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Abstract. Rough paths techniques give the ability to define solutions of stochastic differential equations driven by signals X which
are not semimartingales and whose p-variation is finite only for large values of p. In this context, rough integrals are usually Riemann—
Stieltjes integrals with correction terms that are sometimes seen as unnatural. As opposed to those somewhat artificial correction
terms, our endeavor in this note is to produce a trapezoid rule for rough integrals driven by general d-dimensional Gaussian processes.
Namely we shall approximate a generic rough integral [y dX by Riemann sums avoiding the usual higher order correction terms,
making the expression easier to work with and more natural. Our approximations apply to all controlled processes y and to a wide
range of Gaussian processes X including fractional Brownian motion with a Hurst parameter H > 1/4. As a corollary of the trapezoid
rule, we also consider the convergence of a midpoint rule for integrals of the form [ f(X)dX.

Résumé. La théorie des trajectoires rugueuses ouvre la possibilité de résoudre des équations différentielles stochastiques dirigées par
un signal général X. Cette théorie va au-dela du cas d’une semi-martingale, et concerne un signal X dont la p-variation est finie pour p
arbitrairement grand. Dans ce contexte les intégrales rugueuses sont généralement définies comme des intégrales de Riemann—Stieljes,
corrigées par des termes qui peuvent paraitre non naturels. Dans la présente note nous proposons de remplacer ces termes quelque peu
artificiels par une approximation trapézoidale, dans le cas ol X est un processus Gaussien d-dimensionnel général. Plus précisément,
nous approchons une intégrale rugueuse de la forme [y dX par une somme de Riemann tout en évitant les termes correctifs d’ordre
supérieur, ce qui rend I’expression plus facile a manipuler et plus naturelle. Nos approximations fonctionnent pour tous les processus
contrdlés y, ainsi que pour une classe importante de processus Gaussiens X comprenant le mouvement brownien fractionnaire avec
parametre de Hurst H > 1/4. Nous énongons aussi un résultat de convergence concernant la régle du point milieu pour des intégrales
de la forme f f(X)dX. Ce dernier résultat est un corollaire de notre regle trapézoidale.
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1. Introduction

Inspired by the seminal series of papers [2,27], rough paths were first introduced in [20] in 1998 to study differential
equations of the form:

d t )
(1.1) yt=yo+2/0 V() dxi,
=1

where V; are smooth bounded vector fields, X : [0, T] — Reisa given function with finite p-variation, usually a stochas-
tic process, and y : [0, T] — R is what is being solved for. Even though the final goal of the rough paths theory is to solve
differential systems of the form (1.1) driven by arbitrary noisy inputs, the main step in the approach can be reduced to a
proper definition of stochastic integrals like fot Vi(ys)dX 7 above. In order to discuss this kind of integral, we consider a
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generic partition P ={0=19 <t; <--- < t,41 =t} of [0, #] and the following Riemann sum:

(12) RY(Vi (), X7) ZV G0 X
k=0

where we define §X; := X; — X,. In a classical setting, one obviously expects R (V;(y), X/) to converge to
fo Vi(ys) dXs /" as the mesh of P goes to 0. Let us recall what this Riemann sum convergence becomes in a rougher
and/or stochastic context.

(i) When X is a semimartingale on a filtered probability space (€2, F, F;, ), we can use techniques from It6 calculus
to take limits in (1.2). For example, assuming that X is a L? continuous martingale, then we define the stochastic
integral

4 4L2(Q) .
(1.3) /Vj(ys)dxg =" lim RH(V;(»), X),
0 [Pl—0

where the limit of the Riemann sums is understood in the LZ(£2) sense. The stochastic integral (1.3) can be extended
to all processes which are adapted to the filtration F; and square integrable with respect to the bracket of X.

(ii)) When X is not a semimartingale, but is assumed to have finite p-variation for p < 2, one can rely on the classical
Young-Stieltjes integration to take limits in (1.2). Then one invokes a result in [27] which can be summarized as
follows.

Proposition 1.1. Ler f € CPV ([0, T],R?) and g € C9V*([0, T1,RY) with 1/p + 1/q > 1. Then the Riemann—
Stieltjes integral exists:

t
(1.4) /0 fodg, = lim R o)

Proposition 1.1 can be applied directly in order to analyze (1.2). Specifically, if we assume that y should have the
same p-variation as X, then we can make sense of (1.1) in Young—Stieltjes sense whenever X is a stochastic process
with finite p-variation almost surely for p < 2. In this case we define:

j a.s

t
(15) fo Vi dXdE dim R (V; (), X7),

that is fé Vi(ys)dX § is defined as an almost sure limit of Riemann sums.

However, if we want to solve (1.1) beyond the semimartingale or the finite p-variation case with p < 2, rough paths
theory is the main available path-wise type method. We give a brief introduction to this method in Section 2.1, and refer
to [5,6,20] for a more comprehensive guide. At this point we just mention that rough path theory let us solve (1.1) for
X € CP™V and for arbitrary p, provided we can define the following stack of iterated integrals of ordern = 1,2, ..., | p]:

X!;’=/ dxi, x5V // dXldXxj,
X2k = /// dx’ dxiax*,

Notice that in this paper the analysis is restricted to the case p < 4, which corresponds to needing to define the first
three integrals in (1.6). This is due to issues in defining these integrals for worse p-variation. As mentioned above, once
the iterated integrals in (1.6) are properly defined, we can solve (1.1) thanks to the rough paths machinery whenever
X € CP™¥™ In particular if y is the solution to (1.1), one can define the stochastic integral [y dX as the following limit
of modified Riemann sums:

(1.6)

t
(-7 / Vs dXs = hm nyk it T V(yfk)thtk+1 +V V(ytk)kaka’

where we have considered a 1-dimensional situation (namely d = 1) in order to avoid cumbersome indices. Standard
and relevant applications of rough paths techniques are the ability to define and solve stochastic differential equations
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driven by fractional Brownian motion or other processes with low regularity that are not semimartingales. Even for
equations driven by usual Brownian motions, the continuity results related to rough paths techniques bring simplifications
in classical stochastic analysis results such as large deviations principles, see [17]. Other relevant applications include data
analysis, see [11] and filtering theory, see [3].

Nevertheless, in spite of the rough paths theory’s numerous achievements, the definition (1.7) for an integral of y
with respect to X is sometimes seen as somehow not natural due to the higher order “correction” terms. In addition, the
presence of the high order iterated integrals in the right hand side of (1.7) makes the rough integral approximation difficult
to implement numerically. Ideally, one would thus like to take limits on simple Riemann sums like (1.2).

The natural endeavor of approximating rough (or other generalized stochastic) integrals by suitable Riemann sums has
been mostly carried out in case of a 1-dimensional fractional Brownian motion B and for integrals of the form | f(B)dB.
The contributions in this direction includes [1,10,12,16,21-23,25]. We should also mention that the approximation of
rough integrals like (1.7) by trapezoid rules, for a 1-d fractional Brownian motion and a general controlled process y, has
been considered in [19]. Namely, the following approximation of a rough integral [ y dB is proposed in [19]:

n
Yy +¥
(18) w-Jg (v B 1=y 8By

k=0

where B is a one-dimensional fractional Brownian motion with Hurst parameter H > 1/6 and where y is a process whose
increments are controlled by B (see Definition 2.8 below for the notion of controlled process). For H > 1/6 it is proven
that this trapezoid rule converges to the rough integral (1.7), while in the case H = 1/6 an additional Brownian term pops
out in the limit and the convergence holds in the weak sense only. Notice that this phenomenon had already been observed
in [12,22,23] for integrands of the form y; = f(B;) for a sufficiently smooth function f.

With those preliminary remarks in mind, the main aim of the current contribution is to extend the scope of trapezoid
type approximations to rough integrals. Our generalizations will go in two directions, that is (i) we shall prove the conver-
gence of trapezoid rules for d-dimensional Gaussian processes and (ii) we handle the case of a general class of Gaussian
processes beyond the fractional Brownian case. Our prototype of convergence theorem is stated below in an informal
way. The reader is referred to Theorem 3.12 for a more precise statement.

Theorem 1.2. Let X be a centered Gaussian process on [0, T admitting a sufficiently regular covariance function R
in the 2-d p-variation sense. Denote the rough path lift of X by X = (X', X2, X3). Let y = (y, y', y?) be a process
controlled by X (examples of controlled processes include y; = f(X;) and solutions of SDEs driven by X). For a given
partition of [0, T], P={0=19 <t; <--- <tyy1 < T}, we define the trapezoidal rule:

n
Yo + Vi
(1.9) Ty (. X) = ) T

k=0

Then as the mesh size |P| — 0 we have

T
tr- j()T v, X) ;) /(‘) vs dX,

where the right hand side above designates the rough integral of y against X .

As mentioned above, our main Theorem 1.2 shows that one can approximate rough integrals by very natural Riemann
sums, for a wide class of integrands y and Gaussian driving noises X. As a corollary of our trapezoid rule, we will also
prove a midpoint rule for rough integrals of the form [ f(X) dX; see Corollary 3.15.

Remark 1.3. For conciseness we have assumed in the statement of our main result (see Theorem 3.12) that y and X are
both paths in the space R¥. In fact, the trapezoid rule holds for a general form [y ® dX of rough integrals as long as y
is a controlled process of X. We leave the details of this simple generalization to the patient reader.

Remark 1.4. It is interesting to observe that on top of the higher order iterated integrals for the Gaussian rough paths
X, the derivatives of the controlled process y are also avoided in the computation of the integral [y dX in Theorem 1.2.
This is part of the novelty in our main result. We will say more about this fact in Remark 3.13, once our main objects of
interest are rigorously introduced.
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Let us mention a few words about the techniques employed for our proofs. Indeed, most of the aforementioned 1-d
contributions concerning convergences of trapezoid rules rely heavily on integration by parts techniques from Malliavin
calculus, together with central limit theorems for random variables in a fixed chaos. The generalization described in
Theorem 1.2 requires a new set of methods. Specifically, we shall use a combination of rough paths techniques in discrete
time in order to single out the main terms in (1.8). Then we can simplify the main part of the computations by performing
our integration by parts on the building blocks of our rough path X only. Eventually we invoke some limit theorems for
weighted sums in order to get our limit results.

