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This article is concerned with stochastic differential equations driven by
a d dimensional fractional Brownian motion with Hurst parameter H > 1/4
and understood in the rough paths sense. Whenever the coefficients of the
equation satisfy a uniform hypoellipticity condition, we establish a sharp lo-
cal estimate on the associated control distance function and a sharp local
lower estimate on the density of the solution. Our methodology relies heavily
on the rough paths structure of the equation.

1. Introduction. We will split our Introduction into two parts. In Section 1.1 we recall
some background on the stochastic analysis of stochastic differential equations driven by a
fractional Brownian motion. In Section 1.2 we describe our main results. Section 1.3 is then
devoted to a brief explanation about the methodology we have used in order to obtain our
main results.

1.1. Background and motivation. One way to envision Malliavin calculus is to see it as
a geometric and analytic framework on an infinite dimensional space (namely, the Wiener
space) equipped with a Gaussian measure. This is already apparent in Malliavin’s seminal
contribution [23] giving a probabilistic proof of Hormander’s theorem. The same point of
view has then been pushed forward in the celebrated series of papers by Kusuoka and Stroock
[18-20] which set up the basis for densities and probabilities expansions for diffusion pro-
cesses within this framework.

On the other hand, the original perspective of Lyons’ rough path theory (cf. [21, 22]) is
quite different. Summarizing very briefly, it asserts that a reasonable differential calculus
with respect to a noisy process X can be achieved as long as one can define enough iterated
integrals of X. One of the first processes to which the theory has been successfully applied is a
fractional Brownian motion B with Hurst parameter H on which we shall focus in the present
paper. The process B can be seen as a natural generalization of Brownian motion allowing
any kind of Holder regularity. We are interested in the following differential equation driven
by B:

d
(L) dX, =) Vo(X))dBY, 0<t<1,

a=1

XOZXERN.

Here, the V,,’s are C;° vector fields, and the Hurst parameter is assumed to satisty H > 1/4.
In this setting, putting together the results contained in [9] and [22], the stochastic differential
equation (1.1) can be understood in the framework of rough path theory.
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With the solution of (1.1) in hand, a natural problem one can think of is the following:
can we extend the aforementioned analytic studies on Wiener’s space to the process B? In
particular, can we complete Kusuoka—Stroock’s program in the fractional Brownian motion
setting? This question has received a lot of attention in the recent years, and previous efforts
along this line include Hérmander-type theorems for the process X, defined by (1.1) (cf. [2,
7, 8]), and some upper Gaussian bounds on the density p(z, x, y) of X; (cf. [3, 16]) as well as
Varadhan-type estimates for log(p(¢, x, y)) in small time [4]. One should stress at this point
that the road from the Brownian to the fractional Brownian case is far from being trivial. This
is essentially due to the lack of independence of the fBm increments and Markov property as
well as to the technically demanding characterization of the Cameron—Martin space whenever
B is not a Brownian motion. We shall go back to those obstacles throughout the article.

Our contribution can be seen as a step in the direction mentioned above. More specifically,
we shall obtain a sharp local estimate on the associated control distance function and some
sharp local bounds for the density of X; under hypoelliptic conditions on the vector fields V,.
This will be achieved thanks to a combination of geometric and analytic tools which can also
be understood as a mix of stochastic analysis and rough path theory. We describe our main
results more precisely in the next subsection.

1.2. Statement of main results. Let us recall that equation (1.1) is our main object of
concern. We are typically interested in the degenerate case where the vector fields V =
{V1, ..., Va} satisfy the uniform hypoellipticity assumption to be defined shortly. This is a
standard degenerate setting where one can expect that the solution of the SDE (1.1) admits a
smooth density with respect to the Lebesgue measure. As mentioned in Section 1.1, we wish
to obtain quantitative information for the density in this context.

We first formulate the uniform hypoellipticity condition which will be assumed throughout
the rest of the paper. For [ > 1, define A(/) to be the set of words over letters {1, ..., d} with
length, at most, / (including the empty word) and A; (/) £ A()\{@}. Denote A; as the set
of all nonempty words. Given a word « € Ay, we define the vector field V4] inductively by
Vil £V, and Via] L[V, Vi)l for a = (i, B) with i being a letter and S € A;.

UNIFORM HYPOELLIPTICITY ASSUMPTION. The vector fields (Vq,..., Vy) are C,fo,
and there exists an integer [y > 1 such that
: . 2
(1.2) inf  inf { > Vi), njgw { > 0.
xeRN pesN-1 aeA (o)

The smallest such [y is called the hypoellipticity constant for the vector fields.

Under condition (1.2) it was proved by Cass—Friz [7] and Cass—Hairer-Litterer—Tindel [8]
that the solution to the SDE (1.1) admits a smooth density y — p(t, x, y) with respect to
the Lebesgue measure on RY for all (¢, x) € (0, 1] x R". Our contribution aims at getting
quantitative small time estimates for p(¢, x, y).

In order to describe our bounds on the density p(¢, x, y), let us recall that the small time
behavior of p(¢, x, y) is closely related to the so-called control distance function associated
with the vector fields. This fact was already revealed in the Varadhan-type asymptotics result
proved by Baudoin—-Ouyang—Zhang [4],

1
(1.3) lim 2 log p(t, x, y) = —=d(x, y)*.
t—0 2

The control distance function d(x, y) in (1.3), which plays a prominent role in our paper, is
defined as follows.
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DEFINITION 1.1. Let 7 be the Cameron—Martin space of the fractional Brownian mo-
tion. For any h € H, denote by &, (x; h) the solution to the ODE

d

(1.4) dx; =Y Vo(x)dhy, 0=t <1, withxo=x.
a=1

In addition, for x, y € RY and @, (x; h), defined as in (1.4), set

(1.5) M,y & {heH: di(x;h) =y}

to be the space of Cameron—Martin paths which join x to y in the sense of differential equa-
tions. The control distance function d(x,y) = dg(x, y) is defined by

d(x,y) Zinf{|hllz:h ey}, x,yeRY.

According to (1.3), one can clearly expect that the Cameron—Martin structure and the
control distance function will play an important role in understanding the small time behavior
of p(t, x,y). However, unlike the diffusion case and due to the complexity of the Cameron—
Martin structure of a fractional Brownian motion, the function d(x, y) is far from being
a metric, and its shape is not clear. Our first main result is thus concerned with the local
behavior of d(x, y). It establishes a comparison between d and the Euclidian distance.

THEOREM 1.2. Suppose that the vector fields {V1, ..., V4} satisfy the uniform hypoel-
lipticity condition (1.2) with hypoellipticity constant ly. Let d be the control distance function
given in Definition 1.1. There exist constants C1, Cp, 8 > 0, where C1, Ca depend only on H,
lo and the vector fields and where & depends only on ly and the vector fields such that

1
(1.6) Cilx —yl =d(x,y) < Calx — y|'o,
forall x,y € RN with |x — y| < 6.

With the technique we use to prove Theorem 1.2 together with some further effort, we
are, in fact, able to establish a stronger result, namely, the local equivalence of d to the
sub-Riemannian distance induced by the vector fields {V1, ..., V4}. More specifically, let us
write the distance given in Definition 1.1 as dg(x, y) in order to emphasize the dependence
on the Hurst parameter H. Our second main result asserts that all the distances dy are locally
equivalent.

THEOREM 1.3. Under the same assumptions as in Theorem 1.2, for any Hi, H €
(1/4, 1), there exist constants C = C(Hy, Ha, V) > 0 and 6 > 0 such that

1
(1.7) EdHl (x,y) <dm,(x,y) < Cdp, (x,y),

for all x,y € RN with |x — y| < 8. In particular, all distances dy are locally equivalent to
dgm = dy 2, where dgwm stands for the control distance function of the system (1.4) driven
by a Brownian motion, that is, the sub-Riemannian distance induced by the vector fields
Vi,..., Va}.

The local equivalence of distances, stated in Theorem 1.3, plays a crucial role in our later
analysis of the density p(¢, x, y), in particular, in the proof of Theorem 1.6 below (e.g., see the
proof of Lemma 4.15 below). Moreover, we believe Theorem 1.3 and the tools we developed
in order to prove this theorem may be of independent interest and have other applications as
well.
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REMARK 1.4. In the special case when (1.1) reads as dX; = X; ® d By, that is, when
X, is the truncated signature of B up to order [ > 0, it is proved in [1] that all dg(x, y)
are globally equivalent. The proof crucially depends on the fact that the signature of B is
homogeneous with respect to the dilation operator on G (R?), the free nilpotent Lip group
over R? of order [. In the current general nonlinear case, the local equivalence is much more
technically challenging. In addition, we think that the global equivalence of the distances dy
does not hold.

Our third main result asserts that the density p(¢, x, y) of X; is strictly positive everywhere
whenever ¢t > 0. It generalizes, for the first time, the result of [3], Theorem 1.4, to a general
hypoelliptic case by affirming that Hypothesis 1.2 in that theorem is always verified under
our assumption (1.2). Recall that a distribution over a differentiable manifold is a smooth
choice of subspace of the tangent space at every point with constant dimension.

THEOREM 1.5.  Let {V1,..., Vg} be a family of Cy°-vector fields on R which span a
distribution over RN and satisfy the uniform hypoellipticity assumption (1.2). Let X + be the
solution to the stochastic differential equation (1.1), where B; is a d-dimensional fractional
Brownian motion with Hurst parameter H > 1/4. Then, for each t € (0, 1], the density of X;
is everywhere strictly positive.

As we will see in Section 4.1, the proof of the above result is based on finite dimensional
geometric arguments, such as the classical Sard theorem as well as a general positivity criteria
for densities on the Wiener space. After our preprint was released, further results on strict
positivity were obtained very recently in [17] using the notion of K-regularity. However,
the latter reference focuses exclusively on the strict positivity of density for Gaussian rough
differential equations. In contrast, the proof of Theorem 1.5 comes as a natural and short
byproduct of our global approach.

Let us now turn to a description of our last main result. It establishes a sharp local lower
estimate for the density function p(¢, x, y) of the solution to the SDE (1.1) in small time.

THEOREM 1.6. Under the uniform hypoellipticity assumption (1.2), let p(t, x, y) be the
density of the random variable X; defined by equation (1.1). There exist some constants
C, 1t > 0, depending only on H, ly and the vector fields Vy, such that

(18) P(I’XJ’)Zi,

|Ba(x, )]

for all (t,x,y) € (0,11 x RN x RV, satisfying the following local condition involving the
distance d introduced in Definition 1.1,

dx,y) < o oand 1<t

In relation (1.8), By(x,t") £ {z e RN : d(x, z) < t"} denotes the ball with respect to the
distance d, and | - | stands for the Lebesgue measure.

The sharpness of Theorem 1.6 can be seen from the fractional Brownian motion case, that
is, when N = d and V = Id. We also point out that, in terms of uniform local lower estimates,
the cone d(x, y) <t is the regime where the estimate appears to be interesting, as it controls
the rate of explosion (singularity) of the density as t — 0. Finally, let us stress again that the
developments of the above main results are intrinsically connected. Indeed, as we will see,
the technique we use to prove Theorem 1.2 will be an essential ingredient for establishing
Theorem 1.3. In addition, Theorem 1.3 and Theorem 1.5 provide two essential ingredients
toward the proof of Theorem 1.6.



DENSITY ESTIMATES FOR HYPOELLIPTIC SDES DRIVEN BY FBM 653

1.3. Strategy and outlook. Let us say a few words about the methodology we have used
in order to obtain our main results. Although we will describe our overall strategy with more
details in Section 4, let us mention here that it is based on the reduction of the problem to
a finite dimensional one, plus some geometric-type arguments. Let us also highlight the fact
that a much simpler strategy can be used for the elliptic case, as explained in our companion
paper [15].

More specifically, the key point in our proofs is that the solution X; to (1.1) can be ap-
proximated by a simple enough function of the so-called truncated signature of order / for
the fractional Brownian motion B. This object is formally defined, for a given [/ > 1, as the
following @), _,(R?)®*-valued process:

I
F,=1+Z/ dB, ®---®dBy,
k=1 O<ty <<ty <t

and it enjoys some convenient algebraic and analytic properties. The truncated signature is
the main building block of the rough path theory (see, e.g., [22]) and was also used in [20] in
a Malliavin calculus context. Part of our challenge in the current contribution is to combine
the properties of the process I', together with the Cameron—Martin space structure related to
the fractional Brownian motion B, in order to achieve sharp estimates for the control distance
function as well as the density of solution.

