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Abstract

We prove that we can recover a Riemannian metric in a bounded smooth domain
in R? up to an isometry which is the identity on the boundary, by knowing the lengths
of the geodesics joining points on the boundary. We assume that the metrics are close
to the euclidian metric e.

1 Introduction and statement of the results

Let Q C R? be a bounded domain with smooth boundary T' = 9. Let g(z) = (g;;(x)) be
a Riemannian metric in Q. Assume that Q is strictly convex with respect to g, i.e., for any
two distinct points x € €, y € Q there is a unique geodesic joining = and y lying entirely in
2 with possible exception the endpoints = and y. Let dy(x,y) denote the geodesic distance
between z and y. The inverse problem we address in this paper is whether we can determine
the Riemannian metric g knowing dy(z,y) for any x € I', y € I'. It is easy to see that g
cannot be determined from this information. We have dy-, = d, for any diffeomorphism
¥ 1 Q0 — Q that leaves the boundary pointwise fixed, i.e., 1|r = Id, where Id denotes the
identity map and *g is the pull-back of the metric g. R. Michel conjectured in [M1] that
this is the only obstruction to uniqueness, namely if we have two Riemannian metrics g1, ¢o
with Q strictly convex with respect to both, and if

dg, (z,y) = d92($,y) V(x,y) € an (1.1)
then there exists a diffeomorphism 1 : Q — Q, ¥|r = Id, so that
92 =V g1 (1.2)
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The function d, measures the sojourn (travel) times of geodesics joining points of the
boundary. In the case that both g; and g, are conformal to the euclidian metric e (i.e.,
(gr)ij = audij, k = 1,2 with 6;; the Kronecker symbol), then the problem we are considering
here is known in seismology as the inverse kinematic problem. In this case, it has been
proven (see [B], [C], [Mu], [Mu-R]) under further restrictions on the metrics that if d,, = d,,,
then g; = go. In this case the diffeomorphism # as in (1.2) must be the identity.

The conjecture (1.2) has been considered in [M1] for general Riemannian manifolds in the
case that one of the two metrics has constant curvature. In [C] it is discussed the case that
one or both metrics have negative curvature. The linearized problem has been extensively
studied in [Sh]. In this paper we prove the conjecture (1.2) under the condition that the
metrics are close in an appropriate sense to the euclidian metric. More precisely, denote by
C('“O)(Q) the set of all f € C*(Q) such that 9%f = 0 on 99 for |a| < k. Then we have.

Theorem 1.1 Suppose that g1 and go are two metrics satisfying (1.1). Then there exists
e >0, such that if
g—e €0, llg—ellerg <e (1.3)

then there exists a C' diffeomorphism v : Q — Q such that ¥|r = Id and V*g, = go.

We also remark that there are two closely related inverse problems. Suppose we have
a Riemannian metric which is the euclidian metric outside a compact set. The inverse
scattering problem for metrics is to determine the Riemannian metric by measuring the
scattering operator (see [G]). A similar obstruction to (1.2) occurs in this case with ¢ equal
to the identity outside a compact set. It was proven in [G] that knowing the scattering
operator one can determine, under some non-trapping assumptions on the metric, d, on the
boundary of a large ball.

One can consider also the hyperbolic Dirichlet-to-Neumann map A, associated to the
wave equation (92 — Ay)u = 0 with g a Riemannian metric on 2, with Q being a bounded
domain with smooth boundary and A, being the Laplace-Beltrami operator (see [Sy-U]). It
was proven in [Sy-U] under the assumption of no caustics in Q for g, that knowing A,, one
can recover d,.

Our proof of Theorem 1.1 relies on deriving an identity (see (2.10)) for the difference of
the metrics and working in suitable chosen coordinates. The linearized version of the identity
at the euclidian metric gives, roughly speaking, that the integrals along the geodesics (lines
in the linear case) of the difference of the two metrics is zero (see (2.12) and (2.14)). Then
one concludes that the metrics are the same in those coordinates by inverting the X-ray
transform. This is done in section 2.

In section 3 we carry out the proof of Theorem 1.1 by using a perturbation argument
that leads to the inversion of a Fourier integral operator.

We remark that we assume in Theorem 1.1 that the metrics coincide to order 12 with
the euclidian metric at the boundary. We only need to assume that in some coordinates. In
[M1] Michel proved that the assumption (1.1) implies that the derivatives of the metrics up
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to order 2 coincide at the boundary in suitable coordinates. In the two dimensional case it
is proven in [M2] that (1.1) implies that all derivatives of the two metrics coincide at the
boundary in suitable coordinates.