Here is a brief outline of our paper. In Section 2 we set the ground for our computations by recalling some basic
facts about rough paths analysis, Gaussian processes and Malliavin calculus. Section 3 is then devoted to the trapezoid
rule. Namely Section 3.1 gives some preliminary results about Young integrals and convergence of random sequences.
Then some random sums in a finite chaos are analyzed in Section 3.2. The corresponding weighted sums are handled in
Section 3.3. With all those results in hand, our main theorem is proved in Section 3.4. Eventually we give a brief list of
processes to which our general result applies in Section 3.5.

In this article, C denotes a constant which may change from line to line. In the same way, G will denote a generic
integrable random variable whose value may change from line to line.

2. Preliminary material

This section contains some basic tools from Malliavin calculus and rough paths theory, as well as some analytical results
which are crucial for the definition and integration of controlled processes.

2.1. Elements of rough paths

In this section we shall recall the notion of a rough path above a continuous path X, and how this applies to Gaussian
processes. The interested reader is referred to [5,6] for further details.

2.1.1. Basic rough paths notions
For s <t and m > 1, consider the simplex Sy, ([s, t]) = {(u1, ..., um) € [s,t]";u; <--- < up}. We start by introducing
the notion of increments, which turns out to be handy in the definition of a rough path.

Definition 2.1. Let k > 1. Then the space of (k — 1)-increments, denoted by Cx ([0, 7], R) or simply C; (R¢), is defined
as
Ce(RY) = {g € C(S(10. TT): R"): tim gy =0, foralli <k —1}.

i—>tiq

In the sequel we will also often resort to a finite difference operator called §, which acts on increments and is useful to
split iterated integrals into simpler pieces.

Definition 2.2. Let g € C; (R?), h € Co(R¥). Then for (s, u, 1) € S3([0, T'1), we set
(Sgst =8t — &s> and 8hsut = hst - hsu - hut-

In order to define rough integrals, some minimal regularity assumptions on increments will have to be made. In partic-
ular, it will be convenient to measure the regularity of increments in C; and C; in terms of p-variation.

Definition 2.3. For f € Co(RY), p > 1 we set

1/p
”f”p—var = ”f”p-var;[O,T] = Ssup <Z |ft,-ti+1 |p> ,
Pclo,T1\;

where the supremum is taken over all subdivisions P of [0, T]. The set of increments in C» (R") with finite p-variation is
denoted by Cgvar(Rd). For f € Ci(R?), we denote I £ 1l p-var = II8£ Il p-var-

We will also make an extensive use of Holder norms, whose definition is recalled below:
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Definition 2.4. We denote by Cg (R?) the space of y-Holder functions on [0, T']. That is,

(2.1) C%/(Rd) = {f € Cz(Rd) :sup | forl < oo}

s.0e[0,7] 1T — 81V

We define Cf (R9) the space of functions f such that 8f € C%’ (RY).
In the following we define the notion of control function:

Definition 2.5. A control function is a continous map o : S>([0, T]) — [0, co) such that w (s, s) =0 for 0 < s < T which
satisfies the super-additivity, thatis forall s <t <u in [0, T]: w(s,t) + w(t,u) < w(s, u).

A 2d control function is a continuous map w : S ([0, T']) x S>([0, T']) — [0, 0o) which is zero on degenerate rectangles
and satisfies wg (D) > Z?:l wr(D;) if D; : 0 <i <n are disjoint rectangles such that D = U, D;.

With these preliminary definitions in hand, we now define the notion of a rough path above a continuous p-variation
path x with p > 1.

Definition 2.6. Let x be a continuous R?-valued p-variation path for some p > 1. We say that x gives rise to a geometric
p-rough path if there exists a continuous path (x7, (s, t) € S2([0, T'])) with values in (R%)®" for each n < | p| such that
xslt = 6x,;, and a control function w, such that

(1) Regularity: Forall n < | p], x" satisfies [x/,| < (s, 1)"/P.
(2) Multiplicativity: With §x™ as in Definition 2.2, we have

n—1
(2.2) Sxh, = Z XM @ x,,

n1=1

(3) Geometricity: Let x® be a sequence of piecewise linear approximations of x. For any n < | p| we assume that x*"

converges in %-Variation norm to x", where xf;" is defined for (s, t) € Aj by

2.3) x5 = dX: @ ®dx’ .
st uj Un
(u1 un) €Sy ([5,1])

,,,,,

In the sequel we will write x for the rough path above x, that is
Xg = (x), . 2, (s,1) € 82(10, T).

One of the key success factors of the rough path theory is its ability to give a proper definition of stochastic calculus in
very general contexts. Within this framework, the generic integrands in stochastic type integrals are so-called controlled
paths, whose definition is recalled below. We first introduce some necessary notations about matrix products.

Notation 2.7. In order to avoid lengthy indices in our formulae throughout the paper, we will adopt the following con-
vention for matrix products: two generic elements v € (RH®* and u € L((RY)®k, R™) will stand for families

v={v G el . d)
w={u" i e (1, mY, iy e (L. dY
where v/1""/ and u/1""Jx are real numbers. In this context the product uv is defined as an element of R™ such that for

1 <i <m we have
d
(uv)! = Z whivde s pdredi
Jtses k=1

Similarly for 1 <k’ <k and w € (Rd)@’k/, we define uw as an element of £((Rd)®<k’k/), R™) such that for 1 <i <m
and 1 < jy41q,..., jk <d we have

d
i = 7 i it

jlwnsjk/:l
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We can now state the definition of controlled process in the p-variation framework.

Definition 2.8. Let x = (x!, ..., x!?)) be a p-variation rough path as introduced in Definition 2.6. Let y°, ..., y*~! be
continuous processes yk [0, T] — L’((Rd Y® R™) and define the remainder terms:
(2.4) rskt = Syf, - nyr]xslt - yfilxs[tikil

and ri! = 8y5!, where we recall the notation § given in Definition 2.2 and our Notation 2.7 on matrix products. If there
is a control function wy such that

‘8}’;{,‘ <wy(s,0H"? and ’rft‘ < w,(s,n /P
forallk=0,1,...,¢— 1, then we say thaty = (y°, ..., y*~") is a R"-valued path of order ¢ controlled by x.

Remark 2.9. A controlled path has to be seen as a continuous path whose increments are “dominated” by the increments
of x. Namely, y° is a continuous path taking values in R such that the increments (Sy?l as given in Definition 2.2 are
given by

2.5) Sy =vixg -y x4

The other relations in Definition 2.8 are imposed for algebraic sake.

Remark 2.10. In this paper, our main integration results will concern controlled paths. Hence it is worth recalling that
this class of processes is rich enough. It includes for instance solutions of differential equations driven by x such as (1.1),
as well as continuous paths of the form g(x) for a smooth enough function g.

Remark 2.11. We will also use y-Holder norm versions of Definitions 2.6 and 2.8 in our discussion. We will omit these
definitions for sake of conciseness. As an example, let us just mention that in a y-Holder version of (2.4) we would
assume y~ € C%/ and rk e Cg_k)y.

The following proposition contains the classical result about integration of controlled processes with respect to a rough
path, together with an approximation of the integral by enriched Riemann type sums.

Proposition 2.12. Let x be a continuous p-variation rough path on [0, T and let y be a R? -valued path of order £ = | p |
controlled by x as introduced in Definition 2.8. Consider a sequence of partitions of [0, T] with mesh size |P| — 0. Then
the following limit:
n
—1_¢

: 0.1 1.2
(2.6 \7%202 YoXun T VX T T V0 Xynp
k=0

exists almost surely. It is called rough integral of y with respect to X and is denoted by fOT VsdXg.

One of the crucial ingredients in rough paths theory is the sewing lemma for integration. We label two discrete versions
of this lemma, taken from [18], for further use. In the following we denote Sy, ([s,t]) = {(u1,...,um) € [s,t]™;u; <
-++ < up}, where [[s, t] denotes the discrete interval related to a given partition of [s, ¢] (see our forthcoming Notation 3.4).
For notational sake, we just write S, for S, ([0, T]).

Lemma 2.13. Consider a Banach space (B, || - ||) and Q : S — B. Recall that we set § Qsuyr = Qst — Qs — Qus . Suppose
that w is a control on [0, T]. Moreover, assume that Q. , =0 for all t € [0, T]| and that there exists a constant p > 1
such that

2.7) 18 Qsutll < (s, 1)
for all (s, u,t) € S3. Then the following relation holds for all (s,t) € Sy:

o0
1Qsll < Kuw(s,0)*,  where K, =2 Zrﬂ.
=1
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The following lemma is a particular case of Lemma 2.13 with w (s, t) = |t — 5|, which can be seen as the sewing lemma
in Holder norm.

Lemma 2.14. Fix a constant i > 1. Let Q be as in Lemma 2.13, and we further assume that there exists a constant
C > 0 such that

18Qsul <C - |t —sl,  forall (s,u,t) € S3.

Then for all (s, t) € S» we have

(2.8) |Qsi] < CK |t — s|™.

2.1.2. Gaussian processes as rough paths

Let us now turn to a more probabilistic setting for our computations. Namely we assume that X, = (X/, ..., X,d )isa
continuous, centered Gaussian process with i.i.d. components, defined on a complete probability space (€2, F, P). The
covariance function of X is defined as follows

(2.9) R(s,1) = E[X]X]],
where X/ is any of the components of X. We shall also resort to the following notation in the sequel

(2.10) o2 =E[(X])’]. and o2 :=E[(5x])%]

N

The information concerning X used below is mostly encoded in the rectangular increments of the covariance function R,
which are given for s, ¢, u, v € [0, T] by

(2.11) R = R(t,v) — R(t,u) — R(s,v) + R(s, u).

Notice that whenever the function R is given as a covariance function like in (2.9), the rectangular increments of R can
also be written as

@.12) R = E[(x} - x0)(x] — x0))

v

Related to rectangular 2-d increments, the notion of 2-dimensional p-variation leads to an efficient way of constructing
rough paths above a Gaussian process X. It will also feature prominently in our considerations, and thus we label its
definition for further use.

