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ABsTrACT. Let L be a second order divergence form elliptic operator with com-
plex bounded measurable coefficients. The operators arising in connection with
L, such as the heat semigroup and Riesz transform, are not, in general, of Calderén-
Zygmund type and exhibit behavior different from their counterparts built upon
the Laplacian. The current paper aims at a thorough description of the prop-
erties of such operators in L?, Sobolev, and some new Hardy spaces naturally
associated to L.

First, we show that the known ranges of boundedness in L? for the heat semi-
group and Riesz transform of L, are sharp. In particular, the heat semigroup et
need not be bounded in L? if p ¢ [2n/(n+2),2n/(n—2)]. Then we provide a com-
plete description of all Sobolev spaces in which L admits a bounded functional
calculus, in particular, where e is bounded.

Secondly, we develop a comprehensive theory of Hardy and Lipschitz spaces
associated to L, that serves the range of p beyond [2n/(n + 2),2n/(n — 2)]. It
includes, in particular, characterizations by the sharp maximal function and the
Riesz transform (for certain ranges of p), as well as the molecular decomposition
and duality and interpolation theorems.
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1. INTRODUCTION

Let A be an n X n matrix with entries
(1.1) ap R"—C, j=1,..,n, k=1,..n,
satisfying the ellipticity condition
(1.2) A’ < ReAg - and |AE-Z < NI, VELeC,

for some constants 0 < 4 < A < oo. For such matrices A, our aim in this paper is
to present a detailed investigation of Hardy spaces and their duals associated to the
second order divergence form operator

(1.3) Lf = —div(AVf),

which we interpret in the usual weak sense via a sesquilinear form.

In the case that A is the n X n identity matrix (i.e., so that L is the usual Laplacian
A = —div - V), this theory reduces to the classical Hardy space theory of Stein-
Weiss [56] and Fefferman-Stein [31]. For more general operators L whose heat
kernel satisfies a pointwise Gaussian upper bound, an adapted Hardy space theory
has been introduced by Auscher, Duong and Mclntosh [2], and by Duong and
Yan, [25], [26]. In the absence of such pointwise kernel bounds, the theory has
been developed more recently in [10] by Auscher, McIntosh and Russ (when L
is the Laplace-Beltrami operator on a manifold with doubling measure), and in
[39] by the first two authors of the present paper, for the complex divergence form
elliptic operators considered here. In [10, 39], the pointwise Gaussian bounds are
replaced by the weaker “Gaffney estimates” (cf. (2.21) and (2.24) below), whose L?
version is a refined parabolic “Caccioppoli” inequality which may also be proved
via integration by parts using only ellipticity and the divergence form structure
of L. The present paper may be viewed in part as a sequel to [39], in which we
extend results for the case p = 1 given there, to the case of general p (although we
also obtain here some results, pertaining to the characterization of adapted Hardy
spaces via Riesz transforms, that are new even in the case p = 1). In particular, it
is in the nature of our present setting, in which pointwise kernel bounds may fail,
that the Hardy space theory for p > 1 becomes non-trivial (i.e., the L-adapted H?
spaces may be strictly smaller than L”, even when p > 1). We shall return to this
point momentarily. We note also that general non-negative self-adjoint operators
satisfying an L? Gaffney estimate have recently been treated in [37].

We now proceed to discuss some relevant history, and to present a more detailed
overview of the paper. In [9], the authors solved a long-standing conjecture, known
as the Kato problem, by identifying the domain of the square root of L. More
precisely, they showed that the domain of VL is the Sobolev space W'2(R") =
{(feL?: VfeL* with

(1.4) I VLAl 2@y = 1Vl 2

In particular, the Riesz transform VL~'/2 is bounded in L*(R™).
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Since then, substantial progress has been made in the development of the L”
theory of elliptic operators of the type described above. Let us define

p_(L) :=inf{p : VL2 : LP(R") — LP(R™)}.

It is now known that 1 < p_(L) < 2n/(n + 2) (with 1 < p_(L) for some L; we shall
return to the latter point momentarily), and that there exists (L) > O such that

(15 VLV PR — PRY = p(L)<p<2+el),

(given (1.4) as a starting point, (1.5) with p_(L) < 2n/(n + 2) is established by
combining the results and methods of [38] or [16] with those of [7]; see also [6],
[12], [13], [17] for related theory). Moreover, again given (1.4) as a starting point,
one has the reverse inequality

(1.6) IVLAllr@ny S IV lr@n.  for  (p_(L). < p < (p_(LY)),

where in general p. := pn/(p + n) denotes the “lower” Sobolev exponent, and as
usual p’ := p/(p — 1) is the exponent dual to p. The case p < 2 of (1.6) is due to
Auscher [7], while the case p > 2 is simply dual to the adjoint version of (1.5).
Combining (1.5) and (1.6), we have that

(1.7) IVLAllreny ~ IV ey &  p(L)<p<2+e.

One of the main goals of the present paper is to understand the sense in which (1.7)
extends to the range p < p_(L). This extension may be viewed as solving the Kato
problem below the critical exponent p_(L). We discuss this question in more detail
in subsection 1.2 below; the proofs are given in Section 5 (cf. Theorem 5.2).

Let us now discuss optimality of the range of p in (1.5) (hence also that in (1.7)),
for the entire class of L under consideration. Even in the case of real symmetric
coefficients, the upper bound cannot be improved, in general: for each p > 2,
Kenig' has constructed an operator L whose Riesz transform is not bounded in L?.
In addition, the counterexamples in [49], [8], [24] showed that for some elliptic
operator L satisfying (1.1)—(1.3) there is a p € (1,2) such that the Riesz transform
is not bounded in L?; i.e., for such L, one has p_(L) > 1. Moreover, the latter
fact permeates all the L? results in the theory: as shown in [7], p_(L) is also the
lower bound for the respective intervals of p for which the heat semigroup and
the L-adapted square function (cf. (1.10) below) are L” bounded, and for which
the semigroup enjoys L” — L? off diagonal estimates. However, identification of
the sharp lower bound p_(L) remained an open problem (posed, along with related
questions, in [7], Conjecture 4.14, and in [5], Problem 1.4, Problem 1.5, Problem
1.13).

In Section 2 of the present paper, we observe that the example constructed by
Frehse in [33] may be used to resolve these remaining sharpness issues, i.e., to
show that p.(L) = 2n/(n ¥ 2) + €.(L), where (p_(L), p+(L)) is the interior of the
interval of L” boundedness of the heat semigroup e~ ¢ > 0. More precisely, we
have

(1.8) Vp¢[2n/(n+2),2], AL with VL™ Y2 : LP(R")—> LP(R™),

1Kenig’s example is described in [13].
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(1.9  Vpe[2n/(n+2),2n/(n—-2)], ALwith = : LP(R")—4> LP(R™).

It follows, in particular, that in dimensions n > 3, the kernel of the heat semigroup
may fail to satisfy the pointwise Gaussian estimate

K, (x,y)| < Ct2 e/ 45 0and x,y € R”.

This solves an open problem in [13], p. 33.

Thus, in dimensions n > 2, the Riesz transform may fail to be bounded in L? for
some p € (1,2), as may the heat semigroup e~'*, t > 0, as well as the other natu-
ral operators associated with such L (e.g., square function, non-tangential maximal
function). Consequently, in the case that the endpoint p_(L) > 1, the L-adapted
Riesz transforms, semigroup and square function cannot be bounded from the clas-
sical Hardy space H'! into L', since interpolation with the known L? bound would
then produce a contradiction with (1.8), (1.9) (or with the analogous statement
for the square function). These operators therefore lie beyond the scope of the
Calder6n-Zygmund theory and exhibit behavior different to their counterparts built
upon the Laplacian.

By analogy to the classical theory then, this motivates the introduction of a fam-
ily of L-adapted Hardy spaces H?, not equal to L? in the range p < p_(L), on
which the L-adapted semigroup, Riesz transforms and square function are well be-
haved, and which comprise a complex interpolation scale including L? for p_(L) <
p < p+(L). We note that the endpoint p_(L) plays a similar role to the exponent
p = 1 1in the classical theory.

In particular, in Section 5 we give a suitable Hardy space extension of (1.5) to the
case p < p_(L) (the case p = 1 already appeared in [39]), and, in one of the main
results of this paper, we present an appropriate converse, thus obtaining a Riesz
transform characterization of L-adapted H? spaces, for some range of p depending
on n. As observed above, this characterization may be viewed as a sharp extension
of the Kato square root estimate (1.4), and of its L? version (1.7), to the endpoint
p-(L) and below. In order to make these notions precise, we should first define our
adapted HY spaces.

1.1. Definition of H’g. The first step in the development of an L-adapted Hardy
space theory, in the case that pointwise kernel bounds may fail®, was taken in [39]
(and independently in [10]), in which the authors considered the model case of
H i(R") and, on the dual side, the appropriate analogue of the space BMO. The
definition of H i given in [39]° (by means of an L-adapted square function) can be
extended immediately to 0 < p < 2 and with some additional care to 2 < p < oo as
well. To this end, consider the square function associated with the heat semigroup
generated by L

1/2
(1.10) S f(x) = ( f f PLe L f(y)]2 dydt) , xeR",
I'(x)

tn+1

2In the presence of pointwise Gaussian heat kernel bounds, an L-adapted H' and BMO theory
was previously introduce by Duong and Yan [25], [26].
3andin [10] for H,p > 1.
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where, as usual, ['(x) = {(y,#) € R" X (0,00) : |x —y| < t} is a non-tangential
cone with vertex at x € R". Analogously to [39], we define the space Hi’(R”) for
0 < p <2 as the completion of {f € L*(R") : S f € LP(R™)} in the norm

(1.11) 1Al ey = 1S fllrcgeny-
For 2 < p < oo we assign
(1.12) HI®™) = (HE.@®D)

where 1/p + 1/p’ = 1 and L" is the adjoint operator to L. These spaces also have
an appropriate square function characterization as will be discussed in Section 4.

1.2. Riesz Transform characterization of H{. We shall show in Section 5 that
the Riesz transforms are bounded from H’L’ into L”, 0 < p < 2 + &(L), and even
into classical H?, n/(n + 1) < p < 1. Conversely, for some restricted range of
p, we show that these estimates are reversible, thus obtaining a Riesz transform
characterization of the corresponding HZ . Let us describe these results in more
detail.

As preliminary steps, we establish two results that are also of independent in-
terest: in Section 3, we shall obtain a molecular decomposition of H"L7 spaces,
0 < p < 1, analogous to the classical atomic decompositions of Coifman [20]
and Latter [46] and in Section 4, we observe that the spaces HZ form a complex
interpolation scale, including L? in the range p_(L) < p < p+(L) (see (1.15)). As
in the classical case, we are then able to use these fundamental properties of Hardy
spaces to prove in Section 5 that

(1.13) VL2 HP(R") — LP(R™), 0<p<2+egl),
(1.14) VL2 HY(R") - HP(R"), % <p<l,
n

where H”(R") denotes the classical Hardy space [31]. Observe that these results
extend (1.5) to the range of p below the endpoint p_(L) (the case p = 1 has already
appeared in [39]). The Hi’ spaces in (1.13)—(1.14) do not, in general, coincide with
L? or classical H? (we recall that HP(R") = LP(R") if 1 < p < o0). In fact, we can
ascertain only that

(1.15) HJR") = LP(R"), p-(L) < p < p+(L),
(1.16) nH c*nHP, nfin+1)<p<p(L),
(1.17) LP(R")/Np(L) — H(R"), p = p+(L),

where N,(L) is the null space of L in L”(R") (cf. Section 9 for details). In addition,
the containments in (1.16)* (resp. (1.17)) are strict if p_(L) > 1 (resp. p+(L) < o).

4We note that L? N HY is dense in H} (R"), so by (1.16) there is a natural “embedding” of H (R")
into H?(R") which extends the identity map on a dense subset. Intuitively then, one might expect
that the stronger containment HZ (R™) c H?(R") should hold in (1.16). In practice, however, matters
appear to be more subtle, so we present a more detailed discussion of this matter, along with proofs
of (1.15) - (1.17), in an Appendix, Section 9.
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By contrast, when L = A, the space HZ(R”) is the usual Hardy space for 0 < p <
1 and L? for 1 < p < oco. Hence, (1.13)—(1.14) recover the well-known mapping
properties of VA='/2 in L and HP.

Moreover, we have that Hi = H', and HZ = L” for 1 < p < oo whenever
the heat kernel of L satisfies a Gaussian upper bound and local Nash type Holder
continuity (as in (2.16-2.18)); indeed, in that case the square function (1.10) is a
standard Hilbert space valued Calderén-Zygmund operator, which therefore maps
H'(R™) into L'(R"); whence it follows readily that H I(R") embeds continuously
into H} (R"), and thus H'(R") = H|(R"), by (1.16). The case p > 1 is obtained
by interpolation and duality. The “Gaussian” property (2.16-2.18) holds always in
dimensions n = 1, 2, and for real coefficients, it holds in all dimensions. However,
as we mentioned earlier, it may fail for complex coeflicients in dimensions n > 3.

We turn now to the matter of characterizing H?, for some range of p < p_(L), via
the Riesz transform operator VL™!/2. In the classical setting (i.e., L = A), the Riesz
transform provided the foundation for the development, beginning in [56] and [31],
of the real variable theory of H”, and furnished also a link between that theory and
PDEs, via sub-harmonic functions. The classical Riesz transform characterization
says that

(1.18)  fe HP(R") ifandonlyif feLP(R") and VA2 e LPRY),

forall (n—1)/n < p < 1 (assuming some growth restriction at infinity when p < 1;
see, e.g. [55], p. 123). There are analogous, but more complicated results involving
higher order Riesz transforms when p < (n — 1)/n. Apparently, no such character-
ization has been obtained for operators substantially different from the Laplacian
(although we mention that some results in this direction have been obtained for
lower order perturbations of the Laplacian [29, 30]).

Upon attempting to generalize the Riesz transform characterization to H’L7 spaces,
one immediately encounters several difficulties. The original argument relied on
the subharmonicity of small powers of the gradient of a harmonic function. No
analogue of such a property exists (or even makes sense) in our context. In addi-
tion, that (1.18) holds only for the values of p close to 1 suggests that in our case,
in which Hf(R") is strictly contained in L”(R") if p < p_(L), the Riesz transform
characterization should be proved for p close to p_(L). In fact, in Section 5 of this
paper we show that

p-(L)n

1.1 HY(R" =HY .. (R o (D
(1.19) L( ) L,Rlesz( ) n+p_(L)

< p<2+e&(l),

where for p in the stated range, H I’j Riesz(R") 18 defined as the completion of the set
{f € L*(R") : VL™V f € HP(R™)}, with respect to the norm

(1.20) I llze ey 2= VL2 fllgoceny
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(bearing in mind that classical HP(R") = LP(R") if p > 1). The equivalence (1.19)
amounts to proving that for f € L*(R"), °

(120 Nl ~ VL™ Pl max {1, 22804 < p < 2+ (L),

-1/2 (L
(1.22) g ceny = VL2 Fllancen, b <p< L.

We note that (1.21) and (1.22) can be viewed as sharp extensions of the Kato square
root estimate (1.4) to the endpoint p_(L) and below. 6
Consequently, for this same range of p, (1.22) together with (1.18) imply that

(1.23) M fllpzpny = 1AL fllpoceny = VL2 fllinany + 1ALV fllpn,

for suitable f. This further leads to a new characterization of the classical Hardy
spaces. Namely,

(124) feH'®RY
ifand only if VL™'2fe L'®R") and AY2L7Y%2 e L'RM,

for any operator L whose heat kernel satisfies Gaussian bounds.

Finally, we remark that in [48], the second named author has recently developed
further the circle of ideas related to the Riesz transform characterization of Hf (R™)
to establish sharp L? solvability results for the regularity problem for the equation
uy — Lu = 0 in the half-space R"*1.

1.3. The Dual of Hi , 0 < p < 1. Another important aspect of the theory is the
identification of the duals of Hardy spaces, and the elaboration of their properties.
In the classical setting, the duality result for p = 1 is the celebrated theorem of
Fefferman [31]; the case 0 < p < 1 was treated in one dimension by Duren,
Romberg and Shields [28], and in general by Fefferman and Stein [31]. Just as
H' provides a substitute for L' in harmonic analysis, so too does the dual of H',
the space of functions with bounded mean oscillation (BMO), substitute for L™.
Furthermore, the duals of H? for p < 1 are Lipschitz spaces, whose norms measure
fractional order smoothness. In our setting they can be introduced as follows.

Let @ be a non-negative real number and M € N be such that M > % (a + %)

For £ > 0 we define the space M‘ZIZI as the collection of all 4 € L*(R") such that u
belongs to the range of L in L>(R"), k = 1, ..., M, and

M
—— 2j(n/2+a+€) L—k _ < o0,
gz = sup kz_(;n Hllzaqs gy < 0

5 By definition, H} (R") N L*(R") is dense in H} (R"); similarly for H’L’)RiCSZ(R").

5We remark also that the direction ||f]| @ S [IVL=Y2 f||p@ny of (1.21) is a sharp version of the
bound ||fl|zr@ny S IVL Y2 fll1p@n), proved in [7] for the same range of p. Indeed, as mentioned above
HY(R") may be “strictly smaller” (in the sense of (1.16)) than L(R"). We shall discuss this point in

more detail in Sections 5 and 9.
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where Q) is the unit cube centered at 0 and S j(Qp), j € N, are the corresponding
dyadic annuli (see (3.2)). We say that an element

ML M,
(1.25) f € Neso (MEY) = MY

belongs to the space A%, (R") if /

1
0]

where the supremum runs over all cubes O c R". Here and throughout the paper
|Q| stands for the Euclidean volume of the cube Q, and I(Q) denotes its sidelength.
For a > 0 the spaces A7.(R") are the analogues of the classical Lipschitz spaces,®
while the case @ = 0 corresponds to BMO. Accordingly, we denote BMOy:(R") :=
Ag* (R™. We refer the reader to [39], where the authors also established some
further properties of BMO;- such as a Carleson measure characterization and an
analogue of the John-Nirenberg inequality. In addition, the authors showed in [39]
that (Hi)* = BMOy-. In Section 3 of the present paper, we extend this duality as
follows:

1/2
1 KQPL ?
(1.26) ||f||AZ*(R") ;= sup —lQla/” ( f |(I _ L )Mf(X)’ dx) < 00,
0 o

(1.27) (HY(R")* = AJ.(RY), 0<p<l, a=n(l/p-1).

Moreover, the dual of Ag* (R™), in turn, provides an ambient space for H?, for the
elements of H f, p < 1, are not necessarily functions, they are linear functionals on
Af.(R") (recall that the elements of H” are tempered distributions).

Finally, as we already mentioned, Hi(R") = HP(R") for all 0 < p < oo, which
reduces to LP(R") when p > 1. Then, by duality, BMOA(R") = BMO(R") and
AR(R") = A%(R"), the classical BMO and Lipschitz spaces. In general, one has
only the proper inclusions (1.16) and on the dual side BMO(R") ¢ BMOL(R"),
AR Cc AR for0 < a < 1.

1.4. The Dual of Hi , 1 < p < 2. Inthe case 2 < p < oo, the spaces Hi were
originally defined by the duality relationship (1.12). We shall give two intrinsic
characterizations of these spaces: one, in Section 4 (cf. Corollary 4.21), in terms
of square functions, analogous to (1.10)—(1.11), and another one, in Section 6, in
terms of a variant of the sharp maximal function. The former characterization is a
consequence of tent space duality, and is similar to the analogous results presented
in [10]. The latter is new (although rooted in ideas of [31] and also [47]), and we
discuss it in a bit more detail at this point.

"We note that in the presence of a pointwise Gaussian bound, similar spaces were previously
introduced in the work of Duong and Yan [25, 26, 27]. We shall discuss this point in more detail at
the end of this section.

8 Indeed, for @ > 0, the norm in (1.26) is clearly modeled on the mean oscillation characterization,
due to N. Meyers [52], of the classical homogeneous “Lip,” space A*(R"). For 0 < @ < 1, we define
the latter to be the space of continuous functions modulo constants, for which the norm ||¢||ye®r) 1=

le()—¢()
SUP oy sy < 00,
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Following [31] and [47], consider the operator

1/2
(128)  Mf(x) = sup(i f ](1 — e QLM f(y)|2 dy) , xeRY
0-x\101 Jo

where M € N and sup,y, , is the supremum over all cubes in R" containing x. We

shall refer to M* as the sharp maximal operator and write Mﬁ/[ to underline the

dependence on M whenever necessary. By definition, we have that f € Mg/”L*,

M > n/4, belongs to the space BMOL(R") if and only if M f € L(R™). In the
current paper we show that an analogous characterization holds for all spaces in
the Hardy-BMO scale when p > 2. That is, roughly speaking, for 2 < p < oo, we

have f € H}(R") if and only if Mﬁ/]f e LP(R™), M > n/4, and

(1.29) 1l oy = ||M§V1f||LP(R"), M >n/4.

