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ABSTRACT. We study the inverse problem of recovery a nonlinearity f(¢,x,u), which is compactly
supported in z, in the semilinear wave equation us — Au + f(¢,2,u) = 0. We probe the medium
with either complex or real-valued harmonic waves of wavelength ~ h and amplitude ~ 1. They
propagate in a regime where the nonlinearity affects the subprincipal but not the principal term,
except for the zeroth harmonics. We measure the transmitted wave when it exits supp, f. We
show that one can recover f(t,z,u) when it is an odd function of u, and we can recover a(z) when
f(t,z,u) = a(z)u®™. This is done in an explicit way as h — 0.

1. INTRODUCTION

Consider the semilinear wave equation
(1.1) uy — Au+ f(t,z,u) =0, (t,z) € Ry x R

We assume that f is smooth and compactly supported in the z variable.

The problem we study is whether we can recover f(t,z,u) for all z and u from remote measure-
ments. We show that this can be done in an explicit way when f is an odd function of u, which
covers the case

(1.2) ftz,w) = gt o, [ul*)u

studied extensively in the literature. Without that assumption, we show that we can recover «o(z)
explicitly when f(t,z,u) = a(t, x)|u|™, with m (an even) integer. We probe the nonlinearity with
high-frequency incident waves of wavelength ~ h, 0 < h < 1, and look at the asymptotic expansion
of the wave at some exit time ¢t = T as h — 0. We take both complex and real incident waves.
The real case is harder and perhaps more relevant for applications. While solvability with not
necessarily small initial conditions is not guaranteed unless we make additional assumptions on f,
we show that (1.1) is solvable for ¢ € [0, 7] with the waves we use the probe the medium.

In the works on inverse problems for non-linear hyperbolic PDEs so far, it is usually assumed
that u is small: one takes an asymptotic expansion of a solution with initial conditions uy =
€1u1 +Eous +e3us +e4uy chosen so that their weak singularities collide at a chosen point at a chosen
time. Then one takes the limit as all €’s tend to zero. The information about the nonlinearity is
extracted from the e162e3¢4 term in the asymptotic expansion, which has a certain weak singularity;
this method is sometimes called higher order linearization. This can and does provide information
about the Taylor expansion of f(t,z,u) w.r.t. u at u = 0 only, see [25]. In [29], one has three waves
instead of four. An exception is the work [1], where ¢ is z-independent (and the nonlinearity is
critical, ~ |u|*u, n = 3); then f is a similar perturbation of a fixed non-zero solution fy rather
than a perturbation of the zero one. Recently in [31], the authors studied a cubic nonlinearity
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f(z,u) = g(x, |u|?)u = a(x)|ul>u and proposed using non-small solutions producing an exit signal
of magnitude comparable to the one of the incident field. The solution then is u ~ h~Y/2, and
propagates in the weakly nonlinear regime. We showed that the propagating wave has a phase shift
in the principal term which is proportional to the X-ray transform of « along the characteristic
rays; then one can recover « from that information. The method in [31] can be extended to f(z,u)
having that type of cubic asymptotic behavior as |u| — co. Aside from those two extremes, u — 0
or u — 00, the inverse problem remained open to author’s best knowledge, see also section 8.

As we emphasized above, methods based on asymptotically small solutions can only recover the
nonlinearity at u = 0, and possibly its Taylor expansion there, see for example [12,13,23-25, 35].
Moreover, they propagate essentially linearly, where the nonlinearity is negligible. To recover the
nonlinearity away from u = 0, we need non-small solutions; and we need a problem allowing such
solutions. The main idea of this work is to use high frequency solutions w ~ 1 (in the L norm).
Assume that f is ¢-independent for now. Then we drop the dependence on t and simply write
f = f(z,u), g = g(x,u). When f is an odd function of u as in (1.2), that would put us in the
principally linear geometric optics regime (see [26] and section 8) and the nonlinearity would affect
the sub-principal term. The general case is more delicate and does affect the principal term. If
the principal part is u ~ X(¢)ei¢/h, with ¢ = —t +2-w, and 0 < x € C§°, then its modulus is
Ix(¢)|, and in the PDE, we would have g(z, x?(¢))u modulo O(h). So the nonlinearity would act
effectively as a time-dependent potential V (¢, 2) = g(x, x%(¢)), which is independent of time along
the light rays parallel to (1,w). It can be recovered from near-field scattering data by means of its
X-ray transform. In other words, once we justify that claim, we get essentially an inverse problem
for the linear wave equation Ou + V(¢,x)u = 0, which is well studied. Note that this is not a
linearization. The X-ray transform of V is contained in the subprincipal term of the exit wave.
Thus we can recover g(z,p) for every p in the range of x2.

Assume we have real incident fields like u ~ x(¢) cos(¢/h); then the situation is quite different.
This is a solution of the free (linear) wave equation, and would be the principal part of the non-linear
solution when f is of the type (1.2). Its square is not x?(¢) anymore. The “effective potential”
V = g(x, x(¢)? cos®(¢/h)) would be highly oscillatory, and we need to expand it (multiplied by u)
in Fourier modes first. This leads to expanding the function g(z, M?¢?)q in Chebyshev polynomials
over the interval |g| < 1, see (1.8) below. Then we show that the wave develops (odd) harmonics
and each one has an amplitude proportional to the X-ray transform of the corresponding Chebyshev
coefficient. This allows us to recover those coefficients and ultimately, g. We also show that the
first harmonic only is enough: it leads to an Abel equation, see (3.15), allowing us to recover g.

The case of general f not necessarily an odd function of u is more delicate. We study real
incident waves only. Then the self-interaction of the wave creates a zeroth harmonic u(?), which
is known in the physics literature as rectification. Then u(?) affects the principal symbol, in fact,
and its principal part solves another semi-linear wave equation with a nonlinearity depending on
f, see (4.13). The zeroth harmonic u(”) mixes (interacts) with the non-zero ones and affects all
the frequencies of the exit signal. For this reason, it is not clear how to extract information about
f from them. When f is a polynomial in u, with x dependent coefficients, the highest harmonic
does not depend on u(?, and we can actually recover the principal term of that polynomial; in
particular, we can recover a,, when f = au,(x)u™.

We refer to section 8 for a further discussion of relevant works on inverse problems for semi-linear
hyperbolic PDEs and non-linear geometric optics.

Setup and main results. We assume f = f(z,u) is independent of ¢ at the beginning which
allows us for a simpler exposition. We explain the modifications needed to cover the general case
f(t,z,u) in section 5.
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We describe our setup now. Assume supp, g C B(0, R) = {z; |z| < R}. We take n =2 orn = 3.
We are probing the medium with

(1.3) us = T/ (4o w), we SN

in
Assume C3° 5 x > 0 and let § > 0 be such that suppx C (—9,6). We solve (1.1) with initial
condition

(1.4) u=u’

fort< —-R—-90
which solves the free wave equation for such t. We measure

(15) A(“ﬁ)(x7w7 h) = u’t:T, |z-w—T]<d>

where T' > R + § is fixed and u is the unique bounded solution.
Our first main theorem is the following.

Theorem 1.1. Let the complex ul, be as in (1.3), and let K = maxx. Assume that f(x,u) is of
the form (1.2) for |u| < K with g smooth. Then, for h < 1, there is a unique bounded solution to
(1.1), (1.4) defined for t € [0,T]. Moreover,

(a)

Aus) = CTHe/hy (LT 4 2 w)

n
(1.6) h
X <1 +ig /g(az + sw, X2 (=T + 7 - w)) ds) + O(h?)
in the uniform norm.
(b) For every fized w € S™', the second term in the asymptotic expansion of A(uS) as h — 0
recovers the X-ray transform of x +— g(x,p) at the direction w, for every p € [0, K?].
(c) A(uL), known for all unitw, all 0 < h < 1, recovers g(x, p) uniquely for all z and p € [0, K?].

Rescaling x allows us to recover g for all z, p if f is of the type (1.2) for all u.

We turn our attention now to the recovery of f with a real-valued incident wave in (1.4)
(1.7) ui = cos “trrw

h

which is just the real part of (1.3), modeling problems where u must be real. Then the solution
will stay real. Consider the odd case (1.2) first, then f(x,u) = g(z,|u/?)u = g(x,u*)u. The
incident wave is a linear combination of waves X(¢)eik¢/ h with &k = —1,1, and plugging this in
the nonlinearity would create higher order odd only harmonics. To compute them, we expand the
principal part of the non-linear term g(z, cos?(¢/h)x*(4))x(¢) cos(¢/h) into Fourier cosine series
in the ¢/h variable, see (3.3) below. This leads naturally to an expansion of g(z, M?¢?)q into
Chebyshev polynomials over ¢ € [—1, 1] with Chebyshev coefficients

dg
V1—¢%
where T),, are the Chebyshev polynomials of first kind, and 7,,(z, M) = 0 for m even. Here M is a
parameter which will eventually be replaced by x (=71 + = - w).

x(—t+z-w), wesS

1
(18) i, M) = 2 /0 (92, M?%)q] Ton(q)

s

Theorem 1.2. Let f be odd for |u| < K as in Theorem 1.1. Let the real ul be as in (1.7). Then,
for h < 1, there is a unique bounded solution to (1.1) with initial condition (1.7) fort < —R — 9,
defined for t € [0,T]. Moreover,
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(a)

_T .
A(ul) = cos %X(—T +z-w)
(1.9) 1 . k(-T+az-
+hx(-T+z-w) Y T (;;WX% + O(h?),
k>1,0dd
in the uniform norm, where
(1.10) Xyp(z,w) = /’yk(:c—ksw,x(—T—Fa:'w)) ds.

(b) The nonlinearity g(x,p) is uniquely determined by the second term above in the asymptotic
expansion of A(ui) as h — 0, for all x and p € [0, K?].

To prove the theorem, we show that one can recover X~ first. Those functions look like the
Fourier sine coefficients of the second term in the z|| := z - w variable but they depend on z| as
well, through X~. That additional dependence is “slow”, which allows for the separation. Then
we can invert the X-ray transform to get 7y, and therefore g. Note that x| can be fixed here. We
also show that we can recover g from ~; alone by solving an Abel equation; then we need all x|, see
(3.16). Details are given in section 3. In particular, it is shown there that all steps in the recovery
are explicit.

Finally, when f is not necessarily even in u, the geometric optics construction still works, see
section 4.2 but we get zeroth harmonics. The zeroth harmonic however solves a semilinear equation
of the same type, and requires to assume smallness of x controlling the size of the initial condition.
We do this explicitly for a quadratic nonlinearity f(z,u) = a(x)u?, and show that one can recover
« in an explicit way. We discuss the general case in section 4, and show that once we can solve
the zeroth harmonic PDE, one can recover the leading term in the nonlinearity if the latter is
polynomial in uw. The reconstruction is explicit again and it uses the highest harmonic in the
subprincipal term which is not affected by the zeroth one.

Uniqueness in the case f(z,u) = a(z)u™, and stability (for specific small incident waves) was
proven in [23] using the higher order linearization method. The analysis there, as explained earlier,
is based on the asymptotic behavior of the nonlinearity as v — 0.

The results here can be extended in several directions; we chose not to do so in order to keep
the exposition more transparent. One can involve a Riemannian metric, and one can localize the
probing waves on the plane x L w as in [5]. We refer to section 7 for a discussion.

