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Abstract

The behavior of solutions to the biharmonic equation is well-understood in smooth
domains. In the past two decades substantial progress has also been made for the
polyhedral domains and domains with Lipschitz boundaries. However, very little is
known about higher order elliptic equations in the general setting.

In this paper we introduce new integral identities that allow to investigate the
solutions to the biharmonic equation in an arbitrary domain. We establish:

(1) boundedness of the gradient of a solution in any three-dimensional domain;

(2) pointwise estimates on the derivatives of the biharmonic Green function;

(3) Wiener-type necessary and sufficient conditions for continuity of the gradient of a
solution.

1 Introduction

The maximum principle for harmonic functions is one of the fundamental results in the theory
of elliptic equations. It holds in arbitrary domains and guarantees that every solution to
the Dirichlet problem for the Laplace equation, with bounded data, is bounded. In 1960 the
maximum principle has been extended to higher order elliptic equations on smooth domains
([3]), and later, in the beginning of 90’s, to three-dimensional domains diffeomorphic to a
polyhedron ([12], [20]) or having a Lipschitz boundary ([25], [26]). In particular, it ensures
that in such domains a biharmonic function satisfies the estimate

Direct analogues of this principle for higher order equations in general domains are unknown
(see Problem 4.3, p.275, in J. Necas’s book [23]). Not only the increase of the order leads to
the failure of the methods which work for the second order equations, but the properties of
the solutions themselves become more involved.
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To be more specific, let 2 C R™ be a bounded domain and consider the boundary value
problem

A’u=finQ, ueW29Q), (1.2)
where the Sobolev space W2(Q) is a completion of C5°(€2) in the norm ||u||v°v22(Q) = || Aul|L2(q)

and f is a reasonably nice function. Motivated by (1.1), we ask if the gradient of a solution
to problem (1.2) is bounded in an arbitrary domain 2 C R™. It turns out that this property
may fail when n > 4 (see the counterexamples built in [21] and [24]). In dimension three the
boundedness of the gradient of a solution has been an open problem.

The absence of any information about the geometry of the domain puts this question
beyond the scope of applicability of the previously devised methods — the aforementioned
results regarding the maximum principle heavily relied on specific assumptions on 2. In the
present paper we develop a new set of techniques which allows to establish the boundedness
of the gradient of the solution to (1.2) under no restrictions on the underlying domain.
Moreover, we prove the following:

Theorem 1.1 Let Q be an arbitrary bounded domain in R® and let G be Green’s function
for the biharmonic equation. Then

|V.V,G(z,y)| < Clz —y| ™, r,y € Q, (1.3)
\V.G(z,y)| <C and |V,G(z,y)] <C, x,y €Q, (1.4)

where C is an absolute constant.

The boundedness of the gradient of a solution to the biharmonic equation is a sharp
property in the sense that the function u satisfying (1.2) generally does not exhibit more
regularity. Indeed, let © be the three-dimensional punctured unit ball B; \ {O}, where
B, ={z € R*: |z| < r}, and consider a function n € C§°(Bj,2) such that n = 1 on By 4.
Let

u(z) = n(x)|z|, zr € B\ {O}. (1.5)

Obviously, u € W2(2) and A2u € C5°(Q). While Vu is bounded, it is not continuous at the
origin. Therefore, the continuity of the gradient does not hold in general and must depend
on some delicate properties of the domain.

Even in the case of the Laplacian the issue of continuity is subtle. It has been resolved
in 1924, when Wiener gave his famous criterion for the regularity of a boundary point [28].
Needless to say, Wiener’s result strongly influenced the development of partial differential
equations, the theory of function spaces and probability. Over the years it has been extended
to a variety of second order elliptic and parabolic equations ([14], [10], [9], [7], [15], [2], [29],
[13], [8]; see also the review papers [18], [1]). However, the case of higher-order operators is
far from being well-understood.

Let us recall the original Wiener’s criterion. Roughly speaking, it states that a point
O € 09 is regular (i.e. every solution to the Dirichlet problem for the Laplacian, with
continuous data, is continuous at O) if and only if the complement of the domain near the



point O, measured in terms of the Wiener (harmonic) capacity, is sufficiently massive. More
specifically, the harmonic capacity of a compactum K C R" can be defined as

cap (K) := inf{||VuH%2(Rn) :uw € Cg°(R"), u=11in a neighborhood of K}, (1.6)

where n > 3, and the regularity of the point O is equivalent to the condition

/01 cap (Bs \ Q)s' " ds = +o0. (1.7)

Recently, some progress has been made in the study of the continuity of solutions for a
certain family of higher order elliptic equations in [19] (see also [16], [17]). In particular,
these developments extend (1.7) to the context of the biharmonic equation in dimensions 4,
5, 6 and 7, with the potential-theoretic capacity of order four in place of (1.6). In the present
paper we pursue a different goal — to obtain an analogue of the Wiener’s test governing the
gradient of the solution.

Turning to this issue, we start with a suitable notion of capacity. Let II denote the space
of functions

P(x) = by + b1 £ + b2 72 + b3 2 reR*\{0}), bR, i=0,1,2,3, (1.8)

||

and II; := {P € Il : ||P||p = 1}. Then, given a compactum K C R3\ {0} and P € I}, let
Capp (K) := inf{||Au||%2(R3) . uwe W2(R?\ {0}), u= P in a neighborhood of K}. (1.9)

This capacity first appeared in [22], in the upper estimates on sup, (= [ 5 Vu(@)[® dx)'/6 for
a solution of (1.2).

We say that a point O € 0 is 1-regular if for every f € C5°(Q2) the solution u to (1.2) is
continuously differentiable at O, i.e. Vu(z) — 0 as z — O; and O is l-irregular otherwise.
Our main result concerning 1-regularity is the following.

Theorem 1.2 Let 2 be an open set in R™. If for some a > 4 and some ¢ > 0

/ inf Capp (Csas \ ) ds = 400, (1.10)
0

Pelly

then the point O s 1-reqular.
Conversely, if the point O € 0S) is 1-reqular then for every ¢ > 0 and every a > 8

inf / Capp (Csas \ Q) ds = +00. (1.11)

Pell; 0

Here Cs 45 is the annulus {x € R3: s < |z| < as}.



In §9 we further discuss the discrepancy between conditions (1.10) and (1.11) and show
by counterexample that (1.10) is not always necessary for 1-regularity.

To the best of our knowledge, Theorem 1.2 is the first Wiener-type result addressing the
continuity of the derivatives of a solution. It is accompanied by corresponding estimates, in
particular, we prove the following refinement of (1.3):

V2V, Gz, y)|

2=yl exp (= [ it Capp (Coas\ Q) ds), if [y] < colal,

Y |:r—y|*1exp(—c;ﬁ';j‘Pigrthappws_,as\mds)y it [a] < colyl,

|z —y[ Y, it colyl < |z < o'yl

where a > 4, ¢, c1, ca, ¢, C are constants independent of 2.

It has to be noted that Theorem 1.2 brings up a peculiar role of circular cones and planes
for 1-regularity of a boundary point. For example, if the complement of €2 is a compactum
located on the circular cone (or plane) given by {x € R*\ {0} : bo|z|+b1x1 +bows+bsz3 = 0}
such that the harmonic capacity cap (R3\ ©) = 0, then Capp(R?\ Q) = 0 for P associated
to the same b;’s. Hence, by Theorem 1.2, the point O is not 1-regular.

Another surprising effect, strikingly different from the classical theory, is that for some
domains 1-irregularity turns out to be unstable under affine transformations of coordinates.

In conclusion, we provide some examples further illustrating the geometric nature of
conditions (1.10)—(1.11). Among them is the model case when {2 has an inner cusp, i.e. in
a neighborhood of the origin Q@ = {(r,0,¢) : 0 <r < ¢, h(r) <0 <m, 0 < ¢ < 27}, where
h is a non-decreasing function such that h(br) < h(r) for some b > 1. For such a domain
Theorem 1.2 yields the following criterion:

1
the point O is 1-regular if and only if / s h(s)? ds = +oo. (1.12)
0

Some other geometrical examples can be found in the body of the paper.

2 Integral identity and global estimate

Let us start with a few remarks about the notation.

Let (r,w) be spherical coordinates in R3, i.e. 7 = |z| € (0,00) and w = z/|z| is a point
of the unit sphere S?. Occasionally we will write the spherical coordinates as (r, 0, ¢), where
6 € [0, 7] stands for the colatitude and ¢ € [0, 27) is the longitudinal coordinate, i.e.

w = z/|x| = (sinf cos ¢, sin @ sin ¢, cosl). (2.1)
Now let t = logr~!. Then by x and s we denote the mappings

R*> 2 = (r,6,0) € [0,00) x [0,27) x [0, 7]; R*> 2 5 (t,w) ERx S% (2.2)



The symbols 9, and V,, refer, respectively, to the Laplace-Beltrami operator and the gradient
on S2.

For any domain 2 C R? a function u € C§°(£2) can be extended by zero to R3 and we will
write u € C§°(R?) whenever convenient. Similarly, the functions in VV2 (Q) will be extended
by zero and treated as functions on R? without further comments.

By C, ¢, C; and ¢;, i € N, we generally denote some constants whose exact values are of
no importance. Also, we write A ~ B, if C~' A < B < C' A for some C > 0.

The first result is

Lemma 2.1 Let Q be an open set in R3, u € C°(Q2) and v = e'(uo »7'). Then
/ Nu(e) A (u()al Gllog|a| ™)) da
R3
= [ [ [6.076 + 20506 + @076 - (V.0 (386+ 06 + 26)
R JS2
2(9n2 L ofon 3 2

(0w (203G + 30,9~ G) + S (0 +200G — 92 —20,G) | dwat,  (23)

for every function G on R such that both sides of (2.3) are well-defined.

Proof. In the system of coordinates (t,w) the 3-dimensional Laplacian can be written as
A = e*A(0,,0,), where A(0,,0,) =07 — 0y + 0. (2.4)
Then passing to the coordinates (t,w), we have
[ Au@) A(uta)ial " Gliog o)) do = [ [ M@= 1.8)0 M@ 6.)(00) dd
R3 S2

= / (07v — 300 + 2v + 6,v) (07 (vG) — 8,(vG) + G d,v) dwdt
RJ g2

= / (@21} — 300 + 2v + 5wv)
R JS2
X (G o,v+GIjv+ (20,6 — G) O + (9;G — 9,G) v) dwdt
= / / (((5wv)2 +26,007v+ (0jv)*) G
R JS2
+ (v8.v +vO}) (907G — G + 2G) + (800w + Ofvdw) (20,G — 4G)
+(0)? (—=60,G + 3G) + vdv (307G + 70,G — 2G) + v* (207G — 26&)) dwdt. (2.5)

This, in turn, is equal to

/ / (6 (6u0)? — 26 .00 8w + G (9F)?
R J 52
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+(Vo0)? (=076 — (8;G — 0,G + 2G) + (0;G — 20,G))
+(0w)? (—(97G — 9,G + 2G) + (=0;G + 20,G) + (—60,G + 3G))
+vdv (‘(Q?g — 8,529 +20,G) + (-38752g + 70,G — 29))

0 (203G - 20,G) ) dw, (2.6)

and integrating by parts once again we obtain (2.3). O
In order to single out the term with v? in (2.3) we shall need the following auxiliary

result.