2 Preliminaries. The main identity
Assume that we have two metrics g; and g satisfying
g—e€Cly(Q), llg—ellera <e¢ (2.1)

with some k£ > 2 and € > 0. Assume also that they satisfy (1.1). By (2.1), g1 and g can be
extended outside © as e and the so extended metrics belong to C*(R?). From now on we
will denote by ¢; and go the extended metrics.

The Hamiltonian related to g, where g is either gy or go, is H = 5( 327, g (2)&&; — 1).
Given (¥ € T, ¢ € S2, such that v(z(¥) - g71¢® < 0, denote by z,, &,, j = 1,2 the
solution to the Hamiltonian system

{%$m = v gmig,  4g, —3 Y deag,  m=1,2,3, (2.2)
Tls=o = CE(O), {ls=0 = 5(0)'

Here g is either g; or g, while the initial conditions are the same for both metrics. We
remark that if £©) . g71¢(0) = 1  then s is the arc-length in (2.2). The assumption (1.1)
implies the following property.

Lemma 2.1 (see [M1]) Let g1, g2 be two Riemannian metrics in Q with Q strictly convex
with respect to anyone of them and assume gi|r = ga|r. Assume also (1.1). Let x,,, ..,
m = 1,2, be the solution of (2.2) with the same initial conditions

24, (0) = 24,(0) = 2@, £, (0) = &,(0) = .

Then
$91(t) = Igz(t) el 591 (t) = 592 (t)> (23)

where t is the common length of the corresponding geodesics joining 2@ and T, (t) = g, (t)
provided that €0 . ¢g71¢®) = 1.

Proof. Let x4, be the geodesics related to g, defined above. Denote by s +— y,,(s) the
geodesics associated to g joining x4, (0) and x4 () € I', where ¢ is the length of x4, 24,. In
other words, y,,(0) = x,,(0), yg,(t) = x4 (t). Note, that ¢ is also the length of that geodesic.
By [M1, Corollary 2.3|, the geodesics x4 and y,, are tangent at the common endpoints.
Since y,, solves (2.2) with g = g» and initial data y,, = (¥, £(0) = 7(®) with some 7(®, we
get that 7(®) = £ because the two metrics coincide on the boundary. Therefore, Ygo SOlves
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(2.2) with g = ¢g» and by the uniqueness of that solution we get that y,, = x4,. This proves
the lemma. O

Consider the Hamiltonian system (2.2) with the following initial conditions

{ FTm = S0 g = 3N ghGs, m=123 o)
Tls=—p = (=p,2), ls=—p = (1,0,0).

Here z € R?, p > 0 is such that g = e for || > p and the solution z = z(s, 2), £ = £(s, 2)
depends on the parameter z. If g = e, then z = (s,2) = (s,21,22). As in [S-U2|, from
estimate (2.1) we get.

Lemma 2.2 Let g satisfy (2.1). For the solution © = x(s, z), £ = &(s, z) of (2.4) we have
|z = (s, 2)[[er1 + [I§ = (1,0,0)[|cre—2 < Ce
with C' > 0 uniform in any compact set.

Introduce new coordinates y = (s,z). Then the map 2 > z +— y is close to Id in the
C*=1 topology for small € > 0 and therefore is a diffeomorphism. In the new coordinates
g1 = (¢") will have the form

1
(g7)=10 ¢* ¢*° |. (2.5)
0

Notice that g would have a similar form, too.

Denote by 11, 12 the maps x +— y related to g1, go, respectively. Instead of g1, g2, consider
g1 = Y¥ig1 and go = 3¢, respectively. It is easy to see that s is the length parameter in
(2.4) and therefore (1.1) implies 11 (I') = ¥5(I"). So, both 11 and 12 map 2 to a new domain
Q. By (2.3), ¥ = 1y outside Q. Therefore, (1.1) remains true for §;, g, in Q and instead of
(2.1) we have 3

f]l - f]g S 0(14(52((2)’ ||§~]m - 6”01@72(@) < 08, m = 1,2 (26)

with some C' > 0. We aim to prove that §; = g». This would prove the main theorem,
because it would imply 1/*g; = g where 1) := 1) "4p; would be a diffeomorphism in € fixing
the boundary. For the sake of simplicity of notation, let us denote the new metrics again by
g1, g2 and Q by Q.