The structure of the paper is as follows. The odd case with a complex incident wave is studied
in section 2, where we prove Theorem 1.1. The odd case with a real incident wave and the related
geometric optics construction are considered in section 3, where we prove Theorem 1.2. Section 4
is devoted to the case of general f. Numerical examples are presented in section 6, some further
remarks can be found in section 7, and a discussion — in section 8. In the appendix, we review
some known and prove some new results about the solvability of (1.1).

Acknowledgments. The authors would like to thank the anonymous referee for making valu-
able suggestions which helped us improve the exposition.

2. ODD NONLINEARITIES. A COMPLEX MONOCHROMATIC INCIDENT WAVE

We assume first f(x,u) odd as in (1.2) and the incident wave complex as in (1.3).
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2.1. Geometric optics. Let u be as in Theorem 1.1. We prove first the following.

Proposition 2.1. Under the assumptions of Theorem 1.1, there is unique bounded solution for
t € [0,T] when h < 1. Moreover,

u(t,x) = Ty (4 g w)

(2.1) X (1 — ig /:g(:c+sw,x2(—t+x‘w)) ds) +O0(h?)

uniformly in t and x.
Proof. As before, we are looking for an asymptotic solution of (1.1) of the form
(2.2) u = ?GT gtz w, h)

with 0 < h < 1, |w| = 1, and a having some asymptotic expansion in powers of h: a = ag(t,x) +
hai(t,xz) + ... with a; independent of h. Plug (2.2) into (1.1) to get

e Ohp(?/hg) = /MO a) 4 g(x, |a)?)a
=72 (= 67 +10:0*)a + 2ih ™" (¢1, ~0:0) - (31, Or)a

+ih ™! (O¢)a + Oa + g(z, |al*)a
pu— 0’

(2.3)

where P(u) is the non-linear operator on the L.h.s. of (1.1).
We are in the linear regime now. The highest order h=2 term gives us the eikonal equation

(2.4) ¢7 — 0:0]> = 0.

The h~! order term gives us the well-known first transport equation, the same as in the linear case:
(2.5) Tag =0, T :=2(¢s,=0:0) - (0, 0:) + 0.

The second transport equation is affected by the nonlinearity:

(2.6) iTay + Oag + g(z, |ag|*)ap = 0.

Note that here we used the expansion g(z,p + h) = g(z,p) + O(h).
Now, with the linear phase ¢ = —t + x - w, the first transport equation takes the form

(2.7) —2(1,w) - (O, Oz)ap = 0.
Recall that we have the incoming wave (1.3). In time-space, for a fixed w, introduce the variables
(2.8) (s,y) = (t,x — tw); then (t,x) = (s,y + sw).

Then 0; = 0y + w - 0, and T = —205. The first transport equation with its initial condition takes
the form

d
(2.9) —2£a0 =0, ap=x(y-w) fors<O.
Therefore,
(2.10) ap=xy-w)=x(—t+2z-w).

The second transport equation (2.6) takes the form

d
(2.11) —2Aa1 +x(y - w) 9(y+sw,x*(y-w)) =0, ai]s<o=0.
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Note that this would have been the transport equation if we had a time dependent potential
(depending on the incident direction w as well)

V(t7$) = g(ﬂ?, XQ(_t T w))
The solution of (2.11) is

(2.12) ai(s) = —%X(y‘w) /S 9(y + ow, x*(y - w)) do.

If we restrict this to y - w = 7, corresponding to t — z - w = 7, we get the effective potential
V(z) = g(x,x?(7)), as explained in the introduction. Pass to the variables (¢,z) to get (2.1).
Let u; = ei‘b/h(ao + hay). Then wu; solves

e/ P(uy) = —hOay + f(x, e Mag + hay)) — f(x, e Pag),
see (2.3). By (1.2), we can write this as
P(uy) = —he!"Oay + f(x, (ao + har)) — f(z, ao),

so we get P(uj) = O(h) in L™ but each derivative of the r.h.s. multiplies this by h~!. By the
estimates in Theorem A.3, we get u — u; = O(h) in the energy norm, which is not sufficient.
Following [31], we continue the construction to a higher order. Expanding the nonlinearity in
Taylor series in h, and at each step, we solve linear ODEs. Thus for every N > 1, we have uy
having an expansion similar to (2.1) with a remainder Ry satisfying

(2.13) Oun + f(z,un) = Ry = O(hY™%) in H?.

Moreover, ||un||ze < C for h < hg for every fixed hg > 0 and C depending on f and x. Given
e > 0, we can choose hq so that C = K +¢, where K = max x. Take & in (A.5) so that x(¢?) = 1 in
a neighborhood of ¢> < K and x = 0 in a slightly larger one. Then uy solves (2.13) with f replaced
by its cut-off version x(u?)f(x,u) as in (A.5). By Theorem A.2, there exists a unique u solving
(1.1) with f replaced by its cutoff version. Choose s = 2 in (2.13) to get u —ux = O(h"V~2) in H?,
uniformly in ¢, by Theorem A.3. Then by the trace theorem, this is also true in the uniform norm
since n = 2,3. In particular, this shows that |u| has the same upper bound up to O(h); therefore,
we can remove the cut-off to get that u actually solves (1.1). By Theorem A.1, this solution w is
unique among all bounded solutions for ¢t € [0, 7. O

Remark 2.1. The statement of the proposition holds for 0 < h < hg with hg depending on y and
on f but uniform in w. For the purpose of the unique recovery statements in the main theorems,
one can take f; and fo; apply the expansion with the smallest of the two hg’s, and then prove

f1=fa.

We should also remark here that [10] and [30, Theorem 8.3.1] show that, for semilinear systems
of order one, at least, once one finds an approximate oscillatory solution u; as above, up to order
h*°, then there exists an exact solution w which is C* and such that u — up = O(h™).

Proof of Theorem 1.1. The existence and the uniqueness statement and part (a) follow from Propo-
sition 2.1.

Fixing —T + x - w =: T € supp , we recover the X-ray transform of g(-,x2(7)) at the direction
w. Indeed, writing x = z + ow, z L w, we get

/g(a:+sw,x2(—T+x'w))ds:/g(z+(s+a)w,x2(—T+a)) ds

= /g(z + sw, X*(=T + o)) ds.
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When |T'—z-w| <4, we have |[T'—o| < §, so when we fix 7 = =T +x-w = —T 40, we have |7| < §
and the formula above is the X-ray transform of g(-, x2(7)) for such 7. Varying 7, x*(7) runs over
the range of x? which is [0, K2]. This proves (b). Part (c) follows immediately. O

3. ODD NONLINEARITIES. A REAL INCIDENT MONOCHROMATIC WAVE

We assume f(z,u) odd as in (1.2) and the incident wave real as in (1.7).

3.1. Heuristic arguments. We would expect |u|? ~ cos?(¢/h)x*(¢), ¢ = —t + = - w, i.e., the
principal term in the expansion of u to be unaffected by the nonlinearity but that would change in
next section. Plugging this into g(z,|u|?) yields the formal potential

(3.1) V= g(x, cos®(¢/h)x*(¢))

(up to an O(h) remainder), which oscillates highly, therefore the method we used before needs
modifications. The nonlinearity NL = g(x, |u|*)u then takes the form

(3.2) NL = g(z, cos®(¢/h)x*(#)) x(¢) cos(¢/h)

modulo O(h). We think of ¢ in x(¢) as a second copy of ¢, independent of the one in the
cos(¢/h) term. Set x(¢) =: M. We may want to use the formula 2cos?d = 1 + cos(26).
Then NL = g(z, M? cos?(¢/h))M cos(¢/h). Let us expand the 27 periodic, even function 6
g(w, M? cos? 9) cos @ (note that we removed the factor M) into a Fourier cosine series

x, M)

2.2 _ 70(
(3.3) g(z, M cos” 0) cos ) = 5 + Z Ym (2, M) cos(mb),

m>1

(we will see that 7o = 0 in a moment and that m must be odd), where

(3.4) Y (z, M) = 2 /07T g9(z, M? 0082(9)) cos 0 cos(m@) df.

™

Perform the change of variables ¢ = cos @ to get formula (1.8) stated in the Introduction. Knowing
Ym, We can recover g(x,p) for 0 < p < M? by

(3‘5) g(:c,M2q2)q = ZVm(x7M)Tm(Q)'

The nonlinearity takes the form

(3.6) NL=x(¢) Y. ~m(x,x(¢))cos(mp/h)
m>0,o0dd

modulo O(h).

3.2. Geometric optics in the principally linear, subprincipally nonlinear regime. Assume

(3.7) U~ Z R R (¢ 2w, b)),
keZ\0
compare with (2.2), where each a*) has an expansion a(*) = aék) + hagk) + .... Since we want u

to stay real, we require a*) = a(=%). Using (2.3), we see that we can take the phase ¢ satisfying
the same eikonal equation (2.4); and we take the phase ¢ = —t + x - w because this is what is
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dictated by the initial condition (1.7). Plug (3.7) into the equivalent of (2.3) (no absolute value in
|u|? there) to get

: d
—pt Ze‘kwh%k& (a((]k) + hagk) + .. )

(3.8) ( (Zelmd’/h( —l—hag . )) )Zelk¢/h( —i—ha(k) . >
+Ze‘k¢/hD( (k )—i-ha(k) . ) =0.
k

FExpand ¢ into a Taylor series in its second variable to get that the second term above multiplied
by h equals

(3.9) hg<$’ (Zeim¢/ha(()m)>2> Z iké/h,, ( ) + O(hQ)
m k

(k)

The first transport equations, see also (2.9), says that a;’ stay constant along the rays, therefore,
by (1.7),

_ 1
(3.10) al) = al™" = SX( - w),
in the variables (2.8), and all other a(()k) coefficients vanish. In particular, this means that in (3.9),
m = —1,1 only, same for k there. Then (3.9) takes the form
hg(x, M? cos®(¢/h))M cos(¢/h) + O(h?),

which is just AMNL + O(h?)), see (3.2), as expected. We expanded this into Fourier cosine series
n (3.6). This, together with (3.8), shows that the second transport equations take the form

o d w1 k
(3.11) —2ik—ai + Sy + sw (v @)xy-w) =0, Yo =0
with the Chebyshev coefficients ~y; given by (1.8). Therefore,
k i °
(3.12) af"(s) = X w) / (Y + ow, x(y - w)) do,

compare with (2.12). The coefficients 7, are rapidly converging, locally uniformly with respect of
its variables, which makes it easy to prove convergence in (3.13). The construction can be continued
up to any finite order with a justification of the expansion as in the previous section.

This proves the following.

Proposition 3.1. Under the assumptions of Theorem 1.2, for 0 < h < 1, there is unique bounded
solution u defined fort € [0,T]. Moreover,

U = COS wx(_t _|_ €T - w)
1 — : 0
(3.13) + hx(—t+ 1z w) Z sink(t_'_xw)/ V(2 + ow, x(—t + 2 - w)) do
2k h oo
k>1,0dd
+O(h?),

uniformly, where the Chebyshev coefficients of the nonlinearity are given by (1.8).
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3.3. The inverse problem. Proof of Theorem 1.2. Proposition 3.1 proves (1.9), which is part
(a) of Theorem 1.2. It is convenient to set
T =T +x)w,

where 7| =7 — (- w)w L w, 7| =z -w. Then

~T + —T'+
A(u]ilfl) =x(=T + a;H) (cos 2l +h Z —sm W x”)X’Yk> =+ O(hQ);
E>1, odd
with
(3.14) Xyp(z,w) = /%(u +ow, x(=T +z))) do.