Lemma 2.2 Consider the equation

4 3 2
dg  ,dg dg _,dg _

2.
dt a3 di? dt 4 (2.7)

where § stands for the Dirac delta function. A unique solution to (2.7) which is bounded and
vanishes at +00 is given by

1 [ e -3, t <0,
90 =59 e —ge, t>0. (2.8)

Proof. Since the equation (2.7) is equivalent to

£ e2) () (oo

a bounded solution of (2.7) vanishing at +00 must have the form

ae' +0b, t <0,
g9(t) = ce 2 4 det, t>0, (2.10)

for some constants a,b,c,d. Once this is established, we find the system of coefficients so
that 9Fg is continuous for k = 0,1,2 and lim, o+ 93g(t) — lim;_o- g(t) = 1. O
With Lemma 2.2 at hand, a suitable choice of the function G yields the positivity of the

left-hand side of (2.3), one of the cornerstones of this paper. The details are as follows.

Lemma 2.3 Let Q be a bounded domain in R?, O € R*\Q, u € C°(Q) and v = e'(uosx1).
Then for every £ € Q and T = log [£]™ we have

3o < [ su@ Aulel gllos(el ) e, 1)

where g is given by (2.8).



Proof. Representing v as a series of spherical harmonics and noting that the eigenvalues of
the Laplace-Beltrami operator on the unit sphere are k(k + 1), k = 0, 1, ..., we arrive at the
inequality

/ |60 dw > 2/ |V,v)? dw. (2.12)
2 52

Now, let us take G(t) = g(t — 7), t € R. Since g > 0, the combination of Lemma 2.2,
(2.3) and (2.12) allows one to obtain the estimate

[ Suta) A (u@)lal g0l 121)) o

/ /Sn 1 Vu(t,w))? (&?g(t — )+ 09t — T)>
~ (Gl @) (2@29@ —7) 4309t — ) — gt — r))] dwdt + % /S 1 02 (7, w) dw.(2.13)

Thus, the matters are reduced to showing that

Og+0,9g<0 and 2029 +30,g—g<O. (2.14)
Indeed, we compute
1| €, t <0,
Oa(t) = —— 2.15
(1) 6 { —2e72 + 37t t >0, ( )
and
1| €, t <0,
Ofglt) = —= 2.16
ro(t) 6{ 4e72 —3e7t, t >0, (2.16)
which gives
52(t) + Bua(t) = L1 € t<b, (2.17)
tg tg - 3 6722 > 07 .

and
4et + 3, t <0,

e +6e7t, t>0. (2.18)

20R9(t) +30,9(t) — 9(t) = — {

Clearly, both functions (2.17), (2.18) are non-positive. The result follows from (2.13). O

3 Local energy and L? estimates

This section is devoted to estimates for a solution of the Dirichlet problem near a boundary
point, in particular, the proof of Theorem 1.1. To set the stage, let us first record the
well-known result following from the energy estimate for solutions of elliptic equations.



Lemma 3.1 Let Q be an arbitrary domain in R3, Q € R3\ Q and R > 0. Suppose
Aw=finQ, feCPQ\BirQ), ueWi(Q). (3.1)
Then

1
/ |V2ul? dx + — |Vul? dr < —/ |u|2 dx (3.2)
B,(Q)NQ p? B,(Q)NQ Cp.2p(Q

for every p < 2R.

Here and throughout the paper B,.(Q) and S,(Q) denote, respectively, the ball and the
sphere with radius r centered at @ and C, r(Q) = Br(Q) \ B,(Q). When the center is at
the origin, we write B, in place of B,.(O), and similarly S, := S,(0) and C, g := C,. g(O).
Also, V2u stands for a vector of all second derivatives of u.

We omit a standard proof of Lemma 3.1 (see, e.g., [4], [27]) and proceed to estimates for
a biharmonic function based upon the results in §2.

Proposition 3.2 Let Q be a bounded domain in R?, Q € R*\ Q, and R > 0. Suppose

Au=finQ, feCFQ\Bir@), ueWi(Q). (3.3)
Then
1 2 ¢ 2
—~ [u(z)]" do, < — |u(z)|*dx  for every p <R, (3.4)
P~ JS,(Q)nQ R CRr,4r(Q)NQ

where C is an absolute constant.

Proof. For notational convenience we assume that () = O. Let us approximate 2 by a
sequence of domains with smooth boundaries {€,,},, satisfying

U 0, =9 and Q, C Q.1 forevery neN. (3.5)

Choose ng € N such that supp f C €2, for every n > ng and denote by u,, a unique solution
of the Dirichlet problem

Au,=f in Qn u, € W2, n>ne. (3.6)

The sequence {u,};2,, converges to u in W2(Q) (see, e.g., [23], §6.6).
Next, take some n € C§°(Bsyp) such that

0<n<1in By, n=1inBy and |V"p<CR™* k<4 (3.7)

Also, fix 7 = log p~! and let g be the function defined in (2.8).
Consider the difference

[ A(ene)) A(atepuolel-glox(o/1e1))
Nty () A (1, () g 108/l (a)) 33)

Riﬁ
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One can view this expression as
/Rg (Wv ”]“n(f’f)> (ﬂ(w)un(x)|w|‘1g(log(p/lw|))> dz, (3.9)

where the integral is understood in the sense of pairing between VV22 (©,) and its dual. Ev-
idently, the support of the integrand is a subset of supp Vn C Cgrag, and therefore, the
difference in (3.8) is bounded by

CZR5 %/ )|? da. (3.10)

Since w,, is biharmonic in €, N Byg and 7 is supported in Bsyg, the second term in (3.8)
is equal to zero. Turning to the first term, we shall employ Lemma 2.3 with v = nw,. The
result of the Lemma holds for such a choice of u. This can be seen directly by inspection of
the argument or one can approximate each u,, by a sequence of C3°(€2,,) functions in WQQ(QN)
and then take a limit using that O ¢ Q,. Then (3.8) is bounded from below by

%/Sp (@) ()| dos. (3.11)
Hence, for every p < R
1 2 - 1 k 2
F/sp |t (2)]? doy < ckzzow/cm V¥ u, (2)]? da. (3.12)
Now the proof can be finished applying Lemma 3.1 and taking the limit as n — oc. U

Now we show that (3.4) yields a uniform pointwise estimate for Vu.
Corollary 3.3 Let Q be a bounded domain in R?, Q € R3\ Q, R > 0 and
Au=finQ, [eCF(Q\Bir(Q)), ueW; Q). (3.13)

Then for every x € Br/a(Q) N Q

C
Vu@)P < & / ()| dy, (3.14)
R Cry/4,4r(Q)NQ
" 2 - QP
o) < "2 | uly)|? dy. (315)
Cr/4,4r(Q)NK

In particular, for every bounded domain Q C R3 the solution to the boundary value
problem (3.13) satisfies
|Vu| € L*(Q). (3.16)



Proof. By an interior estimate for solutions of the elliptic equations (see [11], pp. 153-155)
C
Vu@P <o [ Vul)Pa, (3.17)
d(x) By /2()

where d(z) denotes the distance from = to 9. Let xy be a point on the boundary of Q such
that d(z) = |x — x¢|. Since z € Bruy(Q) NN and Q € R*\ Q, we have x € Bgys(x), and
therefore

]‘ / 2 O 2 C 2
. Vu(y)Pdy < ——— / ()P dy < = u(y)P dy, (3.18)
d(x)S Ba(z)/2(®) d(x>5 Baa(z) (o) Ro

CSR/4,3R(900)

using Lemma 3.1 for the first estimate and (3.4) for the second one. Indeed, d(z) < R/4
and therefore, 2d(z) < 3R/4. On the other hand, w is biharmonic in Byr(Q) N Q2 and

|Q — 0| <|Q — x|+ |x — x| < R/2. (3.19)

Hence, u is biharmonic in Bsg(zo) N2 and Proposition 3.2 holds with xq in place of @, 3R/4
in place of R and p = 2d(z). Furthermore, (3.19) yields

Csryasr(0) C Crraar(Q), (3.20)

and that finishes the argument for (3.14).
To prove (3.15), we start with the estimate

C
WP < gos [ )Py (321)
d(x)g Ba(z)/2(®)
and then proceed using (3.4), much as in (3.18)—(3.20). O

Using the Kelvin transform for biharmonic functions, an estimate on a biharmonic func-
tion near the origin can be translated into an estimate at infinity. In particular, Proposi-
tion 3.2 and Corollary 3.3 lead to the following result.

