Let us set
N —1
vy, Y2 = Z Ug/‘//i(yn)‘//j(yz)
i j=0 (3.33)

V= (uij)i. J=0.1..N—1

So=] T a2 (870, ra)) Wiy Y2 dy
@ (3.34)

F= (f,'f)i.j=o. lo.. N—1

Let 4, B, and C be the matrices defined in Section 3.1, we find that
Eq. (3.32) is equivalent to the following matrix equation:

e(AVB+ BVA)+ BAVC+yBVB=F (3.35)

We can also rewrite this equation in the following form using the tensor
product notation:

{{(A®B+B®RA4)+PA®C+yB® B} v={

where f and v are respectively F and V written in the form of a column
vector, i.e.

f=(fi).05 f!.()s"'? fN— 1.05 f(}‘la“w fN— 1 Lo f0.¢1r~-9 fN— l.N—l)T

and ® denotes the tensor product of matrices, i.e., A ® B=(4b;); ;—o.1...n—1-
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We now describe how the Eq. (3.35) can be efficiently solved by using
the matrix decomposition method. Since 4 is symmetric positive definite,
A'? is well defined. We make the transformation

APV =X, ie, V=A4"12x
Multiplying 4 ~'” to Eq. (3.35) and applying this transformation, we get
o(XB+ A~ '?BA~"2XA)+ BXC+yA~'?BA-12XB=A"'2F  (3.36)

Since the matrix 4 '?BA4~'? is symmetric, there exist an orthogonal
matrix E and a diagonal matrix A, consisting respectively eigenvectors and
eigenvalues of 4 ~'?B4~'? such that

A~'?B4~'\2E=EA
We then define W= E7X and set X=EW in Eq. (3.36), obtaining
& EWB+EAWA)+ BEWC+yEAWB=A"'?F
Therefore, since E~' =E7, we find
e WB+ AWA)+BWC+yAWB=ETA'?F=G (3.37)

Taking the transpose of this equation, since 4 and B are symmetric and C
is skew-symmetric, we obtain

e(BWT+ AWTA)— BCWT +yBWTA=GT (3.38)

Let Wp=(Wp_0, wp,l)'"s wp.N—])T and gp= (gp.Os gp,l’"'s gp.N— l)T for p=
0, 1,., N—1. Then the pth column of the Eq. (3.38) can be written as:

(eB+ei,A—BC+yA,Byw,=g,, p=0,1,,N—1 (339)

where 4, is the pth entry of the diagonal matrix 4. We note that for each p,
Eq. (3.39) is in fact an equation of the form Eq. (3.20).

In summary, the solution of Eq. (3.35) consists of the following steps:

1. Pre-processing: compute the eigenvalues and eigenvectors of 4~/
B4~

2. Compute G=ET4~'7F;

3. Obtain W by solving Eq. {(3.39);

4. Set V=A"'2EW.
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Since 4~'2BA =" has only a fixed number of nonzero diagonals, the
eigenvalues and eigenvectors of 4~ '2B4~'? can be computed in O(N?)
operations. Solving Eq. (3.39) for p=0, 1,.., N, requires only O(N?) opera-
tions as well. Hence, the bottleneck of the algorithm is the two matrix
multiplications in Steps 2 and 4. The operation counts for the two matrix
multiplications can be further reduced by half if we take into account the
fact that e,;=0 for k + j odd. Consequently, Steps 2 and 4 take about 2N*
arithmetic operations. In short, the complexity of the new Legendre-Galerkin
method is essentially the same as that of the conventional Legendre-Galerkin
method [ cf. Shen (1994)].

Remark 2. This algorithm can be easily extended to the three-dimen-
sional case with 2 =71°. We refer to [Shen (1994)] for similar considera-
tions on this aspect.

For problems with variable coeflicients, the resulting discrete systems
usually have full matrices. Hence, it is inefficient to evaluate these matrices
and to invert them directly. However, given an equation with variable coef-
ficients, we can choose an appropriate equation (which approximates the
original equation in certain sense) with constant coefficients as a precondi-
tioner. Then the original equation with variable coefficients can be solved
by using an iterative method such as the Preconditioned Conjugate Gradient
Method (see Example 3 later). The convergence rate of the iterative method
varies with different equations but is usually independent of N.

4. NUMERICAL EXPERIMENTS

In this section we report on several numerical results by using the new
Legendre-Galerkin method presented in the previous section. All the com-
putations are based on the transformation of Eq. (3.2) with k= 1. In order
to demonstrate the high accuracy and the efficiency of the new method, we
also make some comparisons with the conventional Legendre-Galerkin
method [cf. Shen (1994)] and with the boundary layer resolving Chebyshev
method [cf Tang and Trummer (1996)].