Definition 2.15. For a general continuous function R : [0, T1? > Randa parameter p > 1, we set

1
tt »
(2.13) | R 1l p—var;[s, 1% [, v] *= sup <Z|Rt,-]tij-¢-+11 |P> ’
)EP s, th N5
(AE(URY))

where P([s, t]) denotes the set of all partitions of [s, #] and where R;jt/itfl“ is defined in (2.11).

We also define the space of functions in the plane with finite 2-d p-variation:

Definition 2.16. Given a finite dimensional vector space E, we define C*V¥ ([0, TV E ) to be the space of all functions
f:10, T1> — E such that || f || p-yar < 00.

The standard assumption allowing to build a rough path above a generic Gaussian process concerns the p-variation of
its covariance function. This is why we assume that the following hypothesis holds throughout the paper.

Hypothesis 2.17. We assume that X is a centered continuous Gaussian process with covariance function R such that
IR || p-var < 00 for p €[1,2).
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Remark 2.18. Note that the p-variation norm || - || p.var introduced in Definition 2.15 uses grid-like partitions. As pointed
out in [7], those p-variations do not enjoy super-additivity properties. A standard way to circumvent this problem is to
replace the p-variation of Definition 2.15 by the so-called controlled 2-d p-variation norm (see [7, Definition 1]), which
we denote by | - | p-yar. The norm | - | ,.var does satisfy sup-additivity properties (cf [7, Theorem 1(iii)]). Therefore, although
we have not assumed |R|,.var < 00 in Hypothesis 2.17, we can consider a o’ = (p + ¢) > p for ¢ arbitrarily small such

that | R|,var < 00 (this is ensured by [7, relation (1.2)]). Then one is allowed to pick the control wg (D) = |R|ﬁ ~ar(D)-
This kind of manipulation is routinely performed in e.g. [4,9].

With Remark 2.18 in mind and for notational sake, throughout the section we will skip the replacement of p by p’ and
pretend that the following is a consequence of Hypothesis 2.17.

Hypothesis 2.19. We assume that X is a centered continuous Gaussian process with covariance function R, p is a
parameter lying in [1,2) and wg is a 2-d control (see Definition 2.5) such that for any rectangle D we have

IR\l pvar.p < wr(D)?.

The following result (stated e.g. in [6, Theorem 15.33]) relates the 2-d p-variation of R with the pathwise assumptions
allowing to apply the abstract rough paths theory.

Proposition 2.20. Ler X = (X', ..., X9) be a continuous centered Gaussian process with i.i.d. components and covari-
ance function R defined by (2.9). If R satisfies Hypothesis 2.17 then X gives raise to a geometric p-rough path according
to Definition 2.6, provided p > 2p.

2.2. Wiener spaces associated to general Gaussian processes

In this section we consider again the continuous, centered Gaussian process X of Section 2.1. Recall that its covariance
function R is defined by (2.9). We will describe the Cameron—Martin space assuming that we are in a real valued situation,
the generalization to a R?-valued process being left to the patient reader.

The analysis of iterated integrals performed in Section 3 will be based on a Hilbert space H allowing a proper definition
of Wiener integrals as defined e.g. in [24]. Namely H is defined to be the completion of the linear space of functions of
the form

n
= {Zail[o’li] ra; €R,t; €0, T]},
i=1

with respect to the inner product

n m
(2.14) <Za,~1[0,,,.], ijl[o,sj]> Z Za,b R(ti, s)).
i=1

i=1j=1

Remark 2.21. Consider the special case X = 0, which means in particular that R(0,0) = 0. Then, as suggested by
(2.14), for any h1, hy € H, we can infer that

(2.15) (h1, ha)u / / h1(s)ha2(t)dR(s,t),
whenever the 2-d Young integral on the right-hand side is well-defined (one can refer e.g. to [6] for more details).
Since H is the completion of £ with respect to the inner product defined by (2.14), it is isometric to the Hilbert space
H'(X) € L*(Q, F,P) which is defined to be the | - |;2(g)-closure of the set
n
iZaiXti ca; €R,t;€[0,T],ne N}
i=1

In particular, we have that [1j0.r)l34 = [X:]12(q)- The isometry between H and H 1(X) is denoted by X (h), and is called
a Wiener integral.
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Remark 2.22. As mentioned above in (2.14), the space H is a closure of indicator functions. Hence it can be defined on
any interval [a, b] C [0, T']. We denote by H([a, b]) this restriction. For [a, b] C [0, T'], one can then check the following
identity by a limiting procedure on simple functions

(2.16) (f a1, 8Lia,b))r = (f, &) H(1a,b))-
2.3. Malliavin calculus for Gaussian processes

In this section we review some basic aspects of Malliavin calculus. The reader is referred to [24] for further details.

As in Section 2.2, the family X; = (X S ¢ ,d ) designates a continuous, centered Gaussian process with i.i.d. com-
ponents, defined on a complete probability space (€2, F, P). For sake of simplicity, we assume that F is generated by
{X;;t €[0, T]}. An F-measurable real-valued random variable F is said to be cylindrical if it can be written, for some
m>1,as

F=f(X4y,...,Xs,), forO0<t <-- <ty <1,

where f:R"™ — Ris a C}° function. The set of cylindrical random variables is denoted by S.
The Malliavin derivative is defined as follows: for F € S, the derivative of F' by

m
of
DF =3 L Xy Xl
i=1

More generally, we can introduce iterated derivatives. Namely, if F' € S, we set
DYF=D...DF.

For any p > 1, it can be checked that the operator D* is closable from S into L”(2; H®K). We denote by %7 (H) the
closure of the class of cylindrical random variables with respect to the norm

1= (e )+ el el 1)

j=1

and we also set D*°(H) = Np>1 Ni>1 DXP (H). The divergence operator §° is then defined to be the adjoint operator of D.
Namely, for a process u = {u;; t € [0, T']} in the domain of §° we have

(2.17) E[8°(w)F] = E[(DF, u)3],

for all F € D"2. Notice that if u € D1?(%), then we also have u € Dom(8°). A typical elementary increment which can
be represented thanks to the divergence operator is the following: for (s, ¢) € $2([0, T']) and 1 <i < d we have

(2.18) 8X!, =85 nei),

where ¢; denotes the i-th element of the canonical basis in RY.

We close this section by recalling the following results on Hermite polynomials. Those polynomials are defined by
Ho(x) =1, Hi(x) = x and then recursively by (n + 1)H, 41 (x) = xH,(x) — H,_1(x). They form an orthonormal basis
of L?-functions with respect to the standard Gaussian measure on R. For further use, we recall that

1,5 15 1
(2.19) Hi(x)=x, Hz(x)zi(x —1), H3(x)=gx —Ex.
We shall also invoke the following property of Gaussian vectors.

Proposition 2.23. Let X, Y be jointly normal random variables with X, Y ~ N(0, 1) and denote by H,, the nth Hermite
polynomial. Then the following holds true:

0 ifn#m,
(2.20) E[H,(X)Hy(Y)] = 1(E[XY]),, in—m

n!
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3. The trapezoid rule

This section is devoted to a complete statement and proof of the informal Theorem 1.2. We will first analyze some discrete
sums in a finite chaos related to our rough path X in Section 3.2, then move to some useful weighted sums in Section 3.3.
Eventually the main part of our proof will be achieved in Section 3.4.

Throughout the section we consider a general centered Gaussian process X which satisfies Hypothesis 2.19. In par-
ticular, the covariance function R is defined by (2.9) and the variance of the increments 6 X é, is denoted by o2(s, 1) (see
our notation (2.10)). As in Section 2, X admits a rough path lift X. We also label a notation which will be useful for our
future computations.

Notation 3.1. Let [s,7] x [u, v] be a generic rectangle in [0, T1?. Consider a grid-like partition P = {[t, tx+1] X
(o, foi1lis=to<---<tm=t,u=1Ify<--- <1, =v}. Then we set Dy = [tx, txs1] X [fxrs Ty 1].

3.1. Two inequalities

We first derive an inequality on 2-d Young integrals which we make extensive use of. It is an elaboration of the Young—
Loeve-Towghi inequality [26, Theorem 1.2]. Recall that for y € C([0, T1?), y3r denotes the rectangular increment of y
over [s,t] X [u, v] defined in (2.11).

Lemma 3.2. Let z € CPV¥([0, T1?,R?) and consider a function y sitting in the space C?V¥ ([0, T1?, L(R?, RY)) with
1/p +1/6 > 1, where CP™™ and C?V™ are given in Definition 2.16. For some given s <t <o and u < v < 1 we set
D =[s,o] x [u,n] and

(3.1) Vrv :=/ Vorrdzpp.
[s,¢]1x[u,v]

Then the p-variation of § on D can be bounded as follows:
(3.2) ”)A’“p—var,D <C- ”yn@-var;D : ”Z”p—vaI;D'

Proof. We consider partitions s =fg < -+ <ty =0 and u =%y < --- <, = n of [s, 5] and [u, n], respectively. Recall
from Notation 3.1 that we denote Dy = [fx, tk+1] X [fx, frr1-1] C D, and write

A _ Alkli41 _ =z 5 A B N N
YD) = Viviosr = Dterrliy — Vel — Yudyr g, T V-

Using expression (3.1), one can decompose y(Dy) according to our partition in the following way:

(D) = [ W dzpy
Dkk’

3.3 t st t st
(3-3) = ng/rr/ dz,y + Vi /kr/ dz,r + y;;r/ dzy + yu;k, dzy
Dy * Dy Dy * Dyt

=h+hLh+L+14.