Proposition 3.4 Let Q be a bounded domain in R®, Q € R3\ Q, r > 0 and assume that

Aw=finQ, feCPB,uQNQ), ucWiQ). (3.22)
Then
1 2 C 2
- lu(z)]"do, < — lu(z)| dz, (3.23)
P=Js,(@ne " JC s (@NQ

for any p > r.
Furthermore, for any x € Q\ By, (Q)

C
V@) < — S / u(y) 2 dy, (3.24)
|x B Q’2 r3 C’r/4,4r(Q)mQ
and o
u@P< s [ u(y) [ dy. (3.25)
T JC, 4,4 (Q)NQ

10



Proof. As before, it is enough to consider the case ) = O. Retain the approximation of €2
with the sequence of smooth domains (2, satisfying (3.5) and define u,, according to (3.6).
We denote by Z the inversion z — y = z/|z|? and by U,, the Kelvin transform of w,,,

Un(y) = lyl un(y/Iyl), v € T(Q). (3.26)
Then
Un(y) = [yI7"(A%ua) (y/|yl). (3.27)
and therefore, U, is biharmonic in Z(£2,) N By/,. Moreover, (3.27) implies that
[ 18wl = [ 1w (3.23)
() o
so that ) )
U, € WHI(Q,)) <= u, € WZ(Q,). (3.29)

Observe also that €2, is a bounded domain with O ¢ Q,,, hence, so is Z(£2,,) and O & Z(,
Following Proposition 3.2, we show that

o / U, (y) do, < C'r° / U ()P dy. (3.30)
S

CVl/r 4/r
which after the substitution (3.26) and the change of coordinates yields

—/ |un(z)[? do, < —/ [un ()| da. (3.31)
r/4r

Turning to the pointwise estimates (3.24)—(3.25), let us fix some z € 2\ By,.(Q). Observe
that

1/p

Vo (2)] < Cla|™ (VU (@/[2*)] + |Un(/|2])] (3.32)

since u,(z) = |z| U,(2/|z]?). Therefore, combining (3.32) and Corollary 3.3 applied to the
function U,,, we deduce that

|V, (x )| C—/ |Un(z)\2dz = L/ |un(z)\2dz, (3.33)
C1/(4r),4/r Crya,ar

]2

and

w@P <t |

Ua()Pdz= & / up (2) 2 d. (3.34)
C1/(ar),a/r " JCy s ar

At this point, we can use the limiting procedure to complete the argument. Indeed,
since u, converges to u in W2(Q), the integrals in (3.31), (3.33) and (3.34) converge to the
corresponding integrals with w, replaced by u. Turning to |Vu,(z)|, we observe that both

u, and u are biharmonic in a neighborhood of x, in particular, for sufficiently small d

C
V(u,(z) —u(x)? < = un(2) — u(2)|*dz. 3.35
IV (un () — u(x))| dE’/Jed/Q(z)' (2) —u(2)]| (3.35)

As n — oo, the integral on the right-hand side of (3.35) vanishes and therefore, |Vu,(z)| —
|Vu(x)|. Similar considerations apply to u,(x). O

11



4 Estimates for Green’s function

Let €2 be a bounded three-dimensional domain. As in the introduction, we denote by G(z,y),
x,y € (), Green’s function for the biharmonic equation. In other words, for every fixed y € 2
the function G(z,y) satisfies

A2G(x,y) = 0(x —y), x € (), (4.1)

in the space WQQ(Q) Here and throughout the section A, stands for the Laplacian in z
variable, and similarly we use the notation A,, V,, V, for the Laplacian and gradient in y,
and gradient in z, respectively. As before, d(z) is the distance from z €  to 9f.

Proposition 4.1 Let Q C R? be a bounded domain. Then there exists an absolute constant
C such that for every x,y € )

C

VeVuCle ) = HE =S e — ol (o), )} 2
where T'(x — y) = “Zry‘ 15 the fundamental solution for the bilaplacian.
Proof. Let us start with some auxiliary calculations. Consider a function 7 such that
neCF(Bip) and n=1 in Bju, (4.3)
and define a vector-valued function R = (R, Re, R3) by
Rj(z,y) = a%j Glz,y) =1 (‘Z(_y)y) a%j Llx—y), zyeQ (4.4)

where j = 1,2,3. Also, let us denote

) = ARy (o) = = |82 (D) | ot =128 9

It is not hard to see that for every j
fj('ay) € C(?O(Cd(y)/4,d(y)/2(y)) and |f](x7y)| S Cd(y)_47 T,y & Q. (46)

Then for every fixed y € Q the function x — R;(z,y) is a solution of the boundary value
problem

AiR](ZE,y) = fj($,y> n Q7 fj('ay) € 080(9)7 Rj('7y) € W;(Q)7 (47)
so that

12



Here W2,(Q2) stands for the Banach space dual of W2(Q), i.e.

Vi) e = sup / £z, y)o(z) d. (4.9)

v: ”v”V“VZQ(Q):l

Recall that by Hardy’s inequality

for every v e W2(Q), Q€. (4.10)

< O[V?0]l o)

=
| : _Q|2 L2(

Then for some yo € 02 such that |y — yo| = d(y)

/f]xy d:z:<CH

155Gl =vol|l 12

|- —yol* || 12 (®)
< Cd HVZUHB Hfj("y)||L2(Cd<y)/4,d(y)/2(y))7 (4-11)
and therefore, by (4.6)
IR 9]y < Colly) ™2 (112

Turning to (4.2), let us first consider the case |x — y| > Nd(y) for some large N to be
specified later. As before, we denote by yo some point on the boundary such that |y — yo| =
d(y). Then by (4.6) the function x +— R(x,y) is biharmonic in €\ Bsgy)/2(y0). Hence, by
Proposition 3.4 with r = 6d(y)

C
VRE P < | R ) d, (4.13)
‘:E - y0‘2 d(y)3 Csa(y)/2,24d(y) (Y0)
provided |z —y| > 4r + d(y), i.e N > 25. The right-hand side of (4.13) is bounded by
cd R 2
iz/ Mdzg—Q/WRzy)\de< s, (4.14)
|‘/L‘ - y0| CSd(y)/2,24d(y)(yO) |Z - y0| |x - y0| |x - y|
by Hardy’s inequality and (4.12).
Now one can directly check that
C
V.V, [(z,y)] < | | forall — z,y € Q, (4.15)
r—y
and combine it with (4.13)—(4.14) to deduce that
C
V.V (G(z,y) —T(x—y))| < | | whenever |z —y| > Nd(y). (4.16)
-y
We claim that this settles the case
2~ 9l = N min{d(y), d(z)}. (4.17)
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Indeed, if d(y) < d(x), (4.16) gives the desired result and if d(y) > d(x) and |z —y| > Nd(x),
we employ the version of (4.16) with d(z) in place of d(y) which follows from the symmetry
of Green’s function and the fundamental solution in x and y variables.

Next, assume that |z —y| < N71d(y). For such z we have n(%) = 1 and therefore

50 (Ge.) =T =) = Ry(r.s). (118

By the interior estimates for solutions of elliptic equations

C
VR (2, y)? < 5/ Rz, y)[ dz, (4.19)

since the function R is biharmonic in By /s(2) C Bagy)a(y). Now we bound the expression
above by

C / R(z,y) C e 2 C
. dz < V2R )| arn < e 4.20
10 Sy i Tt = @i VROV = (4:20)
When |z — y| < N7d(y), we have
(N = 1)d(y) < Nd(z) < (N +1)d(y), (121)

i.e. d(y) =~ d(z), and therefore (4.19)—(4.20) give the desired result. By symmetry, one can
handle the case |z — y| < N~'d(z) and hence all z,y € 2 such that

|z —y| < N7' max{d(z), d(y)}. (4.22)
Finally, it remains to consider the situation when
[z —yl = d(x) = d(y), (4.23)
or more precisely, when
N 'd(z) <]z —y| < Nd(x) and N 'd(y) < |z —y| < Nd(y). (4.24)

In this case we use the biharmonicity of x — G(x,y) in Byg)/en)(z). By the interior
estimates, with zy € 09 such that |z — x¢| = d(x), we have

C
V.Gl < oo V,G(z )| dz
Y d(l‘)5 Ba(z)/2n) (@) !

C C R 2
< = / IV, 0 (z =) dz + —— / Mdz
d(x) By /@n) (@) d(x) Baa(z) (o) |2 — o
C / 2 ¢ / 2 2
< V,'(z—=y)|*dz + — ViR(z,y)|" dz
TP o oo VyI'(z = y)] i /. [VER(z, )|
< ¢ + ¢ (4.25)
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invoking Hardy’s inequality and (4.12). In view of (4.23) this finishes the argument. O

Proof of Theorem 1.1. The estimate (1.3) follows directly from (4.2). The second inequality
in (1.4) can be proved closely following the above argument, via an analogue of (4.2). The
first inequality in (1.4) is based on the second one and the symmetry of Green’s function. [J

Green’s function estimates proved in this section allow to investigate the solutions of the
Dirichlet problem (1.2) for a wide class of data. For example, consider the boundary value

problem )
A*u=divf+h, uecWiQ), (4.26)

where f = (f1, f2, f3) is some vector valued function and h € L'(Q). Then the solution
satisfies the estimate

|Vu(x)| < C/Q%dijC/Q]h(yﬂdy, x e (4.27)

Indeed, the integral representation formula

u(z) = /QG(x,y) (div fly) + h(y)) dy, x €, (4.28)

follows directly from the definition of Green’s function. It implies that

Vala) = V. [ Glay) (div £0) + b)) dy

. / V. (V,Glz.y) - F(y)) dy + / V,G(z, y)h(y) dy. (4.20)
Q Q

and Theorem 1.1 leads to (4.27).
One can further observe that by the mapping properties of the Riesz potential the esti-
mate (4.27) entails that

IVul[r(9) < Cllfllpsrza@) + CllRl 19, (4.30)
where L*%1(Q) is a Lorentz space. Consequently,
[Vullzee) < Cllf v + Cllllre),  p>3/2, (4.31)

whenever f € LP(Q) for some p > 3/2.

5 The capacity Capp
This section is devoted to basic properties of the capacity Capp. A part of the results

presented here and in §9 have been obtained in [22]. For the convenience of the reader we
present a self-contained discussion.
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To begin, we introduce a capacity of a compactum K relative to some open set 2 C
R3\ {0}, K C Q. To this end, recall that II is the space of functions (1.8) equipped with
some norm. For example, we can take

1Pl = /03 + B+ 3 + 83, (5.1)

and [T, := {P €Il : |P|jn = 1}. A different norm in the space I would yield an equivalent
relative capacity.
Now fix some P € II;. Then

Capp (K, Q) := inf { /(Au(x))2 dz: uwe W2(Q), u= P in a neighborhood of K}, (5.2)
Q

and
Cap (K, Q) := inf Capp (K,Q). (5.3)

Pelly

Observe that in the introduction, for the sake of brevity, we dropped the reference to €.
There we had Q = R3\ {0}.

It follows directly from the definition that the capacity Capp is monotone in the sense
that for every P € 11,

KiCKy,cQ = Capp(K1,Q) <Capp (K, Q), (5.4)
KcQ CO — Capp (K, ;) > Capp (K, Qs), (5.5)

and analogous statements hold for Cap in place of Capp.

We shall be concerned mostly with the case when a compactum is contained in some
annulus centered at the origin for the reasons that will become apparent in the sequel. In
such a case, it will be convenient to work with an equivalent definition of capacity by means
of the form

Uly; Q) = / ((020)? + 2r2(0,v)* 4 2r 7210, Vo ? + 17 (6,0)% + 2r 0w, v) 7 dwdr,
Q)

(5.6)
where (r,w) are the spherical coordinates in the three dimensional space, 5 is the mapping

R3S 2 = (r,w) € [0,00) x S2, (5.7)
and v = wo > L.

