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1 Introduction and statement of the results

Consider the acoustic wave equation
(07 — P (x)A)u =0, (t,z) e R x R? (1.1)

which describes the propagation of sound waves in an inhomogeneous medium with sound
speed c(x). We assume throughout the paper that 0 < c¢(z), x € R? and that for some p > 0

we have
clx) =1 for |z| > p. (1.2)

The scattering kernel measures, roughly speaking, the effect of the inhomogeneity on an
incident plane wave of the form §(t — x - 0) with # € S?. More precisely, assume that
c € C*(R3) and let u(t, z,0) be the solution of the Cauchy problem

(0% — A(x)A)u = 0, (t,7) € R x R3, (13)
U|t<<(] = 6(t—l'9) ’
We have that
u = dw,
where w(t, x, ) solves
(0?2 — A(x)A)w = 0, (t,7) € R x R3,
Wleo = ha(t —z-0),

with ha(s) = s?/2 for s > 0 and ha(s) = 0 otherwise. We write

w=hy(t—x-0)+ we.
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In the Lax-Phillips theory of scattering [L-P] (see also [C-S], [P]) the asymptotic wave profile
wi of wg. is defined by
w(s,w, )

sC

lim (t + s)Qywse(t, (t + s)w, 0),

- t—00
where the limit exists in L?(R, x S?) for any 6 € S%. Then the scattering kernel is given by

1

S(s,w,0) = o

dowi(s,w,0).

We note that the scattering kernel S is closely connected with the Schwartz kernel of the
scattering operator S. In fact, S(s’ — s,w’,w) is the Schwartz kernel of R(S — I)R™!, R
being the Lax-Phillips translation representation [L-P] (see section 2).

The inverse backscattering problem consists in the determination of ¢(x) from S(s, —6,0).
That is, roughly speaking, whether we can determine the sound speed by measuring the
echoes produced by an incident plane wave in the direction #. In this paper we show that
measuring the echoes is enough to recover the sound speed if it is a priori close to a constant.

Theorem 1.1 Let S; be the scattering kernel associated to the sound speed cj, j = 1,2
satisfying (1.2). Assume further that c; € W?>(R?). There exists € > 0 such that if

S1(s,—0,0) = Sy(s, —0,0) foralls € R, § € S?

and if
||Cj - 1||W9’°°(R3) <g, J= 1727

then we have ¢; = cs.

Guillemin proved in [G] that for the case considered here (and in more general situa-
tions) S is a Fourier integral operator and computed its symbol and canonical relation. In
particular, S(s, —0,0) makes sense and is a smooth function of 6 with distributional values
in the s-variable.

In the stationary approach to scattering one considers the formal Fourier transform of
(1.1):

(“A+X(1=c2(2) = N) v(@,\) = 0. (1.4)

Notice that one can consider (1.4) as a Schrodinger equation with potential
q(z) = N(1 = c*(x)).

However this is not very useful for the study of the inverse backscattering problem since we
must consider high frequencies as well. The inverse scattering problem at a fixed energy has
been solved in dimension n > 3 by Novikov [N]. This problem is in fact closely related to the
inverse problem of determining a potential ¢ from its associated Dirichlet to Neumann map.

The latter problem was solved in [S-U]. For an account of this relationship see for instance
U]



Given any 6 € S? there are solutions of (1.4) of the form
i\
]

where w = z/|z|. The function «a is called the scattering amplitude. The relation between a
and S is very simple

v(z,0,\) = e?? 4 ¢ a(\,w,0) + o(|z| ™), as |z| — oo, (1.5)

A (AN w,l) = /e_is’\S(s,w,Q) ds.

27ra

Theorem 1.1 has therefore as immediate corollary:

Theorem 1.2 Let cj, j = 1,2 be as in Theorem 1.1. Let a; denote the scattering amplitude
associated to cj, j = 1,2. There exists € > 0 such that if

al()\> _99 0) = a2()\7 _9> 9)

and if
||Cj - 1||W9’°°(R3) <g, J= 1727

then ¢; = cs.