It should be noticed that the term /; above can be bounded directly thanks to the Young-Loeve—-Towghi inequality [26,
Theorem 1.2]. We get

(3.4) 1] < Cllyllovar, by - 12l pvar, Dy -

The term 14 can also be treated easily. Indeed, we have

St Tili+1
14 =y Tk .z k+

utyr t~k t~/\r+| ’

and thus

(35) |I4| < ”y||9-var,[u,t~k/]><[_y,tk] : ”Z”p—var,Dkk/-
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We now focus on the 1-d type integral /5 in equation (3.3). In order to bound this term one can use the classical Young
inequality [27] in order to get

St
Ibl= ’/[t 7 ]yfk/r/d(szﬂr/ — Zyr)
Kt 41

(3.6) <cy

tyr-

f-var, [ i 11 2ty — ka"'p—var,[fk/,fm]
= ClIYNo-var, 5,01 x 17 11~ 121 p-var, Dy -

In the same way, we can also upper bound the term /3 in (3.3) as

(3.7) |I3] < C”y||0-var,[u,fk/]x[tk,tk+1] Nzl p-var, Dy -

Plugging (3.4)—(3.7) into (3.3), we have thus obtained that

|5}(Dkk,)i S C{”)’”G—va:,Dkk/ + ”y”g-var)[s,tk]x[fk/‘fk/

41l
+ ”y”9—var,[u,t~k/]x[tk,tk+1] + ”y||0—var,[u,fk/]x[s,tk]} : ”Z”P-Var’Dkk"

Therefore by trivial monotonicity properties of 6-variations, we arrive at

(3.8) 9(Dii)| < Cllyllo-var,p - 12l p-var, Dy -

As explained in Remark 2.18, we will skip the routine procedure of replacing p by p’ in order to apply super-additivity
relations to 2-dimensional p-variations. Hence summing relation (3.8) over &, k" and invoking super-additivity, we finally
prove the desired inequality (3.2). ([

We close this section by giving a general convergence lemma for a sequence of stochastic processes. It is borrowed
from [18, Lemma 3.5].

Lemma 3.3. Let o, B > 0. Let {7", n € N} be a sequence of stochastic processes such that
825 | L@ = Cpn~*(t —s)P,

forall p > 1, where K, is a constant depending on p and where we recall the notation § given in Definition 2.2. Then
for 0 <y < B and k > 0, we can find an integrable random variable G , independent of n and admitting moments of
any order, such that:

(3.9) 7], < Gyon—et.
3.2. Upper-bounds for processes in a finite chaos

With the notions of Section 2 in hand, we now introduce a family of processes defined as sums of iterated integrals of X
which appear naturally in the analysis of the approximation (1.9). We start by proving a bound on sums of Lévy area type
processes which generalizes [14,15,18]. We first label a notation for further use.

Notation 3.4. Let P ={0=19 < --- <, = T} be a partition of [0, T]. Take s, ¢ € [0, T]. Then [s,t]: ={t €P: 1ty €
[s,¢]}. We denote Sk ([s,t]) = {(t1, ..., tx): t1,...,tx €Pand s <t <--- <t <t} as the discrete simplex.

The main bound involving Lévy area type objects is the following.

Lemma 3.5. Suppose that Hypothesis 2.19 holds true for the R¢-valued Gaussian process X = (X', ..., X¢) with co-
variance function R, 2-d control wg and p € [1,2). Consider a partition {t; : 0 <k <n} of [0, T] and define the process
Fon[0,T] by

2,ij . .

Z ththr] fOVl # J»
0<tx <t

Z X2,ii _E[XZ,ii ] f c_

i tk+1 Tlk+1 ort=j,

0<ty<t

(3.10) F =
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with the convention that Féj = 0. Then for any p > 1 there exists a strictly positive constant C = C,, such that for all
(s,1) €Sy and 0 <& <2 — p we have

2-¢
)

(3.11) ||5Fj-[|| <Cmaxa)R(Dkk/)%- &([s, 11%)

where || - ||, denotes the LP (2) norm and where the rectangle Dy is defined in Notation 3.1.

Proof. By hypercontractivity for random variables in the second chaos (see [24, Theorem 1.4.1]), we just need to consider
p = 2. Furthermore, when i = j notice that

2 ii i i i 1 i 2
(312) tkl‘kJr] quz qul 2 (8X1k1k+1) ’

where a complete justification of (3.12) is due to the Definition 2.6 and the fact that X is assumed to be geometric.

Therefore one can recast the definition of 5le,ftk , in (3.10) as

5F” =X2,ii _E[XZ,ii ]:l(Xl,i )Z_lE[(Xl,i )2]

Tietk4+1 Tictk4+1 Tictk4+1 2 etiet1 2 Titk4+1

3.13 i
( ) _ 2 H thI;l‘lk+1
- afk’k+l 2 Otitisy >

where Hy(x) = %(x2 — 1) as recalled in (2.19) and where the notation as% has been introduced in (2.10). Then putting
together relations (3.10), (3.12) and (3.13) we have

lori 3= B[ D03, - EDGE ) Y, - ELx D)
k K
1,i 1,i

Xt t Xt 1t
:E[ 0_,12 HZ( kk+1) 0,2 H2< k k+])}'
Z klk+1 trty —
. + Ot /5 KK+ Oty
Next, expanding the double sum in k, k¥’ above we get

1,i

1,i
X[ ’t XI 1t
(3.14) |sF! || o o? E| Hy[ = )|y [ 2L )
2 teslk+1 1y s tk’+l
k&' O’k,tk+l atk’»tk/+]

is a Gaussian random variable, we can now apply Proposition 2.23 with X = U,k_tl XM and ¥ =

Since each th,k . 1 itk

ol x!M  Thisyields

et ety

1,i 1,i 2
Fii 1 2 2 Xt X’k/ W11
||8 || 1o o, E
st — 2 Tyt 1 tk”tk’+l o o
kK ti,tgt1 tk/>tk’+l

_ _2 : tktk+1
tk’tk’+1

k,k’

(3.15)

Notice that the sum on the right hand side of (3.15) is a sum over rectangles Dy ' = [tk, tk+1] X[tx', tir41]. Since we have
|Rtktk+] | <wr(Dg)/P thanks to Hypothesis 2.19, we obtain

L Ty 41
Flii /p
(3.16) |8 F IHZ_ZZCUR(Dkk/)
kK
1 & 2—¢
3.17 < —maxwpr(Dyp)* D) » .
(3.17) =3 ma or(Dir)? + Y wr(Dye)

k. k'
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Now recall that in our statement we have chosen 0 < & <2 — p, which yields (2 — ¢)/p > 1. Hence invoking the super-

additivity of wg and thus of s */*, we arrive at

ii 1 £ N
(3.18) |8F |3 < 5 maxwr (D) # - wr(ls, (1) 7
2 ke
Putting together inequality (3.18) and the aforementioned hypercontractivity argument, our claim (3.11) is proved for

i=j.
Let us now handle the case i # j. Similarly to what we did in (3.14), we compute

F” H2 Z E IzkllkJJrl lzk/ltiurl ]

k,k’

(3.19) '
=Sl [ xttaxt [M xidax) ]
kk, [k/

In order to compute the right and side of (3.19) we proceed as in [6, p. 402]. Namely, we consider a Gaussian regularization
X¢€ of X whose rough path lift X€ also converges to X. Let us write R€ for the covariance function of the process X€ and
F€ be the process F defined similarly to (3.10) for the process X€. A simple application of Fubini’s theorem yields

- Ik 41
€,ij 2 611 elz el,j e1,j
H(SFst ||2 [/ f tk/r’ tkr dX dX i|
k., k'

=3[ R arer).
Dqu/

k,k’

(3.20)

where we recall that Dy g = [#x, tk+1] X [fx, tir1]. Taking limits in (3.20) as € — 0 we get

(3.21) |8F | = Z/ RY . dR(r,r').

k&
Then a direct application of inequality (3.2) yields
- 5
(3.22) |87 5= €D IR sarim
kK
which in turn implies relation (3.16) thanks to Hypothesis 2.19. Starting from (3.22), we can thus conclude as we did for
(3.17) and (3.18) in the case i = j. Our result (3.11) is now shown for the case i # j, which concludes our proof. (|

We now state an elaboration of Lemma 3.5 for third-order integrals.

Lemma 3.6. Suppose that Hypothesis 2.19 holds for the Gaussian process X = (X', ..., X%) with covariance function
R, 2-d control wg and p € [1,2). For i, j, £ €{l,...,d}, (s,t) €Sy and a generic partition {t;; 0 <k <n} of [0, T] we
denote

14 3,ije
(3.23) sgat =Y Xyt

s<ty<t
Then for any p > 2 there exists a positive constant C = C,, , such that for all (s, t) € S» we have

jl 1
(3.24) 1887010y < € D 0r (D) + C Y [wr(Diiwr (Dyr)wr (Die) ]

k. k' k k'

where we recall our Notation 3.1 for Dy .
Proof. Along the same lines as Lemma 3.5, by hypercontractivity of random variables in the third chaos, we just need to
consider p = 2. We focus on this case in the remainder of the proof. We split our considerations in several steps.
Step 1: equal indices. In this step, we show that (3.24) holds when the indices are equal: i = j = £. We first note that using

geometricity similarly to what we have done in (3.12), we get X 3.dii =5 Lisx We now expand the cubic power in

3
Il — tklk+1) :
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terms of Hermite polynomials along the same lines as for (3.13). Namely, owing to (2.19) we recall that x3 = 6H3(x)+3x.
Therefore, renormalizing (6 X} ) by o1, (recall that oy, is defined by (2.10)), we get

Tieli+1

sX!

1
)+ e

zofktA+l

(3.25) X Hs(oy,) 8X!

ekl — lefk+1 Tt 1
Let us now go back to our expression (3.23) for i = j = £. By linearity of the expected value we have
lll 3 iii 3 iii
(3.26) e =" Bl X -
k'

Plugging relation (3.25) into (3.26), invoking Proposition 2.23 and recalling that o7, | = RZ‘;’:I‘ , we obtain the existence
of a universal constant C > 0 such that:

”8 iii “2 _ ( tl\’tkUrl Rkt Rtk’tk’+l Rtk’tk’+l
st 2= . titirt Nty Rt
kK k 1%

1
=C E wr(D)* +C E [@r (D) wr (Dyk)wr (Dig) ] e
k.k' %

(3.27)

where the last inequality stems from Hypothesis 2.19 and the fact that |R,i’v| < wpr([u,v] x [s, t])l/ ? and where we have
used our Notation 3.1 for Dy;. We have thus proved our claim (3.24) for p =2 and i = j = £. As mentioned above, the
general case p > 2 follows by hypercontractivity.

