COMPATIBILITY OF KISIN MODULES FOR DIFFERENT
UNIFORMIZERS

TONG LIU

ABSTRACT. Let p be a prime and T a lattice inside a semi-stable representation
V. We prove that Kisin modules associated to T' by selecting different uni-
formizers are isomorphic after tensoring a subring in W (R). As consequences,
we show that several lattices inside the filtered (¢, N)-module of V' constructed
from Kisin modules are independent on the choice of uniformizers. Finally we
use a similar strategy to show that the Wach module can be recovered from

the (¢, G)-module associated to T" when V is crystalline and the base field is
unramified.
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Let k be a perfect field of characteristic p, W (k) its ring of Witt vectors, Ky =

W (k)[1/p], K/Kj a finite totally ramified extension, G := Gal(K /K).
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To understand the p-adic Hodge structure of G i -stable Z,-lattices in semi-stable
representations, the method of Kisin modules is powerful. Recall the definition of
Kisin modules in the following: We fiz a uniformiser 7 € K with Eisenstein poly-
nomial E(u). Put & := W(k)[u]. & is equipped with a Frobenius endomorphism
¢ via u — uP and the natural Frobenius on W (k). A Kisin module of height r is
a finite free G-module M with e-semi-linear endomorphism gy : M — M such
that E(u)"M C (pom(9M)), where (pop(M)) is the G-submodule of M generated
by o (9). By the result of Kisin [Kis06], for any Gk-stable Z,-lattice T' inside
a semi-stable representation V' with Hodge-Tate weights in {0,...,7}, there exists
a unique Kisin module 9(T') of height r attached to T (see §2.1 for more precise
meaning of this sentence).

It is obvious that the construction of Kisin modules depends on the choice of
unformizer 7. If we choose another uniformizer 7’ of K then we get another 9 (T).
A natural question is: what is the relationship between 9(T") and 9V (T")?

It turns out that each choice of uniformizer m determines an embedding & —
W (R) via u — [x] (see §2.1 for details of the definition of W (R) and [x]). We denote
S, and &, for the image of embedding determined by w and 7. By the main result
of [Liul0], there exists a Gg-action on W(R) ®, &, M(T) which commutes with
won- In this paper, we prove the following: a

Theorem 1.0.1. There exists a W(R)-linear isomorphism
W(R) @¢., M(T) =~ W(R) @p,e,, M(T)
compatible with p-actions and G -actions on the both sides.

In fact, W(R) in the above isomorphism can be replaced by much smaller ring
ézﬁ/, and even smaller ring &, »» when V is crystalline. See Theorem 2.2.1 for
more details. It turns out that we can extend Theorem 1.0.1 to discuss the relation
between Kisin modules and Wach modules ([Ber04]). Assume that K = K is
unramified and let 7" be a G k-stable Z,-lattice inside a crystalline representation.
Then we can attach Wach module 91(7") and Kisin module 9(T") to T'. Let (= be a
primitive p"-th root of unity. Set Kpe := |, K(¢pn) and Hpeo 1= Gal(K /Kpe).
The following Theorem describes a direct relation between the Kisin module and
the Wach module.

Theorem 1.0.2. N(T') ~ (ﬁ R, MM(T))Hr .

Here R C W(R) is a subring constructed in §2.2, [Liul0] and R ®p,e M C
W(R) ®,,6 MM was proved to be G g-stable loc. cit. (also see §2.1).

Theorem 1.0.1 can be used to understand lattices in the filtered (¢, N)-modules
attached to semi-stable representations of Gx. More precisely, Let V' be a de
Rham representation of Gg and T' C V a Gi-stable Zy-lattice. It is well known
([Ber02]) that V' is semi-stable over a finite extension K'/K. By using the Kisin
module attached to T'|¢,.,, we can construct various lattices in either Dy g+ (V') :=
(VY ®q, Bs)Cx" or Dar(V) = (V¥ ®q, Bar)“*, where V¥ denotes the dual of
V. One consequence of Theorem 1.0.1 is that the constructions of such lattices are
independent on the choice of 7. In the end, we also discuss several lattices (inside
the filtered (¢, N)-module) whose constructions are independent on Kisin’s theory.
But they are useful to discuss the p-adic Hodge properties for (p-adic completion



COMPATIBILITY OF KISIN MODULES FOR DIFFERENT UNIFORMIZERS 3

of) the direct limit of de Rham representations. In particular, we hope these will
be useful to understand those representations discussed in [Eme06] and [Cai].