As mentioned above, the truncated signature gives rise to a /th order local approximation of
X; in a neighborhood of its initial condition x. Namely, if V(;,, . ;) denotes the composition
of V;, up to V;, considered as differential operators and if we set

[ d
(1.9) FTL)2)Y " Y Viip®) dBy! ---dByf,

k=liy,..., ir=1 O<ty<---<ty <t

then classical rough paths considerations assert that F;(I'y, x) is an approximation of order
7! of X, for small 7. In the sequel we will heavily rely on some degeneracy properties
of F; derived from the uniform hypoelliptic assumption (1.2) in order to get the following
information:

(i) One can construct a path /4 in the Cameron—Martin space of B which joins x and any
point y in a small enough neighborhood of x. This task is carried out thanks to a complex iter-
ation procedure, whose building block is the nondegeneracy of the function F;. It is detailed
in Section 3.2. In this context, observe that the computation of the Cameron—Martin norm of
h also requires a substantial effort. This will be the key step in order to prove Theorem 1.2
and Theorem 1.3 concerning the distance d given in Definition 1.1.

(i) The proof of the lower bound, given in Theorem 1.6, also hinges heavily on the ap-
proximation F; given by (1.9). Indeed, the preliminary results about the density of I';, com-
bined with the nondegeneracy of F;, yield good properties for the density of F;(I';, x). One
is then left with the task of showing that F;(I';, x) approximates X; properly at the density
level.

In conclusion, although the steps performed in the remainder of the article might look
technically and computationally involved, they rely on a natural combination of analytic and
geometric bricks as well as a reduction to a finite dimensional problem. Let us also highlight
the fact that our next challenge is to iterate the local estimates presented here in order to
get Gaussian-type lower bounds for the density p(¢, x, y) of X;. This causes some further
complications, due to the complex (non-Markovian) dependence structure for the increments
of the fractional Brownian motion B. We defer this important problem to a future project.
Eventually, we mention that this note is an abridged and self-contained version of our original
draft on the same topic. For further computational details, the reader is referred to [14].
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REMARK 1.7. As the reader might have observed, our equation (1.1) does not have a
drift component. If one wishes to add a drift V(X;)dt to the equation, it first means that
the approximation function F; in (1.9) should include mixed integrals involving both dt and
d B; differentials. This could possibly be achieved thanks to tree-type notation, similar to
what is done, for example, in [26]. Once the approximation map F; is constructed, some
subtle effects coming from the drift term are observed in the hypoelliptic case and should be
taken into account in our density estimates. We refer to [5] for an analysis of the small noise
asymptotics for the probability of sets A which are nonhorizontally accessible, meaning that
the drift Vj is needed to reach those sets. Our density bounds should go along the same lines
in the hypoelliptic case with drift. As in Kusuoka and Stroock [20], we have refrained to
incorporate those elaborate developments in the current paper for the sake of conciseness and
simplicity. However, they are certainly worth considering for a future contribution.

Organization of the present paper. In Section 2 we present some basic notions from the
analysis of fractional Brownian motion and rough path theory. In Section 3 we develop the
proofs of Theorem 1.2 and Theorem 1.3 concerning the control distance function. In Section 4
we develop the proof of Theorem 1.6 concerning the density of solution. Theorem 1.5 is
proved in the first key step toward proving Theorem 1.6 in Section 4.1.

NOTATION. Throughout the rest of this paper, we will use “Lettersypscript” to denote con-
stants whose value depend only on the objects specified in the “subscript” and may differ from
line to line. Unless otherwise stated, a constant will implicitly depend on H, V, ly. We will
always omit the dependence on dimension.

2. Preliminary results. This section is devoted to some preliminary notions on the
stochastic analysis of fractional Brownian motion. We also recall some basic facts about
rough path solutions to noisy differential equations.

2.1. Stochastic analysis of fractional Brownian motion. Let us start by recalling the def-
inition of fractional Brownian motion.

DEFINITION 2.1. A d-dimensional fractional Brownian motion with Hurst parameter
H € (0, 1) is an R?-valued continuous centered Gaussian process B; = (B/, ..., Bf’) whose
covariance structure is given by

2.1) E[BIB/]= %(szH + 12 s —t*H)8;; 2 R(s, )85

This process is defined and analyzed in numerous articles (cf. [11, 27, 28], for instance) to
which we refer for further details. We always assume that the fractional Brownian motion B is
defined on a complete probability space (€2, F, P) where F is generated by {B; : t € [0, T']}.
In this section we focus on basic stochastic analysis notions which will be used in the sequel.

In order to introduce the Hilbert spaces which will feature in the sequel, we consider a one-
dimensional fractional Brownian motion {B; : 0 < ¢ < 1} with Hurst parameter H € (0, 1)
defined on (€2, F,P). The discussion here can be easily adapted to the multidimensional
setting with arbitrary time horizon [0, T']. Let C; be the associated first order Wiener chaos,
that is, C; £ Span{B; : 0 <t <1} in LZ(Q, P). We will frequently identify a Hilbert space
with its dual in the canonical way without further mentioning.

DEFINITION 2.2.  Let W be the space of continuous paths w : [0, 1] — R! with wy = 0.
Define H to be the space of elements 7 € W that can be written as

(2.2) h, =E[B;Z], 0<t<1,
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where Z € C;. We equip 7 with an inner product structure given by
(h,W)7 2E[Z-Z'], hh e,

whenever h, i’ are defined by (2.2) for two random variables Z, Z’' € C;. The Hilbert space
(H, (-, -)5) is called the Cameron—Martin subspace of the fractional Brownian motion.

One of the advantages of working with fractional Brownian motion is that a convenient
analytic description of 7 in terms of fractional calculus is available. We refer to the afore-
mentioned references [11, 27, 28] for the definition of fractional derivatives and some further
characterizations of 7. We mention one useful fact here: there is an isomorphism K between

L2([0, 11) and IL7"/(L2((0, 11)), defined by

_1  H-L 1. 1
Co 1o (1772 - Iy 2 (27 o)), H > 3
(2.3) Ko = 1 Ly 1 "
Co A5t (27 I3 7 (" 200)) (), H <2,
where Cy is a universal constant depending only on H. Then, the space 7 can be identified

with I(;Ifl/ 2 (L%([0, 1])), and the Cameron—Martin norm is given by

2.4) 1l = 1K~ 1] 0.1

Next, we mention a variational embedding theorem for the Cameron—Martin subspace 7
which will be used in a crucial way. The case when H > 1/2 is a simple exercise, while
the case when H < 1/2 was treated in [12]. From a pathwise viewpoint this allows us to
integrate a fractional Brownian path against a Cameron—Martin path or vice versa (cf. [29])
and to make sense of ordinary differential equations driven by a Cameron—Martin path (cf.

[21]).

PROPOSITION 2.3. IfH > %, then H C C(I)LI([O, 1]; Rd), the space of H-Holder continu-
ous paths. If H < % then forany g > (H+1/2)"", we have H C Cg'var([O, 11; RY), the space
of continuous paths with finite q-variation. In addition, the above inclusions are continuous
embeddings.

For the sake of conciseness, we only recall a few notation on Malliavin calculus which
feature prominently in our future considerations. The reader is referred to [27] for a thor-
ough introduction to Malliavin calculus techniques. We use Dj, to denote the Malliavin
derivative along a direction & € H. Respectively, higher order derivatives are denoted by

.....

D®(H) = Mp=1 Miz1 D2 (H).

DEFINITION 2.4. Let F = (F',..., F™) be a random vector whose components are in
D (H). Define the Malliavin covariance matrix of F by
(2.5) yr = (DF'.DF/)g), _; j<n®

Then, F is said to be nondegenerate if yr is invertible a.s. and

(detyr)~' € () L7 ().
p=1

It is a fundamental result in Malliavin calculus that the law of a nondegenerate random
vector F' admits a smooth density with respect to the Lebesgue measure on R” (cf. [27],
Theorem 2.1.4).
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2.2. Free nilpotent groups. Next, we introduce some basic algebraic structure that plays
an essential role in the rough path analysis of equation (1.1). The reader is referred to [13]
for a more systematic presentation. We start with the following notation.

NOTATION 2.5. The truncated tensor algebra of order / over R is denoted by T,
Under addition and tensor product, (T(l), +, ®) is an associative algebra. The set of homo-
geneous Lie polynomials of degree k is denoted as Ly, and the free nilpotent Lie algebra of
order [ is denoted as g"’. The exponential map on T\ is defined by

o0

1
L ®k 0]
(2.6) exp(a) = kE_O k!a eT",

where the sum is indeed locally finite and hence well defined. T is equipped with a natural
inner product induced by the Euclidean structure on R? and the Hilbert—Schmidt tensor norm
on each of the tensor products. To be more precise, the inner product on (R¢)®* is induced
by

(VI ® @ Uk, w1 @+ ® Wi)gaysk = (V1, Wi)gd -+ (Vk, Wi)a-

The components (RHY®K and (RH)®™ (k # m) are assumed to be orthogonal.
The following algebraic structure is critical in rough path theory.

DEFINITION 2.6.  The free nilpotent Lie group G" of order [ is defined by
G £ exp(g®) < TO.
The exponential function is a diffeomorphism under which g in Notation 2.5 is the Lie
algebra of GO,

It will be useful in the sequel to have some basis available for the algebras intro-
duced above. Recall that A(l) (respectively, A;(l)) denotes the set of words (respectively,

nonempty words) over {1, ..., d} of length, at most, /. We set ez £ 1, and for each word
a=C(=1,...,i;) € A1 (), we set

(2.7) ew e, ®---®e, and e = (e, .. [ei_,, e, e 1]],

where {e1, ..., ey} denotes the canonical basis of R?. Then, {ew) : o € A(l)} forms an or-

thonormal basis of 7() under the Hilbert—-Schmidt tensor norm. In addition, we also have
g = Span{eq] : o € A1 ()}.

As a closed subspace, g’ inherits a canonical Hilbert structure from 7) which makes
it into a flat Riemannian manifold. The associated volume measure du (the Lebesgue mea-
sure) on g is left invariant with respect to the product induced from the group structure on
G through the exponential diffeomorphism. In addition, for each A > 0, there is a dilation
operation 4§, : TW - 7O induced by 8, (a) £ )\ g if a € (RY)®*, which satisfies the rela-
tion 8, o exp = exp o8, when restricted on g). Thanks to the fact that &) (a) = A¥a for any
a € (R?)®* and recalling that £ is introduced in Notation 2.5, one can easily show that

l
(2.8) du o 8;1 =1"du wherev= Z kdim(Ly).
k=1

We always fix the Euclidean norm on R? in the remainder of the paper. As far as the free
nilpotent group G) is concerned, there are several useful metric structures. Among them we
will use an extrinsic metric pgs which can be defined easily due to the fact that GO is a
subspace of T . Namely, for g1, g» € G, we set
(2.9) pus (g1, 82) £ g2 — gillus,  g1.82€GY,
where the right hand side is induced from the Hilbert-Schmidt norm on 7.
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2.3. Path signatures and the fractional Brownian rough path. The stochastic differential
equation (1.1), driven by a fractional Brownian motion B, is standardly solved in the rough
paths sense. In this section we recall some basic facts about this notion of solution. We will
also give some elements of rough paths expansions which are at the heart of our methodology
in the present paper.

The link between free nilpotent groups and noisy equations, like (1.1), is made through
the notion of signature. Recall that a continuous map X : {(s,7) € [0,1]>:5s <t} - T" is
called a multiplicative functional if, for s < u < t, one has Xy ; = X, , ® X,, ;. A particular
occurrence of this kind of map is given when one considers a path w with finite variation and
sets for s <t¢,

(2.10) W, =/ dw,, ® - Q@dwy,.
S<U<-<Up <t

Then, the so-called truncated signature path of order [ associated with w is the functional
Si(w)...: {(s,1) €[0,11%:s <t} — T? defined by

)
Q2.11) Siw)s, =1+ wi,.

n=1

It can be shown that the functional S;(w).. is multiplicative and takes values in the free
nilpotent group G . The trruncated signature of order [ for w is the tensor element S;(w)o,1 €
GO Ttis simply denoted as S;(w).

A rough path can be seen as a generalization of the truncated signature path (2.11) to the
nonsmooth situation. Specifically, the definition of Holder rough paths can be summarized as
follows.

