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ABSTRACT. A rigorous normal mode error analysis is carried out for two
second-order projection type methods. It is shown that although the two
schemes provide second-order accuracy for the velocity in L2-norm, their ac-
curacies for the velocity in H'-norm and for the pressure in L2-norm are
different, and only the consistent splitting scheme introduced in [6] provides
full second-order accuracy for all variable in their natural norms. The advan-
tages and disadvantages of the normal mode analysis vs. the energy method
are also elaborated.

1. Introduction. We consider the movement of an incompressible fluid inside {2
whose velocity u and pressure p are governed by the Navier-Stokes equations:

du+u-Vu+Vp—vAu=T1, in  x [0,T7,
V-u=0, in 2 x [0,T7, (1.1)
ulr =0, and u|;—p = uy, in Q,

where, for the sake of simplicity, a homogeneous Dirichlet boundary condition is
assumed for u on I' = 9€2. One of the main numerical difficulties in solving (1.1)
is that the velocity and the pressure are coupled together through the incompress-
ibility condition V - u = 0. The original projection method was introduced by
Chorin [2] and Temam [16] in the late 60’s to decouple the computation of velocity
from the pressure, it quickly gained popularity in the computational fluid dynamics
community, and over the years, an enormous amount of efforts have been devoted
to develop more accurate and efficient projection type schemes, we refer to [5] for
a comprehensive and up-to-date review on this subject.

The numerical analysis of projection type methods are usually carried out by
using an energy method (see, for instance, [14] 12 [5] and the references therein)
or a normal mode analysis (e.g., [11}, [8, 3, [15, [1]): the energy method is capable
of providing rigorous estimates for general settings but often overlooks particular
error structures of projection errors; on the other hand, the normal mode analysis
is only applicable to very special domains such as a periodic channel or a quarter
plane but often reveals more precise information on the error behaviors.
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We consider in this paper two second-order projection type schemes, namely the
rotational pressure-correction scheme [7] and the consistent splitting scheme [6].
The error analysis of the first scheme was performed in [1] for a semi-infinite periodic
strip using a normal mode analysis (for one normal mode only) and in [7] for general
domains using an energy method. It is shown in [I] that the velocity and pressure
errors are of second-order, but since only one normal mode was considered, it is not
clear the estimates hold in which functional spaces. As it is a well known fact by
now that the convergence rates of projection type schemes may differ if measured
in different norms. In fact, it is shown in [7] that the pressure approximation of this
scheme, although more accurate than the standard pressure-correction scheme, is
only 3/2-order accurate in L2(0,T; L?(Q)) for general domains. On the other hand,
there is no stability and error analysis available for the second-order consistent
splitting method. The purposes of this paper are to carry out a systematic and
rigorous normal mode error analysis for the two methods, to clarify their different
error behaviors, and to exemplify the advantages and shortcomings of normal mode
analysis. In particular, We prove that the consistent splitting scheme provides fully
second-order accuracy.

The gauge method proposed by E and Liu [4] is another class of projection type
methods. Its first-order version has been analyzed in [10} 13} 19]. The original gauge
method involves boundary conditions which are not suitable for finite elements,
Nochetto and Pyo constructed the finite element gauge-Uzawa method in [9, [13]
and proved the convergence of the backward Euler time discrete gauge method by
variational approach under realistic regularity of given data in [10 [13]. However,
as far as we know, no rigorous stability /error analysis is available for the second-
order version of the gauge or gauge-Uzawa method. It turns out that, in the space
continuous case, the second-order gauge or gauge-Uzawa method is equivalent to
the consistent splitting scheme. Hence, we have also proved that in the special
setting considered in this paper the second-order gauge and gauge-Uzawa methods
(with properly chosen boundary conditions) are also fully second-order accurate.

The rest of the paper is organized as follows. In §2, we describe the rotational
form of pressure-correction projection method (Algorithm [I) and the consistent
splitting method (Algorithm [2), and we compute the normal mode reference solu-
tion of a second-order coupled scheme. We compare the reference solution with the
normal mode solutions of Algorithm [1in §3/and Algorithm [2 in §4/ to estimate their
convergence rates. Several interesting issues are addressed in Section 5.

2. The two schemes and the reference solution. In this section, we describe
the rotational pressure-correction scheme, the consistent splitting scheme and a
second-order coupled scheme as the reference solution. For the sake of simplicity,
the time derivative in these schemes will be approximated by the second-order
backward difference formula (BDF2). Since the treatment of the nonlinear term
does not contribute in any essential way to the error behaviors, we do not choose
any specific treatments for the nonlinear term, instead, we simply assume g™t is
a certain second-order approximation of f — (u-V)u at ¢t = (n+ 1)7 where 7 is the
time step.

2.1. Descriptions of the two schemes. The standard pressure-correction pro-
jection scheme was proposed by Van Kan in [I8]. It is well known that it suffers
from an artificial pressure Neumann boundary condition. Hence, we consider its
rotational form which was first introduced in [17]:
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Algorithm 1 (The Rotational Form of Pressure-Correction Projection Method). Set
initial values using a suitable first order projection method and repeat for 2 < n <
N=[L-1.
Step 1: Find U™t as the solution of
3ﬁn+1 _ 411” + unfl
+v n o I/Aﬁn+1 _ n+1
27 P 5 (2.1)
u"tlr = 0.

Step 2: Find "' as the solution of

Awn—i—l _ iv A ﬁn+1,
27 (2.2)

auwn-‘rl |F = 07
where v is the unit outward normal vector.
Step 3: Update u"t! and p"*+! by:
un+l _ ﬁn+1 _ QLV,(/Jn—&-l
3 ’ (2.3)
pn+1 — wn—i—l +pn _ l/v . i‘in—i—l'

In this scheme, the homogeneous Neumann boundary condition is imposed on a

non-physical variable ¢)" ! in (2.2). Moreover, by using the identity V xV xu"+! =
V x V x u"! = —Au™t!, we find that u™t! satisfies
3u"t! — 4u” + un!
v n+l A n+1 _ n-ﬁ—l7
2T VP vau &
V-u'rtl =0,

u”‘H . 1/|1" =0.

Thus, the pressure p”*! does not suffer from the artificial boundary condition as
in the standard pressure-correction scheme.

