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ABSTRACT. In this note we study a discrete time approximation for the solution of a class of
delayed stochastic differential equations driven by a fractional Brownian motion with Hurst
parameter H € (1/2,1). In order to prove convergence we use rough paths techniques.
Theoretical bounds are established and numerical simulations are displayed.
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1. Introduction

The fractional Brownian motion with Hurst parameter H € (0,1) is a centered Gaussian
process (X¢):ejo,1] Whose covariance function can be written as
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The family of processes {X; H € (0,1)} enjoys several nice properties:
e For H = 1/2, one recovers the classical Brownian motion.

e For any H € (0,1), the paths of X are almost surely (H — p)-Hélder continuous for any
arbitrarily small p > 0. Specifically, we have

X, — X,| < Fo|t —s|" 7 as. t,s€][0,T], (1.1)

e The covariance of the increments of X on intervals decays asymptotically as a negative
power of the distance between the intervals.

e Fractional Brownian motion is the only finite-variance process which is self-similar (with
index H) and has stationary increments.

These characteristics have converted the fractional Brownian family into the one of the most
natural generalization of Brownian motion among the probability community, but also for
practitioners, in the recent years.

At a theoretical level, it should be noticed that the martingale type techniques used for
the construction of a stochastic calculus with respect to the usual Brownian motion B'/?
cannot be invoked anymore when H # 1/2. However, when H € (1/2,1) one can define
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stochastic integrals and solutions to differential equations thanks to Young (see e.g. [11, 14]
for an account on these techniques) or fractional calculus (as explained in [25, 31|) methods.
The case H € (0,1/2) is avoided in this article for sake of readability, but let us mention
that one has to appeal to rough paths techniques (for which we refer to [11, 14] again) in
order to solve stochastic equations in this situation.

As far as applications of differential systems are concerned, the wide range of contexts in
which fBm driven models are used includes Biophysics [17, 27, 28], electrical engineering |7]
and finance [4, 13, 15, 16, 29] situations. All those applications involve ordinary or Volterra
type differential equations, but delayed systems can also be of huge importance. Indeed, to
mention just a single biomedical example, bacteriophage systems are commonly described by
delayed equations. Specifically, what we call bacteriophages are harmless viruses meant to
attack bacteria involved in animal diseases according to a so-called lytic process. In short, the
virus genetic material penetrates into the bacteria and uses the host replication mechanism to
self-replicate. This lytic step induces a complex chain of reactions and takes about 30mn to be
completed, while treatments are usually measured in hours. Thus, mathematical modelings
of the treatment naturally involve delayed equations, as assessed by the recent articles |1, 3, 2,
26]. While the aforementioned references are concerned either with deterministic or Brownian
driven equations for sake of simplicity, let us stress the fact that there are experimental
evidences that fBm models should also be dealt with in this context.

At a more theoretical level, random delay systems can also be seen a first approximation
of stochastic infinite dimensional differential equations such as stochastic PDEs. This point
of view is developed at length e.g in [22]|. Since stochastic PDEs are notoriously hard to
handle, it is worth trying o first understand better the behavior delay equations driven by
fractional Brownian motions. This gives another appeal to the study of these systems.

With those motivations in mind, let us proceed to the mathematical description of the
model we are dealing with. Namely, we consider the following stochastic delay differential
equation driven by a fractional Brownian motion X (FSDDE) with Hurst parameter H >
1/2,

dy, = b(Y)dt+o(Y,_,,Y,)dX}, te][0,T] (1.2)
Y = o(s) se[-r0
where ¢ is a Holder continuous function on [—r, 0] and r is a positive time delay. As a
solution to this equation we shall define a process {X;,t € [—r, T} satisfying

V=) + [ 000+ [ o vax, el
Y= ¢<t)7 te [_T7 O]a (13)

where the integral with respect to fractional Brownian motion is the generalized Riemann-
Stieltjes integral introduced by Young, expressed in the formalism given by [14]. It is worth
mentioning that this kind of equation has been first introduced in [24, 19] (see also [9] and
[10] for a diffusion coefficient of the form o(Y;_,)).