We shall prove a precise version of this statement in Section 6.

1.5. Sobolev spaces and fractional powers of L. The last topic that we shall treat,
in Sections 7 and 8, concerns the adapted Hf spaces and their relationship to the
behavior of L in classical Sobolev spaces. In fact, we find a complete range of all
Sobolev spaces which naturally interact with the operators associated to L, and one
of the major ingredients in the argument is the Riesz transform characterization of
Hl’f . Let us describe these results in more detail.
We first prove in Section 7 that the fractional powers of L satisfy
_ 1({n n
(1.30) L™ H)(R") — H;R"), a:—(———), O<p<r<oo,
2\p r
thereby extending the mapping properties of L™ in L? (cf. [7]) to the range of p
beyond (p-(L), p+(L)).
In Section 8, we then consider the action of operators associated to L in the
classical Sobolev spaces. As is customary, we define the homogeneous Sobolev
spaces WHP(R™), 1 < p < oo, to be the completion of Cy (R") in the seminorm

(1.31) 1 hwrpny = IV Fllr@n.

More generally (except for the case p = 1), we let WSP(R"), 1 < p < oo, denote
the completion of CP’(R") in the seminorm

(1.32) sy = 1A fllr@ey, s> 0,

and set W=SP(R") = (WSP(R™))*.

Consider first the case n > 5. We prove that for any operator L defined in (1.1)—
(1.3), for every function ¢ holomorphic in a certain sector of a complex plane
22 (the exact definitions will be given in the body of the paper), and for every
fe WePR™),

oo

z 2 %(%_g)(p

(1.33) lle(L) fllysany < € : I e ey

Loz



SECOND ORDER ELLIPTIC OPERATORS 11
provided that the function z — z2 %2 "5)<p(z) belongs to L™ (22) and the indices
a,f, p < q are such that the points (8, 1/¢q) and (a, 1/p) belong to the closed region
R, depicted on Figure 1.

B-a I(n n

Figure 1 — the region R;.

In particular, for every ¢ > 0
(1.34) et WEP(RY) — WEP(RY), if (a, 1/p) € Ry,
and
(1.35) L™ : WP(R") — WPIR™), if (8,1/q) € Ry and (o, 1/p) € Ry,

withs = 5% +1(2-2), p<gq.

The region R; is closed and is also sharp, in the sense that for every pair @, p
such that (a, 1/p) ¢ R; there is an operator L for which the property (1.34) is not
satisfied and hence, (1.33) is not generally satisfied.

Furthermore, all the results in (1.33)—(1.35) have analogues for n < 4. In this
case n% < 1, and just as the classical Hardy spaces provide a natural extension of
L? to the range p < 1, so too do the Triebel-Lizorkin (or “H? Sobolev”) spaces
FP? extend W*P in this range; i.e., the spaces F7** coincide with W*? when p > 1
and otherwise naturally extend the Sobolev scale to small values of p. We prove

that

(136) (D) flpg2z0y < € Vf e FLRRY,

/ﬂ+l(ﬂ_ﬂ)
RN "DH 1 2 gy s
Lm(Zﬂ) F{z (R )

B-a n_n
provided that the function z — ZT+%(5_5)¢(z) belongs to L“(Zg) and the indices

a,f3, p < g are such that the points (83, 1/¢g) and (a, 1/p) belong to the region R»,
depicted on Figure 2. In particular, the analogues of (1.34)—(1.35) hold in this
context as well. Moreover, all the results are once again sharp, in the sense that
for every point outside of the region R, even the heat semigroup is not necessarily
bounded in the corresponding Triebel-Lizorkin space.
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C=(1,%2%)

Sl
~

A=(-1.0)  F=(3%0) | I

Figure 1 - the region R,.

The study of the properties of the operators associated to L in Sobolev spaces
stems from the work of P. Auscher in [7]. Our results extend the theorems in [7] in
several directions: to the range of p beyond the range of L”-boundedness of the heat
semigroup (i.e. to the cases p < p_(L) < 2n/(n+ 2) and p > p,(L) > 2n/(n — 2)),
and in particular to p < 1, and are accompanied by the negative results which
lead to sharpness of the obtained range of indices. In particular, we resolve the
conjecture posed at the end of Section 6 in [7].

The results we describe in this paper generalize most of the important aspects
of the real variable Hardy space theory to a context in which the standard tools
of the Calderén-Zygmund theory are not applicable. Besides the aforementioned
works [10] and [39], some properties of the Hardy and BMO spaces associated
with different operators were introduced previously in [11], [25], [26], [60].

In particular, we note that the theory of L-adapted H' and BMO spaces, includ-
ing an appropriate analogue of Fefferman’s duality theorem, originates in the work
of Duong and Yan [25], [26] who treated the case that the associated heat ker-
nel satisfies a pointwise Gaussian bound. Their BM O norm is the same as that in
(1.26), with @ = 0 and M = 1, and they have also considered Morrey-Campanato
type spaces corresponding to the case @ > 0 [27]. As we have observed above,
the theory and techniques of the present paper, which we develop in the absence of
pointwise kernel bounds, assuming instead decay estimates of “Gaffney” type, are
necessarily somewhat different.

We note also that, while this manuscript was in preparation, we learned that
some of the results presented here in the case 0 < p < 1 have been obtained
independently by R. Jiang and D. Yang [43]. As mentioned above, the case p = 1
was already treated in [39] (and in [10], in a somewhat different context). Our main
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results in the case p > 1, as well as our Riesz transform characterization (1.19),
appear to be unique to this paper.’
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2. THE HEAT SEMIGROUP AND FUNCTIONS OF L IN L.

2.1. Definitions and L? theory. Let L be a second order elliptic operator satis-
fying (1.1)—(1.3) viewed as an accretive operator in L?>(R"). There exists some
w € [0, 7/2) such that the operator L is of type w on L*(R"). In particular, —L gen-
erates a complex semigroup which extends to an analytic semigroup {e~%"}

on L*(R"). Here

2.1) 30 = {zeC\{0}: |argzl <p), pe(0,n).

0
Zezﬂ/ 2-w

Furthermore, L has bounded holomorphic functional calculus on L*(R™) (see
[50] and [1]). To be more precise, let us define

22 H®E) = {¢:%) > C: yisanalytic and 2 sy < o0},
Yor(Z0)

(2.3) (&) < Cinf{|€7, €77} for every £ € ).

Alternatively, one can say that

24) Ye¥(T) &= YyeHE)and Y| <C i, or>0.

1+|é‘|(T+T b

{ - 22 — C: yis analytic and

Whenever y € H* (22)

25) W fllpgs < Wl /2 forevery  f € AR,
Let ‘P(Zg) = U(,,T>0‘I’(,’T(22). Ify e ‘I’(Zg) then /(L) can be represented as

(2.6) W(L) = f e, (2)dz + f e n_(2)dz,
I,

9Although as mentioned above, our tent space/square function definition of adapted H” spaces
with p > 1 follows that given in [10].
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where

1
2.7 1:(2) = —f FYE)dé, zely,

27 e

and Ty = R*e*@/279 5, = RYe*™, w < 0 < v < u < n/2. In general, Y €
H‘X’(ZB) can be defined using (2.6)—(2.7) and a limiting procedure (see [7], §3.3,
and references therein).

Finally, let us introduce

‘P},T(Zg) = {¢¥: 22 — C : ¢ is analytic and there are some o, 7,C > 0

(2.8) such that [ (&)| < C sup{|€]7, |£]77} for every & € 22}.

For every ¢ € ¥, ; one can define an unbounded operator (L) on L*(R") following
the procedure in [50]. In particular, the fractional powers of L arise in this way.

2.2. L? boundedness of the heat semigroup: sharp results. Following [7], let
us denote by (L) the maximal interval of exponents p € [1, co] for which the heat
semigroup {e~'F};5¢ is LP-bounded and let us write int J(L) = (p_(L), p+(L)). It
was proved in [7] that

2.9) p-(D <2 and  puL)> 2

n+2 n-2°
for L as in (1.1)—(1.3), and that p_(L) is also the lower bound for the interval of p
for which VL™1/2 : LP — LP (hence this notation is consistent with that in Section
1). We shall show that the bounds in (2.9) are sharp, in the following sense.

Proposition 2.10. Given any p_ with1 < p_ < n% there exists an operator L such

that the heat semigroup {e'*},>¢ is not bounded in LP-. And similarly, given any
D+ with nzT"2 < py < oo, there exists an operator L such that the heat semigroup

(e LYo is not bounded in LP+.

Proof. We argue as in [13], but using the example of [33] rather than that of [49].
Let n > 3. By [33], for every ¢ < n/2 and A > 0, there is an n X n matrix
A = A(q, A) satisfying (1.1)—(1.2) and such that

@2.11) u= L pidinl
|x|?
is a classical solution of the equation Lu = —div(AVu) = 0 in R" \ {0}, and is a

weak solution globally in R".

More precisely, A has a form

firso0n o273,
(2.12) A=(a+D)j; +pB— ,
|xI? jk=1

where @ € R and 8 € C are some constants. For any fixeda € R, 4 # 0, g # 0
there exists 8 = B(a, g, 1) (explicitly written in [33]) such that u in (2.11) solves the
equation —div(AVu) = 0, and moreover, for g < n/2, A > 0, @ > 0 sufficiently small
and 8 = B(a, g, 1), the corresponding matrix A satisfies the ellipticity conditions.

Now let us return to the properties of the heat semigroup. First of all, take some
¢ € CyR"), supported in the unit ball B;, such that ¢ = 1 in the ball of radius
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1/2 centered at the origin. Then V¢ € C7(B) and V¢ = 0 in a neighborhood of 0.
Since the only singularity of u (and of A) is at 0, we have

(2.13)  L(ug) = —div(AV(ug)) = —div(AuVe) — AVu - V¢ =: f € CS(B)),

where the second equality follows from the fact that Lu = 0.

Fix some p, > HZT"Z and assume that the heat semigroup {e7},50 is bounded in

LP+ for an operator L. Then, according to [7], we have

(2.14) L' LPRY — L'(RY, n/p-n/r=2,

provided r < p; and p > p_(L). But since p_(L) is always smaller than n%, (2.14)
is valid for any ,,ZT"Z <r<Dp;.
The function f € C7(By) in the right-hand side of (2.13) belongs, in particular,

to all L? spaces, 1 < p < oo, and therefore, by (2.14) the solution
(2.15) L™'f =up mustbelongtoall L’, 2 <r<p,.

However, u¢ = u in a neighborhood of the origin and u given by (2.11) does not
belong to L" when r(1 — q) + n < 0. We can take £ > 0 sufficiently small so that
2n/(n—2-2¢) < py and take g = n/2—e. Then ugp ¢ L" for any r > 2n/(n—2-2¢)
which contradicts (2.15).

Since p_(L) = (p+(L"))’, this computation also shows that assuming bounded-
ness of {e "L}~ in LP- for all L will lead to a contradiction. O

Let L be a divergence form elliptic operator with complex bounded coefficients
given by (1.1)—(1.3). Let Ki(x,y), t > 0, x,y € R”", denote the Schwartz kernel of
the heat semigroup generated by L. We say that it satisfies the Gaussian property
if for each ¢ > 0 the kernel K;(x, y) is Holder continuous in x and y and there exist
some constants C, ¢, @ > 0 such that for every x,y,h € R"

C  _?
(2.16) |K:(x,y)| < 2 e o,

C |h| _Ix—\,vl2
(2.17) |K:(x,y) = Ki(x + h,y)| < ) (m) e o,

C (WY e
(2.18) IKi(x,y) — Ki(x,y + b)| < Y} (m) e o,

whenever 2|4 < 12 + |x - y|. For every elliptic operator defined in (1.1)—(1.3)
the heat kernel satisfies the Gaussian bounds in dimensions n = 1, 2, and for every
elliptic operator with real coefficients this property holds in all dimensions. It was
known that in general the Gaussian bounds may fail in dimensions n > 5. Whether
or not they necessarily hold when n = 3,4 has been an open problem (see, e.g.,
[13], §1.2 and the Remark on p. 33). The Corollary below answers this question to
the negative.

Corollary 2.19. Let n > 3. There exists an elliptic operator L given by (1.1)—(1.3)
such that the kernel of the heat semigroup generated by L does not satisfy (2.16).
In particular, for such L the Gaussian property does not hold.
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Proof. The estimate (2.16) implies that the integral kernel G(x, y), x,y € R", of the
operator L~ = j(;oo e~ 'L dt is controlled by C|x — ylz_”. Hence, (2.14) holds, which
yields as before a contradiction. An analogous argument was used in [13], §1.3. O

Corollary 2.20. For each p < % and each p > 2 there exists L such that VL™'/?
is not bounded in L?.

Proof. The counterexample for p > 2 is due to C. Kenig. The case p < n% follows
from Proposition 2.10 along with the fact, proved in [7] and noted above, that the
lower endpoint of the interval of boundedness of Riesz transform coincides with
the the lower endpoint of the interval of boundedness of the heat semigroup. O

2.3. Off-diagonal estimates and L” — L? bounds. We say that a family of oper-
ators {S,};»0 satisfies L? off-diagonal estimates (“Gaffney estimates”) if there are
some constants ¢, C > 0 such that for arbitrary closed sets E, F c R"

dist (

_ dist(E.F)?
(2.21) IS fllr2ry < Cem o 1 fll ),

for every r > 0 and every f € L>(R") supported in E. Similarly, a family {S .}

zeZﬁ’
0 < u < m/2, satisfies L? off-diagonal estimates in z if the analogue of (2.21)
holds with |z| in place of ¢ on the right-hand side. For example, if 0 < u < 7/2 —
w, the families {e~*} o and {(zL)ke_ZL}Zezg, k = 1,2,..., satisfy L? off-diagonal
estimates in z (see [7], §3.3). For later reference we record the following result.

Lemma 2.22. ([38]) If two families of operators, {S ;}~0 and {T+}1>0, satisfy Gaffney
estimates (2.21) then so does {S ;T;};~9. Moreover, there exist c,C > 0 such that for
arbitrary closed sets E, F C R"

_dist(E,F)?
(2.23) IS sTefllz2ry < C e et || fll 2k
forallt,s > 0andall f € L*(R") supported in E.

A family of operators {S};~¢ satisfies L” — LY off-diagonal estimates, 1 < p, g <
oo, if for arbitrary closed sets E, FF C R”

_ dist(E,F)?

L(n_n
(2.24) IS floey < € S5 flls,
for every ¢t > 0 and every f € LP(R") supported in E.

Lemma 2.25. ([7]) For every p and q such that p_(L) < p < q < p+(L) the family

{e7 Y50 satisfies LP — L9 off-diagonal estimates. In particular, the operator e™'F,

t >0, maps LP(R") to LY(R") with norm controlled by forcitad)

Lemma 2.26. Assume that for some 1 < r < 2 the family {e~'"} ;5 satisfies L —
L? off-diagonal estimates. Then the family {tLe™'"}so also satisfies L' — L? off-
diagonal estimates and the operators e, tLe™'F, t > 0, are bounded from L' (R")
to L>(R") with norms bounded by C t%(%_%), and from L' (R") to L' (R") with norms
independent of t.
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Proof. The fact that L" — L? off-diagonal estimates implies boundedness in L'(R")
is rather standard, see e.g., [7], Proposition Lemma 4.3, or [17].

Next, recall that the ellipticity of L implies analyticity of the semigroup e,
acting on L?, in a sector containing the positive real axis. Hence, the family of
operators {tLe ™}, satisfies L2 — L2 off-diagonal estimates and in particular is
bounded in L?>(R"). We can combine this information with the properties of the
heat semigroup to deduce that tLe™"" = 2 (éLe‘éL) e71L 1 > 0, also satisfies L — L2

off-diagonal estimates and is L” — L? bounded. O
We say that a family of operators {S};»o satisfies L? off-diagonal estimates of

order N, N > 0, N € R, if there is a constant C > 0 such that for arbitrary closed
sets E, F c R"

t

N
m} ||f||L2(E),

(227) ||Slf||L2(F) <C min{l,

for every ¢ > 0 and every f € L*>(R") supported in E.

Lemma 2.28. Let u € (w,n/2), ¥ € ‘I’U,T(Eg) for some 0,7 > 0, and f € H“(Zg).
Then the family of operators (W(tL) f(L)}o satisfies L* off-diagonal estimates of
order o, with the constant controlled by ||f|| L0y

Proof. Recall the representation formulas (2.6), (2.7). We use them for the function
Y(tL)f(L), t > 0. First of all,

(2.29) In+(2) < g WO f () d(2£)

Y+

€17 c
s, s d1) < = 1 flmsy

7 W ), 1+ [l

for all z € I'., in particular, for z with |z| < t.
When |z| > ¢ we break 7.(z) into two integrals: one over {¢ € y. : |£] < 1/t}
(called Jy) and the second one over {£ € y. : |£| = 1/t} (called J). Then

feys:El<1/t

o

C . C t \o+1
e L -0 O ) _
and
@30 < Wl | g g d
gey.r gz 1/t
< g ()t [ rirag
= L2\ gey.: 21/t
C t \o+1
< 7 Wl (1)
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Hence,

C . t \o+1
(2.32) 72 < — sy min L(E) , Vzel..

Armed with this estimate, we proceed to the bounds on ¥(zL)f(L), t > 0. Take
some g € L*(R") supported in a closed set E. Then for any closed set F ¢ R”

(2.33) (L) f(L)gllr2¢r) < fr le gl 20 In+ (@) dz + fr le " gll 20 In-(2)] dz.

Further,
—zL _ dist(E,F)?
lle™="gllr2pyn=(@ldz < Cligllzey | € F  Ine(2)ldz
T. T.
_distEF? fvo+1) 1
(2.34) < Cllflloy lglizey | e min L(H) —d.
I

Now we split the last integral in (2.34) according to whether |z| < ¢ or |z] > ¢, and
denote the corresponding parts of it by /; and I, respectively. Then

_disteR)? ] _ dist(E.F)?
(2.35) L= e W@ —dz<e @ .
zeT et !

On the other hand,

dist(E,F)2 , t 11
(2.36) I = f ~EEE (L L g
z€ls:|z|>t |Z| t

If r > dist (E, F)?, we obtain the bound

t\o+1 1
(2.37) Izsf Y saz<c
2!

el.:|zj>t |z]

If r < dist (E, F)?, then

|zl N/ t\o+l 1
I < f —_— — —dz
zel"iztslzlsdist(E,F)z(dlSt (E,F )2) (|Z|) t

(2.38) + f (L) %dz,

€l .:|z|>dist (E,F)? |z]

for any N > 0. Let us take N > 0. Then

1 N t o
L < (———)"#dist(E, F)»¥ 4+ o(—L
2 (G (E. F)2) ist(E, F) (F (E. F)Z)

t o
(2.39) < c(m) .

This finishes the proof of the Proposition. O
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3. MOLECULAR DECOMPOSITION AND DUALITY, 0 < p < 1.

To begin, we would like to make a few comments regarding the well-definedness
and the nature of the space A%* R, >0. Let M e N, M > %(a/ + %) First,

- e‘tzL*)M f,t € R, is globally well defined in the sense of distributions for every

fe Mg/I’L*, and belongs to le()c' Indeed, if ¢ € L*(Q) for some cube Q, it follows

from the Gaffney estimate (2.24) that ({ — e"zL)M Y€ M‘;IZI for every € > 0 (with
the norm depending on ¢, £(Q), dist(Q, 0)). Thus,

_ 27 _42
B.1) (="M o) = (£ U= e DY) < Crgaisool gy Iz o)

Since Q was arbitrary, the claim follows. Therefore, the norm in (1.26) is well-
defined for such f. Furthermore, the elements of MZIZI are, modulo translation,
dilation and normalization, the molecules of the corresponding Hardy spaces. The
details are as follows.

Foracube Q c R",by S;(0),i=0,1,2,..., we denote the dyadic annuli based
on Q,i.e.

(3.2) So(Q):=0 and S/Q):=2'0\2"'Qfori=1,2,..,

where 2/Q is the cube with the same center as Q and sidelength 2//(Q). Let 0 <
p<1,e>0,and M € N. We will always assume the above restrictions on & and

M, and typically, given p, unless otherwise stated we will take M > %(% - %) A

function m € L2(R") is called an (H”, &, M) - molecule'’ if it belongs to the range
of L¥in Lz(R”), foreach k = 1, ..., M, and there exists a cube Q C R” such that

n_n

(3.3) Q) > L™ Yomll 25,00y < QUQN?T727%, i=0,1,2,..., k=0,1,... M.