Given A(ult) for 0 < h < 1, we know the subprincipal term above. That term looks like a Fourier
sine series in the x| Varlable with Fourier coefficients X, but Xy depend on z| as well. On the
other hand, they do not oscillate fast with h, so in any interval of length ~ h is constant up to
O(h). Therefore, we can compute the Fourier coefficients for x| in any fixed interval with length
the period 27h as if X+ did not depend on x|, up to O(h). This shows that we can recover X-y;.

We have recovered the X-ray transform of 'yk( x(=T+ :):”)) in the direction w. Now we vary w
and take measurements at x with x = z - w unchanged (we can think of it as rotating the setup).
Then we recover the Chebyshev coefficients v (z, M) for every M = x(—T + = - w). Varying z in
the strip |z - w — T| < ¢ allows us to recover v (x, M) for every M € [0, K] with K = max x as
before. Then we can recover g(x, p?)p for |p| < K, see (3.3).

One downside of this is that to recover all coeflicients, we need measurements at increasing
frequencies k/h, k = 1,3,.... If we are limited in that, we can recover some finite Fourier expansion
only. When we do numerical simulations, higher k£ means even smaller step sizes if we use finite
differences.

There is an alternative way, however. We can recover the first Chebyshev coefficient ~; (z, M)

only. By (1.8), we know
4 1, M?*¢)q’
n(@,M)=— | ———=—dq
0

7 /1— ¢
(3.15) _ 4 M gz
M3x 0 /1 _qQ/MQ
4 (M g(z,¢*)¢?

= d
M2z Jo /M2 = g2

This is an Abel equation with an explicit unique solution [8, p. 24]
1 d [7M3y(z, M)
2¢°dq Jo /q® - M?
To compensate for noise, in order to extract the Fourier coefficients in (3.18), we may want to
integrate over a larger interval of “small” length but independent of h. Next, division by y is
not really needed before integration. Based on that, we propose the following scheme. Denote by

ur (T, z,w) the principal term above. Note that this is exactly the (linear) solution if there were no
nonlinearity, i.e., when g = 0. Compute (denoting x| = s)

(3.17) A =h7t /sin W(A(UE)@UL + sw,w) —ur(T,z1 + sw,w))p(c — s)ds,

(3.16) g(z,¢%) = dM.
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where ¢ € C§°(R). In other words, we multiply the difference A(uf) —uy, by (o — s), the variable
o would control the shift; and then, and then we project on a sine Fourier mode.

By (3.17),

=T "(=T
/Wsm +S) Sink ( +8)x(—T—|—s)X7k/(xL—|—sw,w)

k'>1,0dd h
(3.18) x (o —s)ds+ O(h)
1 . ks k's
= Z o S sin X X(8) X () + (s+ T)w,w)p(c —s —T)ds + O(h).
k'>1,0dd

Set fr(s) = x(8)XVk(xL + (s+T)w,w)p(c —s —T) for a moment, suppressing the other variables.
Use the formula 2sin(ks/h)sin(k’'s/h) = cos((k' — k)s/h)) — cos((k’ + k)s/h) to get

Ak:ﬁ > §R<fk< ) fk(k,+k ):lek/fk(s)ds—i—O(h)

k’>1,0dd
since the only non O(h*°) contribution comes from f;(0). Indeed, by (3.4), |0%;| < C, indepen-
dently of k. Then |f(¢)| < Cn (€)™, VN, independently of k. Then

- gholsox S (T ()T om

k'>1,0dd, k' #k
< Cy > (m/h)™N +0(h).
m>1

We have (m/h)~' = (14 (m/h)?)~' = h(h? +k?)~1/2 < h/m for m > 1. Therefore, the sum above
can be estimated by C']’VhN Y ok>1 m N < C]’(,hN for N > 2.
We proved the following.

Proposition 3.2. With Ay defined by (3.17), we have

1
(3.19) A = yie /X(s)X'yk(:Jcl + (s+ T)w,w)p(c —s —T)ds + O(h).
In particular, choosing a sequence of 1 converging to the Dirac §, we can recover
(3.20) x(o = T)Xy(zL + ow,w)

for every o, w and x| .

Therefore, we can recover the convolution of s — x(s)Xvk(z1 + (s + T)w,w) with arbitrary test
functions. In particular, we can recover Xy (z | +ow,w) (think of o as z||) as long as 0 —T € supp x
but the latter is guaranteed when X~ (z) + ow,w) does not vanish, by (1.10). The convenience of
(3.19) is that it allows us to recover a convolved (a regularized) version of the latter directly from
possibly noisy data.

Remark 3.1. To recover X, we had to take two limits: first A — 0, and next, » — ¢ in D'.
In applications, we would like to take h < 1 and get X7, up to a small error. One can set
Yp(s) = h™Hp(s/hH*) with 0 < g < 1 in (3.17). Then 4kA; would be equal to (3.20) directly plus
o(1) as h — 0, and one can be more specific about the error.

3.4. Recovery algorithms. We deduced two recovery algorithms.
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3.4.1. Recovery using all harmonics.
(i) Fix x and recover X (z,w) for k =1,3,..., by Proposition 3.2, and all z, w.
(ii) Invert the X-ray transform for every x| fixed, see (3.14), to recover v;(z, M) for every x
and for every M € [0, K], K := max x.
(iii) Recover g(z,p) by (3.5) for every = and every p € [0, K2].
(iv) To recover g(z,p) for p on a larger interval, we choose another x, for example we replace
the original one by a scaled version C'y.

This requires measurements or numerical experiments for increasing frequencies k/h, k = 3,5, . ...
Note that we actually need one value of M to recover g for p in a fixed interval; in fact choosing
M = K is enough. This corresponds to making measurements at a fixed x) which maximizes

X(z = T).

3.4.2. Recovery through the first harmonic.

(i) Fix x and recover X~i(x,w) by Proposition 3.2
(ii) Invert the X-ray transform for every z) fixed, see (3.14), to recover v;(x, M) for every x
and for every M € [0, K], K := max x.
(iii) Solve the Abel equation (3.15) to recover g(z,p) by (3.16) for every = and every p € [0, K?].
(iv) To recover g(z,p) for p on a larger interval, we choose another x, for example we replace
the original one by a scaled version C'y.

Now, we use all z|| in the data but the first harmonic is enough.

3.5. The polynomial (cubic) case. As a special case, we show how our approach works when
g(z,|u|*)u = a(z)u? (and u is real-valued), i.e., when g(z, p) = a(z)p. The construction works in
the same way for g(|u|?)u = a(x)u?*!, j > 1 integer. This is the case considered in [31] but there
we used weakly non-linear solutions with amplitudes ~ h~1/2. The nonlinearity there affects the
principal term and creates phase shifts.

Then, see (3.3),

g(x, M? cos?(9)) = M?a(x) <; + ;COS(Q@)) ,

which leads to the effective potential, compare to (3.1),

1 1
V = a(z)x*(¢) (2 +35 cos(20)> .
Therefore, after multiplying by u, we get first and third harmonics only in this case. Indeed,

(3.21) gz, M? cos? ) cos ) = M2a<2 cos 6 + % COS(SG)),

see also (3.3), therefore, 71 = 3M2a/4, v3 = M?a/4, all other vanish.

This leads to an ansatz of the type (3.7) with agk) having non-zero entries for k € {-3,1,1,3}
only:

U ~ a671)671¢/h + aél)eid)/h
(3.22) I h(af?’)e_id’/h i ag—l)em/h T agl)eiqﬁ/h i a§3)631¢/h> + O(hQ)

= 2§R(a(()1)ei¢/h + h(agl)eid’/h + a(()s)e?’i‘z’/h)) + O(h?).
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The ~ h? term would have harmonics k € {—9,—7,...,7,9}, etc. As before, the principal terms
is unaffected by the nonlinearity, so we still have (3.10), therefore the principal part is wy :=
X(y - w) cos(¢/h) in the coordinates (2.8). Then, as in (3.21),

1
ou® = a(z cos(¢/h) + — 7 €08 3q§/h)) 3y - w),
which has Fourier coefficients {1/8,3/8,3/8,1/8} all multiplied by M3« with M as above. They

can be written as 3M3a/(8]k|).
By (3.8), the second transport equations are

d
—2ik—a® + EEPYEN (y+sw) =0, k=-3,-1,1,3.

ds 8| k|
The zero initial conditions imply
(k) 3 s ’
(3.23) a; == 1em M? sign(k) ; a(y + ow) do.

We compare this with (3.12). We have

(Y +ow,x(y-w)) = §><2<y w)aly +ow), Yy +ow,x(y-w)) = 1><2<y -w)a(y + ow).

4 4
Multiply this by —i/(4k) and integrate in o to get
(g 3 ’ (3) L),
a’(s) = =Xy w) | aly+ow)do, a;”(s) = gay’(s);
16 0 9¢
also, ag_l) = —agl) = dgl), ag_S) = —ag ) = g ), as expected. This confirms (3.23).

The subprincipal term in the expansion (1.9) of u therefore is

h s

(3.24) X

(@) Xa (/1) + g sinsorh) ).

The Abel equation (3.15) involving v takes the form
4 M a(z)M2gt
R R
™ Jo 1— q2

and a direct computation yields v; = 3M?2a/4, as we found out earlier. The recovery formula (3.16)
takes the form

q 3 2
(3.25) ag® = %g w dM.
2¢°dq Jo q? — M?

Set M = qcosf in the integral to transform the right-hand side to get

3o d ; ™z 3a d - 8 )
0do = — =
8q2dq /0 o8 8q 2d s

which confirms (3.25).
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4. NOT NECESSARILY ODD NONLINEARITIES

Assume now that the nonlinearity is f(z,u), not necessarily odd in w.

Some heuristic arguments can convince us that we cannot expect the zeroth harmonic to affect
the subprincipal (and lower) terms only. If we follow (3.8), we would see that when k& = 0, we
are missing the first transport equation for the zeroth harmonic leading term aéo) because that
equation would be multiplied by —2ik. Similarly, in (3.11), the derivative cancels when k = 0, etc.

For this reason, we will seek a zeroth harmonic contribution to the principal term.

4.1. A quadratic nonlinearity. We start with the example f = «a(z)|u|? which is interesting
on its own. Note that global solvability is not guaranteed and probably not even true. On the
other hand, solutions of the type we need do exist, as it follows form our analysis. Assume the real
incident wave (1.7) as before. We will look for a solution of the form

= M(e—w/h 4 €i¢/h) + u[()o)
(4.1) 2

+ h(e‘Qi(ﬁ/hag_z) + e_i‘f’/hag_l) + ugo) + ei¢/ha(11) + eQi‘ﬁ/ha?)) + O(hZ),
where the zeroth harmonic is u(?) = u(()o) + hugo) + ...; a more consistent notation would be a(?).
We presume that the £ = +1 harmonics would be the same as those of u%%, and in fact we get
that directly from the leading transport equations for k # 0. Plugging this into the quadratic
nonlinearity, we get a principal part

(4.2) NLg := %ax2(¢)(1 + cos(2¢/h)) + a(u[()o))Q + 2ax(¢)u(()o) cos(¢p/h).
The zeroth harmonic is

1 0
(4.3) 50 (9) +a(uf”) .

