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Formulation of the Problem

We assume that D has Lipshitz boundary 0D such that
0D =TaUT;and A\(x) > 0isin L=(I).

If f € H'/2(T ,) this problem has a unique solution u € H'(D)
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The Inverse Problem

e

The inverse problem is: given the Dirich-
let data f € H'/2(T';) and the (measured)
Neumann data

ou
gi=5 on Mo geH 2,

determine the shape of the portion I'; of
the boundary and the impedance function
A(X).

In particular, A = 0 corresponds to homogeneous Neumann
boundary condition on I'; and A = o corresponds to
homogeneous Dirichlet boundary condition on I';..
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Uniqueness of the Inverse Problem

Does one pair of Cauchy data u|r, = f € H'/2(';) and
ou

—| =g e H"2(I,) uniquely determine I';?
ov r,

Consider first the Dirichlet case, i.e. A = co

Let Dy, D, be such that 9Dy = T,U T and D, = T,U 2

m Ay =0inD;,i=12

mu=0onTl., u =u="fand
ouy/ov = 0up /Ov =g onT,.

m Holmgren’s theorem — uy = u» in
D; N Do.

B Au=0inQand u, =00n 002 —=
U, = 0 and thus f = 0.
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Uniqueness of the Inverse Problem

This idea does not work in the case of impedance boundary
condition.

Indeed by the same reasoning we arrive at the following
problem for w := up in Q

r Aw=0 in Q

[ON
ow +Xow =0 on 0%
ov

—\ ow .
TI T ey - \w=0 on 04
C
N where v is the normal outward to €.

This is not a coercive problem!
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Examples of Non-Uniqueness

One pair of Cauchy data does not uniquely determine I'; in the
case of impedance boundary condition even for known
impedance .

Example 1: Cakoni-Kress, Inverse Problems and Imaging (2007).

\kﬂ . D:{(x,y)eRz:0<x<7r/2,—a<y<1}

\ Take A =1 and consider the harmonic

function u(x, y) = (cos x+sin x)eY. Then
o, gy
22 BN ou B
Y $+u_0 on .
SN
e For the data f = ulr, and g :=

ou/ov|r, we have infinitely many solu-
tions by changing a.
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Examples of Non-Uniqueness

Example 2:

o
NNV NN
[1\_

Pagani-Pieroti, Inverse Problems
(2009)

m [ consists of two arcs
of the form

1
(X — C)2 + y2 = P
joined by y =1/A.
m 2 consists of arcs of the
above form with different
C.
mulx,y)=y,f:=ylr.,
g :=0y/ov|r,

Examples of non-uniqueness for the case of impedance
obstacle surrounded by the measurement surface are given in
Haddar-Kress, J. Inverse lll-Posed Problems, (2006) and

Rundell, Inverse Problems, (2008).
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Uniqueness

Question: What is the optimal measurements that uniquely
determine I'.?

This was first answered in Bacchelli, Inverse Problems, (2009)
with improvement in Pagani-Pieroti, Inverse Problems (2009).

Theorem

Assume thatT’, i = 1,2, are C''-smooth curves such that
oD" :=T,UT. are C"''-curvilinear polygons and \' € L>(I").
Let f', f2 € H3/2(T,) be such that f' and f? are linearly
independent, and f' > 0 and u', i = 1,2, be the harmonic
functions in D' corresponding to \', f'. If

ou'  ou?

—_— == on some open arc of I,
ov ov

then TL=T2 and \ = \o.
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Remarks

m The uniqueness result is valid in R? or R3.

m If ['; is known then one pair of Cauchy data uniquely
determines A\ € L>°(I';). This is a simple consequence of
Holmgren’s Theorem.

m In the case of Neumann boundary condition (i.e. A = 0)
one pair of Cauchy data uniquely determines I'.. The proof
follows the idea of the Dirichlet case with more care to
handle irregular 99 (could have cusps); in R? one can use
the conjugate harmonic of the solution.

m Logarithmic stability estimates for both I'; and A with two
Cauchy data pairs is proven in Sincich, SIAM J. Math.
Anal. (2010).
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Nonlinear Integral Equation

Cauchy Problem: Given the pair f € H'/2(I";) and
g€ H12(I,) find a € H'/2(I';) and 8 € H=1/2(I';) such that
there exists a harmonic function u € H'(D) satisfying

ou ou

_f ad
Ulrg = 1, ov ov

= B.

e

=g, U’rc = @,
la

Let us focus in R? and make the ansatz
ux) = (SP)X) = [ S(x.y)ely) ds(y). x < D. o€ H-'/%(aD)
where ®(x, y) :=2rIn|x — y|~', and for x € 9D define

(Sp)(x) == / o(x, y)o(y) ds(y)

oD

i o) as(y).

(ko)) = |

7]
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Determination of

Inverse Impedance Problem: 9D is known — determine A from a
knowledge of one pair of Cauchy data (f,g) on I',.

This problem is related to completion of Cauchy data.

Theorem
a:=Ulr, = % is a solution of the Cauchy if and only if
Fa
u = (Sp)(x) where p € H='/2(9D) is a solution of the ill-posed

equation
S f
Ko+ 3 y g
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Determination of

We can prove

Theorem

The operator A : L2(0D) — L2(I'3) x L2(T ;) is compact, injective
and has dense range.