The arrangement of this paper is as follows: In §2, we setup notations and
summarize the facts needed for the proof of Theorem 1.0.1 and give a more precise
version of Theorem 1.0.1. We give the proof of Theorem 1.0.1 and Theorem 1.0.2 in
§3. We also show that the compatibility of Kisin modules when base changes (see
Theorem 3.2.1). §4 are devoted to discuss various lattices inside filtered (¢, N)-
modules attached to potentially semi-stable representations. We show that two
types of lattices constructed from Kisin’s theory do not depend on the choice of
uniformizers and they are compatible with base change. In §4.3, we show that
several lattices (constructed without using Kisin’ theory) may help us to understand
the p-adic completion of direct limit of de Rham representations. In particular, we
hope that our strategy is useful to those representations studied in [Eme06]. The
last section is the Errata of [Liul2].

Acknowledgement: The author would like to thank Brian Conrad for raising
this question and Bryden Cais for very useful comments.

2. PRELIMINARY AND MAIN RESULTS

2.1. Kisin modules and (g, G)—modules. We set up notations and recall some
facts on (integral) p-adic Hodge theory in this section. We fix a nonnegative integer
r throughout the paper. Let V be a semi-stable representation of G with Hodge-
Tate weights in {0,...,r}. Write V'V the dual of V. By the well-known theorem of
Fontaine and Colmez, the functor

Vi Dy(V) = (VY ®q, Bet)“"

induces an anti-equivalence between the category of semi-stable representations
with Hodge-Tate weights in {0, ..., r} and the category of weakly admissible filtered
(¢, N)-modules (D, , N, {Fil'Dg}) with Fil’Dg = Dg and Fil'"'Dg = {0}.
Here Dig = K ®g, D as usual. The readers should be careful that we use the
contravariant version of Dy, which were denoted by DZ in many papers. But the
current version of Dg; is more convenient for integral theory.

Let R = yin(’)?/ p where the transition maps are given by Frobenius. By the
universal property of the Witt vectors W(R) of R, there is a unique surjective
projection map 6 : W(R) — @g to the p-adic completion @f of O, which lifts
the projection R — Oz /p onto the first factor in the inverse limit. We denote by
Ais the p-adic completion of the divided power envelope of W (R) with respect to
Ker(6). As usual, we write B, = Acis[1/p] and BJy the Ker(#)-adic completion
of W(R)[1/p]. For any subring A C Bl,, we define filtration on A by Fil'A =
AN (Ker(0)) Bix.

Now select a uniformizer m of K. Let E(u) € W(k)[u] be the Eisenstein poly-
nomial of 7. Let 7, € K be a p"-th root of m, such that (m,1)? = m,; write
T = (Tn)n>0 € R and let [7] € W(R) be the Techmiiller representative. We em-
bed the W (k)-algebra W (k)[u] into W(R) C Acis by the map u — [r]. Recall
S = W(k)[u]. This embedding extends to the embedding & < W(R) which are
compatible with Frobenious endomorphisms.

We denote by S the p-adic completion of the divided power envelope of W (k)[u]

with respect to the ideal generated by E(u). Write Sk, := S[%]. There is a unique



4 TONG LIU

map (Frobenius) ¢g : S — S which extends the Frobenius on &. We write Ng

for the Ko-linear derivation on Sk, such that Ng(u) = —u. Let Fil"S C S be
the p-adic completion of the ideal generated by ~;(E(u)) := E(;,‘) with i > n.

One can show that the embedding W (k)[u] — W (R) via u — [x] extends to the
embedding S < A.;s compatible with Frobenius ¢ and filtration (note that F([x])
is a generator of Fil'W(R)). We set B, := BT, [u] C Bj; with u := log([x]).

