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1 Population models

2 Equilibrium solutions and stability

3 Numerical approximation: Euler’s method
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Malthusian growth

Hypothesis:
Rate of change proportional to value of population

Equation: for k œ R and P0 Ø 0,

dP
dt = k P, P(0) = P0

Solution:
P = P0 exp(kt)
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Exponential growth (2)

Integral curves:

Limitation of model:
Cannot be valid for large time t.
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Logistic population model

Basic idea:
Growth rate decreases when population increases.

Model:
dP
dt = r

A

1 ≠ P
C

B

P, (1)

where
r © reproduction rate
C © carrying capacity
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Logistic model: qualitative study

Information from slope field:
Equilibrium at P = C
If P < C then t ‘æ P increasing
If P > C then t ‘æ P decreasing
Possibility of convexity analysis
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Logistic model: solution

First observation: Equation (1) is separable

Integration: Integrating on both sides of (1) we get

ln
A-----

P
C ≠ P

-----

B

= rt + c1

which can be solved as:

P(t) = c2C
c2 + e≠rt

Initial value problem: If P0 is given we obtain

P(t) = C P0
P0 + (C ≠ P0)e≠rt
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Information obtained from the resolution

Asymptotic behavior:
lim

tæŒ
P(t) = C

Prediction: If
Logistic model is accurate
P0, r and C are known

Then we know the value of P at any time t
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	Population models

