VOLTERRA EQUATIONS DRIVEN BY ROUGH SIGNALS 2:
HIGHER ORDER EXPANSIONS

FABIAN A. HARANG, SAMY TINDEL, AND XIAOHUA WANG

ABSTRACT. We extend the recently developed rough path theory for Volterra equations from [12]
to the case of more rough noise and/or more singular Volterra kernels. It was already observed
in [12] that the Volterra rough path introduced there did not satisfy any geometric relation, similar
to that observed in classical rough path theory. Thus, an extension of the theory to more irregular
driving signals requires a deeper understanding of the specific algebraic structure arising in the
Volterra rough path. Inspired by the elements of “non-geometric rough paths” developed in [11]
and [14] we provide a simple description of the Volterra rough path and the controlled Volterra
process in terms of rooted trees, and with this description we are able to solve rough Volterra
equations driven by more irregular signals.

1. INTRODUCTION

1.1. Background and description of the results. Volterra equations of the second kind are
typically given of the form

t t
Yt = Yo +/ k1(t, s)b(ys)ds +/ ko(t, 8)o(ys)dzs, yo € R™ (1.1)
0 0

where b and o are sufficiently smooth functions, z : [0,7] — R? is a a-Holder continuous path
with a € (0,1), and k; and kg are two possibly singular kernels, behaving like [t — s|~7 for some
v € [0,1) whenever s — t. Such equations frequently appear in mathematical models for natural
or social phenomena which exhibits some form of memory of its own past as it evolves in time (see
e.g. [3] and the references therein). Most recently, Volterra equations of this form have become
very popular in the modelling of stochastic volatility for financial asset prices. In this case the
kernels ki (t, s) and ks(t, s) are typically assumed to be very singular when s — ¢, and the path z
is assumed to be a sample path of a Gaussian process (see e.g. [10, 9, 4]).

Whenever the driving noise = is sampled from a Brownian motion (or some other continuous
semi-martingale), one may use traditional probabilistic techniques from stochastic analysis (see
e.g. [17, 18]) in order to make sense of equations like (1.1). However, for more general driving noise
x with rougher regularity than a Brownian motion, very little is known about solutions to Volterra
equations. Inspired by the theory of rough paths [15], it is desirable to solve equation (1.1) in
a purely pathwise sense relying only on the analytic behaviour of the sample paths of x. This
would in particular allow to solve such equations driven by non-martingale stochastic processes in
a pathwise way. However, due to the non-local nature of the equations induced by the kernels k;
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and ko, the theory of rough paths can not directly be applied in order to solve singular Volterra
equations of the form of (1.1). Indeed, the fundamental algebraic relations satisfied by a a classical
rough path do not hold when the signal is influenced by a possibly singular kernel. Let us mention
at this point a few contributions in the rough paths realm trying to overcome this obstacle:

(i) The articles [7, 8] handle some cases of rough Volterra equations thanks to an elaboration
of traditional rough paths elements. However, the analysis is only valid for kernels with no
singularities.

(ii) The paper [16] focuses on Volterra equations from a para-controlled calculus perspective,
with possibly singular kernels and rough noise. In contrast to the methodology proposed in [12],
the framework is based on Besov spaces providing a slightly more flexible framework. At the
moment the framework is limited to the type of Volterra kernels of the form k(t,s) = k(t — s).
However, the conditions under which existence and uniqueness of the Volterra equation holds
(In Hoélder-Besov space) is similar to the conditions derived in [12]. Being based on the theory
of para-controlled calculus, it seems challenging to lower regularity assumptions on the driving
noise or singular kernel. It might be possible to do this with the recent developments of higher
order para-controlled calculus proposed in [1], but we are not aware of further extensions in this
direction.

(iii) The contribution [4] investigates Volterra equations through the lens of regularity struc-
tures. The Volterra equations considered there are driven by a Brownian motion, and infinite-
renormalization techniques are invoked in a similar spirit as is used for singular SPDESs, in contrast
to what is considered here. However, in terms of regularity assumptions on the nonlinear vector
field in the Volterra equation, their results are indeed comparable to [12], and what is considered
here. The framework of regularity structures is indeed promising for extensions of the rough path
theory to Volterra equations with singular kernels, but requires a heavy machinery in order to deal
with a problem that can otherwise be handled with more elementary arguments based on rough
paths theory (as illustrated in [12]).

With those preliminary notions in mind, in the recent article [12] we initiated a rough path
inspired study of singular Volterra equations, in a reduced form of (1.1) given by

Uy = U —{—/0 k(t,r)f(u,)dx,, (1.2)

where f is a sufficiently regular function, x is a Holder continuous path, and k is a singular kernel.
To this end, we define

A=A, ([a,0]) = (21, ..y 20) €0, | a <2y < -+ <z, < b} (1.3)

Next we introduce a class of two parameter paths z : Ay — R? needed to capture the possible
singularity and regularity imposed by the kernels k; and ko and the driving noise x in (1.1). These
paths will then constitute the fundamental building blocks of the framework. The canonical
example of such path is given by

t
2] ::/ k(r,s)dxs, where t <7 €l0,T]. (1.4)
0

For the moment, we may assume that x is a sufficiently regular path z : [0, 7] — RY, and k(t, s) is
an integrable (but possibly singular) kernel when s — ¢, so that the above integral makes pathwise
sense. We observe in particular that ¢ — 2! is just a standard Volterra integral (commonly referred
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to as a Volterra process in stochastic analysis). Heuristically one may think that the regularity
arising from the mapping 7 — 2] is induced by the behavior of the kernel £ while the regularity
of the mapping ¢ — 2] is inherited by the regularity of x. By construction of a Volterra sewing
lemma, we observed that this was indeed the case, even when x is only a-Hélder continuous for
some « € (0,1). In general, we thus define a class of two variables paths in terms of the regularity
in its upper and lower variable. This lead us in [12] to introduce two modifications of the classical
Holder semi-norms. The corresponding processes were then called Volterra paths.

Motivated by processes of the form (1.4), we constructed Volterra signatures as a collection of
iterated integrals with respect to two-parameters Volterra paths. We also introduced a convolution
product *, playing the role as the tensor product ® in the classical rough path signature. The
signature is then given as a family three-variable functions {(s,t,7) +— z;." },en, where, in the case
of smooth z, each term is given by

7, = / k(r,m) .. k(ry,r)dz,, ® - @dx,,, (1.5)
An([sst])

where we recall that A,([s,]) is defined by (1.3). The algebraic structure associated with such
iterated integrals resembles that of the tensor algebra of rough path theory, but where the tensor
product is replaced by the convolution product. Together with Volterra signatures, we defined
a class of controlled Volterra paths. Combining those two notions, it allowed to give a pathwise
construction of solutions to Volterra equations of the form (1.1). Similarly to the theory of rough
paths, the number of iterated integrals needed in order to give a pathwise definition of a rough
Volterra integral is strongly dependent on the regularity of the path x € C%([0,T];R?) and the
singularity of the kernel k. Under the assumption that |k(t, s)| behaves like |t — s|™7 when s — ¢,
the investigation in [12] was limited to the case when oo — v > %, and thus only considers the first
two components of the Volterra signature.

Our article [12] therefore left two important open questions, related to both the algebraic and
probabilistic perspectives on rough paths theory:

(i) Algebraic aspects: Are there suitable algebraic relations describing the Volterra signature which
are adaptable to prove existence and uniqueness of (1.1) in the case when oo — vy < %?

(i) Probabilistic aspects: For what type of stochastic processes {z;; t € [0,T]} and singular kernels
k does there exist a collection of iterated integrals of the form of (1.5) almost surely satisfying the
required algebraic and analytic relations?

The current article has to be seen as a step towards the answer of the algebraic problem mentioned
above. Namely we investigate the case when o« — v € (}1, %], and leave the probabilistic problem
for a future work.

The rough Volterra picture gets significantly more involved when introducing a rougher signal x
or a more singular kernel k. Indeed, the main challenge lies in the fact that the Volterra signature
does not satisfy any geometric type property, in contrast with the classical rough paths situation.
That is, classical integration by parts does not hold for Volterra iterated integrals, and therefore
we do not have a relation of the form

z; + (20)" = 2] x 2], (1.6)

where ()7 denotes the transpose. Thus in order to consider o — vy lower than %, one needs to

resort to different techniques than what is standard in the theory of rough paths.
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Inspired by Martin Hairer’s theory of regularity structures, we will in this article show that
the Volterra signature is given with a Hopf algebraic type structure. Hence with the help of a
description by rooted trees for the Volterra rough path, we are able to describe the necessary
algebraic relations desired for the Volterra rough stochastic calculus. We will limit the scope of
the current article to the case when o« — v > 71’ and show that in order to prove existence and
uniqueness of (1.1) in a “Volterra rough path” sense, one needs to introduce two more iterated
integrals, as well as two more controlled Volterra derivatives than what is needed in the case

a —v > L. We believe that the techniques developed here are an important stepping stone

3
towards the goal of providing a rough paths framework for Volterra equations of the form of (1.1)

in the general regime a — v > 0.

Remark 1.1. In fact, very recently (that is a few months after the first preprint of the current
article was submitted), Bruned and Katsetsiadis [5] were able to extend the framework of Volterra
rough paths proposed in [12] to any Holder continuous noise with suitable (but possibly singular)
Volterra kernel. Their methodology is strongly influenced by the algebraic techniques of regularity
structures, but some extra care has been taken towards algebraic aspects related to the extended
convolution product. The contribution [5] provides thus a rather complete picture of the algebraic
structure of Volterra rough paths.

1.2. Motivation from Volterra integral expansions. This section is devoted to give some
heuristic insight on our approach to Volterra integration in a very rough context. All the notions
alluded to here will be introduced rigorously in the next sections. Namely in a similar spirit to
the classical rough paths theory, Volterra rough paths rely on the interplay between controlled
processes and iterated integrals. As already mentioned, in the Volterra context the notion of tensor
product is replaced by a convolution product. This results in a far more complicated structure
on both the controlled processes and the iterated integrals, as more parameters appear in both
expressions. To motivate this, we slightly rewrite the equation (1.2) in order to make the solution
a Volterra path (which is a two parameter path, see equation (1.4) and discussion below):

Uy = up + /0 k(r,r)f(a))dz,. (1.7)

Note that in this case u! = u; where u solves (1.2). Heuristically, for 7 > ¢ the regularity 7 — @]
is inherited from the regularity of the kernel k, while the regularity of ¢ — ] is inherited from
x. The splitting of the variables thus allows us to look for regularity contributions from the two
components separately. Similarly to the theory of rough paths, we can now consider a Taylor type
expansion of the integral, but where we only look at the expansion in terms of the lower parameter
t = @]. To this aim, let y : Ay — R? be a smooth Volterra process and let f € Cf°(R?) be a
bounded smooth function. Consider the Volterra integral

t
| ke (19
An elementary expansion of f(y!) around the point y gives the relation

/Mmmmm:/uwmwm+/mmmwwmw/mem%<w

where R is a remainder term from the Taylor expansion and where we have set y,, = y. —y.. Again,
inspired by the rough paths formalism, suppose y is a controlled process (in the lower variable),
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in the sense that there exists a “derivative” y' : Az — L(R%R™) and a function R : Ay — R™
such that for all s <t <7

¢
Yrs :/ k(r,u)y:""dz, + R],. (1.10)

We can think of this as “for each 7 > 0, the increments of y” are controlled by two functions
(y"", R™)”. As seen from the expansion (1.9), for each 7 the derivative process y™ must then be a
Volterra process (i.e. a two variable function), thus making it a three variable function. Inserting
the relation in (1.10) into (1.9), it is readily seen that

/k(T,r)f(y;)dxr:/ k:(T,?")f(yf;)da:er/ k(T,r)Df(yf;)/ k(r,w)y""dx, dx,
+/tl{?(T,T)R;sdl’T—i—/tk(T,T)R:SdIT. (1.11)

In the first two terms on the RHS we see that the lower variable is fixed, and integration is only

appearing in the upper variable. As in (1.5), these considerations lead us to define the tuple
(z!,2?) : Ay — R4 @ R4 by

t t T
z,) ::/ k(r,r)dz, and z.7 ::/ / k(r,r)k(r,u)dz,dx,. (1.12)

If we denote by y! a function of 1 upper variable and by y*? a function of 2 upper variables (see
Notation 2.24 below), we can introduce a new notation:

a7+ 1) = [ r s,
z; + (Df(yo)yet?) = / tk(ﬂ r)Df(yL) / rk(r, w) Yy da, dx, .

Then the relation in (1.11) can be written as

/k‘( r)f(yy)de, = 2z, f(y§)+Zf;T*(Df(yi)le’Q)ﬂL/ k(r,r) R da, (1.13)

where R = R+ R. The structure of this expansion greatly resembles the expansions from classical
rough paths theory. However, the tensor product ® is now replaced by the convolution product .
So far, we have assumed that all functions appearing in the above expansions are smooth, and
so there is no difficulty in defining each of the terms, or the convolution product. In the rough
setting, the existence of the convolution product must be justified in order that such expansions
make sense.