Denote the solution of (2.2) by 2 = z(s, 2@, £©), ¢ = £(s,2@,£©). Let us introduce
new notation

X = (x,¢).

The solution to (2.2) related to g; and go, respectively, can therefore be written down as
Xy = X, (5, X10) = X, (5,2(0,€0).



Set F(s) := X, (t—s, X,, (5, X)), Here t = t(X©) is the length of the geodesics issued
from X with endpoint on I' and t is independent of ¢ = ¢; or ¢ = ¢g». Notice that the
x-component of F'(s) may not be in € but belongs to a neighborhood of I' small with €. By
(2.3), F(0) = X,,(t, X)) = X, (t, X @) = F(t). Thus

/OtF’(s) ds = 0. (2.7)

Denote V, := (0H,, /0§, —0H,,/0x), j = 1,2. Then

0X,
F'(s) = =V (Xg, (t — 5, X, (5, X)) + 8T<902>(t — 5, Xg (5, X))V, (X, (5, X)), (2.8)
We claim that
(0) 0Xg, (0) (0)
Voo (X (t — 5, X, (5, X)) = 50 (t — 5, Xy, (5, X))V, (X, (5, X)) (2.9)

Indeed, (2.9) follows from

_4d
~ds

0X
90X

0 X(T — s, X (s, X)) = —vV(X(T, X©)) +

s=0

(T, XV (x©®), vT

after setting 7' =t — s. Therefore, (2.7), (2.8) and (2.9) combined together imply

t 0X,,

0 0 X (0) (t - S>X91(S>X(O))) (‘/91 - ‘/gz) (Xgl (S,X(O))) ds = 0. (210)

Relation (2.10) is our basic equality from which we will derive g = go. If we assume in (2.2)
that the initial condition is given at t = to, then (2.10) remains true with the integral taken
over (tg,t1), where t; — tq is the length of the corresponding geodesic.

To make our approach more clear, we will consider a formal linearization of (2.10). In
other words, we will formally replace X,, and X,, by X., where e is the euclidian metric,
but we will keep V,, and V,,.

Suppose g = e. Then X, = (z., &) solves 2, = &, £, = 0, therefore V., = (£,0). It is easy

to see that in this case
1 s 0X 1 s
_ 0) e
w1 ) (1) o

Since V' = (g7'¢, —1Va(971¢) - &) (recall that g=' = {g"}), we get the following formal
linearization formula for (2.10)

[ (g = 56 = 9)9a(m) & —5Valm) - €) @O+ se)ds =0, (2.12)
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where {mj;} = {g7/} — {95}, 2@ €T, £ =€ € §? and €O . p(2(9) < 0. By (2.5), m has
the form
0 O 0

m = 0 o2 123 . (213)
0 mas ms3

Equating the second components of both sides in (2.12), we get
t 3
0 .=
1,)=2
for (9 and ¢ as above. This equation easily implies
3
> ()& =0 for -0 =0, (2.15)
i,j=2

where () is the Fourier transform of m(x) extended as 0 outside 2. Let p = (0, p2, p3) € S*
be a parameter. Picking

nxp (P32 — pams, —Pam, P2
fzfp(ﬁ) = | % | = 2 5 ) (216)
P Vi + (psn2 — pans)
we get
Ve as(n) + piniren(n) = 2papsiirias(n) _ (2.17)
Nt + (panz — panz)?
Choosing p = (0,1, 0) yields
2
oo
U mss(n) =0, (2.18)
i+ n3
therefore ms3 = 0. Next, setting p = (0,0, 1) in (2.17) leads to
Ui
N———3Me2(n) =0, (2.19)
nt + n3
s0 Mgy = 0. And finally, choosing p = (0, 1,1)/4/2, we obtain

n?+ (ns — n2)?/2

thus meqs = 0.



3 Proof of the main result

In this section we prove Theorem 1.1.