In this context, the current article focuses on a sequence of discrete time approximations
Y™ of the solution Y to the FSDDE (1.3), on a compact interval [0,7]. In a natural way,
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this scheme will be based on a regular partition of [0, 7] with mesh proportional to 1/n and
we will pursue two dual objectives:

(1) At a theoretical level, we will show a strong convergence result for the sequence Y.
Namely, under suitable assumptions on the coefficients of (1.3), we shall see that
almost surely, the difference sup,o 7y [Y;" — Y3 is of order n=#=177) for p arbitrarily
small. This means that one can reach the same rate of convergence as in the non-
delayed case, which was first obtained in [21, 23]. Moreover, comparing our result to
other studies concerning numerical schemes for pathwise equations [8, 12, 19|, let us
highlight the fact that we are dealing here with coefficients b, ¢ with linear growth
(as opposed to bounded coefficients). This covers more realistic situations in terms
of modeling, but is also a non negligible part of the technical problems we have to
face in the sequel. We believe that our scheme is the first one covering the case of
coefficients with linear growth, even in cases with no delay.

(2) We then illustrate our theoretical results by simulations in order to depict the typical
path of a delayed differential equation driven by fractional Brownian motion. In
particular, the reader will observe the influence of the Hurst parameter H in terms
of regularity of the path and convergence of the numerical scheme.

This paper is organized as follows. Section 2 is devoted to some preliminaries related

to rough paths theory and conditions for existence and uniqueness for the fractional delay
equation (1.2). In section 3 we define our discrete Euler scheme for the solution of FSDDE
(1.3) and we study its rate of convergence. Finally, in section 4 some numerical examples
are given.
Notation. Let 7 : 0 =ty < t; < --- < t,, = T be a partition on [0,7T]. Take s,t € [0,T].
We denote by [s,t] the discrete interval that consists of t;’s such that t; € [s,t]. Let [
be either the interval [s,¢] or the discrete interval [s,t]. We denote by Si(I) the simplex
{s <ty < -+ <ty <t}. Throughout our computations, C, designates a constant which
depends on some Holder norm of the signal z. The value of this kind of constant can change
from line to line.

2. Preliminaries

This section is devoted to some preliminary considerations about Young integration, as
well as delay equations driven by a Holder noisy signal.

2.1. Holder continuous paths. In this subsection, we introduce some basic concepts of
Young integration theory, in both discrete and continuous settings. Let v > %, and call
T > 0 a fixed finite time horizon. The following notation will prevail until the end of the
paper: for a vector space V' and two functions f € C([0,7],V) and g € C(S(]0,71),V) we
set

O0fae = fe— fs, and  0Gsut = Gst — Gsu — Gut- (2'1>

We start with the definition of some Hoélder semi-norms: consider here a path x €
C([0,T],R™). Then we set

5Iuv
gy =  sup 0T (2.2)

(u,v)ES2([s,t]) |U - U|7.
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We denote by C7([s, t]; R™), or C7([s,t]) in a shorter form, the space of continuous functions
taking values in R™ such that ||z||s 4, is finite. In the same way, if g € C(S,([0,77),V) and
h € C(85(]0,T]),V), we define:

|guv’ |hsut‘
g[ls0 == sup , and [[h]l,=  sup :
st (u,0)E€S2([s,t]) lv —ul (5,u,t)€S3(]0,T)) |t — s|»

We also notice that the Holder norms in (2.2) and (2.3) can be defined for functions on the
discrete grid [0, T]. The corresponding spaces will be denoted by C*(Sk([0,T7)).

For Holder continuous paths with Holder exponent greater that 1/2 , the classical Young
(or generalized Stieltjes) integral can be defined in the following way (see [30]).

(2.3)

Proposition 2.1. Let f and g be two real-valued v-Hdélder functions on [0,T)], with v > %
Then for (s,t) € S3([0,T1]) the integral
t
/ fr dg,

1s defined as a limit of Riemann sums. In addition, it can be bounded as follows:
t
[ #edar] < € (100600 + 17 sl ealt = 7).

Notice that equation (1.3), as well as all our noisy integrals, will be interpreted in the Young
sense in the remainder of the paper.

We now state a lemma which will be crucial in the analysis of our numerical scheme
(see [20] for a proof). It allows to get estimates of a function f € C% in terms of 0 f, which
might be a simpler object.