As stated in the introduction, the above scheme is still not fully second-order
accurate (cf. [7]). Recently, Guermond and Shen proposed the consistent splitting
method in [6] and showed, numerically, that its second-order version is fully accu-
rate. However, no stability and error analysis is available. Below is a second-order
version of the consistent splitting scheme based on BDF2:

Algorithm 2 (The Consistent Splitting Method). Set initial values using a suitable
S _ [T
first order projection method and repeat for 2 <n < N = [ —1].
Step 1: Find u™t! as the solution of

3u"t!l —4u” 4+ ur !

4 v(2pn o pnfl) o VAunJrl — gnJrl7

27 (2.4)
u”+1|p =0.
Step 2: Find ¥"*' as the solution of
3un+1 — 4u” + unfl
Ayt =V :
v 27 (2.5)
0" = 0.

Step 3: Update p"*! by
prHl =gt popt - pnl v gt (2.6)
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2.2. Normal Mode Analysis of the reference solution. Since we are con-
cerned with normal mode analysis, we shall restrict our attention to the following

linearized Navier-Stokes equations on Q = [—1,1] x [0, 27]:
opu+ Vp = vAu, in  x (0,77,
V.u=0, in Q x [0, 7],
u(+l,y,t) =0, u(z,0,t) = u(z,2n,t), (x,y,t) € [-1,1] x [0,27) x [0,T],
uli—o = uy, in Q.

(2.7)

Although it is customary to choose the solution of (2.7) as the reference solution,

since we are only interested in second-order schemes, we shall however use the
solution of the following second-order coupled scheme as the reference solution:

3Un+1 —4Uun + Un—l

2T
V. Ut =, (2.8)

+ VP7L+1 _ VAU”+17

Un+1|z:i1 =0.
It is obvious that (2.8) is a fully second-order scheme.

We write (U™, P*)(z,y) = >, (U}, PP*)(z)e*¥ and denote

Apu:= (07 = F)u, Vip:= ( ?zﬁ ) ; Vi -u:i=0zu+ikv,
where u = (u,v). Then, after a Fourier transform in the y variable, the problem
(2.8) is reduced to a family (indexed by k) of one-dimensional problems:
3uptt —qup +UP!
2T
Vi - UZJFI =0,

1
UZJF lz=+1 = 0.

+ Vi PP = v AU
(2.9)

To simplify the notation, we shall drop the index k when no confusion would occur,
and we assume that the solution of (2.9) takes the following normal mode form

(U", P")(x) = p"(@,p)(x). (2.10)
Then, (2.9) becomes an ODE system for (@, p):

3p° —dp+1 1
0% — (k2 + pp2+) = —Vp,
2Tvp v
Vi -u =0, (2.11)
Akﬁ = 07
u(£1) =v(£1) = 0.
Setting
2 —4p+1
PRSI ik

21V p?

and eliminating v and p from the first equation in (2.11)), we obtain

Otu— (K> + N)o2u+ k> u=0 and u(£l)=0. (2.12)
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It can be easily verified that the necessary conditions for (2.12) to have a non-trivial
solutions are k # 0 and A < 0. Hence, we set

3p° —dp+1

2 2
—pr=A=k
a + 21V p?

(2.13)
so that the solutions of (2.12) are linear combinations of cos ux, cosh kz (symmet-
ric), and sin pz, sinh kz (anti-symmetric). A simple calculation shows that the
symmetric solutions of (2.11)) are of the form (k # 0):

u(x) = cos cos cosh kx
u(z) = T —
a K coshik
_ wo. 1 sinh kx
= — - —_— 2.14
v(x) o7, S AT + 7 COS (2.14)
_ K2+ uz sinh kx
p(x) = — L
The remaining condition (£1) = 0 leads to
ptan g+ ktanh k= 0. (2.15)

It can be easily seen that for any given k # 0, there exists a unique solution p of
(2.15) on each open interval I := @7 @), where s € Z with s # 0. We

denote it as pg,r,. Note however that no solution exists in Ij.
For each iy 15, let pg 1, be the solutions of (2.13). We find from (2.13)) that

1 9 9 1
PrI, € <371) and g g, + 57 < o (2.16)
Hence, the solution py rs of (2.15) may not be compatible with (2.13). In particular,
for any given 7 > 0, there exists K, > 0 such that for k¥ > K., there is no solution
for (2.13)-(2.15).
(From (2.13)),

1
Pr.1, = :
21— 2m0(if ; +?)

One of them (with the positive sign before the square root) converges to % as
7 — 0, and hence corresponds to the trivial solution in view of (2.10)). Therefore,

we conclude
1

2— \/1 - 27—1/(”%,15 + kQ).

Pk, I, =

We denote the symmetric solutions (2.14) as Uy, 1, = (U, 1. (2), U1, ()) and py, 1 ()
for each k # 0 and admissible interval I;.
Similarly, the antisymmetric solutions are given by

() . . sinhkz
= sin px — sin
W) = S TSI G e
_ I 1 . coshkz
= —— - 2.17
o(x) 5, COSHT + S sinp— (2.17)
k*+u? . coshkzx

pr) = == vsinp g
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Since v(£1) = 0, we find
peot u— kcothk = 0.

For any given k # 0, there exists a unique solution g on each open interval

J. = { (sm,(s+ 1)), Vs>1, (2.18)

((s — D)m,sm), Vs<-—1,

where s € Z with s # 0. We denote it as p, .. Notes however that no solution
exists in Jy = (—7, 7). In view of (2.13)), we have

1

1
Pk.J. € <37 1) and i 5 +k* < Gy (2.19)

1
Pk, J, = .
2 \/1 —2ru( , +k?)

We denote the antisymmetric solutions (2.17) as Uk, ;. = (Uk,s. (), Uk, s, (x)) and
Pk, () for each k # 0 and admissible interval Js.
In summary, the solution of (2.8) can be written as

(U™, P")(,y) = Y (akspit r, (Qr 1, Bre,r, ) (@) + Br,sph g, (k. Dy, g, ) (@) expl(iky),
k,s
(2.20)
where oy s and (i s are determined by the normal mode expansion of the initial
velocity, namely:

U(2,y) = Y (,sUk, 1. (2) + Br,s Ty, (2)) expliky). (2.21)
k,s

In view of (2.16) and (2.19), the maximum values of py 1., tk,J,, k have to be
bounded by <. Hence, (2.20) is a finite series for any given 7 % 0.