Step 2: three distinct indices. We turn to the proof of (3.24) for i, j, ¢ all distinct. To this aim, we first note that a
regularization procedure similar to the one which lead to (3.21) yields

o5t I3 =3 ELxuils, Xiir,, ]
k, k'

_Z [/ /Xlzdxljdxle/t"“/ 1; XmjdX16:|
1, v v

k.k’

t41 tk’+l u
1 1 1, 1,j 1,¢ 1,¢
=> E[/ / / / Xy X,y dXyldX dx,tdx, }
kK 174 t tr t

for all (s,¢) € S»([0, T]). Then using independence and Fubini’s theorem (here again the standard regularization argu-
ments are outlined in (3.21)) we get

el Ll
(328) ’3glﬂ’2 Zf / / / tkv dR U U)dR(M M)
k,k’
Now applying twice inequality (3.2) to the right side of (3.28), we easily get
(3.29) 16545 < € > wr(Dr)¥?.
kK’
Our claim (3.24) is now proved for i, j, £ distinct.

Step 3: two distinct indices. We now turn to the case of two distinct indices in i, j, £. In fact we should divide this case
into 3 distinct subcases, namely i = j #{,i # j={Landi ={ +# j.

Case i = j # {. Recalling Notation 3.1 for the intervals [t;, tx+1] X [fr', fir41], we get

lasii‘ 5= ELX3it X3, ]
k. k'

— 32 [ EIRY () TR ),

kk' kk!

(3.30)
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In order to evaluate the term E[(X tku)z(X Li ))2] above, we reproduce the steps leading from (3.13) to (3.15) in the proof

tru
of Lemma 3.5 (based on Hermite polynom1al decompositions). This yields

3.31) |8giit|l5 =1 + Iz,
where the terms /] and I are defined by
tou' t/u
(3.32) h=y Zf RiuR)dR(u,u') and = Z/ R¥YV AR (u, ).
kK PRk kK

In the following we bound the two quantities /; and /5.

In order to bound the term I in (3.32), let us set ¢ (u, u’) = (R
this aim, we decompose the rectangular increments of ¢ as follows

tk/u/

o )?. We will first estimate the p-var norm of ¢. To

(3.33) oU = RU(R f,{u" +Rf,§;”)+R‘k/” (RVY + RV™).

172 v

From this decomposition it is readily checked using Hypothesis 2.19 that for [v, u] x [v, u’] C Dy we have

(3.39) lon | = Cor(lv,ul x [o',u]) " - wr(Dun'/*
+ CQ)R([U, u] X [t tk/_H])l/p . wR([tk, tk-H] x [v/’ u/])l/ﬂ.

This inequality can be used in order to evaluate the 2-d p-var norm of ¢ over the rectangle Dy . Indeed, let P and P’ be
partitions of [#x, tx+1] and [#y/, 711, respectively. From (3.34) we have

> e ek 30 er(lvulx [V u])

(v,u)eP, v, u’)eP’ (v,u)eP, (v ,u')eP’

+ Z wr (v, ul x [tx, 1) - Z wr ([tk, tkg1] x [V, u']),
(.u)eP W' .w)eP’

which, by the super-additivity of wg, easily yields

> lou " < wr(De)*.
(v,u)eP, v ,u')eP’

Since P and P’ are generic partitions of [fx, fx+1], this implies that

(3.35) Il pvar: Dy < @R (Diar)?”.

With relation (3.35) in hand, we can now establish a bound for /. Indeed, recall that ¢(u, u’) = (R,fuu 2. In particular,
we have ¢(fy, u') =0 and ¢(u, 1) = 0, and we get

[ arGe) = [ arGe)
Dy Dy
Therefore, plugging (3.35) in the definition (3.32) of /> and applying Lemma 3.2, we end up with

(3.36) ILI<C- ) wr(Du)*”.
k,k'

. . . . tou'
The estimation of I; can be done along the same lines as for I. Namely, we define a function ¥ (u, u’) = RZ;Z Rtk:Z,.

Then the rectangular increments of ¥y can be decomposed as

V= Ry RIS (RS + R,

tru tk/v

from which we can deduce

(3.37) \I/fﬁ;”/} < C-wr([tx, tk41] x [v, u])l/p cor ([t 1] x [V, “/])W'
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Starting from (3.37) we can proceed as in (3.35)—(3.36). We arrive at

1V 1l p-var: D < Cor (D) P R (D) V7.

Now applying Lemma 3.2 again we end up with

(3.38) 111 <CY " wr(Dr) P or(Dei)' P or (D) /.
k,k'

Let us conclude our estimates for this step: plugging (3.38) and (3.36) into (3.31) we have obtained

(3.39) 185541 < € " [wr(Dra)*/? + wr (D) P or (D) VP g (Dyar) 7).
k,k’

Case i = £ # j. We are now considering the general term

73/ 381

X = / dXxidxidx:.
e <U<V<W<lgy]
We first apply the shuffle identities for weakly geometric rough paths to get
3,iji L 2,ij 3,iij
thlk+1 - thlk+1 'thlk+1 2Xlktk+1

Plugging the above expression into our definition of g, we have obtained

X 2 \ij
2 : tktk+1 tktk+1

s<ty<t

(3.40) |8t

= +2||3g”’ l-

Note that the last term 2||8g£';j l2 above is bounded by (3.39). In the following we thus focus on the estimate for the
first term in the right hand side of (3.40). To this aim, we compute

21j
Z katkﬂ’ 72/981

s<t <t

2 : 21j Li 2,ij
E tktk+1 ' tktk+1 'th/tk/_H ‘th/tk/+1]-

k.k’

Then invoking the same regularization procedure as for (3.28), we get

2 ij 1,i 1,i
” tkfk+1 : lkfk+1 “2 Z/ fktk+1 'kau 'ka”k/+1 : lk/u ]dR(u ”)
k,k'
Along the same lines as for (3.31), we then obtain the decomposition

2 j 2
J0Jj
Z thtk+1' Tt 5

s<ty<t

(3.41) =hL+14+Is,

where the integrals I3, 14, Is are respectively defined by

B=Yo R [ R R, =Y [ R R aR ().
k k! kw K.k P
(3.42)

Is= Z/D ;k:;k/HR;:;kH dR(u u)

k,k' kk’

Let us bound the three terms above. First, a direct application of Lemma 3.2 yields

(3.43) 1< C Y wr(Du)*”.
k,k’
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We turn to the estimate of 14 and I5 in (3.42). Towards this aim and similarly to what we did in order to get (3.36), set
du,u') = ;’:Z"’“ let"“ Then it is readily checked that the rectangular increments of ¢ are upper bounded by

tk’tkUrl | |Rfklk+1

|¢L¢U

Therefore, we can write

Z Z |¢Z;U/|p§ Z |R1t4k1/)tk/+lip' Z |Rfktk+| P

(u,v)eP (W' v)eP’ (u,v)eP W' v)eP’

Note that by the definition of 2D-variation both summations on the right side above are bounded by wg (Dgi’). We thus
obtain

(3.44) 11l p-var, D,y < Cwr(Dar)*/?.

Now applying Lemma 3.2 to I4 in (3.42) and using (3.44) we obtain the estimate

(3.45) 14 < C Y wr(Du)*”.
k,k'

The estimation of /5 can be obtained along the lines as for /4, and we obtain

(3.46) 15| < C Y wr (D) P wr (D) P wrr (D).
k,k'

To finish this step, let us gather our estimates for the case i = ¢ # j. Plugging inequalities (3.43), (3.45) and (3.46)
into (3.41), and then back into (3.40), we get a relation which mimics (3.39):

(3.47) [Eres ||2 < CZ[wR(Dkk’)3/p + or (D) P wr (D) /P wr (D) V7]
Kk

Case i # j = £. This situation is handled along the same lines as in the previous cases, and details are left to the reader.
Namely, applying Fubini’s theorem we have

Tkt .
3,ijj _1 Lj 2 L,i
thtk+| _5 ] (Xutk+1) qu :
k

Xml

mk 1 'ty y”
The estimation of ||8gx,j ||2 is thus similar to the case when i # j = ¢ and we can show that the relation (3.39) also holds

Using this relation we can write ||8g”] ||2 as in (3.30) with x) tku ' and X . replaced respectively by x)

true for ngj .

Step 4: Conclusion. Let us summarize our considerations so far. Gathering the upper bounds (3.27), (3.29), (3.39), (3.40)
and the case i # j = £, we have proved relation (3.24) for all possible values of i, j, £ € {1,...,d} and p = 2. Recall
again that the general case p > 2 is obtained by hypercontractivity, which finishes our proof. (]

Let g be the increment in relation (3.23). We now wish to obtain an upper bound for g similar to the bound (3.11) we
have derived for F. This is the content of the next proposition.

Proposition 3.7. Let X and g be as in Lemma 3.6. Let 6 > 1 be such that é + % = 1. Then there exists a constant C > 0
such that for all i, j, € €{1,...,d} and (s,t) € Sy we have

(3.48) X = Cmaxwr(Dye)*?~" - wr(ls. (1) + C max wr (D) ** =7 - o [s. B A

In particular, for € such that 0 <e < (3 — p) A (2—2p/0) we have

3—¢
p

(3.49) re = Cmaxa)R(Dkkr)% - wr(ls, 1)
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Proof. We first observe that since p < 2 and % + % =1, we have 6 > 2 > p. Applying Holder’s inequality to the second
term on the right side of (3.24) yields

1/p
1

> [@r(Dr)wr(Dir)wr (Dier)] e
kK’

< (Z[wMDkk)wR(Dm] /”) (Zam(Dkkf )

k.k’ k. k'

Hence thanks to an elementary algebraic manipulation and according to the definition of p-variation we get

20 2\ 1/p
(ZwR(Dkk) m) wg([s,11%)

Z[wR (Dri)wr (D )wr (Dkk’)
%

2/6
= (Z wR(Dkk)g/ple(Dkk)> CUR([S’ t]z)l/p-
k

Thus bounding the term wg(Dyx)?/?~1 above by maxy i WR (Dix)@=P/P and owing to the super additive property of
Hypothesis 2.19, we end up with

Z [@r (Di)wr (Dyr)wr (Dig) ] e
(3.50) kK

_ 2/6 1
< (m]flwa(Dkk)z(l/p 1/9)) cor(1s, 111 - wr(ls,117)'7*

= (ml?wa(Dkk)Z(l/pfl/H)) -a)R([s, t]2)2/9+]/p‘
On the other hand, it is easy to see that

(3.51) Y or(Due)*” < maxwr(Du)?7" - wg ([s, 117).
Y k,k’

Gathering (3.50) and (3.51) in (3.24), this concludes relation (3.48). Relation (3.49) follows immediately from (3.48) and
the fact that wg (D) < wr([s, t1%). .