Lemma 5.1 For every r, R such that 0 < r < R < oo and every function u € W3(C, g)

quazlmkmm

_%@i% - 1) ((xjg—; + u> <]x‘2Au — xlﬁi@(%%> _ u) I uz))} dz, (5.8)

J
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where, as customary, we imply summation on repeated indices. Furthermore, for every open
set Q in R3\ {0} and every u € WZ(Q)

Ulu; Q] = /Q(Au(a:))2 dx. (5.9)

The formulas (5.8)-(5.9) can be checked directly using the representation of the Laplacian
in spherical coordinates
Au=71"2(0,(r*9,) + ) . (5.10)

They give rise to an alternative definition of the biharmonic capacity. Indeed, if K is a
compact subset of Q C R?\ {0}, then for every P € II;

Capp (K, Q) = inf{¥[u; Q] : u e W2(Q), u= P in a neighborhood of K} (5.11)
and an analogous equality holds for Cap in place of Capp.

Lemma 5.2 Suppose K is a compactum in Cs s for some s > 0, a > 1. Then for every
Pell

Capp(K,R*\ {O}) ~ Capp(K, Cs/2,205) and Capp (K, Cs/2,2q5) < Cs™',  (5.12)
with the constants independent of s.

Proof. The inequality
Capp(K,R*\ {O}) < Capp(K, Cs/2.945) (5.13)

is a consequence of the monotonicity property (5.5). As for the opposite inequality, we take
u € WZ(R3\ {O}) such that u = P in a neighborhood of K and

Capp(K,R*\ {O}) +¢ > / |Au(z)]? de = U[u; R* \ {O}]. (5.14)
R3
Consider now the cut-off function
¢ € Cy°(1/2,2a), ¢ =1on [3/4,3a/2], (5.15)
and let w(x) := ((|z|/s)u(z), z € R3. Then
(ONS VCVQQ(CS/Q,QQS) and w = P in a neighborhood of K. (5.16)
Hence,
CapP(Kv Cs/2,2as) < qj[wy Cs/2,2as] (517)
and

2as

Wi, Connud = [ [ (@2 + 22000/

/2
+2r7210,(C(r/s) Vo) |2 + 17743 (r/s) (0uv)? + 2T_4C2(T/s)v(5wv> v dwdr
S C\:[f[’U, 05/2,2(13]7 (518)
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using the properties of ¢ and the one dimensional Hardy’s inequality in the r variable. This
finishes the proof of the first assertion in (5.12).

As for the second one, observe first that if v(z) = u(sx), € R?, the functions u and v
belong to W2(R3\ {O}) simultancously, and © = P in a neighborhood of K if and only if
v = P in a neighborhood of s 'K := {z € R*: sz € K}. Also,

Av(a) 2 dz = / Agu(sz)|? dz = 3/ Ayu(y)[ dy, (5.19)
R3 R3 R3
so that
sCapp(K,R*\ {O}) = Capp(s— K, R*\ {O}). (5.20)
However, s7'K C Ci, and therefore by (5.12) the right-hand side of (5.20) is controlled by
Capp(Ch 4, R3\ {O}), uniformly in s. O

Lemma 5.3 Assume that for some s > 0, a > 1 the function u € LQ(CS,QS) 18 such that
Ulu; Cs 45] < 00. Then there exists P = P(u, s,a) € II with the property

||U - PH%Q(CS,GS) S 084\11[71’ Os,as]- (521)

Proof. Let us start with the expansion of u by means of spherical harmonics:

=" up(r)y"(w), (5.22)

where Y™ are the spherical harmonics of degree [ € N and order m € Z. By Poincaré’s
inequality, for [ = 0, 1, and the corresponding m there exist constants o;" (depending on u)
such that

/ lu™(r) — o"|* dr < 052/ |0,u™(r)|? dr. (5.23)

Let . . .
Px) =ol+ol —+o' 24002 zeR\ {0} (5.24)

2] | ||
Then (5.23) yields (5.21). O

Proposition 5.4 (/22]) Suppose s > 0, a > 2 and K is a compact subset of Cs 5. Then for
every u € L*(Cy 45) such that V[u; Cy 5] < 0o and uw =0 in a neighborhood of K

1 2 ¢
3 i |U(I)| dr < Cap (K, R3 \ {O})

s,as

Ulu; Cs s (5.25)

Proof. For the purposes of this argument let us take || P||r := || P||2(c, ,) and let II; := {P €
IT : ||P|ln = 1} with such a norm. This is an equivalent norm in the space II and hence
it yields the capacity equivalent to the one defined in (5.1)—(5.2). We claim that for every
Pell;

Capp(K, Csa045) < Cs™H|| P — “H%Q(Cs,as) + CWu; Cs 4s).- (5.26)
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To prove this, let us denote by VQQ(CMS) a collection of functions on Cj 45 such that

1/2
1
lellvac ) = (— / |u<x>\2dx+wu;cs,a4) , (527)

is finite. One can construct an extension operator
Ex : V5 (Csas) — V5 (Csja,245) (5.28)
with the operator norm independent of s satisfying the properties
Exu = u in Cy 4, Ex P = P for every P € IIj, (5.29)

and such that if u = 0 in some neighborhood of K intersected with C; ,, then Ex u vanishes in
a neighborhood of K contained in C; 3 245. For example, one can start with the corresponding
one-dimensional extension operator and then use the expansion (5.22) to define Ex.

Having this at hand, we define w(z) := ((|z|/s)(P(x) — Exu(x)), * € Cy/2245, Where
is a function introduced in (5.15). Then w satisfies (5.16) and therefore Capp (K, Cs/2,245) is
controlled by

\D[wa 05/2,2(15] S \I][P - EXU; 05/2,2(15] = \I][EX (P - U), 05/2,2(13]
< Os™|P — UH%%Cs,as) + CU[P — u; Cs us), (5.30)

where the first inequality is proved analogously to (5.18) and the second one follows from
the mapping properties of Ex. Using that d,w; = —2w;, ¢ = 1,2, 3, one can directly check
that

V[P — u; Cs o5] = V[u; Cs us)s (5.31)
and obtain (5.26).

The next step is to pass from (5.26) to (5.25). Without loss of generality we may assume
that [|ul|r2(c, ..) = s*%. Then the desired result reads as

inf Capp (K, Cs/22as) < V[u; Cs as)- (5.32)
Pelly
Let P = P(u, s,a) be a function in II satisfying (5.21), and denote by Cj the constant C'
in (5.21). First of all, the case
Uu; Csas] > 1/(4Chs) (5.33)

is trivial, since Lemma 5.2 guarantees that the right-hand side of (5.33) is bounded from

below by the capacity of K, modulo a multiplicative constant.
On the other hand,

Ulu; Coas] < 1/(4Cos) = 2lu—Plizc. <57 = Jullrzcony,  (5.34)

by (5.21) and the normalization of u. This, in turn, implies that

$3/2 343/2

— << 2
< Pl

< 5.35
s,us) — 2 ( )
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Finally, we choose

P P

P=—— g2 (5.36)
HPHLz(CI,a) HPHLQ(CS,CLS)
Then
[P = Pllr2(Cs.00) = ‘33/2 — Pl 22(Cy.00)

= “|u||L2(Cs,as) - ||7D||L2(Cs,as) S ||u - P||L2(Cs,as)' (537)

Hence,
lu—P|[ < [lu="P|[+[|P = P[] <2[lu—"Pl, (5.38)

so that
lu— P72, ..y < 16[u—PlZ2c,..) < 16Cos" Wu; Cal, (5.39)
by (5.21). Combining (5.39) with (5.26), we complete the argument. O

6 1-regularity of a boundary point

Let © be a domain in R? and consider the boundary value problem
Ay=finQ, feCrQ), ueWiQ). (6.1)

We say that the point @ € 09 is I-regular (with respect to Q) if for every f € C§°(Q2) the
gradient of the solution to (6.1) is continuous, i.e.

Vu(x) - 0asz — Q, z € Q. (6.2)

Otherwise, @) € 012 is called 1-irregular.

Observe that in the case () = O this definition coincides with the one given in the
introduction.

In this section we would like to show that 1-regularity is a local property. In particular,
while most of the statements in Sections 1-5 were confined to the case of a bounded domain,
the proposition below will allow us to study 1-regularity with respect to any open set in R3.

Proposition 6.1 Let Q be a bounded domain in R? and the point QQ € 9 be 1-reqular with
respect to Q2. If Q' is another domain with the property that B.(Q) N Q = B.(Q) N for
some r > 0 then Q is 1-reqular with respect to €Y.

The proof of the proposition rests on the ideas from [19]. It starts with the following
result.

Lemma 6.2 Let Q be a bounded domain in R® and the point Q € OS2 be 1-reqular with
respect to 2. Then
Vu(x) -0 asz — Q, x €, (6.3)

for every u € W22(Q) satisfying
APy = Z 0%fo in ),  fo € LX) NC>®(Q), fo=01in a neighborhood of Q. (6.4)

o |a|<2
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Proof. Take some n € C§°(2) and let v be the solution of the Dirichlet problem

Aw= 3" 0"(nf.)inQ, veW3Q), (6.5)
o o <2
and w = u —v € WZ(Q). Since the point Q is l-regular, the function v automatically

satisfies (6.3) and it remains to consider w.
Since f, = 0 in a neighborhood of @), the function w is biharmonic in some neighborhood
of () and, therefore, for some R > 0 depending on the supp f,, we have

C C
[Vw(z)| < !/ Vw(y)[* dy < — lw(y)?dy, V=€ Br(Q), (6.6)
d(I)S Ba(z)/2(®) R Cr/1,4r(Q)

analogously to (3.17)—(3.18). On the other hand, according to Lemma 2.3 the last expression
in (6.6) does not exceed

C sup Aw(y)A( w(y) g(log |§_Q|>) dy

§€CR/1,4r(Q)NQ JR |l‘ - Q| |y - Q|

sc w5 [ aean o) (oo E2 8 ) 6)

g g
£€CR/1,4r(Q)NQ . lal<2 |y - Q| |y - Q|

where g is given by (2.8). When x approaches ), the support of 1—7 can be chosen arbitrarily
small. Hence, the integral on the right-hand side of (6.7) shrinks. Then (6.6)—(6.7) imply
that |Vw(z)| — 0 when x — Q. O

Proof of Proposition 6.1. Consider a solution of the Dirichlet problem
A =fin€, feCrQ), ue W), (6.8)

and take some cut-off function n € C§°(B,(Q)) equal to 1 on B, /5(Q). Then nu € W2()
and

A*(qu) = nf + [A% nlu. (6.9)
Since nf € C§°(§2),
(A% 7] : WH(Q) — (W3(Q))" = W2,(Q) and  supp ([A%,n]u) C Cppar(Q)NQ,  (6.10)
one can write

A?(nu) = Z 0“f,, forsome f, € L*(Q)NC>®(Q), (6.11)

a:a|<2

with f, = 0 in a neighborhood of @) given by the intersection of B, »(Q) and the complement
to supp f. Then, by Lemma 6.2, the gradient of nu (and therefore, the gradient of u) vanishes
as r — (@. 0
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7 Sufficient condition for 1-regularity

The following proposition provides the first part of Theorem 1.2, i.e. sufficiency of condition
(1.10) for 1-regularity of a boundary point.