Let p > 0 be such that Q C B, := {z; |z|] < p} and assume that g; and gy are
the transformed metrics of the form (2.5) satisfying (2.6), (1.1). Let us extend g; and g
C*2smoothly in B, \ Q such that for the so extended g; we have g1 = g2 in B, \ ,
gi—e¢€ C(kojz(Bp), Jj=1,2and g1, ¢ satisty (2.6), (1.1) with 2 replaced by B,. We can also
assume that the first row and the first column of those metrics remain unchanged, so the
extended metrics remain of the form (2.5). In other words, we reduce the problem to two
new metrics g; and g, in B, which satisfy conditions similar to those satisfied by the original
g1, g2 in € but have special form. Notice that B, is strictly convex with respect to gi, ¢»
and for € > 0 small enough there is a unique geodesics (with respect to either metric) joining
any two points in B,. We can further extend those two metrics as e outside B,. Notice that
after those extensions m = g;' — g5 ' extends as zero outside €. Instead of solving (2.2), we
will solve the same Hamiltonian system for g = ¢g; with modified initial conditions. Assume
now that

zedx; -0 =0}, €0 es? (3.1)
and solve
%fm = ?:1 gmj€j> %gm = _% ij:l g%fifp m = 17 27 37
I|s:—p — a’;(o) =z — p€(0)7 €|S:—p — 6(0) c 52’ $(0) . 5(0) — _p’

(3.
where g is either g; or go. We will denote the solution of (3.2) by z = x,(s,2,£0), ¢ =
&(s,2,6O). If g = e, then z, = z + s, ¢, = ¢, For general g satisfying (2.6),

z,=2+50 1 0(@), €=¢9+0() in O+3 (3.3)

Here the C*~2 norm is meant with respect to all variables s, z, £©. Here and in what follows
O(e) will denote various functions with norm bounded by C'e with a constant C' > 0 uniform
in any fixed compact set. Estimate (3.3) follows from Lemma 2.2 for £ fixed parameter
and it is easy to see that it holds also for €@ considered as a variable.

Clearly, for any £ € 52, (s, z) are Euclidean coordinates in R3. The map

Te =2+ 860 = o =1,(5269) e B, (3.4)

is a diffeomorphism for ¢ > 0 small enough, because it is close to Id in the C*~3 topology.
Denote the Jacobian of this change of variables (related to g = g;) by Ji(z, £©).

With this choice of X,,, X,,, consider (2.10) with X© = (20 ¢©) = (2 — p¢© ¢O)),
By (3.3),

= 0(s), (3.5)




therefore,

0X,, 1 s
ox©o {0 1

We thus get that in (2.10) we have

— 0(e). (3.6)

aXQz
0X )

(=55 x ) = 177 ) o) e

with respect to the variables s and X (9. Here t is such that ¢+ p is the length of the geodesics
issued from X(© = (2 ¢©) (with 2(© . ¢©) = —p) with endpoint XV such that () € B,
and the geodesics XX ™ crosses B,. So, (2.10) can be rewritten as

L0517 ) + B0 0 = Vo (s. X as = (3.7

—p

where

B(s) = B(s, X" g1, 05) = Bu Bz _ O(e) in C*4,
By B
Each block Bj; here is a 3 x 3 matrix. Recall that Vj, — V,, = (m&, —3Va(m&) - €). The
left-hand side of (3.7) is a 6-dimensional vector. Let us use the fact that its last 3 components
vanish:

9 - 9 ‘
/ (a—gg-uzgmmg— ;(Bzz)jia—Z:ff) ds=0, j=123. (3:8)

Here we used the fact that suppm C B, and therefore we can integrate with respect to s
over the whole real line.

Let us Fourier transform (3.8) with respect to z € {z - £(® = 0}. Then the dual variable
will belong to the same plane

s [ OM 3 om
/ng«»:o /e—m'z (a—%g €+ 2Bymé — Z(Bzz)jia—zig : 5) dsdS. =0, n-¢9=0, (3.9

i=1

j = 1,2,3. Recall that here () € S? is a parameter and m = m(z), © = 14 (s, 2,£0),
€ =¢&,(s, 2, £©). In the integral above we can replace the phase function 7 - z by 7 - . =
n- (2 + s£©). Let us make the change of variables (3.4) in (3.9)

. 0 3 0
[ <a—m€'€+2321m€_Z(Bzz)jia—m€'€> Jitdr =0, 0¥ =0, (3.10)
T i=1 Li

j=1,2,3. Here m = m(x), £ = &(z,£©) and z, = 2.(z,£©) is the function inverse to (3.4)
with g = ¢;.



Let p = (0, pa, p3) € S? be a parameter as in (2.16). Choose ¢ = &,(n) as in (2.16) and
let us plug this into (3.10). Clearly, £© -5 = 0 and || = 1. Next, £ is singular on the
line n = sp, s € R. To avoid this singularity, choose a cut-off function x,(n) € C*(R?*\ {0}),
that vanishes for n near that line, i.e.