One of the difficulties in the normal mode analysis rigorous is that the normal
modes {Ug,r,, U, s, } are not mutually orthogonal as the Fourier modes are. Hence,
we are led to make the following assumption on U%(z,y) and its derivatives:

Assumption 1. We assume that for certain m to be specified later, there exists a
positive constant M,,, independent of T, such that

Z Z (’ak,sDzlﬁk’[s(m)Dgfexp(iky)’

k,s y1+72<m (2.22)
+|Br.s D3 0k, s, (2) D2 exp(iky)|) < My, ¥(z,y) € Q.

The above assumptions ensure that the normal mode expansion of U® and all
its derivatives of order up to m are absolutely convergent. Since (2.22) hold for all
(z,y) € Q, one can shown that it can be equivalently represented by

S5O (g ) ol (67 + 2, ) el } < Mo

k,s v1,72<m
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3. Error analysis for the Rotational Pressure-Correction Method. In this
section, we compute normal mode solutions of Algorithm 1 and to estimate the
errors by comparing with the reference solution computed in §2.2.

Similarly as for the reference solution, we write the solution of Algorithm (1] as
(™, u, ", p")(z,y) = >op(up,ap,¥p, pt)(z)et*v. After eliminating u"*! from
(2.1) by using (2.3), and performing a Fourier transform in y, we obtain a family
of one-dimensional problems for (u}},uy, ¥y, p}):

n+1 n n—1
3u, " —4uy +uy,

n+1l __ n+1
o —vApuT = —Vip T,
Akpz+1 = 07
Vi - uZ+1 =0,
~ _ 3.1)
3Pt — qut +u ! —n n (
k 5 k k _ VAkuk-‘rl — _Vkpk,
T
3
n+1l _ ~n+1
Ak¢k = Evk up o,
ap (L) = 0Pt (EL ) = wf TN (EL ) = Oyt (L) = 0.

We shall temporarily drop the index k and assume that solution of the above system
takes the following normal mode form:

~

(un’ ﬁnvpn)(x) = ﬁn(ﬁv uvﬁ)(x)

Then, (3.1) becomes an ODE system for (1, ﬁ,ﬁ)s

. 32 —4p+1\ . 1_
82 _ k2 —
atl ( * 27p2v ) " Z/Vkp7
Agp =0,
Vi-u=0,
~ 3\=2 45-1. 1 (3.2)
2 2 -~ —~
Y iy S —
%u ( * 27'1/) v QTZ)QVU + ﬁl/vkp’
~ 3 =
Ay = =V}, -1,
2T
U(£1,t) = 0(£1, 1) = G(£1, ) = Oyth(£1,£) = 0.

The procedure for solving (3.2) is essentially the same as for the reference solution.
The necessary conditions for (3.2) to have non-trivial solutions are k # 0 and that
there exists a real number g satisfying

3p° —4p+1

~2 2
=k
a 27pv

Let us denote

A=k
+ 2TV
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Then, the symmetric solutions of the ODE system (3.2) are

u(x) = cos iz — cos jeosh ke

— oSk K oshk

v _ B~ 1 _sinhkz

v(z) = T sin x + S COSfi—a s

= _coshkz (3p—1)(p—1)2 _[coshkx coshAz
() = cos fiz — cos cosh k 3p3 OSHA “coshi k coshA J’
~ [ 1 _sinh kx

~o0 B 1
v(z) = T sin i + ; cos [ oshk

1(3p—1)(p—1)2 inh £ k sinh A
1@p=1)(p )cosﬂ<sm x sin z>’

7 3p° coshk A cosh A
~2 2 .
PN Ll _sinh kx
plz) = ko oshk
~ - (Bp—1)(p—1)? [ 1sinhkz 1sinhAz
V(@) = 27p3 BH\ % coshk A coshA /-

(3.5)
A second relation between p and p can be obtained by the condition v(+1) = 0:

F—1)(5—1)? k
fitanfi + ktanh k = Wk (tanhk — 5 tanh )\> . (3.6)

For any given k # 0, the relations (3.3) and (3.6) determine a unique solution iy, ,
in each open interval I (s # 0). In view of (3.3)), we have

1

~ 1 ~
Pk.I, c <3, 1) and /‘Li,fs + kz é 5

27v° (3.7)

Similarly as for the reference solution, we find that for each jig s, (3.3) determines
a unique pg 7, given by

~ 1
kaS = — . (38)
2 — \/1 - 27’1/(;12 5t k2)
We will denote the solutions in (3.5) as Uk, = (Wk,1,Vk,1,)s ﬁk)’[s = (ik,lsﬁk,ls)a

Pk,1, and was .
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Similarly, the antisymmetric solutions are given by

u(x) = sin iz — sin poinh k2
- AT
() ! cos T - 1 s’ cosh kx
u(z) = —— T+ -sing————
ik T
N . sinhkx (3p—1)(p—1)2 . _[sinhkz sinhAz
() = sin fix = sin i sinh k + 3p3 S sinhk  sinhA /)’
:( ) 1 cos iz + 1 i _cosh kx
v(z) = —— = sin
P Tk T T Gk
1(3p—1)(p—1)2 Gin coshkx  k cosh Az
_ZWPT W T Gn _r
5 35° F\simnk = X simhA /)’
P(z) = 7ﬁ2 + k2 . __cosh kx
P = k VL sinhk ’
~ o (Bp-1)(p—-1)2 . _[(lcoshkx 1coshiz
V(@) = 270 SUH\E sinhk X sinha /)
(3.9)
We determine from the condition v(£1) = 0 that
I 35— 1)(7 — 1)2 k
peot i — kcothk = _(pg)p(“‘f)k (cothk‘ DY coth A) . (3.10)

For any given k # 0, there is unique solution fig s, of (3.10) in each open interval
Js (s #0). In view of (3.3), we have

~ 1 ~
Pk.J. € <371> and i 5 +k* < Dy

and
1

Pk,J, = — .
2— /1= 2m0(i} ;, +#?)

(3.11)

~

We will denote the solutions in (3.9) as ﬁk/ﬂ]s = (ﬂk7J5,6k7Js), ﬁk,Js = (§k7(]s,%k7‘]s),
Dr,J» and Pk, .
In summary, the normal mode solution of the Algorithm [1/ can be written as

(w8, p") =Y asppr, (Uk 1., Uk g, Pr.r,) (@) exp(iky)
k,s

+ Y Br.sPrs, ks, k. g, i) () exp(iky).
k,s

(3.12)

Remark 3.1. We infer from (3.4) that A ~ O((vt)~2). Hence, (;7\,;7\, 15) in (3.5)
and (3.9) exhibit a boundary layer of width O((vT)~2), and we infer from (3.8) and
(3.11) that its magnitude is of order O((v1)?). On the other hand, it is clear that
(u,v,p) are free of any spurious terms, and the only errors are related to | — p
which is shown below to be second-order accurate.