Proposition 7.1 Let Q be a bounded domain in R?, O € R3\ Q, R > 0 and
Au=finQ, feCFQ\Big), ueW2(Q). (7.1)
Fiz some a > 4. Then for every x € Brjqs N2

vu@p+ e o C u(y)dy

|x|2 o R5 CRARQQ

R/a?
X exp (—c/ Cap (@\Q,Rf‘\{@})@). (7.2)

?||

In particular, when O is a boundary point of €2,
R/a
if / Cap (Cyas \ Q,R*\ {O}) ds = +oo then O is 1-regular. (7.3)
0

Proof. Fix s < R/ a® and let us introduce some extra notation. First,

v(s) == Cap (Cs 2, \ , R\ {O}). (7.4)
Further, let Q,[u;Q], 7 € R, be the quadratic form

Q- [u; Q] = /(Q)[(é v)2g(t — 1) +2(0,V ,0)2g(t — 7) + (02v)?g(t — 7)

—(V,v)? (Q?g(t —7) 4+ Oug(t — 7) + 29(t — 7'))
—(O)? (zafg(t — )+ 309t —7) — g(t — T))] duwdt, (7.5)

where v = e'(u o »71), g is defined by (2.8) and s is the change of coordinates (2.2).
Throughout this proof 7 = log s~
Now take n € C§°(Bss) such that

0<n<1lin By, n=1inB, and |VFy| <C/|z|", k<4 (7.6)

Following the argument in (3.8)—(3.10) and the discussion after (3.10), and then passing to
the limit as n — oo, we have

QluiBl < Q)< [ A(n@u(o) A(neu(wlel " gllog(s/la1)) da

< 35 Qk/ \VEu(x)|? doe < —/ z)|* d. (7.7)
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Denote

2
R
o) = s (V) + M) s oupem), rotogs s<E
lz|<s
Then combining (7.7) with Corollary 3.3 and Proposition 3.2,
C C
<G [ Pl [ P s (7.9)
s Cs,le s CS,GQS
For v(s) > 0 the expression on the right-hand side of (7.9) does not exceed
2
% |U(x2| dx < ¢ v |:£;Cs,a23:| < L QT[U7 Cs,a23]7 (71())
s* Je, ., |7l v(s) Lzl sY(s)

where we used Proposition 5.4 for the first inequality. The second one can be proved directly
using that e”” = s and calculations from the proof of Lemma 2.3. All in all,

C 20) (s
pls) < -y Qrlus O < s (w(a’s) = @(s)) , (7.11)
which, in turn, implies that
o(5) < gy A0 < exp (—es(s) pla's). (712

since s7(s) is bounded by (5.12). In particular, employing (7.12) for s = a %r, r < R,
7 € N, one can conclude that

w(a™r) < exp (—cZa2j7° ’y(anr)> o(r), (7.13)

j=1
for all [ € N.
Let us choose | € N so that
a R < || <a ¥R, (7.14)

Next, observe that by (5.4)

R/a?
/ Cap (T \ 2, R\ {O}) ds

?|]

a—20tk—2 R

<> Cap (Coas \ 2B\ {O}) ds

2
01 b=l —2j+k—3 R

l 2

<C Z Z a~¥+k=3 R Cap (Cy—2i+i-3 g g—2i+k—1p \ £, R3 \ {O})

j=1 k=1

I2
<C Z Z a ry(ary), (7.15)

j=1 k=1
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where r, = a*® R, k = 1,2. Using (7.13) with r = r},, we deduce that for every € Bg /N
and [ defined by (7.14)

l

]Vu(x)]2+% < p(a ;) < exp <—cZa2jrk 7(a2jrk)> e(R/a), k=1,2, (7.16)

j=1

which implies

Vula) + % < exp (—cz 3 a-%ma—%) o(R/a)

R/a?
< exp (- c / Cap (Cos \ O, B\ {O}) ds) S(R/a), (7.17)

2|

by (7.15).
Finally, analogously to (7.7)—(7.9)

2 2 koy(2)|2
¢(R/a) < sup <\Vu( )P+ M)—FCZ/C %dy
R/a,2R/a

|z|<R/a 2|2

C
< & ()P dy < / ()P dy, (7.18)
Ro R5 CR,4Rr

CR/a,16R/a

using Proposition 3.2 for the last inequality. Combining (7.17) and (7.18), we finish the
proof of (7.2). The statement (7.3) is a direct consequence of (7.2) and the definition of the
1-regularity. U

Given the result of Proposition 7.1, we can derive the estimates for biharmonic functions
at infinity as well as those for Green’s function in terms of the capacity of the complement
of Q, in the spirit of (7.2).

Proposition 7.2 Let Q be a bounded domain in R?, O € R3\ Q, r > 0 and assume that
A=finQ, feCPB,unQ), ucWiQ). (7.19)

Fiz some a > 4. Then for any x € Q\ B,

w(z)|? C
V) + L [ ey
C%»ng

[ ]2 72

|| /a?
X exp <—c / Cap (@\Q,R?’\{O})ds). (7.20)

2p
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Proof. Recall the proof of Proposition 3.4. With the notation (3.26) the results (3.27)—(3.29),
(3.32) allow to apply Proposition 7.1 to U,,, R = 1/r, in order to write

(VU (/|2

[

[tn ()]
|z [?

5
SCT—Q/
22 Jo

¢ 2] /a2 o
< |x\2r3/c lu,(2)|*dz x exp (—c/ Cap (C%’% \Z(2,),R*\ {O}) 3_2>

2y

IV, () + <C

+ |Un(a/ 2P|

1/(a?r)
V()P dz x exp (— e[ Cap @\ 1), B\ (0)) ds>
4 a?/|z|

1
=

7"

We claim that

Cap (C1 o \ Z(Qn), R?\ {O}) = s Cap (C, 45 \ 2, R*\ {O}), (7.21)
where the implicit constants are independent of s.
Indeed,
Cap (C1 o \ Z(Q,),R*\ {O}) = Cap (C1 o \ Z(Q), 0%7@), (7.22)

and for every u € W;(C%;a) the function y — |y|u(y/|y|?) belongs to W;(Ciﬂs) by
(3.29) and therefore, if U(y) := u(y/|y|?) then U € WQQ(CEQS) In addition, if u = P in a
neighborhood of C1 « \ Z(€,) then U(y) = P(y/ly|*) = P(y) for all y in the corresponding

neighborhood of U ;\ . Finally, by (3.28)

/C IBu()fd = /C

since u € WQQ(C L 2a). This proves the “>” inequality in (7.21). The opposite inequal-
ity reduces to the 5revious one taking 1/s in place of s and Z(€2,) in place of ,, since
Z(Z(2,)) = Q.

As a result, we have

Ayl uly/ ) dy ~ 52 / AUy, (7.23)

‘H

N

S’

|un(‘73)|2
||

[V ()" +

2y

|| /a?
v / un (2)dz x exp (—c / Cap <—CS,QS\QH,R3\{0})(15>
C%}T. a

C || /a?
S o /C lu,(2)*dz x exp (— 6/2 Cap (C,as \ O, R*\ {O}) d5>, (7.24)

Sl

using the monotonicity property (5.4). Now the argument can be finished using the limiting
procedure similar to the one in Proposition 3.4. 0

The following Proposition is a more precise version of the estimate on Green’s function
we announced in the introduction after Theorem 1.2.
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Proposition 7.3 Let Q be a bounded domain in R®, O € 0. Fiz some a > 4 and let
Ca :=1/(32a*). Then for z,y € Q

V.V, G(r,y)|
S xexp (= e [l Cap (Coas \ QRN {O})ds), iyl < calel
a2 -~ -
<0 G xexp (= e Jllt Cap (Coas \ RS\ {ON) ds ), f o] < calyl,
‘m(_jyp Zf Ca|y| S |£L'| S C(;1|y|a

and

max{ [V, G(z,9)], [9,G(,y)|

C exp <_ c =/a* Cap (Cs,as \ Q,R? \ {O}) d5>7 if |yl < calxf,

32a2|y|

<\ Coexp(—c [l Cap (Coa \ QRN\{O)ds), i o] < caly]

32a2|z|
C, if calyl <l < eyl

Proof. Let us focus first on the estimates for the second mixed derivatives of G. The estimate
for the case ¢,|y| < |z] < ¢;'|y| was proved in Theorem 1.1, and the bound for |z| < ¢,|y|
follows from the one for |y| < ¢,|z| by the symmetry of Green’s function. Hence, it is enough
to consider the case |y| < ¢,|z| only.

The function x — V,G(z,y) is biharmonic in Q \ {y}. We use Proposition 7.2 with
r = 32|y| to write

C

V.V,G(z,y)? _
| ) ( )l |I|2|y|3

[ eGP
Csly|,321y|

|| /a®
X exp (—c /3 Cap (@\Q,Ri’)\{@})@), (7.95)

2a2|y|

forz € Q\ By Recall now the function R introduced in the proof of Proposition 4.1. If
Yo is a point on 0f2 such that |y — yo| = d(y), then

Csjyl,321y]  Coyl 34191 (W0), (7.26)

and V,G(z,y) = R(z,y) for every z € Cyjy| 34py|(40). Therefore,

1 / 2 1 2
S VGG < s R(z.y) dz
|z[? [y[? Cs ! =] [y[? Cély|,34]y| (¥0)

lyl,32]y|
C C

C
< R(z,y)Pdz < —5 < : (7.27)
|£L‘|2 d(y)3 /Cg,d(y)/z,ad(y)(yo) |‘IL‘|2 |l’ - y|2

The second inequality above follows from Proposition 3.4, the third one has been proved in
(4.13)—(4.14) and the last one owes to the observation that

|z —y| < l|z|+|y| < (14 c,)|z| whenever |y| < c,|z|. (7.28)
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Combining (7.25)—(7.27), we finish the proof of the bound for the second mixed derivatives
of Green’s function.

The proof of the estimate for V,G follows a similar path, and then the estimate for V,G
is a consequence of the symmetry of Green’s function. O

Analogously to (4.26)—(4.31), Proposition 7.3 yields the following Corollary.