Lemma 2.2. Let f be a function defined on [0, T] and p > 1. Then the following inequalities
hold true:

(i) Whenever fii,., =0 for all 0 < i < n we have
(ii) In the general case where the quantities fi,, , do not all vanish, we obtain:
£, < Cullofll, +sup { | fuen|; 0 < i<}

2.2. Stochastic delay equation. Recall that our aim is to get some convergence results
for the fractional delay equation (1.3). However, observe that one can also solve recursively
equation (1.3) in the following way:

(i) First on [0, 7] we solve the equation:
t t
Y, = Yo +/ b(Y,)ds +/ o (h©, Y,)dX,,
0 0

where Yy = ¢(0) and 2 = Y,_, = ¢(s — r).

(ii) If we assume that the equation is solved on [(j — 1)r, jr], equation (1.3) on [jr, (j + 1)r]
becomes:

t t
Yt:er+/ b(Ys)der/ o(hY)Y,)dX,, (2.4)
J

T Jr
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where h,(nj ) — Y,_, and Y}, is considered as an initial condition.

In any of those cases h'/) can be though of as an input of the system, as opposed to an
unknown. We are thus reduced to the discretization of the following equation on [0, 7] (we
shall take T' = r for our application to delay equations):

t
Yt—YO+/ o(hy,Y,)dX, for te0,T), (2.5)
0

where X = (X})i>0 is a fractional Brownian motion with Hurst parameter H > 1/2 and
h could be any R™-valued process whose trajectories are in C7 for some v € (1/2,1), as
defined in (2.2). Here again, the stochastic integral in equation (2.5) is understood thanks
to Proposition 2.1.

Once our delay equation (1.3) has been reduced to (2.5), let us give the set of hypothesis
we wish to consider for the coefficients:

Hypothesis 2.3. In equation (2.5), consider a measurable coefficient o : R™ x R™ — R™,
which is twice differentiable in x,y Moreover we assume:

(1) The path h is a given element of C7 for some v € (1/2,1).
(2) There exist a constant Cy > 0 and CL > 0 such that:

|0-('r1ay1) - U(fﬁz»y2)| < Cﬂ{l‘r? - ZE1| + |y2 - y1|}’ vxlvaaylayQ € R™.
(3) The function o also satisfies the bound:
lo(z,y)l < Co(L+ |2 +yl), Yo,y € R™

As mentioned in the introduction, we point out that, in order to cover relevant cases
in terms of applications, we only assume a linear growth for ¢ in Hypothesis 2.3. This
induces some technical difficulties with respect to the standard bounded coefficient case.
Nevertheless, one can prove the following existence and uniqueness result (see [25] for a
proof based on fractional calculus).

Theorem 2.4. Consider a fBm X with Hurst parameter H € (1/2,1). Let o and h functions
that satisfy Hypothesis 2.3. Then equation (2.5) admits a unique solution Y € C7([0,r]) for
any % < v < H. Furthermore, the increments of this solution' Y can be decomposed as follows
for all (s, t) € S»([0,T7):

§Yy = o(hs,Ys) 60Xy + RY (2.6)

st

where the increment RY satisfies |RY,| < Cy|t — s|*7 for an almost surely finite constant C,
depending only on || X|,.

3. The Euler scheme

In this section we define properly and analyze the Euler scheme related to equation (1.3)
rewritten as (2.5). In order to alleviate notations, we will consider that the function o, the
process h and Y are R-valued. It should be noticed that the extension of our considerations
to multidimensional situations is just a matter of adding indices, which is left to the patient
reader.
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3.1. A priori bounds on the scheme. For a given 7' > 0, let [0,77], be an equidistant
partition of the time interval [0, T with step size T'/n, i.e.

¥
[0.T], ={0=ty <t < <t, =T} where t,-:%.
If s,t € [0,T] with s < t, we denote
[s,t] == [s,t] N[0, 77,

According to our recursive expression for equation (2.4), the numerical approximation
considered here can be defined in the following way:

Definition 3.1. The Euler scheme related to Equation (2.5) is a sequence {Y"; n > 1}
where Y™ = {Y/; t; € [0,T]} is defined recursively by:

Y:‘,:L+1 = }/t? + O-<hg7 Y;:L)(SXtitHl? (31>
where the process h™ is an approzimation of h satisfying the following hypothesis:
|h} — hy| < Cp, i (3.2)
as well as the uniform bounds
t— g
Sh, < C2[t — s, and |6(h — h")y| < C2 27_13[ . (3.3)
n €

In our definition (3.1) we also assume Yy to be a fived constant. In the sequel we will set

C} =Ch+Cy.

