Local Inversions in Ultrasound
Modulated Optical Tomography



Ultrasound Modulated Optical
Tomography (Acousto-Optics)
* Acoustic waves are emitted which perturb the
optical properties of the medium
e Light propagating through the medium is used
to recover the original optical parameters

* Model by G. Bal and J. C. Schotland Phys. Rev.
Letters, 2010.



Optical properties perturbed by acoustic waves

o =0+ €28+ 1)cos(k -z + )
Ye =7+ €26 — 1) cos(k -z + ¢)

Linearization wrt epsilon and some manipulation yields

boundary data
Sk, 0) = [ (28~ D1(V6)* + 28+ Doo?] cos(l -+ 6)

Which is the Fourier transform of some internal data



Mathematical Problem

Given internal data of the form

H;i(z) = vVu; - Vu; + nou;u,,
where 77 is a known fixed constant and

~V -4Vu; +ou; = 0 in Q
Uj — fj on 8@

Find /y and (O



Previous work

* Recoveryof 7 only, 0 =0

Capdeboscq, Fehrenback, De Gournay, Kavian (n=2)
Bal, Bonnetier, Monard, Triki (n=3)

Bal, Monard (n>=4)

Kuchment, Kunyansky

Kuchment, Steinhauer- pseudo-differential calculus
Ammari, Capdeboscq, Triki 2012- separation of terms



Assume we have some known
background 70 and og .

v = o +07
o = o0+ 00
U; = u? + 0u;

Where the background solutions satisfy

—V"yovug—FO'()ug 0 in )
u? f; on Of)

J



Lo :=—=V vV + og

bu; = Ly (V- 57Vu2 — (501/8)



linearized problem

dH;; = 6&yVuy - Vu;) + v Vou,; - Vu? + Yo Vu; - Véug

0

+n50ugu? + 77005uiu? + noou,; 0u;

Really have 3 unknowns here (Suj ) 6”7, 00

_ 0 0
Loduj; =V - 0yVu; — oou;
But they are coupled

One approach: solve for 5ujand substitute back in



Take Laplacian of data

Ade (5’7, 50’) — Gz’j (5’7, 50’) + ATZJ((S’}/, 50’),

where T;; is compact, and

Gii(07,60) = Vuy - Vu?A&y —2(Vu) ® Vu?)s : D6y + nugu9A5a



Case wheren=2and o= 1,009 =0

Simplest case

Take wug = 1 to get

dH()()((S’)/, 50) — 7750'

Eliminate 0o

Take



then

AdHq, = (02, — 02)

L2 L1

AdH 9 = —20,, 4,
AdHgy = (02 — 02)

Separately get hyperbolic, not elliptic
Together elliptic as a redundant system
Hard to invert because redundant



but consider

[T =% (AdH;;)’
1]

T =20, +20,,

Which is elliptic.



And for n > 3

Which we can invert



For general oo this doesn’t work

So let us consider for general ’VO ] 00

The highest order part
Gij(07,00) = Vu; - VujAdy — 2(Vuy @ Vui)® : D*6vy + nuju; Ado

Define
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Then we are interested in the system

Awé"y —+ Bz’j50- — Fij;
where

Aij — (9@ HJA—Q((QZ ®6’j)s . V@V,

B;; = nd;d;A, d;

U;




Define the operator
['=(A; By)

With a row for each pair (i,j)

We want to show this operator is elliptic so that we can get a parametrix, or
Invertibility of the highest order part.

Construction of parametrices for similar problems in

Kuchment and Steinhauer for one coefficient.



Consider the 2x2 system

rTT (?Z) —1TF

T T
I (Zzg A%Aij Zij Av;jg;Bij> |
Zz’j Bz‘inj Zij BijBij



Using symbols, the system is invertible
when we always have at least one of
the sub-determinants not vanishing

A.. B.
Det & &
(Akl Bkl)



These determinants are zero when

(0; -0, —260; - €6 - €)dpdy = (8, -0, — 20, - €0, - E)dsd;  Y(i,§,p,q).

SO
o

Vu
0; = |IVu

S O



Thanks to Gunther Uhlmann and CGOs

_ L pT
u, = €
= e’"*(cospr-x+isinpy - x)

Vu, = e’"[(prcospr-x—prsinps-x)+i(p,sinpy-x+ prcosps-z)

Which gives, by taking real and imaginary parts
COS 1 * X sin pr -
01 = . by =
—sinpy - T COSPr -+ X

d — COS pr - & d, —
o]

sin pr - @
4




(1—2(01 - £)%)d5 (1—2(02-&)%)d;
201 - €05 - Ed7 = (1 —2(6, - €)*)d1d>
—20; - €0 - £d3 (1 —2(05 - €)*)d1ds

Which is (S _ ¢ )d2 _ 2 )d2
—2csd? = (s* —c?)dids
—2csds = (¢ — s%)dids

(1) = s* —c* =0
(2) or (3) = sc=0



* But ellipticity doesn’t guarantee injectivity

* Need injectivity for extensions to nonlinear
problem



One approach: view as a differential
operator with its natural square
bilinear form

s ) (o)) =sr (i) m ()

H5(2) x Hg ()



Variational fomulation: find
(0y,00) € Hi(2) x Hy(Q)

Where L is a lower order operator
(genera lly nonlocal)



* Bis clearly bounded above on HZ(Q2) x HE(Q)

* Know elliptic, can get coercivity bounds
explicitly in some cases



Case n=2, constant og, o

* Have the two background solutions

* Which give

C— p. — Jo
0. =e; and d; = -



I' =( Aij Bij)
Corresponding to (i,j)=(1,1),(1,2),(2,2) where

All — 8yy — 8:1::6
A12 — —any
A22 — 8:833 — ayy

B = B11 = B1a = By = UEA-

go



Y (0)) = [ e 2?30 B s — 21

99

Use Cauchy’s inequality

Aw)?
Vg Aw| < eviy + ( 46)

and integration by parts

fQ va%y — fQ Vga Uyy

vayAw

g0



2 _|77|7_06 ) ( VUgx ) ( Ugx
> g0 .
= Ja ( —|77\Z—§€ 2 Vyy Uyy

g0
choose € =

B 70’77|.

To get

> |vaallze + lvgyll7e +

3%
208

n°|| Awl?..



* |f we have injectivity, this means that the
linearized solutions

H(SA’VHH(%(Q)a H&THH(?(Q) < C||F|z2(a)

* and we have explicit knowledge of C



e System is elliptic- but don’t yet know if
Injective.

e But since problem is square:



Case where domain is small

o . 0 0
If the domain is small, Vu; and wu, are

close to constants

dH;;(6v,60) = 07V - Vul +vVou,; - Vu) + 4 Vul - Viu,

+ndou;us + nogdu;u; + nogu; du;

So when we take L_0O of data, lower order terms
are differential operators.

LQZ—V”YQV—I—O'



 if ]'isadifferential operator and

r <w2 . Q;

zazw — =0 on 0JY)

° ' —
since v Y

We can get that v = w = 0 from Holmgren’s
theorem



Conclusions/Future

Have ellipticity for linearized system

Have injectivity with boundary data if the
domain is small enough (by variational
formulation and Holmgren’s theorem)

So for small domains, can extend to local
nonlinear injectivity/inversion

Still to do: injectivity for more general
domains