The high frequency asymptotics of the scattering amplitude has been considered in [G]
and [V]. We do not know of any result for the inverse backscattering problem for the acoustic
equation. The inverse backscattering problem for the Schrodinger equation has been studied
in the papers [E-R], [St II].

The structure of the paper is as follows. In section 2 we consider some preliminaries and
prove Proposition 2.1 which gives a relation between S; — Sy and ¢;? — ¢3 2. In section 3 we
construct the singular solution of (1.3). In section 4 we prove Theorem 1.1 by combining the
results of section 3 and inverting a generalized Radon transform.

2 Preliminaries

In this section we introduce the scattering kernel S(s,w,#) and in Proposition 2.1 we prove a
formula for the difference S; — Sa, where S;, j = 1,2 are related to two sound speeds ¢; € C?
satisfying (1.2). A formula of a similar type related to a potential perturbation of the wave
equation was first obtained in [St IJ.

The natural energy space for equation (1.1) is the completion H of C§°(R?) x C5°(R?)
with respect to the energy norm

17 =5 [ (VAP + 2 @IRP) de,  f=[ff)

Throughout this paper we will denote two-dimensional vector functions *(f1, f2) by [f1, f2]-
Then H is a Hilbert space and equation (1.1) is equivalent to

, . , 0 I
Ou = —iAu, with  w=[ui,us], A= ( 2N 0 ) ) (2.1)
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i.e. if u solves (2.1), then uy = dyuy, (02 — c*A)uy = 0. Here I stands for the identity map.
It is easy to see that A extends to a self-adjoint operator in H, therefore the solution to
(2.1) is given by u = e #Af =: U(t)f, where f = u|;—o. By Stone’s theorem U(t) forms a
strongly continuous group of unitary operators in H. Setting ¢ = 1, we get the unperturbed
group Up(t) in Hy related to the unperturbed wave equation (92 — A)u = 0. The scattering
operator S is then defined by S = W-'W, , where the wave operators W, are defined as the
strong limits Wy = s-lim,_, U (¢)Up(—t). It is well known that the wave operators exist as
bounded operators and moreover, S is also well defined as a bounded operator in H, [L-P],
[R-S].

As in the Introduction, we consider the scattering solution wu(t,z,6) as the solution to
the following Cauchy problem

{ (02 —cAAu = 0 in Ry x R3,

Ulico = O(t—x-0). (2.2)

Here § € S? is a parameter giving the direction of the incident plane wave in (2.2). The
initial condition above can be replaced by u|i=—, = §(—p — x - 0), wi|i=—, = §'(—p — x - ).
The standard way of constructing a solution of (2.2) is the following. Set h;(t) = 7 /5! for
t > 0 and h;(t) = 0 otherwise. Then h; = hj_1, j > 1 and hg is the Heaviside function. If we
replace the Dirac delta function § in (2.2) by hq, we get initial data [he(—p—2z-6), hi(—p—2x-0)]
for t = —p, that belong locally to H and even to D(A). As in the Introduction, consider the
problem
{ (02— ANw = 0 in Ry x R3, 2.3)
'lU|t<<(] = hg(t—l'e) ’
Then w = ho(t — x - 0) + W, where (0?2 — *A)wge = —(1 — ) ho(t — x - ) and wec|i<0 = 0.
Therefore, .
[Wee, Dytee] = — / Ut — s)(1 — )]0, hols — - 0)] ds. (2.4)

Here 1 — ¢? has compact support thus (1 — ¢?)[0, ho(s — z - 0)] € H. Having constructed a
solution to (2.3) we can now solve (2.2) by setting

u(t,z,0) = dPw(t, z,0). (2.5)

Following Lax-Phillips [L-P] (see also [C-S]), as in the Introduction we define the asymptotic
wave profile w?, of wg. by

w¥(s,w,0) = lim (t + 5)Owe(t, (t + 5)w, 0). (2.6)

t—00
The limit exists in L?(Rs x S2) for any 6 [L-P], [C-S]. Then we define the scattering kernel
S by