Remark 3.2 (Initial Value). Since the spaces spanned by {uy. 1., uk s, } and {Uy 1.,
Uy g, } are in general different, it is impossible for Algorithm [1l to have the same
initial condition as the reference solution. Instead, we shall assume that oy s and



826 JAE-HONG PYO AND JIE SHEN

Br,s are the same as in the reference initial solution in (2.21)) so the initial velocity
for Algorithm 1l becomes

w’ =" g, (2) exp(iky) + > Br.olin., () exp(iky).
k,s

The lemma below indicates that the initial error will be of second-order.

Lemma 3.3. We have the following error bounds:

87212 2|s —|— 1
s, — T < LES) AP )
3(2ls] — D \2fs| - 1)
- 87212 [Is|+1
s, () e, + 0
~ 87212 (2s| + 1
g, — 3 ( 1) k| (uf 1, + K2)?,
2 ~92 8rv? |s| +1 ° 2 212 (344
i = fig.| < 3 B k| (g, g, +5°)7,
and
|k, 1. (i, + )%, (3.15)
|0k, 5. — Pr,a.| < CT3 (g 5, + K)°. '
. ([ @s—1)7 (2s+1)w
Proof. We shall only carry out the proof on the interval I, = (T’ %),

since the estimate on Js defined in (2.18) can be derived by the same argument.
Subtracting (3.6)) from (2.15), we get
Pk, 1, tA0 [ 1, — [k, 1, tan i 1,
3pk,r, — 1
_ 3k, %(Pkl 2, (tanhk_
3k.1,

We will first bound the right hand side of (3.16]). From (3.7) and (3.8)), we obtain

(3.16)

tanh \ | .
Ak,I, )

1= pra, _ 2rv(jig g, ++°)
PRI 14 \/1 —2ru(i2 , +k?)

<2rv(iz g, + k). (3.17)

On the other hand, we infer from (3.4) that k£ < Ay, which yields
‘tanhk — £ tanh AMS‘ <1

Therefore, in light of (3.3) and (3.17), we have
(3Pk,1, = 1) (Prr, = 1)
~3
301,

|k|(~2 2 + ]{72) pkplk s (318)

|k, 1, tan py 1, — Mg, 1, tan fig 1, | <

I /\

47'
< Ikl(mc 1, + K%
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Let f(z) = ztan(z). It can be easily verified that |f/(z)| = |&fsn@cos@) | >

cos?(z)
on I,. Since py 1, and fig 7, € Is, the mean value theorem and (3.18) yield

- 2 - -
|, 1, — fk,1.| < I |k, 1, tan gy 1, — fig, 7, tan fig, g, |

(2ls| -1

87212
< k ~2 k2 27
= 3(2|S| _ 1)7T| |(:U’k,15 + )

(3.19)

where we note s # 0. Since |pg 7, + fk,1,| < (2|s] + 1), we infer from (3.19) that

|k, = Fik,r, | = pkr, + fikr i, = Fin,
87202 2s| + 1, - (3.20)
< ——k + k2)2.
= 3 2|S| _ 1| ‘(p’k,ls )
Since |k, 1,| < iii%luk,zsl, the above two estimates imply (3.13) and (3.14).

. Since py 1, and pg 1, € (%, 1), we find by the

Next, we estimate |pg. 7, — Pk, 1,
mean value theorem that

3
k1, = Pro ] < Wk r, =B <A, (3.21)
=1
with
A n 3, 3512@15 —4pk,1, +1
1= |Inpgr, — :
2031,
3pir, —Aprr 1
Ay = |Inpy g, — —= 5,2 ;
Pk, 1,
A 30k . —4per, +1 30, —4pra, +1
3 1= — .
2P£,zs 2521«,15

. _1\n+1 .
Using the Taylor expansion Inpy ;. = Y oo, ( 17)1 (Pk,1, — 1), we can write A,
as

= (1)

- 35, — 1 _ .
Ay = |(pr,1, — 1) (pk’ls -3 — (e = 1) 1)‘

~2
201, o

_ (ﬁk,[s _ 1) ((Q,Bk,ls - 1)(ﬁk,ls - 1) . Z #(ﬁk,h _ 1)n1) |

2071,

~ (Prg, —1)? o= (=D)L )
= |(Prr, — 1| T— — ——(pg,r, — )"
25,2@’[5 —~ n

~ =205 1. 3Pk =3 - (—1)"H o
= |(Pr,r. —1)° T -y (Pr,r, —1)"°
691@,[5 n

Therefore (3.17) leads to

Ay <CTVP (R g, + KPP
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By the same argument, we obtain Ay < CT?’I/S(/J%JS +k2)3. Subtracting (3.3) from
(2.13) yields Az = vT|u ;. — Ji ;.| which along with (3.20) leads to

87313 2s| + 1
Az < k|(p k)2,
1S Ty g 1| (i, 1, + )

. . . ~ 2 1 . . . .
In conjunction with |g[, ; < 2;2%1“%715 |, inserting above estimates on A; (i

1,2,3) into (3.21) yields (3.15) and concludes the proof. O

Theorem 3.4. Let (U™, P™) and (u™, 0", p"™) be respectively the solutions of (2.8)
and of Algorithm 1 and Suppose Assumption |1 holds with m = 8. Then, we have

[U" = 0" () < CM7 72,
1P = p" [l () < CMsr®r?, ¥1<n <N, (3.23)
IV - 07| oo () < C M7,
Proof. Let us denote the error functions at time ¢ = 0 by:

E =Ug 7 —Uu E =T —-u
koo 7= Wk g, = Wk Ly Big, 7= Uk g, = Uk, (3.24)
€kI, ‘= Pr,1, — PkJI,  CkJ. = DPrg, — Pk,Js-
We first compare (2.14) and (3.5) on a fixed interval I5. Using (3.13)-(3.14)), the
velocity error can be bounded by

Mk, 1,
o e

) ik 1, = fik,1,) < CT2V2 (i 1.+ K7)°.