Cris

Let Ko := |J K(m,) and K its Galois closure over K. Then K = |J Kuo((pn)
n=0 n=1
with (= a primitive p"-th root of unity. Write G = Gal(K/Ku), Ky~ =

[’j K(Cpn), Gpe = Gal(K/Kp~), Hg = Gal(K/K4) and G := Gal(K/K). For
n=1

any g € Gk, €(g) :== @ is a cocycle with value in R. Set € := ((yi)i>0 € R and

t:= —log([e]) € Acis as usual.
As a subring of Ags, S is not stable under the action of G, though S is fixed
by Guo. Define a subring inside B

CI‘IS

(oo}
Ric, = {x = fit! fi € S, and f; > 0 as i — —|—oo},
i=0

where {1 = q(l) ( 3 and §(¢) satisfies i = §(i)(p — 1) + r(4) with 0 < r(i) <p—1.
Define R := W(R) N Rk,. One can show that Rg, and R are stable under the
Gk-action and the G g-action factors through G (see [Liul0] §2.2). Let I, R be the
maximal ideal of R and I, R = W(I,R)NR. By Lemma 2.2.1 in [Liul0], one have
RILR ~ &/u = W(k).

Recall that a Kisin module of height r is a finite free G-module 9 with -
semi-linear endomorphism @gy : P — M such that E(u)™ M C (wonr(M)), where
(pon (M) is the S-submodule of M generated by @ox(M). A morphism between
two Kisin modules is just an G-linear map compatible with Frobenius. As a subring
of Acis via u — [1], & and S are not stable under the action of G, but stable
under G- This allows us to define a functor T from the category of Kisin modules
to the category of finite free Z,-representations of G, via the following formula:

Ts (M) := Home , (M, W(R)).
See §2.2 in [Liu07] for more details of Tg. In particular, by Proposition 2.2.1 loc.cit.,
we can change &" to W(R) in the definition of Tg.
Let us review the theory of (p,G)-modules, which is a variation of that of

Kisin modules. Following [Liul0], a finite free (¢, G)-module of height r is a triple
(M, o, G) where

(1) (zm, ¢on) is a finite free Kisin module of height r;

(2) G is a R-semi-linear G-action on M := R Ry, M;

(3) G commutes with gy On M, i.c., for any g € G, 9Py = P
(4) regard M as a ¢(S)-submodule in M, then M C M«

(5) G acts on W (k)-module M := 901/, RIM ~ M /ud trivially.

A morphism between two finite free (¢, G)-modules is a morphism of Kisin
modules that commutes with G-action on 9t’s. For a finite free (¢, G)-module
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M = (M, ¢, @), we can associate a Z,[G g]-module:
(2.1.1) T(9M) := Homp (R @ye M, W(R)),

where Gk acts on T'(9N) via g(f)(x) = g(f(g~ ' (z))) for any g € Gk and f € T(M).
By Example 2.3.5 in [Liu07], there exists an element t € W(R) such that t

mod p # 0, p(t) = c; ' E(u)t, where cop is the constant term of E(u). Such t is

unique up to Z,. The following theorem summarizes main results in [Liul0].

Theorem 2.1.1 ([Liul0]). (1) T induces an anti-equivalence between the cal-
egory of finite free (¢, G)-modules of height r and the category of G i -stable
Zy-lattices in semi-stable representations of Gk with Hodge-Tate weights
in {0,...,7}.

(2) T induces a natural W(R)-linear injection
(2.1.2) i: W(R) ®pe M — TV(M) @z, W(R),

such that  is compati{)le with Frobenius and G -actions on both sides.
Moreover, (o(t))" (T (9N) ®z, W(R)) Ci(W(R) ®@,,6 M).
(3) There exists a natural isomorphism Te(9M) = T(M) of Z,|Goo]-modules.

2.2. A refinement of Theorem 1.0.1. Obviously, the theory described by The-
orem 2.1.1 depends on the choice of uniformizer 7 in K. Fix a G g-stable Z,-lattice
T inside a semi-stable representation V, if we select another uniformizer 7’ then we
obtain M’ and ¢’ in Equation (2.1.2). As indicated in the introduction, one main
goal of this paper is to understand the relation between 9t and '. Let &, (resp.
Sr) denote the image of embedding & — W(R) (resp. S — Aeis) via u — [z].
Write ' = v with v = (v,,)n>0 € R. Note that vy is a unit. So log([v]) € B;is.