Observe that for k = 0 the estimate (3.3) is the usual size control condition and
for k =1, ..., M the condition (3.3) is a quantitative version of the requirement that
m € R(LF), which in turn is analogous to the classical requirement of vanishing
moments.

We are now able to define a molecular Hf space, which we shall eventually
show is equivalent to the space Hf defined via square functions.

Definition 3.4. Let 0 < p < 1, and fix € > 0. The Hardy space Hf oy R 18

defined as follows. We say that f = > A;m;, where {4 j};io € (P, is a molecular

(Hf, 2, &, M)-representation (of f ) if each m; is an (Hf, &, M)-molecule, and the
sum converges in L*(R™). Set

H{ oy R = { f: fhas amolecular (H?,2, ¢, M)—representation},

with the “norm” (it is a true norm only when p = 1), given by

||f | |Hi,mol,M(Rn) =

10Molecules have been introduced in the classical setting corresponding to L = —A in [57]; see
also [22].
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o0 /p o0
inf{ [z(; |/1j|!’] S f = Z(; Ajm; is a molecular (H?,2, ¢, M)—representation}.
J: J:

The space Hy ., ,(R") is then defined as the completion of H (R") with re-
p

spect to the metric induced by || f ||Hp R
L.mol,M

We note that this approach to the definition of adapted H” spaces has also been
used in [37], at least in the case p = 1. We also remark that this approach, in the
case p = 1, was implicit in [39], but with a more complicated formulation in which
L? convergence of the molecular sums was achieved constructively, by means of
an explicit truncation in scale.

Eventually, we shall see that any fixed choice of M > g(}; - %) and € > 0, yields
the same space. Indeed, more generally, we will show that the “square function”
and “molecular” H? spaces are equivalent, if the parameter M > %(l - %). In fact,

p
we shall prove

) and that € > 0. Then

Theorem 3.5. Let 0 < p < 1. Suppose that M > 5( %

H? y R = HIZ(R”). Moreover,

L.mol,

1
p

||f”HZm0LM(Rn) ~ ”fHHf(R")’
where the implicit constants depend only on M, n, p, € and ellipticity.

Consequently, one may write simply H’Z mot(R") in place of Hf oy R, when
M > %(% - %), and for any fixed € > 0, as these spaces are all equivalent. Moreover,
we could also define (H?, g, &, M)-molecules as m € LI(R") belonging to the range

of LFin LYR™), k= 1,..., M, and satisfying the estimates

(3.6) Q)L™ Yormllzacs gy < € 21U(Q))a ™7 27,
i=0,1,2,..., k=0,1,...M,
These would also yield the same H{(R”) spaces provided p_(L) < g < p+(L). We

omit the details here, although we do note that a proof is given in [39], [40] in the
case p = 1.

We now proceed to the proof of Theorem 3.5. The basic strategy is as follows:
by density, it is enough to show that

(3.7) H?

1 1
o ®D = PERYNHIERY, M >~ (E B _)

with equivalence of norms. The proof of this fact proceeds in two steps.
Step 1: HZmOLM(R”) CL*RMHN H(R™),if M > 5(1/p—1/2).

Step 2: H}(R") N L*(R") C Hzmol’ @, for every M € N.

We take these in order. The conclusion of Step 1 is an immediate consequence
of the following pair of Lemmata.
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Lemma 3.8. Fix M € N, and suppose that 0 < p < 1. Assume that T is a lin-
ear operator, or a non-negative sublinear operator, satisfying the weak-type (2,2)
bound

(3.9) plx € R" T fl > 0} < Cr 72 W aggmys Y11 >0,
and that for every (Hf, g, M)-molecule m, we have
(3.10) ITm||ppgn < C
with constant C independent of m. Then T is bounded from Hi,mol, R 1o LP(R™),
and
W7 fllrr@my < C”f”HIL),mol,M(Rn).
Consequently, by density, T extends to a bounded operator from HIZ oy R 10

LP(R™).
Lemma 3.11. Let m be an (Hz,s, M)-molecule, withQ < p <1, M > %(l - %)

)4
and & > 0. Then there is a constant Cy depending only on p, e, M, n and ellipticity

such that
IS ml|, < Co,

where S denotes the square function defined in (1.10).
Indeed, given Lemma 3.11, we may apply Lemma 3.8 with 7 = § to obtain
W lapceny = 1S flloeny < Cllfllsy ey

whence Step 1 follows.
To finish Step 1, it therefore suffices to prove the two Lemmata.

Proof of Lemma 3.8. Let f € Hzmol R, where f = 3 A;m; is a molecular

(H?,2, &, M)-representation such that

(o)
P %2 147
Wl e = 248
ol =

Since the sum converges in L? (by definition), and since T is of weak-type (2,2),
we have that at almost every point,

(3.12) IT(Hl < Z |51 IT (m ).

=0

Indeed, for every 17 > 0, we have that, if fV := 3 j>N Ajm;, then,

p(ITHI= " 1T mpl > ) < lim sup (IT(™ > n)
< Cr 7 limsup | /M|, = 0,

N—oo

from which (3.12) follows. In turn, (3.12) and (3.10) imply the desired L” bound
for Tf,since0 < p < 1. O
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Proof of Lemma 3.11. Fix a cube Q, and let m be an ( , &, M)-molecule, adapted

toQ,withO<p<1,M> 2(— - —) ande > 0. In partlcular we have that for each
kel0,1,..., M},

—k
(3.13) 1(6@°L) " mll2eny < CilQI'>77.

Hence, by Holder’s inequality and the L? boundedness of S, we have that
ISmlizeisg) < CIQIMP™ 2 IS mll 2gemy < C.

Writing noyv ||Sm||§ = ||Sm||§p(l6Q) + X5 ||Sm||Lp(S (8> Where we recall that
Si(Q):=2/0\ 2/-1Q, we see that it is enough to prove that
(3.14) IS mllzas oy < C277 127012717,

for some @ > 0 and for each j > 5. To this end, we write

= t
fS_,@fo L—ykt (
29(/'*5)[(Q) 00
- f f f " f f f I+,
$(Q) YO |x—yl<t 8§ (Q) J20U=D¢(Q) JIx—yl<t

where 8 € (0,1) will be chosen momentarily. Then by Fubini’s theorem, the
definition of an (Hl’j,s, M)-molecule (cf. (3.3)), the uniform L? boundedness of
P2KK

||S m||L2(S (Q))

|2de

2Le—t2L m) )

e"’L for each non-negative integer K, and (3.13), setting b := L™Mm, we
have

" 2 dt
Il < | A+ ML ,—PL I p
f29‘f‘5>€(Q) f ( ) dy AN

< c(zej{f(Q)) 6124 g, < C2-H00M#1=21P2in1-21p) o121
= C2‘j(49M—n(2/P—1)) |2jQ|1—2/p )

Taking square roots, and choosing 6 sufficiently close to 1, we obtain (3.14) for the
contribution of the term I/, with @ = 20M —n(1/p — 1/2)) > 0.
We now treat the term /. We set

§,(0) =210\ 2720, §,0) =220\ 27,

and observe that, by Fubini’s Theorem

21079¢(Q)
1<f f 2Le—fL (y)’ dy—
Si(Q)

00— S)K(Q) dt

[(PLe™E (1yagm) ) ’2 ay 2

A

~

0
200-5)¢(0)

5,0

_ 2 dt
(Q)\( PLEE (5 o) )] dv S

+
g S

0
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200-50(0) 5 2 dt
+ f v[: ’(tzLe_t L (lR'l\Z-/+2Q m)) (y) | dy —
0 5;(0) d

2111 +12+I3.

By the L? boundedness of S and the definition of a molecule (cf. (3.3)) and the
doubling property,

VE < Cllmllg ) < C27F1270]>7177,

which is (3.14) for the contribution of /. For the other two terms, we have that by
the Gaffney estimates (cf. subsection 2.3),

200-9¢(0) —(2/6(Q))*\ dt
0

ct? t

203 N
<C ”m”2 (%) t ﬂ < C |Q|2(1/2—1/p)2N(9_1)j
= +N L2(R™) 0 21£(Q) PR N .

where we have used (3.13) in the last step, and N is at our disposal. Having fixed
6 < 1 above, we may now choose N so large that N(1 —0) > 4M > 2n(1/p — 1/2),
to obtain in turn the desired bound

I+ I < C |2/ QP1/21/Pp=itdM=2n(1/p=1/2)
whence (3.14) follows.

This concludes Step 1. We now turn to Step 2.

Our goal is to show that every f € L*(R")NH} (R") has a molecular (H?,2, &, M)-
representation, with appropriate quantitative control of the coefficients. To this end,
we follow the (nowadays) standard tent space approach of [21], as adapted to the
present setting in the case p = 1 in [10] (cf. [37] and [43], as well as the earlier
work [25]); yet another (somewhat more complicated) adaptation of the methods
of [21] was used in [39], [40].

Let us begin by recalling some basic facts from [21]. First, for 0 < p < oo, the
tent spaces on R"*! = R” x (0, co) are defined by

(3.15) TPR) = {F R — C IFllppgnnr) := MAF|lr@n) < oo,
where
dydr\'*
(3.16) &ZIF(x)—(ff IF (v, D) fH) ., xeRn
I'(x)

In addition, the case p = co may be handled as follows. For F : R"*! — C let

12
(3.17) CF(x) —sup(lBl ff| 7, 1) dydt) . xeR

B>x

where B stands for a ball in R” and

(3.18) B:={(x,1) € R" x (0, 00) : dist(x, °B) > 1.
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For p = oo, we then have

(3.19) TR == {F : R — C; IFllpegaty = ICFllzm@n) < o).
Moreover, according to [21],

(3.20) ICFllr@ny = AF||Lo@ey = 1Fllppgerty » 2<p<oo.

The tent spaces satisfy the natural duality and interpolation properties:

(3.21) (Tq(RTl))* =TIR™Y, 1/g+1/¢ =1, 1<g<o,

and also (TI(R’}r“))* = T=(R"*!); moreover,
(3.22)
[TP®, TP R Dle = TPRYY,  1/p=(1-6)/po+6/p1, 0<6<1,

for 0 < pg < p1 < +oco. We will later discuss the precise meaning of the complex
interpolation in (3.22) and provide references (see the proof of Lemma 4.24 and
the preceding discussion).

It has been proved in [21] that every F € T”(R’}r”), 0 < p £ 1 has an atomic
decomposition. For future reference, we record this result below. We first define
the notion of a T?(R"*!)-atom.

Definition 3.23. Let 0 < p < 1. A measurable function A on R”*! is said to be a
TP-atom if there exists a cube Q C R” such that A is supported in the “Carleson
box”

Rg = 0 x(0.6(Q).

and

1/2
(3.24) (ff |ACx, f)lzﬁ) < IQl%_ .
Ro t

Proposition 3.25. [21] Let 0 < p < 1. For every element F € TI’(R’}r“), there exist
a numerical sequence {A j}‘;o C ¢P and a sequence of TP -atoms {A j};io such that

==

(3.26) F=) 1A; in T'(RE?) and ae. in (RE™).
Jj=0

Moreover,

DA EIFI,
j=0
where the implicit constants depend only on dimension.
Finally, if F € TP(R"™") N T?>(R"*1), then the decomposition (3.26) also con-
verges in T*>(R1).

Proof. Except for the final part of the proposition, concerning T? convergence,
this is proved in [21], and we refer the reader to that paper for the proof. The 77
convergence is only implicit there, so we shall sketch the proof here. To this end,
we first note that
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« dydt
62D WP = [ ariax= [ [ [ FonpSTa
R nJ0o [x—y|<t

0 dydt
~ f f F(r P22
o Jgn t

Suppose now that F € TP N T?. We recall that, in the constructive proof of the
decomposition (3.26) in [21], one has that

AjAj=Flg,

where {S ;} is a collection of sets which are pairwise disjoint (up to sets of measure
zero), and whose union covers Rﬁ”. Thus, by (3.27),

« 2dydt
2 Y
I Ay = [ [ |21, 0] 25
>N 0 JR"USN
dydt
:ZH FRRY
S; t

j>N
as N — oo, where we have used disjointness of the sets S ; and dominated conver-
gence. It therefore follows that F' = 3} 1;A; in T2, O

Now, given M > 1, we define an operator 7y, 7, acting initially on 72, as follows:
© M+1 dt
(3.28) muL(F) = f (PL)" e LRG0 —.
0

By a standard duality argument involving well known quadratic estimates for L*,
one obtains that the improper integral converges weakly in L?, and that

(3.29) m, L ()l 2y S ”F”Tz(R’fl)’ M =0,

where the implicit bound depends only on M, ellipticity and dimension.
Following [21], we now observe that 7y, ; essentially maps 77 atoms into H{—
molecules. We have:

Lemma 3.30. Suppose that A is a TP (R’fl)-atom associated to a cube Q C R" (or
more precisely, to its Carleson box Rg). Then for each integer M > 1, and every
g > 0, there is a uniform constant C, p such that C‘;}W mu(A) is an (H{,s, M)-
molecule associated to Q.

Proof. Fix acube Q and let A be a T? (R’fl)—atom associated to Ry, so that (3.24)
holds. We set
m:=myr(A) = IMp,
where
oM, —fL dt
b:= t"t°Le " (A(, t))?
0

and we need to establish that m satisfies (3.3). We first prove an L? estimate which
in particular yields the desired bound “near” Q. Let g € L*(R"). Then for every
k=0,1,..., M we have
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(331) | f (UL b() g(x)da]
Rn

1/6 2 dt
- [1im [ ( [ aerremerettac, t>)<x>7)g<x>dx|
— n 6

| f A D UL PIPL o g0 D

< Q)M 0V 1/P f |(t2L Jorl oL g )lzdxdt)l/z

Here, the third line is obtained by using the compactness of the ¢ interval to inter-
change the order of integration, and the fourth line by using that A is a 7”-atom
supported in Ry (so that 0 < ¢ < £(Q) and (3.24) holds) and the fact that k < M. In
turn, by standard square function estimates for L*, (3.31) is bounded by

e Q™17 llgl 2 en)-
Specializing to the case that g is supported in 20, and taking a supremum over all
such g with ||gll;22g) = 1, we then have the bound
QP LY bllpag) < CHQPMQIT*P, k=0,1,... M,

which is clearly equivalent to the cases i = 0, 1 of (3.3).

Now for i > 2, let g be supported in S;(Q), with ||gll;2(s,(0) = 1. Applying the
Gaffney estimate to dx integral in the last line in (3.31), and taking a supremum
over all such g, we find that

“Q gy dt
QL) bll2(s, 0y < CLQ™M Q1P f e HUOITS
0

< v MMl A,
for every N € N and each k = 0, 1, ..., M. The molecular bound (3.3) follows, for
every choice of € > 0. O

We are now ready to establish the molecular decomposition of H f (RN LA(RM).

Our proof here is based on the approach in [10]'!. A similar approach, also fol-
lowing [10], is taken in [37] and in [43]. As mentioned above, a more complicated
method was used in [39, 40].

Proposition 3.32. Let 0 < p < land M > 1. If f € H'(R") N LA(R"), then
there exist a family of (H?, &, M)-molecules {m j}j.';o and a sequence of numbers
{/lj};';o C P such that f can be represented in the form f = Z;io Ajmj, with the

sum converging in L>(R"), and

P
Iy < ch < CllA Iy

H particular, it is the idea of [10], in the case p = 1, to exploit the fact that a 77-atomic
decomposition, of an element in 77 N T2, converges also in 72.
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where C is independent of f. In particular,

2
(3.33) HJR") N LAR") CHY o R,
Proof. Let f € HY(R") N L*(R"), and set
F(,1) = fLe"Lf.

We note that F € T2(R"*") N TP(R™*"), by standard quadratic estimates for L and
the definition of Hf (R™). Therefore, by Proposition 3.25, we have that

(3.34) F=) 1A,

where each A; is a T”-atom, the sum converges in both TP(RTI) and TZ(RTI),
and

P p _ p
(3.35) 2 S CIFIL, o = CUAG

Also, by L?-functional calculus ([50]), we have the “Calderén reproducing for-
mula”

(3.36) f=cmmur (PLef) = cymyn(F) = ey ). Aimui(A)),

where by (3.29) and the T2 convergence of the decomposition in (3.34), the last
sum converges in L>(R"). Moreover, by Lemma 3.30, for every M > 1, we have
that up to multiplication by some harmless constant, each m; := cy mp1(A))
is an (H?, &, M)-molecule. Consequently, the last sum in (3.36) is a molecular

(Hf ,2, &, M)-representation, so that f € Hi mol M(R”), and by (3.35) we have

”f”Hi,mol,M(Rn) < C”f”Hf(Rn)-

Step 2 is now complete. This concludes the proof of Theorem 3.5. O

We next discuss duality for the spaces Hf(R“) withO < p < 1.
If mis an (H?, &, M) - molecule, then m € M‘Z’(jlw/p_l) I (this follows from the fact
that, given any two cubes Q) and Q», there exists integers K; and K>, depending

upon £(Q1), £(Q>) and dist(Q1, @>), such that 2X1Q; > 0, and 252Q, 2 Q)), and
the converse is also true (up to a normalization). Therefore, g(m) := (g, m) is well-

defined for every (H?, &, M) - molecule m and every g € ArL’EI/ b _1)(R”). Moreover,
the following estimate holds.

Lemma 3.37. Suppose0<p<1,&>0, M > %(;17 - %) Then
(3.38) 180m) < Clgllysr-bize,

for every g € A'L’(*l/p_l)(R”) (in the case p = 1 we set A%, :== BMOy-) and every

(H?, g, M) -molecule m.
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Proof. The case p = 1 was proved in [39], so we now suppose that p < 1. For
every x € R"
M

V21(Q)
(3.39) m(x) =27M (J(Q)—2 f sds) m(x),
Q)
and
V2U(0) V2I(Q) , M VaI0) .
(3.40) sds = f (- s Y Gy f L g
Q) Q) e 10)

where Cy p € R are some constants depending on k and M only. Going further,

V21(Q) , V21(Q) , " ,
2ka se 5 Lgs = —f 6se_ks Lds = ¢ HOL _ ,72kUQ)S°L
l l

© ©
k=1

(3.41) = ¢ MQPL(J _ p~kUQPLy _ =HIQPL(f _ ,~I(Q'Ly Z e~ JHQPL
j=0

Applying the procedure outlined in (3.40)—(3.41) M times, we arrive at the follow-
ing formula

V21(Q) )
m=2M (Z(Q)—2 f s(— e TM gs
It

(Q)
i 2 2 i ; 2 M
(3.42) + > Ceml(Q) 2L e MO — o707y - o7 L) m.
k=1 ]:O
Let
(3.43) my, = (Q) ML Nm,  0<N; <M.
Then

(344) gm)=Cy | (1= e QYW g(0) TIDmy () dx
Rﬂ

(M+1M-1 V2U(Q) ) .
> G f (Z(Q)‘z f s = e )M g(x) ds | T/ P my(x) dx,
i=1 " Q)
where C;; are some constants, Tl.l(kQ) are some operator families satisfying Gaffney

estimates (2.21) with ¢ ~ 1(Q)?, and the integrals on the right-hand side are inter-
preted analogously to (3.1). More precisely, each T is a composition of operators
of the form (3.41) and operators coming from
V21(0) ,
(3.45) (Q)™ s(I— e~ MM ds.
Q)

However, according to (3.41)—(3.42), the latter can be written as a constant plus
an operator in (3.41), modulo the factor I(Q)2L~'. The negative powers of I(Q)*L
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are absorbed in my,. Hence, each T is a constant (possibly, zero) plus a linear

combination of the terms in the form e~""L with ¢ ~ 1(0)>.
Applying the Cauchy-Schwartz inequality, we deduce that

(o)

(3.46) 180m)] < Cllgllyo-1 50 1017 Z; 278 Zk] 17" @mgllizs 0,
J= i,

If j < 3, then
(3.47) 1T @mnllizs oy < Cllmwllzen < CIOIP7,
for i and k as above. If j > 3, we split
(3.48) MN; = MN, X5 0) t N Xzn\§ (0)
where
(3.49) S(Q) =210\ 27720,
Then
(3.50) ||T/@ (mNi )@Q)) s S C”mM X502y < c2il8-5-9) 45,
by the definition of molecule, and
351 |12 (mN,-XRn\g-@) < ce et a2 < C27NIQ7,

’ ! L2(S Q)
for a number N arbitrarily large. Inserting the results into (3.46), we finish the
proof of (3.38). O

We are now ready to state our duality results generalizing [31, 28, 25].
Theorem 3.52. Suppose 0 < p < 1. Then

(3.53) (H'@®Y) =AVPP®RY ifp< 1, and  (HLR™)" = BMOp(RY).