Plugging this in (1.1) and isolating the zeroth harmonics in the principal term, we can expect the
principal part of the zeroth harmonic to solve

2 1
(4.4) Du(()o) + a(ugo)) = —§a(l‘)X2(—t + - w), uéo)|t<<0 =0.

For any T > 0, this equation has a unique solution ug(t, z) € C([0, T]; H*TH(R™")NC ([0, T]; H*(R")),
provided || x|lcx < e(T) < 1, k > n/2, which we assume from now on. One way to guarantee that
is to fix some x and replace it by €x, € < 1. For the convenience of the reader, we give a proof
of this result in Theorem A.5 in appendix A, but one could also arrive at the same result by for
example inspecting the proof of [14, Theorem 6.4.11].

k) (1)

for k = —2,—1,1,2. The transport equation for a; ’ is

.d 0 1
(4.5) ~2iat) = —ax(9)ug”,  aileco = 0.

Next we determine ag

(0)

In order to obtain it, we had to select the k = 1 harmonic in (4.2) to put on the r.h.s. Since u
is already determined, we can integrate it along the characteristic to get agl). Then agfl) is just

its conjugate. In particular, the factor i = v/—1 shows that the first harmonic in the subprincipal
term has a sine term. For k = 2, we get similarly

! 1
—di=a® = —Zay2(¢), aPle0=0.
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The solution is

i S
al(s) = 1) [ aly+ow)do

compare with (3.12). In the (¢, z) variables, see (2.8), we get

: 0
(4.6) aP(t,z) = —11—6X2(—t ta- w)/ a(z + ow) do,

and in particular,

(4.7) a§2)(T,:U) = —%GXQ(—T + 2z w)Xa(x,w),

for x as in (1.5). Therefore, this term recovers the X-ray transform of «.

To get the equation for ugo) (the second order term of the zeroth harmonic), we need to compute
the non-oscillating terms in the ~ h term of the nonlinearity, i.e., of twice the product of the O(1)
and the O(h) term in (4.1). They can be obtained by combining k£ = 0 and k£ = 0 in each term; or

k =1 with k£ = —1, respectively k = —1 and k£ = 1. Since agl) = —agfl)

, we get
(4.8) Dugo) + 2au(()0)u§0) =0, u(lo)\t<<o =0,

therefore ugo) = 0.
One can compute a full asymptotic expansion that way. The next order term will have harmonics
{—4,-3,...,3,4}, etc. We proved (the justification is as in the odd case) the following.

Proposition 4.1. When ||x|c2 < 1, supported in (—1,1), the unique bounded solution to
(4.9) Du + a(z)u® = 0

with initial condition (1.7) satisfies

uzx(—t%—m-w)cos%%—u(@
(4.10) 1 —t+z-w 2 2(—t+ 1z w)

Consider the inverse problem for (4.9) now: recovering « from A(ui,). The principal term in

(4.10), at ¢ = T and = as in (1.5), carries information about « in the zeroth harmonic uéo). The
latter solves the non-linear wave equation (4.4) however, so recovery of a from it seems not easier
than the original problem. Also, since u(()o) is smooth, no additional parameter, it would carry
no meaningful resolution about o anyway. We look at the two oscillatory O(h) terms next. The

amplitude Qiagl) of the first harmonic solves (4.5) which depends on u[()o) along the characteristic,

which we do not know. The amplitude 21@52) of the second harmonic however is given by (4.7),

which recovers X o explicitly. The next question is whether we can recover a§2) from (4.10). This
can be done as in Proposition 3.2 since the contribution from the zeroth harmonics to Ay in (3.17)
would contribute an O(h*°) term to its asymptotic. We provide more details below.

In other words, the inverse problem in this case is solvable in an explicit way as well.
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4.2. General non-odd nonlinearities. When we plug u = ug + x(¢) cos(¢/h) into the nonlin-
earity, we get f(x,ug + x(¢)cos(¢/h)). Following the special case above, we expect the following
Fourier coefficients to play a role:

(4.11) fe(z, M,u) = 2/ f(z,u+ M cos ) cos(k) db,
T Jo

where we will eventually set M = x(¢) as done earlier. The zeroth coefficient fy would be responsible
for the leading term of the zeroth harmonic. When f = qu + au?, for example, we get fy =
2qu 4+ aM? + 20u?, see (4.3). We are looking for u having an asymptotic expansion

(4.12) w = X(2¢)<€—i¢/h + €i¢/h) i u(()o) + hugo) + hz eik¢/ha§k) +O(R?),
k0

Then u(()o) must solve

1
(4.13) Oy + 5fo(z. x(#).uy”) =0, ug” o = 0.

In general, fy # 0 when v = 0; and in fact, this is true if and only if ¢ is odd in the w variable for

|u| < M. Then, by uniqueness, we would get u(()o) = 0 in (4.13), which is what we got in the odd
case. Equation (4.13) is solvable when [|x||c2 < 1 by Theorem A.5.
The equivalent of (4.2) without the zeroth order term now is

NLo = > fi (2, x(9), u”) cos(k/h).
Plugging (4.12) into the PDE (1.1), and arguing as in (3.8), we see first that (4.13) is justified; and

d 1
(4.14) —2ikd—agk) + 5@ x(9), u)y=0, k#£0.

s
The equation for the subprincipal term ugo) of the zeroth mode looks similar to (4.8) with coefficients
obtained by averaging the ~ h term of the Taylor expansion of f(x,-) with the dot there replaced
by (4.12). The construction can be extended to higher order and justified as done earlier, assuming
that (4.13) is solvable.

4.3. The inverse problem. The appearance of the zeroth modes complicates the inverse problem.
They depends on the nonlinearity in an implicit non-linear way. One special case when we can
recover the nonlinearity is when it is of the kind f = a(z)u?™ with m > 1 integer, inspired by the
quadratic case in section 4.1.

We show first that the coefficients in (4.12) are recoverable from the data.

Proposition 4.2. For Ay defined in (3.17), we have
_ 1
4k

In particular, choosing a sequence of 1 converging to the Dirac §, we can recover

(4.15) Ay /ag’“(T, 21+ (54 Thw,w)b(o — s — T)ds + O(h), k> 1.

agk) (T,x, + ow,w)
for every o, w and x| .

Proof. The proof is as that in Proposition 3.2. What is new here is that we have zeroth modes but
they would give us an O(h*°) contribution. O

We therefore get the following.
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Theorem 4.1. Let f = aj(z)u+---+ap(z)u™ for |u] < K, m > 2. Then, if ||x||c2 < 1, there is a
unique bounded solution of (1.1) for h < 1, with a real initial condition (1.7) fort < —R—J, defined
fort € [0,T]. Moreover, A(ul), as h — 0, recovers o, uniquely. In particular, f(z,u) = a(z)u™
s recovered uniquely.

Proof. In this case, f,, = 2'"™M™q,, which can be seen easily by expanding (u + M cos )™ by
the binomial theorem, and then in Fourier series. Indeed, the highest power of cosf would be
M™cos™ 0 = M™21=™ cos(m@) + .... Then agm) =2l=my\m(_T + 2. w) X ay, for t = T; therefore
we can recover X a,, by Proposition 4.2, and then ay,. ]

5. TIME-DEPENDENT NONLINEARITIES

We will explain now how to extend the results so far to time-dependent f(¢,z,u). To probe
time-dependent coefficients, we need to introduce a time delay parameter, call it . Then the phase
function ¢ = —t + x - w will be replaced by ¢ = —t +t' + x - w. We introduce this parameter in the
probing waves (1.3) and (1.7). The initial condition (1.4) will then be replaced by

(5.1) uw=u'" fort<-R—5+1t

with the upper index either C or R, and we restrict ¢’ to a finite interval ' € [0,7”]. The r.h.s. of
the inequality for ¢ in (5.1) is chosen so that when it turns into an equality, the front of the wave
just enters the ball B(0, R). The solution u would depend on t' as well. We measure

C/R
(52) A(uin/ )(t/7 T, W, h) - u’t:T—i—t’, |z-w—T|<d

with T'> R+ ¢ as in (1.5). With the nonlinearity non-present, we would get A(ug/ R) = e/ y ()
with z restricted as above.

The geometric optics construction goes along similar lines. The leading amplitude ag in (2.10)
has the form ap = x(¢) again (with our shifted ¢ now). The second transport equation (2.6) is
formally the same but g depends on ¢ now. The equivalent of (1.6) takes the form

A(’U,Sl) _ ei(—T+t’+m~w)/hX(_T + " +z- w)
(5‘3) h / 2 / 2
x (1415 g(s+T -t &+ sw, x> (=T +t + z-w))ds | + O(h?).

Similarly to the proof of Theorem 1.1, we can recover the light ray transform of g(t,z,p) for
0 < p < maxy, over the light rays s — (s+ T —t/,x + sw), ¢’ € [0,7], |w| = 1 and = as in
(5.2). By [34], this recovers g-, -, p) uniquely along those lines. Note that the proof in [34] relies on
analytic microlocal arguments, and the recovery is not stable since the light ray transform cannot
recover timelike singularities. In particular, g(-,-, p) is uniquely recovered in the cylinder

(5.4) [0,T'] x B(0, R).

The analysis of the real valued solutions in section 3 generalizes in a similar way. The coefficients
¥m in (1.8) depend on ¢t now: (¢,z, M). Theorem 1.2 holds with obvious modifications similar to
the ones above; in (5.5) we get

(5.5) Xvyi(z,w) = /vk(s+T —tx+sw,x(-T +t' +z-w))ds.

We get uniqueness similar to the one above, and in particular, in the cylinder (5.4). Both algorithms
described in section 3.4 work with obvious modifications.
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Finally, we note that the coefficient oy in Theorem 4.1 could depend on t as well; then we can

recover a,,(t,x) in the cylinder (5.4) (and as noted above, we have uniqueness in a larger set,
per [34]).

6. NUMERICAL EXAMPLES

In the examples below, we work in the square [—1,1]? discretized to N x N nodes with N at
least 1,000, with A = 0.005. Then the wavelength is 2wh = 0.0314 ... which is about 15.7 times
larger than the step size. We also take N = 2,000 and even N = 4,000 when capturing higher
order harmonics is essential. We use a finite difference solver to compute the solution of (1.1)
numerically. The terminal time is T'= 1.4.

Figure 1 illustrates the setup. The probing wave u]-llfl (or its real part if we take its complex version
uﬁ) at t = 0 is plotted on the left, and the Cauchy condition for its t-derivative is chosen so that it
would propagate up. We take nonlinearities of the type f(z,u) = a(x)F (u) (this particular form is
not essential for the computations) with o a Gaussian plotted in the middle of the figure. Finally,
the plot on the right is that of A(ul) (or its real part), i.e., the solution at ¢t = 7' = 1.4. Since the
effect of the nonlinearity is in the subprincipal term, it has no visible effect on that plot. Instead,
in some of the figures below, we plot u — uy, where uy, is the linear solution; i.e., we subtract the
principal term. Then we plot a vertical cross-section of u — uy, through the center in the direction

shown: from top to bottom. We plot the top 1/3 (approximately) of the cross-section, where u—up,
is essentially supported.