In the following, we turn to the estimate of another third-chaos functional.

Lemma 3.8. Let X and F be as in Lemma 3.5. For i, j,£=1,...,d and (s, t) € Sz, we define the increment h” as:
il 1,4
lV]’ - Z XWk (SFtlkjthrl
s<typ<t

In addition, consider ¢ such that 0 < e <2 — p. Then the following inequality holds true:

3

(3.52) ||h”‘|| < 4(wg([s,11%)” %+a)R([s,t]2)%_%)~m]?wa([tk,tk+1]x[O, T])%

Proof. As in the proof of Lemma 3.6 we should distinguish cases according to possible equalities in the indices i, j, £.
We focus on the case i = j in Step 1 to 3 below, and then deal with the case i # j in Step 4.

Step 1: A decomposition of ||h||2 As mentioned above, let us first consider the case i = j and find an estimate for h”e.
We start by writing

0|2
(3.53) h” Z E Xstk Xstk/(sFtlkltkH 8Ftlklztk/+l]~
k,k’
In addition, recall from (2.18) and (3.13) that
1 Xl,z

. 2 1721

(354) (SXI” = ao(l[s,t]ei)a and (SFtlkltk+| — Eatktk-#] H2 <_Ul:t:+ll )
+
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Therefore, one can recast (3.53) as

U |
359 B = 5 0,0, BT Qe Zue ]
k,k’

where the random variable Z;; is defined by
1,i 1,i

X X riyr
(3.56) zkk,zxs];,f%( "’”‘“)Hz< f ”‘“).

Otktk+1 O'tk/lk/+]

Hence resorting to the integration by parts formula (2.17), we get that:

3 1
E[|h§’,€ 2] =-Y o2 o2 E[(s.1€0. DZie ) 1]

4 Telie+1 " L g g
k,k'

where we recall that ¢, stands for the £-th element of the canonical basis in R?. Computing the Malliavin derivative of
Zii (and recalling that Hz’ (x) = x), we let the reader check that we get the formula

(3.57) E[W ] = 3 2 (e + T + 7).
k,k’

where the terms Jklk,, szk,, Jk31</ are respectively defined by

T = E[X3 X"

Sty “* Sty

|- E[sF], . SF}

tkl 41 tk,tk,+1],
2
(3.58) i = Ms,ids Yot D Misigs Yot D10 Qi1 Yo 0 - Y=gy,
3
Jiw = Ws.ds Yoy 104 Lisds Yoo D Qe ls Yt D - Li=e)-

In the following, we show that the upper-bound in (3.52) holds for each J,fk,, a = 1,2, 3, and therefore concludes the
lemma.

Step 2: Estimate for Jll(k,. In order to bound Jklk/, we use the definition (2.12) as well as Hypothesis 2.19 in order to get

N

WXL = R < or(ls td x [s.10]) 7 < wr(ls.117) 7.

|E[x

Furthermore, invoking relations (3.13) and (3.15), we get

|E[8Ftlkltk+15Ftlkl/tk/+l]| = E(R’k’tkll) < wr(Dyk’) /p-
Hence resorting to the same arguments as in Lemma 3.5 in order to get inequality (3.17), we get that forany ¢ <2 — p
we have:

(3.59) > ke] < or(ls. RN > wr(Du)?* < ml?wa(Dkk,)% - wr(ls, 11%)
k., k' k,k'

3—¢
P

Otherwise stated, inequality (3.52) is satisfied for Zk, ¥ |Jk1k’ |

Step 3: Estimate for Jik, and Jik,. We turn to an upper bound of the term szk’ in (3.58). To this aim, consider 6 > 2 such
that é + % = 1. Then applying Holder’s inequality to the summation in k, k" of (3.58), we get

1/6
2 0
Z T = (Z|<1[S,lk]’ l[lk»1k+1]>H(1[5,tk/]’ l[tk/,tk/+|]>7-t| )

k,k’ k. k'

1/p
X <Z|<1[lkvtk+l]7 l[tk/,lk/+1])7'l|p> .

k,k’
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Now we apply the estimate (1, v1, 1,v)) 1 < IRl p-var,[u,v]x[w’,v/] 1O the three inner products in the above inequality.
We arrive at

1/6 1/p
2 0
Z Jkk’ = <Z‘ ”R”p—var,[tk‘tkﬂ]x[s,l] : ”R||,0—Var,[tk/,tk/+|]><[s,t]‘ ) <Z ”R”p -var, Dkk/)
k.k'

ke | 9%
(3.60)

2/6
0 2\ 1/p
= (Z ”R”ﬂ‘Var»[kakJrl]X[SJ]) ’ a)R([s, 1] ) :
k

Similarly to what we have done in the proof of Proposition 3.7, we note that 6 > 2 > p. Hence combining Hypothesis 2.19
and the super-additivity of wg we get the following estimate for 0 <& <2 — p:

3-2¢
(3.61) > TG < maxo ([t i) x [s. 1) - max o ([t te1] < B, 1) - op (Is. 117) 7
k,k’

This implies that the upper-bound estimate (3.52) holds for J, kk, It can also be shown that the same estimate holds for

Jkk,. The proof is similar to that of Jkk, and will be omitted. Combining (3.59) and (3.61), this completes the proof of
(3.52) fori =.

Step 4 The case i # j. We now turn to an estimate of hl when i # j. To this aim we first write an expression for

E[|h3, | ] mimicking (3.53), with the important difference that the term § F, cannot be represented by Hermite poly-

tktA 1
nomials as in (3.54). Note that when i # j the integral f 86X i D ¢ J can be interpreted as a Wiener integral and thus it is
also a Skorohod integral. Hence the equivalents for (3.55) and (3.56) whenever i # j is

(3.62) E[[n P]1= " E[5° (e Zar .
kK
where
Zw = ;rk/ ‘SO( : l[fk»tk+l]ej) 'SO(Xlk/ L +1]el)

Integrating relation (3.62) by parts similarly to (3.57), we end up with

[|hlﬂ|z] Z(Jkk/ + J3)s

kK’
N] . .
where J;,, is given by

71 1,i 1,i
S = s, l[s,tk/])HE[so(thf : l[lk,tk+1]ej) : SO(XZ,(/Z~ : l[fk’!’k’ﬂ]ej)]’

which can be bounded in a similar way as for Jklk, in (3.58) and (3.59). As far as the term J,fk, is concerned, it is defined
by
4 U 4 tru
Bo= [ (R R+ RE R dRGu,i) 1y
(3.63) .
R”’k/+1 R" "t R" "t Rufk +1Y 4R 1
+ ( Sty sty + Stk Sty ) (u u ) {j=¢}-
194

In order to bound the expression above, we set ¢ (u,u’) = R;’;;“ f’;“/ . Then one of the terms in (3.63) is f D, /¢(u

u")dR(u,u’). We wish to bound this term thanks to Lemma 3.2. To this aim, similarly to what we did in (3.33)- (3 34),
we estimate the rectangular increments of ¢. We get

= ‘Rlltlk) R?t,:j ] ”R”p—var,[x,t]x[u/,v/]'

’¢L¢U
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Now we consider P and P’ generic partitions of [#, #x+1] and [, #;11] respectively, as well as 6 such that é + % =1.
Then we have

At 0 0
> 00 1" < Y IR st D IR vt 1

[u,v]x[u’ v ]€ePxP’ [u,v]eP [u' v ]eP’
0 %
=< ”R”p-var,[s,t]x[tk,tk_,.]] : ”R”p—var,[s,t]x[tk/,tkurl]'

Therefore, we obtain

(3~64) ||¢||9—Var,Dkk/ = ||R”p»var,[x,tlx[lk,tkﬂl . ”R||p»var,[x,t]x[tk/,tk/+l]-
Note that the estimate (3.64) of ¢ also holds for the other three functions in the right-hand side of (3.63), namely:

k' iyt Ul 11 pu'tig u'tiy 1 pUh 41
Rstk Rslk/ 4 Rsl‘k Rstk/ ’ Rstk Rstk/

The proof is similar and will be left to the reader. With (3.64) in hand, we can now invoke Lemma 3.2 for the right-hand
side of relation (3.63). This yields the existence of a constant C such that

4
(3-65) |Jkk/| =< C- ”R”p—var,[s,t]x[tk,tkH] : ”R||p—var,[s,t]x[tk/,tkurl] : ”R”p»var,Dkkw

Starting from (3.65), we easily get an upper bound similar to (3.60) for Zk’ ¥ J,fk,. Then we can proceed as in relation
(3.61). We conclude that (3.52) holds for the case i # j. The proof is now complete. O

3.3. Upper-bounds for weighted sums

In this section we give some estimates for weighted sums of the processes F and g defined in the previous subsection.
These sums will be a part of our main terms in the analysis of the trapezoid rule.

Lemma 3.9. Ler X be a RY valued Gaussian process with covariance function R such that Hypothesis 2.17 holds with
p € [1,2), and therefore Hypothesis 2.19 is guaranteed by Remark 2.18 and subsequent comments. Let wg be the control
in Hypothesis 2.19. Recall that the increment F is defined in (3.10) and fix a partition P with mesh |P|. We also consider
a controlled process of order 2 according to Definition 2.8, which means in particular that the increments of y can be
decomposed as

(3.66) Vst =Yy Xop + 750, s,0€[0,T1.
We call w the control wy related to the increments of y in Definition 2.8, and recall that we have
(3.67) Sy <o, 0P, gl <w(s, 0P, forall (s,1) € 5>(10, T1)

almost surely. Eventually, we introduce below a parameter p such that % = 12;: for € small enough. Then the following
holds true:

(i) Forevery M >0, we set Ay = {w(0,T) < M}. Then for all (s,t) € Sy and (i, j) € {1,...,a’}2 we have:

Z YuSF, flk]tk-H

S<tr<t

(3.68) E[IAM :

] < C~m]flxw1e([tk,tk+1] x [0, T])j

In particular,

Z ylk(SF;;(j,k+l —> 0, in probability as |P| — O.