S(s,w,l) = —;ag’wi(s,w,é?). (2.7)
7T

In some sense S satisfies the asymptotics
2 1
Owu(t,z,0) =08t —x-0)— —WS(|:B| —t, i,@) - 0(ﬂ>, as t,|z| — oo.
x

|z ]
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The formula above is a time-dependent analogue of the definition (1.5) of the scattering
amplitude via the asymptotics of the solution v of the Lipmann-Schwinger equation for large
x.

It turns out that S is closely related to the distribution kernel of the scattering operator
S. Denote by (Rf)(s,w) = [ f(x)d(s — x - w)dx the Radon transform of f and consider
the operator R (the Lax and Phillips translation representation) defined by R[fi, fa] =
=(=0?Rf1 + O;Rf>). Then R is a unitary map R : Hy — L*(R x S?). A well known fact
form the Lax and Phillips theory is that S(s'—s, w’, w) is the Schwartz kernel of R(S—1)R ™1
(see [L-P], [C-S], [P]), i.e. in distribution sense we have

(R(S - I)R‘lk‘) (s, = /R><52 S(s" — 5,0, w)k(s,w) ds dw. (2.8)

Next we will derive a formula for S; — S, where S; is related to ¢j, j = 1,2. Let
us first notice that (27)7'[u(+t + s, 2, £0), Qu(+t + s, x, +0)] is the distribution kernel of
Ut)WLR™ ie for any k € Cg°(R x S?) in distribution sense we have

UWLR " = 4 [ [t 5,0, 0), Ot & 5,0, 6) k(. 6) dsdb. (2.9
21 JRxS2

Indeed, denote f = R™'k and consider W,. Then U(#)W, Rk = U(t + T)Uy(—T) [ for
some fixed T' > 0 depending on supp k. Denote [v, O] = U(t 4+ T)Up(—T') f and denote also
the right-hand side of (2.9) by [0, 9;0]. Both v and © solve (1.1). Next, for t < —T" we have
[v, 0] = Up(t) f. On the other hand, for ¢ < 0 we get for v

[0, 0] = %/RS Ot +s—2-0),0(t+s—x-0)|k(s,0)dsdd = Up(t) f

by the inversion formula for R (see [L-P]). Therefore, v and © have the same initial data
and must coincide. This proves (2.9) for W,.. The proof for W_ is similar.

Proposition 2.1 Let S;(s,w,0) be the scattering kernel related to cj(x) € C?, j = 1,2.
Then

(S1 — S2)(s,w,0) —83 // — ey Huy(t, z, Oug(—s — t, r, —w) dt de,

82 ¢

where u; are the scattering solutions related to c;, j = 1,2 and the integral is to be considered
in distribution sense.

Proof. Denote by Uj(t), j = 1,2 the propagators related to ¢;. Consider the function F'(t) =
UQ(T—I— t)Ul( t—l—T)f f c D(Al) D(Ag) Then F/( ) = —ZUg(T—I—t)(Ag — Al)Ul( —t4+ T)
and from F(T) — F(=T) = |7, F'(t)dt we get

(U>(2T) — UL (2T)) f = /_ TT Us(T + QU (—t + T) f dt, (2.10)

0 0
QZ((C%—C%)A 0)’

5
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Next, choose two functions k,l € C°(R x 5?) and set f = Rk, g = R™*l. Then by using
standard arguments from the Lax-Phillips theory we get that

(Sif, 9)H, = (Uo(—T)Uj(2T)U0(_T)f’ g)m

with some large 7' > 0 depending on supp k, supp (. Therefore, by (2.10)

(&~ 80fah = [ (To(=T)(T + QU1 + T)U(~T)S. g), _di

=T

— /TT (QU(~t + T)Us(~T) f, Un(—t — T)UO(T)g)szt. (2.11)