Remark 3.2. In case of a delay equation, on each interval of the form [Ir, (I 4+ 1)r]| one can
take h™ as the Euler approximation Y™ |1y, of equation (1.3) on the interval [(I —1)r, I7].
As we shall see, Y™ |j4_1),, fulfills the assumptions (3.2) and (3.3).

Let us now collect some basic information about the approximation Y. According to
relation (3.1) we have that, for any point ¢; of the uniform partition:

OV, = o(hi, Y1) 0 X, (3.4)
We can extend this relation to any couple of points (s,t) in Sy([0,77],) by writing:

Yy =o(hl,Y]")0 Xy + R, (3.5)
where we have just set:

Ry :=0Yy —o(hl,Y])0 X (3.6)
With this definition, we have that Ry, = 0 according to (3.4).

The dicrete increment R™ introduced in (3.6) is expected to be 2y-Hélder continuous. One
of the key ingredients in the analysis of our scheme is the study of ||R”||27. To this aim,
notice that by Lemma 2.2 it is enough to study ||0R"||2,. The following lemma is a first step
in this direction.

Lemma 3.3. Assume that the coefficients of equation (2.5) fulfill Hypothesis 2.3, and let
R™ be the remainder defined by (3.6). Then, for (s,u,t) € S3([0,T],), the increment §R™
satisfies the following inequality:

[0R%,| < Co [Chls —ul" + 18R] [1IX], [t = s, (3.7)

sut
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where C? is defined by relation (3.3).

Proof. Let us apply the operator § on both sides of relation (3.6). Invoking the fact that
00Y"™ =0 and 00X = 0, we get:
0 RS = 100Ygh, — Olo(hg, Y{*)OX |
= [00(h", Y")su0 Xur — o (h, Y{")0(6X) suut]
= 00 (R, Y™) 500 X (3.8)
We now resort to the linear bound on o given in Hypothesis 2.3, which yields
0R%,.| < Co [10hg,| + oYL TIXIL, [£ — ul”
< Co [Chls —ul” + oYa [} 1XII, It — s,
where the last inequality comes from our assumption (3.3). O

According to equation (3.7), the study of JRZ,, can be reduced to an upper bound on

sut

|0Y | for s < u < t. The following lemma delivers this bound.

Lemma 3.4. Let Hypothesis 2.3 as well as the upper bounds (3.2) and (3.3) prevail. Let Y™
be the Euler approzimation of equation (2.5). Then for all s,t € [0,T], the following bound
holds true: R

0Yi| < Clt — 8], (3.9)

where the constant C' satisfies C' < ¢, exp(ea(1 + ||X||}/7)) for two strictly positive constants
C1,Cq.

Proof. We will prove by induction that, for all { = 1,2,...n and s,¢t € [0,7], such that
0 < s <t<t we have:

6Y2] < Colt — 8|7 (3.10)
This proof will be divided in several steps.

Step 1: case 1 =1. For [ = 1, owing to the Holder continuity of the process X and the
linear growth of o, we have

05, | = lo(hg, Y516 Xor |
< Co(1+ |hgl + YD IIXIL £]. (3.11)
This yields relation (3.10) for [ = 1.
Step 2: Upper bound for R". Consider an index [ = 1,...,n. Our induction assumption

is that (3.10) is true 0 < s < t < t;. We shall now propagate the induction, that is prove
that the inequality is true for its successor, [ + 1. We will thus study (3.10) for s,¢ € [0,7],,
with 0 < s < t < t;41. Furthermore, if 0 < s < t < ¢; inequality (3.10) is trivially satisfied
thanks to our induction hypothesis. Let us now focus on the case 0 < s <t = t;,1. Namely,
consider s < uw < t with ¢t = t,;;. Since |u — s| < |t — s|, owing to (3.7) and our induction
hypothesis we get that,

0R%,| < Co [Chlu— s[" + 6L IX], [t — s
< G [(Ch+ Cy)u— s I X]| [t = s
< Co(Ch + Co) |1 XL, It — s, (3.12)
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Since inequality (3.12) is also obviously true if ¢ < ¢,,1, we can apply Lemma 2.2 over [0, ¢,.1]
in order to obtain:

1R ls1 < CoCo(CE+ Co) X It — oI
or otherwise stated, for 0 <u < v <{t;4;:

R, < CLCo(C + Co) X, Jo — ™. (3.13)

Step 3: Local upper bound for Y™. Recall that the dynamics of Y is governed by
equation (3.5). We will start by bounding uniformly the quantity Y;*, which is obtained
thanks to an anlysis of the increment §Y{;. Namely, invoking the dynamics (3.5), we get:

0¥l < Jo(hg, Yo |0 Xoe| + | Rg|

< Co (L [hg| + Y5']) [0 X0 | + | R

< Co (L4 |hgl+ 1Y) XL, [t + | R,

< Cp (L4 [hgl + V5| + O, Co (G + Co)lt) X Je, (3.14)
where the last inequality is due to (3.13). We thus end up with the following inequality on
[0, ti4a]:

VPl < Y9+ (Co (L kgl + [YG']) + C,Co (CR + Co) ) XL, Tt
K(}/E)n702a0—7 hgaXat) (315)

Let us now handle the case of a general increment §Y. We first resort to (3.5) and
Hypothesis 2.3 in order to get

63| < lo(hy, Y 6Kl + [Riy| < Cg (14 [R| + [Y2) 0X 0| + | Rl
Now plug inequalities (3.3), (3.13) and(3.15), which yields:
[6Y3] < Cg (L+ RG] + Cyls|” + K (Y7, Ca, 0, ht, X, 9)) [0X | + | RS,
< o (L+ |hg] + Chlsl” + K (Y", Ca, 0, b, X, 9)) | XL 1t = s|” + [ R
< (CHU+ 1]+ C2Is[7 + K(Y, Con 0, 8, X, 5)) + CyCo(C2 + o)t — s[7) X [t — oI
Gathering all the terms above, we thus obtain:
0Yz1 < UK, 1t = s” {3 (1+ 1Bl + Y5 + CElsl + CHIXIL s (1+ 1] + %3]
+ CCCEIXI Is7) + CCoCRlt = |7 + Gy (CHCLCo XL 17 + CoClt = 57) }
(3.16)

We shall now perform the steps allowing to go from an inequality of the form (3.16) to
our claim (3.10). We thus consider a small enough time 7. In the interval [0,¢,.1] N[0, 7] we
can recast (3.16) as:

16Y" [l < Cal| Xly + (Ca + CsCo) [| XL, ] (3.17)

where the constants C3, Cy and Cs are respectively given by Cy = CL(1+ |h3|+ |Y]), Cy =
(1+C,Co)CRAIXL, (Co (L4 [RG ]+ Y5 ) +(CLCo)CRIT|Y) and C5 = C,Co(Co 1X |, T +1).
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In order to get some stability in our Hélder norms estimates, let us assume that the quantity
b(T) = C5 || X||, 77 satisfies b(7) < 1/2. Otherwise stated, assume that 7 verifies:

1

G IXT, + )77 19
Moreover, in inequality (3.10), let us choose the constant Cy such that
Gy 22 (Cy |11, + Gy | XL I1TT) (3.19)

Then plugging the values (3.18) and (3.19) into (3.17) we get the following bound on [0, ¢;41]N
[0, 7]:

1Y, < Cy (3.20)
In conclusion, in [0, #;41] N[0, 7] we have propagated our induction claim (3.10).

Step 4: Global upper bound for §Y™. Up to now we have performed our computations
on [0, 7] only, where 7 is defined by (3.18). The computations on any interval of the form
[kT, (k + 1)7] would be exactly the same, except for the fact that the initial value Y{* has
to be updated to Yj,. Then recall that our quantities of interest are Cy in inequality (3.20)
and K(Yy', Cy,0,hy, X, t) in relation (3.15). We will keep track of those constants below.
Let us also highlight the fact that the small time step 7 given by (3.18) does not depend on
the initial condition Yj, which means that it can be considered as a given constant in the
remainder of the proof.