S<t <t

(ii) In case of Holder continuous processes X and y, one can improve the convergence as follows. Namely suppose that
syl e CV/P and r € C*'P almost surely and that

(3.69) wr(ls, 11 x [0, T]) <Clt —s|, forall (s, 1) € S2([0, T1).
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Furthermore, assume that the uniform partition 0 =ty < --- <t, =T over [0, T] is considered. Then

(3.70) Z ytk(Sth,kH —> 0, almost surely as n — oc.

S<tr<t

Proof. Step 1: A decomposition. Consider (s,t) € S», where we recall that Sy stands for S ([0, T]). With the help of
(3.66) we have the following decomposition

(3.71) Z Yot Fy = Z X;Tk(SF:k]tkH + Pt

s<ty<t s<ty<t

where we denote

(3.72) Tt = Z rstkanijtkH'

s<ti<t

Step 2: Calculations for ér. In the following, in order to estimate 7 we first estimate §7. To this aim we observe that a
simple computation yields 87y, = 8y}, X},. Therefore, starting from (3.72) and using Definition 2.2 for the increment 87,
some elementary calculations show that

. ij Z ij
(Srsut =Tsu E (SFtktk+1 + SrsulkSFtktk+|

u<ty <t u<ty<t
(3.73) ij 1 | g i
=Tsu Z 8Flktk+1 + 8Ysu Z X“’kaF’k’Hl'
u<ty <t u<ty <t

Step 3: Moment estimates of 61 and ¥. We now hinge on relation (3.73) in order to upper bound 7. We start by denoting

1M 1 M ~

yor =14, -y, r =14, -1, r =14, -1,
(3.74) " " "

5" =14, 67, oM(s.t) = E[1a,, - 0(s.1)].

It is easy to see that oM is a control. By the inequalities in (3.67) we also have

su

(3.75) E[[y5MP 1 < oM (s, ), and  E[|rM|”?] < oM (s, u).

We also recall that Hypothesis 2.19 holds with some 2-d control wg.
Next we multiply both sides of (3.73) by 14,,. According to our notation (3.74), we get

~M M 1,.M 1 ij
(376) Srsul = rsu Z 8Ftl1(/tk+1 + (Sysu Z XutkaFtlkjtk+1 .

u<tip <t u<tp <t

We are now in a position to apply Holder’s inequality, Lemma 3.5, Lemma 3.8 and the upper bound (3.75) in order to get
the existence of a constant C > 0 such that

E[|s7M,|] < CoM (s, )7 - wop (15 117)

£ £
sut 2 ‘maxwg (D) %

)

(3.77)

IE

3 _ &
+CoM 5,017 wr(ls, 1) 77 - maxep ([t tisr] X 10, T1)7.

Let us now discuss the exponents in (3.77). Indeed, recall that we have chosen p such that % = 12;;. Therefore, owing to
the fact that p € [1, 2), ¢ can be chosen small enough so that

(3.78) <2+1_8/2>/\<1+3 8) 1
~ vpo=(= ) >
PP\ p P p 20 2p

In the sequel we pick a p such that 1 < u < v, ,. With this notation in hand define a bivariate function & by

305, = (@ (5,027 - 0I5, )7 7)o (M 5,017 - op (s, 117) 7 50) E.
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As a direct application of [7, Exercise 1.9 item (iii)], it is readily checked that @ is a control. In addition, one can recast
(3.77) as

(3.79) E(|s7},]) = € maxe ([t 1] x [0. TN 7 - 5. )",

where we recall that C is a constant that can change from line to line.
Summarizing our considerations for this step, we have obtained that 7 is an increment from S to the Banach space
B = L'(Q). Moreover, relation (3.72) easily entails f,%“ = 0 for any point #, of the partition P, and 7 satisfies (3.79).

Therefore, a direct application of Lemma 2.13 on B = L' (Q) yields
E([7]) = 2K, max o (k. te41] % [0, T1) 7 - (s, ",

Plugging this estimate into (3.71) and combining it with (3.52), the proof of our claim (3.68) is now achieved.

Step 4: Path-wise estimates of F. We now turn to item (ii) in our lemma, assuming Holder-continuity for y, y!, r and
considering uniform partitions of [0, 7] with tx4+; — tx = T /n. In this context, condition (3.69) allows to write the upper-
bound estimate of F' (3.11) in Lemma 3.5 as:

|8 Fs/ ||q <Clt—s|?» - |PIf=Clt —s|p -n"%, forallg>1and (s,1) €S,.
Applying Lemma 3.3 with 7" = F, 8 = % — ¢, and o = ¢ we obtain

.. 1
(3.80) 8F]|<G-(t—s5)p > -n~e/2,

where G is a random variable admitting moments of all orders. In a similar way and with the help of Lemma 3.8, we can
show that

3_
<G-|t—s|r 2 et

Lo
(3.81) > X Fi,

s<tp<t

With those preliminaries in mind, we will upper bound the increment ), <t<t Y8 F, i

i, thanks to relation (3.71).
Namely in the right-hand side of (3.71) we have that almost surely

WS XL sFS, —0. forall(s.n)eS,
S<t <t

thanks to (3.81). Therefore, in order to show (3.70) it remains to show the convergence of 7.

Step 5: Path-wise estimates of 87 and 7. In order to bound 87 in the Holder case, we plug (3.80) and (3.81) into the
expression (3.73) we have obtained for 67. We end up with

" 241 5 _ 143 o _
187 surl < G(Irlloyplt = P77 - n =2 Y1 le = s[2 27070
=1~ G (Irlayp + |5, ) -1 =1,

where similarly to what we did in Step 3, we take 1 < u < v, , with

- 2 1 1 3

Vpop=|—+——2¢e)A|=-+——2¢).

p P p p
Hence one can resort to the Holder version of the sewing lemma contained in Lemma 2.14. We get
7sel < CG(Irllzyp + [ ¥']y,) -0~ =517,
from which we easily deduce
(3.82) lim |rg| =0.
n—oQ

In conclusion, plugging (3.82) and (3.81) into (3.71) we have obtained relation (3.70). The proof is complete. U
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We now handle some weighted sums of the increment X> which will feature in our trapezoid sums.

Lemma 3.10. As in Lemma 3.9, we consider a Gaussian process X whose covariance R satisfies Hypothesis 2.17 with
p €[1,2). We call wg the control defined in Hypothesis 2.19. Let X3 = {X3 (it 1 (s,0) €S0, TD, i, j,£=1,...,d} be
the third order element in the rough path above X and take a sequence of partitions P with mesh |P|. We also consider a

continuous process y such that yy = 0. Then the following holds true:
(1) Let us assume that the increments of y are dominated by a control @ over [0, T]. Namely we suppose that for
all (s,t) € S2([0, T1) we have |8y | < w(s, 1)'/P almost surely, where p is such that l = 12—_; as in Lemma 3.9.

Consider a generic index (i, j, €) € {1, ...,d}>, and recall that Ay is defined by Ay = {a)(O T) < M} for M > 0.
Then we have

s .
(3.83) E[IAM~ > Sy Xyl ]5 C - max wr (Dig) .
s<tr<t ’
In particular,
(3.84) > Sy Xpll, —> 0, in probability as |P| — 0.
S<tr<t

(ii) If we are in a Holder setting, namely y € C'/P and wg verifying (3.69), and if we also consider the uniform partition
P (see Lemma 3.9 item (ii)), then we get

(3.85) Z 8ysn X x>l —> 0, almost surely as n — oo.

Ticlie+-1
s<ty<t

Proof. The proof is very similar to what we did for Lemma 3.9. For sake of conciseness we will only outline some of the
steps, focusing mainly on getting an equivalent of (3.77). Along the same lines as (3.74), we set

M M 3,ijl
Vs =14y s, rg =1ay - Z Systhtktk]H-
s<ty<t
In this context we let the reader check that the equivalent of relation (3.76) becomes

M _ o M 3,ijl
Srsut_syxu' Z Xl‘kfk+|'

u<ty<t

Hence applying Holder’s inequality with p, g such that % + % = 1, invoking Proposition 3.7 and recalling that »™
introduced in relation (3.74), we get

E[|srlf,[] < E[Jsy|"]"" - fokr’k’il
(3.86) U=t

M 1 £ 2\ 5E
< CoM(s,u)"? - max wr(Diw) > - wg([s, 117) %,
k,k’

for a positive constant C. Observe that (3. 86) corresponds to (3.77) in the proof of Lemma 3.9. Also notice that we have
chosen p (with a small enough ¢) so that 1 > + 2p > 1. Otherwise stated, condition (3.78) holds in the current context.
Therefore one can prove our claims (3.83), (3.84) and (3.85) exactly as in Lemma 3.9. O

Remark 3.11. Combining Lemma 3.8 with the above considerations, one can easily extend the conclusions of
Lemma 3.10 to sums of the form

2 ij 1,¢
2 : ‘Sy”k tktk+|XtAtk+1
s<ty<t

Details are ommited for sake of conciseness.
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3.4. Convergence of the trapezoid rule

With the previous preliminary results in hand, we are now ready to give a complete statement and carry out the proof of
our main Theorem 1.2.

Theorem 3.12. Let X be a centered R -valued Gaussian process on [0, T with covariance function R. Suppose that
Hypothesis 2.17 holds true for p € [1,2). Denote the rough path lift of X by X = (X', X%, X3). Next consider an R?-
valued controlled process y of order 3, according to Definition 2.8. Specifically, there exist processes y', y*, r%, r' with
regularities to be specified below and such that

(3.87) Syst = ysIXslt + yszxft + r?t’ (Syslt = yszxslt + Vsltv

where we recall again our Notation 2.7 on matrix products. For a given partition of [0,T]: P={0=1ty<tj <--- <
ty+1 = T} with mesh size | P|, we define the trapezoid rule:
n

T Yo + W1 1
(3.88) =g (0 X) =) = X

k=0

1,i

. d ; ;
1 for the inner product Zi:l (y;k + yt’k+] )Xlktk+1 .

where we denote y; = (ytl, e ytd) and simply write (yy, + yy, ) - Xt

Then the following holds true:

(1) Assume that the framework of Definition 2.8 prevails and call w the control function over [0, T such that for % of

1—¢
the form 2, Wwe have

(3.89) P <w(s,0)¥/?, 8y2| < w(s, /P, ri| < o(s, 0P

Then as the mesh size of the partition |P| goes to 0, we have

T
(3.90) tr- jOT U, X) —> / vs dXs in probability,
0

where the right hand side above designates the rough integral of y against X as given in Proposition 2.12.
(ii) Assume we are in a Holder setting, that is wg verifies (3.69). Then recall that X generates a %-Hb'lder rough path,

and we also assume that r° € C3/'P r' € C?/P and y, y', y* € C'/P. Eventually, consider the uniform partition 0 =
to<--- <ty =T over [0, T] with mesh T /n. Then the convergence in (3.90) holds almost surely.