Let us say a few words about the way to define the integral in the left hand side of (1.13). It
will be based on a Volterra type sewing lemma applied to the integrand

=5 =2, * f(yr) + 257« (Df(yD)ys"?) . (1.14)

Notice that =™ above is amenable to a sewing lemma only if z" satisfies a specific Chen type
relation involving convolution products. Namely we assume that for s < ¢t < 7 we have

2,7 2,7 2,7 1,7 1,
z;) — 2 — 7] =2, x2Z, (1.15)

us us?
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where the convolution on the right hand side is in the sense that
t u
z,) * 2zl = / k(T,r) / k(r,u)dz,dz,. (1.16)

We should also briefly discuss the definition of z! and z?. In the setting when ¢ — z; is a-Hélder
continuous with o < %, the existence of z! and z? does not follow from simple analytical arguments
in general, and thus the relation (1.15) is not obvious. Similarly to what is done in the theory of
rough paths, z! and z2 may be constructed by using probabilistic arguments in the case when the
driving noise x is given as a sample path of a stochastic process. A deeper investigation of this
probabilistic construction is dealt with in the forthcoming paper [13].

As explained in [12], the expansion proposed in (1.14) is only sufficient in the case when o > %
and k is a possible singular kernel, not exploding “too fast” on the diagonal. To extend the theory
to a < %, one needs to introduce more terms in the Taylor like expansion (1.9) to create a suitable
integrand to be used in the sewing lemma. In the current article we extend the regime to the case
a > }1, under suitable singularity conditions for &£. To this end we have to introduce two extra
levels of iterated integrals and two extra controlled processes. In order to give a flavor of what
is to be expected for higher order expansions, our considerations for the third order case will be

based on a family of processes indexed by trees.

The particular challenge when extending to lower regularity is that the extra controlled processes
will depends on three (rather than two) upper variables, requiring extra arguments to make sure
that the convolution product is well defined. Additionally, the non-geometric nature of the Volterra
rough paths, as described before equation (1.6), makes the corresponding iterated integrals algebra
much more complicated and requires extra care. This will be elaborated in the coming sections.

1.3. Organization of the paper. In Section 2 we provide the necessary assumptions and prelim-
inary results from [12]. In particular, we give the definition of Volterra paths, recall the Volterra
sewing lemma and the convolution product between Volterra paths. Those results will play a
central role for our subsequent analysis. Section 3 is devoted to the extension of the sewing lemma
from the previous section to the case of two singularities, and we will apply this to create a third
order convolution product between Volterra rough paths. In Section 4 we motivate the use of
rooted trees to describe the Volterra rough path, and give a definition of controlled Volterra pro-
cesses analogously. With this definition we prove both the convergence of a rough Volterra integral
with respect to controlled Volterra paths, and that compositions of (sufficiently) smooth functions
with a controlled Volterra path are again controlled Volterra paths. We conclude Section 4 with
a proof of existence and uniqueness of Volterra equations driven by rough signals in the rougher
regime.

1.4. Frequently used notation. We reserve the letter £ to denote a Banach space, and we let
the norm on E be denoted by |- |z. In subsequent sections, E will typically be given as R? or
L(R™ R?) (The space of linear operators from R™ to RY). We will write a < b, whenever there
exists a constant C' > 0 (not depending on any parameters of significance) such that a < Cb. The
space of continuous functions f : X — Y is denoted by C(X,Y’). Whenever the codomain is not
important, we use the shorter notation C(X). To denote that there exists a constant C' which
depends on a parameter p, we write a <, b. For a one parameter path f : [0,7] — E, we write
fis := fi — fs, with a slight abuse of notation, we will later also use this notation for two variable
functions of the form f : [0,7]> — RY, where f;; means evaluation in the point (s,t) € [0,7T]%.
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We believe that it will always be clear from context what is meant. For o € (0, 1), we denote
by C%([0,T]; E) the standard space of a-Hélder continuous functions from [0, 7] into F, equipped
with the norm || fl|ce := |fo|g + || f]|a, Where || f|lo denotes the classical Hélder seminorm given by

s
1flla= sup !

(s,t)EA2 |t - Sla

(1.17)

Whenever the domain and codomain is otherwise clear from the context, we will use the short
hand notation C*. We recall here that the n-simplex was already defined in (1.3). Throughout
the article, we will frequently use the following simple bounds: for (s, u,t) € Az and v > 0, then

lt—u|” S|t—s|” and |t —s|77 S|t —ul.

2. ASSUMPTIONS AND FUNDAMENTALS OF VOLTERRA RoucH PATHS

We will start by presenting the necessary assumptions on the Volterra kernel k, as well as the
driving noise z in (1.2). A full description (together with proofs) for the results recalled in this
section can be found in [12].

Let us begin to present a working hypothesis for the type of kernels k, seen in (1.2), that we
will consider in this article.

Hypothesis 2.1. Let k be a kernel k : Ay — R, we assume that there exists v € (0,1) such that
for all (s,r,q,7) € Ay ([0,T)) and n, B € [0,1] we have

k(r ) S |r =

k(r,r) = k(g,r)| Slg—r]77 " —q”
k(r,r) —k(r,s)| S|r—r| 7" r —s|"
k(r,r) =k (q.r) =k (r,8) + k(q.8)| Slg =777 |r — s/’

|k (r,r) = k(g r) =k (m,s) +k(q,8) Sla—r["|m—ql”.
In the sequel a kernel fulfilling condition the Hypothesis 2.1 will be called Volterra kernel of order .

Remark 2.2. We limit our investigations in this article to the case of real valued Volterra kernels
k for conciseness. The Volterra sewing lemma, and most results relating to Volterra rough paths
are however easily extended to general Volterra kernels k : Ay — L(E) for some Banach space E,
by appropriate change of the bounds in 2.1, see e.g. [6, 2] where the Volterra sewing lemma from
[12] is readily applied in an infinite dimensional setting.

As mentioned in the introduction, one of the key ingredients in [12] is to consider processes
(t,7) — z] indexed by A, (where we recall that the simplex A, was defined in (1.3)). We begin
this section with a recollection of the Holder space containing such processes and introduce the
Volterra sewing Lemma 2.13, we will then move on to introduce the convolution product and
discuss its relation with the Volterra signature.

2.1. The space of Volterra paths. We begin this section by recalling the topology used to
measure the regularity of processes like (1.4), and give a simple motivation for the introduction
of this type of space. Before defining the proper spaces quantifying this type of regularity, let us
introduce a notation:
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Notation 2.3. Let (a,v) € (0,1)? be such that o > . For (s,t,7) € Az, we set

1/1;7(7',15, s) = UT —t|7t — sm At —s]*77. (2.1)

Considering (s,t,7',7) € Ay and two additional parameters ¢ € [0, — ) and n € [(, 1], we also
set

wi’i’m(ﬂ ' t,s) = |t — 7" — t\_("_o ([|T’ — Tt — s]a} At — s]a_'y_g) ) (2.2)

Whenever the subscript parameters and the function arguments are not of particular relevance, we
will refer to these functions as ¥' and ¥%? for short.

We are now ready to introduce some functional spaces called V(@770 which are also used in
the definition of V(®?) in [12]. Those spaces are natural function sets when dealing with Volterra
type regularities.

Definition 2.4. Let E be a Banach space, and consider four parameters o, 7 in (0,1) and ¢, n
in [0,1] satisfying

p=a—vy>0, 0 < ¢ <inf(p,n) (2.3)

We define the space of Volterra paths of index («,7,n,(), denoted by V@119 (Ay; E), as the set
of functions z : Ny — E, given by (t,7) w— 2], with the condition z§ = zy € E for all 7 € (0,T],
and satisfying

2l @rn0) = l2l@ma + 12l @rmor2 < oo (2.4)
Recalling Notation 2.3, the 1-norms and (1,2)-norms in (2.4) are respectively defined as follows:
|24l
12l (@)1= sup ———r, (2.5)
) (s,t,T)EAS @Zjé,w(,ra t 8)
2T
Izl @rmcyr2 = sup ] (2.6)

12 ’
(S7t7T/aT)€A4 wa7'\/’777< (7-7 Tl? t? 8)
. . / / . .
with the convention z[, = 2z — 2zl and z[] = z{, — z],. Notice that under the mapping
z = |zo0| + |2l @rmo)»

the space V@719 (Ay; E) is a Banach space.

Whenever the domain and codomain is otherwise clear from the context, we will simply write
Plerml) = V@rnQ(Ay; E). Throughout the article, we will typically let the Banach space E be
given by R? or £(R?).

Remark 2.5. As will be proved in Theorem 2.14 below, the typical example of path in V(779 is
given by 27 defined as in (1.4), with suitable assumption on k and x. Note also that C%([0, 1]; R?) C
VYm0 (Ay(10,1]); R?) for any v € [0,1). Indeed, for a path x € C®, define 2] = z;. Using that
[t — s]* < |7 — s|% it is readily checked that |zf| < |7 —¢|77[t — s|* A |7 — s|* Furthermore,
27 =0, and thus ||z||(aqm.c) < 0o for any v € (0, 1).

Remark 2.6. We will also consider functions u : A3 — R?, which, with a slight abuse of notation,
will be denoted by the mapping (s,t,7) + ul,. We then define the space V@77 (Az: R?) analo-
gously as in Definition 2.4, but where the increments of the path (¢,7) +— 2] in the lower variable,
appearing in (2.5) and (2.6), is simply replaced by the evaluation u], and u], — u], respectively.
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Remark 2.7. Similarly as for the classical Holder spaces, we have the following elementary em-
bedding: for 3 < a € (0,1), with 8 —~ > 0, we have V(@7m¢) <y PBE1O  Indeed, suppose
y € V@19 it is readily checked that

el S [Im =t = sy Alr = s < T ([l =t 7]t = 1] A7 = s777)

and thus [|y[/s4)1 < T ||yll(ay),1- Similarly, one can also show that ||y||sn.0.12 < T 1Yl (@nmo) 1.2,
and thus |yl 5400 < TPyl @rmo)-

Remark 2.8. While the parameters a and v in Definition 2.4 are the two parameters that one
can say truly captures the regularity of a Volterra path, the extra parameters n and ( are needed
in order to obtain full information about the regularity of the rectangular increment thST/. In
Proposition 2.10 we will see that when n = o — v and { < 7, the restriction of the Volterra
path given by t — 2! is contained in C*77. In later analysis of rough integration in Section 3
and subsequent sections, we will require that 7 is a parameter closer to 1 in order to define the
convolution type integrals. Thus the parameters n and ¢ works as “fine tuning” parameters, to
obtain the as much information as possible about the regularity of the process.

The following lemma gives useful embedding results for V(®7) related to variations in the sin-
gularity parameter +. It justifies the use of the extra parameters 7, ¢ in ¢2.

Lemma 2.9. Let a,y € (0,1), n,¢ € [0,1] satisfy (2.3). Then for the spaces V7" given in
Definition 2.4, the following inclusion holds true:

VY@t — 1Bo+27,29m.0) — (Bo+37,37.0.0) (2.7)

Proof. We will prove the second relation: V(3¢+27:27m.0 < PBer+37:37:0.0) - the first relation being
proved in a similar way. Moreover, in order to prove that V(327270 <« PBr+31.37:m.0 e will
show that ||z||sp+3v,3vm0) < [12]l3p+29.27.m0)» for the (a,v,7n,()—norms introduced in Definition
2.4. Also recall that the (o, 7, n,()—norms are defined by (2.5) and (2.6). For sake of conciseness
we will just prove that

12l o473 < 12l o+2v2m.1s (2.8)
and leave the similar bound for the (1,2)—norm to the reader.

In order to prove (2.8), we refer again to (2.5). From this definition, it is readily checked that
(2.8) can be reduced to prove the following relation:

[|7 =t 727t = s Afr = s S (|7 — 7] — s A |7 — 5] (2.9)

The proof of (2.9) will be split in 2 cases, according to the respective values of |7 —¢| and |t — s|.
In the sequel C] designates a strictly positive constant.

Case 1: |7 —t| < Cy|t — s| . Let us write
|7 — 8% = |7 — 5|7 — 5|72,
Then if |7 — t| < Cy|t — s|, one has |7 — s|*** = |7 —t +t — s[>™?7 < |t — s|*’727. Hence we get
T — s S|t — 8P — 5|7 S|t — s — 8. (2.10)
Relation (2.9) is then immediately seem from (2.10).
Case 2: |1 —t| > C4|t — s| . In this case write

—t\”
|t _ S’3p+2’y’7_ _t’foy _ |t o S’3p+3’y’7_ _t’f&y (|T |> '
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Then resort to the fact that |7 —t| > Ci|t — s| in order to get |7 — t|?|t — s|77 > C]. This yields
[t = s Pt — |70 2 = s — 27

from which (2.9) is readily checked.

Combining Case 1 and Case 2, we have thus finished the proof of (2.9). As mentioned above,
this implies that (2.8) is true and achieves our claim (2.7). O

We conclude this section with a fundamental property of the Volterra paths, relating them
directly to classical Holder paths when restricted to the diagonal of A,.

Proposition 2.10. Let o,y € (0,1) such that p = o« — v > 0. Suppose that for n = p — € for
some arbitrarily small € > 0, and ¢ = n, we have z € V@119 where V@119 s introduced in
Definition 2.4. Then the restriction of z to [0,T] given by t — z! is contained in CP~.