[0 =l nl/nl < 072,
XP(”)‘{ LAt 1= [penl/ln] > . (3.11)

Here 6 > 0 is a small parameter and we assume also that x, is homogeneous of order 0.
After multiplying (3.10) by x,(n) we obtain

3
Xp(1) / e~ ter (o) (%& €4 2Byime — 3 (Ba) 2 g) Jldr =0, Vn#0, (3.12)
J

i—1 Ox;

J =123 Here m = m(z), & = &(x,5(n)), wple

,n) =1+ ze(x,5(n)) and &, ¢, depend
smoothly on 7 € supp x, \ {0}. Moreover, by (3.3), (3

.4), for such n and z in a compact set,
pp(z,m) =2 -n+0(e) in S, =& +0(e) in S, (3.13)

Here and in what follows we denote by S;* the following class of functions. We say that
a=a(z,y,&) € C*(B2 x R?\ {0}) belongs to Si* iff there exists a constant C' > 0, such that

020)ota(w,y, &) < Clg™ M for (w,y) € B2, €€ RN\{0}, [a|+]B]+n] < k. (3.14)

The optimal constant in (3.14) defines a norm in S*. We say that a = O(¢) in S}* iff a € S
and the S}"-norm of a is O(e), in other words (3.14) holds with C' replaced by Ce. We are
going to use later [S-Ul, Theorem A.1] and [S-U2, Proposition 4.1] about boundedness of
FIOs and ¥DOs with amplitudes and phase function of finite smoothness belonging to the
class introduced above.

Recall that £(z, &,(n)) is defined by &(x, &,(n)) = &, (s, 2,&p(n)), where z = 2(z), s = s(x)
are determined by = = z,, (s, z,£©®) (see (3.4)). Assume that £©) = +e;. It is easy to see
then that x,, (s, 2z, xe1) = 2 & seq, &, (s, 2, £e1) = %e;. Since n; = 0 implies ,(n) = *e;,
for n; = 0 the remainder in (3.13) therefore vanishes and we actually have

Uil m P32 — P273
=Gp —O = s T M3y O )
§=&(n) + m () N r— K o ps Pz) + 1(5)]

where O(e) and O, (e) are in SY_,. Similarly, Bay = (9¢,,/020)(t — s, X,, (s, X)) (see

(3.7)) vanishes for £(©) = £e¢, so after the substitution ¢(©) = &,(n) we get By = %'Egl with

Bsy = O(e) in S?_.. Note that mq; =m;; =0, j = 1,2, 3, so the first component of £ plays
k—5 j j



no role in (3.12). Therefore, the expression in the parentheses in (3.12) can be rewritten as

om om
—5 § + 2Baymé — Z (B22) jza §-€
=1 T
. ( 8m33 +p amzz _9 Omas
m7 + (P3772 Pans)? Ox; s 0z p2ps oz
) 3%5
+ Z Umas+ Y. > B2 ), (3.15)
o,B=2 i=1 o,3=2 Ox;

where C(j) O(e), Eéj)l = O(g) in S)_; for € supp x,. Therefore, in (3.12) we can cancel
out the factor n/(m? + (pam2 — pams)?) to get

- om ,0m om
—igp(am) 33 2 _ 5 23
Xp(1) / e (Pz oz, + 3 oz, DopP3——— oz,

3 . N AN
+ ;zofjgmaﬁ; ﬁz_zEggi e )Jlldaszo, ¥n£0.  (3.16)

Relations (3.13) and the estimates we have on Caﬁ, Ec(fﬁ)l allows us to apply Proposition 4.1
in [S-U2] to get

—ion(z ama .
wi) [ (3 i+ 32 3 ELZ ) o s~ 0Vl n LR

a,f=2 =1 o,5=2

provided that k — 5 = 7. Here |[Vm|? := 37, ||0m/0x,]|%, and we have used the Poincaré
inequality [|m|| = ||m||r2s,) < C||Vm|| to estimate the term involving C(ﬁmag Hence,