Here H;, j = 0,1,2 are related to co = 1, cl, and cy respectively. Next, note that
Ur(=t+T)Uo(—=T)f = U (—t)W. + Vr=u, (— )W+ R~k. Similarly, Us(—t — T)Uo(T)g
Us(—t )VVE2 R~. Using (2.9), we get from (2.11)

(& =870 = g [ [ (=Bt + 51,200t — 2,2, ~60)
X k‘(Sl, 91) (82, 92)02 2 d$1d91d$2d92dl’ dt
= 33 / / /(c — ;102 Uy (—t + 51,2, 01)Ous(t — 52,7, —0s)
X k‘(Sl, 91) (82, 92) d$1d91d$2d92dl’ dt. (212)

Clearly, the integrand above vanishes for |t| > T', so we may integrate in ¢ over the whole
real line. According to (2.8),

((82 - Sl)f, g)HO = ‘/[R 52]2(52 - 51)(82 — 51, 92, 91)]{?(81, 91)[(82, 92) d$1d91d$2d92. (213)
Comparing (2.12) and (2.13), we conclude that

(51 52)(82—81,92,91 S 2// 8 ul( t+sl,x,01)8tuz(t—52,x, —eg)dl’dt

The right-hand side above as a function of s;, s; depends merely on s, — s; and setting

s =5y — 81,1t =—t+ s, we complete the proof of the proposition. U

3 Singular decomposition of the scattering solution

In this section we prove that the scattering solution u(t, x, #) admits a singular decomposition
of the type u(t,z,0) = a(x,0)0(t — ¢(x,0)) + B(x,0)ho(t — ¢(z,0)) + r(t,x,0), where ¢ is
a suitable phase function and the remainder 7(t, -, #) belongs to H' N L>=, d;r € L*. Such
decompositions are in principle known for that kind of problems (see e.g. [V] for a high
frequency asymptotics of the solution v of (1.4) given by (1.5)). Our goal here is to prove
estimates on the remainder which are uniform in ¢(z) under the assumption of a finite
smoothness of ¢. As in Theorem 1.1 we assume that ¢ is close to ¢ = 1 in the W topology
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for some m. It turns out that in our proof we need estimates on the remainder for ¢ belonging
to a finite interval only. This fact simplifies considerably our analysis. On the other hand, in
principle one could obtain estimates on the remainder for large ¢t which are also uniform in
c. This is related to the problem of finding estimates of the remainder in the high-frequency
asymptotics of the solution v of (1.4) defined in (1.5) (see [V]) which are uniform in ¢ or
finding estimates on the resolvent of c2A + A2. The latter problems are more delicate ones.
In fact one of the main reasons for working with time dependent methods is the advantage
we get by dealing with bounded t’s only.

We start with analysis of the phase function ¢ related to (1.1). We define ¢(x, 6) as the
solution to the eikonal equation

(V)2 = *(a),
3.1
{ Plroco = z-0. (31)
Throughout this section we assume that c satisfies (1.2) and that
e — 1jwme < (3.2)

with some € > 0 and m > 2. We need to solve (3.1) in B,. Fix § € S?. We may assume that
6 ="(1,0,0). Then (3.1) can be rewritten as

(Vo) = (),
¢|I1=—p = =0 (33)
8r1¢|m1=—ﬁ = L

The Hamiltonian system associated with (3.3) is

{ Ly = 2, l¢ = V2,

ds 3.4
to = 'Cpm), Eee = (1,00,  neR: (34)

Notice that the solution to (3.4) in the case ¢ = 1is x = *(2s — p,n), £ = (1,0,0). On the
other hand, for general ¢(z) the solution of (3.4) exists for any s (see [V]).

Lemma 3.1 Fiz a > 0. Then there exists C' > 0 such that for the solution x = z(s,n),

E=¢&(s,m) of (3.4) we have
||I - t(2$ - P 77)||I/I/'m""’([(],a]><R2) + ||€ - t(l, 0, 0)||Wm,oo([07a]><R2) S Ce.