DEFINITION 2.7. Let y € (0, 1). The space of weakly geometric y-Hdlder rough paths
is the set of multiplicative functionals x : {(s, ¢) € [0, 1?:s < t} — GU/71 such that

[1/y]
(2.12) IXllyus £ >

i=l

X, lIHs

0<s<t<1 [t — s|iv

An important subclass of weakly geometric y-Holder rough paths is the set of geomet-
ric y-Holder rough paths. These are multiplicative paths x with values in GL!/7] such that
IxIl,.us is finite and such that there exists a sequence {x; : &¢ > 0} with x, € C*°([0, 1]; RY)
satisfying

(2.13) lim [x = Sp1/1(xe) | s = 0-

The notion of signature allows us to define a more intrinsic notion of distance on the free
group G, This metric, known as the Carnot—Caratheodory metric, is defined by

pcclgn &) 2 e ® e2lcer 81.82€ GY,
where the CC-norm || - ||cc is defined by
(2.14) lgllce £ inf{lwllivar : w € ([0, 1];RY) and §;(w) = g}.
It can be shown that the infimum in (2.14) is attainable.
REMARK 2.8. It is well known that, for any g € G®, one can find a piecewise linear

path w such that S;(w) = g (cf. [13], for instance). In addition, a simple reparametrization
allows one to take w to be smooth with derivative compactly supported in (0, 1).
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The HS and CC metrics are equivalent as seen from the following so-called ball-box esti-
mate (cf. [13], Proposition 7.49).

PROPOSITION 2.9. Let pys and pcc be the distances on GO, respectively, defined by
(2.9) and (2.14). For each | > 1, there exists a constant C = C; > 0 such that

@15 pec(er, g2) < Cmax{pus (21, g2), pus (g1, 821 - max({1, i llec' 1
and
pus (g1, g2) < C max{pcc (g1, £2)', pcc (g, g2) - max({1, |lg1 ||lc_c1}}
forall g1, g2 € GO In particular,
Iglcc=l = llg—1lus =Cliglcc

and
1
lg—1lus <1 = ligllcc =Clig —1lls-

One of the main applications of rough path theory is to extend most stochastic calculus
tools to a large class of Gaussian processes. The following result, borrowed from [9, 12],
establishes this link for fractional Brownian motion.

PROPOSITION 2.10. Let B be a fractional Brownian motion with Hurst parameter H >
1/4. Then, B admits a lift B as a geometric rough path of order [1/y] for any y < H.

Let us now turn to the definition of rough differential equations. There are several equiv-
alent ways to introduce this notion, among which we will choose to work with Taylor-type
expansions since they are more consistent with our later developments. To this aim, let us first
consider a bounded variation path w and the following ordinary differential equation driven
by w:

(2.16) dx; = Z Vi (x) dw®,
a=1
where the V,’s are C;° vector fields. For any given word o = (iy, ..., i) over the letters

{1,...,d}, define the vector field V(o,) Vi, - (Vi, (Vi _,Vi))), where we have identi-
ﬁed a vector field with a differential operator, so that V;V; means differentiating V; along
direction V;. Classically, a formal Taylor expansion of the solutlon X to (2.16) is given by

(2.17) Xei~ Y Y Vi (x5) dwl} - dwlk

S<uU<---<up<t
where we have set x5 ; = x; — x,. This expansion can be rephrased in more geometrical terms.

Specifically, we define the following Taylor approximation function on g*’. Recall that the
sets of words A(1), A;(]) are introduced at the beginning of Section 1.2.

DEFINITION 2.11. For each [ > 1, we define the Taylor approximation function Fj :
g® x RN — RN of order [ associated with the ODE (2.16) by

Fu,x)% Y V@ - (expu)® (u,x)eg? xR",
acAi(l)

where the exponential function is defined on 7" by (2.6) and (exp(u))“ is the coefficient
of exp(u) with respect to the tensor basis element e () introduced in (2.7). We also say that
u € g joins x to y in the sense of Taylor approximation if y = x + Fy(u, x).
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With Definition 2.11 in hand, we can recast the formal expansion (2.17) (truncated at an
arbitrary degree /) in the following way:

(2.18) Xs,0 ~ Fi(log(Si(w)s,r), xs),

where the function log is the inverse of the exponential map for GD, and (w)s,; is the trun-
cated signature path of w defined by (2.11). In order to define rough differential equations, a
natural idea is to extend this approximation scheme to rough paths. We get a definition which
is stated below in the fractional Brownian motion case.

DEFINITION 2.12. Let B be a fractional Brownian motion with Hurst parameter H >
1/4,and let y € (1/4, H) be fixed. Consider the rough path lift B of B, as in Proposition 2.10.
Let {Vy : 1 <a <d} be a family of C;° vector fields on RN . We say that X is a solution to

the rough differential equation (1.1) if, for all (s, t) € [0, 112 such that s < 7, we have

(2.19) Xs.0 = Fiiyy1-1(1og(Si1/y1-1B)s.r), Xs) + Rs.r,
where R; ; is an RN -valued remainder such that there exists ¢ > 0 satisfying
| Rs 1]

sup ————
O<s<t<l1 | —s|l+e

Roughly speaking, Definition 2.12 says that the expansion of the solution X to a rough
differential equation should coincide with (2.17) up to a remainder with Holder regularity
greater than 1. This approach goes back to Davie [10], and it can be shown to coincide
with more classical notions of solutions. The following existence and uniqueness result is
fundamental in rough path theory.

PROPOSITION 2.13. Under the same conditions as in Definition 2.12, there exists a
unique solution to equation (1.1) understood in the sense of (2.19).

3. Local estimate for the control distance function. In this section we develop the
proofs of Theorem 1.2 and Theorem 1.3. In contrast to the elliptic case that is treated in [15],
a major difficulty in the hypoelliptic case is that one cannot explicitly construct a Cameron—
Martin path joining two points in the sense of Definition 1.1 in any easy way. The analysis
of Cameron—Martin norms also becomes more involved. We detail the steps in what follows,
starting with some preliminary lemmas.

3.1. Preliminary results. As we mentioned above, it is difficult to explicitly construct a
Cameron—Martin path joining x to y in the sense of differential equation in the hypoelliptic
case. However, it is possible to find some u € g joining x to y in the sense of Taylor approx-
imation, thatis, y = x 4+ Fj(u, x) where the function Fj(u, x) is introduced in Definition 2.11.
This is the content of the following lemma proved in [20], Lemma 3.15. Recall that [y is the
hypoellipticity constant in the assumption (1.2).

LEMMA 3.1. Foreachl > ly, there exist constants r, A > 0, depending only on | and the
vector fields, and a C}°-function
U {ueg?:ulus <r} xRY x {neRY : |y <r} — g?
such that, for all u, x, n in the domain of \V;, we have:

1) Yi(u,x,0)=u;
(i) [|Wi(u,x,n) —ullus < Alnl;
(i) Fp(Vi(u,x,n),x)=F(u,x)+n.
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REMARK 3.2. The property (ii) is not explicitly stated in [20], Lemma 3.15. It is only
clear when one develops the construction of W; carefully.

The intuition behind the function ¥; can be described as follows. Let y = x + F;(u, x)
so that u joins x to y in the sense of Taylor approximation. Then, v £ W;(u, x, 1) joins x to
y + n, that is, x + F;(v, x) = y + n. In particular, ¥;(0, x, y — x) gives an element in g(l),
which joins x to y in the sense of Taylor approximation, provided |y — x| <r.

We begin with some preliminary steps toward the proof of Theorem 1.2, namely, the lower
bound on the control distance function d(-, -) and the upper bound for the case H < 1/2.

LEMMA 3.3. Assume that the vector fields in equation (1.1) satisfy the uniform hypoel-
lipticity assumption (1.2) with constant ly. Let d = dg be the control distance introduced in
Definition 1.1. Then, the following bounds hold true:

(i) Forall H € (1/4,1) and x, y such that |x — y| <1, we have
d(x,y) = Cilx —yl.
(i1) Whenever H € (1/4,1/2), we have

1
d(x,y) < Calx — ylh.

PROOF. Claim (i) follows from the exact same argument as in [15], Theorem 3.3, for the
elliptic case. Claim (ii) stems from the fact that, when H < 1/2, we have

(3.1 d(x,y) = Chdpm(x, y),

where dp s stands for the distance for the Brownian motion case. Note that (3.1) can be easily
justified by the fact that

d(x,y) = |lhllz = Cullhlly.2

for any 4 joining x and y in the differential equation sense (cf. [15], Lemma 2.8). Then, with
(3.1) in hand our claim (ii) follows from the Brownian hypoelliptic analysis [20]. [

From now on, we focus on the case H > 1/2. It is not surprising that this is the harder
case since the Cameron—Martin subspace 7 gets smaller as H increases. First, we need to
make use of the following scaling property of the Cameron—Martin norm. The proof is im-
mediate by using the relation (2.4) and a simple change of variables. We denote H([0,TY)
(respectively, dr(x, y)) as the Cameron—Martin subspace (respectively, the control distance
function) associated with fractional Brownian motion over [0, T'].

LEMMA 3.4. Let0 < Ty < T». Given h € H([0, T1]), define hy 2 hry,/1, for 0 <t < T.
Then, he 7-_1[0, T>], and

. T\ "
(3.2) 17115 g0.751) = (g) 172115210,y
In particular, we have
(3.3) di(x,y)=T"dr(x,y) VT >0,x,yeR".

We also need the following lemma about the free nilpotent group G’ which allows us to
choose a “regular” path y with S;(y) =u forallu € G©®.
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LEMMA 3.5. Letl > 1. For each M > 0, there exists a constant C = Cj y > 0 such
that, for every u € GO with ||\u||cc < M, one can find a smooth path y : [0, 1] — R? which
satisfies:

@ Si(y) =u;
(ii) y is supported on [1/3,2/3];
(i) 1% lloo:fo,11 = C.

PROOF. We first prove the claim for a generic element u € exp(Ly), seen as an element
of G®_ Let {ay, ..., aq, } be a basis of Ly where di £ dim L. Given u € exp(Ly), we can
write u = exp(a) with
(3.4) a=Xxai+ -+ Agaq € Ly
for some A1, ..., A4 € R. Since we assume that ||u||cc < M, according to the ball-box esti-
mate (cf. Proposition 2.9) and the fact that a € L, we have
(3.5) lallus = llu — Ulus < Ci,m-

Moreover, L is a finite dimensional vector space on which all norms are equivalent. Thus,
relation (3.5) yields

3.6) max |A;j|<Caim.

1<i<dy
Now, recall from Remark 2.8 that, for each a; in (3.4), one can choose a smooth path
; [0, 11— R4 such that S (o) = exp(a;) and ¢; is supported on [1/3,2/3]. Set
Ric £ max{|&;lloo;o,1 1 1 <i <dg}.
Note that Ry is a constant depending only on k. We construct a smooth path y : [0, di] — R?
by

1 A 1 sgn(Ag,)
(3.7) y & (R U U (A Ty, ),

where a; ! denotes the reverse of «;, and Ul denotes path concatenation. Then, y is obviously
compactly supported, and we also claim that Si(y) = u. Indeed, it follows from (3.7) that

1 A 1 sgn(rg,)
k) = Se(MFe® ) @ - @ Se(ha I Fay )

sgn(Ag, )
(Sklerge ™)

(exp(sgn(t)an)) @ - ®8 1 (exp(sgn(ta,)as,)).

k

(3.8) =5 | (Sk (aign(h))) R ® 5|)Ld

1 1
L AL

=5
[A1]%
where we have used the properties of the dilation, recalled in Section 2.2, and the relation
between signatures and GO, given in (2.10)—(2.11). In addition, since each element exp(A;a;)
above sits in exp(Ly), the tensor product in G® is reduced to

(3.9 Sk(y) =exp(riar) ® - - - @ exp(rg.aq,) = exp(a) = u.

We have thus found a path y with compactly supported derivative such that Sx(y) = u. In
addition, from the definition of R; and (3.6) we have
1

.. 3

17 loo:10.dx1 < Rk - (lrsr}ﬁgik |Ai l) <C3im-
By suitable rescaling and adding trivial pieces on both ends, if necessary, we may assume
that y is defined on [0, 1] and y is supported on [1/3, 2/3]. In this way we have

. A
1V loo:10.1] < Ck - C3.6,m = Ca koM,
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where Cy is the constant coming from the rescaling. Therefore, our assertion (i)—(iii) holds
for u which are elements of exp(Ly).

With the help from the previous special case, we now prove the lemma by induction on /.
The case when [ = 1 is obvious, as we can simply choose y to be a straight line segment.
Suppose now that the claim is true on GU=D . Welet M >0and u € G with |Julcc < M.
Define v £ 7Y~V (u) where 7¢~1 : GO — GU=V is the canonical projection. We obviously
have

lvlice < llullcc =M,

where the CC-norm of v is taken on the group G/~ According to the induction hypothesis,
there exists a constant C;_1 s such that we can find a smooth path « : [0, 1] — R4 which
satisfies (1)—(iii) in the assertion of Lemma 3.5, for v = S;_ () and constant C;_1_ps. Define

(3.10) w2 (S@) u,

where the tensor product is defined on G". Then, note that, owing to the fact that [|u|lcc <
M, we have

L ..
lwllce < [Si(@) ] e + lullce < lellivaro,11 + llullce < 5”05”00;[0,1] + M.