)

7 -n
Pr,1, — P,

Similarly, the pressure error can be bounded by

2 2 2 ~o
e, Tk Hig,r, — M1,
L=(Q) <Cv ( - - —

* k

llex.1. ttk, 1, — Hik,1,

k
<OV g+ K.

Since pg,s, and pg1, € (%, 1), the mean value theorem leads to <

. So (3.15) leads to (note nt < T):

n|pk.1, — Pr.I.

ok 1. = Prr| < nlper, — e < CT20% (i 1.+ K°)°.

The errors |Ex, 7|, [p% ;. — Pk s ’, and |eg, s, | can be estimated in a similar fashion.

We now compute the error of Algorithm [1l by comparing (3.12)) with (2.20) and
using the above three inequalities. Since we have py 1, € (3,1) and |[uy, s, e (@) <

C 1+ |5
10" —u" [l (q)

< Z Hak,s exp(iky) ((/)ZI — Prr Uk, + /A)Z’]SEI@,IS)
k,s

), we can derive

‘L‘X’(Q)

+ Hﬁk,s exp(iky) ((PZ,JS — Pk )0k, + /A’J;;,JSEk,JS)
k,s

<Cr* Y (awsl (a1, + )% ke

38

SCM7Z/37'2.

HLoo(Q)

+ ‘/Bk,s

M, J,
(125, + K2 e

)
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,ui‘ls+k2
[k|

On the other hand, using ’TakJJ <C v, we can obtain

1P =2y < D etk expliky) (o, = Pr B, + een) | o
k,s

i kz Hﬁk’s eXp(Zky) <(pzaJs B p’v'l;bvt]s )ﬁk,,JS + ﬁz”’]se,%JS) HLOO(Q)
.5

<CT > (sl (1 1, + )"+ 1Br,sl (7, g, + %)
k,s

<CMgv*r?.

It remains to prove the last inequality in (3.23). We compute Vj - ﬁk, 1. from
(3.5), and use (3.3)-(3.4), (3.17) to get

H u (30k,t, = V) (Brar, — 1)> Aoy, — K°
Vi - U1, < =
Leo() 301, Ak, 1,
2 242
+ k
<9 (:u’k,ls )
Ak, 1,
2V2 3 3, 212 2\/@33<2|s|+1>4 5 919
< T2p2 +Ek%)° < T2U?2 + k%),
\/g (u’k I ) \/g 2|8| 1 (:u‘k,IS )

Similarly, we can also derive

= 2V2 5 5 ([s]+1 ! 2 242
Vi - Uy, J, < T2U2 ( 4 k).
H J, L () \/g ‘S‘ (/’l/k?,Jé )
Then, summing up the above two inequalities for k and s yields (3.23)). O

We note that (3.23) indicates that the divergence of u™ is only 3-order accurate.
Consequently, the error of u" in H!(Q) is at most %—order accurate.

4. Error analysis of the Consistent Splitting Method. Similarly as in the
last section, we compute normal mode solutions of Algorithm [2 and estimate the
errors by comparing with the reference solution in §2.2.
Writing the solution of Algorithm [2] as
(™, 9", p") (2, y) = 34 (uft, o, pi) (@)e™,
and performing a Fourier transform in y, we obtain a family of one-dimensional
problems for (uf, ¥y, pR):

3un+1 _ 411” + un—l

_ VAkun—i-l — —Vk(ZPn _ pn—l)7

2T
Akpn+1 = 07
A = 7 - 3untt — 4y 4yl (4.1)
27 ’

pn+1 _ 1l)n+1 =+ 2pn _ pn—l _ VVk . un+1’
WL ) = v (£1,8) = 9" (£1,£) = 0.

We shall temporarily drop the index k£ and assume that solution of the above system
takes the following normal mode form:

-~

(u", p", ") (z) = p" (W, p, ¥) (),
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then (4.1) becomes

I N
025 — <k2 I Q_T;f; 1) i— 2’;2_Vlvkﬁ,
App =0,
a%_<k2+3&2—4ﬁ+1)$:_(35—1)~(ﬁ—1)3A, (4.2)
¥ 27 p%v 27 pv
)

U(£1,t) = 5(+1,8) = 0y1h(£1,1) = 0.

As before, one can show that the necessary conditions for (4.2) to have non-trivial
solutions are k # 0 and that there exists a positive real number j satisfying

_ 3p° —4p+1
2 2
=kt —. 4.
[ R (4.3)
The symmetric solutions of ODE system (4.2) are
u(x) = cos rx — cos poshke _ (p— * COS 1T — COS ploshkz
oSk B os k p? a Hosnk )
o(z) = i sin iz + 1 Cos poinhkz | (p—1)° k sin iz — 1 cosNSinh i
o i CPH coshk p? if a i CPH coshk )
| 19 .
PN s k ) __sinh kxz
plz) = kS sk
~ p— 1) 52+ k? - _sinh k
Y(x) = (’0?)# ;1— v (sinuz - COSMS;;h]:) .
(4.4)
The condition ©(£1) = 0 leads to
. p—1)% [k? ~
ptan g+ ktanh k = _(pﬁg) <~ tan g — k:tanhk) 5
i
which can be rearranged to
~a~0 | (= 2.2 ~
oo+ (p—1)%k= - - 2p—1
;2172 ) ptanpg = — 7 ktanh k.
Dividing both sides by %, we obtain
o~ p—1)2(n% + k?
ptan g+ ktanh k = (p— 1)"(" + k) ktanh k. (4.5)

PR+ (5 — R

One can show that for any given k # 0, there is a unique solution fix s, of (4.5) in
each open interval I, (s # 0). In view of (4.3)), we have

- 1 . 1
%*€<y0 and i, RS 5 (4.6)

We will denote the solution in (4.4) as U, 1, = (Uk,1,, Vk,1.)s Pk,1., and {b\kJS.