The proof of the lemma is based on a comparison theorem for ODE and will be omitted
here.

In particular, Lemma 3.1 implies that under the smallness assumption (3.2) the Hamil-
tonian flow is non-trapping for small €, more precisely, z(s,n) € B, = {z; |z| < p} for s > a
with some a > 0. Moreover, the mapping (s,n) — z(s,n) is a W™>—diffeomorphism on
0,a] x {n € R?; |n| < 2p} and its range covers B, provided that ¢ is small enough. We
will need in fact to work in a larger domain, so let us assume that ¢ and a are such that



t(s,n) — z(s,n) maps [0,a] x {n € R? |n| < 5p} into a compact covering By,. The phase
function ¢ solving (3.3) is defined in By, by (see [V])

p=—p+ 2/6_2(£B) ds,

where the integration is taken over the shortest characteristics x = x(s,n) joining the plane
x1 = —p and x. The change of coordinates = +— *(s,n) is e-close to z = *(2s — p,7n) in
W= which easily implies that ¢ must be close to ¢ = x1. So far 6 was fixed. One can also
examine easily the dependence of ¢ on § € S%. Thus we get

Lemma 3.2 Assume that (3.2) holds with € > 0 sufficiently small. Then there exists Cy > 0
such that

||¢(l’,9) — X 9||Wm,oo(B4p><52) S 005.

Now we are ready to prove the principal result of this section about the scattering solution
u(t, z,0) introduced in (2.2). Denote

T = P+ 008, (35)
where Cj is the constant in Lemma 3.2. Note that max{|¢(z,0)|; z € B,, € S*} <T.

Proposition 3.1 Assume that (3.2) holds with m > 9 and ¢ > 0 sufficiently small. Then
there exists a constant C > 0, such that for |t| < 3T, and for any 0 € S* we have

u(t,z,0) = a(x,0)5(t — ¢(x,0)) + 5(x,0)ho(t — ¢(x,0)) + r(t,x,0),

where
o = Tl sty < Ce, 18(z,0)] < Ce, (3.6)

and
||T(t> ) Q)HL‘X’ + ||8tr(t> ) Q)HLZ < Ce. (37)

Proof. Let us look for « of the form
u(t> X, 9) = Oé(l’, 9)5(t - ¢($> 9)) + ﬁ($> e)hO(t - ¢($> 9)) + 7($> e)hl(t - ¢($> 9)) + fF(t> z, 9)

Then o =1+ &, (3, v solve the transport equations

(2V6 -V + Ag)a = —Ad,  dlpoey =0, (3.8)
(2V6-V+A@)B=Aa,  Blosey =0, (3.9)
(2V6-V+ A8y = A8, Alwaep =0, (3.10)

while 7 solves
(207 = A)F = (A)hi(t = ¢),  Flico = 0. (3.11)

Note that we need to solve (3.8) — (3.10) in the compact = -0 > —p, ¢(x,0) < 3T, |n| < p
(n = n(x) is determined by = = x(s,7n)) and for € sufficiently small this compact is contained
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in By,, where ¢ is well defined. The first equation (3.8) can be solved in By, and (3.6)
follows directly from Lemma 3.2. The estimate (3.6) for a follows easily from Lemma 3.1
and Lemma 3.2. Next, since Aa = O(e), we get (if m > 4) (3.6) for § as well. Similarly, if
m > 6, then |y| = O(e) as well. Finally, for 7 we get by (3.11)

7, O] = /_tp Ut — 5)[0, (Ay)hi(s — ¢)] ds.

We get as above that (Ay)hi(s — ¢) is supported in By, for —p < s < t, |t| < 3T and
moreover ||[0, (Ay)hi(s — ¢)]||x < Ce (if m > 8). Note that the norm in H depends on ¢(z),
but is uniformly bounded when ¢ satisfies (3.2) with € < 1. So we get

17, 0]l < Clt+ple,  —p<t<T (3.12)

(and 7 =0 for t < —p). Next, [F,0,7] € D(A) and
A0 = 0r. A7 = [ Ul = $)AQ0. (M) (s — 6)] ds

-p

= [ Ut~ s){(ani(s — 9), 0] ds.