We denote by &, and Sy the subrings of W(R) and Agis respectively via
u — [r']. Let Sy be the smallest ring inside B containing Sy[1/p], Sz [1/p]

and log([v]). Set &, 5 := W(R) N Sy . Similarly, let Sy . be the smallest ring
inside B  containing S;[1/p] and S,/ [1/p] and set &y := W(R) N Sz .

Theorem 2.2.1. Notations as the above, we have
Z(éz,z’ Rp.6, M) = Z/(éz,z/ X6,/ ')
as submodules of TV @z, W(R).

If V is crystalline then ézﬂ’ in the above equation can be replaced by G .

Remark 2.2.2. (1) Let v =n/n". If v € W(k)* then we can arrange 7, so that
[7] = [7][z'] with ? =v mod p € k*. Hence G =S, = G.

(2) If v & W(k)* then the situation could be more complicated. So far we
do not have a good description for &, ./, even for &, . We warn
the readers that &, » may be larger than the smallest ring containing
6, and &,. For example, let E(u) be the Eisenstein polynomial of 7.
Then E([x'])/E([x]) is a unit in W(R), because Fil'W(R) is a princi-
pal ideal and E([z]) and E([z']) are generators of Fil'W(R). Hence = =
P(E([x))/E([x]) = E([x')")/E([x]") € W(R). But ZE is a unit in Sy
Therefore, € &, /. In general, x is not in the smallest ring containing
S, and &,:. See the following example.
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Example 2.2.3. Let K = Q,(¢,). Let 7 = ¢, — 1 and 7’ = {,m. We can choose
m and 7’ such that 7’ = me’ with € = e. Then the smallest ring & containing S,
and &' is inside W (k)[[z], ['] — 1]. If z is in & then o(x) is in W (k)[[z], [(] — 1] C
Ri, NW(R) = R. On the other hand, since @ is a unit in Sy, we can
write p(z) as a series in Ko[[n], [e] — 1]. It is easy to see that this series is not in
W (K)[[z], €] — 1]. But by Lemma 7.1.2, [Liu07], for any y € Rk,, there is only one
way to expand y in a series in Ko[[x], [¢] — 1]. So ¢(x) is not in W (k)[[x], [¢] — 1]
Contradiction and ¢(z) ¢ S.

Notations 2.2.4. We will reserve ¢ and N to denote Frobenius action, monodromy
action on many different rings and modules. To distinguish them, we sometime add
subscripts to indicate over which those structures are defined. For example, @ox
is the Frobenius defined on 9. We always drop these subscripts if no confusions
arise. As we have indicated as before, Kisin’s theory (and its related theory, like the
theories of Breuil modules and (¢, G)-modules, which will be used below) depends
on the choice of the unformizer 7, or more precisely, depends on the choice of 7,
and hence the embedding & — W (R) via u +— [r]. We add subscripts « to subrings
in W(R) to denote subrings (like &, S) whose embeddings to BJ; depends on the
embedding & — W(R) via u — [r]. But we always drop subscripts when we just
discuss the general theory where the embedding & — W(R) via u — [x] is always
fixed. Finally, v;(x), Max4(A) and Id denote the standard divided power f.—;, the
ring of d x d-matrices with coefficients in ring A and the identity map respectively;
V'V denotes the dual of a representation V.

2.3. Some facts on the theory of Breuil modules. We will use extensively the
theory of Breuil modules, which we review in this subsection. Following [Bre97a],
a filtered p-module over S[7] is a finite free S[;]-module D with
(1) a @g-semi-linear morphism ¢p : D — D such that the determinant of ¢p
is invertible in S[%],
(2) a decreasing filtration over D of Sk,-modules {Fil"(D)};ez with Fil®(D) =
D and Fil'Sk, - Fil/ (D) c Fil'™/ (D).
Similarly, we define filtered @-modules over S by changing S [%] to S everywhere in
the above definition, but we still require that the determinant of ¢ is in § [1%]
A Breuil module is a filtered p-module D over S [%] with following extra mon-
odromy structure: a Kp-linear map (monodromy) Np : D — D such that
(1) for all f € Sk, and m € D, Np(fm) = Ng(f)m + fNp(m),
(2) Npyp =ppNp,
(3) Np(Fil'D) C Fil'"'D.