Therefore, thanks to the induction procedure applied to v = §;_ (), we get

1
lwllcc < ECI—I,M +M=Csy .

We claim that w € exp(L;). This can be proved in the following way:

(i) Write u =exp(lop +11), where [y € g(l_l) and I, € £;. Recall v 2 7D (). We argue
that v = exp(lp) € GY~D as follows: since I, € £, any product of the form l,f ® lg =0
whenever p, g > 0. Taking into account the definition (2.6) of the exponential function, we
get that

(.11 u=explo+1l) = v=explp)eG'™D.

(i) Recall that our induction hypothesis asserts that v = S;_(«); thus, according to
(3.11), we have S;_1(x) = exp(lp). Thanks to the same kind of argument as in (i), we get
Si(o) =exp(lo +1}) € G for some I el

(iii) In order to conclude that w € exp(L;), we go back to relation (3.10) which can now
be read as

w = (exp(lo+ 1))~ ®exp o +In).
According to Campbell-Baker—Hausdorff formula and taking into account the fact that
[lo, lo] = o, 1n1 = [lo, ;] = [, 1] = 0 € g,
we conclude that w = exp(lj, — l;l), and thus w € exp(L;).

We are now ready to summarize our information and to conclude our induction procedure.
Namely, for u € G, we can recast relation (3.10) as

(3.12) u=3S(x)®w,

and we have just proved that w € exp(L;). Hence, relation (3.9) asserts that w can be written
as w = S;(B), where g :[0,1] — R4 satisfying relation (i)—(iii) in Lemma 3.5 with C =
Ce.1,.m- Now, set y LoUu B, and rescale it so that it is defined on [0, 1] and its derivative path
is supported on [1/3,2/3]. Then, recalling our decomposition (3.12), we have

Si(y) =S81() ® §i(B) = Si(@) Qw =u,
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and, moreover, the following upper bound holds true:

17l oo:0.17 < 36 max{||&loc:[0.17: | Blloc: 0,11} < C7.1,m-

Therefore, our induction procedure is established which finishes the proof. [

We conclude this subsection by stating a convention on the group G) which will ease
notation in our future computations.

CONVENTION 3.6. Since g) is a finite dimensional vector space on which differential
calculus is easier to manage, we will frequently identify G® with g through the exponential
diffeomorphism without further mention. In this way, for instance, S;(w) = u means S;(w) =
exp(u) if u € g . The same convention will apply to other similar relations when the meaning
is clear from context. For norms on g, we denote ||u|lcc = || exp(u)|cc. As for the HS-
norm, note that

Cillullas < |exp(u) — 1| gs < Collullus

forall u € g satisfying || exp(u) — 1||us A |lu||lus < 1. Therefore, up to a constant depending
only on /, the notation ||« |/gs can either mean the HS-norm of u or exp(u) — 1. This will not
matter because we are only concerned with local estimates. The same convention applies to
the distance functions pcc and pgs.

3.2. Proof of Theorem 1.2. In this section we give the details to complete the proof of
Theorem 1.2, namely, the local comparison between the distance d(-, -) and the Euclidean
distance. Thanks to Lemma 3.3, we only focus on the upper bound for H > 1/2.

Recall that W;(u, x, n) is the function given by Lemma 3.1. This function allows us to
construct elements in g joining two points in the sense of Taylor approximation locally. In
what follows, we take [ = [y (where [y stands for the hypoellipticity constant), and we will
omit the subscript / for simplicity (e.g., F = F; and ¥ = ¥;). We will also identify G with
g in the way mentioned in Convention 3.6. We now divide our proof into several steps.

Step 1: Construction of an approximating sequence. Let § < r be a constant to be chosen later
on, where r is the constant appearing in the domain of W in Lemma 3.1. Consider x, y € RY
with |x — y| < §.

We are going to construct three sequences

) SRY, up) S g%, (R} CC(10,11; RY)

inductively. We start with x; £ x and define the rest of them by the following general proce-
dure in the order

uy—>hy—>xo—>up—>hy —>x3—>---.
To this aim, suppose we have already defined x,,,. Set

(3.13) umé\P(O,xm,y—xm) and ﬁmé(sn

—1Uy.
Um ”CC m

By Lemma 3.1 the first condition in (3.13) states that u,, is an element of g0 such that
(3.14) Xm + F(m, Xm) =y,

while the second condition in (3.13) ensures that ||i;, [|cc = 1. Once uy, is defined, we con-
struct 4,,, in the following way: let iy, : [0, 1] — R4 be the smpoth path given by Lemma 3.5

such that Slo(ﬁm) =iy, by is supported on [1/3, 2/3], and ||f_zm lloo:10,1] < Ci,- Define
(3.15) B & N llcchm.
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so that the truncated signature of &, is exactly u,, (here, recall the Convention 3.6). More
specifically, we have

Sty (hm) = Sty (lumllcc - Am) = Sjumiice (St m)) = Sjumlice Tm) = tm-

Taking into account the definition (2.14) of the CC-norm, it is immediate that

(3.16) lumllce < hmll1var:[0,1] < ltmllcclhm ll1-var:[0,1] < Cigllttm llccs

where the last inequality stems from the fact that /,, has a bounded second derivative. Even-
tually, we define

(3.17) X1 = @1 (X him),
where we recall that ®,(x; k) is the solution flow of the ODE (2.16) driven by 4 over [0, 1].

Step 2: Checking the condition |y — x,,| < r. Recall that, in Lemma 3.1, we have to impose
llullus < r and |n] < r in order to apply W. In the context of (3.13), it means that we should
make sure that

(3.18) |y — x| <r forall m.

We will now choose §; small enough such that if |y — x| < 81, then (3.18) is satisfied. This
will guarantee that u,, is well defined by Lemma 3.1, and we will also be able to write down
several useful estimates for x,, and u,,. Our first condition on §; is that §; < r, so that if
|x — y| < 81, we can define u; by a direct application of Lemma 3.1. We will now prove by
induction that if §; is chosen small enough, then condition (3.18) is satisfied. To this aim,
assume that |x,, — y| < &1. Then, one can apply Lemma 3.1 in order to define u,,, h, and
Xm+1. We also get the following estimate:

(3.19) lumllas < Alxm — y| < Ady,

where A is the constant appearing in Lemma 3.1. In addition, let us require 6; < 1/A so that
llumllus < 1. Recalling relations (3.14) and (3.17), we get

[Xm+1 — ¥l = |q)1(xma hm) — Xm — F(Slo(hm)7 xm)‘
Thus, applying, successively, the Taylor-type estimate of [13], Proposition 10.3, and relation
(3.16), we end up with

1+ 1+1
[Xm+1 — Y| < CV,IOHhm”]_V:r;[(),]] = CV,I()””m”CCO-

The quantity ||u,, ||cc above can be bounded thanks to the ball-box estimate of Proposition 2.9
for which we observe that the dominating term in (2.15) is pnus(g1, gz)l/ lo since our element
u, is bounded by one in HS-norm. We get

1

1+ 1 i
1+ ; 1+ +4
|xm+1 -y =< CV,lg””m ”CCO =< CV,IOHL‘m”Hs 0 =< CV,loA lo [Xm — ¥l o,

Summarizing our considerations so far, we have obtained the estimate

141y 1+
(3.20) |Xm+1 — Y| S Crv.pllumllice” < Coviglxm —y| 0.

On top of the inequalities §; < r and §; < 1/A imposed previously, we will also assume that
Cay. 10811 /Mo < 1/2 which easily yields the relation

1 1
(3.21) Xmt1 = VI = 51 — ¥l < 581 < 1.

For our future computations we will thus set

Si2rAAT A QCLY )T,
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According to our bound (3.21), we can guarantee that if |x — y| < &1, then |x,, — y| <81 <r
for all m. In addition, an easy induction procedure performed on inequality (3.21) leads to
the following relation, valid for all m > 1:

(3.22) X — y| <27 Dix —y).

Together with the second inequality of (3.20), we obtain that

_m 1
(3.23) lumllcc < C3,v592 0lx =yl Vm>1.

We will now choose a constant o < §; such that the sequence {||u,|cc;m > 1} is de-
creasing with m when |x — y| < 8. This property will be useful for our future considerations.
Toward this aim, observe that applying, successively, (2.15), (3.19) and (3.20), we get

L 1+
[/ [/
(3.24) lumsillce < Crpllumsiligs < Caviollumll e’ -
Hence, invoking the second inequality in (3.20), we have
1

2
(3.25) lumtillce < Cs.viglx — y1 lumllcc.

Therefore, let us consider a new constant 8, > 0 such that
1

2
C5,V,10520 < 1.
If we choose |x — y| < § with § £ 81 A S, equation (3.25) can be recast as

(3.26) lumsillce < llumllce.

Note that § = 1 A §2 depends only on [y and the vector fields but not on the Hurst parame-
ter H. We have thus shown that the application of Lemma 3.1 is valid in our context.

Step 3: Construction of a path joining x and y in the sense of differential equation. Our next
aim is to obtain a path 7 joining x and y along the flow of equation (2.16). The first step in
this direction is to rescale &, in a suitable way. Namely, set a; £ (0, and, for m > 1, define
recursively the following sequence:

m o
Am+1 éX:HMmHCCa Imé[amJlm—H]a = U L.

k=1 m=1
It is clear that |I,,| = ||um|lcc and [ is a compact interval since the sequence {|[up|lcc:m >
1} is summable according to (3.23). We also define a family of functions {A,,, m > 1} by

~ t—
(3.27) fim (1) 2 By (i> tely,
am+1 — dm

and the concatenation of the first fzm 'S is

(3.28) R 2 fy U Uy, [0, amat ] — RY.

We will now bound the derivative of /,,. Specifically, we first use equation (3.27) to get
sup 12 | 0.0, = sup Voo, = sup ﬁ M loo: 0,17-

Then, resort to relation (3.15) which yields

. sup{ lmllcc
00:[0:am-1] m=>1 |Im|

sup |

m>

. IIflmlloo;[o,l]}-
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Since ||uy|lcc = |In|, we end up with

(3:29) Suri”il(m)”oo (0,11 = SuP{”hm”oo .11} = Ciy.
m=

where the last inequality stems from the fact that ||i_zm lloo:10,1] < Cip-

We can now proceed to the construction of the announced path joining x and y. Namely,
set
£ ﬁm 1 — RY,
1

S

T8

(3.30)

Then, zzccording to (3.29), we have that h is a smooth function from I to R?. We claim that
@ (x; h) =y, where ® has to be understood in the sense of equation (1.4). Indeed, set

Zt :<I>,(x;}~z), tel.

From the construction of x,, in (3.17) and the fact that ﬁ|[0’am al= ﬁ(’”), asserted in (3.30),
we have

Am+1 ~
(3.31) Xyl =X + Z/ Vo (ze) dh?.
Since x,,+1 — y as m — 0o, which can be easily seen from (3.22), one can take limits in
(3.31) to conclude that
d i -
y=x+ Z/ Vi (ze) dh?.
a=I 0
Therefore, & is a smooth path joining x and y in the sense of differential equations.

Step 4: Strategy for the upper bound. According to relation (3.3) in Lemma 3.4 on the scaling
property, we have

dx,y) = 11"dy (e, y) < 11 R0,

(3.32) . c " - (m)
=m11_>moo<(l;llkl> |A ||72([o,am+1]>>’

where the last relation stems from the definition (3.30) of 4.
In order to estimate the right-hand side of (3.32), we use the relation (2.4) for the Cameron—
Martin norm to get

= (m) (12 —17(m) |2
12 Vao.amern = 1K™ A 22 0,0 10y
Using the definition of K, given by (2.3), we are led to

- I L
”h(m)“i_t([O,amH]) :CH/O | H——D ( Z_Hh(m)(s))(t)|2dt,

By the formula for the fractional derivative (cf. [15], equation (2.4)), we obtain

“ﬁ(m)HZ_ —Ch. Gm+1 JH-4 tl—ZH;l(m)(t)
H(0.ama]) — ~H " [

+(H_1)A”2f%wkﬂ—sz”ﬂmw> )

2 (I—S)H+2

dt.
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We now split the interval [0, a;,+1] as [0, am+1]1= Uz —o Ir and use the elementary inequality
(a+b+c)? <3(@a*+b% +c?) in order to get

(3.33) |2 ||g([0,am+,]) =01+ Q2+ 03,

with

334 012 /|r (12 i (1)) dr—ZQlk,

(335) 022 Z f

2 -Hp — 2
H_QZ/r hku) i) ‘dt—ZQM,

s)H+2
3.36 (H=3 I“_Hhk(f)—ﬂ ;Lk(s)d 2d sy
(3.36) Q3— / o] s‘ t_kzz:Q&k.