-p

Since ||[(Ay)hi(s — ¢),0]|lx = O(e) (here we need m = 9), we get as above that
|07, A, <Clt+pe  —p<t<T. (3.13)

By (3.12) and (3.13),
IVE AT+ [0 + IVOrF]| < Ce,

where || - || = || - ||z2. Moreover, 7 is compactly supported (uniformly in ¢ < 1, |t| < 3T)
because of the finite speed of propagation for (1.1). Therefore, by the Poincaré inequality
(see e.g. [L-P]), we get ||7|]| = O(e) as well. Thus,

17 2 + |04 2 < Ce.
By the Sobolev embedding theorem this yields |||z~ + ||0;7||.2 = O(e) and combining this

with (3.6), we get (3.7) for r = yhy(t — ¢) + 7. O

4 Proof of Theorem 1.1

Assume that the hypotheses of Theorem 1.1 are fulfilled and denote by u; the scattering
solutions related to ¢j, 7 = 1,2. Then, by Proposition 2.1

//q(:v)ul(t,a:, Ous(s — t,x,0)dxdt =0, q:=c?—cy2 (4.1)



for any s € R, 6 € S%. Let us apply now Proposition 3.1 and substitute u;, j = 1,2 in (4.1)
by its singular expansion. We get

—/ qa1020(s — ¢1 — ¢a) dx
= /Q[Oézﬁﬁo(s — @1 — P2) + a1faho(s — d1 — ¢P2) + qori(s — ¢2) + aira(s — ¢1)} dx
+ [ [ alBiBho(t = 61)ho(s =t = 62) + ri(B)rals = 1
+ ﬁlho(t - ¢1)7’2(S — t) + ﬁgho(s —t— ¢2)T1(t)} dx dt. (42)
Here Tl(t) = Tl(t>$>9), ¢1 = ¢1($79) etc. Denote ¢($79) = ¢1($79) + ¢2($79)’ a($79) =
ay(z,0) + az(x,0). Since by Lemma 3.2, ¢(z,0) is close to 2x - 0 and a(x, ) is close to 1,
the left-hand side of (4.2) reminds us of the Radon transform Rgq of ¢. Let us recall, that we

have the following Parseval’s equality for the Radon transform [|0sRf| r2mxs2) = 47| f|| 2.
Bearing this in mind, let us differentiate (4.2) with respect to s.

0, / gad(s — ¢)dr = I + Ip + Is + I, (4.3)
where
L= [ alash +arB)o(s — o) de,
L = / glondsrs (s — o) + 1Osrals — )] dr
Iy = [ qlBiBahols = 6) + Bira(s = 1) + Bari(s = 6u) do
L = / / qr1(t)0sra(s — t) du dt.

The left-hand side of (4.3) vanishes for |s| > 27" (see Lemma 3.2 and (3.5)). Therefore, so
does the right-hand side above, but this is not necessarily true for each term I;. Let us
estimate the norm in L?([—2T, 2T] x S?) of each term in (4.3). For the left-hand side in (4.3)
we have

19, [ a(z)az,0)0(s — é(z,0)) dal 2 aromcs)
= @0k [ Da(e, 0)g(r) di | sy (44)

Let us extend ¢(z,¢), a(z,0) for £ ¢ S? by ¢(x,§) = [¢|o(z,¢/I€]), a(z,§) = a(z,&/[€]).