A filtered (¢, N)-module D is called positive if Fil’Dx = Dg. It turns out
that the category of positive filtered (¢, N)-modules and the category of Breuil
modules are equivalent. More precisely, for any positive filtered (¢, N)-module
(D,p, N, FiliDK), we can associate a Breuil module D by defining D = S @y ) D;
wp = s ® pp; Np := Ng ®1d 4+ Id ® Np; Define Fil’D := D and by induction

Fil'''D:= {2 € D | N(z) € Fil'D and f(z) € Fil'"' Dy},
where fr : D — D is defined by s(u) ® x — s(m)x.
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In §6 of [Bre97a], Breuil proved the above functor D : D — S Q@ D is
an equivalence of categories. Furthermore, D and D(D) give rise to the same
Galois representations (Proposition 4.1.1.2 in [Bre98]), namely, there is a natural
isomorphism

Homyy (4) . v it (D, BY) ~ Homg , x i (D(D), BY)
as Q,[Gk]-modules. Here B is the period ring defined in [Bre97b).

Remark 2.3.1. In the theory of Kisin and Breuil modules, we use implicitly or
explicitly the above isomorphism to connect Galois representations associated to
filtered (p, N)-modules with those of Breuil modules or Kisin modules. To make
the above isomorphism, one set the monodromy N on B} via N(u) =1 (see §3.1.1
in [Bre98]). So strictly speaking, the monodromy structure on B, may depend on
the choice of uniformizer w. On the other hand, pick another uniformizer 7’ of K.
We have m = vn’ with v a unit in Ok. Hence u = v’ + § with v’ = log([z']) and
Bin BY,.. So N(u') = 1if and only N(u) = 1. This shows that the monodromy
structure on BZ is unique when we declare N(u) = 1 and it does not depend on
the choice of uniformizers in Ok.

One can naturally extend Frobenius from D to Agis ®s D via ¢ 1= @a_,,. ® pp.
We define a semi-linear G g-action on Agis ®g D via

oo
(2.3.1) ola®z) =) o(a)vi(—log(le(o)])) ® N*(z)

i=0
for 0 € Gg, x € D and a € Aqis. This Gi-action commutes with ¢ on Ay ®s D
(see Lemma 5.1.1 in [Liu08]).

Given a Kisin module 90, one can define a filtered p-module Mg (9M) over S in
the following: Set M := Mg(IM) = S @, e M and extend Frobenius @on to M by
OM = @s ® @on; Define a filtration on M via

(2.3.2) Fil' M := {2 € M|1 ® pm(z) € Fil'S @¢ M},

where 1 ® pon : M = S ®yp6 M — S ®e M is an S-linear map.

Now let V' be a semi-stable representation of G with Hodge-Tate weights in
{0,...,7}, T CV a Gg-stable Z,-lattice inside V, D = Dy (V) the filtered (¢, N)-

module attached to V and (9, p, G) the (i, G)-module attached to T via Theorem
2.1.1. Let D = D(D) be the Breuil module and M := Mg(MM). The following
theorem summarize the relations between Breuil modules, filtered (¢, N)-modules

and (¢, G)-modules (Kisin modules):

Theorem 2.3.2. Notations as the above. Then the following statements hold:
(1) There exists a natural isomorphism a : Q, ®z, Mg(IM) ~ D as filtered
p-modules over S’[%].
(2) There exists a natural injection

(233) L Acris RKs D—- V\/ ®ZP Acris

which is compatible with Frobenius ¢ and G -actions on the both sides.
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(3) The isomorphism « induces the following commutative diagram

Acris Rs D - Vv ®Zp Acris

(2.3.4) J

W(R) ®¢7(‘5 m—-=T7Vv ®Zp W(R)

where the top map is Equation (2.3.3) and the bottom map is Equation
(2.1.2). The left vertical arrow is induced by o restricted to & ®, s M and
the right arrow is induced by the injection TV — V'V,

Proof. (1) follows the compatibility between Kisin modules and Breuil modules.
See §3.4 in [Liu08]. (2) is proved in §5.2 in [Liu08]. The key point is that
Homy_ . o piti (Aeris @5 D, BZ..) is canonically isomorphic to V' as Q,[G k]-modules.
The proof of (3) relies on the construction of (, G)-modules. See Theorem 5.4.2
in [Liu07] and Proposition 3.1.3 in [Liul0]. O

3. THE PROOF OF THE MAIN THEOREMS

We will prove Theorem 2.2.1, Theorem 3.2.1 and Theorem 1.0.2 in this section.
Our strategy is almost the same as that in §3.2 in [Liul0].