Proof. By adding and subtracting 2! and the triangle inequality, we see that

AR EARI (2.11)
Using the norms given in Definition 2.4, it follows that the term |zf,| above satisfies
2] < Nzl @malt — s1”. (2.12)

Also recall from Definition 2.4 that zj = 0. Therefore adding and subtracting 0 = z°, we can
bound the second term in the right hand side of (2.11) as follows:

Sl= t—s|"|s — s| 77|

|Z |Z§8| S ||z||(a7777]7<)71’2

where |s — s|77"¢ = 1 since = ¢ and we understand the inequality by continuous extension of z,
e 2! =lim, 2% Thus we get

1271 < Izl = 5178 (2.13)
Combining the estimates in (2.12) and (2.13) concludes the proof. O

2.2. Volterra Sewing lemma. We begin with a recollection of the space of abstract Volterra
integrands, to which the Volterra sewing Lemma 2.13 will apply. The typical path in this space
exhibits different types of regularities/singularities in its arguments, similarly to Definition 2.4.
As a necessary ingredient in the subsequent definition we introduce a particular notation, which
will frequently be used throughout the article.

Notation 2.11. Recall that the simplex A, is defined by (1.3). For a path g : Ay — R and
(s,u,t) € Az, we set

Ougts = Gts — Gtu — Jus (2.14)
We will consider § as an operator from C(Asy) to C(As), where C(A,) denotes the spaces of con-

tinuous functions on A,,. Notice that even for paths g possessing upper variables, the operator §
only acts on the lower variables.

Definition 2.12. We consider 6 parameters a, v, r in (0,1), n, ¢ in [0,1] and § > 1 satisfying
f—k>a—v>0, and 0<¢ <inf(p,n), (2.15)

where p = o — . Denote by V(@71:0Bx0.0) (Ag; ]Rd), the space of all functions = : A — R such
that

||E||(047’Y,777<)(5:“:T]7C) = ||5||(amn,C) + ||55||(5,w7,c) < 00, (2-16)



VOLTERRA EQUATIONS DRIVEN BY ROUGH SIGNALS 11

where ¢ is introduced in (2.14) and the norm || Z1|(aqmnc) s given by (2.4) (see also Remark 2.6).
Similar to Definition 2.4, the quantity ||0= || (s,e.c) is defined by

10=(.rmc) = 0= N (s.m)1 + 0= (8,0m.0).1,25 (2.17)

and the 1-norms and (1,2)-norms in (2.17) are respectively defined as follows:

— [=h
55 —  sup —omZusl 2.18
H H(ﬁﬂ)’l (s,m,t,T)EAY Q/},Bn(T t 8) ( )
- 10, =7
0=l (skmc)12 = sup : (2.19)

(s,m,t, 7/, T)EAS wﬁl@nC(T 7! t 3)

where ' and V"2 are given in Notation 2.3. In the sequel the space V@V 1OBEM will be our
space of abstract Volterra integrands.

With these two Volterra spaces in hand, we are ready to recall the Volterra sewing Lemma
which can be found, together with a full proof, in [12, Lemma 21].

Lemma 2.13. Consider the same exponents ., 3, k,n,C as in Definition 2.12, satisfying con-
dition (2.15). Let V(@1mQ)B:rn¢) qnd Y@ pe the spaces given in Definition 2.12 and Defini-
tion 2.4 respectively. Then there exists a linear continuous map I : V(@71 Brn.C) (Ag;Rd) —
PlesynC) (Ag;Rd) such that the following holds true.

(i) The quantity T(Z7)ss := limypj0 321, yjep Sou €Tists for all (s,1,7) € Az, where P is a generic
partition of [s,t] and |P| denotes the mesh size of the partition. Furthermore, we define Z(Z7); :=
Z(Z7)0, and we have that T(Z7 )y =Z(E7)y — Z(Z7),.

(11) Recalling the Notation 2.3 of ' and 2, for all (s,t,7) € A3 we have

Z(Z7)s — =51 SN0Z 5000 V5.4(7: 1, 5), (2:20)
while for (s,t,7',7) € Ay we get
J— p— —_ 1,2
Z(E™ )is — Zi5 | SN0ENsrmo) 12 Vghen (1,75 L5 5). (2.21)

Lemma 2.13 is applied in [12] in order to get the construction of the path (¢, 7) — 2] introduced
n (1.4). We recall this result here, since z is at the heart of our future considerations.

Theorem 2.14. Let x € C%and k be a Volterra kernel of order —v satisfying Hypothesis 2.1, such
that p = a — v > 0. We define an element =], = k(7, s)xs. Then the following holds true:

(i) For any exponents B, k,n, ¢ fulfilling (2.15) we have = € V@1:mQBw0.0) qphere YernC)(B.rmc)
is given in Definition 2.12. It follows that the element T (=7) obtained in Lemma 2.13 is well
defined as an element of V(@719 and we set 2f, =T (Z7),, = fst k(r,r)dz,.
(ii) According to the definition (2.1) of ¥, for (s,t,7) € As, z satisfies the bound

|Zth - k(7—7 S)xts‘ S wéfy(ln t 8)7
and in particular it holds that ||| (a1 < 0.
(iii) Recall the definition (2.2) of "2, for any n € [0,1] and any (s,t,q,p) € Ay we have

|qu 5 @D;’i,n g(p7 Q7t 8)

where 2y = 2 — z{ — 2P + 24, In particular it holds that ||z]|(aq.nc)1,2 < 00
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Remark 2.15. Thanks to Theorem 2.14, we know that a typical example of a Volterra path in
Ym0 is given by the integral fst k(7,7)dz,, as mentioned in Remark 2.5.

2.3. Convolution product in the rough case oo — v > % A second crucial ingredient in the
Volterra formalism put forward in [12] is the notion of convolution product. In this section we
show how this mechanism is introduced for first and second order convolutions, where we recall
that second order convolutions were enough to handle the case p = o —y > 3 in [12].

Let us first introduce a piece of notation which will prevail throughout the paper.

Notation 2.16. In the sequel we will often consider products of the form ysz],, where y and z are
increments lying respectively in C([0, T]; L(R%;R™)) and C(Aq;RY). For algebraic reasons due to
our rough Volterra formalism, we will write this product as

[(2)" il (2.22)
For obvious notational reason, we will simply abbreviate (2.22) into
Zis Ys

In the same way, products of 3 (or more) elements of the form f'(ys)yszl, will be denoted as
2lysf (ys) without further notice.

We now recall how the convolution with respect to 27 is obtained, borrowing the following
proposition from [12, Theorem 25].

Proposition 2.17. We consider two Volterra paths z € V@V 1O(RY) and y € V@m0 (L(RY))
as given in Definition 2.4. On top of condition (2.3), we assume that the exponents a,n are such
that n > 1 — «. That is, our parameters o, ~v,(,n and p = o — v satisfy

p >0, 0<¢<inf(p,n), and n>1-—a. (2.23)

Then the convolution product of the two Volterra pathsy and z is a bilinear operation on V(@71:<) (RY)
given by
20 % Yo :/ dzy,, = lim Z zgfu/yz;. (2.24)
t>r>u [Pl=0 =
[u/W']eP
The integral in (2.24) is understood as a Volterra-Young integral for all (s,u,t,7) € Ay. Moreover,
the following two inequalities holds for any (s,u,t,7,7") € As:

/ . 1,2
ZZ—UT * yus 5 ||Z|| (a»’Yﬂ?vC)’L? ||y|| (017%7]:07172 w(Qer'y)’»y’n’C (7—7 T” t? S)’ (226)

where Y and Y2 are given in Notation 2.5.

Remark 2.18. Up to now, we have been able to assume (e.g in condition (2.23)) the existence of
a general p > 0 only. In order to be restricted to a Volterra rough path of order 3 in our main
considerations, from now on we will suppose that p > ;11. More precisely, the parameters «, vy, (,n
satisfy

1 1
§>p5a—’y>1, 0 <(¢<inf(p,n), and 7n>1-a. (2.27)
Remark 2.19. In the case when we have no upper index dependence, i.e. z] = z; and yI = y, it

is readily seen that the convolution product zj, * y, is simply given by the pairing z;,ys, which is
the typical integrand we see for example in Young integration.
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In addition to Proposition 2.17, the rough Volterra formalism relies on a stack of iterated
integrals verifying convolutional type algebraic identities. Thanks to Proposition 2.17 we can now
state the main assumption about this stack of integrals, which should be seen as the equivalent of
Chen’s relation in our Volterra context.

Hypothesis 2.20. Consider o,y € (0,1) with p = o — . For an arbitrary finite integer N > 1,
let {Cr,mi;1 < k < N} be a family of exponents satisfying (2.27) and such that Theorem 2.1/
applies. We denote by z], the Volterra increment constructed through Theorem 2.14. Then for n

such that (n+1)p +~ > 1, we assume that there is a family {z/7; j < n} such that z7 € (R%)®7,

z! = z and verifying

j—1
5,217 = Z fz / iz @ 7 (2.28)

where the right hand side of (2.28) 1s defined in Proposztwn 2.17. In addition, we suppose that
the increment z’ sits in the following space:

N
= ﬂ PP+ Cr) (2.29)

k=1

Remark 2.21. Note that (2.28) gives us Chen’s relation for Volterra iterated integrals. In particular
for j = 2, relation (2.28) tells us that

HT 0T gT 1,7 1
zl] — 7, — 7 =z, %27, (2.30)

As discussed in Section 1.2, specifically, (1.15), for a smooth driving noise « and 2] = fo T,7)dT,,
it is readily checked that the Volterra iterated integral z* should satisfy condition (2.30).

Notation 2.22. In the sequel we will set

An = {0, G); 1 < k < N}, (2.31)
so that (2.29) can be recast as
7 € ﬂ PUp+r7:m:€) (2.32)
(mQeAN

Remark 2.23. The fact that we require z to belong to an intersection of V-spaces in (2.29) stems
from several applications of the sewing lemma in our computations. Let us mention for instance:

(i) In Theorem 3.8 we let (o, v, m1, (1) = (0, y,m, ¢) with «, v, 1, ( compatible with (2.27) and such
that 3p +~ +n > 1. This allows to apply the sewing lemma to the terms (3.31)-(3.34).

(ii) As mentioned above and in [12], we have to consider tuples of the form (a,7,n2, () with
ne = (2 = p and verifying (2.27). This ensures proper Holder regularity for ¢ — 2. See in
particular Proposition 2.10.

The last notation we need to recall from [12] is the concept of second order convolution product.
As discussed in Section 1.2, and directly observed in (1.13), when doing Taylor type expansions of
the Volterra integral we observe that the “derivative term” has two upper variables to integrate.
To accommodate for this feature we will introduce a suitable class of functions with two upper
parameters.
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Notation 2.24. We will denote by u>? a function u : Az — L((R?)®2 R?) with two upper indices,
namely,
Ag > (8,7'1,7'2) — U?’TI S R

The notation u? highlights the order of integration in future computations.

We now specify the kind of topology we will consider for functions of the form u!?

Definition 2.25. Let WQ(O"%”’C) denote the space of functions u : Az — L((RY)®? RY) with a fired
initial condition uy? = ug for all ¢ < p € |0, T] endowed with the norm

L (2.33)

2]
(v, C) (@7,m¢),1,2 "

The right hand side of (2.33) is defined as follows, recalling the convention p = « — ~ and the
definition (2.1) of !:

(a),1

|ug|

1,2
U = sup ———— 2.34
H }(a,'y),l (s,t,7)EAS wé,w (T7 ta S) ’ ( )
and
1,2 o ],,1,2 1,2
H H(a,wn(), 1,2 " Hu H(a,%n,g),1,2,> + Hu ||(a,7,77,(),1,2,< ) (235)
where the norms |u"? || qno)1.2> and ||ub?|(aym0).1.2< are respectively defined by
) 71
H 1 2|| s — sup |uts — Ui 7 (236)
(e7m),1,2> (s,t,m1,r2,m)EAS hn C(S t 7”1,7“2,7”)
72,7 71,7
1,2 uge” — gy |
= sup . 2.37
H ||(a,'y,n,<),1,2,< (s,t,r,r1,m2)EAS hn,<<5, t, r1, 72, 1”) ( )
Here we define hy, ¢ as follows :
- ) [Ty — r1]” ]r—t\_nﬂ ( \7“—15|_“7_C |t—sﬂ A ]r—s]a_7_<> ifrg >1ry >
(s, t,ri,rg,r) = 3 o e _
Th ’ o — 71" |1 — ¢ e [|r1—t| K <|t—s|a} Alry — 8|77 C) ifr>ry >
(2.38)

Remark 2.26. In the sequel we will need to estimate differences of functions > : Ay — L((R%)®?, R?)
of the form |u;? — u{’”|. Those differences can be handled thanks to Definition 2.25 as follows:

lug? = ug| < fug? = ug®| + |ugg! —
< ulliwamonzla = pl" o =177 ({lp = 07 "] A lpl ) (2.39)

Since ¢ € [0, p) and n € [¢, 1], then we can set n = (, that is

[ = w?| S Nullannozla =PI S lull@mmon

we also have, for any 7 € [0, 7],
™ —ug"| < ull@aa [IT =771 AT S Tl (2.40)

With the above definition at hand, we are now ready to recall the construction of second order
convolution products in the rough case o — v > %
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Theorem 2.27. Let z € V@19 be as given in Definition 2.4 with o,y € (0,1) and n,¢ € [0,1]
satisfying (2.27). We assume that z fulfills Hypothesis 2.20 with n = 2. Consider a function
y 1 Az = L(RHZ2RY with ||[y*2||(anmoie < 00 and yy”> = yo, for a fived initial condition
Yo € L((RH®2 RY). For all fized (s,t,7) € Az we have that

2,7 2.1 T U T ,
e i, 3 S AT 241

s a well defined Volterra-Young integral. It follows that *x is a well defined bi-linear operation be-
tween the three parameters Volterra function z* and a 3-parameter path y. Moreover, the following
inequality holds

2,7 3,8

zi oy — 2o 02| S lamo 12
X (HZ2|’(2P+7’7)71 + HzlH(aa"/anvc)’lg’|Z1H(O‘77)71) w(12p+’y),'y<7—7 t’ 8)7 (242)
where ¥ is given in (2.1)

Remark 2.28. By Hypothesis 2.20, the term (6,2z%7) * y1? in the right hand side of (2.41) can be

rewritten as
1,7

1, .12
VU * Zu * ys Y

z S
where the convolution with z»7 is defined through (2.24) and the inside integral concerns the
second variable in y'?. As an example, if k, x are smooth functions and z.7 = f: k(t,7)dx,, then

this convolution is understood in the following way
v u
ZiuT * lefs' * y;g = / k(7,r1)dz,, ®/ k(ry,re)dx,,yit".
u s

Remark 2.29. Recalling that p = a—y, notice that Proposition 2.17 and Theorem 2.27 tell us how
to define convolution products of between n Volterra paths, i.e. f!x...* f*, under the regularity
condition p > % We will follow a similar strategy to define third order convolution products and
construct our solution to equation (1.2) with p > 1 in the subsequent section.