We note that for the transformation of Eq. (3.2) with k = 1, the highest
degree of Legendre polynomials in both X,y and Y,_; is N. Hence, we
shall compare the conventional Legendre-Galerkin method in X with the
new Legendre-Galerkin method in Y,_,;. Note however that X, is a
(N —1)¢ dimensional space, while Yy_, is a (N —3)“ dimensional space.
Let ./, be the set of the Legendre Gauss-Lobatto collocation points with
respect to X,. For all the examples considered below, we compute

lu—snl- = max [u(g(y)) —un(8(¥))l



428 Liu and Shen

and

lo—vn_3ll= =max [o(y) —vy_s(y)l
yE. My
where v=u(g(y)), uy and vy _, are respectively the solution of the conven-
tional Legendre-Galerkin scheme in Eq. (2.2) and the new Legendre-
Galerkin scheme in Eq. (2.8). Since the collocation points in the y
variable(s) in .# ,- are well condensed near the boundary for the x
variables, the boundary layers in x variable(s) are well resolved by #
(for N sufficiently large). Hence, ||u —upy|,» (resp. v —vpy._3ll,«) is usually
very close to [l —uyj«a (1ep. 0= 03 llu(ay):

Example 1. Our first example is the one-dimensional diffusion equa-
tion

_gu.\c\"*’u:_%}'s XEI, u(i1)=0 (41)

with the exact solution

_sinh((x+1)/,/e) _x+1
sinh(2//) 2

The solution has a boundary layer at x =1 of width 0(\/;:).

In Tables I and II, we list the maximum pointwise error ||y — uy ||« by
the conventional Legendre-Galerkin method (CLGM), and maximum
pointwise error [v—uvy_,ll;» by our new Legendre-Galerkin method
(NLGM). For the sake of comparison, we also included in Table II the
available results by the boundary layer resolving Chebyshev-collocation
method with m =1 which corresponds to NLGM with k=1 [BLRCC,
cf. Tang and Trammer (1996)]. We recall that for the same value N, the

u{x)

Table I. Maximum Pointwise Errors |u—uy|,~ and |lv—vy_1ll,.. for Example 1

Method N e=10E—-8 ¢e=10E—-9 ¢=10E~10 &e=10E—11 e=10E~12

CLGM 512 39E-7 48E-3 L6E~1

CLGM 1024 55E~17 14E-3 LOE~1

CLGM 2048 32E-5 32E-4 6.1E-2
NLGM 64 45E-3 39E-2 14E~1

NLGM 128 1.3E~5 45E—-4 47E-3 23E-2 64E~2

NLGM 256 3.0E~12 6.6E~9 22E—-6 L1IE-4 1LSE~3
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Table 1. Maximum Pointwise Errors Ju—uy|l,~ and |[v—v,_3l,,. for Example 2

Method N e=10FE—~4 ¢=10E-5 ¢=10E—6 ¢=10E-7 ¢=10E-8

CLGM 512 22E-7 1.8E—1

CLGM 1024 13E-9 9.5E-4 o(1)

CLGM 2048 42E-8 SIE-2 o)

NLGM 64 32E~3 L6E—1

NLGM 128 9.7E~6 38E-3 33E-2 o)

NLGM 256 21E~12 14E—6 1.6E-3 27E-2 o)
NLGM 512 6.35E—12 24E-7 51E—4 35E-2
BLRCC 64  O(1L.OE-2)

BLRCC 128 O(1.0E-5) O(1.0E-1)

BLRCC 256 O(1.0E-12) O(1.0E-1)

computational complexity of CLGM and NLGM are essentially the same,
while that of BLRCC is much higher.

Example 2. The second example is the one-dimensional convection
equation

—elU U, = —1, xel, u(+1)=0 (4.2)
with the exact solution

=exp((x+1)/a)—1_x+1

Ux) = p(2e) -1 2

The solution has a boundary layer at x =1 of width O(e).

We observe that for the first two examples, the NLGM is considerable
more accurate than the CLGM when ¢ is small. It is transparent from
Tables I and II that the NLGM can resolve much finer boundary layer
than the CLGM. We emphasize that for a fixed N, the computational com-
plexities of the CLGM and the NLGM are essentially the same. It is also
interesting to note that the NLGM is even a little more accurate than the
BLSCC, which needs significantly more computational work than the
NLGM does.