0.8 0.9 0.8
0.6 200 1 0.8 0.6
04 0.7 0.4
0.2 400 1 06 0.2
0 ‘ 0.5 0

-0.2 600 1 0.4 -02
-04 03 -0.4
-06 800 1 0.2 -06
-0.8 0.1 -0.8

1000

200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000

FIGURE 1. The setup. All plots are of the real parts. Left: The initial condition. Center:
the nonlinearity a(z). Right: the solution at t =T

6.1. Cubic nonlinearity, complex incident wave. We start with a complex probing wave.

Example 6.1 (Figure 2). We take the nonlinearity to be f = a(x)u?® as in section 3.5. The
subprincipal term in (1.6) then is

B
56‘(_T+x'w)x3(—T + ) Xa(ry,w), where Xa(z,,w) = /a(:m_ + sw) ds.

In Figure 2, we plot the real parts of the subprincipal term (in red) vs. the principal one; with
the subprincipal term rescaled to have the same maximal amplitude, i.e., divided by h(X«)/2. We
see that the subprincipal term decays faster away from the center because it has x> as an envelope

of the oscillations instead of x. The two oscillations are shifted by 7/2 which is due to the i = y/—1
factor.
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FIGURE 2. f(z,u) = a(z)u®, N = 2,000, complex us,. All plots are of the real parts. Left:
The initial condition. Center: the subprincipal term at ¢ = 1.4. Right: Plot of a vertical

cross section of the subprincipal term through the center (in red) and that of the linear
solution (in blue).

6.2. More general nonlinearities with separated variables, complex incident wave. As-
sume f(z,u) = a(r)G(Ju/?)u. Then (1.6) takes the form

: b
61)  Alww) = €x(9) +ige? (Xa)X($)GOC@) + O, ¢i= T+ -w
The envelope of the oscillations then is proportional to (Xa)x(=T + z))G(* (=T + z)))).

Example 6.2 (Figure 3). We choose F(u) := G(|u|*)u = 1.5v/3(1 — |u|*)u. It has a maximum 1 on
the interval [0, 1]. Then we chose x(s) = exp(—s2/0.02). A plot of the function Foy = G(x2(-))x(-)
and —F o x are shown on Figure 3, left. By (6.1), it must be the envelope of the oscillations of the
subprincipal term and the computed profile in Figure 3, right, confirms that. The curve in red is
the subprincipal term divided by h(X«)/2 as above.

05 0.5

-05 -05

03 -0.2 -0.1 0 0.1 0.2 "o 50 100 150 200 250 300

FIGURE 3. f(z,u) = a(x)1.5v3(1 — |u[?)u, N = 1,000, complex uy,. All plots are of the
real parts. Left: the theoretical envelope F' o x of the oscillations. Right: a plot of a vertical
cross section of the subprincipal term through the center, rescaled (in red) and that of the
linear solution (in blue).

The recovery of g then goes along the following lines. We fix x|, which fixes M := x(=T + ).
Then the subprincipal term in (6.1) recovers F(M)Xa(z),w). Knowing this for all w recovers
F(M)a(x). Now, varying x|, we vary M on the range of X, which recovers F'(M)a(z). It is also
worth noticing that the envelope of the oscillations in Figure 3, right, is proportional to F' oy, which
recovers I, and therefore, f, up to a constant factor even without inverting the X-ray transform.



RECOVERY OF A GENERAL NONLINEARITY IN THE SEMILINEAR WAVE EQUATION 19

6.3. Nonlinearities with separated variables, a real incident wave. We assume a non-
linearity as in section 6.2. Then f(z,u) = a(x)F(u) by definition, where F(u) = g(|u|*)u. We
have

62) M) =@, 00 = 1o [ RO (o) 7
see (1.8). By (1.10), (3.14),
(6.3) Xy = (Xa)ym (=T + ).
Then the subprincipal term in (3.13) takes the form
1 k(=T +ux))_
(6.4) hXa(r )x(=T+z)) Y o S = WO (=T + ).

k>1, 0dd

Assume now that F' is a polynomial. Then F(u) = 3, 51 ,qq Fnu™. There is a well known
expansions of monomials ¢ into Chebyshev polynomials; and we can use that in (6.2). We will do
this for polynomials F' of degree five only. We have

1 3 1 5 5
=T S 1 S = T =T ~Ti(q).
¢=Ti(a), ¢ =B+ 110, ¢ =15T50)+ 75T(a) + STilg)
Then
= Pt SEM2 4 2EMY, Ay =SR2 £ DR, 5y = — By M
71—143 85,%’,—43 165 ,’75—165 .
The subprincipal term then takes the form, see (6.4),
1 3 5
h(Xa)M |= | Fy + SF3M? + ZFsM* sin &
(6.5) 2 4 8 h
' 1/1 5 30 1 1 . 5¢
—(=RBM?* + = FsM* o — . —FsM*sin =/ |.
+6<43 LT )Smh+10 T

In that case, we can easily demonstrate the two algorithms for recovery of the nonlinearity. To
make things simple, assume that « is known. If we know (6.5) for a all M in some interval [0, K],
then we can easily recover F;, Fy and F3 from the first harmonic in (6.5), which is proportional to
A1. On the other hand, if M is fized, we can recover the three 4y, and then recover F'(Mgq) by its
Chebyshev expansion.

Example 6.3 (cubic nonlinearity, Figure 4). In particular, if F(u) = |u|>u (equal to u? for u real),
we get 71 = 3M?2/4, 43 = M?/4, all other zero, see (3.21); therefore, the subprincipal term is

—T+JJH n 1 . 3(—T+$||))

(6.6) hXOé(ﬂUl)XB(—T‘f‘ﬁ?H)(i sin . e -

In Figure 4, left, we plot a vertical cross-section of u,—p and that of the difference (u—ur)/(hX )
at t = T. The theoretical maximum of that difference would be 3/4 + 1/24 ~ 0.79 (modulo O(h)
because it would depend on the phase shift of the oscillations in (6.4) related to ¥ = T' maximizing
X there). This is in good agreement with the experimental plot.

Next to that plot, in Figure 4, right, we plot the modulus of the Fourier transform of that
difference on a log scale. We can see a peak at the incident frequency: the first (the carrier)
harmonic, the third harmonic affecting the subprincipal term (and the lower order ones) and the
fifth one affecting the lower order terms starting from the sub-subprincipal one.
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-0.5
-20

FIGURE 4. f(z,u) = a(x)u®, N = 2,000, real uj,. Left: a plot of a vertical cross section
of u —uy, (scaled) through the center (in red) and that of u (in blue). Right: the modulus
of the Fourier transform on a log scale of it: the first, third harmonics dominate, and the
fifth one is coming from the third order term.

Example 6.4 (Figure 5). In the next example, we choose a polynomial of degree three in order to
make the third harmonics not just measurable but also visible. We choose F; =1, F3 = —1.9, i.e.,

F(u) = u—1.9u%.

The first term represents a linear potential V' = 1, actually. The coeflicients are chosen so that
41 = 0 for M =~ 0.84, which would kill the first harmonic when y ~ 0.84 (close to its peak y = 1).
We plot the theoretical profile of the subprincipal term divided by h, versus the computed one
in Figure 5. There is no perfect match because of numerical dispersion: higher frequencies travel

0.3

03 1 03 A

-03 -02 -0.1 0 0.1 0.2 200 400 600 800 1000 1200

FIGURE 5. f(z,u) = a(z)(u — 1.9u®), N = 4,000, real u;,. Left: a plot of the theoretical
vertical cross section of (u — ur)/h. Right: the computed one vs. 0.33u;,.

slower. Still, one can see evidence of the third harmonics near the center part. The effect is much
stronger and eclipses the first harmonic approximately where x is closer to 0.84. The linear solution
is plotted divided by 3.

Example 6.5 (quadratic nonlinearity, Figures 6, 7). Let f(x,u) = a(x)u?. We recall the analysis

in section 4.1. We compute a linear solution uy, first, i.e., with o = 0. It is equal to u{%, of course,

which also represents the first term in (4.1). Then we compute u(()ogheor as a numerical solution of
(4.4). This would be the theoretical zeroth mode, up to a lower order term. Next, we compute u

itself. The zeroth mode u(()o) is relatively small since its size depends on x as well (which has small
“support” in our case), and it propagates in all directions; therefore it spreads. For this reason, we
do not plot u|;—7; it looks more or less as the unperturbed ur,|¢—7 in this case. In Figure 6, we plot
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u—ur, “(()Ot)heow and u —uy, — uéot)heor at t =T. According to (4.1), we should have

U—uL = ug,)t)heor + O(h)’
w— = e = b (230l sin(6/h) — 2(a{?) sin(2p/h) ) + O(h?),

Therefore, the first two plots should be very close. Indeed, they are, and in u — uy, we see a
slight hint of the oscillations due to the subprincipal term. The third plot represents the difference

%104
500 500
1000 1000

2
0. 05
500
- El
1
1. 15
1000
- 2
2 25 1500
3 4
2000 2000 2000

1500 1500
500 1000 1500 2000 x10% 500 1000 1500 2000 x10® 500 1000 1500 2000

o

FIGURE 6. f(z,u) = a(x)u®, N = 2,000, t = T = 1.4. Left: u — uz, represents the
computed zeroth harmonic up to O(h). Center: u(()?t)heor, the theoretical zeroth harmonic up
to O(h). Right: The difference of the two, representing the subprincipal term up to O(h?).
U — up, — uéot)heor, and we see the oscillations. Note that the third plot is on a different scale —
about 15 times smaller.

In Figure 7, we plot vertical profiles of (v — ur)/h, left, and (v — ur, — “(()Ot)heor)/hv right. Even

though uéo) is a principal order term, as mentioned above, it is much smaller than the leading
cosine term but still larger than the harmonic frequencies in the subprincipal term. The red curve

on the left is an approximation of h_lu(()o) plus the subprincipal oscillatory terms. One can see the

(0)

second harmonic mostly but uOO dominates. With that low frequency wave subtracted (computed
as a solution of (4.4)), we see, on the right, the second harmonic mostly. Numerical calculations,
not shown, using the formula (4.6) to compute the theoretical amplitude of the second harmonic,
agree very well with the plot in Figure 7, right.

Ll
\/VUU UUUV

o

-0.5 -0.5

FIGURE 7. As in Figure 6. Vertical profiles of (v —ur)/h, left, and (v —ur — u(()(?,zheor)/h,
right; both plotted against v (in blue).
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7. REMARKS

In our main results, we do not impose assumptions on f guaranteeing existence and uniqueness
of solutions of (1.1) for ¢ € [0,T] with arbitrary, even smooth but not small data. We prove that
(1.1) is solvable with the initial conditions (1.3), or its real part, for h < 1; and that the solution
is smooth. By Theorem A.1, this solution is unique in the class of the bounded solutions at least
(then the bound |uj|[z < M in Theorem A.1 holds). We do not exclude a priori existence of
other, unbounded solutions. If f satisfies the assumptions of Theorem A.4 however, such solutions
do not exist.