3. VOLTERRA ROUGH PATHS FOR o — 7 > 1

This section is devoted to the generalization of the concepts introduced in Section 2 to accom-
modate the case of Volterra rough paths with regularity p = a — v > %. As described in Section
1.2, when lowering the regularity assumption on a — =, we also need to include two more terms
in the Taylor like expansion in (1.13). This complicates our considerations significantly, not only
introducing two more types of iterated integrals, but also the fact that we will require three up-
per variables in the “second derivative” controlled process. So far we have only proven that the
convolution product for functions with two upper variables is well defined. Now that we will work
with integrands with three upper parameters, we must therefore extend this concept as well. To
this end, we will state a version of our Volterra sewing Lemma 2.13 extended to the case of two
types of Volterra singularities.

3.1. Volterra sewing lemma with two singularities. With the aim of extending the Volterra
sewing Lemma 2.13 with one singularity to an increment exhibiting two singularities, we first
introduce a new space of abstract integrands. Here we allow for two distinct singularities for
the integrand. As seen in the motivation from Section 1.2, when working with the Taylor type
expansions for Volterra equations, the “derivative” process will depend on two “upper parameters”.
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Therefore, the following extension comes from the application towards integration of terms of the
form w], := 2], x yI* over a domain [s,7]. Here we have one singularity ¢ — 7 coming from z,
but also one possible singularity when 7 — s. To account for these two types of singularities, we
introduce a broader class of abstract integrands to be used in the Volterra sewing lemma.

Definition 3.1. We consider 7 parameters a, v, k,0 € (0,1), n,¢ € [0,1], and 8 > 1 satisfying
O<k+0<l1l, f—kKk—0>a—~v>0, and 0<(<inf(a—",n). (3.1)

Denote by V@rmOBInO (N, RY) | the space of all functions of the form Ay > (v,s,t,7)
(Z7)is € R such that the following norm is finite:

1= lv@mnoenone =15 aqme 1055 r0m0 - (3:2)

In equation (3.2), the operator 6 is introduced in (2.14), the quantity | Z||(aqn.c) 15 given by (2.4)
and the term ||[6=||(g.x,0..c) takes the double singularity into account. Namely we have

H55H(5,n,9,n,<) = HfsEH(g,n,e)J + H(SEH(B,R,M,Q,LQ?

where
- |0m (5 s
0= = sup - , 3.3
H ||(ﬁ,f-c,9),1 (vt r)ehs QS}J”&@(T; t s U) ( )
and the term ||6=||(g,x.0m.0),1,2 @5 defined by
- (277 )1
10= 1 (8.m.0.m.0),1,2 7= sup 1,2| — d ; (3.4)
(v,8,m,t, 7/, T)EAg ¢575797n7<(7, T, t, S, U)
where the function L (7.t s,v) and ¥>> 7,7’ t,8,v) are respectively given by
B,k,0 B,k,0,m,¢
oL (it s,v) = || —t| [t —s|?|s— o] | AT =) 3.5
B,k,0

Banc(r 7 ts,0) = |r = 7P =t ([ =t = sl s — o] A = 0T
(3.6)
Notice that we will use V@ 11:QOBR010) a5 4 space of abstract Volterra integrands with a double
singularity.

With this new space V(@ 1mOBR01.0 gt hand, we are ready to state the Volterra sewing Lemma
with two singularities alluded to above.

Lemma 3.2. Consider the same exponents o, ~, 3, k,n,( as in Definition 3.1 satisfying condi-
tion (3.1). Let V@rmQBr0n0 gnd Yo be the spaces given in Definition 3.1 and Defini-
tion 2./ respectively. Then there exists a linear continuous map I : V(@ rmQBR0.n0.0) (A4;]Rd) —
Plaync) (Ag;Rd) such that the following holds true.

(i) The quantity Z(Z7)ws := limyp|-0 D g, wjep(E0)wu exists for all (v,s,t,7) € Ay, where P is a
generic partition of [s,t] and |P| denotes the mesh size of the partition. Furthermore, we define
Z(Z7) == Z(Z] )10, and have T(ET)is = T(ET )0 — Z(Z]) s0-

(ii) For all (v,s,t,7) € Ay we have
|Z (Eg)ts o (E’Z)—)ts| SJH(SEH(@’@@)J ¢é,/€,9(7—7 ta S, U)? (37)
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while for (v,s,t,7',7) € A5 we get
R J— — 1,2
Z(E )es = (577 s | S N0E N gmomc)12 Pgimomc (T 715, 0), (3.8)
where ¢' and ¢'? are the functions given by (3.5) and (3.6).

Proof. This is an extension of [12, Lemma 21]. Let us consider the n-th order dyadic partition P"
of [s,t] where each set [u,w] € P™ has length 27"|t — s|. We define the n-th order Riemann sum
of 27, denoted Z"(Z7);s, as follows

[u,w]eP™

Our aim is to show that the sequence {Z"(=7);n > 1} converges to an element Z(=7) which fulfills
relation (3.7). To this aim we begin to consider the difference Z"™(Z7) — Z"(Z7). A series of
elementary computations reveals that

InJrl(EZ)ts —IM(E s = — Z Om(Z7 Jwus (3.9)
[u,w]eP™

where m = “F* and where we recall that ¢ is given by relation (2.14). Plugging relation (3.3) into
(3.9), it is easy to check that

D 10n(EDuwd S8l emon Y 17— w[lu— o[ —ul’. (3.10)

[u,w)eP™ [u,w]eP™
We will upper bound the right hand side above. Invoking the fact that § > 1 and |w — u| =

27"t — s], for u,w € P" we write
S = w[Tu— o w —uf? <27V g7 N e = w T — o w — ], (3.11)
[u,w]eP™ [u,w]eP™
With the definition of Riemann sums in mind, the term
> = w[ = o w — ul
[u,w]eP™

in the right hand side of (3.11) can be dominated by the following integral:

t
/ |7 — x| |z — v|Pda.
S

Note that by assumption, v < s <t < 7, and so this integral is finite since x4+ 6 < 1. In addition,
some elementary calculations show that the above integral can be upper bounded as follows,

t
/ I — a| ™ x — v e S |r—t|F|s — | Ot — s| At — o) T (3.12)

Plugging the inequality (3.12) into (3.11), we thus get
Z 7 — w|™|u — o] |w — u)’
[u,w]eP™

S ([lr =™ s — ol = 5| Alr = o).

Y
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Then taking (3.10) into account, relation (3.9) can be recast as
[ ED s — I"(ET)tsl
S 2 DN8E ey ([Im =t s ol = s Al =0l 0) 0 (313)

Since B > 1, then (3.13) implies that the sequence {Z"(=7);n > 1} is Cauchy. It thus converges
to a quantity Z(=7)s which satisfies (3.7). The rest of this proof is the same as [15, Lemma 4.2],
which means that the element Z(=7) has finite || - ||(s,x,0)1 norm. The proof of relation (3.8) is

very similar to (3.7), and left to the reader for sake of conciseness. We just define an increment
7,7

Z77 instead of =7 and then proceed as in (3.9)-(3.13). The proof is now complete. O

v

3.2. Third order convolution products in the rough case a — vy > }1. In this section we
establish a proper definition of third order convolution products. Let us first introduce the class
of integrands we shall consider for those products.

Notation 3.3. Similarly to Notation 2.2/, we denote by ul?? a function u : Ay — L((R?)®3 RY)
given by
(Sa T1, T2, 7—3) = u?’mﬂ—l'
To motivate the upcoming analysis and in order to get a better intuition of what is meant

by third order convolution products, let us first give a definition of the third order convolution
product for smooth functions, and prove a useful relation for the construction of this convolution.

Definition 3.4. Let x be a continuously differentiable function and consider a Volterra kernel k
which fulfills Hypothesis 2.1 with v < 1. Let also f : Ay — L((RY)®3,RY) be a smooth function
gz’ven in Notation 3.3. Then recalling our Notation 2.16 for T > t > s > v the convolution
707 % f123 s defined by

z)" * fh23 = / (T, rl)dxﬁ@/ k(ﬁ,rg)da;m@/ k(re,rg)dx,,fit">". (3.14)
t>r1>s r1>12>8 ro>1r3>8

Lemma 3.5. Under the same conditions as in Definition 3.4, let ), * 123 be the increment
giwen by (3.14). Consider (s,t) € Ay and a generic partition P of [s,t]. Then we have

z o 123 = llm Z zo] * fo2P 4 (8,20 ) « fI2P, (3.15)

|P|—
[u,v}G'P

Proof. Starting from expression (3.14), it is readily seen that
1,23 _ T1,72,7'3
7)) fh% Z / k(t,r1)dz,, ® / k(ry,ro)dx,, ®/ k(ray,rs)dx,, f: .
[u v E'P v>r1>U rL>1r2>8 ro>1r3>8
Then for each [u,v] € P, divide the region {v > > u} N {r;y > ry > ry > s} into
{fv>ri>r>rm>utU{v>r>rm>u>ry>stU{v>r >u>ry>rs>sh

This yields a decomposition of z);” % f1%3 of the form

z; [P0 = Y A7, + B, +C],.
[u,v]eP
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where A7 = BT

vu vu

AT :/ k(t,r)dz,, ®/ k(ry,ro)de,, ®/ k(ro,r3)da,, fIr""s
v>TrI>U r1>ro>u ro>Tr3>U

BZU - / k<7—7 Tl)dxrl ® / k(?”l, Tg)dxm &® / k<7’2,T3)dQZT3fsTl’T2’T3
>ri>u ri>Te>U

u>rz>s

and C7 are respectively given by

CZu = / k<7—7 7’1)de1 & / k(?”l, Tg)dxm ®/ ]{;(7*27 r3)de3fSTl,T2,T3_
>ri>u u>re>s

ro>1r3>8

We recognize the term AT a8 the expression z>7 * f1%3 given by Definition 3.14. Moreover, we
can check that Bl = z27 xzl: x f123 and C7, = z1 Tk z2 ok f133. Then since z>7 satisfies (2. 28)
we have B + C7 = (5 Zf’);) fh2s ThlS finishes the proof of our claim (3.15). O

In order to generalize the notion of convolution product beyond the scope of Definition 3.4 to
accommodate rough signals x, let us introduce the kind of norm we shall consider for processes
with 3 upper variables of the form «!?3, and in that connection introduce another Volterra-Holder
space equipped with this new norm.

Definition 3.6. Let W™ denote the space of functions u : Ay — L((RY)®3 RY) as given in
Notation 3.3 with ug"™™ = uy € L((RY)®3, RY) and such that ||u*3||(aq.4.c) < 00, where the norm

|2 (aymc) s defined by
e A | S (T | RRTTS (3.16)
More specifically, recalling the definition (2.1) for ¥t the || - |y and || - [l(aqyme)i1,.2,3 norms in
(3.16) are respectively defined by
2, . ’uTTT’
[ e = 500, G sy (3.17)
and
1 s = 1% 10 st 1z @19

In the right hand side of (3.18), similarly to (2.36)-(2.37), we have set |[ub*3||(aqnc)12 as the

sum ||u1 % 3|| a,y,m,¢),1,2,> + ||u ’ 73” (a,y,m,6),1,2,< wlth
v rary uT/,'fl,’f"3|
H 1,2,3H .: ts ts 319
u : sup :
(a77>777<)7172’> (s,t,rs,r1,m2,m")ENAG hn C(S t ,'1,T2,T3,T )’ ( )
ro,r’,r3 ri,r’,r3
ot = e 320
u ; sup : :
(@7m€),1,2,< (s,t,ra,r’r1,r2)EAG h”]7C(S7 t,r1,12,73, T,) ( )
Define h as follows wherever r = min(ry, ro, r3,1'):
P (.,70,72,7) = Jra = i =t 77 ([l = 7S = s Al = s (321)

Moreover, the norms [|u'>?||

lations (3.19)-(3.20).