Let us now see how to update the initial data Y,? in each sub-interval. To this aim we
notice that a straightforward generalization of (3.14) gives:

Ykl < AV + B, (3.21)
where

A=1+ClIX],7, and B =C;(1+ |hg]) [| X[l 7+ C,Co (Co + CF) 1X] 7).
In addition, starting from (3.21), an easy induction procedure yields:

Ak —1
A-1

Yl < AYYy |+ S——B. (3.22)

In order to get a global bound for Y, we are now reduced to compute the number of
intervals [kT, (k + 1)7| necessary to cover [0,7]. Calling npyay this number and resorting to
expression (3.18), it is readily checked that:

1

T 5
Nmax = ? =T <2C5(1 + HX”'y)) :
Plugging this expression into (3.22) we end up with the following bound valid for all & < nay:
Vel < e+ [hg] + Ve ) exp (ea(1 + 1 X13/7)) -

Taking into account relation (3.20), we let the patient reader check that this proves rela-
tion (3.9). O
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3.2. Convergence of the scheme. We are now ready to state the main result of this
section, which gives a theoretical bound on the speed of convergence for Y.

Theorem 3.5. Let Y™ be the Euler scheme given in Definition 3.1, and let Y be the solution
to equation (2.5). We set Z" =Y —Y™. Then for all0 <e <2y—1and 0 <s<t<T we
have the following bound:

C’1 K

|1Z]| < —1—5’ where  Cy, < ¢y exp(ca(l + H:cHi/”)), (3.23)

for two strictly positive constants ¢y, co depending on o and €. Furthermore, the increments
of Z™ also satisfy a bound of the form:
037x|t — S|fy

n2y—1l-e ’

|027%] < where  Cs, < cgexp(ca(1l + Hx||,1/7)), (3.24)
for two strictly positive constants cs, cy.

Proof. Recall that Y™ is defined recursively as:

6}/;7;1-“ = 0-<h12~7 YZZ)(SXUMH (325>
while the increments of the solution Y to equation (2.5) can be expressed as:
5Y;fiti+1 = O—(h‘ti? Y;fi)(SXtitiH + Rt itit1? (326)

for a remainder RY such that ||RY ||z, < co. We now divide the proof in several steps.

Step 1: Dynamics for Z". Thanks to a Taylor type expansion, one can linearize the

increment of Z™ between two successive partition points as follows:
0z = (a(hti,Yti) — J(hZ,Yt:‘)) 0Xp00 T RY

titit1 titit1

= (Utll(htz — h?l) + UiZZ)§Xtiti+l + Rt itig1? (327)
where o! and o? are respectively given by
ol — / D10 (Mhy + (1= VALY d, o? = / D0 (W AY" + (1 = Y dA. (3.28)

Observe that both ¢! and ¢? are bounded functions.
Starting from (3.27), we now follow some of the ideas of Lemma 3.4. Namely we assume in

general that for s, ¢ in the discrete simplex Sy([[0, 7])), the increment 627, can be decomposed
as follows:

027 = (ou(hs — W) + 02216 X + R2, (3.29)
where we have just set:
R =07 — (ol(hy — ) + 02Z™)6 X 4. (3.30)

Notice that the increment R7, depends on Y as well as Y™ through the paths o', 0% Also

observe that for all 0 <4 < n —1 we have Rf, Rgm .- In addition, sunllarly to what

we have done in Lemma 3.3, the increment d R can be expressed as:

SR, = 60" (hy — ") Xy + 010 (h — W) 0 Xt + 002, 26 X oy + 02027 6 X 0. (3.31)

sut — su—u
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We will now formulate an induction assumption for Z™ on the interval [0,¢,] N [0, 7], for a
small enough time constant 7 to be determined later on:

J
1 iz <~ and iz < &2

|Zg] < - e el < W|

— u—s|7, (3.32)
where C1, Cy, d; are three positive constants such that d; < C; and where we have picked
¢ such that 0 < ¢ < 2y — 1. We shall dedicate our main efforts to the propagation of this

induction hypothesis (which is easily verified for ¢ = 1).