The methods extend naturally to a wave equation of the type uy — Agu = 0 related to a
Riemannian metric or even to A, involving a magnetic and an electric potential, as long as there
are no caustics. In fact, an electric potential term Vu can be absorbed in the nonlinearity. Even
Lorentzian wave operators can be treated. On the other hand, the inversion of the light ray
transform on non-Minkowski manifolds is a more delicate problem.

One can pose the problem as a boundary value problem, in principle, on a cylinder [0, 7] x 02,
given a certain (non-linear) outgoing Dirichlet-to-Neumann map; where Q C R” is a fixed domain.
Under the assumption that the x-support of the nonlinearity is contained in €2, a reduction from
our formulation to such one and back is trivial. If we do not have the support assumption, we
would have to deal with the boundary value problem for (1.1) first, a task we wanted to avoid for
the purpose of this work. On the other hand, in authors’ view, the Dirichlet-to-Neumann map
formulation for the wave equation is a bit artificial, while probing the medium with waves coming
from outside at ¢ = 0 and measuring them outside again, for t = T is a more natural formulation.

The compactness of supp, f does not seem to be needed for the direct problem. It certainly
simplifies the exposition though.

One can use probing waves with support localized near a point of the type uy, = ei(*”x'“)w(x)
(or its real part), ¢ € C§°, at some initial moment, and an appropriate initial condition for wu,
compare with (1.3) or (1.7). It was simpler to multiply (1.3) or (1.7) by a C§° function of z; .
Note that this localization would be h-independent, this would add more terms to the asymptotic
expansion but it will not change the main idea.

We restrict the space dimension to n = 2 or n = 3 because the stability estimate (A.17) in
Theorem A.3 has a short proof then.

8. DISCUSSION

There has been an increased interest in inverse problems for non-linear hyperbolic equations
recently. The pioneering works [22] and [25] suggested the higher order linearization idea mentioned
in the introduction: send a wave ug = e1uy + e2us + €3u3 + €4u4, where u; are chosen so that they
carry conormal singularities colliding at a chosen in advance point in time-space. This collision
creates a point source through non-linear interaction which emits a spherical wave in the e1e9e364
term as all ¢; — 0. This term must be separated from all other, and its (weak) singularity has to
be measured to recover the nonlinearity at that point in time-space. This method has been used
in other papers, see, e.g., [11-13,23-25,35]. In [29], three such waves are sent and each one is a
(linear) Gaussian beam.

In [31], we proposed a different direction: send a wave which propagates in the so-called weakly
non-linear regime. It has an amplitude »~'/2 and a wavelength ~ h. The math theory of the weakly
non-linear propagation has been developed in [3,4, 15,16, 26,27, 30] (and other works), and it is
known in the physics literature as well. Most of these work are on fist order non-linear systems.
The waves there have the asymptotic behavior u ~ hPU(¢/h,t,x), where p is chosen so that the
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nonlinearity does not affect the eikonal equation for ¢ but affects the leading transport equation.
In the equation Cu + a|u|’~tu = 0, for example, one gets p = —1/(J — 1); in particular p = —1/2
for a cubic nonlinearity. The first transport equation is a non-linear ODE, or a system of such;
and we showed that its solution induces a phase shift proportional to the X-ray transform of «,
which allows us to recover a. The essential difference of the approach in [31] with the higher order
linearization method is that we propagate waves in an actual non-linear regime; and the signal
carrying the useful information is the principal one instead of a signal of order —4.

We want to emphasize that none of the approaches above can recover general nonlinearities
f(x,u) away from the two extremes u ~ 0 and u ~ oco. The first approach relies on asymptotically
small waves having the potential to recover the Taylor expansion of f(x,u) about v = 0. In fact,
this is what is done in [25], starting with terms of order 4 and higher. The second one requires
an asymptotic expansion of f w.r.t. u when u — oo (at least as a leading term), requires strong
assumptions on f for solvability, and one would expect that it has the potential to reliably recover
that asymptotic behavior only, see also [31].

This brings us to the main idea of this paper: use solutions for which p = 0 above, i.e., u ~ 1.
Then the nonlinearity affects the subprincipal term but not the principal one of high-frequency
solutions. We would expect to need high-frequency solutions in order to get good resolution.

The geometric optics analysis in the papers cited above, see, e.g., [26] for a survey, when applied
to the wave equation, is not restricted to polynomial nonlinearities only (they are all z-independent
though) but in effect, they always rely in the Taylor expansion of f about v = 0. In many of them,
the small parameter h (called there ¢) is a part of the PDE as well, for example the derivatives could
be replaced by their semi-classical ones hd;, h0,, or similar. This is equivalent to rescaling time
and/or space. This would change the value of p above for which the propagation is in the weakly
non-linear regime, and it could make it p = 0. This happens for the PDE hOu + o|u|’~'u = 0, for
example, which is obtained from its h-independent version after the scaling t' = h/2t, 2’ = h'/%z.
We are studying h-independent PDEs however over h-independent domains in time-space.

We also want to mention the method of linearization near a non-zero solution initiated by Isakov.
In [21], a uniqueness result is proven when there are also internal measurements at ¢t = T" as well.

APPENDIX A. PROPERTIES OF SOLUTIONS OF SEMILINEAR WAVE EQUATIONS

We prove some results for semilinear wave equations which are known to experts, see [17,18,33],
but their proofs do not seem to be readily available and so we include them here for completeness
and because they are elementary. We should also mention that part of this discussion, including a
different version of Theorem A.1, is contained in [14, Ch. 6],

Let g = sz:l gjk(x)dx;dzy, be a C*° Riemannian metric in R™, n > 2, such that g;i(x) = ;i
if |z| > R, for some R > 0, and let Ay be the corresponding (negative) Laplacian:

1 , ; —
Ay = mazj |g(x)|gjk(x)8mka lg(z)| = det(gjk(x)), and [g]k(x)] = [ggk@)] L

We start by recalling an energy estimate for solutions of the linear wave equation: If u(t,z)
satisfies

uy — Agu = G(t, x),
u(O,x) = QD(.%), ut(oax) = Tﬁ(x),

we have

u(t) = cos(t/—Ag)p + tsinc(t/—Ag)Y + /0 (t — s)sinc ((t —5) —Ag))G(s) ds,
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where sinc(t) = sin(t)/t, and we suppressed the dependence on x. Then for any 7" > 0, and s > 0,

sup ||u(t, ‘)||Hs+1(Rn) + sup [|Opu(t, ) || grsrny < CTEs11(0),
[0,T] [0,T]

(A.1) T

where Fsy1(0) = [l grs+1®ny + [[9] s () +/0 G (&, )| s (rmydt,

provided the right hand side is finite.
We recall that a particular case of Gronwall’s inequality states that if f and g are continuous
functions on [0, 7], and

(A.2) if f(t) <g(t)+ C/Ot f(s)ds, then for ¢t € [0,T7], then f(t) < Cig(t).

A.1. Uniqueness. Next we prove an uniqueness theorem for solutions of a semilinear wave equa-
tion and we remark that a different version of this result can be found in [14, Theorem 6.4.10].

Theorem A.1. Let h(t,z,u) be a C* function which is compactly supported in x and let r(t,x) €
LY (R; L2(R™)). If

uj € O([0, T]; H'(R™)) N C* ([0, T]; L*(R")), j = 1,2,

are such that there exists a constant M > 0 such that ||u;|| peo (o, 1)xrr)y < M, and uj, j = 1,2, are
weak solutions of the equation

uy — Agu+ h(t,z,u) =r(t, x),

A3
— u(0,2) = p(a), w(0,7) = V(@)
then w1 = usg.

Proof. We apply (A.1) to the difference u; — uz, and in this case,

(8? — Ag) (u1 —ug) = h(t, x, u2) — h(t,z,uy),
u1(0,2) —u2(0,z) =0, Opui(0,2) — dusa(0,z) = 0.
Since h(t,z,u) is C*°, and compactly supported in x, then there exists a C* function hy (¢, z,u,v),
which is compactly supported in x, such that h(t,z,u) —h(t,z,v) = hi(t, z, u,v)(u—v). We deduce
from (A.1) that for any ¢ € [0, 7],
M(t) =[lur(t, ) — ua(t, )| o rny + 10w (£, ) — Qpua(t, )|l L2 (rn)

t
SC’T/ [h1(s, -, u1, u)(ur — uz2)| 2 e )ds.
0

Since u; and ug are bounded, and hy is compactly supported in z, then ||h1(t, -, w1, u2) || oo (jo,1)xR7) <
M and so

(A.4) M(t) < CTM1/0 [[(u1(s, ) — ua(s, )l L2@n) dt < C'TMl/O M(s) ds.

We use Gronwall’s inequality (A.2), and in this particular case of (A.4) g(t) = 0 and so M(t) =0
and therefore u; = us. O
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A.2. Existence for nonlinearities compactly supported in u. Next we study solutions of the
semilinear equation

ure — Agu+ w(|u*)h(t, z,u)u = r(t, z),

u(0,x) =p(x), u(0,z) =1(x),

which is relevant for the discussion above. Here r(t,z) € L'(R; H*(R")), h(t,z,u) € C* is com-

pactly supported in z and x € C§°(R), k(s) = 0 if |s| > 2p and k(s) =1 if |s| < p. Our result for
this case is the following:

(A.5)

Theorem A.2. Suppose h(t,z,u) € C*> is compactly supported in x. Then for any non-negative
integer s, and initial data (p,v) with ¢ € HTY(R") and ¢ € H*(R"), there erists a unique
u(t,z) such that u € C([0,T); H**Y(R™)) and dyu € C([0,T]; H¥(R™)) which satisfies (A.5) (as
a weak solution if s is not large enough) and moreover for any T > 0, there exists a constant
Ky = Ky(T,s,p) >0 such that

Sup] |, ) s+ mny + [501171% 0cu(t, ) s mny < KsEsya,

(A.6) T
where Esy1 = ||| grs+1(mny + |9] s ) +/0 (¢, ) s () dt.

Proof. Let us first consider the case s = 0. Let us denote G(t,z,u) = x(|u|?)h(t, z,u)u. Let ug be

the solution of
(A7) Gfuo — Agug = r(t, z),
uo(0,z) = p(z), Ghuo(0,7) =Y (x),

let u; satisfy

(A8) Oy — Agui + G(t,z,up) =0,
u1(0,2) =0, Jwui(0,z) =0,

and for j > 1, let u; satisfy

(A.9) 8fuj — Agu; + G(t,x,up + Uj_l) =0,
' u;(0,2) =0, Ou;(0,z) =0.
In view of (A.1), and the fact that there exists C' > 0 such that |G(¢,z,u)| < C, we find that

T
[S()uql% [[uo(t, )l ) +[SOUII% 10¢uo(ts M 2@ny < CT (el @y + 1901 2wy +/0 I7(t, )| 2y d2),

T
[Sougllm( )||H1Rn)+Fu7%||3tU1( Nr2@n) <CT/ IG (¢, uo(t, )| L2rny dt < C'T,

) )

T
sup s 1) + 909 10 gy < CT / IG(t. ot )+t (£, ) 2enydt < C'T.