(@rym)23 and [[uh®3 || qnons in (3.18) are defined similarly to re-
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Remark 3.7. Notice that Definition 3.6 has been introduced so that the increments y*“** — y™""
can be controlled by (3.18). Indeed, we have for any n € [0, 1] and ¢ € [0, p)

™ = G| = = g — ] S i = g T =
< (Wllwrncras + 19l ammere) lu—=rl" I =7 ([ =77 e = o] Al = s)
S Il fu ="l =877 ([l =7t = 5] Alr = 577)

T e K e TR R (3.22)

Hence similarly to (2.40), we let n = ¢ and we obtain

u,u,u YSYRYS

|y yts | < ”yH(a:’Yﬂ?’C):LQﬁ‘ (323)

Thanks to Hypothesis 2.20 and Definition 3.6, we can now state a general convolution product for
functions defined on A4. As mentioned above, it has to be seen as a generalization of Definition 3.4
to a rough context.

Theorem 3.8. Let o,y € (0,1) such that p = a — v > %. Consider N > 1 and ny, (i, satisfy-
ing (2.27), for k =1,...,N. We assume that z fulfills Hypothesis 2.20 with n=3. Consider a
function y : Ay — L((RY)®3,RY) as given in Notation 3.3 such that ||yt
(1,0) = (s &), k= 1,..., N and yy>* = yo, where ||[y">*|| (w125 05 defined by (3.18). Then
with Notation 2.16 in mind, we have for all fixved (s,t,7) € Ag that

R T S N P 321
[u,v]eP

1s a well defined Volterra-Young integral. It follows that * is a well defined bi-linear operation
between the three parameters Volterra function z° and a 4-parameter path y. Moreover, we have

that for all (n,¢) = (M, C)

3,7 1,2,3 3,7 sss‘<||y

Zts * ys Zts ys 1||

(HZ || 3,0+’Y’Y 1 + ||Z (04777777C)7172| Z2||(O‘77)71
+ HZ2 H(a,%ﬁvo’l,? Hzl H(av’Y)vl) w(?)p-i-’y),’y (T7 t’ 8)7 (325)

7 )

where Y is given in (2.1).

Remark 3.9. Similarly to Remark 2.28, the term (8,z37) * y1%3 is defined thanks to the fact that
(according to relation (2.28))
8,257 x yb?? = 227wzl gyt 42l w22 x b (3.26)

and the convolutions with respect to z''7, z27 in (3.26) are respectively defined by Proposition 2.17
and Theorem 2.27.

Proof of Theorem 3.8. We first prove (3.24). To this aim, for a generic partition P of [s,t] let
us denote by Zp the approximation of the right hand side of (3.24). Specifically we set Zp =

Z[U,U]EP(E;—>UU7 where

(Z0)ou = Zon ys™" + (0uzpy ) %y, (3.27)
We now compute 6, (=7),, in order to check that the extended Volterra sewing Lemma 3.2 can be
applied in our context. Recall that

0 (D) = (ED)w — (Z0),, — (ED),,, foral 7>v>r>u>s.
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Moreover, we know from Hypothesis 2.20 that

2,

37' 2,7
6,207 = 72T k7l 4zl x 22

Therefore, a few elementary computatlons reveal that

O (Zoys™") = =2yl (W™ —yi™") + (20 * 2z + 27 % 20) g™ (3.28)
0 ((0uzy)) *ys??) = (zf”f * 2y, + Zy *Zoy) * Yp D, (3.29)
Combining (3.28) and (3.29), we thus get
Oy (ET)W = — (Quru T Qo + Qi) » (3.30)
where the quantities Q! ., Q2. @3, are defined by
vru = Zoy (Y277 =y
o = By x 2, (0 — g
oru = Zor 2w (g — i)

We will bound each of the above terms separately.

Invoking the definition of ||z°||(3544,4)1 in (2.5), and using that r € [u,v] we have for any
nel—al

@l S 197 w123 12l sy [ = 817 = 0l o =27, (3:31)

We then choose 1 such that 3p + v +n > 1, which is always possible since p > 0, to obtain the
desired regularity. For the term Q?.,, we invoke the bound in (2.42), and observe that
( 3 u,U, u) |

|Qora| < |20 | |2 (W™ —
+||y|! ,fyng,l,Q(Hle o) T2 prrmme) 1T =0l o — a0 Alr —u* (3.32)

vru?

where gL% =zl * (yhv3 — y%u¥) and we will need to find a bound for 191 (aymc).1.2- Note that
convolution only happens in the first term of y-*? — y%wu. By (2.26) it follows that
19l @rmorne S 12l @mally > Nammo 2slo — ulfu — 5|70,

Furthermore, from (2.25) it is readily checked that

2,3 u,U,U 2,3 uu,u”

‘Z'}' (ys ys )’ SJ ”ZlH(aﬁ)vl”y T ys7

We continue to investigate the first terms in (3.32). From the above regularity estimate it follows
that

2,1 1,2,3 u,u,u 2 1 - 3p+y+ —(n—¢
}Zvr ’ {Z (ys )’ S HZ H(Q/H_%%mo HZ ||(047’Y7777C) ||y||(a,'y) |7'—’U| ’Y|v_u| . n|u_8| n )
Combining our estimates for the different terms on the right hand side of (3.32), we have that

|7 — v v — uP e — 5|79 (3.33)

(a,%n,C),172|7“ —ul”

‘QUTU‘ ~ Hyl ? 3”(04,7,77,(),1,2,3 ||Z2H(2p+fy,fy,n,<) HZlH(a,'y,n,C)
By similar computations as for the bound for %, we obtain a bound for Q* given by
Qo S 19" a2 17 ainy 172 pinmy 17 = 0177 N0 = w577 = 5| =070 (3.34)
(ev,m,6),1,2, (e ym,C) (20+7,7:m,6)
Plugging (3.31)-(3.34) into (3.30), we have thus obtained

10: (Z0) pul S CyalT = 0] 7 fu = 7w — w747, (3.35)
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where the constant C, , used above is given explicitly as

1’273H(amn,4)7172»3 <HZ3”(3P+%%"’O +2 ”ZQH(?H%%W,C) HZlH(m%mC)) '

Recalling that (s,u,r,v,t,7) € Ag, we have |u — s|¢ < T. Then the relation (3.35) yields
107 (Z0)ul S Cyal = 0w — 5| 7o — w7 (3.36)
Starting from (3.36), one can now check that
16=1]

where the norm in the left hand side of (3.37) is defined by (3.3). In the same way, we let
the patient reader check that || Z1|(3ptytnrmme) 1,2 < 00, where the || - ||(3p1y4n7.mm¢),1,2 DOTM is
introduced in (3.4). Since we have chosen 71 such that 3p+~+mn > 1, we can apply Lemma 3.2 to
the increment Z and recall the Notation 2.3 of ¢!, 12 which directly yields our claims (3.7) and
(3.8). O

Cyz = Hy

L < o0, (3.37)

3p++n,7,m)

Remark 3.10. The general convolution z>7 * y123 is given in (3.24), for a path y defined on Ay.

If we wish to consider the convolution restricted to a path y!? defined on As, a natural way to
proceed is to define

3,7 1,2 . 37,123 : AT1,T2,73 72,73
zy) xy, =1z, xy7°, with ¢ =y .

This means that the path ¢ has no dependence in 7. Therefore resorting to the notations (2.34)-
(2.35), and (3.17)-(3.18), it is not difficult to check that

e = [y e =
Y (a,y,m,6),1,2,> y (ay,m,0)1,2,<” Y (a,7,m,6),1,2,< 0,

e = [y’ e =

Y (a,y,m,6),1,3,> Yy (ay,m,0)1,2,> Yy (a,y,m,6),1,3,< 0,
(7 = [y (7 = [[y**]]

Y (@, 7,m,6),2,3,> Yy (ay,m,)1,2,> Y (a,7,m,6),2,3,< Y (ayym)1,2,< "

Hence we have [|§'%?(/( 00125 S 11920012, where [[gh

and the norm [|y"?||(aym.0),1,2 18 introduced in (2.35). This will be invoked for our rough path
constructions in the upcoming section.

2’3]]((1,%77,4) 123 is given in (3.18)

s Ly<y

Remark 3.11. In our applications to rough Volterra equations we will consider the case p = a—~ €
(;11, %) Therefore it is sufficient to show that the convolution product * can be performed on the
third level of a Volterra rough path.

4. CALCULUS FOR VOLTERRA ROUGH PATHS

In this section we carry out some of the main steps leading to a proper differential calculus in a
Volterra context. That is, we show how to integrate a Volterra controlled process in Section 4.1,
and we solve Volterra type equations in Section 4.2.

4.1. Volterra controlled processes and rough Volterra integration. We begin with a
proper definition of rough Volterra integration in rough case o — v > 4—11. As usual in rough
integration theory, one needs to specify a proper class of processes which can be integrated with
respect to the driving noise. As we will see, a non-geometric rough path type theory based on
tree type expansions is needed, in order to construct a well defined rough Volterra integral. We

therefore begin with some motivation for tree type expansions for iterated integrals.
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4.1.1. Tree expansions setting. In Hypothesis 2.20, we have introduced the notion of a convo-
lutional rough path z above z. While z satisfies the Chen type relation (2.28), it cannot be
considered as a geometric rough path (see e.g. [15]). The reader might check for instance that for
a path zb" given by the mapping (¢,7) — fot k(r,r)dz,, the component z*7
component-wise relation

will not satisfy the

@) = (@), =1
In terms of rough paths, the second order Volterra integral is not weakly geometric. Hence in
order to define a rough path type calculus of order 2 related to 27, we have to invoke techniques
related to non-geometric settings. The standard language in this kind of context is related to the
Hopf algebra of trees. We give a brief account on those notions in the current section, referring to
[14] for further details.

Let T3 be the set of rooted trees with at most 3 vertices, whose vertices are decorated by labels
from the alphabet {1,...,d}. A full description of the undecorated version of 73 is given by

Ts = { ! v}. (4.1)

In the sequel we will use the operation [-] on trees. Namely for oy,...,0,, € T3 and a € {1,...,d}.
we define o = [o7 - - - 0%, as the tree for which oy, ..., 0, are attached to a new root with label a.
For instance in the unlabeled case we have
[ ] [ ] :
[1]:. [0]25 [3]23 [oo]:.\o/..

It is thus readily checked that any tree in 73 can be constructed iteratively from smaller trees thanks
to the operation [-]. Let us also mention that we always assume that the order of the branches in
each tree does not matter, in the sense that [0y - - 0y,); = [0x, -+ 0, ]i for all permutations 7 of
{1,...,m}.

The set 73 can be turned into a Hopf algebra when equipped with a suitable coproduct and
antipode. This elegant structure is applied and discussed in detail in [14], but is not necessary
in our context. However, we shall use some of the notation contained in [14] for our future
computations.

Notation 4.1. For any tree o € T3, the quantity |o| denotes the numbers of vertices in o. We
call the set Fy a forest consisting of elements with 2 vertices or less. Namely, F, is defined by

.FQ :{07 :, oo}.
Remark 4.2. Note that the operation [-] sends the set {1} U F, into Ts.

4.1.2. Tree indexed rough path and controlled processes. We have already introduced the family
{z77,j = 1,2,3} in Hypothesis 2.20. These objects will be identified with tree indexed objects
below. On top of this family, our computations will also hinge on an additional function called

2V, Similarly to (3.14), whenever x is a continuously differentiable function and k satisfies

Hypothesis 2.1, the increment 277 is defined by

20T = /:k(f, r) (/:k:(r,l)dml> ® (/Srk(r,w)da:w) ® d, . (4.2)

However, for a generic rough signal x we need some more abstract assumptions which are sum-
marized below.
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Hypothesis 4.3. Let z be a third index Volterra rougher path as introduced in Hypothesis 2.20,
for a given N > 1 and (o, ) € (0,1), (n,¢) € Ay satisfying (2.27). In addition, we assume the
existence of a family z = {z°7,0 € T3} such that zJ;” € (RO)®l°l. This family is defined by

77 — Zl,T7 Z:,T — Z2,T, Z:,T — Z3,T

where z57,z*7 25" are introduced in Hypothesis 2.20. Moreover the increment ALl satisfies the

algebraic relation

OuZyy = 2z§u7 szt + ozt x (2)%7 (4.3)
where the right hand side of (4.3) is defined in Proposz'tion 2.17. Analytically, we require each z%7
to be an element of VUIPt77) and we define (for all (n,¢) € Ax)

2l o rimey = D 12 lolotrirmc): (4.4)
o€T3
Remark 4.4. Note that ||-|| does not define a seminorm of any sort (as the collection of elements

z does not form a linear space) but is rather meant as a convenient way to collect the seminorm
terms concerning z° for o € T3,

Together with the elements in Hypothesis 4.3, we will also make use of the family {z°;§ € F,}
in the sequel. To this aim, let us now introduce the element z*°.

Notation 4.5. As stated in Hypothesis 4.3, we have set z%7 = z'7. In addition, we also define
Z-c,’T as

t t
T = / k(r 1), / k(r, D)y = (237)%2. (4.5)
Therefore we can recast (4.3) as
(5uzt; = 2z£uT k2. 4 Zy) K 2y (4.6)

Assuming Hypothesis 4.3 holds, similarly to Theorem 3.8, we now give a convolution result for

ZV’T.