Proof. The statement about the duality of Hi and BMOy- was proved in [39].
Therefore we consider here only the case p < 1.
Step I. We start with the left-to-the-right inclusion.

Assume that g is a linear functional on H} (R"). Then for every f € H} (R")

(3.54) leCOT < gl 17 (geny-

Theorem 3.5, in particular, implies that every (H7, £, M) - molecule belongs to HY
and IImIIHZ < C. Hence,

(3.55) lg(m)l < Cligll-

&M
n(1/p-1)
Qo. Therefore, by (3.55), g defines a linear functional on Mz’(llw/p_l). It remains to

prove that the norm (1.26), understood in the sense of (3.1), is finite. To do this,

However, if u € M with norm 1, then u is a (p, &, M) - molecule adapted to
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it would be enough to show that for every ¢ € L*(Q) such that ||¢|| 2 = 1 the

function
1 1 1
p

3.56
(3.56) 2\ 72

|Q|a/n+1/2

is a (p, &, M)-molecule (then the claim follows from (3.55)).
Since ¢ is supported in Q, by Gaffney estimates

1 1(0)? 1
_ QLM ~H(QPL
i 10 = e el oy < |Q|a/n+1/z Z le #llizcs o
c G008 coiN  co N
Ci 2 =
(3.57) < W e 10y |IQD”L2(Q) s |Q|/n+1/2 - |Q|1/p-1/2°

for every j € Nand N € N arbitrarily large. Similarly, fork =1,.... M

1 -
(3-38) iz IO LY = Ol

|0
200k [ de L anf (1 = 0Ly
1Ola/n+1/2 HQ)~"L™) ( Ose d;) (I-e Mk,
|Q| ’ LS (0)
1 Q) oy L, ' . i
G (f o e hdr) (1= M
© ’ © L2(S ()
C _dist(5 (0.0 C2-iN

SO0

< |Q|a/n+1/2 ¢ 1o ||90||L2(Q) < |Q|1/p—1/2’
where we employed Lemma 2.22 for the next-to-the-last inequality. As before,
N € N can be taken arbitrarily large, and that finishes the argument.

Step II. Let us now turn to the right-to-the-left inclusion in (3.53). Let g €
A"(l/ P~D(R"). We note that the mapping

L(f) =g f),

may be defined initially (by virtue of Lemma 3.37) when f is a finite linear combi-
nation of (H?, &, M)-molecules, with M > (n/2)(1/p — 1/2), and by the density, in
H’L’(R”), of the collection of all such f, it is enough to establish the a priori bound

(3.59) LN < Cligllyraro-nggny Il ey

for some uniform constant C, whenever f is such a finite linear combination. In-
deed, in that case, L, extends by continuity to a continuous linear functional on
HY(RY).

Our proof of (3.59) is based in part on the approach in [39], but we shall incorpo-
rate a simplification to that approach, which was introduced in [43]. As above, let
g €AL.(R"), @ =n(1/p—1),and let f be a finite linear combination of (H?, &, M)-
molecules, with M > (n/2)(1/p — 1/2). We begin by noting that the following two
facts, first proved in [39] in the case p = 1 (equivalently, @ = 0), may be extended
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to the case 0 < p < 1 (@ > 0) mutatis mutandi, and we omit the details. First, as in
[39], Lemma 8.3, we have that

1 2 M 2L pdxdt 2 :
G60 s i LM P EE < el
second, as in [39], Lemma 8.4, for f, g as above, the following Calder6n reproduc-

ing formula is valid:

1/6
3.61) (8. f) = Cy lim f5 i PLYMe L o(0) PLePLI(R) d);dt'

At this point we follow [43]. Since L "L f € TP, we may invoke the result of
[21] to obtain the decomposition

PLe LY - Z AAj,

where each A is a T? atom, supported in a Carleson box Ry;, and where {4;} € {7,
with

l/p
(3.62) Ol 1) " < WP, ~ Wl oy
Using (3.61), we then have

y 27 d d
(e ) < € )14yl ff (LM g4 x0T
R’rrl t

1/2
% 27 dxdt
<c iy ALY g = 10}l
Ry, 4

<C Y 1Alliglias.

where in the second inequality we have used the definition of a T7-atom (cf.
(3.24)), and in the last inequality we have used (3.60) with @ = n(1/p — 1). The
desired bound (3.59) now follows from (3.62), since p < 1.

=

_1
p

O

4. SQUARE FUNCTION CHARACTERIZATIONS AND INTERPOLATION.

Recall the square function definition of Hardy spaces given in (1.10)—(1.11). In
fact, there is certain flexibility in the choice of the square function which gives
an equivalent norm in HZ(R"). It is possible to replace Y(&) = &%, & = 1L, in
(1.10) by another function of ¢ with holomorphic extension to an open sector of the
complex plane, provided it has enough decay at zero and infinity. One way to see
this is to re-prove the molecular decomposition of Hardy spaces, this time using a
square function based on ¢, Lemma 2.28 and quadratic estimates in [50].

Now we present a different approach, via the connection with the tent spaces (cf.
(3.15), (3.16)), again using fundamentally the ideas of [21]. In a different context
this has been done in [10]. Here we will follow a similar path, pointing out the
aspects which are particular to our setting.
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Letw <pu<n/2and ¢ € ‘P(Zg). According to the quadratic estimates in [50]
the operator
(4.1) Oy f(x 1) = y(PL)f(x), (x,0) R},
is bounded from L3(R") to TZ(RTl). Then for every ¢ € ‘P(Zg) the operator

(4.2) Ty F(x) = f ) W(L)F(x,1) %, x eR",
0

is well-defined for all F € T?(R"*!") and bounded from T?(R"™*!) to L>(R") by du-

ality. Indeed, the operator m, ; is the adjoint of the operator Qy ;- , and vice versa.

In the sequel, for the sake of notational convenience, we shall sometimes omit the

subscript L, and write merely Qy, m, when there is no chance of confusion.
Finally, for ¢,y € ¥(£)) and f € H*(Z) let @ := Qy 0 f o g, ie.,

“3)  QF(x,9):= f ) (¢(s2L)f(L)J(t2L)F(~,t))(x)?, (x,5) € RI*L.
0

Then it follows from the observations above that @’ is bounded in TZ(RTI), with
the norm bounded by || f]| Lo(50) We will sometimes write Q in place of Q' when

f=1

Proposition 4.4. Let yu € (w,7/2). Then for every Y,y € ‘P(Zﬂ) and f € H°°(22)
the operator Q' originally defined on T*(R™*") extends by continuity to a bounded
operator on TP(R™1) provided that either

(1)0<p <2 ¢ €WapE), v € Yo (Z0), or

(2)2< p < oo, if € VpalZ)), ¥ € Yop(Z),

where a > 0, 8 > % (max{l—lj, 1} - %) Moreover,

(4.5) 1Q Fllyogazty < Clfllpoiy I llpppery,  forall  F e TPRE™),

One of the main ingredients in the proof of Proposition 4.4 is the following
Lemma (cf. Lemma 3.7 in [10] and Lemma 2.22).

Lemma 4.6; Let u € (w,n/2) and o1,072,71,72 > 0. Suppose further that €
o0, (ED, ¥ € Yo, r,(E0) and f € H(Z)). Then for any 0 < a < min{oy, 72} and
0 < b < min{o, 71} there is a family of operators Ty, s,t > 0 such that

@.7) wGsDf R = min{(2), ()} 7.,

where

(1) {T 51} s< satisfy the ? off-diagonal estimates in t of order oy + a uniformly in
s <t

(2) {T st }i<s satisfy the [? off-diagonal estimates in s of order o + b uniformly in
t <5,

with the constants bounded by ||f| (0

Proof. Let us consider first s < ¢. Then

48 YLD = () (L WLADEL I = () T,



SECOND ORDER ELLIPTIC OPERATORS 33

The function (s&)™“Y(sé) f(£), £ € X, belongs to H*(Z) and
4.9 ||(sf)_al//(sf)f(‘f)”Lw(22) < C”f”y@(zg),

with the constant C independent of s > 0. Hence, by Lemma 2.28 the operators
{Ts}s<s satisty the L? off-diagonal estimates in ¢ of order o> + a uniformly in s < ¢,
with the constant bounded by || f]| Lo(z0) The case s > ¢t follows analogously, and
their combination proves the Lemma. O

Proof of Proposition 4.4. Let 0 < p < 2. Using the Lemma above for any a, b such
that 0 < a < @ and 0 < b < 8 one can write

4.10) Q'F(x,s) = fo mmin{(;)za,(é)zb} Tsz,,zF(-,r)(x)%, (x,5) € R™,

where
(1) {Ts;}s<s satisfy the [? off-diagonal estimates in ¢ of order S + a uniformly in
s <t,
(2) {Ts)i<s satisfy the [? off-diagonal estimates in s of order @ + b uniformly in
r<s.
with the constant bounded by || f]| L) Note that the constants a, b can be chosen

so that both @ + b > %(max{}—), 1} — %) and 8 +a > %(max{}l—?, 1} - %) Then there

exist some M > g (max{%, 1} - %), M € R, and some C > 0 such that for arbitrary
closed sets E, F c R"

oM
) max{t, s}
(4.11) ||Ts2,t28||L2(F) <C ||f||Loo(22) mlﬂ{l, m} ||g||L2(E),

for every s,¢ > 0 and every g € L*>(R") supported in E.

The remainder of the proof follows the same path as that of Theorem 4.9 in [10].
Suppose first that p < 1. By density of TZ(RC’r) NTPRY) in TP(RY) it is enough to
establish an a priori estimate for F(x,£) € T>(R") N TP(R"). We may then use the
atomic decomposition of tent spaces in [21] (cf. Proposition 3.25 above) to reduce
(4.5) to the atomic estimate

4.12) IIQfAIITp(Rg) < C||f”L°°(22) uniformly for 77 (R} )-atoms A.

Then one breaks down Q/A into a part close to the support of A and a part away
from the support of A. Close to the support we use the boundedness of @' in
T?(R"), and away from the support we use (4.11). The details can be recovered

carefully following an analogous argument in [10]. Then the case 1 < p < 2
follows by interpolation and the case 2 < p < oo is obtained by duality. O

Proposition 4.13. Let u € (w,n/2) and ¢ € ‘I’(Zg). The operator Qy. 1 originally
defined on L*(R") by the formula (4.1) extends to a bounded operator

(4.14) Qur : HY(RY) — TP(REY,
provided that

cither (1) 0<p <2y €WepE)), or (2)2<p<oo, i€ Wsa(ZD),
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where a > 0 and B > %(max{;—?, 1} - %)
The operator my, 1, defined on TZ(RTI) by means of (4.2) extends to a bounded
operator

(4.15) myr: TPREY) — HY(R™),
provided that
either (1) 0<p <2,y €¥po(Z)), or (2) 2<p<oo, € WopE)),

where a > 0 and B > %(max{%, 1} - %)

Remark. Before proving the Proposition, we note that for i, v e ‘I’(Zg) such that
fooo (Y (1) % = 1, we have the following Calderén reproducing formula:

(4.16) nyoQp=nz;0Q, =1 in L*(RM).

Moreover, for every non-trivial ¢ € ‘I’(Eg), such ¢ can be found, for example,

taking

_ _ 00 di -
@.17) W@ = 5 fo wor )" zexl,

Proof of Proposition 4.13. Let Yo(z) = ze™%, z € 22. Then the boundedness of the
corresponding Qy, in (4.14) for 0 < p < 2 follows directly from the definitions of
H}(R"), 0 < p <2, and TP(R}).

Now take any ¢ € W5, and 0 < p < 2. For every F € TP(R"1) 0 T?(R+1)
(4.18) Iy Fll g ey = 11Quo © Ty Ellgp gy,

and due to Proposition 4.4 the last expression above is controlled by [|F ”TP(RT')-
Then (4.15) follows by a density argument.

Next, lety € ‘I’Qﬁ(zg), 0 < p <2. Since [? is dense in Hz, it is enough to prove
that

(4.19) 1Qu irp@nety < Clfllprgny.  forevery fe HY N L%

By definition Qy, f € T? (R™ 1) forevery f € H{ﬁLz. Let M be the smallest integer
larger than % (max{%, 1} — %) and Yo (¢) := §Me‘f, £e 22. Then fow Yo(Oo(t) % =
Cu, and hence, by (4.16) we have

1
(4.20) f= o T © Qu,f for fel?

Note that g € Yy for every N > 0. Therefore,
||Qlﬁf||Tp(RK+1) = C”Qw © T, © QwofHTp(]RTl) < C”Qwof”Tp(R'fl) = C“fHHf(R")’

where the inequality is a consequence of Proposition 4.4.
For p > 2 we use the duality between the operators 7 and Q. O
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Remark. We would like to mention that in [41] the authors developed an alternative
approach to (4.14).

Remark. The results of the Proposition 4.13 lead to an alternative molecular de-
composition of Hardy spaces, defining molecules as the images of the atoms of tent
spaces under m,, for appropriate  (cf. [10]).

Remark. The tent spaces have an appropriate counterpart when p = oo and the
results of Proposition 4.13 extend to this case as well (see [39]).

Proposition 4.13, in particular, provides the square function characterization for
the Hardy spaces H"L7 with p > 2, which were originally defined by duality (1.12).

Corollary 4.21. Let i be a nontrivial function satisfying either

(1) 0<p<2 ¢ €WapE), or

(2) 2<p < oo, € Wya(E)),
where a > 0 and B > 5 (max{%, 1} - %) Define Hf;’L(R”) to be the completion of
the space

H) (R") = {f € L’(R"): Qo f € TPRY),

with respect to the norm

5 , dydr\'"?
@22) Wl o 2= 100 Flpor) = ( [I WD) t,m)

LP(R™)

Then Hf(R“) = Hl’;, 1> With equivalence of norms.

Proof. For 0 < p < 2, by the definitions it is enough to establish equality of the
dense spaces L*R™Y N HZ(R”) and Hz (R, with equivalence of norms. One
direction is precisely the estimate (4.19) above. The opposite direction is proved
in exactly the same way as (4.19), by simply interchanging the roles of ¢ and g,
and observing that the reproducing formula (4.20) is still valid (with a different
constant), for the same choice of %, but with ¢ replaced by . We omit the
routine details.

The case 2 < p < oo is slightly more involved. We begin by claiming that
L*(R") N HY(R™) is dense in HY (R™) (this fact is immediate by definition only for
the range 0 < p < 2). To prove the claim, let yx denote the characteristic function
of the set {(x,f) € R™! : |x| < K, 1/K <t < K}, so thatfor F € T, 2 < p < oo,
we have that Fx = Fyg € T2 N TP, and also that Fx — F in T?. Now given
/S ‘Pﬁ,a(Eg), choose J € ‘Paﬁ(Eg) satisfying the reproducing formula (4.16). Then

by (4.14) and (4.15), the reproducing formula extends to H' f (R") (since L* N Hf;
is dense in the latter space), and thus by duality to HZ(R”). Consequently, given
fe H’L)(R”), 2 < p < o0, we may write

f= gL ° OuyLf= I}i_r)l’oloﬂ'w"l‘ ((Ql//,Lf)XK) ,
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where by our previous remarks and (4.15), the limit exists in Hi(R”). Moreover,
Fk :=(Qurf)xx € T>NTP, so that 5 Fk € L*(R")NHY(R™). Thus, the claimed
density holds.

Therefore, it is enough to prove that L*RMH N H{ R" = H[w’ LR, with equiva-
lence of norms. One direction follows immediately from (4.14). We now proceed
to establish the other direction, namely that for f € Hf; L (R"), we have
||f||H£(Rn) < ||Qw,L f||Tp(R¢+l)'

In turn, by the definition of HZ(R”), 2 < p < oo, as a dual space, it is enough to
show that for g € L*RM N HZ; (R™), we have

23) [ sz

To this end, given ¢ € ‘Pﬁ’a(Z/e), as above we choose Z € ‘Paﬁ(Zﬁ) satisfying the
reproducing formula (4.16), so that

[ 2| =| [ w50 0uur]

< 1Qy.L f”Tp(R'jjl) ”QJL* gllTp/(RTl)

S NQy.rf oy 18l oy
A

< CllQy.L f”Tp(RTl) ”g”Hp’ R’
T
as desired, where in the last step we have used (4.19). O

Let us now turn to the interpolation property. One of the most important features
of the classical Hardy spaces lies in the fact that they form a complex interpolation
scale including, in particular, L”(R") for some values of p (in fact, 1 < p < o).
It has to be mentioned that Calderén’s original method of complex interpolation
was defined for Banach spaces and could not be immediately extended to the case
when the underlying spaces were only quasi-Banach (p < 1). One reason for that
is a possible failure of the maximum modulus principle in quasi-Banach spaces.
Over the years there have been developed several approaches to this issue (see, in
particular, [18], [42], [23], [36] regarding the classical Hardy spaces). Here we are
going to employ an extension of the complex interpolation method to analytically
convex spaces described in [44], [45].

Lemma 4.24. For each0 <8 <1 and 0 < pg, p1 < +o0,
425  [HP®RY,HY (R”)]e = H'(R"), where 1/p =(1-8)/py+0/p1,
and
(4.26) [HZO(R"),BMOL(R”)]G = H'(R"),
0<f6<1, 0<pg<+oo, 1/p=(1-6)/po.

Proof. The proof of (4.25) is a combination of an analogous result for the tent
spaces and Proposition 4.13. First of all, (3.22) holds for all 0 < py < p; < 400
(this is stated in [21], Proposition 6, p. 326; complete details are given in [19]). On
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the other hand, by Proposition 4.13, if 0 < p < oo, Hardy spaces are the retracts of
the corresponding tent spaces, i.e. there exists an operator mapping any tent space
to the corresponding Hardy space and having the right inverse (actually, this is also
true for p = oo, if we designate BMOL(R") =: H;°(R"); the proof is implicit in
[39], however, we shall not need to make explicit use of this fact in the sequel).

More precisely, given any pair 0 < pp < p; < oo, we can take ¥ € ¥4, where

B>5 (max{plo, 1} - %) and ¢ € Wsp as in (4.17). Then for all p between pg and p

the operator 7, maps T” to H?, and QJ : H’L’ — TP is its right inverse. Therefore,
(3.22) implies (4.25) once we make sure that TP (R"*1) + T (R’fl) is analytically
convex (see Lemma 7.11 in [45]). This, however, follows from Theorem 7.9 in [45]
and the discussion in [19]. The space BM Oy can then be incorporated by duality
and Wolff’s reiteration theorem [59], once we have shown that, given any fixed
po > 0, there is some large ambient Banach space into which every H’L’(R”), Po <
p < oo, and also BMOr(R"), may be continuously embedded. We shall establish
the existence of such an ambient space in an appendix (cf. Section 10 below). O

5. RIESZ TRANSFORM CHARACTERIZATION OF HARDY SPACES.

Let us recall that for a given operator L the interval (p_(L), p+(L)) is the interior
of the interval of L”-boundedness of the heat semigroup and 2 + &(L) is an upper
bound for the interval of LP-boundedness of the Riesz transform. As pointed out
in the introduction, we have

(5.1)  VL'V2.[PRY — LPRY) & p_(L)<p<2+e&l),
and the bounds p_(L) < 21 &(L) > 0 are sharp in the sense of Corollary 2.20.

n+2’
In the present section we aim to extend (5.1) to other values of p, passing to the
Hardy H{ spaces, and to prove the reverse estimate for a certain range of p, thus
establishing for such p the equivalence of the spaces H’L’(R") and H{ R™) (cf.

(1.11) and (1.20)) Our main result in this section is the following.

,Riesz

Theorem 5.2. Let 1 < r < 2 be such that the family {e™""}~ satisfies L — [?

off-diagonal estimates. We then have

(5.3) H’Z(R”) = HZ

rn
Riew®). = <p<2+e(l)

Moreover, we have the following equivalence of norms:

rn

(5.4) AWy = IVLY2 fllageny max{l, } <p<2+e&(lL)
and if rn/(n +r) < 1, then

- rn
(5.5) WAy gy ~ IVLT2 flliory, —— <p<1.

n+r

p-(Ln }
> nip_(D)

p< 12 + &(L), and if L=B < 1, then (5.5) holds for every p such that L=5% <
p <L

Remark. Note that, in particular, (5.4) holds for every p such that max {1
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The proof of the Theorem will be split into Propositions 5.6-5.34. Let us start
with the case p < 1. For the sake of notational convenience, given p € (0, 1], we
shall throughout this section fix M > (n/2)(1/p—1/2) and &€ > 0 (recall that, as we
have seen, any such choice leads to an equivalent H{ space), and we may therefore
refer to (Hf, g, M)-molecules simply as Hf—molecules. The first result concerns
the boundedness of the Riesz transform.