On the other hand, since h(t,z,u) is C*°, and compactly supported in z, it follows that there
exists a C*° bounded function G such that

G(t,z,u) — G(t,x,v) = G(t, z,u,v)(u — v).
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Therefore, we have
O} (uj — ug)—Ap(uj — ug) = G(t, x,uo +uj—1) — G2, up + up_1) =
G(t,x,up + wj—1,u0 + up—1)(Uj—1 — Up_1).
Therefore, again by standard energy estimates, we have for j, k > 1,
sup [|u;(t, ) — wg(t, ) || 5o ey + E)UII% [Opu; (¢, ) — Opuk(t, )| L2 (mn)

) )

T
< CT/ ||g(t, T,ug + Uj—1,Up + uk_l)(uj - uk)||L2(Rn)dt
0

< C'T? sup [luj—1(t,-) — wp—1(t, )| o reny,
(0,77
with C” depends only on the L norm of G(t, x,u,v) for ¢ € [0,T], which is of course independent
of u and v, and so is independent of j, k. This shows that if 7} is such that C"T? < %, the sequence
{u; + up} is Cauchy in the space C([0,T1]; H(R™) N C1([0,T3]; L?(R™), and therefore converges.
Notice that u is bounded on the support of &(|ul?), so if n € C§°,

(Gt u)m) = [ G(t, v, u) n(t, z) dt de.
{(62):|u|2<3p,0<<T1 }

Also,

/ (Gt 2, u) — Gt 2, w5 + o) n(t, ) dt da

SC/]u—uj—uoHnldtdx%O, as j — oo.

Therefore, the limit satisfies (A.5) weakly, and this proves the existence of part of the result for
s = 0 in the interval [0,77]. The uniqueness part follows from Theorem A.1. This proves the
existence and uniqueness of the solution in C([0, T1]; HY(R™)) N CL([0, T1]; L2(R™)).

We can repeat the same argument on the intervals [j77, (j+1)T1] for j = 1,2,... 5o with T—T <
joT1 < T and on the interval [(jo + 1)T7, 7], and so we have proved the existence and uniqueness
of solutions in C([0, T]; HX(R™)) N CL([0, T]; L*(R™)).

Next we prove (A.6) for s = 0. Since x(|u|?)h(t,x,u) is bounded, it follows that

|G (¢, '7u)||L2(R") = HH(’UF)h(t, ‘,U)U”L%Rn) < Co(T, P)HUHL2(Rn),
and so it follows that

sup [[u(t, )|l ey + sup [[pu(t, )l 2rny <
[0,7] [0,7]

T T
CT([|oll fr (mmy + W\H(Rn)‘i‘/o Hr(ta')HLQ(R")dt"i_CO(THO)/O [u(t, )| L2 ny dt).

In particular this implies that if
E(t) = llult, M mrgny + 10ult, )| L2 (mn), and

(A.10)

T
Eo = ol i + 1922 am) + /0 It M z2am) dt,
then for any t € [0,T7,
t
& (t) < CTEy+ CoCT/ 51(8) ds,
0

and so in view of (A.2),
&i(t) < C(T)Eo, te[0,T],
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and this proves (A.6) for s = 0.
Next we show that if ¢ € H*"! and ¢ € H*(R"), the solution v in fact satisfies u € C([0, T1]; H*TH(R™)N
C([0,T1]; H*(R™). In the case s = 1, in view of (A.1), we have

sup [[u(t, )| g2y + [SHP] [0u(t, )l @y <

(A.11) T

T
CT(H‘P”HQ(R")"" WHHl(Rn)‘F/O 7 (s )| 1 (e dt+/0 ”G(t,',U)HHl(Rn)dt),

provided the right hand side is finite. Let us denote x(|u|?)h(t, z,u) = G1(t,z,u),
0z;,G(t,x,u) = 0p, (G1(t, 7, u)u) = (0r;G1)(t, T, u)u + (0uG1) (L, T, u)udy;u + G1(t, 7, 1) 0y, u.

Again using that u(0,G1)(t, z,u), (0:;G1)(t, x,u), and G1(t, z,u) are bounded, it follows that there
exists C1 = C1(T, p) such that
T

T
/O 1G ()1 eyt < Cy /0 lea(t, g oy .

If we denote
E(t) = llult, ) mzre) + 10sult, )l rn),
and recall the definition of Ey from (A.6), then for any ¢ € [0, 7],

t
gg(t) < CTEy+ ClT/ gg(S) ds,
0

and again from (A.2),
E(t) < C(T)Es.

and this proves (A.6) for s = 1.
The general case follows from the formula

|a]

(A.12) % (G (t,z,u)u) = Co(t, z,u)u + Z Z Cs(t, z, w) (0P ) (8%2u) ... (8% u),
k=10<|B|<|af

where # is a collection of multi-indices, 8 = (B1,...,8k), B; € N1 8] = |B1] + ... |Bx|, and

C3(t, x,u) is a function involving derivatives of G (¢, z,u). We have shown this is true for |a| =1,
and the general case can be proved by induction. So we have
|o
(A.13) G (¢, -, wul s ey < Cllull ey +C Y Y 102 u)(00u) ... (99%u) || 2(n).
k=10<|B|<]|e]

We also need the Gagliardo-Nirenberg inequality, see for example [6]: For |a| < m,

lo
lo
(A14) 105ull g < Cllull ™ | 37 No%ullz= |
[vI<m
and here we are using that the norms are taken over a compact subset of R”, determined by the
support of G1 in x. We then apply Holder’s inequality to (A.12) in the following way

107 u) (@) ... (97%w)l| 2 < 107 ullon [0 ullzen .. |07 ul| s,

om b G |
d j=1 =1
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Then (A.14) gives

181
1027 ] s (g < IIUIILOO Gy | Do 1070l L2y :

[v|<m

and so we conclude that if m = Z?:l |55, then

105 w)(972u) .. (0 u)ll 2 < llull ooy | Y- 107l 2g@n) | -

lyl<m
and we deduce from (A.13) that for non-negative integers s there exists Cs = Cs(T', p, s) such that
(A.15) 1G1(t, -, wull s rny < Csllull grsgn),
and the energy estimate (A.1) gives

sup [[u(t, ) || grs+1 gy + sup | Oput, )| s gny <
0,7] 0.7]

T T
CT(HwHHme T — /0 It ) e i+ /0 HG(t,-,u>uHs<Rn>dt),

and if we denote
Esr1(t) = llult, )| get1@mny + [10su(t, )| s (rny,
and use (A.6), it follows from (A.15) for any ¢ € [0, 77,

t
Est1(t) < CTE; + CST/ Est1(pe) dp,
0
and so
gs+1(t) < C(Ta CS)ES
This completes the proof of Theorem A.2. O
A.3. Stability. We also need a stability estimate for solutions of (A.5).

Theorem A.3. Let u;(t,z) satisfy (A.5) with initial data (pj,%;), j = 1,2 and right hand side
r;i(t,z), such that Oy € H*(R") and ¢ € H*(R™), and rj € L'(R; L(R")), s =0 or s = 1. Let

T
As = [lo1r — 2llgs+1wny + 11 — V2l s (v +/0 [r1(t, ) = r2(t, )| s mmy At

Then for any dimension n, there exists C = C(T, p,h) such that

(A.16) sup [[u1(t, ) — ua(t, ) | g1 ey + sup [|[Gpui (L, -) — Qrua(t, )| L2wn) < CAo.
(0,71 [0,7]

Ifn=2,3, and s =1, as in Theorem A.2, we denote
Ejo = lejlla ey + 1151 L2 @ny-
In this case, there exists C = C(T, p, E1 o, Eap) such that

(A.17) sup [[u1(t, <) — ua(t, )| p2(rn) + sup [|pur (t, -) — Qua(t, )| ey < C AL
[0,7] 0.7]
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Proof. In the case s =0, let
Bo(t) = [lu1(t, ) —ua(t, )| g1 @ny + 10cua(t, -) — Opua(t, )|l 2(mny-
We deduce from (A.1) that

T
Bo(t) < CTl1 — w2l grmny + CT 191 — 2|l 2mny + CT/O [r1(t, ) = r2(t, )l L2 ey d2

T
+ CT/ |Gt~ ur) — Gt - us)|| g2 ey .
0
But since G(t, z,u1) — G(t,z,u2) = G(t,x,u1,u2)(u1 — uz) and G is bounded, it follows that
t
By(t) < CTAg + CT / By(r) dr,
0

and therefore follows from Gronwall’s inequality (A.2) that
Bo(t) < C(T) Ao,

which proves the first inequality in (A.16).
In the case s = 1, again energy estimates (A.1) give

Bi(T) = [[ua(T, ) — u2(T, ) g2y + [100ur (T, ) — Opua(T, ) | g (mm)
T
< CTA + CT/ IG (- 1) — Gt uz) 1 gy .
0

But since G(t,x,u1) — G(t, z,uz) = G(t,x,u1, u2)(u; — uz), if follows that
axj (G(t7 x, ul) - G(ta Z, UQ)) - (ax]g)(tv Z,uy, UQ)(Ul - ’LLQ) + g(ta Z,uy, UQ)axj (Ul - u?)
+ (0u, G) (t; 2, ur, u2) (Og;ur ) (ur — u2) + (0w, G) (E, @, ur, u2)(On;uz) (w1 — uz).

Therefore

[G(t, - u1) — G, u2)l| ey < Cllur — uzl| grrny

+ Cllur || gy geyllur — w2l oo ey + Clluz|| g weyllur — u2|| oo ey
We know from Theorem A.2 that
il rny < CjEo , j=1,2.
Since n < 3, the Sobolev Embedding Theorem gives that for ¢ fixed,
Jur(t, ) — ua(t, )l g wny < C(M)N|ua(t, ) — uz(t, ) a2 (rn),
and therefore we find that there exists C = C(T', p, E1 0, E20), such that
HG(t7 '7u1) - G<t7 ) UQ)HHl(R") < CHul - U2HH2(R")-
and so for any ¢ € [0, 7],
T
Bl(T) <CTA; + CT/ Bl(t) dt,
0

and it follows from (A.2) that
Bi(t) < C(T)A;.

This proves the theorem.
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A.4. Existence and uniqueness for general nonlinearities with controlled energy. Now
we discuss properties of solutions of the more general case,

Ut — Agu + f(t,x,u) = 07
u(O,x) = 90(*73)7 ut(ovx) = ¢($)7
established in several degrees of generality in [7,9,17,18,32,33]. We assume that f : [0,7] X
R™ x C — C, is continuous and f(¢,x,0) = 0. In general, as shown in [20], such equations have
solutions that blow-up at a finite time, so to obtain existence, uniqueness and regularity of solutions
of (A.18), we need to make additional assumptions about the behavior of f(¢,z,u) for u ~ 0 and
for u ~ oo, uniformly on x and ¢t. We follow the work of Kapitanskii [18], and we pick x € C*°(R)
such that k(s) = 1if |s| > 2 and k(s) =0 if |s| < 1 and define
Fo(t,x,u) - (1 - H(‘U|2))f(t,l‘,u) and F1<t7x7u) - m(\u]Q)f(t,x, u)
We assume that for 7" > 0,
(H1) f[olean |Fo(t, z,u)| dedt = I(u) < oo,
(H2) |Fo(t,xz,u) — Fo(t,z,v)| < Clu— v, for all ¢t € [0,T], and for all zz € R",

(A.18)

(H3) For any function u € L*°([0,T]; H*TYH(R")), s > 0, Fy(t,s,u) € L'([0,T]; H*(R")), and for
uy,ug € L>([0,T]; Ht1(R™)), we have

T
/ ”Fo(t7 .7U1(t, )) — F()(t, -7ug(t, ))HHe(Rn) dt < C(T) <1 + [SHJE)] Hu1 — u2||Hs+1(Rn))
0 0

)

with C(T) — 0 when 7" — 0. Since H*(R™) N L*>°(R") is closed under the composition with
C* functions (see for example [19]), this holds if for example, Fy(¢,x,u) is C*°.