Theorem 4.6. Let z be a Volterra rough path such that Hypothesis 4.3 is met, with (a,v) €
(0,1) and a given N > 1. Recall that the set Ay is introduced in Notation 2.22. Consider a
function y : Ay — L((R?)®3 RY) as given in Notation 3.3 such that for all (n,¢) € Ax we have
19522 (ammornzs < 00 and yy™* = yo, where |y || (anmon.2s is defined by (3.18). Then with
Notation 2.16 in mind, we have for all fized (s,t,7) € Ag that

ZXT xyb®3 = lim Z 2‘:73/;‘ we (5uz2‘z’7> syl h3, (4.7)

1s a well defined Volterra-Young integral. It follows that x is a well defined bi-linear operation

between the three parameters Volterra function 2% and a 4-parameter path y. Moreover, we have
that
b’ T 1,2,3 V T,,5,5,8

Zts *ys77 ts ys

where Y is defined by (2.1).

S ™

(047’7777 C 717273 ||| ||| a’y 1/J(3P+7 (7-’ t’ S)? (48)

Proof. The proof goes along the same lines as the proof of Theorem 3.8, and is omitted for sake
of conciseness. m
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We are now ready to introduce the natural class of processes one can integrate with respect to
z, called Volterra controlled processes.

Definition 4.7. Let z be a Volterra rough path satisfying Hypothesis 4.3 with (a,y) € (0,1), N > 1
and a family Ax such that (2.27) is met for all (n,¢) € Ay (recall that Ay is given by (2.31)).
Consider a Volterra path y : Ay — R™. We assume that there exists a family {y°;0 € Fo}, with
Fo as in Notation 4.1, such that the following holds true.

(i) y7 is a function from Ajsj42 to L((RH2lL R™) and y° has |o|+1 upper arguments. The initial
conditions are respectively given by

I7p7q7T ®e,D,q,T

’
ot = e, Yo" =y, i =y, for all (r,q,p) € As.

(ii) The family {y°;0 € Fo} is related to the increments of y™ in the following way: for (s,t,7) €
A3 we have

*P.qd __

Ys = 2y, ¥ YT+ Zf! C BT T T RYT (4.9)
and
?
Yis " = 2 (TP A 205+ R (4.10)

where yz,y"' c Yt Re ¢ W2(2p+2%2%n’<)(£(Rm)) and RY € YBr3737m0(R™) for all (n,() =
(N, Cr), k= 1,..., N (recall that V%) and W2(2p+2%2%n7<) are introduced in Definition 2.4 and
Definition 2.25 respectively).

Whenever y = (y,y*, y: y**) satisfies relation (4.9)-(4.10), we say that y is a Volterra path con-

trolled by z (or simply controlled Volterra path) and we write'y € D (A R™). We equip this

space with a semi-norm || - ||z (ay) = =V - |2,y me.ce) s where each || - || (ayme) @8 given by

_ ° I oo)
Hyuz,(a,'y,n@ H <y’ Yy, 2,(a,7,1m,€)

= Hy‘”(ammé) + Hy"H(ammC) + |’Ry||(3p+3%3%7774) + HR.H(QP'FQ%?’WLC) . (4'11)

Observe that the norms in (4.11) are respectively defined by (2.4) and (2.33). Then a norm on
D) s defined as

N
’
y = (yyyzy> = [yol + lys] + lvo] + lu"1 + > H (y,y‘,yz,y">
k=1

b
2z,(0, 7,1k Ck)

(a,7)

the space Dy " 1s a Banach space.

Remark 4.8. Tt is casily seen from (4.9) and (4.10) that if for (n,¢) € Ay and y € D" then
y,y° € V@119 Indeed, we observe directly from (4.10) that

Hy.”(a,'y,n,C) N HZ.H(amn,C) (|y6‘ + ‘y(')y.| + Hy.H(a,%n,C) + ‘|y.7'|’(a,’y,n,C)) + ‘|R.H(2p+2%2%777€)> )

where the quantities on the right hand side are finite by assumption. Furthermore, by relation (4.9)
we then have that

1yl @mme) < 112 ll@mmao (5] + w6 + 1967+ 119l @mvamno) + 19l @mmo
+ Hy.’.H(amn,C) + HRy“(3p+3%3%n,C)>' (4'12)
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Remark 4.9. According to Definition 4.7, the function y* is defined on As and has two upper

variables, while yI and y** are defined on A4 and have three upper arguments. Therefore in (4.11)

(a,y,m,0)

the norm ||4°||(a,n.c) has to be understood as a norm in W, , while the norms ||yz||(a,%n7o and

1** | (@rm.c) hawe to be considered as norms in W™ The reader is referred to Definition 2.25

and 3.6 for the definition of WQ(O"%"’O and Wéamn,é“) respectively. We stick to the notation |- ||(a,m.)
for the norm on those different spaces, for notational ease.

4.1.3. Integration of controlled processes. Our next step is to show that we may construct a

Volterra rough integral in the rough case a — v > i, and then prove that the Volterra rough

4
integral of a controlled path with respect to a driving Holder noise z € C* is again a controlled

Volterra path.

Theorem 4.10. For a € (0,1), Ay given by (2.31) (n,¢) € Ay, let x € C*([0,T];R?) and k
be a Volterra kemel satisfying Hypothesis 2.1 with a parameter vy such that relation (2.27) holds.
Define z] = fo 7,7)dx, and assume there ezists a tree indexed rough path z = {z%7;0 € T3}
above z satisfying Hypothesis 4.3. Let M > 0 be a constant such that |||z (aryme) = M. We now

consider a controlled Volterra path 'y € D™ )(E(Rd,Rm)), as introduced in Definition 4.7. Then
the following holds true:

’
(i) Define =7, :=zuT xy,, + z TR yn +ZT ok yu’ R ZVT xye> . The following limit exists for all
(S, t, 7') € Ag,

t
w;:/ k(r,r)dz,y, := lim =T (4.13)

(ii) Let w be defined by (4.13). Recalling the Notation 2.3 of ¥*, ¥*? and Notation 2.22 for Ay,
there exists a positive constant C' = Cyy o~ such that for all (s,t,7) € Az and (,() € Ay we have

T !
jup, - Z2 < C|| (.o v) el iy (7::9) (4.14)

z?(a777777<

(i) There exists a positive constant C' = Cyy o~ such that for all (s,t,p,q) € Ay, we have

lwiy — =8| < CH(yy v,y )

o Ml ity Paitis) (015)

(iv) The triple w = (w,w* wI ,0) is a controlled Volterra path in D (A R™), where we recall
that w is defined by (4.13), and where w*, wh are respectively given by

TP __ D lrap _  eap
wy =y, and  w; =Y

Remark 4.11. From Theorem 4.10, we also can find a bound for || R"||(3a,3y,n,¢) and ||Rw.||(2a,2%n,0
for all (n,() € Ay.
Specifically, according to Theorem 4.10 (7i) we have

w L : e
T [ Ot} I (416)

Moreover, thanks to Theorem 4.10 (iv) we have wy™ = yf. Recalling (4.9) together with (4.16),

we obtain .
l (y,y',y',y")

|||Z|||(o¢7'y,777g)' (417)

z,(a,7,m,¢)
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Proof of Theorem 4.10. Let = be given as in (i). Thanks to Proposition 2.17, Theorem 2.27,
Theorem 3.8, and Theorem 4.6, = is well-defined. Our global strategy is to show that the Volterra
sewing lemma can be applied to =. In order to do so, let us compute 6,,=7, for (u,m,v,7) € Ay.

Owing to (2.28), as well as some elementary properties of the operator §, we get

where the quantities A7~ and B]  are given by
[ ] I [ ] V
Al = = 2o * Y o * Yo Zaim * Yo+ Zm, * Y™ (4.19)
and .
Bl = OmZe kY Ozt kY + (5mzZ‘:’T kYo (4.20)
Due to the assumption that (y,y"*, yI, y*) € D;a”), we have that for any (s,t,7) € Ag
Yie = 2y % YN F LR YT 2T * g0 + R
and .
Yis” = 2y * (y‘ + 2y) + R
Plugging the above two relations into (4.19), we obtain
A = = B 4 T U = T R — 2 < Y — g+ R
g g U = 22 = 2 R (4.21)

?
— kg g =z ey
Thanks to Hypothesis 2.20 and Hypothesis 4.3, plugging in the algebraic relations from (2.28) and
(4.3) into (4.20), we have

? 3

Blum =2 * Zon * Y o % B ¥ Yy A B * 2 K Y
?
+ 227, Y e (2,) R (4.22)
We now insert (4.21) and (4.22) into (4.18). Let us also recall that z:%, = (z%,)%? according to
(4.5). Then some elementary algebraic manipulations and cancellations show that
O (Z0,) = —20, 4 ghi — 2 sy — ab + Ry — 7, + R, (4.23)

We now bound successively the 4 terms in the right hand side of (4.23). First we apply a small
variant of (3.25) and (4.8), which takes into account the fact that increments of the form y* = and

yoe, are considered. We also bound the terms involving yf;jj;“’“, yeulwt properly in (3.25) and (4.8).

Resorting to (4.11) and the definition (2.1) of 4!, for a generic (n,¢) € Ay we get

°
‘7'7'7'
va * ymu + va * ymu

T .\o/.,T oo,-,-,-‘

: oo - 3
< (1 wnmennzs + 15 lann12s) 1l ey b = ml b7 =l =" o =+ (4.22)
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where we recall that ||z, , , ) was defined in (4.4). Next invoking the fact that RY € VEeF37.37m.0)

and Proposition 2.17, together with ¢! as given in (2.1), we obtain
1257, % Bl < 1B pan 390 12 @i 17 = 077w = m 57 (4.25)
c W§2p+2%2%n74)

Eventually, resorting to Theorem 2.27 and owing to the fact that R*
that

, we can check

: . 2 - 4
Z:; * R0 < ||R.||(2,0+2%2"/7777<)7172|HZ|”(a,7,'r],C) 7 =077 v — . (4.26)

Plugging (4.24), (4.25) and (4.26) into (4.23), we have thus obtained

|5 E’Z;—u| 5 H <y7 (e yza y"> - U|_7|U - U|4p+7- (427)

2
I

Recall that by assumption, p > i, and therefore § = 4p + vy > 1. We have thus obtained
that [|0=|(s,),1 < oo. Following along the same lines above, it is readily checked that also
1= (8,9mc)1,2 < 00. Therefore we apply directly the Volterra sewing Lemma 2.13 in order to
achieve the claims in (4.13), (4.14) and (4.15).

We now proceed to prove the last claim, (iv) . To this aim, observe that the bound in (4.14)

together with the fact that zi, z¥ € YBr3137nC) for all (n,() € Ay, implies the existence of a
function R € YGr+3737:m0(R™) such that

?
wi, = Zy, ¥y, + 25 x Yy + R, (4.28)

From (4.28) it is readily seen that w”™ can be decomposed as a controlled Volterra path in

D (Ag, R™) with wi™ = ¢, wp™ P = 2P ?*™9% — (. This finishes our proof. O

Remark 4.12. From Theorem 4.10 (d), we know that the process w defined by (4.13) satisfies

o, T

PP e
Wy = =Yy =Wy -

Therefore w* depends on two variables instead of 3 variables in the general definition (4.9). In the
same way, we have

I,T, R *.q, I, ,
WpTIP = P = P
that is, w depends on three variables (vs 4 variables in the general definition (4.9)). Therefore we

can refine Theorem 4.10 and state that the Volterra rough integration sends (y, y°, yz, y**) € DY (R™)
to a controlled process (w, w*, w:, 0) € D) (R™), where the space D) (R™) is defined by

D @)= { 0, 0,0) € D QiR =037
wi’”ﬁp = wi’q’p, and wi*"P = 0}- (4.29)

4.1.4. The composition of a Volterra controlled processes with a smooth function. With Remark 4.12
in mind, we will now prove that one can compose processes in D;a’ﬂ’) and still get a controlled

process.

Proposition 4.13. Let f € CHR%R™) and assume (y,y’,yz,O) e DY (R™) as given in Re-
mark 4.12. Also recall our Notation 2.16 for matriz products. Then the composition f(y) can be



VOLTERRA EQUATIONS DRIVEN BY ROUGH SIGNALS 29

seen as a controlled path (¢, ¢*, gbz, ¢**), where ¢ = f(y) and where in the decomposition (4.9) we
have

ov"? =yt 1 (wi) (4.30)

:7‘ : r oo, 1 ® ° T
G =yt () and G = S (") @ () f7 (i) (4.31)

Moreover, there exists a constant C' = Coyf).0 > 0 such that for Ay defined by (2.31) and
b
(n,¢) € Ay we have

16,8, 66" )larmc) < CU+ N2l | (1681 + 1981 + 10 5, O laarnnc))

3
V(15 + 15+ 158 O laenno ) |- (432)

Proof. We separate this proof into two parts: in the first step we will find the appropriate expres-

sion for ¢°, ¢I and ¢** ( namely (4.30) and (4.31)), as well as proving that (¢, ¢°, ¢I, ) € DY,
In the second step, we will prove relation (4.32). Without loss of generality, we do the below anal-
ysis component-wise for f(y) = (fi(y), ..., fm(y)), where each f; : R — R for i = 1,...,m. With
a slight abuse of notation, we drop the subscript notation, and still just write f(y) representing
each component.