We are now reduced to bound the above three terms. For the sake of conciseness we will
mainly focus on Q7 which is the most demanding in terms of singularities. We leave to the
patient reader the nonrewarding task of checking details for Q1 and Q3 or refer to [14] for
the complete details.

Step 5: Bound for Q». In order to estimate (>, we handle each Q7 i in (3.35) separately, and
we resort to the elementary change of variables

A —ag A S—a

=———— and v=

u _
Ak+1 — Ak ai+1 —4a

We also express the terms hy in (3.35) in terms of th. Thanks to some easy algebraic manip-
ulations, we get

k=1 oy b adullyH—} hy)

(3.37) Ok = /ol > 1A aj ol Tl

S0 @+ ull) — a — oA

In the expression above, notice that, for [ < k — 1, we have

I dv 2| Ix| du.

ax +ully| —a; —v|lj| =g (u, v),
where
(3.38) qr, i, v) = =)L+ L1 | + -+ =1 | +ulIx].

Therefore, invoking the trivial bounds ax + u|l;| < Zjl_l [1j,| and a; + v|I;| > ij L

and bounding trivially the differences by sums, we obtain

o1 @]+ (M)H—% ()]

[
Z/ Z:Jz 117
=170

T
|G, (u, v) |72

In order to obtain a sharp estimate in (3.39), we want to take advantage of the fact that l_.zl is
supported on [1/3,2/3]. This allows to avoid the singularities in u, v close to 0 and 1. We
thus introduce the intervals

210,1/31, L 2[1/3,2/3], S E[2/3,1]
and decompose the expression (3.39) as follows:

3
QZ,k =< CH Z Lk,p,qy
p.q=1

1
L dv|?| k| du.

(339)  Qax<Ch /O
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where the quantity Ly j , is defined by

1 =
/ )] + (UL =3y (o)
Jq

2
i Il doP| Il du,

(B40)  Lipg2

Ip

I=1 gk, 1 (u, v)

for all p,g =1, 2, 3. Notice again that, since all the ﬁk are supported on [1/3,2/3], the only
nonvanishing Ly p ,’s are those for which p =2 or g = 2. Let us show how to handle the
terms Ly , 4, given by (3.40), according to g = 1,2 and g = 3.

Whenever g = 1 or g = 2, regardless of the value of p, it is easily seen from (3.38) that
we can bound g ;(u, v) from below uniformly by C le‘ _; I1j]. Thanks again to the fact that

h & 1s uniformly bounded for all k£, we obtain

)] + (UL H=3 o)

qei(u, v) 2
1
< Chiy ( 1]+ Ll )”‘7.
T+ A LD N ]
Summing the above quantity over / and integrating over [0, 1], we end up with
k—1 Ho1\2
|1 11| + -+ [ 1] 2
Li,p.q = Chiol Ikl - (Z ; ( ) :
=L 4+ e DA Nl 4 4 [
By lower bounding the quantity |/1]| + - - - + |I;—| above uniformly by |/;|, we get

Zk~21|1'| 2H-1 (k=1 2
(3.41) Lk,p,qscg,low-(’i’) ()
=1

[11]

Recall that we have shown in (3.26) that m — ||u,,|cc is a decreasing sequence. Since
lumllcc = |Ln|, we can bound uniformly Y- 5= 11;]'/2=H by k| 1;]"/?>~H and |1~ Yo 1]
by k. Plugging this information into (3.41), we obtain,

(3.42) Li.pg < Crrah® ™ 12070
which is our bound for Ly , , when g € {1, 2}.

Let us now bound Ly , , for ¢ =3 and p = 2. In this case, going back to the definition
(3.40) of Ly, p 4, we have that hi(v)=0forve Jy. Thus, we get

2
[ k| du

“/ |y ()| |1y | dv

Lk,2,3=/ Z i
RSB (=] + 1| + -+ e |+ ul L2
2

(3.43)

k—1
[1;|dv
<Cun|Y [
=173

el
1
B =)+ L1+ -+ )2

where we have used the boundedness of th for the second inequality. We can now evaluate
the above v-integral explicitly, which yields

/ || dv
1
B =0+ g+ -+ D2

. 1 ( 1 1 )< Cygy
- 1 1 1] = _ 1
H =)\l +-+LDA72 GO+ |+ -+ D2 [ H 2
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where the second inequality is obtained by lower bounding trivially | ;41 + - - - + | Ix| by | Ix].
Summing this inequality over / and plugging this information into (3.43), we get

2
y |H_%> < Cppk? 1 201D,
k

Summarizing our considerations in this step, we have handled the cases ¢ = 1,2 and (g, p) =
(3,2) in (3.42) and (3.44), respectively. Therefore, we obtain

(3.44) Lios < cH,10|1k|(

m
(3.45) Q2 < Cpjy DK [ 20—,
k=1

Step 6: Conclusion. Let us go back to the decomposition (3.33), plug in our bound (3.45) on
0> and recall that similar bounds are available for Q| and Q3. We get

m
~ 2 —
12 0.0y < CH(Q1 + Q2+ Q3) < Cpy gy y_ K1 PO,
k=1
In addition, we have |I;| = |lux|lcc, and relation (3.23) asserts that k — |lug||cc decays

exponentially. Thus, we get

m 2H

~ 2
<Z|1k|> 15 W 0.am 0
k=1

< CH,[() (Z |Ik|> (Z k2H+1|Ik|2(l—H)>

(3.46) k=1 k=1

m 2 m 2(1—H 2
<Cuvu (Z 2‘5) . (Z k2H+12—%k> Jx =yl
k=1 k=1
2
<Chyvplx —yl",
where we have trivially bounded the partial geometric series for the last step. Moreover,
the left-hand side of (3.46) converges to a quantity which is lower bounded by d?(x, y) as
m — 00, thanks to (3.32). Therefore, letting m — oo in (3.46), we have obtained

2
(3.47) d(x,y)? < Ch.y.ilx — y|o

which concludes our proof of Theorem 1.2.

3.3. Proof of Theorem 1.3. The technique developed in the previous proof also provides
part of the essential analysis for proving Theorem 1.3, namely, the local Lipschitz equiva-
lence of all control distance functions with different Hurst parameters. Our main idea for
proving Theorem 1.3 is to show that the control distance function d(x, y) is locally Lipschitz
equivalent to the “distance” function defined by

(3.48) g(x,y) 2inf{|lullcc:u € g and x + Fi (u, x) = y}.

Note that g(x, y) is canonical in the sense that it does not depend on the Hurst parameter H.
The following lemma leads to one direction of the comparison.
LEMMA 3.7. There exist constants C, k > 0 such that, for any u € g0 with ||u|lus < «,

we have

(3.49) d(x,x + Fjy(u, x)) < Cllullcc.
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PROOF. We only consider the case when H > 1/2, as the other case follows from
Lemma 2.8 in [15] and the result for the diffusion case proved in [20]. We use the same
notation as in the proof of Theorem 1.2. In particular, we set up an inductive procedure as in
that proof, starting by setting u1 Su,x;Exandy&x+ Fjy(u, x). Choose k1 > 0 so that

(3.50) lullcc <k1 = [y —x| <3,

where § is the constant arising in the proof of Theorem 1.2. By constructing successively
elements u,, € g(’) and intervals 1,,,, we obtain exactly, as in (3.24), that

1+ 14+
(3.51) [l = llumlicc < Cv ipllum—1ll" "0 = Cy ol In—1] "0
In addition, along the same lines as (3.46) and (3.47) we have

m 2H ; m
(3.52) d(x,x + Fi,(u, x)) < Cry lim <Z|]k|) (Zk2H+l|Ik|2(l_H)>-

k=1 k=1

We now estimate the right-hand side of (3.52) in a slightly different way from the previous
step. Namely, let us set o 2 1 4+ 1/1y. By iterating (3.51), we obtain that

m—1
|| < (Cv ol 111)" Vm > 1.

Therefore, we can bound the two terms on the right-hand side of (3.52) as follows:

m m =1
(3.53) S Ikl < Cygolhi] - (Z(cv,zouu)“ ‘)

k=1 k=1
and
k—1
(3.54) Zk2H+1|I |2(1 H) < (C o |11| 2(1 H) (Z k2H+1 ,l()lll |)2(1—H)(Ol —1)>‘
k=1

To estimate |/], recall that u; = u. We further choose «; > 0 so that

1
(3.55) lullcc <k2 = Cv,10|11|=Cv10||u1||cc<§

By taking « = k1 A k2, we can assume that both (3.50) and (3.55) hold. Also, note that both
of the series

1>2(1—H)(a'"1—1)

00 1 amfl_l 00
(3.56) 2(5) and Zmz“’“(5

m=1 m=1

are convergent. Therefore, by plugging (3.56) and (3.55) and then (3.53) and (3.54) into
(3.52), we have

2 _
d(x,x + Fiyu,x))” < Crvl L2 10120 =Cyylh P = Crav g lulléc,

provided that ||u||cc < «. Our result (3.49) thus follows. [

It is an immediate consequence of Lemma 3.7 that

dx,y) <Cg(x,y),

provided that |[x — y| is small so that the infimum in (3.48) can be taken over those u’s with
llullcc < «. To complete the proof of Theorem 1.3, it remains to establish the other direc-
tion of the above inequality. We now provide the remaining details by using some pathwise
estimates from rough path theory.
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PROOF OF THEOREM 1.3. Suppose that x,y € RV, and let & € 1y y be a Cameron—
Martin path that joins x to y in the sense of differential equations such that ||k]|5 < 2d(x, y).
Set u £ log Si,(h) € g% Note that u does not join x to y in the sense of Taylor approx-
imation. However, we can use the map W, to find a w € g(lO) which does this, and, more
precisely, w is given by

wE W (u, x,y —x — Fiy(u, x)).

When [x — y| is small, the quantities d(x, y), ||h]l5, u are all small and w is well defined.
According to Proposition 2.9, we have

1/1
llwlice — llullee] < pec(w, u) < Cillw — ulle?,

and, thus,
1/1o
lwllcc = Cillw —ullgg” + llullcc.

We now estimate the two terms on the right-hand side separately.
For the first term, according to Lemma 3.1 (ii), we have

|lw—ulus < Aly —x — Fiy(u, x)| = A|®1(x; h) — x — Fy(u, x)|

with some constant A. By the rough path estimates of [13], Corollary 10.15, and Proposi-
tion 2.3, we know that

I I
|1 (x; ) — x — Fiy(u, x)| < Cy o119 e < Crrvag 1112,

g-var —

where g € [1, 2) and lp is an arbitrary number in (lg, lp 4+ 1). Therefore, we have

I
lw — ullus < ACH,v 1,121l

For the second term, we claim that [ullcc < Chyllhll;z. Indeed, recall that u =
log(S,(h)), and set Sj,(h) = g. Since h € C4™* with g € [1,2), Lyons’ extension theorem
(cf. [22], Theorem 2.2.1) implies that, for alli =1, ..., [y, we have

Igillas < Crto 121l vars

where g; is the ith component of g. If we define the homogeneous norm ||| - ||| on G by
£ /i (lo)
el £ ma 4. € G,

we get the following estimate:

(3.57) gl = Criollhllgvar and lullcc = Chyy |l &Il

where the second inequality stems from the equivalence of homogeneous norms in G0 (cf.
[13], Theorem 7.44). Now, combining the two inequalities in (3.57) and the variation estimate
for Cameron—Martin paths (cf. [12], Corollary 1), we end up with

(3.58) lullce < Caipllhllg-var < Ca iyl 5
Therefore, we arrive at

Io/1
lwllcc < Ch v, - (IIhllﬁ/ O+ lklly) < CHv.illhll5-

By the fact that w joins x to y in the sense of Taylor approximation as well as the choice of
h, we conclude that

8(x,y) = Ch v 1d(x, ).
This completes the proof of Theorem 1.3. [



672 X. GENG, C. OUYANG AND S. TINDEL

REMARK 3.8. The Cameron—Martin space H and control distance function dg (x, y)
are well defined, even when H < 1/4. A careful examination of the proofs shows that The-
orem 1.2 and Theorem 1.3 remain valid in this case. We do not emphasise this in the main
context since the SDE (1.1) does not make sense in this case.

4. Local lower estimate for the density of solution. In this section we develop the
proof of Theorem 1.6 under the uniform hypoellipticity assumption (1.2). Comparing with
the elliptic case in [15], one faces a much more complex situation here. More specifically, the
deterministic Malliavin covariance matrix of X; will not be uniformly nondegenerate (i.e.,
Lemma 3.6 in [15] is no longer true). Without this key ingredient the entire elliptic argument
will break down, and one needs new approaches. Our strategy follows the main philosophy
of Kusuoka—Stroock [20] in the diffusion case. However, there are nontrivial challenges in
several key steps for the fractional Brownian setting which require new ideas and methods.