To reconstruct A\(x) € L>(I'¢)
m Solve Ap = (f, g) for ¢ using Tikhonov regularization.
m Compute u, « and g.
m Find impedance \(x) as least square solution of

a+A8=0
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Example of Reconstruction of

D is the ellipse z(t) = (0.3cos t,0.2sint), t € [0, 2] and
A(t) = sin*t, t € [r, 2x].

o025
—"n —exact
---f == reconstructed
o2 - 3%noise

(a) Geometry of the boundary (b) Reconstruction
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Nonlinear Integral Equations

Inverse Shape and Impedance Problem: Determine both I'¢
and ) from a knowledge of two pairs of Cauchy data (f, g) on
Ia.

Theorem
The inverse shape and impedance problem is equivalent to
solving
Spi=f; on I,
K'oi+ % =0i on I,
and

K(p,—l—E—i—)\Sap,—O on I,

i:1,2, forT, ©1, P2 and \.
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Remarks

It is possible to obtain a different system of nonlinear integral
equations equivalent to the inverse shape and impedance
problem by staring with a different ansatz for u. In particular,

w0~ [ (o)™ yyetxp) dsty).  xeD

Here by Green’s representation theorem

ou
© = Ulpp 11}—5

oD

Cakoni, Kress and Schuft, Inverse Problems, (2010).
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Newton lterative Method

Assume now that 0D := {z(t): 0 < t < 27},
Fa:={z(t):m<t<2r}, Tc:={z(t): 0 < t < 7w}

Setting (1) = |z(t)'|¢(z(t)) we have
~ 1 (% 1
(Bo) = 5= [ oy v

and

e gEURCORC (1)
RO =52z ) 0-z00 O 2z

for t € [0, 27].
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Newton lterative Method

Then the system of nonlinear integral equations we need to
solve reads:

Sy = f on [, 27],
K = gi on [, 27]

and N ~
K’ + ASy; =0 on [0,7]

fori=1,2,where \=Xozon[0,n],i=fiozandg;=gjoz
on [r,27] .

We linearize the system with respect ¢;, A and z.(t), t € [0, 7].
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Newton lterative Method

Yi+ Xis A+ 1y Ze + ¢ (w.l.o.g. we assume ¢ = g[Z]*)

S(vi, 2) + S(xi» 2) + dS(1,z,¢) = £ on [r, 2],
K'(¢i.2) + K'(xi,2) + dK'(¥1,z:¢) = gi on|[m,2n],
and
K'(vi, 2) + K'(x1, 2) + dK' (41, 2; €)
+2{8(v1.2) + S(xi,2) + dS(1,2: ) } + 1S(¥,2) =0 on [0, 7]
fori=1,2.

Here, the operators dK’ and dS denote the Fréchet derivatives
with respect to z in direction ¢ of the operators K’ and S,
respectively.
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Local Uniqueness

Theorem

Let z. € C?[0, 7], 1,12 € L2[0,27], A € C[0, 7] be the
solutions of the nonlinear system with exact data (f, g1) and
(f2,g2), where f; > 0 and f, are linearly independent. Assume
that ¢ = q[Z']*, g € C?[0, =], x1, x2 € L2[0,2x] and ;. € C[0, 7]
solve the homogeneous system

S(xi, 2) + dS(¢1, z:€) 0 on|r,2n],
K'(xi,z) + dK'($1,z;,¢) = 0 onlr,2x]

K'(xi. 2) + 0K’ (41, 2:¢) + AS(xi. 2)
+AdS(¢1, z: () + uS(¥i,z) = 0 onl0,x].

Then x1 =x2=0,(=0and ;. =0.
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Newton lterative Method

1. We make an initial guess for the non-accessible boundary
part ¢, parameterized by z., and for the impedance
function \. Then we find the densities vy and 1, for the
two pairs of Cauchy data (f{, g1) and (£, g») by solving the
first two equations of the nonlinear system.

2. Given an approximation for z;, 11,1 and ), the linearized
system is solved for (, x1, x2 and . to obtain the update
Zc + ¢ for the parameterization, 1 + x1, ¥2 + x2 for the
densities and X + p for the impedance.

3. The second step is repeated until a suitable stopping
criterion is satisfied.
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Example of Reconstructions

0.5
—exact 5F —exact
initial initial
o4 1iter 451 1iter
5iter 5iter
03 -+ 10 ter a4 -+ 10 ter
0.2r
3.5F
0.1 a3
o 250
01 o
-0.2] 1.5F
-0.3r 1
~0.4F 08
08¢ o
-04 70‘3 70‘2 70‘1 6 0‘1 0.‘2 0‘3 l‘] 0‘5 1‘ 1‘5 2‘ 2‘5 f;
(c) Shape from potential approach (d) Impedance from potential approach

F1a. 4.2. Reconstruction of shape (4.2) and impedance (4.1) with Ajnitial = 5
At) =sin*t+1, te 0,
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Example of Reconstructions

od —exad] o —oxact
. initial initial
best | best
03- worst] 4 worst]
&
0.2
3.5
0.1
i
o -
2.5
=01
2
-02 /\
1.5/
03 / ¥
A —
—04- 04
05t o
-04 =03 =02 -0.1 0 0.1 0.2 03 0 05 1 15 2 25 3
(c) Shape from potential approach (d) Impedance from potential approach

F1G. 4.5. Reconstruction of shape (4.2) and impedance (4.1) with Ajnitial = 5 and 3% noise
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Example of Reconstructions

—exact 5+ —exact
initial initial
04r 1 iter 45" Titer
5iter Siter
038 =10 ter| a4 =10 iter]
0.2r
35r
01k M |
o- . 7 25
T \NN_,«"'/ il
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(c) Shape from potential approach (d) Impedance from potential approach

F1a. 4.3. Reconstruction of shape (4.4) and impedance (4.1) with Ajnitial = 5
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