Step 1: FExpression for ¢°, gb: and ¢**. An elementary application of Taylor’s formula enables us
to decompose the increment f(y") into

1

S () + s (4.33)

FW s = v f' (2) + 5

where ], = 2(y7,)®? fol F®(cr,(0))do, where I (0) = 0yT + (1 — 0)y]. Tt is readily checked
from (4.33) that r € VG310 Indeed, it follows directly that

||7°|| 30,37),1 ~S ||y||

Furthermore, for (s,t,7,7") € A4, we have
i1 < Bly I (wi)®* + (i) Pl fll e
Yl oyl Fllea (W71 lyr DT = 7]t = s|* AT — s]7)°
It is simply checked that the following inequality hold for all (1,() € Ay
= [T ([l = s s[*] A TP

s 71 S 1Yol + 1Yl @nmoi
and thus it follows that

Illasvacrie S (Wl @mmora2lylliam s + 191G (vol + 19l @ano2)l fllcp-

Combining the above estimates, we get

Now observe that (y,y',yI,O) € D& Where D™ is the subset of the space DY)

fined in Remark 4.12. In particular, y, y°, y satisfy relation (4.9). Then taking squares in the
relation (4.9), we end up with

as de-

(7)™ = (2] = 2 ™) + 7, (4.35)
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where the reminder term 77, is defined by

~T IT T IT o, T o, T, T o T, IT
rts_(zts*y )®2+(R%’s)®2+<zts*y )®<Zts*y”)_'_(zts*ys”)@(zts*y )

(23 ) © R+ R © (237 %) + (2] < 57) @ R + BT @ (2 #i™). (4.36)
Plugging (4.35) into (4.33), we get

1 T o, T 1 ~T T T
FO s =yl (WD) + 5280+ y2 )2 F7 (7)) + 57 f " (y5) + 7,

2 2
We now invoke (4.9) in order to further decompose yj, above. We end up with
T o7 o : T T 1 o, T 9.
f(y )ts =Z;s * ys7 f (ys) + Zts * yi f (ys) + §(Zts * ys’ )®2f ( ) Rts ) (437)
where the reminder R? is defined by
1
RET = BT WD) + 570" () + 7 (4.38)

Thanks to (4.37) and the definition of the relations in (4.30)-(4.31), the proof of (¢, ¢°, gbz, P°°) € D)
are now reduced to proving the following two claims:

e Claim 1: The remainder term R{" in (4.38) is of order 3. Specifically, due to (4.33) and
the fact that (y,y*, yI, 0) € D, relation (4.38) this is reduced to the following claim:

7 e YB3 (4.39)
e Claim 2: ¢* fulfills relation (4.10), which can be written as
(;5.7.7‘ o (¢I,~,-,~ + 2¢oo,-,~,-) c W2(20+2’772"/7777<)7 (440)

where we recall that ¢°, ¢I, ¢** are defined by (4.30)-(4.31).
In the following, we will prove those two Claims separately.

Proof of Claim 1. According to relation (4.36), there are eight terms to evaluate in 7. For

. . . RN S
conciseness, we can consider one of these terms, say the increment I, defined by I, = (23, * y2™"")®
(zy) xy%™"), and the remaining terms will follow directly from similar considerations. To this aim,

a first observation is that since (y,y’,yz, 0) € D7) as given in (4.29), then both y* and yz don’t

dependent on 7 and we have I], = (zi’; * yi) ® (237 *y2). Moreover, due to the fact that I is part

of the reminder 7, we have to evaluate ||I||(3p+24,2¢.n,¢). Owing to Deﬁn1t10n 2.4, this is equivalent
to evaluate

11 sp+2v.2v00) = Ml spr2v.2m.a + 11l 3o429,2v.0.0).1.2- (4.41)
In order to upper bound the right hand side of (4.41), it suffices to estimate |I| and |[I}?|. Some
elementary computations reveal that

1) = | (27 ) @ (@7 )| S [l o |l =] (4.42)
and
1] = |1, — I = (zts *y;’) @ (23 + ) = (A7 #2) @ (af )
S |7 s gy | |2 x| 4 |2 b 1t g (4.43)
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To bound the right hand side of (4.42), thanks to a slight variation of Proposition 2.17 and
Theorem 2.27, we have

751 < (ol + lysl + (. 7, 97, 0)

Similarly, we can bound |I}?| is the following way:

2
Z»(ammC))2”|Z|||(a,7,77,<) w(l3p+2'y),2fy<7—7 t,s).

: . o 3 2
T2 S (gl + 1961+ 1 6% 47 O o me) W2 c) Ly 29 (@5 @5 8) (4.44)

It follows by definition of the quantities ||1||(3p+2y,2y),1 and ||I]|(3p425,2v.m,0),1,2 @ given in Defini-
tion 2.4, that

3 ?
1l @or2r2900 V Il 3pr2r2vmora.2 S (9ol + 1961+ 1 9% 5% Ol @onc) 2 N2lly mey  (4:45)

which implies I € V®r+371:37:1.0 according to Lemma 2.9. Similarly, we let the patient reader check

that

(@ )R ) € VB0 (Gl e ez, (y)o? € pomminn
(4.46)

as well as

(2] *3) ® RY, € VoHintomO, - (7 i) @ RY, € porHhmo), (4.47)
In fact the appropriate norm for each of these terms is easily seen to be bounded by the product
2 ! . o .3 L
W2l 12012 ) (814 1981+ 155 5, O) | )2 Combining (4.45), (4.46) and (4.47),
we have thus obtained that # € V3373719 "and it follows that

17 ps10m0) S N2l iy + W2l (b1 + 1951+ 1107, 5, Ol amc))? (4.48)

Proof of Claim 2. Before proving relation (4.40), we will give some algebraic insight on the terms
of ¢7 for o € F;. Indeed, resorting to (4.37), we can safely set

o7 =yt f (Yl (4.49)
as stated in (4.30). According to (4.37), we also let
.T : r e0e,7,q, 1 o, o, r

Qb; TP = y:’qpf/ (v) P = 2(yt D@ W) " (i) - (4.50)

With relation (4.9) in mind, we can rewrite (4.37) as

’7' IT " o0, T T

FD) = FyD) = 20 % 657 + 2l % 077 + (21])2 5 7 + R (4.51)
Let us briefly give a few details regarding the expressions on the right hand side of (4.51). Specif-
ically, we will explain how to compute zj, * ¢%™ = zy, * y% f'(y7). Referring to Notation 2.16,

the expression zy; * y% f'(y7) can be rewritten as [(zy) )7 * (yo f'(yD))T]T = f'(yD)yY * zy, , where
we have used also that y2 f'(y7) can be rewritten as [(y>)7(f'(y2))T]" = f'(yI)y>". In addition,
notice that f'(y,) € R™, y2 € LR, R™) and z;] € RY. Therefore the quantity zy, * y> f'(y7)
has to be interpreted as an inner prooluct7 and we let the patient reader perform the same kind of

manipulation for the term z: * 1Y f’ (y7). In the end we get that both the left hand side and the
right hand side of (4.51) are real-valued.

Now we are ready to prove (4.40). To this aim we set

Ty o,T," o,T :’T-~ 00,7, "
T = G = (0 2007, (452)
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Our claim (4.40) amounts to show that J € WS4 with W29 given in Defini-
tion 2.25. Thanks to (4.49) and (4.50), we first write
T = o (P00 — WD) + i WD) — 2 ol ) — 2w oy @ £/ (). (4.53)

We now invoke (4.10), recalling that y** = 0 since we have assumed that y € DS, Plugging this
information in (4.53), we end up with

Jism =y (F) = F' ) + Rl 1 (d) — 25 =y @ gt 7 (). (4.54)
Let us apply a Taylor expansion to the first term of right hand side of (4.54). Specifically we write
P = ' 00) = if ")) = FY7
where the term Ft(sz)’T = (Ft(f)’T’l, . .,Ft(f)’T’d) is defined as a reminder in a Taylor expansion.
Namely consider multi-indices 5 = (f,...,04) with §; € {0,1,2}. We set || = Zj’zl B; and
6! = 9_, 3. Then fori=1,...,d, F®7 g given by

EE
2) i 22 yts / (1 —=7)0” (Duf (yZ +ryg,)) dr. (4.55)
0

With expression (4.55) in hand and recalling (4.54), we thus get
JT=yrm (P ) = WD) =i W) Tl g — 2y @ (vl) + R (02)
=y EDT + R P D) + Tl (D) — ey @ y;’Tf”(ys% (4.56)
Furthermore, we plug in identity (4.9) in the above expansion in order to expand the term
vyl f"(yD) in (4.56). This yields
T = i FDT R P D) e o D) + 0 RS ()
oz gy S (D) — 2 ey @l (D). (4.57)

Next we resort to the forthcoming identity (4.70) in order to handle the term z}, *y @y f"(yI)
above. One obtains that the last two terms in (4.57) combine into one term y;. zy, * y> f"(y7).
We end up with

T,T o, 7T o7 IT T
Jis =y Ft(sg) + Ry f( )+yt Zy, *yi f”<ys)

+yr " RS (y2) + vy zd o+ (1) (4.58)
In the same way, we let the patient reader check that we can rewrite JL? — JPP as
JUU— PP = JU L JE T P O, (4.59)

where the terms J{¥, J§¥, Ji¥ J{ and J¥ are defined respectively by
K 2), ., 2), 2),
Ji¥ = y{qut(s)q +y;? (Ft(s)q - Ft(s)p>

Js’ = (yZ”Zif” b P g ) f(yd) + (yt Pa? g ) (f"(yd) = f"(¥2))

J3P = (Y RE + yr ™ RY) (v + P RY (f(yd) — () (4.60)
I = (et « ye Fynlan xye) [ ) +yiled sy (F (v — ()

JI = Ry (yd) + R (f'(yd) = f'(W2)) -
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With (4.58)-(4.60) at hand, and recalling Definition 2.25 for the spaces W, it is readily checked,

using the information of the regularities in the different terms of J; for ¢« = 1,...,5 that J €
W2(2p+2%2w774)‘ We omit further details, as the arguments follows directly along the same lines as
in previous computations in the proof of claim 1.

Summarizing our analysis so far, we have now proved both Claim 1 and Claim 2 above. Therefore
we obtain that (¢, ¢°, gbz, ¢**) is an element of D,

Step 2: Proof of relation (4.32). According to the definition (4.11) for the norm in DY | we have

t ? .
||(¢, NG )HZ;(amn,C) = ||¢ ||(a,'y,77,4)+ ||¢ H(a,'y,n,C)‘l' ||R¢||(3p+3'y,3'y,77,€)+ ||R¢ ||(2p+2'y,2'7,77,C)- (4-61)
In the following, we will bound four terms in the right hand side of (4.61) separately.
We begin to handle the term ||¢I||(o<,'y,n,() in (4.61). We recall that gb: is given by (4.31), and its
(e, 7,7, ¢)-norm is introduced in Definition 3.6. According to this definition, it is thus enough to
bound [|¢*|| (a1 and |¢*|(a,yme)1,23- Towards this aim, we write

T =t W) = WD) = [T (WD) — P )+ )
3 !
Sz (ol + Myl + 19 l@nmo1,2) Yan (7,2, 5), (4.62)
where ! as given in (2.1). This yields
! ! !
16l S N f ez (o] + [y ll@m.r + 15l @mmo.2)- (4.63)

We now wish to handle the norm ||¢I||(am7776),172,3 in (3.16). Otherwise stated, we wish to bound
the terms in the right hand side of (3.18) for ng:. For the term ||¢I|\(a7%7,’4)71727>, we thus write

! N2 N e Nt ’

y PPl ) =y P ) — PP () PP (W)
! o, / ! t / :

(yt;”’p -y ”) )| + ‘ <ys’p2’p — y;””’) (f’(yf ) — f )) ‘ :

In addition, owing to Remark 4.9 and (3.21) and since y € DI, we have 3 € W9 Due to
the fact that y is also an element of V(@779 according to Remark 4.8, we get

¢:,p’ P2,D qb:’p/ P1,P
ts ts

<

L0 s, Lo, ! ! 12
¢t$p pab - tSp pop S./ Hf”cg<|y0‘ + ”y“(a77)71 _'_ ”y H(a777n’<)71’2) ¢a7’7,77,(f(p2’p1’t’ 8)’ (464)
where 912 as given in (2.2). We thus have
16l ammcrnz < Iflez (vl + 19l @ + 19l anmeri2)- (4.65)

- : t ? .
Moreover, it is easily seen that ||¢*[|(aym.c),1,3 and [|¢°||(ay.m.0),2,3 are bounded exactly in the same

way as (4.65). Hence we get the following bound for H¢:“(a,%n7<),1,2,3:

! ! !
19" @rmor128 S 1 Fllez (196l + 1yll@m.r + 197l @rmo 12)- (4.606)
Eventually, plugging (4.63) and (4.66) into (3.16), we obtain the desired bound for ||¢I||(a,w774)3
! ! !