NORMAL MODE ANALYSIS FOR PROJECTION TYPE METHODS 831

Similarly, the antisymmetric solutions of (4.2) are

u(x) = sin px — sin~Sinh A D sin pix — sin~Sinh ke
s b sinh & P> K Hsinnk )
v(z) = _E cos iz + 1 sin pooshke  (p— D Ll cos iz + 1 sin ploshik
Tk SRR T R 52 \ag COPHET TSRS )
5z = 2+ k2 L sin _cosh kx
P = K sinhk
~ p—1)2 5%+ k? ~ _coshk
Y(x) = _(pﬁz)’u ;1_ v (cosux—&—sinucs()ijlll;) .
(4.7
We determine from the condition v(£1) = 0 that
p—1)% (k2
peot i — kcothk = 7% <~ cotﬁJrkcothk) ,
p I
which can be rearranged to
252 | 2.2 ~
pept+(p—1)%k_ . 2p—1
ﬁgﬁz ) peot = 7 kcoth k.
Dividing both sides by m, we obtain
51202 — k2
peot i — kcothk = — (P— 1) ) kcoth k. (4.8)

PR+ (- DR
For any k # 0, there is a unique solution fix ;. of (4.8) in each open interval Jj
(s #0). In view of (4.3)), we have

1
D) —.1 d 2 k< —.
Pk,J, € <37 ) and  pp g+ KT S o

We will denote the solution in (4.7) as Uy, 7, = (Wk,s,, Vk,J,); Dk,J,, and @kJ
Hence, the normal mode solution of Algorithm 2/ can be written as

(0™, p") = > akopf 1, (k. 1., Pr. 1) () exp(iky)
k,s

+ D Brosbrg, (ks Pr,s,) () exp(iky),
k,s

(4.9)

where oy, ¢ and (i s are given constants in the initial value expansion (2.21) (see
Remark [3.2).

Remark 4.1. We note that, contrary to Algorithm 1 (see Remark|3.1), there is no
spurious boundary layer term in the approzimation solutions (u,v,p) in (4.4) and

4.
Lemma 4.2. We have the following error bounds:
s, — | <2V (28 + 1)8 (3 1, + k)|
T T 2fs[ = D)m \2[s[ -1 Hi1,

~ 87202 (|s| + 1\° (7 5. + ) [K|
|k, 7, — fk,g.] < 3
|s|m |s| K g,

)

(4.10)

)
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N 2s| +1\” (i, +k2)3|k|
}#i,]s - Ni,ls <87r%v? ( 1 > —

2|s| — 1 ui’ls ’
vn (1)
2 ~2 o o (18| + 1\ (i g, +K)°[K|
|:uk,Js — Hig, g, | <877V H 3 )
K 1,
and
k1. — pea.| < O3V (U3 + k23K,
|1, = P, 1. (K1, )71kl (4.12)

kg, = Pr,a| < CTV (i g+ k)P |k

. _ ((@s—Dx (2s+Dx
Proof. We shall only carry out the proof on the interval Iy = (ST, ST),

since the estimate on Js defined in (2.18) can be derived by the same argument.
Subtracting (4.5) from (2.15), we obtain:

(Pr1, — V(B3 p, + K°)
Prr P r. + (Prr, — 1)%k?

Note that (3.17) is also valid here. Since [tanh k| < 1, the right hand side of (4.13)
can be bounded by

MKk, I, tan K1, — ﬁkgls tan ﬁk’js = — ktanh k. (413)

(Br,1, — 1) (i1, + K21k
Pht Fi1,
(fig 1, + K*)°|K]

=3
K 1,

ok, 1, tan gy, 1, — fige, 1, tan fig, 1, | <
(4.14)

< 4722

Let f(z) = ztan(z). It can be easily verified that |f/(z)| = |&fsn@cos@) | >

cos?(z)
on I,. Since py 1, and fig 7, € Is, the mean value theorem and (4.14) yield

bk, 1, — fie,1,| < ﬁ“ﬁk,@ tan fig,7, — fik,1, tan fig, 1,
sr22 (i, + KK (419
S@e-Dr iR,
Note s # 0. Since | 1, + fig,1,| < (2]s] + 1)7, (4.15) leads us
kg, = B, | = ik, + Bz ik, — Fia,
- 87202 (2ls| + 1) (B3 1, + K*)° K| (4.16)
2|s] —1 ﬁﬁ)Is ’

In light of |fg,1,] < %W&L , the above two estimates imply (4.10)) and (4.11)).

Similarly as in the proof of Lemma 3.3, |pk,1, — pr.1.| can be split as in (3.21)
and the estimate (3.22) is still valid for A; and Ay, namely:

A <SOTA(E ;. + k) and Ay < CT3P(uf ;. + k).

Subtracting (4.3) from (2.13) leads to Az = v7|ug ; — fij ;_|, and (4.16) leads to

1, < TP+ 1) (Fif, 1, + K%)° ||
3 < — .
2/s| — 1 ,ui,IS
Inserting above A;, A, and Ajs into (3.21)) yields (4.12) which concludes the proof.
O



NORMAL MODE ANALYSIS FOR PROJECTION TYPE METHODS 833

Theorem 4.3. Let (U™, P™) and (u™,u",p"™) be respectively the solutions of (2.8)
and of Algorithm 2, and suppose Assumption 1l holds with m = 8. Then, we have

U™ —u|y ey < CMsr372
|| L (Q) = 8 )
IP™ = p"[| oo gy < CMgp7%, W1 <n <N, (4.17)

Proof. The proof is very similar to that of Theorem 3.4, We use the same error
functions in (3.24), namely,

Ei o, =41, — g1, Epg, =07 —u,,
€k, I, = Di,1, — Pk,ys  CkJ, = D g, — Pk,J,-

We first compare (2.14) and (4.4)) on a fixed interval I5. Using (4.10)-(4.11)), the
velocity error can be bounded by

k

Mk I

) (P, —1)°

1Bk, 1,
Pr1.

Mk, 1,
Loy <C (14|

) |tk 1, — be,1,| +C (1 +

(i, +E)*
2 2 M1,
<O

K1

Similarly, the pressure error can be bounded by
Mi, + K
k
(M%,Is + k)
/‘%,1 '

2 ~9
M1, — M, 1,

* k

k.1, — Fik,1,

||ek715||LOO(Q) <Cv (

<Cr2%8

s

Since py, s, and prz, € (3,1) which comes from (2.19) and (4.6), the mean value
. So (4.12) give us

theorem leads to ‘/’Z,Is — ,B'ZJS’ < nl|pk,1, — Pr,I.

’PZ,IS — P | < nlpk1, — pra.] < CTQV?)(N%,IS + k)3 |k

By the same argument, the above estimations hold for |Eg_ s_|, ’pz)JS — ﬁz,Js , and

ek,
We now compute the error of Algorithm 2 by comparing (4.9) with (2.20) and
using above three inequalities. Since we have pg,;. € (3,1) and HﬁkJSHLQC(Q) <

0 1+ |52

10" = " ey < D [|en,s exoliby) (k. = P2r)Thr, + 7 B, ) |
k,s

Le(Q)

+y° Hﬁk,s exp(iky) ((P?,JS — Pk )0k, + ﬁQ,JSEk,JS)

<Oy (sl (g, +K)" + [Brsl(1af g, + #7)*)
k,s
< CMgI/BTQ.