Corollary 7.4 Suppose u satisfies
A2u=divf+h, ueW2Q), (7.29)

for some functions f = (f1, fa, f3) and h. Fiz some a > 4 and let ¢, := 1/(32a*). Then for
any x € )

[Vu(z)]

eXp | —¢ e ap (Csas 3 s M
<C S p( /3 Cap (Coas \ R \{O})d> ( ] +]h(y)\) dy

2a2|y|

e 3 1l
v eﬂzmwexf’( [ @R \{o})ds>( DL ) a

2a2|x|

|f(y)] )
+C <_+ " .
/yEQ:cay|§|z|§ca1|y| |£E — y| | (y)| Y

8 Necessary condition for 1-regularity

This section will be entirely devoted to the proof of the second part of Theorem 1.2, i.e. the
necessary condition for 1-regularity. We recall that Capp (K) = Capp (K,R?\ {0}) for any
compactum K by definition, and begin with

Step I: setup. Suppose that for some P € II;, ¢ > 0, a > 8 the integral in (1.11) is
convergent. Then for every € > 0 there exists a number N € N such that

/0 " Capp (G \ LR\ {0} ds < ¢, (8.1)

However, the integral above is bounded from below by

[ee] 2—J 00
3 /  Capp (Com \ LR\ {0} ds > €'Y 279Capy (G0 \ O, R {O})
j=N72

j=N

>C i Q’jCapP (027j727j+2 \ Q, R3 \ {O}), (8.2)

i=N
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using the monotonicity property (5.4). Therefore, for every ¢ > 0 there exists N € N such
that

o

Y27 Capp (G rve \ R\ {O)) < =. (8.3)

=N

Now let K := By~ \ Q and D := R?®\ K. We shall prove that the point O is not
1-regular with respect to D, and therefore with respect to €2, since D coincides with €2 in a
fixed neighborhood of O (see Proposition 6.1).

To this end, fix P € II; and let P(z) := |z|P(z), x € R3. Then take some cut-off
n € Cg°(Bs) equal to 1 on By and denote f := —[A% n]P € C5°(Bsy \ Bsjs). Finally, let V
be a solution of the boundary value problem

A’V = finD, VeWiD). (8.4)

Our goal is to show that |VV| does not vanish as + — O, z € D.
Let us also consider the function U := V 4+ nP. One can check that

AU=0inD, U=PonK, UeWZR®. (8.5)

Therefore, U can be seen as a version of a biharmonic potential. In fact, it is (8.5) that gave
an original idea for the above definition of V.

Step II: main identity. Let B denote the bilinear form associated to the quadratic form
in (2.3), i.e.

B(v,w) = /R/S2 [((Lv)((Sww) G+2(0,V,v) - (0:V,w)G + (6?1))(8311}) g
(Vo) - (Vow) (afg 0,6+ 2g) — (80)(Bw) (zafg + 30,6 — g)
+% v w(a;lg 1 20%G — 092G — 2@9)] duwdt. (8.6)

As before, we fix some point £ € R3, 7 := log|¢|™! and let G(t) = g(t — 7), t € R. By
B, (v, w) we shall denote B(v,w) for this particular choice of G. Then

[ 0@ A (B@e stos(il/121)) dr

+ [ AP A(U@lel  gllog(glel) dn = 2Brwa) (87

where u = €' (Uo7 !) and g = €' (Po s 1) = Posx L

The identity above can be proved along the lines of the argument for Lemma 2.1, as long
as the integration by parts and absence of the boundary terms is justified. To this end, we
note that for any fixed ¢ € R? the function z — g(log(|¢]/|z|)) is bounded by a constant as
|z| — oo, while z — |z|~! g(log(|¢]/|z|)) is bounded by a constant as x — O. If v, € C§(D),
s € N, is a collection of functions approximating V in the W2(D)-norm, we let u, := v, +7P.
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Then ug converges to U in WZZ(]R3) This, combined with the above observation about the
behavior of g, shows that it suffices to prove (8.7) for u, in place of U. Finally, since uy is
compactly supported in R? and is equal to P in a neighborhood of 0, it is a matter of direct
calculation to establish (8.7).

Since (87)~!|z| is the fundamental solution of the bilaplacian,

AQ]P)(.CC) = AQ(boy.ﬁE‘ + bl.CCl + bQ.ﬁEQ + b3$3) = (87T)_1b0 5(33), (88)

where ¢ is the Dirac delta function. Therefore, the second term on the left-hand side of (8.7)
is equal (modulo a multiplicative constant) to U(0) = 0.
Going further, we show that

/R AU() A((U(x) = Pla) o[~ gllog([¢]/|]))) dz = 0. (8.9)

Indeed, the expression in (8.9) is equal to

AU(x) AV (@)|z] " gllog([€]/|2])) ) d

R3

+ [ AU@) A((1(2) = D)2l gllog(I¢]/le1)) ) da. (8.10)

R3

Then, using the aforementioned approximation by vs, s € N, in the first integral, an obser-
vation that supp (n — 1)P C D in the second one, and the biharmonicity of U in D we arrive
at (8.9).

Now the combination of (8.7)—(8.10) leads to the identity

[ AU AUl gos(l€l/le))) dr = 28 (w.0) (s.11)

Finally, since the identity (2.3) holds for the function U, (8.11) implies that
B, (u,u) = 2B,(u,q). (8.12)

Recall now that g is a fundamental solution of the equation (2.7), and therefore with the
notation

B (v,w) = /R/SQ [(5wv)(5ww) gt —7) 4+ 2(0,V,0) - (O, V,w) g(t —7)
H(OR)(0Fw) gt — 7) — (V) - (Vo) (3R9(t = 7) + Duglt — 7) + 29(t — 7))
—(O) (Oyw) (28t2g(t —7)+30ig(t —7) — g(t — 7'))] dwdt, (8.13)

we have )
B.(v,w) = B-(v,w) + 5/ v(1, w)w(T,w) dw. (8.14)
S2
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Then the equality (8.12) can be written as
/ (u(r,w) — g(r, w))? dw = / A(rw)do+ 4B, (uq) — 2B, (wu),  (8.15)
S2 52

so that if |£] < 3/2, 7 = log |£|71,
| o = [ @(rw)do 4B (u.g) - 2B, (), (8.16)
S2 S2

where v = e!(V o »71).

The identity (8.16) is our major starting point. We shall show that B, (u,¢) and B, (u, u)
can be estimated in terms of the series in (8.3) and hence, can be made arbitrarily small by
shrinking ¢ in (8.3). On the other hand,

3 3
dm
(rawydo = [ (4 Y 0?) do = anth + T30 8.17
/52Q(T’W) ¢ 52(0+;Z%> “ WO+3;Z’ ( )
so that
4m 9
e < | ¢(rw)dw < 4r. (8.18)
SQ
Therefore, by (8.16),
/ v?(T,w) dw:%/ V2(€) do (8.19)
. 5 Js,

does not vanish as £ — O, which means that V1" does not vanish at O either, as desired. It
remains to estimate B, (u, q) and B, (u,u).

Step III: estimate for gT(u, q). Since ¢ = P o s ! is independent of ¢,
Biwag = [ [ [u)eagi-n)
R Js2
(Vo) - (Vog) (GFg(t = 7) + gt = 7) +29(t — 7)) | dwt.  (8.20)
Next, o ,w; = —2w; for i = 1,2, 3, and therefore §,q = —2 Zle b;w;, so that

B(ug) = / / (209t =)~ (Vo) - (T) (3Rg(t — ) + Duglt — 7)) | e

= = [ [ [V (7 (bate =)+ Drg(e = 7))]

T

X ([S |qu|2dw/R<—8fg(t — ) — Dyt — 7)) dt) " L x I, (821)

IN
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using the Cauchy-Schwarz inequality and the positivity of the weight function (see (2.17)).
Inspecting the argument of Lemma 2.3 one can see that

I < (B.(u,u))Y?. (8.22)

On the other hand,

3
8T
o ?Zb?/R(—@fg(t—T)—8tg(t—7')) it

3
8 g o 4 4
_ EF S8 (/ eTdt+ [ e dt) = Eﬂ Y b < g. (8.23)

Therefore,

B, (u,q) < =—(B(u,u))"2 (8.24)

Step IV: estimate for gf(u, u), the setup. Let us now focus on the estimate for gT(u, u).
To this end, consider the covering of K = By-~ \ Q by the sets K N Cy—j 9-j+2, 7 > N, and
observe that

KN Cyjg-jr2 =Coig+2 \Q, j>N+2, (8.25)
KNCyigit2 CChipit2\Q, j=NN+1 (8.26)

Let {n’ 32 n be the corresponding partition of unity such that

W€ CP(Cospmrea), |V <C2¥, k=0,1,2, and > 7/ =1 (8.27)

j=N

By U’ we denote the capacitary potential of K N Cy—j 5-j+2 with the boundary data P, i.e.
the minimizer for the optimization problem

inf { / (Au(z))*dr : u € Wg(027j—2,27j+4>,
c

2—j—2 2—j+4

u = P in a neighborhood of K N C’gj,gﬂz}. (8.28)

Such U7 always exists and belongs to W2(Cy-j-25-j14) since P is an infinitely differentiable
function in a neighborhood of K N C5-; 5-j+2. The infimum above is equal to

CapP{K N 027j727j+2, 027j72727j+4} ~ CapP{K N 027]'727#2, R? \ {O}} (8.29)

Let us now define the function

[e.9]

T(x) =Y |zl (x)U(z), z€R, (8.30)

Jj=N
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and let ¥ := e!(T o »71). Then by the Cauchy-Schwarz inequality

L(0,9) SCZZ/ %dz. (8.31)

k=0 j=N 2121+2

Next, since U’ € W22<027]>2727j+4), the Hardy’s inequality allows us to write

B.(0,9)<CY 27 /
j=N

Coj—2 9—j+a

VAU ()P de < C) 2]’/ |AU ()| d:
j=N

Coj—2 9—j+4

<C Z 277 Capp{K N Cy-j 5-s+2, R* \ {O}}

i=N

< CY 27 Capp{Caypre2 \ Q,R?\ {O}} < Ck, (8.32)

j=N

by (8.29), (8.25)—(8.26), the monotonicity property (5.4), and (8.3).
Having (8.32) at hand, we need to consider the difference U — T" in order to obtain the
estimate for B, (u,u). Let us denote W :=U — T, w := e'(W o 37 1).

