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1 Di�erential equations and mathematical models
2 Integrals as general and particular solutions
3 Slope fields and solution curves
4 Separable equations and applications
5 Linear equations
6 Substitution methods and exact equations

Homogeneous equations
Bernoulli equations
Exact di�erential equations
Reducible second order di�erential equations
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Existence and uniqueness result

General nonlinear equation:

y
Õ = f (t, y), y(t0) = y0 œ R. (3)

Hypothesis:
(t0, y0) œ R , where R = (–, —) ◊ (“, ”).
f and ˆf

ˆy continuous on R .

Conclusion:
One can find h > 0 such that there exists a unique function y

Òæ satisfying equation (3) on (t0 ≠ h, t0 + h).

Theorem 1.

Samy T. First order Di�erential equations 25 / 123
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Example of existence and uniqueness (1)

Equation considered:

y
Õ = 3x y

1/3, and y(0) = a.
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Example of existence and uniqueness (2)

Application of Theorem 1: we have

f (x , y) = 3x y
1/3,

ˆf

ˆy
(x , y) = xy

≠2/3

Therefore if a ”= 0:
1 There exists rectangle R such that

I (0, a) œ R
I f and ˆf

ˆy continuous on R
2 According to Theorem 1 there is unique solution on interval

(≠h, h), with h > 0

Samy T. First order Di�erential equations 27 / 123



Second example of existence and uniqueness (1)

Equation considered:

y
Õ = 3x

2 + 4x + 2
2(y ≠ 1) , and y(0) = ≠1.

Samy T. First order Di�erential equations 28 / 123
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Second example of existence and uniqueness (2)

Application of Theorem 1: we have

f (x , y) = 3x
2 + 4x + 2
2(y ≠ 1) ,

ˆf

ˆy
(x , y) = ≠3x

2 + 4x + 2
2(y ≠ 1)2

Therefore:
1 There exists rectangle R such that

I (0, ≠1) œ R
I f and ˆf

ˆy continuous on R
2 According to Theorem 1 there is unique solution on interval

(≠h, h), with h > 0

Samy T. First order Di�erential equations 29 / 123



Second example of existence and uniqueness (3)

Comparison with explicit solution: We will see that

y = 1 ≠
1
(x + 2)(x2 + 2)

21/2

Interval of definition: x œ (≠2, Œ)
Òæ much larger than predicted by Theorem 1

Changing initial condition: consider y(0) = 1, on line y = 1. Then:
1 Theorem 1: nothing about possible solutions
2 Direct integration:

I We find y = 1 ± (x3 + 2x2 + 2x)1/2

I 2 possible solutions defined for x > 0

Samy T. First order Di�erential equations 30 / 123



Second example of existence and uniqueness (3)

Interval of definition on integral curves:

Comments:
Interval of definition delimited by vertical tangents

Samy T. First order Di�erential equations 31 / 123



Example with non-uniqueness (1)

Equation considered:

y
Õ = y

1/3, and y(0) = 0.

Application of Theorem 1: f (y) = y
1/3. Hence,

f : R æ R continuous on R, di�erentiable on Rú

Theorem 1: gives existence, not uniqueness

Solving the problem: Separable equation, thus

General solution: for c œ R, y =
Ë

2
3(t + c)

È3/2

With initial condition y(0) = 0,

y =
32t

3

43/2

Samy T. First order Di�erential equations 32 / 123



Example with non-uniqueness (2)

3 solutions to the equation:

„1(t) =
32t

3

43/2
, „2(t) = ≠

32t

3

43/2
, Â(t) = 0.

Family of solutions: For any t0 Ø 0,

‰(t) = ‰t0(t) =
Y
]

[
0 for 0 Æ t < t0

±
12(t≠t0)

3

23/2
for t Ø t0

Integral curves:

Samy T. First order Di�erential equations 33 / 123



Slope field for a gravity equation (1)

Gravity equation with friction

dv

dt
= 9.8 ≠ v

5 (4)

Samy T. First order Di�erential equations 34 / 123
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Slope field for a gravity equation (2)

Meaning of the graph:
Òæ Values of dv

dt according to values of v
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Slope field for a gravity equation (3)

What can be seen on the graph:
Critical value: vc = 49ms≠1, solution to 9.8 ≠ v

5 = 0
If v < vc : positive slope
If v > vc : negative slope
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