We also need to make some assumptions on the growth of f(t,x,u) for u ~ co. We assume there
exists p € [1, 22] such that for all ¢ € [0,7] and 2 € R", we have

(F1) |Fi(t,z, 2)| < C|z|P,
(F2) |Fi(t,x,21) — Fi(t, @, 22)| < Ol P71+ [P~ )21 — 22,

(F3) we have
(0. F1)(t,x, 21) — (0. F1)(t,z,22)| < C(|z1 [P~ + |22|P71)|21 — 22|, and
|(O=F1) (1, 21) — (OsF1)(t, @, 22)] < C|lz1 P71+ [P 1) |21 — 22,
(F4) [(0a, F1)(t, @, 21) — (00, F1)(t, @, 22)| < C(|2a[P7" + |22P71) |21 — 2],

(F5) there exists § > 0 such that, provided |z — y| < 0,
Fi(t2,2) ~ Fi(t,9:2)| < C0)|2Pl — 3] and
(02 F1)(t, @, 2) = (0:F1)(, y, 2)| < C(O)]21|x =y,
(F6) there exists H(t,z,z) : [0,T] x R™ x C, such that H(¢,z,z) > 0, and such that
Fi(tz, z) = 8627-[(1‘,,3:,2);
and there exists a constant C' such that for all ¢ € [0, 7] and z € R™, we have
OH(t,z,y) < CH(t,x,y).



RECOVERY OF A GENERAL NONLINEARITY IN THE SEMILINEAR WAVE EQUATION 31

We can think of H as an energy which a priori can grow no faster than exponentially. For
example, in the case discussed above, f(t,z,u) = g(z, |u|?)u, with g and compactly supported in
x. Tt is clear that Fy(t,r,y) satisfies the assumptions above, and that if 9,G(x,r) = k(r?)rg(z,7?),
G(z,0) =0, then

H(t,z,z) = G(x,|z]) > 0 and H(t,x,2) =0 < H(t,x, 2).

So we need to assume that G > 0.
We recall the definition of Besov spaces B;;q, p,q > 0 and r € R, and we adopt the convention

By, =B} ,. Let v € Cg°(R"), (§) = 1if |¢] < 3 and ¢(§) = 0if |¢| > 1. Let F denote the Fourier
transform and for f € §'(R™), define the operators Si(f) and Ag(f) as

F(Sk(NE) =2 OF (), Ar(f) = Skraf — Si(f)-
Then

F=50(F)+ Y Aclf),
k=0

and we say that f € B} , if
o0

n%mmmﬂ+bjwmwmmww]<w.

k=0

Q=

Theorem A.4 ( [17,18]). Suppose that Fy(t,z,y) and Fi(t,z,y) satisfy the hypotheses above and
that the initial data (p,) satisfies Voo € L2(R™) and 1 € L>(R™). Then the nonlinear equation
(A.18) has unique weak solution u(t,z) which satisfies Vyu,u; € C([0,T]; L2(R™)) and u,u; €
L9([0, T, BR(R™)) with r € (575, 1] and

L1 20-n 1 n-t
p 2 n+1 q n+1

Moreover, if s < p for p <2, or if s € (0,2], for p > 2, and ¢ € H**Y(R") and 1 € H*(R"), then
in fact u,ur € C([0,T]; H*(R™)) and u,u, € LI([0,T], By+*(R")).

In this generality, this result is due to Kapitanskii (Theorem 0.10 of [18]), but the case where g
is the Euclidean metric and f(t, z,u) = |u|P~!u is due to Shatah and Struwe [32,33]. The existence
and regularity for smooth solutions was established by Grillakis [9].

A.5. General nonlinearities. Now we discuss existence and regularity of solutions of the equation
Ou+a(@)g(t 2)u + a@) f(t, 2, u)u? = a(2)F(t,2),

A19
( ) u(t,z) =0 t < Tp,

when the right hand side is small and compactly supported. We also refer the reader to [14,
Theorem 6.4.11]. We prove the following result, where [s] stands for the greatest integer less than
S.

Theorem A.5. Let a(x) € C®(R"), a(z) = 0 if |z| > R, let f(t,x,u), g(t,x) and F(t,x) be
C* functions and suppose that F(t,z) =0 if t < 0. If s > n/2, |gllcx < M, |laf|lcx < M for
k <[s]+ 1, and then for any T > 0 there exists eg(M) > 0 such that for 0 < e < €p, (A.19) has a
unique solution u(t,r) € C([0,T]; H**1(R™)) N CL([0,T], H*(R™)) such that u(t,z) = 0 for t <0,
provided sup 1 ||a(z) F(t, ) || s mn) < €.
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Proof. As usual, we will prove the existence by analyzing the limit of a suitably chosen sequence of
functions. We consider the strictly hyperbolic operator P(t,z, D) = O+ a(z)g(z,t), and we define
uj, j = 0,1,2,... as the solutions of the following linear equations

Puy = az)F(t,x),

A.20
( ) up(t,x) =0 for t <0,

and uj, j > 1 as the solutions of

Puy = fa(x)f(t,a:,uo)u%,

(A.21)
ui(t,x) =0 for t <0,
and
(A.22) Puj1 = —a(x) f(t, x, uo + u;) (uo + uy)?,

uj+1(t,z) =0 for t <O0.

Since a(x)F(t,z) is supported in |z| < R and t > 0, finite speed of propagation implies that
the functions u;(t, x) are supported in t — [x| > —R. We will need two main results in the proof.
The first is the usual energy estimate for linear strictly hyperbolic equations already used above:
If u(t, z) satisfies

Pu= F(t,x),
u(t,z) =0 for t <0,

with F(t,x) compactly supported if ¢t € [0, 7], then

(A.23)  Es(u,T) = [S()UI%(||Dtu(t7x)‘|HS(R") + lult, @) o1 @) < C(T) sup (@) E(t, ) || s ey -

The second is the fact that for s > %, H*(R") is an algebra under multiplication, meaning that if
W (@) = (i (@), . .., wa(@)) and V(z) = (v1(2), .., va(z))

(A.24) W Vlgs@ny < W ms @) |V [ 75w,
W11 Zs ey = 2271 11051 s gy -

But more that that, H*(R™), s > n/2, is in fact a C*° algebra in the sense that if G € C*°(R™; R)
and G(0) = 0, there exists a continuous function v such that for any

(A.25) IGV) s ny < AW | Loo @) Wl 175 -

Moreover, these estimates are uniform in [|G||cs(rn) if s is an integer, or in general ||G|[cs+1(gn)-
For s integer this would easily follow from the Gagliardo-Nirenberg estimates (A.14). In general
a proof can be found in for example [2,28]. Without loss of generality, we can assume that - is
increasing.

It follows from (A.23), and the fact that «(z)F(t,z) is compactly supported if ¢ € [0,T7], that

(A.26) Es(uo, T) < eC1(T).
We also deduce from (A.23) that

Es(uy,T) < C(T) [soujl?] |lef (¢, x, UO)U%HHS(RTL).
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Now we use (A.24) and (A.25) for the function G(¢,z,u) = f(t,z,u)u and the fact that « is
compactly supported imply that

[sup] e f (¢, 2, euo)ug || s (rmy < fu% laf(t,z,uo)uoll rsn) sup [[uoll s (mny,
0,T 0,T

V([luolloo) s luo(t, @) Frs ey < V(eC1(T))C1(T)2e%.

)

)

So we conclude that
(A.27) Ey(u1,T) < C(T)y(C1(T)e)(Cr(T)e)?.

Now we pick g9 such that

14+ 2et <3
55 < o,
(A28) 301(T)€0 <1,
1
OO T) Ve < 5.
So, with this choice of ¢ we deduce from (A.27) that
1
(A.29) Ey(uy,T) < 55%01@)

The same argument gives that

2
Ey(uz, T) < C(T)y (o + o) sup (o + | pr+(rry ) -

)

Since s > 4, we deduce from (A.29) and (A.28) that
luo + u1lleo < sup |lug + Ul”Hs(Rn) < Eg(ug, T) + Es(u1,T)

1
< eCy(T)(1+ 55%) < 3¢Cy(T) < 1.
So we conclude from (A.28) that

Ey(un, T) < CTR(D[CUT) + )P <

(A.30) (CTHMCTIVE) (1 4+ 5VEPCLT)E < Rofe)e Cu(T),
where Ry(e) = %(1 + %5%)2.

Now we repeat the argument and find that
Ey(us, T) < [C(T)y(C1(D)e(1 + Ra(e))C1(T)vz] Ra(e)e2Ca(T),
where Rz(e) = %(1 +e2Ry(2))2,
and in general
Eq(u;, T) < [C(T)y(C1(T)e(1 + Rj—1(2))CL(T)VE] Ry(2)e2Ca(T),

1
where R;(e) = (1 + e2R;_1())2.
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If we pick € so that (1+ /€)% < 2, it follows that R;(e) < 1. So R;(¢) is abounded sequence and
its limit is equal to 3 + O(y/€). So it follows that

(A.31) Ey(u;,T) < Ce2 for all j.

Next we show that the sequence u; converges. First, we know that if f € C°°, there exists a C*
function g¢(t,x,v) such that

flt,z,u) = f(t,z, v+ (u—v)) = f(t,z,v) + g(t,x,v)(u —v),
and so there exists a C* function h(t,z,u,v) such that
ft,z,u)u? — f(t,z, ) = f(t,z, 0+ (u—v))u® - f(t,z,0)0*
= f(t,z,v)(u? —v?) + g(t, ,v)(u — v)u?
= h(t,z,u,v)(u —v),
and h(t,z,0,0) = 0. Therefore we deduce from (A.24) and (A.25), that for fixed ¢ and for s > 3,

||f(ta x?“)u2 - f(tvxv U)UQHHS(]R") < ||h(t’ x?”afu)”Hs(R")”u - U”HS(]R")7 and

(A.32)
1, 2, u, 0) || s gy < ([ (w, 0) o) 1 (w, 0)] s ey |-

Since uj41 — up41 satisfies

O(ujir — urs1) = —a(@)(f(t, 2, u0 + uj) (uo + uj)* — f(t, 2, uo + up) (uo + ug)?
= h(t, x,uo, uj, up)(u; — ug),
and we know from (A.31) and (A.32) that

sup ||h(t, z, uo, uj, ug)||gs < Ce,
[0,T]

and so we deduce from (A.23) that
ES(UjJrl — Uk+1, T) S C(T)&ES(UJ — Uk, T)

If C(T)e < 1, this is a Cauchy sequence and it converges to a solution of (A.19).

This proves the existence of a solution of (A.19) satisfying the conditions of the theorem. The
uniqueness follows from the same estimates, as in the proof of Theorem A.2, and the fact that the
constant C(T") in (A.23) satisties C(T') — 0 as |T' — Tp| — 0. O
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