Proposition 5.6. For every p such that -*5 < p < 1, there is a constant C depend-
ing only on n, p and ellipticity (and our fixed choices of M and &), such that the
Riesz transform VL™'?  defined initially on L* N Hf(R“) = ]H[i oy R (¢f- (3.7)),
satisfies

(5.7) VL2 fllrey < Cllfllsy ey »
and therefore extends to a bounded operator VL™1/% : H{(R”) — HP(R").

Proof. We begin by recalling that the classical Hardy spaces can be characterized
via a molecular decomposition (see, e.g., [22]). Our Theorem 3.5 with L = —-A
provides one such characterization, but a more traditional version is as follows.

The function m € L*(R") is an H”-molecule, 0 < p < 1, if it satisfies (3.3) for
k=0and

(5.8) f x*m(x)dx = 0, 0<lel <M,

for some M € NU {0} such that M > [ni 1/p—1)], with [y] denoting the integer part
of v € R. Given p € (0, 1], fix some M as above. Then the classical real variable
Hardy space can be realized as

(5.9 HP(R™) = {Z Ajm; {Aj};‘;o € (¥ and m;j are Hp-molecules} ,
i=0
with
N Up
Al geny ~ inf{( D 12,7) ),
j=0

where the infemum runs over all decompositions f = Z;‘;O Ajm;j, converging in the
space of tempered distributions &', such that {1;}72, € ¢” and each m; is an H”
molecule. We do not know if this particular version of molecular decomposition is
explicitly stated anywhere but it readily follows from the classical arguments (see
[22], [57], [34]).

Having these facts at hand, we first show that the Riesz transform maps H{—
molecules into H?-molecules. Let m € L>(R") be an H{ -molecule associated with

some cube Q € R" (and M > %(% - %) € > 0 fixed as above). Then
(5.10) IVL™ Pmllj200) < Climllpzgsy < C HQY>P,
using boundedness of VL~1/2 in L2(R"). Next, for i > 2

_ _ _ 2
VL™ Pl oy < IVLT2U0 = e @Y milla(,0))
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— _ 2
(5.11) HIVL™V2I = (I - e "M ml| 2 0y =2 T+ 11

According to Theorem 3.2 in [39] (see also Lemma 2.2 in [38]), for all closed sets
E, F in R” with dist(E, F) > 0, if f € L*>(R") is supported in E, then

— _ M
(5.12) VLU =™ flagy < C (gamre) Wlzw, Yi>0,

- — M
(5.13)  IVL2Le ™M flliay < C (gaggre) Mllzw, V> 0.

Therefore,
I < VL7230 = " OB M iy )llacs oy
_ _ 2
+ IVL™V2(1 = e "D M iy 20l 25 400y)
< C27Mimll 22y + Climll2emoi2g)
(5.14) < C2MiQy Frr Q) AP 2,

Since M > g( - %), the estimate (5.14) implies

1
p
(5.15) [ < CQI(Q)y> P ie,

where € = min{e, 2M —n/p + n/2} > 0.
Turning to the second part of (5.11), we observe that

_ _ 2 _ _ 2
VL2 = (I = "D YY) oy < € sup VL2 L) 15 0
1<ksM

(5.16) <C sup

k M
vL1/2 (M l(Q)ZLe-A"ﬂ(Q)ZL) UO) 2L Y m
1<k<M

LZ(R”)
This allows to employ the argument above, using (5.13) in place of (5.12), to prove

an analogue of (5.15) for the expression /1.
Finally, the vanishing moment condition (5.8) is satisfied, since

(5.17) f VL ' ?m(x)dx = 0,

and one can take M = 0 when p > 5.

So far, we have established that Riesz transform maps Hf—molecules into HP-
molecules for p € (#, 1]. Let us now show that this implies the desired estimate
(5.7). To this end, let f € Himal’ » R, so that by definition we may select an
I? convergent molecular decomposition f = > °°, A;m;, where each m; is an Hf—

molecule, such that
- 1/p
~ AP
fllzy oy (Z(; i)
=

By the [? convergence of the sum, we have that

VL2 f = 3 4 (VLT ) =2 ) v,
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where by the preceeding argument each m; is a classical H”-molecule, and where
the last sum also converges in L? (hence in 8’). The bound (5.7) then follows
immediately by the molecular characterization of classical H”. This finishes the
proof. O

Proposition 5.18. Let 1 < r < 2 be such that the family {e~'*}s¢ satisfies L" — L?
off-diagonal estimates. Then for every p < 1 such that p > 2=

n+r

R™). In particular, if p-Dn 1, then (5.19) holds

2 P
forevery h € L*(R") N H} . ( np_(D)

p-(L)n
n (D) <p<l

for every p such that

Remark: Combining Propositions 5.6 and 5.18, we therefore obtain (1.22), for
f € L*(R™), and thus by density, we obtain (1.19) in the case p < 1.

Proof. Leth € HY . (R™) N LA(R"), and set

,Riesz
f:=L"?h.

Since, in particular, & € LZ(R"), we have that f is well defined: indeed, the solution
of the Kato square root problem [9] (cf. (1.4)), implies that f € WL2(R?) (cf.
(1.31)).

Let us denote

1/2
(5.20) S1h(x) = ( f f |m/Ze-f2Lh(y)|2@ ,  xeR™
I'(x)

i+l

Then by Corollary 4.21

(5.21) IS 1 Alle@ey ~ Wall o gy O<p<2

Hence, matters are reduced to proving the estimate

(5.22) ISt VLAlo@ey < CIV fllav e, % <p<l
Let us recall the “Hardy-Sobolev” spaces

(5.23) H'"P(R") := {f € S'(R")/C : Vf € HP(R")},

where S'(R")/C is the space of tempered distributions modulo constants. The
space H'"’(R") may be identified with the corresponding Triebel-Lizorkin spaces
(see, e.g., [51] or Section 8.2 of the current paper), and thus admits an atomic
decomposition [32]. Specifically, a function a satisfying

(5.24) suppa C Q,  |IVallpaeny < Q)77

is called an H'"P-atom, n/(n+1) < p < 1 (as usual, for smaller p one has to impose
an extra vanishing moment condition). Then

(5.25) H'"P(R") = {Z Aja;: {/lj};';o € (¥ and a; are Hl’l’-atoms},
i=0

with the series understood in the sense of convergence in S’(R")/C, and
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1l ar ey =
inf{(i |/lj|p D f= Z/l mj, { ] o €’ and a; are Hlp—atoms}

We now claim that it is enough to show that

(5.26) ||Sl\/Za||Lp(Rn) <C, forevery H'’-atoma, p> " -:lr’ p<l,

where C is a constant not depending on a. To see that (5.26) suffices to obtain the
conclusion of the Proposition, we proceed as follows. We note that in the standard
constructive tent space proof of the atomic decomposition of H'7, one obtains,
much as in the proof of Step 2 of Theorem 3.5 above, that for f in the dense
subspace W'2(R") N H'P(R™), there is a decomposition f = 3 A ja;j, converging in
WU2(R™), where each ajisan H L.P_atom, and where

DU SNV

By the solution of the Kato square root problem [9] (cf. (1.4)), and the L? bound-
edness of the square function S 1, we have that

SIVL: W2 (R") — LXR"),
so using the W' convergence of the atomic sum, we obtain that pointwise a.e.,
SIVLf <) 14 S1VLa;.

Thus, (5.26) implies (5.22).
It remains to prove (5.26). For j € N U {0} let R(S ;(Q)) := UxeS,-(Q) I'(x) be a
saw-tooth region based on S ;(Q) C R". Then

3 d d
IS 1 VLall], gy < Z 2Jl(Q))"(1-)(f ff tLe " Lay )|2 y > )
J=0 $i(Q) T(x)
< CZ(ZJ'I(Q))”(“Q)(ff ItLe"zLa(y)|2dy_dt)2
Jj=3 R(S j(Q)) t

+ Qs VLall, ,

© y o dydt\?
<C Y Q) i-5 ( f f IPLe™ P >|2—]
;3 mosdo - NTE
+C Z(zjl(Q))n(l—f) (f f |t2L 2L (y)|2 d)’dt)
= 02 Je2il(©)

(5.27) +cUQ"=|s | VLall, wpy = [T+ 1L
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Then, since S| is bounded in L*(R"),

(5.28) i < i "IIVLall, < IVl ., <C.

Going further, observe that
(5.29) llall 2oy < U(QY*PHY,

for every H'P - atom a by (5.24), Sobolev inequality and Holder inequality. Then
Lemma 2.26, (5.29) and another application of Holder inequality imply that

&) P
i _r « n_nydt\?
I < CZ;(2’1(Q))”(1 £ ( f o Bt ’)73) lall7 )
J:
(5.30) < CZ;(Zjl(Q))"(l‘5)(2-’I(Q))”(3‘3‘1)|Iall”,(Q> <C,
]:
provided p > ==

Finally, in order to handle 7, we split the integral in 7 into two parts, correspond-
ingto 0 <t < 2/I(Q) and ¢ > 2/1(Q), respectively. The second part can be estimated
closely following the argument in (5.30). As for the first one,

o 271(Q) , 5
Z(szQ))"(l"z’)[ | y | |r2Le-’La(y>|2df—ft)
=3 "\Qj2

. 4
= , 2/U0) @in? dt)?
1-2 2(n_n) —==
(5.31) SCZ;(ZJI(Q))”( : [fo A3 e 5| Nl <G,
=

using L" — L? off-diagonal estimates. This completes the proof. O

Now we turn to the case p > 1.

Proposition 5.32. The Riesz transform of the operator L satisfies
(5.33) VL2 HPRY) — LPR")  for  1<p<2+el).

Proof. Since p (L) > 2 + (L) (see [7], §4.4), the property (5.1) and (1.15) yield
(5.33) for p_(L) < p < 2+ &(L). Then the full range of p in (5.33) can be achieved
by interpolation (Lemma 4.24) with the result of Proposition 5.6. O

Proposition 5.34. Let 1 < r < 2 be such that the family {e~'*};s¢ satisfies L" — L?

amn

off-diagonal estimates. Then for all p satisfying max {1, . +r} < p < p+(L),
(5.35) 1Allgzp ey < CIIVL™ 2R 1 gy,

2 P
for every h € L“(R") N H} g, (R").

In particular, (5.35) holds for every p such that max {1, nﬁ’[ff()z)} <p<2+el).

Remark. This Proposition is a sharpened version of [7], Proposition 5.10: in the
latter, the left hand side of (5.35) is replaced by the L” norm. Our proof is based on
the circle of ideas developed in [7], but the estimates we seek are somewhat more
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delicate, since H{ is “strictly smaller” than L? (in the sense of Proposition 9.1 (ii)
below) in the range 1 < p < p_(L).

Proof. Step 1. By (5.1) applied to L*, and a standard duality argument using the
fact that (p_(L*))" = p,(L), we have

(5.36) WAl < CIVL™ Phllp@n, 2 < p < pi(L)),

in which range of p we have H’L’(R") = LP(R") (cf. Appendix, Section 9). There-
fore we may suppose that p < 2.
We claim that it is enough to show that for each r as above,

(537) S VL: W'P®R") — LPP°®RY),  p=pnr):= max{l, rf }
n r

because, given (5.37), the desired estimate (5.35), for the range p(n,r) < p < 2,
follows by interpolation with (5.36). More precisely, setting f := L™1/2h, by (5.36)
and the boundedness of S in L2, we have, in particular, that

(5.38) 151 VL llz2geny < Cll Al 2ges -

Thus, interpolating between the latter estimate and (5.37), we obtain
(539) S, VL: WHP(R") — LP(R")  whenever max{l, %} <p<2,
n+r

and this is equivalent to (5.35), in the remaining case p(n,r) < p < 2.
Hence, it remains only to prove (5.37), i.e., we shall show that

(5.40) ’{x eR": S, VLf(x) > a}| < £f V)P dy, Ya>0,
aP R~

for p as in (5.37), where by density we may suppose that f € C?.

Our proof is based on the use of a “Calderén-Zygmund type” decomposition
of Sobolev spaces taken from [7], where it was used to establish an analogue of
(5.40), but for VL rather than for S| VL.

Lemma 5.41. ([7]) Suppose n > 1, 1 < p < oo and f € W'P(R™). Then for every
a > 0 there exists a collection of cubes {Q;}iez with finite overlap, a function g and
a family of functions {b;}icz satisfying

(5.42) supp b; C Qi, IVDillLren < CalQi', VieZ,
(5.43) IV&llrny < CIIV fllr@ny,  IV8llzo@ny < Ca,
such that f can be represented in the form
(5.44) F=g+ Y b with Y 101 < Ca IV,
i€Z i€Z

Returning to (5.40) we can write using the lemma above

R Slﬁg(x>+[ffr() vt

24 1/2
2
Z tLe tLbi(}’)X(O,l(Qi))(t)| el )
t
i€Z
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ydt
+ tLe ™ by ii0y.00) (D)
L ormoff 2]

dydt)W

tn+l

IA

2
S \/_g(x) + ( <oy tLe ! Lbi(Y)|2
€7

[x—yl<t
12
) 12
+(ff tZLe—tZLZ bl(y)| dyfllt]
I(x) U 1

(5.45) = ly(x) + L(x) + L(x),

for all x € R". Let us assign now

Ap={xeR": II(x) > a/3}, [=0,1,2,
so that
(5.46) ‘{x eR": Sy VLf(x) > a/}| < Aol + |A1] + |Aa.

Step I1. Consider Ag. By Chebyshev’s inequality
C 2 C

(5.47) Aol < = f |51 VEg(| dx< = f Ve()P dx
(04 R (04 R

where for the last estimate we used boundedness of S| in L2(R") and the Kato
square root estimate ([9]). Combining the two statements in (5.43), we obtain that

the expression in (5.47) is bounded by Ca™?||V ||, (Rn)» 8S desired.

Step III. The contribution from A, can be estimated as follows. By Chebyshev’s
inequality

c
(5.48) A2 < —

ar

bi(y)\|"
LS @

with S as in (1.10). On the other hand, the L” — L? off-diagonal estimates for the
heat semigroup imply that S is bounded in L"(R") (see, e.g., [7] for an analogous
result in the case of vertical square function and [39]). Therefore, by Holder’s
inequality for sequences

bl
i€Z Z(Q )

Now we recall that the cubes {Q;};ez have finite overlap, i.e. there exists some fixed
constant C such that }} ;.7 xo,(x) < C for all x € R". This implies that

bi
(5.50) Aa| < f n Z z(lgl)r

When p = 2= we deduce from (5.42) and Poincaré’s inequality that
(551) Hbi”L’(R") < C”Vb,‘”Lp(Rn) < CCY|Q1‘|1/[) = Call(Qi)|1+n/r.

C
<

s =
ey @

(5.49) |Ayl <

bl \1/r -1/
(ieZ Z(Qi)r) (ZXQ")

i€Z Lr(R")
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Whenp=1> by Holder’s inequality

n+r’
(5.52)
1_n-1 1 _n-1
1illzr )y < CIQil™™ = |Ibill 2 2o = ClOil™ " IVbillpig, < Call(Q)I"*"".
Hence, in any case,
(5.53) Aol < C D10 < CaPIVAI -
i€Z

Step 4. We now proceed to estimate |[A;|. For all functions v, define

dydr\'"?
(5.54) Tiv(x) —( oy 1tLe™ L v(y)IF = Y 1 ) , 1€Z, xeR.
[x—y|<t "
Then
Ay < Z 140l + {x e R"\ Ujez40; : Z Tibi(x)| > CY/3}
i€Z i€Z
(5.55) <

C 2
GV, 55 [ Y bz sg of dx
i€Z

The second term above (referred to as T later on) is bounded by

2
(5.56) [Z fR o Tibi(x)u(x)dx) ,

i€Z

for some u € L*(R") such that ||u|| 2 = 1. Therefore,

2
— C -
T < =)0, ||Tl~bl~||Lz(s,.(Q,.»||u||Lz<sj(Q,.»]

i€Z j=3

IA
|

2

c = ) dydr )"
(5.57) < ( f f <oy PLe b —) lellz2s 00 | -
a? é;‘ (ER(S 1(0)) r '

where, as before, R(S ;(Q;)) = U xes (o)l '(x) stands for the saw-tooth region built
on the set S j(Q;). Then, using Lemma 2.26 and (5.51)—(5.52), we see that

1/2
— C Qi) s dt
T S CY2 Z Z (f ”t Le b ||L2(2/+1Q \2] 2Q) 3 ||M”L2(Sj(Qi))

A
|

2

i€Z j=3
C 0 1Q)  @iug)? dt 12 ’
< ; Z (f s 2(7_7_1)”b ”Lr(Q) : ) ||u”L2(Sj(Q,~))]
i€eZ j=3
o 2
(5.58) < c[ 127Ny [ M(jul?) (y)]m]
i€Z

j=3
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for any y € Q; and any large positive number N. Here M stands for the Hardy-
Littlewood maximal function. Next, one can sum up the expression above in j and
integrate in y to obtain

2
(559) T < C{ fR ) Zm@) [ M (1) (y)]l/z d)’)
i€Z

< c( fu ) ] dy)z,

by the finite overlap property of cubes {Q;}icz. At this point we use Kolmogorov’s
lemma and weak type (1, 1) boundedness of the Hardy-Littlewood maximal func-
tion to control the expression above by

(5.60) (|U 0" [lu |2|iiffRn] ch|Qi|< V1 ey
i€Z

i€Z

as desired. This concludes the proof of Proposition 5.34, and thus also that of
Theorem 5.2. O

6. SHARP MAXIMAL FUNCTION CHARACTERIZATION.

Recall the sharp maximal function introduced in (1.28). This Section is devoted
to the proof of (1.29). More precisely, we define Hé’ M, (R to be the completion
of the set
HY R = (f € PRY) : My, f e LPRM),
with respect to the norm

fllg,, ey = WM Fllnen.
We have the following:

Theorem 6.1. Let2 < p < coand M > n/4. Then f € Hi(R") = ®R"), and

ﬁ ML
6.2) Ay ~ WM flrge.  f € 2R,

Proof. Recall that we have shown in the proof of Corollary 4.21 that L*(R") N
H{(Rn) is dense in Hf(R") when 2 < p < oo (for p < 2, the analogous density
statement holds by definition). Consequently, it suffices to establish (6.2).

Step I. First, we shall establish that for all M € N

(6.3) M DPRY) — LP(RY), for 2<p<oo, MEeN.

Clearly, the latter estimate is an immediate consequence of the pointwise bound

12
Mi,, f<cC (M(I f |2)) / , where M denotes the Hardy-Littlewood maximal opera-
tor. In turn, we establish the pointwise bound as follows:

. 9 1/2
M?Wf < sQupZ(lQlfQ|(1—€_l(Q) L)M(fXSj(Q))(Y)I dy)
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1/2
2
< cugnlg [ o o)

! X , L2
(6.4) + Cpysup sup Z(lQlfQ|e_kl(Q) L(fXSj(Q))()’)| dy) :

0> x 1<k<M
Then by the Gaftney estimate (Lemma 2.25), the expression above is controlled by
12 0 dist(QS Q)
6.5 C(MUfP)™ + Csup sup » e 07 —rliflas,
Mare) nggM;; oItz T

<c(mam)”

This finishes the proof of (6.3). Since for 2 < p < p;(L), the spaces Hf coincide
with L?, we also have

66) M, H'®R") — L’®R") for 2<p<pil), MEeN.
Interpolating (6.6) with the property

(6.7) M, BMOL(R") — LY(R"), M > n/4,

we deduce that

(6.8) ML CHP®RY — LP(R") for 2<p<oo, M >n/4

Step II. Now we turn to the converse of (6.8). More precisely, let us show that
(6.9) 1 Nz gy < CIME, Flliren,

whenever 2 < p < co, M > n/4 and f € L>(R"). Note that for such f, the adapted
sharp function Mlﬁw f is well-defined.

