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Existence and uniqueness result

~ Theorem 1. \

General nonlinear equation:
y'=f(ty), ylt)=meR (3)
Hypothesis: Putial cocmbie

e (to, o) €/R, where R = («, 8) x (7, 9).
e f and continuous on R.

Conclusion:
One can find h > 0 such that there exists a unique function y
— satisfying equation (3) on (ty — h, to + h).

\.
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Example of existence and uniqueness (1)

E,=0
Equation considered: g
y' =3xyY3 and y(0)=a
~—- > Yo
4ix9> J
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Example of existence and uniqueness (2)

Application of Theorem 1: we have

of _
/37 @(X,}/) =Xy 2/3

f(x,y) = 3x y*
Therefore if a # 0:
@ There exists rectangle R such that
» (0,a) e R
» f and g—}f continuous on R

@ According to Theorem 1 there is unique solution on interval
(—h, h), with h >0

SEIAN First order Differential equations 27 /123



Second example of existence and uniqueness (1)
Equation considered:

) = 3x% + 4x + 2
2(y = 1)

)

and y(0)=-1

=] =) = £ 9OHQC
SEIAN First order
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Second example of existence and uniqueness (2)

Application of Theorem 1: we have

3x2 4+ 4x + 2 of 3x2 4+ 4x + 2

=" =

Therefore:
© There exists rectangle R such that
> (0,-1) € R
» f and g—; continuous on R

@ According to Theorem 1 there is unique solution on interval
(—h, h), with h >0
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Second example of existence and uniqueness (3)

Comparison with explicit solution: We will see that

y=1-((x+2)(+2)"

Interval of definition: x € (—2,00)
< much larger than predicted by Theorem 1

Changing initial condition: consider y(0) =1, on line y = 1. Then:
@ Theorem 1: nothing about possible solutions
© Direct integration:
» We find y = 1+ (x3 + 2x2 + 2x)1/?
» 2 possible solutions defined for x > 0

SEIAN First order Differential equations 30/123



Second example of existence and uniqueness (3)

Interval of definition on integral curves:

Comments:

@ Interval of definition delimited by vertical tangents

SEIAN First order Differential equations 31/123



Example with non-uniqueness (1)
Equation considered:

y'=y’?, and y(0)=0.

Application of Theorem 1: f(y) = y*/3. Hence,
o f: R — R continuous on R, differentiable on R*

@ Theorem 1: gives existence, not uniqueness

Solving the problem: Separable equation, thus

@ General solution: for c € R, y = [%(t + c)]3/2
e With initial condition y(0) = 0,

2t 3/2
r=(3)

SEIAN First order Differential equations 32/123



Example with non-uniqueness (2)
3 solutions to the equation:

a0 = (2" aw=-(2)". wn=o

Family of solutions: For any t; > 0,

() () 0 for0<t<t
X(t) = Xp(t) = 1\ 3/2
° + (2“3“’)) for t > t,
Integral curves:
7 2()
! 0,(2)
y(t)
T 2 ;
-1 X0) 2()

Differential equations

33/123



Slope field for a gravity equation (1)

Other way Vo wade Hee equaks - U/ A% -52

Gravity equation with friction

dv v
— =08 — — 4
dt 5 (4)

Tdea: T Hie walue of T O enown, Fhea
T He valee aﬁ o’ w abo tnown

Ex: If 0=80, Hea 'z 18-22-57

Differential equations 34 /123
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Slope field for a gravity equation (2)

Meaning of the graph:
— Values of % according to values of v
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Slope field for a gravity equation (3)

What can be seen on the graph:

1 solution to 9.8 — ¥ =0

@ Critical value: v, = 49ms™ 5

e If v < v.: positive slope

o If v > v.: negative slope
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	Slope fields and solution curves