Example 3. The third example is the following one-dimensional dif-
fusion equation with variable coefficients:

—u +(e+xNu=2e>—(e+A)x%  xel, u(£1)=0 (4.3)

854/11/4-10
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Table III.  Maximum Pointwise Errors lu—uyll;» and v —vy_1},, for Example 3

Method N c=10E~4 e=10E-5 &e=10E—6 £=10E-7 ¢=10E-8

CLGM 256 87E-2

CLGM 512 20E-—4 o)

NLGM 64 12E—~1

NLGM 128 28E-6 24E-2

NLGM 256 38E-9 25E-5 1.6E—3 28E-2

NLGM 512 S.TE—4 29E-2

with the exact solution

=1
u(x)=-exp <\ > >—x2

The solution has a boundary layer at x = +1 of width O(e).

In Table III, we list the maximum pointwise error |y —uy],~ by the
CLGM and |jv—vy_;ll;« by the NLGM. The discrete systems for both
schemes are solved by using the preconditioned conjugate gradient method
with a suitable equation with constant coefficients as the preconditioner.
The number of iteration used to obtain the results in Table III ranges from
30-100, indicating a good convergence behavior given the highly varying
coefficient when ¢ < 1.

We have also used the popular adaptive collocation solver COLSYS
[ Ascher et al. (1994}] to solve the first three examples. Although it is heard
to make a precise comparison due to the adaptive nature of COLSYS, we
do observe that for Examples 1 and 2 which have constant-coefficients, our
method is much more efficient than COLSYS while for Example 3 the
efficiency of the two methods are comparable.

Example 4. The fourth example is the two-dimensional diffusion
equation

—edu+2u=F,(x,,x,)€Q=1% u|;0=0 (4.4)
where
Flxy, x3) = "%((Xl + 1) wlxs) + (x5 + 1) wixy))

with

sinh((x + 1)/\/2) x+1
x)= - —
sinh(2/,/&) 2



Spectral Galerkin Method 431

Table IV, Maximum Pointwise Errors Jju —uy ;- and o —vy_3l,, for Examples 4

Method N e=10E~8 ¢=10E-9 £=10E—-10 e=10E-1l ¢=10E-~12

CLGM 256 21E-2 27E-1

CLGM 512 6.6E-17 8.0E-3 18E—-1

NLGM 64 99E—3 5.7E-2

NLGM 128 26E-5 6.2E—4 72E-3 23E-2 L2E~1
NLGM 256 35E-11 1.5E-8§ 48E—6 24E—-4 1.9E~3

This equation has the exact solution u{x,, x,)=w(x ) w(x,) which has
boundary layers of width 0(\/;:) atthetwosides 1 x(—1,1)and (—1, 1) x 1.

In Table IV, we list the maximum pointwise error uyl,;~ by the
CLGM and ||v—vy._3],~ by the NLGM.

We note that, similarly to the one-dimensional case (cf. Table I), the
NLGM can resolve much finer boundary layers and is significantly more
accurate than the CLGM. As described in Section 4, the computational
complexities of the NLGM and the CLGM in the two-dimensional case
are also essentially the same. Similar computational tests have also been
carried out for two-dimensional convection-diffusion equations. Very
similar results to Example 2 have been observed. We therefore do not
include those tests here.

CONCLUSIONS

We have presented a new spectral Galerkin method for solving the
convection-dominant convection diffusion equations in a multi-dimensional
domain. The key to the success of the new method is to apply a suitable
transformation to the original equation before discretizing it and to use a
suitable new trial function space. The new method enjoys higher accuracy
when applied to problems with thin boundary layers.

We have constructed appropriate basis functions for the new trial
function space by using the Legendre polynomials. We showed that by
using these basis functions, the resulting linear systems are sparse for
problems with constant coefficients. We have also developed efficient solu-
tion techniques for solving these linear systems with the computational
complexity similar to that of the conventional Legendre Galerkin method.
We have only presented numerical results by using the transform 3.2 with
k=1 for several typical singular perturbation problems by using both the
conventional and new Legendre Galerkin methods. These results indicate
that our new method is more efficient and more accurate than the existing
spectral methods for problems with thin boundary layers. Furthermore, it
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is clear from the theoretical results in Section 2 that our method using a
transform 3.2 with &> 1 will perform significantly better than using the
transform with k=1.

We note finally that the new Legendre-Galerkin method presented here
can be accelerated by using the Chebyshev-Legendre method introduced in
Shen (1996).