Remark 3.13. As mentioned in Remark 1.4, our trapezoid sum (3.88) does not involve the derivatives y!, y2 of y. This
is an important point, and we now elaborate on this aspect of our work.

(i) The derivatives of a controlled process are usually non unique, unless X is a truly rough path (see [5, Proposition 6.4]
for a proof). However our main Hypothesis 2.17, as well as (3.69), are just regularity properties of the covariance
function R. They do not imply that X is a truly rough path, for which non degeneracy properties of R are required.

(i) Furthermore, it is possible to find examples for which the rough integral fOT vs dX; does depend on the derivative
process of y. See Example 3.14 below for a concrete case.

(iii) A byproduct of Theorem 3.12 is thus the following: we have found that in a fairly general Gaussian context, the
rough integral of a controlled process y does not depend on the derivatives y!, y2. This side remark is an interesting
result in its own right.

Example 3.14. Related to Remark 3.13, we now provide an example (kindly shared by Xi Geng [8]) of rough integral
depending on the derivative of the integrand, based on a pure area process x. Namely consider the canonical basis (e1, €2)
of R? and the R? @ (R?)2-valued rough path x defined by

(3.91) x, =0, X%, =(-9lerel,

where [e, e2] stands for the free Lie bracket of e; and ej. It is easily checked that x is a rough path according to
Definition 2.6. Moreover X is a %-Hélder rough path, which means that it is a geometric «-Holder rough path for all

o< % (see [7] for a justification).
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In this context consider a controlled process y = (y?, y!), with y9, y! arbitrary but smooth. Since x' = 0, we have

r0=68y0 — ylx! = 5y0. Hence r° is smooth due to the fact that y° is smooth. This yields that y is a controlled process.
Now owing to (2.6), using the notation of Proposition 2.12 and invoking (3.91) we have

T T
— _ 1
/0 ys dXs = |7L1|r20 § ylkxfktk+1 + ykatklk+l = (/(; Vs ds) le1, e2].

0<t,<T
It is thus obvious that fOT ys dx,; depends on the derivative y'.
With those few remarks in hand, we can now turn to the proof of our main theorem.

Proof of Theorem 3.12. Proceeding with the implicit assumption that we sum over #; € P, omiting the summation sign
for notational convenience we get

1 1
(3.92) - Jg QuX)—-y@~X%mH-+25nuh4-quﬂ‘
Hence plugging the decomposition (3.87) into (3.92) and invoking Notation 2.7 on matrix products with m = d, we obtain

1
T 0 1
(3.93) =Ty 00 X) =y Xy, + z(yfk wter TV X i) Ko

Let us rearrange the right-hand side above by setting

3

Iy =yy - Xlklk+1 + ylk tklk+1 + ytk lklk+1’
b Lolxl oyl 1y

zytk T lk41 T lk41 ylk Ttk+1°
I3 Loy xi X3

zytk Teli+1 Teli+1 ytk Tlk+1°

1

14 2r1k1k+1 Xlktk+1’

where we have written u - v for inner products of vectors as well as matrices. Then one can recast (3.93) as

(3.94) t-Jl (v, X) =1+ L+ I3 + Iy.

Now we analyze the terms Iy, ..., I4 in (3.94) in order to prove (3.90). We will focus on the assumptions and conclusions
of item (i), item (ii) being treated along the same lines.

First we observe that I is exactly of the form (2.6), with p < 4 and thus m = 3. Hence a direct application of
Proposition 2.12 yields the almost sure limit

T
I —>/ ydX as|P|— 0.
0
Let us now analyze the term /5 in (3.94). To this aim, an elementary examination of matrix indices reveals that

1
vl 2
(3.95) L=y, - <2 ey @ thtk+1 Xfle-H)

Furthermore, since X is a geometric rough path, notice that a consequence of (2.2) is that for all (s, ) € S2([0, T]) we
have

1
Sym(Xft) = Eth ® Xslr

Hence one can write (3.95) as

d
_ 1 . 1 1/ 2 Ji 2,ij
I = —y, - Antisym(X tmm Z Xitean — X’k’k+1)ij'
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Thanks to our definition (3.10) of the increment F, this becomes

d
1 1
(3.96) L= 5 E Vi W ((SFl{cltk+l 5Ftlkjtk+l)
i, j=1

Hence owing to identity (3.96), and since we have assumed that the increments of y! are dominated by the control w,
Lemma 3.9 item (i) shows that

lim I, =0, in probability.
|P|—0 2 P y

We now handle the sum /3 in (3.94). To this aim, we resort to Lemma 3.10 item (i) for the terms ytzk X3 and to

Titk+1

Remark 3.11 for the terms yth We end up with

tktit1 fk Tet1°

lim /3 =0, in probability.
P 3 p y

In order to show the convergence in (3.90), it remains to show that /4 — 0 in probability. Towards this aim, recall from
Definition 2.8 that the increment r,(,)(thr . is dominated by w (#, tk+1)3/ P Hence for a small ¢ > 0 we get

1

3
4] = Z [TED S = 2 D o ) PIX  povar 1)
0<Zk<T 0<t<T
(3.97) |
3 —
Em];clxw(fk Sk’ - Z @ (s 161> PENX N povar, 1t 11+
0<t; <T
Now set

(s, 1) = (s, 0P | X | povarfs.i]s (5.1) € Sa.

Using the same argument as for (3.79), it is easy to see that @ is a control. Therefore, by the super-additivity of & we get
1 £ 3/p—e
la] = 7 max (@, fit1) ~w(0,7) 1 X1l p-var,[0,T1-

Since maxy w(fy, tx+1) — 0as |P| — 0 it follows that I4 — 0 almost surely. This completes the proof of (3.90). Moreover,
recall that claim (ii) in our statement is obtained easily by adapting slightly the considerations above, similarly to what
we have done in Lemma 3.9. This completes the proof of our theorem. ]

As mentioned in Theorem 1.2, typical examples of controlled processes are given by solutions of rough differential
equations and processes of the form y = f(X). Hence one can apply Theorem 3.12 in order to get a trapezoid rule (3.88)
for f(X). However, we would also like to consider Riemann sums which are closer to the ones handled in [1,12]. This is
why we wish to consider sums fo the form:

n—1
Xi + X4,
(3.98) m-Jg (f(X). X) Zf( e )SX

k=0

We now state a corollary of Theorem 3.12 giving the convergence of m-jOT (f(X), X) above.

Corollary 3.15. Let X be as in Theorem 3.12. Consider function f € Cg (R4 and the midpoint rule m-jOT(f(X), X)
defined by (3.98). Then we have

T
(3.99) m-JJ (f(X), X) — /0 F(Xy)dX,

as the mesh size |P| — 0. As in Theorem 3.12, the convergence holds in probability if p-variation regularity is considered,
and almost surely if Holder continuity is assumed.
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Proof. We first recall that for a, b € R? we have the following mean value identity

f@+f®  fatb\ 1, . (b—a_b-a
(3.100) 5 —f( > )—23 f(c)( > ® 5 >,

where ¢ € R? satisfies ¢ = a + 6 (b — a) for some 6 € [0, 1]. Let us take the difference of (3.88) and (3.98) and then apply
the mean value identity (3.100) with a = X;,, b = X;,_,. Then we obtain

n—1

1
(3.101) =T (f(X), X) = m-Jg (£, X) = 2 D0 F@6 X0y 8K ) - X
k=0

with ¢ = X, +606X,,4, ., . In order to prove (3.99), it suffices to show that the right-hand side of (3.101) converges to zero.
To this aim, we observe that

(3.102) 3 f(c) =% f(Xy) +00° f(d)8 X1ty

where d = X; + A3 Xy, for some A € [0, 1]. Substituting (3.102) into the right-hand side of (3.101) we obtain two
terms. It is then easy to see that one of the two terms is in the form of } o, _7 ¥y X?klk+1 with y = 9 f(X). It then
follows from Lemma 3.10 that it converges to zero. The other term can be treated in a similar way as for 14 in (3.97),

which completes the proof. |
3.5. Applications

In this section we will briefly list some important examples of Gaussian processes satisfying our standing Hypothesis 2.17.
Notice that in the current paper we only request V,(R) < oo with p € [1,2), which is a weaker condition than in [4],
and certainly weaker than in [9]. Hence all the examples listed in those two references also apply to our context. We just
highlight some of them below.

(i) The most obvious example is given by a fractional Brownian motion (fBm) B! for which the covariance function
R in (2.9) is given by

1
R (s,1)= 5(;”’ + 527 — | —52H).

Then R¥ satisfies Hypothesis 2.17 whenever H € (Alf, 1), with wg ([s, %) = |t — s|. One can also verify that (3.69)
holds.

(ii) If one considers a process X given as X = BH 4+ BH2 with H|, H, € ( }—1, 1) and two independent R9-valued fBms
B and B2, then one can also apply our main Theorem 1.2 to X, with R(s, 1) = R"1 (s, t) + R™2(s, 1).

(iii) The bifractional Brownian motion, introduced in [13] is a centered Gaussian process whose covariance R-X is
given by

RTK (s 1) = 2%((:” + 21K — s PHK,

This process generalizes fBm (obtained for K = 1), and fulfills our Hypothesis 2.17 whenever HK € (1/4,1).
(iv) We refer to [4] for a thorough exploration of random Fourier series, some of which yield a control such that
wr([s, t]%) # |t — s|, but still satisfying Hypothesis 2.17.
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