To increase readability, we first summarize the main strategy of the proof. Our analysis
starts from the existence of the truncated signature of order / for the fractional Brownian
motion (cf. Proposition 2.10). Specifically, with our notation (2.11) in mind we write

l
(4.1) r,és,(B)o,,zlJero dB, ®---®dB,.
i=1

<t <--<tj<t

In the sequel we will also use the truncated g*)-valued log-signature of B, defined by
(4.2) UL 2 log Si(B)o.;.

Notice that U, ,(l) features in relation (2.17), and, more precisely, the process

(4.3) X6, x) 2 x + F(UDL, x)

is the Taylor approximation of order / for the solution of the rough equation (1.1) in small
time (cf. relation (2.18)).

With those preliminary notation in hand, we decompose the strategy toward the proof of
Theorem 1.6 into three major steps:

Step one. According to the scaling property of fractional Brownian motion, a precise local
lower estimate on the density of U,(l) can be easily obtained from a general positivity
property.

Step two. When [ > [y, the hypoellipticity of the vector fields allows us to obtain a pre-
cise local lower estimate on the density of the process X;(¢, x), defined by (4.3) from the
estimate on Ut(l) derived in step one.

Step three. When ¢ is small, the density of X;(z, x) is close to the density of the actual
solution in a reasonable sense, and the latter inherits the lower estimate obtained in step
two.

The above philosophy was first proposed by Kusuoka—Stroock [20] in the diffusion case.
However, in the fractional Brownian setting, there are several difficulties when implementing
these steps precisely. Conceptually, the main challenge arises from the need of respecting the
fractional Brownian scaling and the Cameron—Martin structure in each step in order to obtain
sharp estimates. More specifically, for step one we need a new idea to prove the positivity
for the density of U,(l) when the Markov property is not available. For step two we rely on
Theorem 1.3 that we have proven in the Section 3.3 which yields sharp estimates for the
density of X; (¢, x). In step three a new ingredient is needed to prove uniformity for an upper
estimate for the density of X; (¢, x) with respect to the degree [ of expansion. In the following
sections, we develop the above three steps mathematically.
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4.1. Step one: Local lower estimate for the signature density of fractional Brownian mo-
tion. We fix [ > 1. Recall that the truncated signature process ['; is defined by (4.1). Let
{e1, ..., ey} be the standard basis of R?. By viewing this family as vectors in g’ = T3G?,
we denote the associated left invariant vector fields on G by {Wl, .. Wd} It is standard
(01;.)[1 3], Remark 7.43) that I'; satisfies the following intrinsic rough dlfferential equation on
GY:

d
dF[ = Z Wa(rt)dBas
a=1

[p=1.

4.4)

Let U, & logl'; € g(l) be the truncated log-signature path, as defined in (4.2). Since
{Wl, .. Wd} satisfies Hormander’s condition by the definition of g(l) we know that U; ad-
mits a smooth density with respect to the Lebesgue measure du on g). Denote this density
by pr(u).

A key ingredient in this step is to show that the density function p, is everywhere strictly
positive. In the Brownian case, this was proved in [20] by using support theorem and the
Markov property. In the fractional Brownian setting, the argument breaks down, although
general support theorems for Gaussian rough paths are still available. It turns out that there
is a simple neat proof based on Sard’s theorem and a general positivity criterion established
Baudoin—Nualart—Ouyang-Tindel [3]. We mention that Baudoin—-Feng—Ouyang [1] also con-
tains a proof of this property using a different approach.

We first recall the classical Sard’s theorem, and we refer the reader to [24] for a beautiful
presentation. Let f : M — N be a smooth map between two finite dimensional differentiable
manifolds M and N. A point x € M is said to be a critical point of f if the differential
dfy : TyM — Ty)N is not surjective. A critical value of f in N is the image of a critical
point in M. Also, recall that a subset £ C N is a Lebesgue null set if its intersection with any
coordinate chart has zero Lebesgue measure in the corresponding coordinate space.

THEOREM 4.1 (Sard’s theorem). Let f: M — N be a smooth map between two finite
dimensional differentiable manifolds. Then, the set of critical values of f is a Lebesgue null
setin N.

We now prove the positivity result announced above which will be important for our future
considerations.

LEMMA 4.2. Foreacht > 0, the density p; of the truncated signature path U; is every-
where strictly positive.

PROOF. We only consider the case when t = 1. The general case follows from the scaling
property (4.11) below. Our strategy relies on the fact that I'; = exp(U;) solves equation (4.4).
In addition, recall our Convention 3.6 about the identification of g(l) and GO . Therefore,
we can get the desired positivity by applying [3], Theorem 1.4. To this aim, recall that the
standing assumptions in [3], Theorem 1.4, are the following:

(i) The Malliavin covariance matrix of U, is invertible with inverse in L?(2) for all
p>1; _
(ii) for any u € g(l), there exists 4 € H such that log S;(h) = u and

4.5) (dlog Spp : H— g(l) is surjective,

where S;(h) £ S, (h)o,1 1s the truncated map.
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Notice that item (i) is proved in [1], Theorem 3.3. We will thus focus on condition (ii) in
the remainder of the proof.

In order to prove relation (4.5) in item (ii) above, let us introduce some additional notation.
First, we shall write G = G) for the sake of simplicity. Then, for all n > 1, we introduce a
linear map Hj, : (]Rd)” — H in the following way. Given y = (y1, ..., Yn), the function H, (y)
is defined to be the piecewise linear path obtained by concatenating the vectors yy, ..., ¥,
successively. We also define a set Hy of piecewise linear paths by

o0
Ho 2 | Ha(RY)") <.

n=1
Note that H, is closed under concatenation, and S (’ﬁo) = G by the Chow—Rashevskii theo-
rem (cf. Remark 2.8). Now, we claim that
(P) for any g € G, there exists h € Ho such that Sj(h) = g and the differential (d.S;); |7:lo :
Ho — T, G is surjective.
The property (P) is clearly stronger than the original desired claim (4.5). To prove (P), let
‘P be the set of elements in G which satisfy (P). We first show that P is either & or G. The
main idea behind our strategy is that if there exists go € P such that (d$;)p, is a submersion
for some hg € Hy satisfying S;(hg) = go, then one can obtain every point g € G by a left
translation L,, since d L, is an isomorphism. To be more precise, suppose that gg € G is an

element satisfying (P). By definition, there exists a path kg € Hg such that S;(ho) = go and
(dSi)nglgy, 1s surjective. Now, pick a generic element a € G, and choose a path o € Ho so

that S;(a) = a. Then, S;(a U ho) =a ® go. We want to show that (d.S))un, : Ho — Tu4,G
is surjective. For this purpose, let § € T;,g4,G, and set
E0 2 dL, 1(§) € Ty,G.

By the surjectivity of (d Sl)ho|7-'[0’ there exists y € Ho such that (dS)ny(y) = &o. It follows
that, for € > 0, we have

Si(eu(ho+e-y)=a®Si(ho+¢-y).
By differentiation with respect to € at ¢ = 0, we obtain that

(dSD)aungOUyY) = (dLa)s;(hy) © ([dSDny(¥) = (dLa)gy(50) =§.

Therefore, (dS)aungl4, 18 surjective. Since a is arbitrary, we conclude that if 7 is nonempty,
then P =G.

To complete the proof, it remains to show that P # &. This will be a simple consequence
of Sard’s theorem. Indeed, for each n > 1, define

(4.6) fn2SoH,: (RY)" - G,

where we recall that H,, (y) is the piecewise linear path obtained by concatenating yi, ..., y,.
The map f;, is simply given by

JaO1 oo yn) =exp(y1) ® -+ - ® exp(yn),

where we recall that the exponential maps is defined by (2.6). It is readily checked that f;, is a
smooth map. According to Sard’s theorem (cf. Theorem 4.1), the set of critical values of f,,
denoted as E,,, is a Lebesgue null set in G. It follows that E = Un2 E, is also a Lebesgue
null set in G. We have thus obtained that,

G\E = @ fn((Rd)"))\E ‘o
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where the first equality is due to the fact that S;(#o) = G by the Chow—Rashevskii theorem.
Pick any element g € G\ E. Then, for some n > 1, we have g € fn((Rd)”)\En. In particular,
there exists y € (R?)" such that f,,(y) = g and (df,) y 18 surjective. We claim that g € P with
h £ H,(y) € Ho being the associated path. Indeed, it is apparent that S;(k) = g. In addition,
let§ € TG and w € (R?)" be such that (d fn)y(w) = &. The existence of w follows from the
surjectivity of (dfy)y. Since H, is linear, we obtain that

d
Si(Ha(y) +&- Hy(w)) = —|  Si(Ha(y +¢-w))

d
(dS)n(Hn(w)) = — m0 dele—

de

de
Therefore, the pair (4, g) satisfies property (P), and, thus, P is nonempty. [J

O +e-w)= (dfn)y(w) =£.

e=0

REMARK 4.3. Theorem 1.4 in [3] was stated for SDEs in which the vector fields are of
class C;°. However, the uniform boundedness assumption was not relevant since the argu-
ment was essentially local. To elaborate this, first note that Condition (b) in [3], Theorem 3.1,
which is the key ingredient for the proof of [3], Theorem 1.4, was stated under convergence in
probability. In addition, Condition (b) and the result of Theorem 3.3 in the same paper were
both local since the path # is fixed. Therefore, one can localize the relevant probabilities in a
large compact subset and apply local continuity theorems in rough path theory, even though
the underlying vector fields are not bounded. In particular, the result applies to our truncated
signature process U;.

REMARK 4.4. When H > 1/2, it is not clear whether H contains the space of piecewise

linear paths. It is though true from H= I(ﬁﬂ/ 2(Lz([O, 1])) that it contains all smooth paths.
To fix this issue, one can reparametrize the piecewise linear path y; U --- U y, in an obvious
way such that the resulting path is smooth but the trajectory remains unchanged. This does

not change the truncated signature, as it is invariant under reparametrization.

Essentially, the same amount of effort allows us to adapt the above argument to establish
the general positivity result for hypoelliptic SDEs, as stated in Theorem 1.5, which is of
independent interest. This complements the result of [3], Theorem 1.4, by affirming that
Hypothesis 1.2 in that theorem is always verified under hypoellipticity.

PROOF OF THEOREM 1.5. Without loss of generality, we only consider ¢t = 1. Continu-
ing to denote by ®;(x; &) the skeleton of equation (1.1), defined by (1.4), let F : H— RN
be the end-point map defined by F(h) £ ®;(x; k). As in the proof of Lemma 4.2, the key
ingredient that needs to be established is the following property: for any y € RY, there exists
h € H such that

4.7 F(hy=y and (dF),:H—R"Y issurjective.

Along the same lines as in the proof of Lemma 4.2, we define P to be the set of points
y € RV satisfying (4.7) for some i € H. We first show that P is nonempty which then implies
P =R" again by a translation argument.

To show that P is nonempty, we first define H, : (RY)" — # and Ho C H in the same
way, as in the proof of Lemma 4.2. Also, define a map F,, by

F,2FoH,:(RY" >R,

According to Sard’s theorem, the set of critical values of Fj, again denoted as E,, is a
Lebesgue null setin RV, and so is E = |, E,,.
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Next, consider a given ¢ € RY. Thanks to the hypoellipticity assumption (1.2), we can
equip a neighborhood U, of g with a sub-Riemannian metric,by requiring that a certain subset
of {V1,..., V4} is an orthonormal frame near g. Then, according to the Chow—Rashevskii
theorem (cf. [25], Theorem 2.1.2), every point in U, is reachable from g by a horizontal path.
And if one examines the proof of the theorem in Section 2.4 of [25] carefully, this horizontal
path is controlled by a piecewise linear path in R4, that is, U, <U, ®1(q; Hy ((R%)™)). Now,
for given y € RV, choose an arbitrary continuous path y joining x to y. By compactness, we
can cover the image of y by finitely many open sets of the form Uy, such that U, NUy,,, # &
for all i where g; € Im(y). It follows that y can be reached from x by a horizontal path
controlled by a piecewise linear path in R?. In other words, we have y € F,((R%)") for
some . This establishes the property that RY =, F,(RH™).