We let the reader check that the term [[¢®*[|(a,y,n,¢c) in (4.61) can be treated in a similar way. Indeed,
¢** has to be considered as a process in Wi, exactly like ¢*. Therefore owing to the definition (4.31)
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of ¢** and to the definition (3.18) of the (1,2, 3)-norm in Ws, we get the following bound along
the same lines as (4.62)-(4.67):

? ?
16" l@vnc) S [[fllez (961 + Nyll s + 19l @rn)12)- (4.68)

We are now ready to bound the fourth term || R?"[|(2p+242y..¢) in the right hand side of (4.61). To
this aim, recall that according to (4.10) we have

BT? = i = 2l (e 2.

Comparing this expression to (4.52), we get R = J. Now recall that J has been analyzed
through a decomposition in (4.58)-(4.60). Note that all the terms appearing in the decomposition

are directly bounded due to the fact that (y,y*, yz, 0) € D 1t is therefore readily checked that
. . ! o 3
||R¢ ||(2p+2%2%n74) <O+ |||Z|I|(a7'y7n,<))3 [ <|yo| + ol + [(y. v,y 70)||z,(a,%n7C)>

L ] L ] 3
v (151 + 15110878 0 lgann) |

Eventually, we handle the term ||R?||(35+3.37,9,¢) i (4.61). Recall that R? is given by (4.38), and
that we have already bounded the term r and 7 in (4.34) and (4.48) respectively. Furthermore,

it follows directly that || RY||(3p43,3v.m.0) < ||y, 4" y: 0)||2,(ay.n,c)- Combining the above considera-
tions, we see that

? ?
1R pssranne S (0 Welliame)? | (0] + 6] + 18] + 1, 57 % Olls )

[ ] [ ] 3
v (Ivol + 5] + 1581 + 1, 9% 5, Ol ern) |

Gathering the bounds found above, it is now evident that

1666 6 NMasenne S (14 Il @) {(|yo|+|yo|+|yo|+||<yy P 0) a0

? ? 3
o (il + 1+ 1+ 100 Ollan) ]

where the hidden constant depends on [|f||¢cs, @, and 7. The above relation is exactly (4.32),
which concludes our proof. O

Remark 4.14. In Proposition 4.13 we have obtained useful bounds on the composition map from
D (Ay([0,T]): RY) to DI (Ay([0,T]): R™). Let us now choose a parameter 3 such that 8 < «
and we still have § — v > }1. We will in the next section consider the composition map from
DI (A0, T]); RY) to DY (As([0,T]): R™). Due to Remark 2.7, it is readily checked that

there exists a constant C' = Cir,a,69m.¢,If].s Such that,
b

L] : L] 3 (] : L] :
106,66 6" Mlapame < C (1+ I2laan)” ({1961 + 168l + 105", 5F, Ollasvme | )
(] : (] : 3 Ol—ﬁ
v [Iyol+|yo|+II(y,y,y,O)Ilz,(ﬂ,w,n,o} 7. (4.69)

We close this section by presenting a technical result which leads to some useful cancellations
in the rough path expansion (4.57).
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Lemma 4.15. Let f € C}(R™) and assume (y, 5,7, 0) € DEV(R™) as given in Remark 4.12.
Also recall our Notation 2.16 for matriz products. Then for any (s,t,7) € Az, we have

vz f(ys) = 2 ey @y M (ys) (4.70)
Proof. Let L (respectively M) be the left hand side (respectively right hand side) of (4.70) . Re-
calling the dimension considerations after equation (4.51), notice that both L and M are elements
of R™*™. For a € R™, we consider the matrix products al and aM in the sense of Notation
2.16. In particular, our Notation 2.16 implies that aL has to be interpreted as f”(yI)y% *zy, y>"a
Expressing this in coordinates we get

all = Z fl/ yz 7,] Z y-, ,ulzzg Ji1 Z y;’T’jjlajl

4,j=1 i1=1 j1=1

4,5,01,1=1
Similarly, the product aM can be expressed as

a]\/[ f//(y;')m ® y * Z;,s Z fl/ y;' zg ;, ,111 S, ’JJIZ.ZST“CLJI. (472)
7.] Zl’]l 1

Comparing (4.71) and (4.72), it is clear that aL = aM for any a € R™. Thus L = M, which
finishes the proof. 0

4.2. Rough Volterra Equations. In this section we gather all the element of stochastic calculus
put forward in Sections 3.2-4.1, in order to achieve one of main goals in this paper. Namely we
will solve Volterra type equations in a very rough setting. We start by introducing a new piece of
notation.

Notation 4.16. Let us define a new space D o (AT ([O,T]) ;]Rm), where yqo is of the form
(Yo, yo,y%,yo ). For 0 <a<b<T we define a simplex type set AL ([a,b]) as follows,

A7 ([a,b]) = {(s,7) € [a,b] x [0,T]|a <s <7 <T}. (4.73)

Note that the first component of (s, 7) € A¥([a,b]) is restricted to [a, b] while the second component
is allowed to vary in the whole interval [0, T]. Without loss of generality, we assume that ||z|(a,q) <
M € R,. As in Remark 4.14, we choose a parameter < a but still satisfying B —~v > 1/4. Let
us also consider a time horizon T < T (this T will be made small enough to perform a contraction

argument later on). We will work on a space D vo (AT([O T));R™) defined by
DEDAF (0. T R™) = { (9705, 5) € DE (1 ([0,7))5R™) |
yo = {50 o) = {yo,ymyé,yo‘}}- (4.74)
Notice that the norm on Dé%,g is still defined by (4.11). The only difference between D 3o ) and

DY i Definition 4.7 is that D(fg yz) has an affine space structure, in contrast with the Banach

space nature of DY
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Remark 4.17. As the reader can see, the main aim of the definition encoded by (4.74) is to have
fixed initial conditions for controlled processes. This slight variation on the notion of controlled
path will be beneficial in order to set up our fixed point argument below. Notice that it is
a standard practice in rough paths theory to have fixed initial conditions, as addressed in [15,
Section 8.5].

We are now ready to solve Volterra type equations in the rough case o — vy > %.

Theorem 4.18. Consider a path x € C*([0,T];R?) and a Volterra kernel k : Ay — R of or-
der v. And consider another two pammeters n,¢ € [0,1] such that relation (2.27) holds. Define

z € VErmO(AyRY) by 2] = fo T,7)dx, and assume there exists a tree indexed Volterra rough
pathz = {z°7; 0 € T3} above z satisfying Hypothesis 4.3. Additionally, suppose f € Cp(R™; L(RY;R™)).

Then there exists a unique solution in D) (R™) to the Volterra equation

t
Y = Yo +/ k(r,r)dx.f(y.), (t,7) € Ay ([0,T]), yo € R™, (4.75)
0
where the integral is understood as a rough Volterra integral according to Theorem 4.10.

Proof. We will proceed in a classical way by (i) Establishing a fixed point argument on a small
interval. (ii) Patching the solutions obtained on the small intervals. Since this procedure is
standard, we will skip some details.

We wish to solve (4.75) in a class of controlled processes. This means that the right hand
side of (4.75) has to be understood according to Theorem 4.10. In particular referring to The-
orem 4.10(iv), the controlled process y will be of the form y = {y,v*, yI, 0}. In the remainder
of the proof, we will consider a controlled path y € Dé%,g) (A2T ([O,T]) ;Rm) as given in (4.74),
that is a controlled processes y starting from an initial value yo = (yo, f(v0), f(%0).f (v0),0). As in
Remark 4.14, we consider a parameter 3 such that for all (n,() € Ay we have

B<a, B— 7>1 (<p—7, and n>1—0. (4.76)
In addition, we introduce a mapping
Mz DD (A5 ([0,7])5R™) = DY (A5 ([0, 7]);R™) (4.77)

such that for all <y, y°, yz, O) c D;’B g,z) (R™), we have
Mr (y v 0>t

~{(w+ [ ke 6. 1605 60) F6D.0) | €m) € AT (0T ] (79

We are now ready to implement the first piece (i) of the general strategy described above.

Step 1: Invariant ball on a small interval. In this step, our goal is to show that there exists a

ball of radius 1 in D;B g,g)(Ag([O, T)); R™) which is left invariant by Mgz provided that T is small
enough. To this aim, we introduce some additional notation. Namely for y as in (4.78) we define
a controlled process w in the following way:

? T
(37 t, 7—) = WZ-S = <thsa w;;—? w;,;" O> = MT (ya y.7 yI> 0> io’ (479)
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where we recall that My is defined by (4.78). Next consider the unit ball By within the space
Diyy (AF ([0, T]);R™), defined by
?
Br = { (v.7,0,0) € DLV (AT ([0.71) i R™) | 1w, 07,8, O)llme) < 1} (4.80)

In order to bound the process defined by (4.79), notice that My is given as the Volterra type
integral of ¢ = f(y). Hence according to (4.69) there exists a constant C' such that for all
(n,¢) € Ay we have

16, 6%, &, 6" Marme) S (1+ Izl @ano)’ (1 + Q%) T, (4.81)
where we have set

Q= 1£o)l + 1 o) f' (wo)l + 1, 5" 4", )l (8.7m.0)- (4.82)
In addition, our process w is defined in (4.79) as

t
wf= [ k(rr)dag;
Thus an easy extension of (4.14)-(4.17) to a process ¢ € DY with 3 satisfying (4.76) yields

L] I (X ] 4 _af
HWHz,(an,C) < CH(¢7 0% ¢ )HL(ﬁmn,C)HZH(a,%n,O <C (1 + HZH(amn,C)) (1 + Qg) T ﬁ? (4'83)

for a universal constant which can change from line to line. Furthermore, since we have assumed
that ||z (a,y.n¢) < M, one can recast (4.83) as

||W||z,(ﬁ,w7£) <C (1 + M4) (1 + Qg) o7, (4.84)

Considering T < (C (1 4+ M*) (1 + Q?’))Tiﬁ and back to our definition (4.79), it is now easily seen
that Bz in (4.80) is left invariant by the map My¢. This completes the proof of step 1.

Next, we handle the second piece (ii) of the general strategy described above.
Step 2: M is contractive. The aim of this step is to prove that My is a contraction mapping
on DY (AT([0,T]): R™). That is, we will show that there exists a small 7' < T and a constant

0 < g < 1 such that for two paths y = (y,y‘,yI,O) and y = (g,gzgz,o) in D;?;Z)(Ag([o,f]);l[{m)
we have ( for (n,() € Ay)

T S
HMT@—y,y—y,y—y,O)

(4.85)

T .
SqH<y—y,y—y,y—y,0> .
z,(8,7,m,C) z,(8,7.m,¢)

To this aim, we set F' = f(y) — f(7), and consider the controlled path F = (F), F‘,FI,F") €
DY 77)(A2T([0, T)); R™) defined through Proposition 4.13. According to expression (4.78), we have

M (y — Gy — i - 17:,0>T

_ {(ts/stk(T r)dz, Fr, FT, FO) (s,t,7) € AT ([O,T]>} . (4.86)

Hence in order to prove (4.85), it is sufficient to bound the right hand side of (4.86). Now similarly
to Step 1, thanks to Remark 4.11 and upper bounds (4.14)-(4.15), we obtain

[ M3 (5= 5.9 = 7.7 - 7.0)

TP, (4.87)
z,(B:7:m5C)

< Cllzllammo H(F s F)

z,(8,7:m,¢)
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In the following, we will bound ||(F, F*, F:, F**)|2.(8.m,¢), that is, we need to find a bound for

|(F, F*, FI, F**)la(8.4.m¢) with respect to ||[(y — 7,y* — 3*,v* — 7*,0)||a.(8.4mc)- Recalling that F =
f(y) — f(y) and the definition (4.30)-(4.31), we can rewrite F as

F = (F) ~ 1), FO)F &)~ TG, SO F W) )~ FGF G D)
SIS ) = S1GIOG). (1.58)

The strategy to bound ||F||, s4.4.0c) = |[(F, F*, FI7 F**)||2,8,7.mc) s given in (4.88) is very similar
to the classical rough path case as explained in [15]. Due to the fact that both y and y sit in
the ball Br defined by (4.80), we let the patient reader to check that there exists a constant

C = OM’O‘W’”f”cE such that

H(F7F.>FI>F“> SCN’H(Z/_gvy._g.ayz_gzvo) : (489)
z,(8,7.m,€) z,(8,7:m:C)
Reparting (4.89) into (4.87), we thus get the existence of a constant C' such that
HMT <y_g’y._g.7yz_gz70> S OM“<y_g7y._g.7yz_gI70> Toz—ﬂ‘
Z,(B,’Y’U,C) z7(67’7)7]1§)
(4.90)

By choosing T small enough such that ¢ = CMT*# < 1, we can recast (4.90) as

[Me (=g =i = 70) | <a(v- i - - i)

z,(8,7,m,¢) '

It follows that Mg is contractive on DY (AT([0,T]); R™), which completes the proof of Step 2.
Combining Step 1 and Step 2, we have proved that if a small enough 7" is chosen then Mz admits
a unique fixed point y = (y,y',yz, 0) in the ball B; defined by (4.80). This fixed point is the
unique solution to (4.75) in B. In addition, owing to (4.82) plus the fact that f, f’ are uniformly
bounded, it is easily proved that the choice of T can again be done uniformly in the starting point

yo. Hence the solution on [0,7] is constructed iteratively on intervals [T, (k 4+ 1)T]. The proof
of Theorem 4.18 is now finished. U

z,(8,7:m,¢
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