Then Lemma 3.2 implies

0:0($(a,€) 20 O] < Crele for fa| + 18] S m, 3 € By € £0. (45)

Similarly, (3.6) implies

020¢(a(x, &) = 1) < Caelg| 171 for |a] + |B] <m—2, 2 € By, §#£0.  (4.6)
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Since ¢ is real-valued, the square integral of the expression in the right-hand side of (4.4)
over Ry, x S? equals twice the square integral over R; x S2. Setting & = k6, k > 0, § € S?,
we obtain from (4.4)

||8s/q(af)a(af,9)5(s— 6(,9)) del| 2-2r2m)xs57) = V2(2m) V2| Pyl| 2(ms). (4.7)

where

(Pa)(©) = [ e=9a(z, E)q(a) do (48)

Our plan is the following. First we will show that C||¢|| < || Pq|| < Csl|¢|| with some Cy > 0,
Cy > 0 independent of €. Next we are going to estimate the norms in L?([—2T,2T] x S?) of
each term I; = I;(s,0) in (4.3) and will show that I; = O(e||q||), j = 1,2,3,4. Then (4.3),
(4.7) would imply that C4||¢|| < ||Pq|| < C¢l|q||, hence g = 0.

Proposition 4.1 Ifc¢;, j = 1,2 satisfy (3.2) with m =9 and if € > 0 is sufficiently small,
then P : L*(B,) — L*(R}) is a bounded operator. Moreover there exist two constants C1 > 0,
Cy > 0 independent of € (small enough), ¢y, c2, such that

Gl < 1Pl < Collfll - for any f € L*(B,).

Proof. We will show that the estimate above follows from the fact that ¢ = ¢ + ¢5 is close
to 2z - 6 (see Lemma 3.2) and a is close to 1 (see 4.6). This does not necessarily implies that
P (see (4.8)) is close to the Fourier transfotm, but one can expect that P*P is close to ¢l
with some constant c¢. We have

(P'Pf) () = [ [ e 050 a(a, €)a(y, &) f(y) dy de. (4.9)
The phase function above admits the representation

¢(x,8) = oy, €) = 2(x —y) -0z, y,£),

where

W8 =3 [ (Vag)la e~ y). ). (4.10)

To prove (4.10) it is enough to apply the identity g(1) — g(0) = f, ¢'(t)dt to the function
g(t) = ¢(x + t(x — y)). By Lemma 3.2, n(x,y, ) belongs to W™= 1% and is homogeneous
with respect to £ of order one. Moreover,

020001 (1(x, 9, ) — &)] < Cele ™ for || + |81+ 7| < m — 1, 2 € Bay, y € Bay, £ £0.

The equation n = n(z,y,£) can be solved for ¢ provided that ¢ is sufficiently small. The
Jacobian J := |Dn/D¢| satisfies the estimates

020001 (J(x,y,6) = 1) < Cele| ™M for |a| + ||+ |y| <m —2, & € By, y € Buy, & #0.
(4.11)
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Let us perform the change of variables £ — 7 in (4.9).
P'Pf = / / e 2 (2, y, 1) f(y)J (w, y, ) dy dn, (4.12)

where j($> Y, 77) = J_1($7 Y, €)|§=§(m,y,n)> b($> Y, 77) = a($> g)a(y7 €)|§:§(mvyﬂ7)‘ The principal
part of the integral above is

] g dydn = .
so from (4.12) we get
(PP—n1) f = / / e 20 f(y) (0J) (2, y,m) — 1) dy di. (4.13)
We are going to apply Theorem A.1 (see the Appendix below) to (4.13). By (4.11), (3.6),

8§85 ((bj)(if>y>77) - 1)’ < Ce for |Oé| + |ﬁ| <m-— 27 UES B4P> Yy € B4P> n 7é 0. (414)

Let us extend the operator P*P —n°I, defined a priori on L?(B,) to an operator @ in L*(R?)
by (4.13) with J — 1 replaced by x(z)(J — 1)x(y), where x € C§°, supp x C Bs,, x = 1 on
B,. Then if m — 2 =7, Theorem A.1 yields ||Q|| z(z2m3)) < Ce, which implies

||P*P — 773]||£(L2(Bp)) S 08.
Thus, for any f € L*(B,) we have
1PFI? = |1 £ = |(P*Pf = 7°F, £)| < Ce| £I,

and this completes the proof of Proposition 4.1 for € small enough. (]