Now, the same argument, as in the proof of Lemma 4.2, allows us to conclude that

RV\E = G Fu(RY"\E C P,

n=1

showing that P is nonempty since E is a Lebesgue null set. B
Finally, we show that P = RN To this aim, first note that, for any ho, y,a € Hand ¢ > 0,
we have

@ (x; (ho+e-y)ua)=D(P1(x;ho+€-y); @),

where paths are always assumed to be parametrized on [0, 1]. Therefore, by differentiating
with respect to ¢ at ¢ =0, we obtain that

(d F)pgua (y U0) = J1(F (ho); @) o (d F)py(y),
where recall that J;(-; -) is the Jacobian of the flow ®;. This shows that
(4.8) (dF)ngua = J1(F (ho); @) o (dF)p.

Now, pick any fixed yo € P with an associated ho € H satisfying (4.7). For any n € RV,
choose o € H such that F(a) = n. Then, F(hoUa) =y + n and the surjectivity of (d F)p,ua«
follows from (4.8), the surjectivity of (d F'), and the invertibility of the Jacobian. In partic-
ular, y 4+ € P. Since 7 is arbitrary, we conclude that P =RY. O

REMARK 4.5. A general support theorem for hypoelliptic SDEs allows one to show that
the support of the density p;(x, y) is dense. In the diffusion case, together with the semigroup

property
pls+t,x,y)= /RN p(s,x,2)p(t, z,y)dz,

one immediately sees that p(¢, x, y) is everywhere strictly positive. This argument clearly
breaks down in the fractional Brownian setting.

REMARK 4.6. In Theorem 1.5, although the time horizon is taken to be [0, 1], the proof
clearly applies to arbitrary time horizon [0, T'] without difficulty. As for the study of the
control distance function, relation (3.3) also allows us to restrict on the time horizon [0, 1].

Finally, we present the main result in this part which gives a precise local lower estimate
for the density p;(u). This will be a consequence of Lemma 4.2 together with the scaling
property and left invariance for the process I';.
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PROPOSITION 4.7.  For each M > 0, define By = inf{p1(u) : |[ullcc < M}. Then, By is
strictly positive, and, for all (u,t) € g<1) x (0, 11 with |Ju|lcc < Mt , we have

(4.9) pr () > Byt 1Y,

where the constant v is given by v = ch:l kdim Ly and Ly, is the space of homogeneous Lie
polynomials of degree k.

PROOF. First, observe that the strict positivity of S is a direct consequence of
Lemma 4.2 and the compactness of the set {u € g(l); lullcc < M}. Next, using the scal-
ing property of fractional Brownian motion and the left invariance of the vector fields W,
defining the equation (4.4) for I', it is not hard to see that

law
(aTo<i<1 = (Tyuym)o<i<1,

where recall that §, is the dilation operator on TO . As aresult, if we define 0; to be the law
of U; on g(l), then Q; o 8;1 = Q,/uy for all s € [0, 1]. In particular, by setting s = 1 and
=t we obtain that

(4.10) Q=018
It follows that, for any f € C;° (g?), we have

[ f@ntde= [ o= [ romoian

B /gm S @) pr (o) du = /g(l) e () p1 (8,-nu) du,

where the last equality follows from the change of variables u <> §,-#u and the fact that
duo (St_ﬂl =t~ HV qu (cf. relation (2.8)). Therefore, we conclude that

(4.11) pr(u) =t~ py(87,/u) forall (u, 1) € g x (0,1]

from which our result (4.9) follows. [

4.2. Step two: Local lower estimate for the density of the Taylor approximation process.
Recall from (4.3) that X; (¢, x) =x + F; (U,(l), x) is the Taylor approximation process of order
[ for the actual solution of the SDE (1.1). Due to hypoellipticity, it is natural to expect that
F; is “nondegenerate” in a suitable sense, provided [/ > [y. In addition, a precise local lower
estimate for the density of X;(z, x) should naturally follow from Proposition 4.7 in step one,
combined with such “nondegeneracy” property of F;. Here, the main subtlety lies in finding
a way of respecting the fractional Brownian scaling and Cameron—Martin structure so that
the estimate we obtain on X;(t, x) is sharp. However, this will be a direct consequence of
Theorem 1.3 together with a result for the diffusion case in [20]. In this part we always fix
[ >1y.

We first give the precise meaning of the nondegeneracy of Fj. Let J Fj(u, x) : g — RN be
the Jacobian of F; with respect to u. Since g') has a canonical Hilbert structure, induced from
T®(R?), we can also consider the adjoint map J Fy(u, x)* : RN — g, The nondegeneracy
of J F; is summarized in the following lemma, which was proved in [20], Lemma 3.13.

LEMMA 4.8. Let F; be the approximation map given in Definition 2.11, and let
JFi(u,x): g — RN be its Jacobian. Then, there exists a constant ¢ > 0, depending only
on lg and the vector fields, such that

JF(0,x) - JF;(0,x)* > ¢ - Idgn

foralll >y and x € RV,
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An immediate corollary of Lemma 4.8 is the following.

COROLLARY 4.9. Given |l > ly, there exists r > 0, depending on | and the vector fields,
such that det(J Fy(u, x) - J Fi(u, x)*) is uniformly positive on {u € g(l) ullas <} x RN In
particular, the map

ueg®:lulus <r}>RY,  ur>x+ Fu.x)

is a submersion in the sense of differential geometry.

REMARK 4.10. Note that the map F; and the constant » in Corollary 4.9 depend on
[. For technical reasons we will assume that r is chosen (still depending on /) so that, for
all [y <!’ <, the map JF[/(T[(I/)(M),X) has full rank whenever (u, x) € g(l) x RN with
lullus < r, where 74 : g@ — g is the canonical projection. This property will be used in
the proof of Lemma 4.20 in step three below.

Now, let r be the constant given in Remark 4.10. It is standard from differential geometry
that, for each x e RN and y € {x + Fy(u, x) : ||u|lus < r}, the “bridge space”

(4.12) My 2 ueg?:ullus <rand x + Fi(u, x) =y}

is a submanifold of {u € g(” : lullgs < r} with dimension dim g(l) — N. In addition, since
both of g’ and RY are oriented Riemannian manifolds, we know from differential topology
that M, , carries a natural orientation and hence a volume form which we denote as m, .
The following result is the standard disintegration formula in Riemannian geometry (cf. [6],
equation (0.3)).

PROPOSITION 4.11.  Forany ¢ € C°({u € gD lullgs < r)), we have
(4.13) o(u)du =/ a’y/ K (v, x)p(v)my y(dv),
a0 RN UM,

where the kernel K is given by
1

(4.14) K (v,x) & (det(J Fi (v, x) - J Fi(v, 0))) 2,

and we define my 20 ifM,,=a.

The disintegration formula (4.13) immediately leads to a formula for the (localized) den-
sity of the Taylor approximation process X;(t, x).

PROPOSITION 4.12. Let n € C°({u € g® : lullus < r}) be a bump function so that
0<n<landn=1when ||ullus < r/2, wherer is the constant featuring in Proposition 4.11.
Define ]P’;7 (t, x,-) to be the measure

P/ (t, x, A) 2 E[n(U)1ix,¢.0eay], AeBRY),

where Uy = log 'y, Iy is defined by (4.4) and X,(t, x) = x + F;(U;, x) is the approximation
given by (2.19). Then, the measure IP’? (t,x,-) is absolutely continuous with respect to the
Lebesgue measure, and its density is given by

.15 Pl x, )2 / 0 () K (1, %)y (s (duc),

X,y

where p; is the density of U; and K is given by (4.14).
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To obtain a sharp lower estimate on p," (t, x, y) from formula (4.15) and the lower estimate
of p;(u) given by (4.9), one needs to estimate the volume form m , precisely. For this pur-
pose we resort to a change of variables Sy y from the “bridge space” My y to the “loop space”
M , introduced in [20]. The construction of this map Sy , is based on the simple idea that,
in order to transform an arbitrary loop « from x to x into a path from x to y, we just concate-
nate the loop « to a fixed path from x to y. However, this idea does not project to a map from
M,y to My . in a simple way, and one needs to use the function ¥y, defined in Lemma 3.1, to
make it work at the level of Taylor approximation. We summarize the technical formulation
of this map S, in the following lemma which was proved by [20] in the diffusion case (i.e.,
H =1/2). Thanks to our Theorem 1.3, the lemma (in particular the estimate (4.19) below)
holds in exactly the same way in the fractional Brownian context for H > 1/4.

LEMMA 4.13. Recall that the function V; is defined in Lemma 3.1. We define the oper-
ation X to be the multiplication induced from G through the exponential map, namely,
(4.16) v x u 2 log(exp(v) ® exp(u)), v,ueg?®.

Then, the following statements hold true:

(i) There exist €, p1 > 0 and p> € (0, r) such that, for any given x € RN and h € H with
21l < p1, the map

vis W, (v) 2 V(v xu,x,y—x—F(vxu,x)),

where y £ ®|(x; h) and u = log S;(h), defines a diffeomorphism from an open neighbour-
hood Vi € g of O containing the ball (v € g© : ||v|us < &} onto W 2 {w e g :
lwllus < p2} such that

veVir MMy, <= w2, ,0)eWnM,,.
(i) Given x,y e RN with d(x,y) < p1/2, we choose h € I,y satisfying
d(x,y) = |lhllz =2d(x,y) < p1

and define
(4.17) Sey =W won,, : WN My — Viy 0 My .
Then, there exists a constant A > 0 such that
1 _

(4.18) () Sy 0 ST S Ay () on Ven N My
and

1 _
4.19) A (Ilvllcc +d(x,y)) < HSX,;(U)HCC <A-(llvlcc +d(x,y))

foranyve VN M.

Now, we apply the change of variables involving S, , in Lemma 4.13 to establish a lower
estimate of the density pl'7 (t, x,y) in terms of the measure m; , that does not depend on y.

LEMMA 4.14. Let p;7 (t, x, y) be the density defined by (4.15), and recall that the expo-

nent v is defined by v = 22:1 kdim Ly. Then, there exist constants C,t > 0 such that, for
all x, y, t withd(x,y) < 1 and 0 <t < 1, we have

(4.20) plt.x,y) = Ct 7 m ({v e My : [vllcc <t7}),

where my . is the volume form on My , given by (4.12)
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PROOF. Lemma 4.13 asserts that there exists p; > O such that if d(x, y) < p1/2, then
Sx,y given by (4.17) defines a change of variables (i.e., a diffeomorphism) for (4.15). Specif-
ically, we have

Pl x,y) = / 0 (@)K (i, x) 01 ()my.y (du)

X,y

B My xOVip n(S;;U)K(S;’;U’ x)pt(S;,;U)mx,y o S;,ly(dv).

In addition, since Vi ; contains the ball {v € gD |vllus < €}, owing to relation (4.18) and
thanks to the fact that K defined by (4.14) is bounded below, we obtain

n —1
t,x, ZCHVI/ ST v)my (dv).
Pi(tx.3) e Mx,m{veg<”:||v||ﬂs<s}'Ot( ey (V)

Now, choose 7 < (p1/ 2)% to be such that
0<t<t = fveg?:|vlcc<t}c{veg?:|vlus <&}

We will thus lower bound pln (t, x,y) as follows:

@21) plx ) = Cov | P (ST v)my (dv).

Mx,xm{veg(l):HU”CCEIH}

Next, according to the second inequality of (4.19), if d(x,y) < 7 and t < t (so that
d(x,y) < p1/2), then

[s53vlec =2¢t7,

provided that v € M, , with ||v]cc < tH . For such x, y, t, v, by Proposition 4.7 we have

Pz(S,Z]yv) > Bact V.

Plugging this inequality into (4.21), we arrive at

plt,x,y) > Crvifact my (v € Myx : Ivllcc < 7). 0

The next lemma relates the measure m, , with the volume of the ball B;(x, tH) defined
with respect to the control distance function.

LEMMA 4.15. Let My . be the set defined by (4.12), and recall that my , is the volume
measure on My . There exist constants C, v > 0 such that

u C

4.22 (—HY eEM, ,: <tihy> ——
( ) mx,x({v ot llvllee < }) = IBd(x,tH)I

forallx e RN and 0 <t <.

PROOF. We know from [20], Lemma 3.31, that, for any 8 € (0, 1), there exists a constant
Cg such that

C
423 V2 €My, <i')) = :
(4.23) mar({v € My lvlee <077 = g

for all (r, x) € (0, 1] x RV, where dpy is the control distance function for the diffusion case.
On the other hand, according to Theorem 1.3, there exist constants Cy and § such that

d(y,x) < Cudpm(y, x)
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when |y — x| < §. If we choose 8 = é, when ¢ is small, we have

BdBM(x,,Btl/z) C Bd(x,tl/z) Cly:ly—x| <6},

C

and, thus, the right-hand side of (4.23) is further bounded below by m. The desired

inequality (4.22) follows by changing ¢ > 12f. [

Summarizing the contents of Lemma 4.14 and Lemma 4.15, we have obtained the follow-
ing lower bound on pl" (t, x, y) which finishes the second step of the main strategy.