5. APPENDIX: SOME ANALYTICAL RESULTS FOR
ONE-DIMENSIONAL CASES

We first consider the Helmholtz type equation:
—eu"(x) + g(x) u(x) = f(x, ), xel, u(+1)=0 (5.5)
with ¢{x) >0, xe I Then the transformed equation becomes
—ela(y)v'(p)) + QY u(y)=Flye), yel, v(x1)=0 (56)
where

1
u(y)=u(g(y))a(y)=——=

1
gy) J»)
O(y)=q(g(y)J(y) and  F(y,e)=f(g(y, &) J(y)
The weak formulation is stated as follows: Find ve GH )(I) such that

i i i
—¢e| av'wdy+| Quwdy=| Fwdy, VYweGHYI) (57)
—1 1 0

We note that GH(I) is a Hilbert space with the inner product (v, w)g=
fL,av'w dy+['., Jowdy. From the Poincaré’s inequality there is a ¢, >0
such that

loll oy < e vl gaions Voe GH y(I) (5.8)

The spectral Galerkin approximation of Eq. (5.7) in Y, reads: Find
vy € Yy such that

1 1 1
ej aviyw' dy+j leNw dy=J le dy, Ywe Yy (5.9)

It follows from the Lax—Milgram Theorem that Eq. (5.9) is well posed in Y.
Hereafter, we use C to denote a positive constant independent of ¢ and
N, but possibly with different values at different places.

Theorem 2. [cf. Liu and Tang (1994a,b)]. Let #(x) and vy(y)} be
respectively the unique solution of Eq. (5.5) and of Eq. (5.9). Assume that
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there exist constants C,, C,, #>0 such that C, <J(y)(1—y*)~#<C, for
any ye€l Then the following estimates hold:

e llu' = ol g+ lu— 2wl 7y,

<C(N‘3£+N“")Ul (u’)zatwjl _Jz(u”)zdx> (5.10)
-1 -1
and

I = ol + a3,

-1 —-

<C(N~*e+ N9 (f (u')3dx+f1 J2u")? dx
H i
+j _J_"*(u"')de-:-j (J’)z(u”)zdx> (5.11)
-1 —1

where v (x) =v0(g (X)), J(x)=J(g~"(x)) and J'(x)=J"(g " (x)).

These estimates can be generalized to higher order approximations,
with the right-hand sides dominated by N~27{', J2"=U(y")>dx
{(m=4,5,..), as ¢ = 0. The most remarkable feature of Theorem 2 is that as
£-»0 the dominant terms in the right-hand sides of Egs. (5.10) and (5.11)
can be controlled by choosing suitable J. This is the essential difference of
such estimates compared to the available estimates for the conventional
spectral methods. It provides a theoretical interpretation for the high
accuracy of BLRSMs when ¢ < 1. More precisely, when the conventional
spectral method (i.e., without using any transformation) is applied directly
to Eq. {5.5), then one only has the following error estimates (cf. Canuto
(1988)]

el — vyl 22+ lu—Unll

2
Lun

s(,‘(sz~v>'—2+1\r—*‘)(jl (u')zcz’,~c+jl (u"')zdx> (5.12)
-1 -1

and

e _u'N“iz(,,-i- lu—uy| i‘zl“)

S C(eN~*+N~9%

i 1
X Ui‘ (u'Y dx+ J_ 1 JHu") dx + -(-1 (u")? dx> (5.13)
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In the presence of a thin boundary layer (i, ¢ <1), the terms {' | (u”)* dx
and [', (#”)*dx are usually the dominant ones in these error estimates.
Similarly, {',J?(u")?dx and [',J*(u4")*dx are dominant terms in Eq.
{5.10) and (5.11). However, in many important cases one can show that

1 1
J‘ JZ (un)z dx<f (un}?. dx
-1 —1

1 1
j T4 (u")? ds<<j W")2dx, as e—0 (5.14)
1 -1

which explains why the BLRSMs are superior to the conventional spectral
methods for singular perturbation problems, as is further demonstrated by
the following example.

We assume that there are positive constants a, v, C such that

u(x)| < C+ Ce (e~ = IWep oI+ xel, i=1,2,. (5.15)

where u is the solution of Eq. (5.5).
This assumption is indeed verified by many equations of Helmhoitz
type [see Ascher (1988)]. Let us consider the following transformation:

x=(g(y)=-1+0kfI (1—y*>*dy  with k>1

—1
1
and ak=2/j (1—yH*dy (5.16)
-1

In this case we can show that J(y)=o,(1— %), Jg '{x)<
C(1 —x2)¥*+D and J'(g~'(x)) < C(1 — x*)* Y%+ and so on. Applying
Theorem 2, we obtain the following estimates [see Example 2 in Liu and
Tang (1994b)]:

= o3y T = o3z, < C(N 2o 4 N =4 =320 kie

e “u’-y’Nlliz(,,+ IIu-—lelij(,)s C(N e+ N8 g ¥2+k=-Dik+1)
Here the constants C may depend on & but not . If we choose & sufficiently
large, then these upper bounds can be made arbitrarily close to
O(N~2/e+N~%"'?) and O(N~*./e+N~%'?) respectively. On the
contrary, if the conventional spectral method is applied to Eq. (2.1), one
can only expect a upper bound of O(N % ~"*+4 N~*%~*?) [cf. Canuto
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(1988)]. Hence, there is a significant improvement in using the BLRSMs
when ¢ is sufficiently small. Moreover, it can be shown that for m > 1,

' — Ul 3+ 4=l 22, < CN =27 270 4 N =20 D= 1/20)

where ¢ is a positive constant and can be made arbitrarily small if & is
sufficiently large. This estimate shows that the error bound of the new
scheme can be made almost independent of &. On the other hand, one only
can expect that for mz 1,

e llu’ — UNHL:J)"‘H NlIL(I)$C(N Tl g N T2 Ng =12

if the conventional spectral method is applied directly to Eq. (5.5).
Let us now examine the convection-diffusion equation:

—eu"(x) + p(x) u'(x) + g(x) u(x) = f(x, &), xel, u(+1)=0 (5.17)
with c{x) = —~p'(x}/2 +g{x) =0 for xel In this case Eq. (1.2) reads:

—ela(y) o)y + PN o' (y)+ Oy =F(y, &), yel, of£l)=
(5.18)

where P(y)=pog(y) and a, Q, F are defined as in Eq. (5.6). We use the
assumption ¢(x)>0 because it makes the analysis simpler and yet can
cover many useful cases. Let us denote

i 1 1
D(v, w) =6J‘ l av'w’ dy +J 1 Pv'wdy + J_l Quw dy, for v, we GH(I)

The weak formulation then can be stated as follows:
Find ve GH(I) such that

H
D(v, w)= j Fwdy, VYweGH)I) (5.19)

The new spectral Galerkin approximation of Eq. (5.19) in Yy is:
Find v, € Y, such that

1
D(v,v,»v)=j Fwdy, VYweV, (5.20)

Theorem 3. [cf Liu and Tang (1994a,b)]. Let ¢(x)>0 on I The
Egs. (5.19) and (5.20) are well posed in GH oI) and Y respectively. Let
u(x) and vy(y) be respectively the solution of Eq. (5.17) and Eq. (5.20).
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We assume that there exist C,, C,, f>0 such that C, <J(y)(1—y?)~*<
C, for y el Then the following estimates hold:

& llu' — vl 2o + lu—owl 22

SC(N‘28+N‘48“')<JI

-1

1
(u')de+j JZ(u")de> (521)
-1
el —EIN“ilu)’{“ ““‘QN”iim
i i
<C(N—48+N-éa“')<j (u')zdx+j J2 (") dx
1 -1

+f It dx+ [ ' <_J')2(u")~’-dx) (5.22)
-1 -1

where py(x) =vp(g (%)), J(x) =J(g '(x)) and J'(x) =J'(g~"(x)).
Furthermore, if ¢(x)>0 on I, we have

el =2l 2 + lu—onlzz,,

<CIN-%+ N9 U'

-1

1

(u')? dx+f J2(u")? a’x) (5.23)
—1

el — ol 2o + lu—vull i;(,,

SCN~%+N"% (Il

—1

(u')de+f‘ J2 (") dx

—1
i i

+j J“(u'”)zdx+f (_J’)z(u")zdx> (5.24)
—1 1

These results can also be generated to higher order cases. In fact, if the
boundary layers of Eq. (5.17) are of width O(¢) and if the transformation
in Eq. (5.16) is used, we can show that for m>1 and y >0 (the proof for
m=1 and 2, can be found in Liu and Tang (1994b), and the other case can
be shown in a similar way),

e 1 = 23y + 10— 2l 3y < Cs KYN 27 4 N 72074 1) gt stk
(5.25)

If we choose k large enough and a small enough, then the dominant term
on the right-hand side of Eq. (5.25) behaves like N ~2"¢~'. For the conven-
tional spectral methods, the dominated term in the error bound can only
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be shown to behave like N 2"+ Vg~ We note that even this last state-
ment was only proved [cf. Canuto (1988)] for the special cases where p
and ¢ are constants. Thus, the BLRSMs do provide a substantial improve-
ment over the conventional spectral methods when ¢ < 1.

We note that very recently Schwab and Suri (1996) has obtained
uniform (in ¢) error estimates for the hp version of the finite element
method for the model boundary layer function #{x) =exp(—{ax/e)).
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