’LOO(Q)
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. e . +k? .
Using ‘@c,ls‘ <C "";‘c‘ v, we can obtain

| P _anLOC(Q) < Z Hak,s exp(iky) ((02,15 - ﬁﬁ,ls )T)k,ls + 5/?,136&15) HLW(Q)
k,s

+ Z Hﬁk,s exp(iky) <(PZ,JS = Pk Pk, + %,Jﬁhh) ‘
k,s

<m0 Y (low sl (i r, + K"+ 1Besl (4,0, + 52)1)
k,s
< CMgv372.

‘LOO(Q)

It remains to prove the last inequality in (4.17). We compute Vj - ﬁk 7. from (4.4)
and then use (4.3) and (3.17) to get

|G 1272+

i ’\2 ~
L () Pi.1, Mk, 1,

2 1\°
§47'21/2< |5 + ) (,ui)IS-G-kQ)S.

Hvk Uy, 1,

2|s] —1

Similarly, we can derive

+1\°
< 4722 (5 ) M2 + k)3,
Lo () |S| ( k,Js )

Hvk Sy, g,

Summing up the above two estimates for k and s yields (4.17) which completes the
proof. [

5. Miscellaneous issues.

5.1. Standard pressure-correction scheme. We observed that the normal mode
analysis reveals explicit error structures of Algorithms 1 and 2. It is also interesting
to take a look at a standard pressure-correction scheme, the only difference of which
with the rotational pressure-correction scheme (Algorithm 1) is that in the third
step, (2.3)) is replaced by

un+1 —_ ﬁn+1 _ szn—i—l

3 ’ (5.1)
pn+1 — wn—i—l _|_pn

Similarly as for Algorithm 1, taking the Fourier transform in the y variable in the

Algorithm (2.1)-(2.2)-(5.1) yields a family of one-dimensional problems indexed by

ke Z;

Jurt! —4un +unt

2T

- 1
_ VAkun+1 — —gvk(@n _ 5pn—1 +pn—2)7

2T
—?VA}CA}C(])”-H —p") 4+ App™tt =0,
vk: . u7z+1 _ 0,
2T
?vk(anrl 7pn)’

(1, ) = 57 (£1, 1) = un T (£, E) = Oppn T (£1, ) = 0.

un+1 _ ﬁnJrl o
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Assuming the normal mode solution takes the form

(u", @, p")(x) = 5" (4, 0, D) (x)

we find that
= 3p° —4p+1\ =2 TpP—-5p+1_
Fu— (K +"——|u=———V
=t < + 21p%v " 3p3v kP
27 p—1 N .
_gp —vARARp + App =0,
Vi f=0 (5.2)
= 2tp—1_ _
u=—u-— op — VD,
3 p
U(£1,t) = d(£1,8) = G(+1, 1) = 0,p(+1,t) = 0.
Let us denote
R 3p° —4p+1
27 pv
and _
B CIE
2rvp—1
The symmetric solutions of the ODE system (5.2) are
u(x) = cos iz — cos peoshke
- ook K osh i’
1 1 inh &
v(z) = % sin iz + 7 cos ﬁ%,
= _coshkx (3p—1)(p—1)2 _ [coshkxr cosAx
() = cos fiz — cos cosh k * 3p3 o8 cosh k cosA )’
=« B~ 1 _sinhkz
v(x) = o3, SinAe + S Cosfi—
13p—1)(p— 1)2 cos Tl sinhkz  ksin Az
i 3p° coshk X cosh /'’
5(2) 12+ k2 cos _sinhkx  f® + k2 COSNsin Az
z)=— v v .
P k B coshik A Hcosa

Since %(x) has 0 on boundary =z = +£1, we have

. 3p—1)(p—1)2 k

ptan g+ ktanh k = k(p?))ﬁ(?)p) (tanhk — )\tan/\> .
We note that the normal mode solution for a scheme which is essentially the same
as Algorithm (2.1)-(2.2)-(5.1) but with BDF2 replaced by Crank-Nicholson was
obtained in [3].
Remark 5.1. [t is clear that p — 1 = O(v7) (as for other schemes) so we have
A = O((vr)™Y). Hence, as pointed out in [3], (u,v,p) contain a spurious high
oscillatory part with magnitude of order O((v7)?) for (u,v) and of order O(vT) for
D.
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5.2. The Convergence of The Consistent Splitting Method in H!(2) by
energy method. We note that the main difference between the error behaviors
of the Algorithms 1 and 2 is that there is no spurious terms in the solutions of
Algorithm 2 while there is a spurious boundary layer term of width O((v7)2) in
the solutions of Algorithm 1 which resulted in a loss of %—order in the divergence
of u", and consequently, u” in Algorithm 1 can be at best %—order accurate.

As shown below, the error estimates in Theorem 4.3 are sufficient to establish
second-order velocity error estimate in H'(Q) via energy estimate without any
additional regularity assumptions.

We denote by |[|-]| the norm in L2(€2), and by (-, -) the inner product in L?(€2).
Let (u(t™),p(t™)) be the exact solution of (I.1) at time step ™. If (u™,p") is the
solution of the Algorithm 2, then we denote the corresponding error by

E" :=u(t") —u” and e":=p(t")—p".
(From Theorem 4.3, we have
IE" | (@) + €™ | oo ) < CT2. (5:3)
By virtue of Taylor expansion of (1.1), we have

Ju(t"tl) — 4u(t") +u(t" 1)
2T

FVp(E") — p(t ) - Au(e ) = R+ g

(5.4)
n+1
where Rt =1 [ (t" 1 — ¢)2uy(¢)dt + f:,n,l (t" T — £)Vp(t)dt is the trun-

cation error. Subtracting (2.4) from (5.4) yields

tn+1

3En+1 — 4AE" + En—l
2T

We take the inner product of (5.5) with 47E"*! to get

— AE"M 4 V(2e" — ") = R (5.5)

2 (3E" —4E" + E"1 BMTY) 4 4r | VET
=47 <R”'H — V(2" — e, E"+1>
gttt

<7l]2e" — e"_1H2 + 074/ (||11ttt(t)||2 + ||Ptt(t)||2) dt + QTHVEnHHQ'