Recall the discussion of tent spaces in Section 3. In particular, by (3.20) and
Corollary 4.21, we have, for M > n/4 and 2 < p < oo,

1/2
(6.10) ”NWMSCSWme LM ﬂﬁopﬂﬂ)

t

LP(R™)
Now in order to conclude (6.9) it remains to show that

(6.11)
() r dxdr\'?

sw( j‘\fw%wﬂ CLEP — ) < CIME, fllon),

O3x |Q| t LP(R™)

for 2 < p < oco. Note that we switched to M + 1 on the left-hand side, but by the
results of Sections 3 and 4 we can choose M > n/4 in (6.10) at our convenience.

Step I1I. In this part we prove that for every cube Q c R”

_ (L [? 2 et nn g dydr)
lo "G@l;\LWL) e ﬂw|—7)
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_ 2
sup - e DY fllzig, YN EN.
1)< s <V2UQ)

Following the procedure outlined in (3.39)—(3.44) one can split

V21(0) )
f=2M (l(Q)—2 f s(I— e S HM gs
Q)

6.12) < C Y 27N —
; [2/Q|1/2

M k—1 M
2.1 - 2 _I(O)2 _i(0O)?
+ E Ck,Ml(Q) 2L le kl(Q) L(I—e 1(Q) L) E e il(Q) L) f
k=1 i=0

- 2 - -
= CLIT{ U - e M) M LMy

(M+1)M -1

- V21(Q) )
(6.13) + Z C,-,ZTMQ Q)2 fl( " s(l— e M Q)y™MLNifds|,
i=1

where C;; are some constants, 0 < N; < M, and each T;; is given by a constant

(possibly, zero) plus a linear combination of the terms in the form e "L with ¢ ~
I(Q)%. In particular, T;x’s are bounded in L*(R™) with the constant independent of
[(Q) (see Lemma 2.26)) and satisfy Gaffney estimates (2.21) with ¢ = 1(Q)>.

All the terms on the right-hand side of (6.13) are essentially of the same nature,
and will be handled similarly. Let us concentrate on the first one. The correspond-
ing part of /¢ is bounded by

(6.14)

Q) 5 1/2

Slnce the mapping

00 > dr\'"?
(6.15) f ( f IPLe "L F(O))? 7) , M €N,
0

is bounded in L2(R") (see [1]), and the operator TI(Q) is bounded in L?, we can
write

(6.16)

(Q) 2M2 L l(Q) U LM dydt 2
(IQIf f’ i) LT ol - O ()‘ )

j=0,1

_ 2
I = e QWM £l 1200

1
B CIQI”2

Furthermore, by Gaffney estimates and Lemma 2.22, when j > 2 we have

1(0) 2M2 L l(Q) 1P LM dydt 2
(IQIf f ‘I(Q) Le™ T Pl o = ) (”‘ )
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j 1/2
C Q) iio)? f oM di on

c - _ _ QLM
TE (fo e 1 () 7] M= s o

6.17) <c2N (I = e (@ LyM

2iQ[12 Hlzas o,

for any N € N. Now the combination of (6.16) and (6.17), together with analogous
considerations for the remaining terms in (6.13), implies

ad . 1 2
—iN _ Oy L\M
Ip < Czoz J DTE (II(I e )" Al 0
=
V2(0) 5
+[H D)~ f st —eHMfds )
Q) LX(S /(Q))
- —iN o 2L\M
< ¢y 27 2JQ|‘/2 (II(I DY fllizis on
j=0
) V21(0) 2
+1(Q)~ fz@) sl —e™ ) f||L2(S_,-(Q))dS)
(&) ) 1 5
(6.18) < ) 2N—0  sup U= fllas 0y
JZ:(; 27QJ1/ Q)< s <V2I(Q) j
as desired.

Step IV. The next step is to show that

_2
su PZ e sup N/ —e™ L)Mf||L2(s_,(Q))
| Q| 10

Q3x )< s<V21(Q)
(6.19) <CMuME (),  xeR',  MEeN,
where M is an L?-based version of the Hardy-Littlewood maximal function, i.e.

1/2
(6.20) Mag(x) = Sup(| O f lg)I* dy) , x e R".
Clearly,
1/2
(6.21) Myg(x) =sup sup ( g dy) ., xeR"
05x jenuio) \ 12701 Jaig
Hence,
MM wm)X)
. 1/2

(6.22) =sup sup — |(I _KQ)ZL)M f ()% dz dy| .

0sx jenuioy | 12701 Jaig 5 Q;y |Q|
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Let us denote by {Qlj }12:"; some partition of 2/Q into subcubes of sidelength /(Q).
Then the expression above is further equal to

1/2
[— O yM dzd
S’ng,esk?upmtlz Q|Z fQ o f I M f()P dz y]

) 1/2
oin
1 —[(Q)*L\M 2
> sup sup | — f [ 4= LM R dzdy
03x jenuioy | 1270 ; 0ol 0] Jo!

o 12

_ —I(Q)*L\M 2

=sup sup . f_(l—e Y f(l" dz
0sx jenujoy | 1270 ; 0]

1/2
(6.23) =sup sup ( - e_I(Q)ZL)Mf @I dZ) )

0O>3x jGNU |2JQ| 2iQ

where we used the fact that l(Q{):l(Q) foralli = 1,..,2/", j € NU {0}, to switch

from e~X@DL to ¢~MQ’L in the first inequality above. We claim that the expression
in the last line of (6.23) controls the left-hand side of (6.19). Indeed,

(o)

v 1 _e
supZQ WNe——— sup = e fllzs )

ol IOV 6 <vang)
ad . 1 R 1/2
(6.24) < Csup Z 27N sup ( , (I - e HM )P dz) ,
2% j=0 no)s s=vang) V' Gsl Joie,

where Q; is a cube with the same center as Q and sidelength s. Since s > /(Q), in
particular, Q; D Q > x. Then the right-hand side of (6.24) is bounded by

1/2 o
5 .
Csup sup ( (I — e O YM f P dz) 2N
03x jenujoy \12701 Jaig ]Z:(;
, 12
(6.25) < Csup sup ( (I - e '@ L)Mf(z)|2 dz) .
0sx jenuioy \ 12701 Jaig

This finishes the proof of (6.19).
Step IV. Finally, (6.12), (6.19) allow to conclude that

1 dxdt\'"?
2 r\M+1 —tL 2
(g [ [ en e ior G

< CIMoME, Pl

(6.26)

Lr(rm)

for every 0 < p < oo. But since the classical Hardy-Littlewood maximal function
is bounded in L” for 1 < p < oo, the operator Mj; is bounded in L?(R") for
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2 < p < oo, and therefore,

(6.27) IMoME, Pllireny < CIME, fllogn, 2 < p < oo
Now the combination of (6.26) and (6.27) yields (6.11) and finishes the proof of
the theorem. o

7. FRACTIONAL POWERS OF THE OPERATOR L.
Recall that for p_(L) < p <r < p.(L)
1
(7.1 L [PR" — L'(R"), a=-= (ﬁ - E).
2\p r

This result has been proved in [7]. In this section we aim to prove the generalization
of (7.1) to the full scale of Hf spaces.

Theorem 7.2. Let 0 < p < r < oo. Then

(1.3) L H'R") — H(R"), o= %(g - g)
(7.4) L™ : H'(R") — BMO,(R"), = %,

(7.5) L™ : BMOL(R") — A?*(R"),  a>0,

(7.6) L AR — A°®RY, >0,  B>0.

Proof. Let us denote p, := 2n/(n + 2) and p;, := 2n/(n — 2). We recall that by [7],
we have p_(L) < p, and p,(L) > p,. We begin by claiming that it is enough to
prove (7.3) for

1(n n 1{n n 1
7.7 0 <1 hthat = [—-=|<=[—-=]|= =,
(7.7) <p<r<1 suchtha 2(1) r)_Z(p,, 2) >
which, in particular, says that

1(n n 1
78 O =—=--——-1< —.
(7.8) <a Z(p r)_2

Indeed, once (7.3) has been proved for this range, by interpolating with (7.1) via
Lemma 4.24, we may obtain that (7.3) holds for all

1 1
(7.9) 0<p<r<ps(L) suchthat = (f - E) < -,

2\p r 2
with « satisfying (7.8). We can then write L™ = (L~%/*)¥ for k large enough in
order to remove restrictions on « and, equivalently, on the difference between p
and r, and obtain (7.3) for

1
(7.10) 0<p<r<psl), a:_(ﬁ_ﬁ),
2\p r
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without restriction on the size of a. From here the results in (7.3)—(7.6) follow for
the full range of indices by duality and another application of the procedure with
L = (L—a/k)k.

Thus, it suffices to establish (7.3) under the restrictions (7.7)—(7.8), and it is to
this task that we now turn. We first show that

(7.11) IS (L~ *m)ll@ny < C,  for every (HY, &, M)-molecule m,

where M > %(% - %) and € > 0. To this end, observe that by Holder’s inequality

- j (1-r/2) -

(7.12) IS (L)} < CZ()(M(Q))" TS LM 00y
=

When j < 10, we employ boundedness of S in L*(R™) and (7.1) to obtain the
estimate
(7.13) IS (L™ m)lz2s 0y < lImllLaqen.
Here and throughout the proof ¢ is such that @ = %(% - %), so that ¢ < 2 and
q > pn by (7.8). Then by the definition of the molecule the expression above is
bounded by /(Q)2~F. Indeed, by Hélder inequality every (Hf,s, M) - molecule
satisfies (3.6) for g < 2. Therefore,

(7.14) llmllLageny < Z ImllLacs 0y < Cl(Q)a™ 7 = CI(Q)% 7,
=0

i Lin _ny_y=L(n_n
since 5 (p r) a 2.(q 2).
Turning to the case j > 10, one can represent the molecule as follows

m = (- e—l(Q)zL)Mm +[I-- e_l(Q)zL)M]m

(7.15)

k M
<ksM

Starting with the first term above, we write
_ _ 2
(7.16) IS - e PN m)ll 25 )
_ _ 2
< IS -e"Q M mxr o)z 0

+ IS @ = e M Gy ) l2cs 0
where
(7.17) R (Q) =270\ 2/730.
Then
(7.18) ISL™U — e DM (myg o)l 2
< Climllzagr 0y < C Q)27 277,
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As for the second part of (7.16), using the notation (3.49), one can write

_ _ 2
IS (L™ - ™19 L)M(m)(Rn\R_,-(Q))N|L2(s,(Q))

N

2 dsdx)"*

ET B

< C(ﬂ |s2L€ K} LL Q(I —e Q) L)M(mXR"\Rj(Q))(-xNZ )
R(S (D))

°° 2 2 dsdx\'"?
< C (f; f |s2Le—S LL—(l/(I _ e—l(Q) L)M(mXR"\RJ«(Q))(X)|2 )
5,0 Jo §

dsdx 172
s

+ C (f _ f |S2Le—szLL—a/(I _ e_l(Q)zL)M(mXR”\Rj(Q))(x)|2
"\S (Q) Jc2IU(Q)
(7.19) = I+II

We claim that for arbitrary closed sets E, F ¢ R”

_ dist(E,F)?

<Ce o gl
LX(F)

(7.20)

f e—sL(I _ e—TL)g
T

provided s > 7 and supp g C E. Indeed,

S
H;(e—sL _ e—(S+T)L)

s T
- f dre tLg dr
T Jo

L2(F) I2(F)
s [T dr
<C- s + r)Le” 6L —_
T fo ”( ) g“LZ(F) St r
s 7 _dswEn?  dr
(7.21) < Cliglle (—f e < )
T Jo s+r
Since s + r ~ s for s > 7 and r € (0, 7), the expression above does not exceed
_asERn? (s T dr dist(E,F)?
(7.22) Cliglli2ge = (‘ f ) <Ce = |Igllz2e).
TJo § +r

Next, recall that
(7.23) Lf=C f 17t £ dt.
0

Then, using (7.20) with 7 = /(Q)? and Lemma 2.26 we obtain the estimate

2 1/2
1<c f ( f t*YsLe™*Fe™ (1 - e_l(Q)zL)MmIILz(Rn)dt) —]
c27Q1? \Jo s

o) 00 M
A Ll 02
2P \Jo s+t

M
s+t
X”sLe—sL( ) e—(s+t)L(I _ e—z(Q)ZL)Mm

2 ds 1/2
- drl —
1(Q)? L2(R™) s
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oo oo KOPVY 2 gg\ 12
<C f f D0 ) ) il
C[2U(Q)]2 0 s+t S

(724) < C(2jl(Q))%‘%2j(%_%‘2M) < CQIIQ)): 727 )E,

with & denoting minimum between ¢ from the definition of the (p, €, M) molecule
and % — 5 —2M. We do not distinguish them in the notation as soon as & > 0.

In order to estimate /, let us denote by S * the vertical version of square function,
ie.

0 2 dr\'"?
(7.25) S*f(x) = ( f PLe" f(x)P 7) . X€eR,

0
and record the following result:

M
t, T}

7.26 S*e (I - ey <c (e :
(7.26) IS"e™ U = e )" fll2r dist(E.F)? I llz2E)

for arbitrary closed sets E, F C R", f € L*(E) and t,7 > 0. For ¢ = 0 this has been
established in Theorem 3.2, [39], and the proof of (7.26) follows the same path.
Then

107 .
1< Cf t(l/—l ”S *e—tL(I _ e—l(Q) L)M(mXR”\R](Q))||L2(§](Q)) dt
0

00 00 1/2
_ sl — _I(OR ds
+sz<g)z o 1([0 lsLeLe (] — 1@ L)M(MXRn\Rj(Q))l|i2(§j(Q» T) dt
(7127) =L +h
and by (7.26)
(7.28) Iy < CUQY™ 27 |im|| 2y < C(RIH(Q))2 72772,

Going further,

> o s\ (LM
nec [ (LG ()
2= jl;Q)zt O(t) t

o t\ ~UQPL\M ’ ds\"”
x|tLe et | o] (= e O mpengy0) <
Q) 25 0) §
v [ ﬂ_l( [ (l(Q)z)
1(Q)* t §
Y M —I(Q)*L\M ’ ds\'"?
X||sLe e 1_2 I—-e ) (mXR"\Rj(Q)) _ - dr.
Q) 250§

According to (7.20), the expression above is bounded by

0o M . 1/2
Clleey [ 1o (_“@z) ( f’(ff @) "
1(0)? t 0 t N
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00 o (] 2\ 2M o d 1/2
02 Qe [ e [T )
1oy t

N S

_ (21(0))*

> in the first line above, we

Making the change of variables ¢t = r, r :=
control it by

(7.30) CQIUQ 27 M Imllpp gy < CRIUQ)ET727F.

In order to control the second term in (7.29), let us take some ¢ > 0 and write

0o o oM ) 12
1(0)? @ion? ds
C“m“LZ(Rn)f t"_l(f ((Q) ) e o —) dt
I(Q)Z t S A

00 2\a+o6 ~ 2\ 2M~2a-26 o 12
< C”m” 2(R" ta_l l(& l(Q) e_@”% @ d
L*(R") Ko : z p -

(7.31) < CUQ™ 27 /M2 || oy < CQRINQ))T 7277,

provided ¢ > 0 is small enough.
All in all, we have the desired control for § L™ acting on the first term in (7.29).
The second one can be handled by a similar argument, since Q) 2L~ YMm sat-

isfies the same size conditions as a molecule itself and (Z(Q) Le ) behaves

much as (7 — e ‘@’LYM Roughly speaking, these two operators exhibit the same
cancellation and decay properties (it can be seen, e.g., from the argument of Theo-
rem 3.52).

This finishes the proof of (7.11), and it remains only to pass to (7.3), under
the conditions (7.7)—(7.8). In particular, @ < 1/2, so by (7.1), and the fact that

p+(L) > 2n/(n — 2) (cf. [7]), we then have that

11 2
(7.32) L 2R" - LIR"), ~=--2
qg 2 n

Now by density, as usual it is enough to work with f € H’L’ mor R so that
there is an L? convergent molecular decomposition f = Y A jmj, with 37 {47 <
[Falie . Consequently, (7.32) implies that
HLJTIO] M (Rn )
Lf =) ;L m; in LR,
and therefore also, since g < p.(L), that

S(L7f) < IS (L7m;)

(here we have used that by [7], § : LY — L9 whenever p_(L) < g < p+(L)). Itis
now immediate that (7.11) implies (7.3), under the conditions (7.7)—(7.8), and as
we have observed above, the conclusion of Theorem 7.2 follows.

O
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8. FUNCTIONAL CALCULUS AND FRACTIONAL POWERS OF L IN SMOOTHNESS SPACES.

8.1. Functional calculus and fractional powers of L in H’L’-BM OL-A] spaces.
Recall from Section 2.1 that L has a bounded holomorphic functional calculus on
L? and (2.5) holds. In general, these properties do not extend to all L?, 1 < p < co.
Otherwise, the heat semigroup would be bounded in all L”, 1 < p < oo, as an
H® function, which would contradict Proposition 2.10. However, the functional
calculus can be extended to a full scale of H’Z—BM OL-A] spaces.

Lemma 8.1. The operator L defined in (1.1)—(1.3) has a bounded holomorphic
functional calculus in HE(R"), 0 < p <oo, BMOL(R") and A{(R"), @ > 0, in the
following sense.

When 0 < p <2, for every non-trivial y € H ”(22) the operator y(L) originally
defined on L*>(R") extends by continuity to a bounded operator on HIZ (R™) satisfying

(8.2) H‘//(L)f”H’L’(R") < C”l//”Lw(zg)”f”Hf(Rn) Jorevery fe€ Hf(R")
For p > 2 the operator W(L) can be defined on Hz(R”) by duality:

83)  VfeH)®R", p>2, Vge H) (R") W) f.g) = (fLy(L)g),

and satisfies (8.2). In the same way (L) can be defined on BMO(R") and AJ(R"),
a >0, and

8.4) (L) flmoy@ < Clll sl Moy @y for every  f € BMOLR"),
8.5) WD fllag@n < Clllsso)lagen  forevery fe A[R", a>0.

froof. LetO<p<2andp>% (max{%, 1} - %). Now take ¢ € Wg4(Z0) and build
VS \Pﬁﬂ(Eg) using (4.17) so that (4.16) is satisfied. Then for any g € Hi(R”)

(8.6) Qug € TP(RLY) and  11Qygllysgyty < Cllglgp en-
Furthermore, by Proposition 4.4

(8.7) Qy o f(L) oy : TPRYT) — TP(RY™),

and hence, by (8.6)

(8.8) Qy o f(L) = Qy o f(L) oo Qy: HI(R") — TPR™.
By virtue of (4.22) the property (8.8) implies that

(8.9) f(L) : HY(R") — HJRY,

thereby concluding the case 0 < p < 2.
Now the functional calculus of L in HZ for p > 2, BMOy and A¢, a > 0, follows
from (1.12) and Theorem 3.52. O
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8.2. Classical scales of function spaces measuring smoothness. So far we have
worked with a few different scales of function spaces on R": LP(R"), 1 < p < oo,
Hardy spaces HP(R"), 0 < p < 1, homogeneous Sobolev spaces W*?(R"), s € R,
1 < p < oo (cf. (1.32)), and their counterparts for p < 1 and s = 1, namely the
regular Hardy spaces H LP(R™) defined in (5.23). All of them belong to (or can
be identified with the members of) a more extensive scale of the Triebel-Lizorkin
spaces, Ff’q(R”), seR,0< p,g < oo,

Let us denote by  the Fourier transform operator. We fix a Schwartz function
¢ such that:

(1) suppF(¢) C{€ € R+ 5 < | <2},
) IF (@)@ > ¢ > 0 uniformly for 2 < |¢] < 3,
3) Siez [T (@)Q'EP = 1if £ # 0.

Thenfor se R,0 < p <o0and 0 < g < oo,

B10)  FPURY = {1 € S/P Wfllsoen = |25+ 17

i€Z

< oo},
Ly

where S’/ is the space of tempered distributions on R” modulo polynomials. We
have

(8.11) LPR") ~ FPPR"), 1<p<oo,
(8.12) WSP@®R™Y ~ FPPR"), l<p<o, seR,
(8.13) H'RY ~ FPP®RY, 0<p<l,
(8.14) HY®") ~ FPP®R", 0<p<l

The details on the identifications in (8.11) and (8.13) are presented in [32] (Re-
mark 7.8 and Appendix B). The identifications (8.12) and (8.14) will be discussed
after Lemma 8.17. We shall use the following basic properties of Triebel-Lizorkin
spaces.

Lemma 8.15. The space

(8.16) ZMR" ;= {p € SR") : (D*F ¢)(0) = 0 for every multiindex o}

is a dense subspace of FY!(R") forall s € R, 0 < p,q < oo.

Lemma 8.17. The operator A%, a € R, is an isomorphism from FPY(R") onto
Ffiqza(R"), seR, 0<p,qg < +oco. Also, forany m € N,

(8.18) FM®RYY = (feS/P: D*feF [R"), Yawith|a| = m).