Step V: estimate for B, (w, w). First of all, one can show that W' € W2(D). Indeed, both
U and T belong to W2(R?). For U this was pointed out in (8.5), the statement about 7" can
be proved along the lines of (8.31)—(8.32):

I e <CZZ2J4 W el @) P o

k=0 j= Co—j a—i+2

< 022—%'/ |AU (z)|? da
j=N

Co—j—2 g—j+4
<CY 279 Capp{Cypz \ QR*\ {O}} < Ce. (8.33)
j=N

In addition to (8.33), we know that U = P on the boundary of K by definition, and n’U’ =
U’ = P =P/|z| on the boundary of K N Cy-j 3-j+2. Since by (8.30) the function W is given
by 2222 n 7 (U —|#|U7) in a neighborhood of K, it vanishes on 9K (in the sense of W2(D)).

Furthermore, A?W = —A?T in D by (8.5). Then, with the notation w := /(W o »71)
we have the formula

By(w,w) = / AW (@) A(W ()|l gllog(l¢]/Ia]))) da

- / AT(x) A(W (x)[2] ™ g(log(Ig]/|a1)) ) da (8.34)
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In what follows we will show that
- [ AT A(W @)l gllog((el/la))) do < CE (B, (w,w)) 2. (539
R3

Observe that according to (8.34) and (2.11) the expression on the left-hand side of (8.35)
is positive. Next, analogously to (2.5),

- /Rs AT() A<W(”C)|ﬂ”|_1 g(log(lé“l/bfl))) dx

S / / (afﬁ — 30,0 + 20 + 5w19> <g(t — ) 6w+ g(t — 7) 02w
R J 52
+(20,9(t — 1) — g(t — 7)) Opyw + (97 g(t — 7) — Dyg(t — 7)) w> dwdt. (8.36)

Now recall the formula for —(20?g + 30,9 — g) from (2.18). It is evident that for any
D, = Z?:o ;0! a; € R, we have

|D:g| < C(—207g — 30,9 + g), (8.37)

where C' generally depends on Dy, i.e. on {a;}i_,. Hence, for every such Dy

/R/S2(8tw)2 |Dyg(t — 7)| dwdt
< — C/ /2(8tw)2(28,52g(t — 1)+ 309(t — 7) — g(t — 7)) dwdt < CB,(w,w), (8.38)

where the last inequality follows from the calculations in Lemma 2.3. Then, using (8.31)—
(8.32), we have

[ [ 1065201 0w 1Dugte - 7)ot
R JS2

2
<C <// OFVE 9? |Dtg(t—7')|dwdt> (B, (w,w))*/?
R.JS?

IN

|ZL‘|5_2j

2 J 2 2 B
CZO < g m d:L‘) (BT(w,w)>1/2 < 051/2(87(10,10))1/2, (839)

Jj=

for0<i+ k<2
For similar reasons,

/ / OFV 9] 02| g(t — 7) dwdt < C=2(B.(w, w))'/?, (8.40)
R J 52

and

/ / 105V 9] 10,V w| g(t — 7) dwdt < CY? (B (w, w))"?, (8.41)
RJS2
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for0<i+k<2.
Invoking (8.39)—(8.41) and integrating by parts, we see that the expression in (8.36) is
bounded by

/ / <5w195ww g(t —7) — Vi - Vow (20%g(t — 7) + 20,9(t — 7) + 2g(t — 7))
RJS$?

FIw(@hg(t — 1) + 208g(t — 7) — DPg(t — 7) — 20,g(t — T))) dtdw

+Ce (B, (w,w))"/?. (8.42)

Also,

/ / (0,9 - 0w — 2V, - V,w) gdt dw
R JS2

= (j£j£2ﬂéwﬁf-—2(v;0Yﬂ gdtdw)lﬂz(]QJQQK&ﬂuy__Q(VLuoﬂ gdtdw)lm

< CeV(B,(w, w)) 2, (8.43)

using (2.12) and the Cauchy-Schwarz inequality for the bilinear form on the left-hand side
of (8.43). In view of (8.43) and (2.7) the expression in (8.42) is controlled by

/ / V0 - Vow (—202g(t — 7) — 20,9(t — 7)) dtdw
R JS2

1 ~
+= + CeY2 (B (w, w)) Y2

2

/S I w)w(r,w) de

N 1/2
< CeV* (B (w,w))"? + % < g V?(1,w) dw) (B, (w,w))"?. (8.44)

Here we used the positivity of —292g — 20,9 (see (2.17)) and the argument similar to (8.38)-
(8.39) to estimate the first term. The bound for the second one follows from the Cauchy-
Schwarz inequality and (2.11).
Finally, we claim that
¥?(1,w) dw < Ce. (8.45)
S2
Indeed, by definition (8.45) is equal to
T ERCLE LD DI R A
‘5’4 Se| B ’5‘2 Sie|

ji2-i<lg|<aite

<c > [ a(lvi@)a(W@stonel/ ) de. (846

Jr27Ii<|g|<2mi+?
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using (2.11) for the function z +— |z| U?(z) in Wg(027j72727j+4). Finally, the right-hand side
of (8.46) is bounded by

VF(|z|U7
¢ Z Z/ | |$|5 22 ) dr < Ce, (8.47)
J:279<[|g)<277+2 k=0 Cy—j o—j+2 |ZE|

by the estimate following (8.31). This completes the proof of (8.35), which together with
(8.34) yields B, (w,w) < €. and therefore,

B, (w, w) < B-(w,w) < Ce. (8.48)
The last estimate, in turn, implies that B,(u,u) < Ce owing to the results of Step IV. At
last, the combination with (8.24) finishes the argument. O

9 Examples and further properties of Capp and Cap.

Lemma 9.1 Consider a domain ) shaped as an exterior of a cusp in some neighborhood of

O € 09, i.e.
QNB.={(r,0,¢): 0<r<ec, 0>h(r)}, forsome c>0, (9.1)

where (r,0,¢), r € (0,¢), 0 € [0,7], ¢ € [0,27), are spherical coordinates in R® and h(r) :
(0,¢) — R is a nondecreasing function satisfying the condition h(br) < Ch(r) for some b > 1
and all r € (0, ¢).

Then

O is 1-regular  if and only if / 57 h(s)? ds = +oo. (9.2)
0
Proof. We claim that for every P € II; and every a > 4
Capp (Cuas \ Q,R*\ {O}) > Cs™'h(s)?, 0 <s<c/a. (9.3)
Indeed, recall from Lemma 5.2 that
CapP (Cs,as \ Qy Rg \ {O}) ~ CapP (Cs,as \ Q7 08/2,2a3)~ (94)

By definition of the capacity Capp, for every ¢ > 0 there exists some u € WQQ(C’S /2,2as) such
that

Capp (Cs a5 \ 2, Csy2,205) + € > C/ (Au(z))? du, (9.5)
05/2,203

and u = P in a neighborhood of Cj 4 \ €2. Since u € WQQ(CS/Q,QQS), by Hardy’s inequality

/ (Au(z))*dx = / |V2u(z)|? do
Cs/2,2as CS/Q,QaS
2 2 2 2
sof (MR ) (PR TPRY,
Cs/2,2as |ZL‘| |:L‘| Cs,as\2 |ZL’| |JZ|

>C/WW<LW *Wwiiﬂw)“' (56)
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P 2
| ‘;Tz‘ amounts to

The contribution from
C as ph(r) p2r7 )
a / / / (bo + by sin 0 cos ¢ + by sin @ sin ¢ + bs cos 0)° sinf r? dpdfdr
s 0 0
C h(s)
> — / (bg + b% cos? 0 + 2bobs cos 0) sinf do
S Jo

C b3 °
> " (COS 0<b(2) + 33 cos® 0 + bybs cos 9))

h(s)
> % (cosé’(i b + (? by — Ci)/s; b3>2>> Z(S) > gbg cos 6 Z(S) > %bgh(s)Q, (9.7)
On the other hand, , ,
Vel PENF =3 (s +4) (9.5)
and for every i =1,2,3 ) :
(b()%m) PR AR (9.9)
Hence,
3
[ (PG, PGPy 4, € OE Chr 10

Now one can combine (9.5), (9.6), (9.10) and let € — 0 to obtain (9.3).
Therefore, the divergence of the integral in (9.2) implies that

c/a
/ inf Capp (Cyas \ Q,R?*\ {O}) ds = 400, (9.11)
0 Pelly

which, in turn, shows that the point O is 1-regular by Theorem 1.2.
Conversely, we claim that there exists P € II; such that for every s € (0, c/a)

Capp (Cyas \ Q,R*\ {O}) < Cs7'h(s)? (9.12)
Indeed, let us take
] 3
P(z) == 2(1 I$|>’ v € R, (9.13)

Clearly, P € II;. Next, we choose a function U € W;(OS/ZQ@S) that is given by P in a
neighborhood of Cf 4 \ Q. To do this, let us introduce two cut-off functions, ¢? and (", such
that

¢’ € Cy(-1/2,2), ¢! =10n0,3/2]; (" €C(1/2,2a), ¢"=1on [3/4,3a/2]. (9.14)
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Then let

0 r
u(r,6,0) = 51— o) (705) ¢ (), (9.15)
so that ah 5 5
u(r,¢,0) =1 whenever 0 <6< (zas) and ZS <r< a57 (9.16)
and

/\
|
—~
Ne}
[S—y
\]
N—

u(r,¢,0) =0 whenever 2h(as) <O0<7m or r¢

Finally, let U := u o k, where & is the change of coordinates in (2.2). Then

2as  pr2h(as)
/ AU (@) dz = 0/ /
Cs/2,2as 5/2 0

since u is independent of ¢. A straightforward calculation shows that for » and 6 as above

sin @ df r2 dr,

1 1 .
. 0, (r*0,u) + 7 Op(sin 6 Opu)

r2sin

iz 0, (r*0,u) + Op(sin 6 Opu) | < ¢ (9.18)
r s

r2sin 6

and therefore,
/ AU (2)2dz < Cs~'h(as)? < Cs~"h(s)2. (9.19)
s/2,2as
If a < b, the last inequality follows from the fact that h is nondecreasing. If a > b, we have
h(ar) < C’mh<ab*mr> < C™Hh(r) for m > log,a — 1.

Finally, if the point O is 1-regular, then by Theorem 1.2 the integral in (1.11) diverges
for every P € II; and therefore, by (9.12), the integral in (9.2) diverges. O

In order to state the next result, let us recall one of the definitions of the harmonic
capacity of a compact set. For an open set Q C R3\ {O} and a compactum e C 2

cap (e, ) := inf { /(Vu(x))2 dz: uwe W), u=1 in a neighborhood of e}, (9.20)
Q

is a harmonic capacity of the set e relative to Q. If © = R?\ {0} then (9.20) coincides with
(1.6).