Step 2: Upper bound for R". As in the proof of Lemma 3.4, we mainly focus our
attention on a bound for R}, with 0 < s < ¢ = t, with the additional condition ¢, < 7. Then
introducing a parameter € > 0 and plugging relations (3.3) and (3.32) into (3.31) we end up
with:

. X, (t —s)*
52l < {(C3 + Comax(or], 2]} + 26} o] + Ca o]}
X
< {(€3+ Coymax{o], o]} + 268 o] + Ca o]} A ypierie

where ¢!, 0% have been defined by (3.28). Hence we easily deduce:

G (t - S)H_Ea

n2fy—1—£

0R%,| <

sut

with a constant C5 defined by:
¢ = {@+cymax{|lo|. o*]|,} + 263 o[, + Ca [l J XN, 77
= {(C} + C) Moy +2C; ||t + Ca|Jo®|| L} IXN, 72771, (3.33)

and where M, ., = max(||c'|,, ||0?]],). We also recall that C} = C} + C?. Moreover, since
Y is governed by equation (2.6), observe that:

R, =R and thus |R}, | < Cu(ti —t)™. (3.34)

titi+1 titi+1? titi+1
Therefore, since t;,1 —t; = % and choosing the parameter € as in equation (3.32), we end up
with: .
|Rtiti+1 | C[L’
’tiJrl _ ti’H—s - n2'y—1—e
Hence, owing to Lemma 2.2 item (ii) and inequality (3.34), this yields:
Cl+sc3 + Cx . cY4

n2y—1-¢ - n2v—1-¢’

| R"l0,7114¢ <

where we recall that the Hélder norms of the form || R"||[o,;]14 are defined by (2.2). Sum-
marizing, we have obtained the global bound (3.35) on the norm of R™ in [0, 7].

(3.35)

Step 3: Upper bound for the increments of Z". We now plug our global bound (3.35)
and our standing assumption (3.32) into (3.29), and we get the following bound for 677,
where we recall that we consider a couple of points (s,t) € So([0, 7]) with ¢ = ¢,

. cl +C, Cy e
075 < M, |X]|, ﬁ“ = sl et - s
My | X, (CL 4+ Cy) 4 Cyrtte C,
Y ” ||’y ( h 1) 4 |t B 5|7 < 5 ‘t — 5’7, (3.36)

— n2v—1l-¢ — n2y-1l-e
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where we have set C5 = M, HX||7 (Ci + Cy) + Cyrite,

Let us write the constant Cs we have just defined in a more explicit manner. Indeed,
specifying the values of each constant C,...,Cy; we obtain:

05 = MUKY HX”"/ (02 + Cl) + 6147'14_6_7 (337)
= M, | X, (G} + C1) + (CrseCy + Co) 7' 7577
= M, | X]|, (C; + C1)
4 (Coae {(C+ My +26L o, + Ca ] IXT, 7277 4 €)7o
= Mo [1X [, (G} + C1) + Cupe ((Ch + C1) My + 25 |||, + C [|0*]| ) 11X, 7
+ Cyrite
Now in order to propagate the induction hypothesis (3.32), we need to choose our parameter
7 such that C5 < Cy. Going back to identity (3.37), we will first choose 7 such that:

1

< 3.38
< o (3.58)

77 with oy

< a1

—7
X1,
Then a sufficient condition in order to achieve C5 < Cs is

C
o = Moy | X, (G + Ch)

+ Crye ((CF + C1)Myy +2C ||o|| ) IX N, 77 + Cor™77. (3.39)

If we further assume that 7 < 1, one can recast (3.39) as:
€ 2 2 { M X, (€ + 1) + Cue (G + Co) My + 21 [0V L) X1, + C - (3.40)

We thus choose Cy = 2{M,, || X||, (C};+C1) +C14((C} + C1) My, +2C; |0 |oo) | X |l + Co ).
In conclusion, under the assumptions (3.38) and 7 < 1, we have propagated (3.32) as far as
the increments 07, are concerned.

Step 4: Upper bound for Z". We still have to propagate our assumption on Z” in (3.32).
We thus consider again a time parameter 7 and ¢ < 7. Furthermore, we simplify the notation
in (3.40) and remark that we can take Cy of the form

Cy=ar(1+C)(1+ || X],),

for a large enough constant a;. Now according to the relation on Zj and 6Z" imposed
by (3.32), we have:

« .
2 <1250+ 2] < 2, with ap=dy+en(14+ G+ [X]L)r" (3.41)

With this expression of as in hand, if we further assume C > 4d; and d; > %, it is readily
checked that

1
with a3 = —. (3.42)

Qg
as < (4, assoonas 7' < m o,
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Step 5: Global bounds. Gathering the conditions (3.38) and (3.42), we have obtained
that there exists ay > 0 such that if
0y