—io (2 377133 amzz Omas .
wlo) [ e (% RO T ) S = OOl i LR, (317

Let us multiply (3.17) by exp{i¢,(y,n)} and integrate in n. Since by [S-U2], Proposition 4.1,
this is a continuous operation from L? into L?*(B,), we obtain

om om Omas
// i(en(um=en(@m)y, (p) <p B R opap =2 o ) Jitdr dny = O(e|| Vml|)
J

Ox; O,
(3.18)
in L*((B,)y), j = 1,2,3. Next, as in [S-U2|, introduce the function 6(x,y,n) by
1
Or,y.m) = [ (Voo +tly = 2).m) d. (3.19)

With this choice of 6,
ep(y,m) — pp(x,m) = (y —x) - 0(x, y,n).
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The function 6 is homogeneous of order 1 in 1 € supp x, and for such  we have = n+O(e)
in S}_,. The equation 6 = §(z,y,n) can be solved for 7 for € small enough and 1 € supp x,,
(z,y) € B,. The solution n = n(z,y,0) satisfies n = 6 + O(e) in S;_, for § away from some
conic neighborhood of the line § = sp, s € R. Next, for the Jacobian J := det(df/dn) we
have J; = 1+ O(e) in S)_.. After the change 7+ 6 in (3.18) we get

[ [ e, v.0)My(@) I I drdd = O Vm])) in (B, (3.20)
7 =1,2,3, where
Omss Omaa Omas
M, = p? 2 -2 .
P Y2 (9atj + p3 (9$j P2p3 (9afj

Here £ = £(z,&,(n(0))) = &,(0) + O(e) in S}_, for 6 away for a small (with &) conic neigh-
borhood of the line § = sp, s € R. Next, J; 'J; ' =1+ 0(¢) in SY_. for such 6. Let a(x) be
a smooth cut-off function supported in B, such that a = 1 on supp m. Then we can rewrite
(3.20) as

| [ e at)xtnia, v, 0)a(@) M)y dwdd = O(EVmll),  (3:21)
7 =1,2,3. For the amplitude in this oscillating integral we have
a(y)xp(n(z,y,0))a(x) I = a(y)xp(8)a(z) + O(e) in S)_s.

Moreover, for € > 0 sufficiently small, supp 4n(x, y, 0) is away from the singular line § = sp for
(x,y) € Bi. According to Theorem A.1in [S-U1], if k—5 = 7, this is enough to conclude that
we can replace the amplitude in (3.21) by a(y)x,(f)a(x) and this will result in a remainder
term O(el|Vml])), i.e.,

aly) [ [ D0, (0)My () dr o = O V) in I(RS), (3.22)

~ ~

Jj =1,2,3. Multiply (3.22) by M,(y) and integrate in y to get (M,, x,M,) = O(e||Vm]?).
This yields

0 (P31 (0) + P (0) — 2paparinzs(8)) = O(VE[ V) in L2({1— IFHL > 6})  (3.23)

(compare with (2.17)). Recall that § > 0 was a small parameter.
Choose first p = (0, p2,p3) = (0,1,0). Then

Ornss(0) = O(VE[Vm]) in L2({ 52l <1-0d}). (3.24)
Next, setting p = (0,0, 1) yields
Ornna(0) = O(VE[Vm]) in L2({fl <1-4}). (3.25)
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Let us now set p = (0,1,2)/v/5 and next p = (0,2,1)v/5. We get

0 (1133 (0) + 41n2(0) — 41ina3(0)) = O(VE||Vml|) in L2({ el <1 - o), (3.26)

0 (4riss(6) + 1 (0) — diias(0)) = O(VE|[Vmll) im L2 ({ BB <1-0}),  (3.27)
We will prove now that (3.24) holds in the whole L?. Indeed, for [0|/|0] > 1 — & we
can use (3.25), (3.26) and (3.27) together provided that § > 0 is sufficiently small to get
Omss = O(||Vm)||) for such 0. Therefore,

Orngs(0) = O(Ve|Vmll)  in L*(Rg). (3.28)
In the same way we get

Oinas(0) = O(Ve|Vmll)  in L*(Rg). (3.29)
Now, (3.26) and (3.27) combined yield

Ornas(0) = O(Ve|Vmll)  in L*(Rg). (3.30)
Consequently, by (3.28), (3.29) and (3.30)

0m(0) = O(Ve||Vml|) in L*(Rj),

thus
|Vm]| < Cve|[Vml]

with C independent of £, m provided that ¢ is small enough. Therefore, choosing ¢ < 1/C?,
we get m = 0 and Theorem 1.1 is proved.
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