Using the following algebraic identity
9 <3an+1 — 4" + an—l , an,+1> :Han,+1H2 _ ||an||2 + Han+1 —2q™ + an—1H2

2ot = o~ ff2an - an

and summing up n from 1 to m implies

[ 4 w4 [ B oY VR

n=1 n=1

m
<[|BF + 2B B[ 47 3 2o — e
- n=1

w0rt [ (Ilna I + o)) i
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In conjunction with (5.3), the discrete Gronwall lemma yields

e R S LA W[ U O RS Sl 2l
n=1 n=1
<crt,
which implies that under the same assumptions of Theorem /4.3, we have addition-

ally

TE:OHu(th) _un+1Hf{1(Q) <Ot W1<m<N.
n=

5.3. The Gauge Method and The Gauge-Uzawa Method. The gauge for-
mulation introduced by E and Liu in [4] consists of rewriting (1.1) in terms of
auxiliary vector field a and the gauge variable ¢, which satisfy u = a+ V¢. Upon
replacing this relation into the momentum equation in (I1.1)), we get

ar+ (u-Vu+ V(¢ — vA¢) + Vp —vAa =H{.
Setting
pP= _¢t + VA(ba

we obtain the gauge formulation of (1.1)):

a;+(u-Viju—vAa=f, inQ,

—Ap=V-a, in Q,
u=a+ Vo, in Q,
p=—¢ + vAQ, in Q.

To enforce the boundary condition u|r = 0, a set of suitable boundary conditions
are

al/(b'F :07 a'V|F :07 a'T|F:_ ‘l’¢7
where v and 7 are the unit vectors in the normal and tangential directions, respec-
tively. We now introduce the BDF2 time discretized gauge method |4} [10, [13] [19].
Algorithm 3 (The Gauge Method). Set initial values using a first-order gauge
method with ¢° = 0 and repeat for 2 <n < N = [% —1].

Step 1: Find a™*! as the solution of
3antl — 4a™ 4 an!
2T

a"tyjr =0, a"t.7|p=-20,¢"+ 00" .

4 _VAanJrl — gn+1’

(5.6)

Step 2: Find "1 as the solution of
7A¢n+1 _ v . an+1,
A" = 0.

Step 3: Update u™t! by
utt = antt 4 vt (5.7)
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One may compute the pressure p"+1

n+1 _ 4 n n—1
it = 39 Q‘f O AL (5.8)

whenever necessary as

Even though this formulation is consistent with (L.I), the boundary condition
a"tl .7 = —20,.¢" + 9,¢" ! is non-variational and thus difficult to implement
within a finite element context, especially in three dimensional case. To avoid the
difficult associated with the boundary differentiation, the Gauge-Uzawa method
was designed by Nochetto and Pyo in [9, [13] by introducing an artificial velocity
function " *! which vanishes on boundary:

a"tt = antl 4 2ve" — Vel (5.9)
If we define p"*! = ¢"*! — ¢" combining (5.7) and (5.9) yields
a"tt = utt - v (pntt - o). (5.10)

We now insert (5.9) into (5.6) to obtain
3unt! —4un +an!

5 + V(Qp" _ pn—l) _ VAﬁn-‘,—l _ gn—ﬁ—l'
T

Since V- u"! = 0, by taking the divergence of (5.10), we get
—Ap"t = —Ap" 4 V-t

In order to remove the variable ¢!, we take the difference between two consecutive

steps of (5.8) to get

3pn+1 _ 4pn + pnfl
2T

Hence, a scheme equivalent to Algorithm [2]is the following:

pn+1 _pn:_

+vAptL

Algorithm 4 (The Gauge-Uzawa Method). Set initial values using a first-order
Gauge-Uzawa method with p° = 0 and repeat for 2 <n < N = [% —1].
Step 1: Find U™t as the solution of
Juntt —4un +unt
2T
u" = 0.

4 V(2pn 7pn71) o VAﬁnJrl — gn+1’

Step 2: Find p"t! as the solution of
—Ap"tt = —Apt +V-uH,
{ dup™ | =0.
Step 3: Update u™t! and p"*+' by
't =t V(- pn)
- 3pntl — ;Lin 4 pn-1 A (5.11)

Note that it is not necessary to compute u in each time iteration for this
linearized problem. Since V-u"*! # 0 while V- u"*! = 0, it is advisable to
compute u” ! for the full Navier-Stokes equations to treat the convection term.

Finally, we show that Algorithms 2 and 4! are equivalent.

n+1
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Remark 5.2 (Equivalence of Algorithms 2/ and [4). Subtracting two consecutive
pressure equations in (5.11) and applying the Laplace operator, we obtain
3"'n+1 _ 4"'n ~n—1
A(pn+1 _pn) _ A(pn _pnfl) +V- u 211 +u

T
which is exactly (2.5)) and (2.6)) in Algorithm 2. So we conclude that Algorithms 2

and |4/ are equivalent, and consequently, Algorithms 3] and /4] are also fully second-
order accurate.

— VAV -t

6. Concluding remarks. We presented in this paper a detailed and rigorous nor-
mal mode analysis for some second-order projection-type schemes. In particular,
it allowed us to establish, for the first time but only in the special domain consid-
ered here, the stability and error analysis for the second-order consistent splitting
scheme.

The main advantage of the normal mode analysis is that it reveals the particular
error structures, such as spurious boundary layers or spurious highly oscillatory
terms and their explicit dependence on the dynamic viscosity v. It is important to
note that the projection errors decrease as v decreases. Hence, the projection-type
schemes are particularly suitable for high Reynolds number flows.

The normal mode analysis for a single normal mode of a linear problem is rela-
tively easy compared with the energy method. However, a rigorous analysis which
takes into accounts all normal modes (which are not mutually orthogonal) becomes
tediously complex even for linear problems. It also requires much higher regularity
on the solution than the energy method does. Although we have only considered
linear problems in this paper, but by combining the techniques used here and in
[3] (where the orthogonality of normal modes are implicitly assumed but in gen-
eral does not hold) for nonlinear problems, it can be shown that the error estimates
established in this paper would hold for the fully nonlinear Navier-Stokes equations.

Finally, it is worthy repeating, as already demonstrated in [7], that the error
estimate from a normal mode analysis on the special domain may not be valid in
more general domains.
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