= —, (3.43)
L+ [1X15)~
then relation (3.32) holds on [0, 7], with
1
Ol = 4d1, d1 > g and 02 = (1/1(]_ + Cl)(]_ + ”X“’Y) (344)
We now get bounds on successive intervals called I;, denoted by I; = [1;,7j41]. In par-

ticular we take 79 = 0 and 7, = 7 as defined in (3.43). In order to estimate the length
|I;| = 7j4+1 — 7; we remark that all the computations of the previous steps are valid except
for the fact that the initial value Z7 has to be updated to Z7,. We thus start our induction
procedure on [; by assuming
dl"]

n2v—1-¢’

Cy; Cy;
27| < 2, and [6Z7] < 7’3 lu— s (3.45)

‘Zg’ S any—l 1—¢

Then, owing to the same computations as in Step 4, we end up Wlth a generalization of (3.43)
and (3.44) as follows:
Oy

Crjp1 =4C1;  Cyy=a(1+Cy)+[X],), 7mp-—17=—"7. (346)
(L+[X])~
In particular we note that 7;,1 — 7; is constant, as well as the relation linking C5 ; and C} ;.
In addition, iterating (3.46) we obviously get

Cyj=Cod. (3.47)

We can now bound the number of iterations needed in order to fill the interval [0, 7. Indeed,
according to (3.46) it is enough to take j > W in order to have 7; > T'. Plugging
this value into (3.46) and (3.47) and then reportlng into equation (3.32) stated for each

[7j, Tj+1], our claims (3.23) and (3.24) are now proved. O

4. Numerical examples

This section is devoted to an illustration of our numerical scheme with simulations. We
shall focus on the particular FSDDE given by

dY; = aYidt + (Y, + bY,1)dX,, te€][0,1.5] (4.1)
Y, = 1+s se[-1,0]
where X = (X})¢>0 is a fractional Brownian motion with Hurst parameter H > 1/2.
Since this linear equation can be solved explicitly, comparisons of our approximation with

the real solution will be easy. For example, if b; = 0, one may consider equation (4.1) as a
deterministic linear equation perturbed by a delayed fractional noise.

Let us start by examining the Euler approximation introduced in Section 3. In Figure 1
and Figure 2 we show the exact solution (red line) to the deterministic equation dY; = aY;dt
when the coefficient a satisfies a = —2, together with four sample paths for the FSDDE (4.1)
with by =0, by = 0.7 and H = 0.75 (Figure 1), H = 0.9 (Figure 2). The Euler approximation
of the solution to equation (4.1) was done with n = 10000 steps. These pictures show the
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perturbation of the deterministic equation dY; = aY;dt under the influence of the noisy term,
according to the value of the parameter by in equation (4.1).

FIGURE 1. Sample path of the deterministic exact solution dY; = aY;dt with

a = —2 (red line) and four paths of the approximated solution to (4.1) by our
Euler scheme, with b, = 0,0, = 0.7 and H = 0.75.

rrrrr

FIGURE 2. Sample path of the deterministic exact solution dY; = aY;dt with
a = —2 (red line) and four paths of the approximated solution to (4.1) by our
Euler scheme, with by = 0,0, = 0.7 and H = 0.9.
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As far as convergence rate of our approximation is concerned, we have made two different
experiments:

(i) First we have simulated 1000 sample paths of (4.1) with a = =2, by = 0,bs = 0.7 and
H = 0.85 according to our approximation and compared the result with the true value of
the solution. We have found that the tail of the error |Yr —Y/?| at the terminal time 7" = 1.5
seems to behave roughly as the absolute value of a Gaussian random variable.

0 0.005 0.01 0.015 0.02 0.025
Absolute error

FIGURE 3. Histogram for the absolute value of the error obtained on 1000
paths of equation (4.1) for H = 0.85.

(71) Figure 4 shows the rate of convergence evaluated at the terminal time 7" = 1.5. Namely,
for different values of the Hurst parameter H we simulate m = 1000 paths of ¥ and Y™.
Then for each path we compute the absolute value |Yr — Y}'| and we take the mean of those
errors. We observe that the averaged error becomes smaller when H is close to 1, which is
consistent with Theorem 3.5.
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