Lemma 8.15 is proved in [58], Section 5.1.3, and Lemma 8.17 directly follows
from Theorem 5.2.3 in [58]. Note that Lemma 8.17 together with (8.11) and (8.13)
implies (8.12) and (8.14).

Finally, we would like to record the following consequence of the Kato estimate.

Lemma 8.19. Let L be an operator defined by (1.1)—(1.3). Then L%, —1/2 < a <
1/2, is an isomorphism from W**(R") onto WS2%2(R"), -1 < s < 1.



58 STEVE HOFMANN, SVITLANA MAYBORODA AND ALAN MCINTOSH

Proof. The Kato estimate (1.4) implies that L'/> maps the Sobolev space W!2(R")
isomorphically onto L*(R"). Using this observation and interpolation, one can
further show that

(8.20) L% 0 < a < 1/2, is an isomorphism between W?%2(R") and L*(R"),

(see, e.g. the proof of Proposition 6.3 in [7] for the details). Now we write LY =
L*/? o L~5/*® and use duality and (8.20) to finish the argument. O

Interchanging the order in which L? and €4 norms are taken in (8.10), one would
obtain the homogeneous Besov spaces BY?, s € R, 0 < p,q < . There are also
appropriate versions of (8.10) corresponding to p = oo or g = oo; see, e.g., [32]
for the definitions. Since we aim to concentrate on the properties of the operator L
in Sobolev spaces and their counterparts for p < 1, we do not further elaborate on
this point. However, below we will use the notation F? 2 in place of WS and H*"
for uniformity and to avoid repetition when considering p > 1 and p < 1.

8.3. Weighted tent spaces. Let s € R, 0 < p, g < o, and consider the spaces
(8.21) TH®RMY = (F: R™! — C; IFllppaggnsty := NALF || o ny < o0},

where

1/q
(8.22) ATF(x) _(ff |F(y, z)|q 1) , xeR™
() tsqtn+

When s = 0, these are the classical tent spaces we discussed in Section 4. They
were first introduced and studied in [21]. In particular, the authors established the
complex interpolation of tent spaces for s = 0 and p,q > 1 (when the underlying
spaces are Banach). Later on the complex interpolation of tent spaces was proved
for0 < p,g < oo and s = 01in [14], [19] (see also [3], [4], [15]). We stated a partial
case of this result in (3.22). However, for the applications we have in mind we need
to show that the tent spaces interpolate in s, p and g for the full range of indices.

Lemma 8.23. Forall sg,s1 € R, 0 < pg, p1 < 00, 0 < gg, g1 < o0,

(824) [TPO CIO(RVI+1 pl g1 Ri-'—])] _ T]? q(Rn+1 ’ 0<0< 1’
where s = (1 — @)so + 0sy, L = =0 4+ £ and1—19+i,
P P P q = q

Proof. As we already mentioned (see the discussion preceding Lemma 4.24), ex-
tension of the complex interpolation method to quasi-Banach spaces is not straight
forward, and over the years several approaches to this issue have been developed.
Here we continue to follow the method of complex interpolation of analytically
convex spaces which have been employed in the classical Hardy-Sobolev-Besov-
Triebel-Lizorkin scales in [44], [51], [45], and for the tent spaces with s = O in
[19].
According to Theorem 7.9 in [45] (see also [44]), we have

(1-6) 0
(8.25) Tf’q(RTl) = (Tg)o,qo(RTl)) (Ts‘ﬁl’ql(RTl)) i

provided that T5"%(R*1), i = 0,1, are analytically convex and separable. Here
the space on the right-hand side of (8.25) is interpreted as a set of functions F :
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R™! — Csuch that|F| < |G|'™?|H|’ for some G € T4* and H € T?""", equipped
with the natural infimum norm.

The fact that the tent spaces are separable is fairly obvious (note that p, g < o).
Furthermore, any tent space is a quasi-Banach lattice (a quasi-Banach space with
a partial order), and a quasi-Banach lattice X is analytically convex if it is lattice
r-convex, 1.e.

(8.26) )" <O sl
J=1 X J=1

for any finite family {fj}i<j<m C X (see Theorem 7.8 in [45]). The elements of
TP satisfy (8.26) with r = min{p, g} by Minkowski inequality. Hence, the spaces
(8.21) are analytically convex and (8.25) applies.

Now recall the factorization results from [19] for the tent spaces without weight:
(8.27)

1 1 1 1
TP»‘](RVL+1) — TPO,QO(RH+1) . TPIJ]I( n+l)’ —=— 4+ —, - —,
0T o T o T p po Pl 4 q q

where 0 < p,q < oo and the product in (8.27) is interpreted similarly to (8.25).

1 1

Since for all functions F, G : R’fl —> C and s € R we have fio t% = tfg—gl, the
formula (8.27) entails

(828) Tf’q(R:l_-H) — T&O,qO(RTH) . Tﬁl#{l( :l—+]),

with s = s¢ + 51, % = pio + p—ll and é = ql—o + qu. Furthermore, it can be checked

directly that (Tf "’)r = TP/™I” 5o that (8.28) implies

N0 (N iy oY . 1
(8.29) (hoee) T (rp )y =TI DT T = TRURE,
=(1 - 1_1-6, 6 1 _1-6, 6 i i
for.s =(1-0)so + Os1, 5= o T and i o Yo Together with (8.25) this
finishes the proof. O

8.4. Hardy-Sobolev spaces associated to L: general theory. Let us now define
a smooth version of the Hardy spaces Hzp RHY,0<s<1,0<p<2asa
completion of L™/2(L*> N HZ) in the norm

(8.30) Wy = IS L2 fllrny = L fllgo goy-

Recall that L™*/? is an isomorphism of L? onto the space W2, hence, L™*/2 (LzﬂHf )
is a subspace of W*?2, in particular, L*/ f is well-defined for every f € L™*/2(L* n
HY). Moreover, it follows that
(8.31)

WS2(R™) N HyP(R") is dense in H;P(R"), forall 0<s<1, 0<p<2.

Lemma 8.32. The operator L%, —1/2 < a < 1/2, is an isomorphism of HZ’p onto

Hz_2a’ppr0vided0Ss—2a/Sl,OSSSlandO<pS2.
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Proof. This result is a direct consequence of the definitions. Indeed, by definition
L* N HY is dense in H} and

(8.33) WL~ fllyper = ISLEL™ fllr = Ifllgp, VS € L’nH], 0<a<l/2

Hence, the operator L™ extends by continuity to L™ : H} — Hi“’p and its range
is closed in Hi“’p . On the other hand, its range contains L™*(L* N HY), a dense
subset of Hia’p , and therefore, the range of L™ in Hia’p actually coincides with
Hia’p . Then L™ is an isomorphism of Hf onto Hia’p , 0 < @ < 1/2. Using this fact
and writing L* = L*/? o L*~%/% we finish the proof of the Lemma. O

Clearly, Hz’p are analogues of the Sobolev spaces adapted to the elliptic operator
L. In particular, Lemmas 8.32, 8.17 and the remark after (1.15) show that

(8.34) HZ’p(R”) ~ WHP(R™), 0<s<l1, 1l<p<g2.

As their counterparts for L = A, the spaces Hz’p (R™) are amenable to complex
interpolation, satisfy natural duality properties, admit some version of the molecu-
lar decomposition etc. If necessary, the scale of Hz’p spaces can be extended to the
full range of p and s analogously to the Triebel-Lizorkin spaces. We do not pursue
this subject in the present paper, and only mention the results which are important
for the applications we have in mind.

Lemma 8.35. The operator L has bounded holomorphic functional calculus in
HP(R") for all 0 < s < 1 and 0 < p <2, in the sense that for every ¢ € H°°(22)

(8.36) e(L) : HyPR") — HPR™),
with the norm bounded by ||| Lo(0):
Moreover, for every ¢ € ‘P’(Zg) andforall0 <a,f<1land0<p<g<?2

(8.37) o(L) : HPP(R") — HYIR™),
and
(8.38) llo(L Fri(s-4)
* SO( )f”le’q(Rn) S C Z P4 (p Lm(zo) ||f||HZJ’(Rn),
‘u

whenever the L™ norm on the right-hand side is finite.

Proof. The Lemma follows directly from Lemmas 8.32 and 8.1 as soon as we ob-
serve that

(8.39) o(L) = (L#%(%—%)QO(L)) LG4,

a—

and by our assumptions the function z zTJr%(%_%)(,a(z) belongs to H °°(22). O
Lemma 8.40. Forall 0 < 59,51 < 1and 0 < pgy, p1 <2
(8.41) [HPO®Y, By P ®RY], = HPRY, 0<6<1,

=(] - 1_1-6, 6
where s = (1 0)s0+0s1andp o o
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Proof. Similarly to the case so = s; = 0 we prove (8.41) via the reduction to the
interpolation of tent spaces, this time, using the weighted tent spaces discussed in
Section 8.3. Recall the operators Qy and my, introduced in (4.1) and (4.2), respec-
tively. Let u € (w,n/2). Using Proposition 4.13, Lemma 8.32 and the fact that
multiplication by #~* is an isomorphism from 77 ’Z(R’f’l) onto TP(R™!), we can
verify that
842)  Qy: HyP®RM — TP*RYY), and mp: TR — HYPRD),
for ¢ € ‘Paﬁ(Zg) and Z € ‘I’@(,(Zg), where @ > 5 and 8 > 3 (max{%, 1} - %) - 3.
Now for any given (sg, po) and (s1, p1), So < §1, we choose i € ‘Pa,ﬁ(Eg) and J €
Wpo(E)), where @ > 3 2 5
Oy and o satisfy (8.42) for all sg < s < s; and all p between pg and p;. The
rest of the proof follows the same lines as the proof of Lemma 4.24. We omit the
remaining details, except to note that by Lemma 8.32 and Theorem 7.2, the Hz’p
spaces under consideration embed into HZ or A7 spaces falling under the scope
of Proposition 10.1 below, and thus may all be embedded into a common ambient
Banach space. O

dandp > 2 (max{}%, 1} - l) — 3. Then the corresponding

8.5. Hardy-Sobolev spaces associated to L: identifications with classical scales.

p-(L)n
n+p-(L)

Proposition 8.43. For every p such that <p<L2

(8.44) HP(R") ~ PP R").
Proof. Step 1. First, we would like to show that
(8.45) HP(R") — FPAR"), for - <p<2.

n+l

By Propositions 5.6, 5.32 and (8.11), (8.13) we have
(8.46) VLV HPRY) — FPPRY), if o <p<2+el).

n+l

On the other hand, according to Lemma 8.32 the operator L!/? is an isomorphism
of Hi’p onto HZ for 0 < p < 2. Hence, L1/2g € HZ for every g € Hl’p, and
(8.47)

_ ~1/271/2 1,p
IVl 2y = IVL™ L7 gl 2 VgeH,”,

1/2
) < CILgllypeny < Clglg1r

®” ®"y

if nf‘r—l < p <2+ &(L). This gives the desired norm estimate (see Lemma 8.17). It

remains to show that the elements of Hi’p (R™) can be seen as tempered distributions
modulo polynomials.

Indeed, by (8.31) for every g € Hé’p there is a sequence {g,}*, ¢ W' n Hé’p

. . 1,
converging to g in H Lp norm. Then

(8.48) (gl c W2 F22 c S/,

in particular, g,, n = 1, 2, ..., are tempered distributions modulo polynomials. Also,

[ee)

. .o,
{gn},~, 1s a Cauchy sequence in H Lp norm. Hence,
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(8.49) {Vgu)e2, is Cauchy in F* norm

by (8.47). Combining (8.48), (8.49) and Lemma 8.17, we conclude that {g,}> , C
FP? a?d {g4)%2, is Cauchy in F?>. Now g can be identified with the limit of {g,)
in FP°.

1

Step II. Now we concentrate on the inverse inclusion, and show that

) =p.2 _
(8.50) HP(R") < FP*RY),  for £ < p<2.
It follows from (5.22), (5.39), (8.12) and (8.14) that
(8.51) SIVL: FP(R") — PR, for LB < p<2,

Combining this with (5.21) we have

~p,2 _(L
852 Wy < Ol ¥ £ € FPPERD, 2l < p<2,

and it remains to show that f actually belongs to Hi’p (R™), i.e., that it can be
approximated by the elements of L™1/2(L> N H f ).

According to Lemma 8.15, Z(R") is a dense subset of F f ’Z(R”). Then every f in
(8.52) can be approximated in F f ’Z(R”) norm by a sequence {f,} ., ¢ Z(R"). The
operator VL maps W2~ F %,2 to L*(R") and Z(R") is a subset of F f’z. Hence,

(8.53) VLf, € *R"Y), n=1,2,...
Since, in addition, || \/anlleL:(Rn) is finite for every n = 1,2, ... by (8.51), we can
conclude that { \/1_4]‘,1};’;’:1 cl’n Hf and therefore, {f,})° | C L Y2(12n Hf).

By our assumptions {f,}* | is Cauchy in Ff’z(R”) norm. Then by (8.51), it is
also Cauchy in Hi’p (R™ norm and belongs to L Y212 n Hf). Now we identify its

limit in H i’p R") with f € F f ’2(R"), and derive (8.50) with the appropriate norm
estimate. O

8.6. Functional calculus and fractional powers of L in Sobolev and regular
Hardy spaces. In this section we restrict ourselves to the case n > 3. One can
derive analogues of all the results below for n = 2 following the same arguments.
We will not state them for the sake of brevity.

Theorem 8.54. Let L be an elliptic operator satisfying (1.1)—(1.3), and let p(L)
and &(L) retain the same significance as before. Assume that -1 < s < 1 and
0 < p < oo are such that either of the conditions (1) or (2) below is satisfied

(1) —1<s<0 and

1

-1+ P (D)

1 1 1 1
(8.55) max {0, as+1- m} << (2+s(L*)
(8.56)
1

1 1 1 1 1
2 0<s<1 and (—ML) —1+ —p_(m)s -t <t <l dn

p-l(L)) s+
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Then L has bounded holomorphic functional calculus in F¥ ’Z(R"), in the sense that
for every ¢ € H°°(22)

(8.57) o(L) : FPA(R") — EPARY),

with the norm bounded by ||¢|| (D)
Moreover, for every ¢ € ‘P’(Zg)

(8.58) e(L) : FP(R") — FE2R"),
and
1(n_n
(8.59) Oy L gy Wy
“

whenever the L™ norm on the right-hand side is finite, p < g, and the pairs (a, 1/ p),
(B, 1/q) satisfy (8.55) or (8.56), i.e., at least one of the conditions (8.55), (8.56)
holds with s = a and at least one of the conditions (8.55), (8.56) holds with s = 3,

pP=4q.

The range of s and p satisfying either (8.55) or (8.56) can be identified with a
polygon on the (s, 1/p) plane. The shape of such a polygon depends on whether
"I;‘i ’((LL*)) < 1 (in which case we will denote the corresponding polygon by R;(L))

n+p_(L*)
O “p=@)

First, assume that
with vertices

> 1 (then the polygon will be denoted by R»(L)).
n+p_(L*)
np-(L*)

< 1. The region R;(L) consists of the open polygon

(8.60)
Boe(lmde) R0k = (LmR),
h= (LB R (01 ). D= ().

together with the sides Az By and CpDy. It is shown on Figure 3.
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RS

CL _ (1’ n+]L(L))

np_(L)

Hp

)

e (- 58

4 4

-1 ‘ 1
Figure 3 — the region R;(L).

For the case "r:;fi ’((LL)) > 1 we define the second region, R,(L), as an open polygon

with the vertices

B = (-1 33505). E=(07m). o= (L555).

®61) AL =(-10), Fr = (0, 57 = n),

FL=(0.1-34m). D=(L )

together with the sides A By and CyDy. Its picture is a modified version of Fig-
ure 3, much as Figure 2 is a modification of Figure 1.
Proof of Theorem 8.54. Let us introduce auxiliary points O = (0,0), B = (-1, 1/2)
and D = (1,1/2). As we already mentioned, the statement of the theorem was
proved for all p,q which in addition to the aforementioned restrictions satisfy
p.q > p-(L) (see [7]). Thus, the interior of the polygon G B E;H Dy F| is
already covered (i.e. the statement of the Theorem holds with R; substituted by
G B E H; Dy Fr). The same argument applies to the segments G By and H; Dy.

Next, (1.15), (8.44) and Lemma 8.40 together with the well-known results on
the complex interpolation of Triebel-Lizorkin spaces lead to the conclusion that
Hz’p R™) ~ FP ’Z(R") whenever (s, 1/p) belongs to OE;CyD or the segment CyD.
Then, by Lemma 8.35, the statement of the theorem holds in OE;C;.D and on the
segment CyD.

Combining these observations, we recover the result on the entire R; or R; using
duality and interpolation. O

Remark. When % > 1, then Theorem 8.54 can be complemented by the

corresponding results for p = oo. Specifically, consider the spaces F; ®. For

—1 < s < 0 they can be seen, e.g., as the dual spaces for Ff’z(R”) with p = ——.
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Then for every ¢ € H °°(22)

(8.62) @(L) : FPO(RY) — FPO(RY,
whenever —1 < a < n(p (1L) 1). In the same way the spaces F ™ can be

incorporated in (8.58)—(8.59), that is, we can say that (8 58)—(8.59) hold whenever
p < gand (a, 1/p), (B, l/q) belong to 7%2 =R U ALFL, where the segment ALFL
corresponds to the classes Fy°

The Theorem 8.54 and sharpness results in Section 2.2 lead to the complete de-
scription of all functions spaces on Hardy-Sobolev-Triebel-Lizorkin scale where
one can develop functional calculus for an arbitrary elliptic operator satisfying

(1.1)—(1.3).

Corollary 8.63. Let L be an elliptic operator satisfying (1.1)—(1.3), and assume
that s € R, p € (0, ) are such that

(8.64) ~1<s<1 and max{0,ls+ %2} <

Then L has a bounded holomorphic functional calculus in F? ’Z(R"), in the sense
that
(8.65) o(L) : FPXR") — FPXR"),  for every ¢ € H°°(22),

with the norm bounded by ||| Lo(0):
More generally, if 0 < p < g < oo and the pairs a, p and B, q satisfy (8.64), i.e.

(8.66) ~1<a<l and max{0lo+%2 <l <l
)4
(8.67) ~1<p<1 and max{0,ip+52<l<lpsnz
then
(8.68) @(L): FP(RY) — FEP@®"),
with
apf_ 1(n_n

(8.69) e L oy g2y

‘u

for every ¢ € ‘P'(EB) such that the L™ norm on the right-hand side of (8.69) is
finite.

These result are sharp for all n > 3. For every -1 < s < 1, 0 < p < oo not
satisfying (8.64) there exists an elliptic operator L such that the heat semigroup is
not bounded in F? ’Z(R”) and hence, the property (8.65) does not hold. Similarly,
(8.68), (8.69) need not hold if a, p or B8, q do not satisfy (8.66)—(8.67).

The Corollary 8.63 extends to the case p = oo in the vein of remark after the
proof of Theorem 8.54.

As we mentioned in the introduction, the range of indices s and p satisfying
(8.64) can be described as a region on (s, 1/p) plane.
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Assume first that n > 4. We denote by R; a closed polygon on (s, 1/p) plane
with vertices at

(8.70) A= (1.5, BZE_L%%

4 1
c=(bg). p=(ud)
On an (s, 1/p) plane the Region R; is shown on Figure 1.
Now let n < 4, and let R, be a closed polygon on (s, 1/p) plane with vertices at

A =(-1,0), B=(-11),
(8.71) C=(1.5%2), D=(11),
F=(%0).

The region R; is depicted on Figure 2.

Observe that for n = 4 we have R; = R, and the corresponding picture can be
seen as an extreme case of Ry (with A = (—=1,0) and C = (1, 1)) or an extreme case
of R, (with A = F = (-1,0)).

In general, as dimension decreases, the slope of the line BC becomes larger,
while B is fixed and C moves up along the line {s = 1}. Whenn =4, C = (1, 1) and
for n < 3 the point C corresponds to p < 1. Strictly speaking, the Figure 2 shows
R, for n = 3, and as we mentioned above, n = 4 is its extreme case.

Allinall, s € [-1, 1] and p € (0, oo] satisfy (8.64) if and only if the point (s, 1/p)
belongs to R; (n > 4) or to R, (n < 4). As before, the segment AF corresponds to
the spaces F;%.