We proceed now with estimating the norms of [;, j = 1,2, 3,4 in L*([-2T, 2T] x S?). By
(3.6) and (4.7) we get for I;

IN

||Il||L2([—2T,2T]x52)

Ce| [ lalo(s = 6) o r2mese)

C'el|o, [ lalo(s — 9) o2 s
C"lIBlalll < C"llal. (4.15)

IN

IN

Here P, is the operator (4.8) with a = 1. In order to prove (4.15), we have approximated |¢|
with smooth functions and have used the fact that for any f € C1(R) with f = 0 outside
some finite interval [—a, a], we have || f||2 < C(a)||f']| L2

To estimate I, I3 and 14, observe that

Lt I+ 1 = /K(s, 0, 2)q(x) dz (4.16)
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with
K = a0sr1(s — ¢2) + a10sr2(s — ¢1) + B1P2ho(s — @)
2T
+ Bira(s — ¢1) + Bari(s — ¢2) + /P+ (t)0sra(s —t) dt. (4.17)

When |s| < 2T and = € B,, we have |s — ¢o| < 3T, |s — ¢1| < 3T. Next, in the integral term
in (4.17) we have |T'| < 3T, —p < s —t < p+ 2T < 3T. Therefore, in (4.17) the argument
of r;(t), j = 1,2 always belongs to the interval |t| < 37T thus we can apply Proposition 3.1

to get
/B /52/ K(s,0,2)]2ds df de < (Ce)?.

Therefore, by (4.16) we have
[ 12 + I3 + Ll 221 2m1x52) < Cellq]]. (4.18)
Combining (4.3), (4.7), (4.15) and (4.18), we get
I1Pqll < Celiqll. (4.19)
On the other hand, by Proposition 4.1 we conclude that
Cillgll < 1Pl (4.20)

For £ small enough (4.19) and (4.20) imply g = 0. The proof of Theorem 1.1 is complete.

A Appendix

We prove here a theorem for the boundedness of a(x,y, D) in L*(R") if a is smooth of finite
order. Under the assumption that a = a(z,§) is independent of y, Theorem 18.1.11" in [H]
says that if [ |0¢a(x,§)|dr < M for all £ € R™ and for |a| < n+1, then |[a(x, D)||z2) < CM
with C' > 0 an absolute constant. Following the proof of that theorem in [H|, we obtain a
generalization for amplitudes a depending on y as well.

Theorem A.1 Let A be the operator

— 2m) " [ [ ey, €) f(y) dy de.

If

/

then ||A|l g2y < CM with C >0 an absolute constant.

Ja(z,y,6)| dedy <M for|a| + |3 < 2n+1, £ R,

13



Proof. We have ' R
Af = m) [ [eSate € - € F(Q) ac de,

where a(z,(, &) = [ e Ya(z,y, £)dy. Thus

A

Afm) = e @Aap@yde = @07 [[[ e =0, e ¢ f(¢) d¢ d da
= 0 [[an- 66— cofQdcds

where a(n, ¢, &) = [ e Ma(x,(,€) = [e e q(z, y, £)dxdy. Therefore, Af = Bf, where
B is an integral operator with kernel

b(n,¢) = (2m) > [ 4y — €€ - ¢ de.

We claim that [ |b(n,()|dn < CM, [|b(n,{)|d¢ < CM. It is well known that this implies
that B is bounded with norm not exceeding C'M.

[ Q)ldn < 2m)2 [ [1atn - €.€ = ¢, ) dg dn.
The assumptions of the theorem imply |a(n, ¢, €)] < CM (1 + |n| + |¢[)~2*"'. Hence

[ Qldn < ' [ [+ 10— g+ g = )2 dn g
= M [ [+l 1g = ¢ dnde

= M [[ (U4 Il +1gl) > dn dg
= ("M < .

In the same way we treat [ |b(n, ()|dC. O
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