COROLLARY 4.16. Let pl"(t, X, y) be the density given by (4.15), and recall the nota-
tions of Lemma 4.14. Then, there exist constants C,t > 0, depending only on H, | and the
vector fields, such that

(4.24) Pl x,y) > —————
! |Ba(x, tH)]

orall x, y, t satisfying d(x, )ftH and0 <t <.
Je y g y

4.3. Step three: Comparing approximating and actual densities. 'The last step toward the
proof of Theorem 1.6 will be to show that the approximating density pl" (t, x, y) and the actual
density p(t, x, y) of X are close to each other when ¢ is small. For this part we combine the
Fourier transform approach developed in [20] with general estimates for Gaussian rough
differential equations. As before, we assume that [ > [j.

Recall that the Fourier transform of a function f(y) on R" is defined by

FreO=i®2 [ oy, ger.

In the sequel we will consider the Fourier transform p(z, x, &) (respectively, 131” (t,x,&)) of
the density p(t, x, y) (respectively, pl" (¢, x, y)) with respect to the y-variable. We will invoke
the following trivial bound on p — p; in terms of p and p;’:

(4.25) p(t.x.y) = p/(t.x. y)] s/RNlﬁa,x,s)—ﬁf(r,x,s>|ds.

Therefore, our aim in this section will be to estimate the right-hand side of (4.25) by consid-
ering two regions {|£| < R} and {|€| > R} separately in the integral, where R is some large
number to be chosen later on.

4.3.1. Integrating relation (4.25) in a neighborhood of the origin. We first integrate our
Fourier variable £ in (4.25) over the region {|§| < R}. In this case we make use of a tail
estimate for the error of the Taylor approximation of X; which is provided below.

LEMMA 4.17. Let X} be the solution to the SDE (1.1), and consider its approximation
X;(t, x) of order | > max{ly, H™Y, as defined by (4.3). Fix le(l,l+1). Then, there exist
constants C1, Ca, depending only on H, | and the vector fields, such that, for all t € (0, 1]
andx,y € RN we have

Cﬁz/z’

(4.26) P(IXE = Xi0.0)] 22) = Crexp(~

) forall . > 0.
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PROOF. According to [13], Corollary 10.15, we have the following pathwise estimate:

4.27) X (2,0) = X1t )| < C 1Bl a0

where C = Cy v, > 0 and B is the rough path lifting of B alluded to in Proposition 2.10. In
equation (4.27) the parameter p is any number greater that 1/H, and the p-variation norm is
defined with respect to the CC-norm. It follows from (4.27) that, for any A > 0 and n > 0, we
have

P(IXF — X1(t,)| = ) <P(IB},-var 0.7 = 4/ C).
In addition, the fBm signature satisfies the identity in law
d
(Bs)Ogsft = (5¢H o Bs/t)Oszt-

Owing to the scaling properties of the CC-norm, we thus get that, for an arbitrary ¢ > 0, we
have

/oM )

P = Xi00] =) <P(IBlparion =

(4.28)

L/ C 2/1
< CXP(—%) . E[egllB”%}-var:[O,IJ]‘

According to a Fernique-type estimate for the fractional Brownian rough path (cf. [13], The-
orem 15.33), we know that there exists { = ¢g > 0 such that

2
E[egllB”I"Vaf;[Osl]] < 0.

Plugging this inequality into (4.28), our conclusion (4.26) is easily obtained. [
We are now ready to derive a Fourier transform estimate for small values of &.

LEMMA 4.18. Under the same notation as in Lemma 4.17, let p(t, x, -) be the density
of the random variable X}, and let p? (t, x,-) be the approximating density given by (4.15).
Then, their Fourier transforms satisfy the following inequality over the region {|&| < R}:

(4.29) |p(t.x. &) — pIt.x. &)| < Cryu(1+ &),

provided that t < T for some constant Ty, depending on H, | and the vector fields.

PROOF. Notice that, according to our definition (4.15) of pln, we have
pt,x, &) =E[XEX0] and  p)(t, x, &) = E[n(Uy)e* &-X1@00],
Hence, it is easily seen that
|, x, &) — (1, x,&)| S E[|e™ > EXT) — =M EXEIN ] L B[1 — (U)]
<2x|&|-E[|X] — X;(t, x)|] + E[1 — n(Up)].
Now, in order to bound the right-hand side of (4.30), we first invoke Lemma 4.17. This yields

(4.30)

E[|XY — X;(t,x)[] = fo (X — X (1, x)| = 1) d

4.31) - .
2 _ HI
§C1/0 exp<—t2—H) d)\.—C?,t .
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On the other hand, using a similar argument to the proof of Lemma 4.17, we see that there
exists a strictly positive exponent g ; such that

(4.32) E[l — U(Ut)] =< HD(”UzHHS = %) <Cy 'eXp<_ tciil)'

By taking ¢ small enough, we can make the right-hand side of (4.32) smaller than Cet’! I
Hence, there exists 7; > 0 such that if ¢ < 7|, we have

(4.33) E[1 — n(Uy)] < Cet'L.
Now, combining (4.31) and (4.33), we easily get our conclusion (4.29). [

4.3.2. Integrating relation (4.25) for large Fourier modes. We now integrate the Fourier
variable £ over the region {|£| > R}. In this case we make use of certain upper estimates
for p(t, x, y) and pl'7 (t,x,y). We start with a bound on the density of X; which is also of
independent interest. The main ingredients of the proof are basically known in the literature,
but, to our best knowledge, the result (for the hypoelliptic case) has not been formulated
elsewhere.

PROPOSITION 4.19. Let p(t,x,y) be the density of the random variable X}. As in
Lemma 4.18, we assume that the uniform hypoellipticity condition (1.2) is satisfied. Then,
for each n > 1, there exist constants C1 ,,C2,, Vv, > 0, depending on n, H and the vector
fields, such that

B s, |y_x|2/\(2H—H)
(4.34) [0y p(t,x, y)| < Crpt™™ eXP<— - [2H )

forall (t,x,y) €(0,1] x RY x RN where 8’; denotes the nth order derivative operator with
respect to the y variable.

PROOF. Elaborating on the integration by parts invoked, for example, in [3], Relation
(24), there exist exponents «, 8, p, g > 1 such that
1
3 -1
(4.35) |9 p(t, x, )| < CLP(X] — x| = |y —x)2 - |y |6, - IDXF]5,
where yyx denotes the Malliavin covariance matrix and || - ||, , denotes the Gaussian—-Sobolev
norm. Then, with (4.35) in hand we proceed in the following way:

(i) An exponential tail estimate for X; yield the exponential term in (4.34). This step is
achieved as in [3], Relation (25).
(ii) The Malliavin derivatives of X; are estimated as in [4], Lemma 3.5(1). This produces
some positive powers of ¢ in (4.34).
(ii1) The inverse of the Malliavin covariance matrix is bounded as in [4], Lemma 3.5(2).
It gives some negative powers of ¢ in (4.34).

For the sake of conciseness, we will not detail the steps outlined as above. We refer the
reader to [3, 4] for the details. [

The following lemma parallels Proposition 4.19 for the approximating process X;(¢, x).

LEMMA 4.20. Assume the same hypothesis as in Proposition 4.19. Recall that the ap-
proximating density pl'7 is defined by (4.15). Fix | > ly. Then, for each n > 1, there exist con-

stants C, = C,(H, 1) and y, = yn(H, lg) such that, for all (¢, x) € (0, 1] x RN, the following
bound holds true:

(4.36) |95 b/ (2, x, ')”C,’;(RN) <Cp-t7".

Moreover, the function 8;? pln (t,x,-) is compactly supported in RN .
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PROOF. Recall that, for a differentiablg randqrn vector Z = (Z',..., Z") in the sense of
Malliavin, we use the notation yz £ ((DZ',DZ’)7)1<i,j<n to denote its Malliavin covari-
ance matrix. By the definition (4.3) of X;(z, x), it is immediate that

1 1
4.37) v =JF(UY x) - Yy - TE UL, x)*.

It follows from [1], Theorem 3.3, and Lemma 4.8 that V{,b,m € L9 for all ¢ > 1. Now, the

uniform upper bound for the derivatives of pl" (t, x,y) follows from the same lines as in the
proof of Proposition 4.19 (with the same three main ingredients (i), (ii), (iii)), based on the
integration by parts formula. [J

REMARK 4.21. We must point out that the exponent y;, in (4.36) depends on [y but not
on /. This subtle technical point is critical for us, and its proof requires a nontrivial amount of
analysis. For the sake of conciseness, we refer the reader to [14], Section 5.3 IV, for a detailed
discussion on this matter.

We now return to the Fourier estimate (4.25) for the region |£| > R. In particular, we have
the following result.

LEMMA 4.22. Using the same notation and hypothesis as in Lemma 4.18, the Fourier
transforms p and ﬁlr] are such that, for all |&€| > R, we have

(4.38) NP2 (P, x, &)+ |p] (1, x, &))< C - 17,

for some strictly positive constants C = Cn g v,; and L = AN, H, Vi,

PROOF. According to standard compatibility rules between Fourier transform and differ-
entiation, we have (recall that F f and f are both used to designate the Fourier transform of
a function f)

EINT2(|p(e, x, &) + | p] (2, x, 6)])
< CN(|f(a§V+2p(z,x, )|+ |f(a;v+2pl’7(r,x, ).

Plugging (4.34) and (4.36) into this relation and using the fact that B;V“szl" (t,x,-) is com-
pactly supported, our claim (4.38) is easily proved. [

4.3.3. Comparison of the densities. Combining the previous preliminary results on
Fourier transforms, we get the following uniform bound on the difference p — pln .

PROPOSITION 4.23. We still keep the same notation and assumptions of Lemma 4.18.
Then, there exists T > 0 such that, forallt <t and x,y € RN, we have

(439) ’p(t7xv)’)_P1n(t,x’y)|ECH,V,IZ
PROOF. Thanks to (4.25), we can write
PGt x.y) = pjltx.y)| < (/ + )}ﬁ(t,x,é) — B, x, )| de.
[E]1<R [E1>R
Next, we invoke the bounds (4.29) and (4.38), which allows us to write

!p(t,x,y)—p,”(t,x,y)l§C1(RN+1t‘”—+t"“‘f ISI‘N‘2d§>, t €0, 1],
£|>R
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where we recall that [ is a fixed number in [/, + 1] introduced in Lemma 4.17. Now, an
elementary change of variable yields

|p(t9x9 )’) _p[n(t’x’ y)}

(4.40) < CI(RN+1tHI_+ MR |§|‘<N+”dé)

1§1=1
< CZ(RN+1tHZ_+t7MR71)‘

We can easily optimize expression (4.40) with respect to R by choosing R = r~“+D Tt

follows that

(4.41) |p(t,x,y) = pl(t, x, y)| < Cor=NFDGHDFHL

for all ¢ € (0, 1]. In addition, recall that a crucial point in our approach is that the exponent
in (4.41) does not depend on /. Therefore, we can choose / > [y large enough so that

~(N+D(p+D)+HI>1.
For this value of /, the upper bound (4.39) is easily deduced from (4.41). U
4.4. Completing the proof of Theorem 1.6. Finally, we are in a position to complete

the proof of Theorem 1.6. Indeed, recall from (4.24) and (4.39) that, for x and y such that
dx,y) < tH and t < 7, we have

Cy
(4.42) pl(t,x,y) > ———— and |p(t,x,y)—p/(t,x,y)| <Cpyt.
|Bg(x, tH)] | ! |
In addition, owing to (1.6), for small ¢ we have
1 C
(4.43)

> .
|Ba(x, tH)| — ¢HN/Do
Putting together (4.42) and (4.43), it is easily seen that, when ¢ is small enough, we have

)
|Ba(x, tH)|”

Therefore, the proof of Theorem 1.6 is complete.

p(t,x,y) =

REMARK 4.24. With mild assumptions on the Cameron—Martin space, the proof of The-
orem 1.5 can be adapted to the case when B is a general Gaussian rough path. Theorem 1.6
does rely on the fractional Brownian scaling in a crucial way. Although it is plausible that
Theorem 1.2 may hold for more generic Gaussian rough paths B, our proof is based on the
fine analysis of the Cameron—Martin structure represented in terms of fractional calculus. It
is not clear whether the argument can be adapted to a more generic situation. It is also not
clear if there is a natural class of Gaussian rough paths (described in terms of the Cameron—
Martin structure), whose associated control distance functions are equivalent to the intrinsic
one associated with the Brownian motion. These are interesting directions to be further in-
vestigated.
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