Proof of Corollary 8.63. The Corollary follows from Theorem 8.54 and the fact
that p_(L) < n% for every elliptic operator L. The sharpness is a consequence
of Proposition 2.10. Indeed, if n > 4 and for some point (s, 1/po) ¢ Ri the
heat semigroup e~'*, t > 0, is bounded in F f(f’z(]R”) for all elliptic operators L,

then by interpolation the heat semigroup is bounded in all £7*(R") with (s, 1/p)
in the linear span of (sg, 1/po) and R;. In particular, there exists p ¢ [n%, nz_—"z]
such that the heat semigroup is bounded in L? for all L, which contradicts Propo-
sition 2.10. Similarly, when n = 3, we discover such a contradiction starting with

any (so, 1/po) & Ro. m

9. APPENDIX 1: RELATIONSHIPS BETWEEN Hf AND CLASSICAL H?

In this Appendix, we establish (1.15) - (1.17). We note that the containments in
(1.16) (resp. (1.17)) are strict if 1 < p_(L) (resp. p;+(L) < o). For example, see
item (vi) in Proposition 9.1 below, and its proof.

We recall that classical HP(R") = LP(R"), if 1 < p < oo, that (p_(L), p+(L)) is
the interior of the interval of L” boundedness of the heat semigroup e, and that
p-(L) < 2n/(n +2) and p.(L) > 2n/(n — 2), if n > 2. For a > 0, we let A*(R")
denote the classical homogeneous “Lip,” spaces (cf. (9.6) below), and in the case
@ = 0, we let A°(R"), Ag(R”) denote, respectively, the classical and L-adapted
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BMO spaces BMO(R") and BMOr(R"). We define null spaces
Np(L):={f e P®RYNW,2 : Lf =0}, p.(L)<p<oo,
and
No(L) :={p e A"R)NW,> : Le =0}, 0<a.
Proposition 9.1. We have the following containments and continuous embeddings:
() LP®RHNH/R") c PR NHP([R"Y, n/(n+1)<p<1,and

9.2) I ey < Wfllgpny > f € LAR") WHJRY).
(i) L2®R")NHYR") c *RHNLPRY, 1<p<p(L),and
9.3) I @y < Wfllge gy » f e L*®R") N HI(RY.
(ili) LP(R")/NH(L) — HY([R"), pi(L) < p < oo, and
9.4 1z @y < Clifllr@n,  po(L) < p < oo
(iv) AYR")/No(L) > AYR"), 0<a<1,'"?and
9.5 llellag @y < Cligllae@n, 0<a <1
Moreover,

(V) H{(R") = LP(R"),  p_(L) < p < p4(L).

(vi) HY(R") # LP(R"), 1< p<p(L)orpy(L)<p<co.
Finally, for each p > 2n/(n — 2), n > 3 (resp., for each a € [0, 1)), there is an
operator L and a non-trivial u € LP(R") (resp., u € A*(R")) such that Lu = 0

weakly in R". Thus, for each such p or a, there is an operator L for which the
corresponding null space N,(L) or No(L) is non-trivial.

Proof. We carry out the proof in the following order: (iv), (v), (iii), (i), (ii), (vi) and
then conclude by presenting examples of non-trivial global null solutions.
Proof of (iv). Fix ¢ € A%, 0 < a < 1. By definition, for n/(n + 1) < p < 1 (as
is the case if 0 < @ = n(p~! = 1) < 1), an HZ(R”)—molecule is, in particular, a
classical H”(R")-molecule (since the operator L kills constants). Consequently, by
the classical duality results [31, 28] we have that ¢ € Mf‘f,’; , the ambient space in
which A7 is defined (cf. (1.25) and the related discussion, bearing in mind that in
our present context, the roles of L and L* have been reversed). Also, [l¢lla¢ = 0 for
¢ € Nqu(L), by definition of the A7 norm (cf. (1.26), but with L in place of L*).
Thus, to prove (iv), it suffices to show that ¢ satisfies the norm estimate (9.5). To
this end, we fix a cube Q c R”, and use the fact that e 21 = 1 to write

1/2
b -l o

|01/ \1Q
—1 1 2 2 1/2
L (I_QI fQ (7 = @M - o)) dx) ,

211 the presence of pointwise heat kernel bounds, the case @ = 0 of (iv) was previously obtained
in [25].
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where ¢ = fQ . It is then a routine matter to verify that this last expression is
bounded uniformly in Q by either ||¢l|pyo (if @ = 0), or by

x —
(9.6) lellaeqen) := sup M)—‘Da(y)l
Xy lx =yl

(if 0 < @ < 1), using a dyadic annular decomposition plus the Gaffney estimates,
much as in the proof of (6.3). We omit the details.
Proof of (v). Recall that L2RM N HZ(R") is dense in Hf(R") (by definition, if 0 <
p <2, and as proved in Corollary 4.21, if 2 < p < o). Of course, L>(R") N LP(R")
is dense in LP(R"). Therefore, it is enough to show that L2(R")NLP(R") = L*(R")N
H} (R™), with equivalence of norms.

One direction is easy: fix f € L*R™M N LP(RM), p_(L) < p < pi(L). By
Corollary 4.21, for appropriate ¥ we have that

dydr\'"?
( [ wensor nyj)
) !

where the last step follows by the same argument used in [7] to treat the special
case Y(z) = ze -

Conversely, suppose that f € L*RM N Hz(R”), and let g € L*(R") N LY (R™),
with ||gll;» gn) = 1. By the Calderén reproducing formula (4.16), for appropriate
v, J we have that

[r2|=|[ mouocuesz
R}'I Rn

< ||Q:p,L f”Tp(jol) ||QJL* g”Tp’(RTl) < C ||f||H£’(Rn) IIgIILp'(Rn),

< Cllfllerny
PR

”fHH’L’(R") ~

where in the last step we have used (4.14) and the square function bounds of
[7]. The latter are applicable to the adjoint operator L* in L (R") since p,(L*) =
(p—(L))’. Taking the supremum over all such g, we obtain that

I lzr@ey < ClAN gy,
as desired.
Proof of (iii). We interpolate the inclusion map between p = 2 and p = oo (i.e.,
a = 01in (iv)), to obtain (9.4). In turn, Theorem 6.1 implies that || f]| HIRn) = 0 for
f € N,(L), whence (iii) follows.
Proof of (i). We suppose that n/(n + 1) < p < 1. As noted above, an HZ(R")—
molecule is also a classical H”(R")-molecule, if n/(n + 1) < p < 1. Consequently,
by (3.7) and the molecular decomposition of classical H? spaces, we have that,
L*(R") N HY(R™ ¢ L*R™) N HP(R™) and (9.2) holds.
Remark: by the density of L>(R") N H’L’(R”) in HZ(R”), one may now extend the
identity map by continuity to produce an “embedding” J : HI’j(R") — HPRM),
which equals the identity on L2(R") N H{(R”). It remains an open question to
determine whether, in general, this embedding is necessarily 1-1.
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We further remark that, in the case p = 1, the containment L> N H} ¢ L* N H'
amounts to saying that, for f € L> N H i the limits of the molecular decomposition
f=2Xa4mjin Hi, H' and L!, are all the same. It is not known whether the same
can be said for an arbitrary element of H!, except in the special case that the kernel
of the heat semigroup e¢~"L enjoys a pointwise Gaussian upper bound. In that case,
it is a routine matter to verify that one has the 1-1 embedding H i — H'.

Proof of (ii). Let f € L2 (RMNHY(R™), 1 < p < p_(L),and let g € L>(R")NLY (R"),

so that in particular, by (iii) above, we have that g € H? , (R™) (here we are using
that (p_(L))’ = p+(L")). Then for such f, g, we have that

‘ fR ,, fg‘ = K281 < I Nl ey < I il ey

where (-, -) denotes the HZ (R™ — Hf (R™) duality pairing, and where in the last step
we have used the L* version of (9.4). Taking a supremum over all g as above, with
llgll.» gny = 1, we obtain that f € L” and satisfies (9.3).

Proof of (vi). By duality, it suffices to treat the case 1 < p < p_(L), since p(L) =
(p_(L*))" . Moreover, it is enough to treat the case p = p_(L): indeed, if (vi) holds
in that case, then it must also hold for 1 < p < p_(L), or else we would reach a
contradiction by interpolating with the case p = 2.

We therefore suppose that p = p_(L) > 1. We recall that by [7], the Riesz
transform VL2 fails to be bounded on L”, if p = p-(L) (cf. (1.5)). Thus, by
Proposition 5.32, we must have that Hi(R”) cannot equal LP(R") if p = p_(L).

To conclude the proof of the proposition, it remains to construct examples to
show that the null spaces N, (L), 0 < @ < 1 and N, (L), 2n/(n —2) < p < oo, may
be non-trivial. To this end, we recall the examples of Frehse [33], discussed above
in Section 2, namely that for each ¢ < n/2 and A > 0, there exists L := -V - AV,
with A complex elliptic, L (R") and C*(R" \ {0}), for which the Wllo’f function

9.7) U(x) 1= —L gidinl

|x|7
is a global weak solution of the equation Lu = 0 in R". Taking @ = 1 — ¢, we then
have that « in (9.7) belongs to A,(R") if 0 < ¢ < 1; in fact, if ¢ = 1 we even have
the stronger statement that u € L*(R"). Thus, u € Ny(L).

To exhibit an L for which N,(L) is non-trivial is a bit more delicate, although
matters will still depend on the construction in [33]. Fix now p > 2n/(n — 2) and
choose ¢ < n/2 such that p(q — 1) > n. We observe that for such p, g, the solution
uin (9.7) belongs to L? “at infinity”, i.e., in the complement of any ball centered at
the origin. However, u is not in L” in any neighborhood of the origin, so we shall
have to work a little harder to produce a null solution that belongs globally to L?.

Let L := —V - AV be the complex elliptic matrix constructed in [33], for which
u in (9.7) is a global weak solution in R" (the matrix A is given explicitly in (2.12)
above). We note that A is smooth away from the origin, and that [VA(x)| < C if,
say, [x| > 1/4. Fix a smooth cut-off function n € C(|x| < 3/8), with 0 < n < 1,
and n(x) = 1if |x| < 1/4. Let 1 denote the n X n identity matrix, and define an
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auxiliary matrix
A =nl1+ (1 -nA.
Then A1 € C*(R") is complex elliptic (in the sense of (1.2)), with [[VA{||z~@n) < C.
SetL;:=-V-A,V.
Next, we smoothly truncate u away from 0. Let 0 < ® € C*(R"), with O(x) = 1
if [x| > 1, and ®(x) = 0if |x| < 1/2, and define

w:=ud.

We observe that
1
Liw=Lw=-divuAV®) - AVu - VO =: f € C8° (5 <|xl < 1).

We now fix r :=2n/(n — 2) and ' = 2n/(n + 2). Recall that by [7], we have that
(9.8) L7V L' R —» WIR®R") N L'(RY).
Thus,
wy = Li'f e WHR@®RY N L'(R").

On the other hand, since g < n/2, the solution u in (9.7), and hence also w, do not
belong to L"(R"), nor to WL2(R™) (this is related to the failure of semigroup bounds
for Ly in L?, when p > n/(q — 1)). Consequently, v := w — w; is non-trivial, and
solves L;jv = 0, globally in R” in the weak sense.

It therefore remains only to show that v € LP(R") (in spite of the failure of

functional calculus for L; in L?), where we recall that p > 2n/(n — 2) was fixed
above. We begin with the following

Lemma 9.9. Let r = 2n/(n — 2). Suppose that A € C'(R") is complex elliptic (in
the sense of (1.2)), and that |VA||;~®m < Co. Set L := =V - AV, and suppose that
v E Wllo’f is a global weak solution of Lv = 0. Then there are constants C and «,
depending only on n, Cy and ellipticity, such that for every unit cube Q C R", we
have that

1/r
9.10) IVllz=0) < Ci (f |v|’) ,
kQ

where kQ denotes the concentric dilate of the unit cube Q, with side length «.

Let us momentarily take the lemma for granted, and conclude the proof of
Proposition 9.1. We apply Lemma 9.9 to the operator L; and to the solution
v = w — w; constructed above. We recall that w € LP(R"), w; € L"(R"), with
p >r:=2n/(n-2). Let {Q;} be an enumeration of the dyadic grid of unit cubes in
R", and we observe that for « as in the lemma,

D4 :=Zf il x|l < o,
KQj R®

since the dilated cubes kQ; have bounded overlaps. We now consider

L= wr
R7 Q;
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plr plr
<3 ( [ ) |v|’] > [ [ ) |w|’) £

where in the first inequality we have used (9.10). By Holder’s inequality, we have

Y[ s [ <o
1 kQj

R”

Moreover,

2= (2 @) <

since p > r. This concludes the proof of Proposition 9.1, modulo the proof of
Lemma 9.9. O

Proof of Lemma 9.9. The inequality (9.10) is a variant of standard classical esti-
mates, and can be extracted, for example, from results proved in the monograph of
Giaquinta [35]. For the reader’s convenience, we provide a proof here using a well
known perturbation argument, plus an iteration scheme.

For the moment, we fix an arbitrary (i.e., not necessarily unit) cube Q, of side
length £(Q), and a point xy € Q, and define a constant coefficient complex elliptic
operator Ly := =V - AoV, where Ay := A(xp). By standard results for constant
coeflicient operators, we have that Iy, the fundamental solution for Ly, belongs to
C*(R™\ {0}) and satisfies

9.11) ICo(x)l < %™, [VTo(x)| < 61, [V2To(x)] < ™",

where the implicit constants depend only upon ellipticity and dimension.
Let ¢ be a smooth non-negative cut-off function supported in 3Q, with ¢o = 1
on 20, and satisfying |[Végllew < ()R ||V2¢>Q||oo < €(Q)"%. We now write

v(x0) = v(xo) po(xo) = f V,Lo(xo = y) - AoV (v(y»)¢o () dy

_ f V000 =) - AoVo(y) o)y + f V000 =) - AoVo(y) v(y)dy

= f Vy (Fo(xo — ) po()) - (Ao = A())Vv(y)dy — f Lo(xo = y)Veo(y) - AgVv(y)dy

+ f V,To(x0 — ) - AoVeo () vndy =: 1+ 11 + I,

where we have used in term [ that Lv = 0.
By (9.11) and the definition of ¢, we have that

1
i) < = f .
10l J30\20
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The same bound holds for 7/, as may be seen by integrating by parts to move the
gradient away from v. Similarly, integrating by parts in term / yields the estimate

|11 SfIVFo|IV¢Q|IVI + fll"ol V2ol vl
+ ”VAHmf IV2To(xo = )l 1xo = Y v)ldy + ||VA||00f|FO||V¢Q| vl
30

+ ||VA||oof [VIo(xo = WIIvWIdy =: h + L+ 13+ 14 + Is.
30

The terms I, I satisfy the same bound as do I/ and /1. For the remaining terms,
we have

|3 + 14+ Is| < f Ixo = yI' " vl dy =: Igv (x0).
30
Combining our estimates, we obtain

9.12) v(x)| < if vl + Igv(x), Vx e Q.
101 J30

By Holder’s inequality, we have

1 1/t
IQv<x)~f(Q)(|QI f |v|f) ,

for any ¢ > n, and each x € Q, so that also

1 . 1/t
(9.13) ()| < @f vl + f(Q)(|Q|f IVI) ) Vxe Q.

Iterating, we obtain for x € Q,

1 1 1/t
< — £ — !
VLS 15 f3Q M (Q)(IQI fw i )
1 t’(Q)f , ( f’ ,)1”
s|Q|f3Q|vI+ & [ e | o
Lo 82 [eor( )

P R g s
<|Q|f3Q'V'+ o | wewr(s [ w

where in the last step 1/t = 1/s — 1/n and we have used the fractional integral
theorem. Iterating further, and taking Q to be a unit cube, we obtain the conclusion
of the lemma. O

10. ArpENDIX 2: EMBEDDING OF Hf (R’") SPACES INTO AN AMBIENT BANACH SPACE

We shall continue to use the notational convention that Ag(R”) := BMO;(R").
In this appendix, we prove the following:
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Proposition 10.1. Let 0 < pg < 1, and 0 < ag < oo. Then there exists a Banach
space B = B(pg, ay) such that the spaces Hz(R”), po < p <o, and Af(R"), 0 <
a < ay, are all continuously embedded into B.

Proof. We shall realize the space 8 as the dual of an appropriate normed space
My = My(po, @p), which in turn will be a subspace of the intersection of MZ‘;IK

(cf. Section 1) and D(L*)M) (the domain of (L) in L*(R")), where &y > 0 and

(10.2) M> max(%(a/o +1/2), g (pio - %))

More precisely, for such gy and M fixed, we define My = My(pg, ap) as the col-
lection of all ¢ € L?>(R") such that ¢ belongs to the R((L*)¥), the range of (L*)* in
L*(R™), and also to Z)((L*)k), foreachk = 0,1, ...., M, and satisfies

M
(103) lplingy 1= sup 27772720500 N L pll (s gy < 00,
20 k=—M

where Q) is the unit cube centered at 0 and S j(Qp), j € N, are the corresponding
dyadic annuli (see (3.2)). We note that || - [|m, clearly defines a norm. We observe
also that it is easy to construct elements of My: just set ¢ = (L*)e™L" f, where
f e L? with support in Q. The bound [lllm, < ClIfllz2(g,) follows immediately
from Gaffney estimates.

We now set 8 := M), the dual space of My, and we consider first the embedding
AJ(R") = B, for 0 < @ < . Suppose that ¢ € My, with [|¢|lm, = 1. Then ¢ is an
(H?., (¢ — @) + &9, M)-molecule adapted to Q (cf. (3.3)), up to multiplication by
some harmless constant C, with @ = n(1/p — 1), for every p such that n/(n + ag) <
p < 1. Thus, by Lemma 3.37, for every g € A7(R"),0 < @ < g, we have

Ko, &)l < Cligllae @ = CllglmlIgllag ),

whence it follows that A7(R") — 8.
Next, we consider the embedding HI’j(R”) — B, po < p < 1. Since My C
L*(R™), by (3.7) and Definition 3.4, it is enough to show that, given £ > 0,

(10.4) | fR () m(x) dx| < Cliglm,.

for every (H’Z, g, M)-molecule m. We fix such a molecule m, associated to a cube
Q. Itis clear from the definitions (cf. (10.3) and (3.3)) that fork =0, 1, ..., M,

* -k n/2—n
(10.5) LY @llz2en < Cllglv, and  [[((EQ)*L) ™ mllp2n, < CLQY"> P,

Thus, for £(Q) > 1, the bound (10.4) follows immediately from Schwarz’s inequal-
ity and (10.5) with & = 0. On the other hand, if £(Q) < 1, we have

| | eym@dx| = «@™| | @Hex) (€))L ‘Mm<x)dx|
Rn Rn

< Cliglhm, £Q)*M*>7107
by (10.5) with k = M. Since p > pg, for M as in (10.2), we obtain (10.4).
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Finally, we suppose that 1 < p < oo, and let f € L*(RM N Hf(R”). Setting
() = ¢Me~¢, by the Calderén reproducing formula (4.16) and duality, we have

| f @(x) f(x) dx| <C ||Q;b,Lf”Tp(R'}r+1) ”Qw,L*‘P”Tp’(RT')
<C “f”Hf(R") HQ(//,L*SDHTP’(RTI)-
It is therefore enough to show that, for |||y, = 1,

(10.6) 1yl oty = MAQu LDl gny <C. 1< p’ < oo,

where we remind the reader that the “area integral” A is defined in (3.16). We first
note that (10.6) with p’ = 2 follows immediately by standard quadratic estimates
and the case k = 0 of (10.5). Moreover, ||¢|| H! (R) < C (indeed, as mentioned
above, ¢ is an (H}, g + &9, M)-molecule adapted to Qy, up to multiplication by a
harmless constant), so that by Proposition 4.13, we have

||Qw,L*SD||T1(R'l+1) = ||ﬂ(Qz//,L*‘:D)||L'(Rn) <C.

Combining the latter bound with that for p’ = 2, we obtain immediately (10.6) in
the case 1 < p’ < 2.

Similarly, to handle the case 2 < p” < oo, it is enough to show that A(Qy 1-¢) €
L®(R"). To this end, we write

2 odyd
(AQure) = f fl | (LM " 90(y)|2tf—+lt
x—y|<t

t’H'l tl’l+1

1 00
< f M=l 4 f M ldr < C,
0 1

where in the next-to-last inequality we have used (10.5) with k = M in the first
term and with k = 0 in the second, along with L? boundedness of (tzL*)ke"zL* for
every non-negative integer k, and in the very last step we have used that M > n/4,
by (10.2) and the fact that py < 1.

1 00
_ 27 « d dl « 27« d dl
sfo A PP LY (LM ()R 222 +f1 ) ((PLYMe L (P22

O
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