Lemma 9.2 Let K be a compactum situated on the set

{[L’ € R?: bo|l’| + bix1 + boxy + bz = O}, b; € R, 1=20,1,2,3, (921)
such that O & K. If the harmonic capacity of K equals zero, then
Capp(K, R\ {0}) = 0 (9.22)
for
1 .
P(z) = (b L W ) s eR\{0).  (9.23
Y e A el P T VO )

In particular, Cap(K,R?\ {0}) = 0.
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Proof. By current assumptions, O ¢ K. Therefore, there exist s > 0 and a > 1 such that
K C Cs4s. In the course of proof some constants will depend on s and a. That, however,
does not influence the result.

Since
cap(K, Cs/2,245) = cap(K, R? \ {0}) =0, (9.24)

for every € > 0 there exists a compactum K. with a smooth boundary contained in the set
(9.21) and such that

K C K. CCy204s and cap(K., Csjo045) < €. (9.25)

Let u denote the harmonic potential of K., so that

uw€ Wy (Copoas), u=1in K., Au=0inR*\ K., / Vu(z)[?dr <e. (9.26)
Cs/2,2as

Next, given a < 1 let

va() = { atP(x)u?(z)(2a — u(x))?, it wu(z) <a

P(z), if u(x) > a, (9.27)

where © € Cy/224s and P is defined by (9.23). Then v, € WQQ(CS/QQGS) by (9.26) and v, = P
in a neighborhood of K. Therefore,

Capp(K, B\ {0}) ~ Capp(K, Cija20s) < / |Ava(2)? da

Cs/2,2as
= a—8 /
z:u(z)<a

A(P(m)uZ(x)(Qa - u(x))2>
We take v = ae) < 1 (close to 1) such that the last term above is less than €. In addition,
on the set {z : u(x) < a}

2
dx +/ |AP(x)|* dz. (9.28)
z:u(z)>a

‘A(uz(:v)(Qoz _ u(:v))2> ‘ < C|Vul?, ‘vp - v(lﬁ(m)(m — u(m))2> ) < |Vl

e v
so that
/x:u(x)@ A(P(:c)u2(a:)(2oc — u(a:))z) Cdr < Ce t C/z:u(x)% PRIVl e, (9.30)
by (9.26).

It remains to estimate the last integral above. Let us denote by {B;}°, a Whitney
decomposition of the set Cy/2 945 \ K, i.e. a collection of balls such that

U B; = Cyy2.0a5 \ K-, Z xp < C, r(B;) ~ dist (Bz‘, 9(Cs/2,2a5 \ Ka)>, (9.31)
i=1 i—1
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where 7(B;) denotes the radius of B;. Observe that

lu(z)| <1, |P(z)] < Cry, if 2 € B; such that dist (B;, 0C;/2,245) > dist (B;, K.),
\u(x)| < CTZ', |P<I)| < C, if x € B; such that dist (Bhaos/zgas) < dist (Bz, Ks)

Since u is harmonic in Cy9945 \ K-,
w2 < & [ u()? de. (9.32)
Y B;
Therefore, |P||Vu| < C on Cy/294s \ K- and

/ P(2)[2|Vul* de < / Vuldz < <. (9.33)
Cs/2,2as Cs/2,2as

Letting ¢ — 0, we finish the argument. 0

Corollary 9.3 Let Q be a domain in R® such that O € 9Q and the complement of Q2 is a
compactum of zero harmonic capacity situated on the set (9.21). Then the point O is not
1-reqular.

Proof. By Lemma 9.2 for the choice of P in (9.23)
Capp (Cuas \ . R?\ {O}) ds =0, (9.34)

for every s > 0, a > 1. One can see that such P does not depend on s and a, but only on
the initial cone containing the complement of 2. Therefore,

inf / Capp (Com \ O, R\ {O}) ds = 0, (9.35)
Pelly 0
and hence O is not 1-regular by Theorem 1.2. 0

Remark. The set defined by (9.21) is either a circular cone with the vertex at O or a plane
containing O. Indeed, the set (9.21) is formed by the rays originating at O and passing
through the intersection of the plane by + byx1 + boxs + b3zrs = 0 with the unit sphere. If this
plane passes through the origin (by = 0), it is actually the set (9.21). If it does not, then its
intersection with S? is a circle giving rise to the corresponding circular cone.

Due to the particular form of elements in the space II; such sets play a special role for
our concept of the capacity and for 1-regularity. This observation is, in particular, supported
by Lemma 9.2 and the upcoming example.

We consider a domain whose complement consists of a set of points such that in each
dyadic spherical layer three of the points belong to a fixed circular cone, while the fourth
one does not. The result below shows that in this case the origin is 1-regular provided the
deviation of the fourth point is large enough in a certain sense. The details are as follows.
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Lemma 9.4 Fix some a > 4. Consider a domain ) such that in some neighborhood of the
origin its complement consists of the set of points

U{Al = (@*0,0), 45 = (a7 7/2,0), A = (™" 7, ), A} = (a™*/?,37/2,8,)},
k
(9.36)

where the points are represented in spherical coordinates (r,¢,0), r € (0,¢) for some ¢ > 0,
0 €[0,7], p €[0,2m), k e NN (1/2 —log, c,0). Assume, in addition, that

O<a<7/2, 0<|fr—al<a/2, VEkeNN(1/2—log,c, o). (9.37)
Then oo
/0 Plgél Capp (Csas \ R\ {O}) ds > CZ e — )’ (9.38)
where C'= C(a) > 0. In particular,

if Z(ﬁk —a)? = +oo then O is I-regular. (9.39)
k
Proof. To begin, let us observe that

/ Cap (Crs \ 0, B\ {O}) ds>Z/ Cap (Cra \ 2, R\ {O}) ds

—k—1/2

> Z a=k min Cap (C,us \ Q,R*\ {O}). (9.40)
k

s€(a—k—1/2 q—F)
For every s € (a=*=/2,a™*) in the spherical layer Cs,qs there are exactly four points that
belong to the complement of , namely, A¥ i = 1,2,3,4. We aim to show that for each
k>1/2—1log,c

7

Cap (Cyas \ Q,R*\ {O}) > Cd*(8; — )?, (9.41)
provided s € (a=#71/2 a7F).

Take some P € II; and consider the distribution

TH(x) =Y P(AF)d(x — Af). (9.42)

=1

Then for every u € I/T/QQ(CS/ZQ&S) such that u = P in a neighborhood of {A¥ i = 1,2,3,4},

we have
4

(T*, P) =Y P(A}). (9.43)
i=1
On the other hand, since T* is supported in the set {A¥ i = 1,2, 3,4},
(TF, P) = —(AE*T" u) = —(E % T", Au), (9.44)

40



where E(x) = 1/(4m|z|) is the fundamental solution for the Laplacian. By the Cauchy-
Schwarz inequality

(T*, P)? < ||E*T"| 72

s/2,2as)

AUH%Q(C’

s/2,2as)

4
< Cs > P(A})? Capp (Cras \ 2, Copaas)- (9.45)

i=1

Therefore, combining (9.43)—(9.45) and taking the infimum in P, we obtain the estimate

4
Cap (Chas \ O, R*\ {O}) > Cd* inf > PAN?=Cd*  inf bMM*'bY,  (9.46)
Vsl

beRA: [[b]|=1

where b = (b, by, b, b3),

1 1 1 1
sin «v 0 —sina 0
M= 0 sina 0 — sin (3 (9-47)

cCoOs COos« COos COSs ﬁk

and the superindex L denotes matrix transposition. Then the infimum in (9.46) is bounded
from below by the smallest eigenvalue of M M~. The characteristic equation of MM* is

1
—A 4 8X3 — 1 <55 — 22 cos(2a) — 3 cos(4da) — 8 cos(a — B) — cos(2a — 203k) — 2 cos(20k)
1
—16 cos(a + ) — 3 cos(2a + 2ﬁk)> N — 5 sin? a<—4 cos(2a) + cos(4a) + 12 cos(a — Fy)
—33 4 cos(2a — 20%) + 20 cos(a + Bg) + 3 cos(2a + 2ﬁk)> A = 4sin” a(cos a — cos ().

By the Mean Value Theorem for the function arccos and our assumptions on «, (3 there
exists Cy(a) independent of 3 such that for all &

la — Br| < Co(a)|cosa — cos By, (9.48)
and therefore,
4sin® a(cos o — cos B )? > 4sin? a(Co(a)) 2| — Bel*. (9.49)
It follows that 2O ,
A> 2 O‘(m%(o‘)) o — By, (9.50)

because otherwise the left-hand side of (9.48) is strictly less than its right-hand side. Com-
bined with (9.46), this finishes the proof of (9.38). The statement (9.39) follows from (9.38)
and Theorem 1.2. O

Remark. Retain the conditions of Lemma 9.4. By our construction, for every s € (0,c/a'/?)

in the spherical layer C; ,1/s, there are either
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(i) exactly three points A¥ i = 1,2, 3 for some k = k(s),
(ii) or exactly one point A%, k = k(s),
(iii) or no points from the complement of (2.

By Lemma 9.2 it follows that in either case
Cap (C, 15, \ Q,R*\ {O}) =0 (9.51)
and hence,
c/a1/3
/ inf Capp (Coorn. \ QL R3\ {O}) ds = 0. (9.52)
0 Pelly ’

At the same time, if >, (oo — (;)? diverges, then so does the integral in (9.38).

It follows that for the same domain 2 the convergence of the integral in (1.10) might
depend on the choice of a.

Alternatively, one can say that for the same a the convergence of the integral in (1.10)
might depend on the dilation of the domain. In particular, (1.10) can not be a necessary
condition for the 1-regularity since the concept of 1-regularity is dilation invariant.

Conversely, our proof of the first statement in Theorem 1.2 and Proposition 7.1 relies on
Proposition 5.4 which, in turn, follows from the Poincaré-type inequality (5.21). In fact, for
every s our choice of P, that allows to estimate the infimum under the integral sign in (1.10),
is dictated by the approximating constants in the Poincaré’s inequality on (s, as) (see the
proof of Lemma 5.3). Therefore, in our argument one can not make a uniform choice of P
for all s to substitute (1.10) with (1.11).

Corollary 9.5 The I-irregularity may be unstable under the affine transformation of coor-
dinates.

Proof. The proof is based on Corollary 9.3 and Lemma 9.4. Indeed, given the assumptions of
Lemma 9.4, if 5, = a for all k, then the complement of € is entirely contained in the circular
cone of aperture a with the vertex at the origin and hence, by virtue of Corollary 9.3, the
point O is not 1-regular.

However, if 5, = a + ¢ for all k, then the series in (9.39) diverges for arbitrary small
¢ > 0, which entails 1-regularity of O. 0
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