3.1. The proof of Theorem 2.2.1. To prove Theorem 2.2.1, we first show that
the injection ¢ in Equation (2.3.3) does not depend on the choices of uniformizer.
More precisely, let D’ denote the Breuil module attached to V' and ¢’ the injection
in Equation (2.3.3) for the choice of uniformizer #’. We claim:

Lemma 3.1.1. There exists an Acis-linear isomorphism
/8 : Acris ®SL D — Acris ®S£’ D/

which is compatible with G -actions and Frobenius such that the following diagram
commutes

Acris ®S’L D — Vv ®Zp Acris

(3.1.1) aTz
Acris ®S£/ D’ #’> Vv ®Zp Acris

Proof. Let I.S = SNuKy[u] and D :=D/ISD. Then D is a finite dimensional
Ky-vector space with Frobenius ¢ and monodromy N on D induced from that
on D. Proposition 6.2.1.1 in [Bre97b] showed that there exists a unique (¢, N)-
equivariant section s : D < D and D = SQy (1) s(D) as S-modules. By Proposition
2.2.2 in [Liul2], s(D) C VV ®z, Aeis C VY ®q, By has the following relation
with D (V) = (VY ®q, B&)“%: There exists a (necessarily unique) isomorphism
i: Dgt (V) — D compatible with ¢ and N such that the following diagram commutes

D (V) V" &g, By

(312) lli l mod u
s(D)——= V" ®q, B

cris
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where u = log([x]) € B, and the inverse of i is given by y + Z N™(y) @ yn(u).

If we fix a Ky-basis €1,...,¢éq of Dg(V), then by the above dlagram we obtain a
basis e1,...,eq of s(D) by modulo u to éy,...,é&4, and

(ela"'aed) 617..., Z’Yn ’

where N € Myxq(Kp) is the matrix such that N(éi,...,éq) = (é1,...,Eq)N.
Now by changing to another uniformizer 7/, we get s'(D’) injects to V' ®g, B,
Modulo éq,...,¢éq by v = log([z']), we get the basis €],..., e} of s'(D’) and

(6/17 .- weii) = (élv 3 '7éd) Z’yn(*u,)(]v)
n=0

Write m = v’ with v = (v,)n>0 € R. Since 1y is a unit in O, log([v]) is in BZ.
Now we get

cris*

(3.1.3) (e1,...,eq) = (e),... e Z% log([v]))(N)™

We remark the sum in the right side of the above equation is indeed a finite sum

because N™ = 0 if n is large enough. Now the lemma follows the facts that

$(D) @w () S ~ D as S-modules and that the matrix Y v, (—log([]))(N)" has
n=0

coefficients in B,

cris*

O

Corollary 3.1.2. Let é1,...,é4 be an Sy [ |-basis of D and €},...,€,; an Sﬂ/[%]-
basis of D'. Then (é,...€;) = (é1,.. ed)X with an invertible matrix X whose
entries are in Sy . If V' is crystalline then X has entries in Sx .

Now we are ready to prove Theorem 2.2.1. Let é1,...,¢é4 be an G-basis of 91,
and é},...,¢é,; an G-basis of M’ respectively. Regarding M as an ¢(&)-submodule
of D via the isomorphism « : Q, ®z, Mg(9M) ~ D by Theorem 2.3.2 (1), we can
regard {é;} as an SE[%]—basis of D. Similarly, {é}} is an S/z[%] basis of D’. So by the
above corollary, we may write (é},...,¢é};) = (é1,...,é4)X with X having entries in
SYLEI, and in Sy if V' is crystalline.

Now to prove Theorem 2.2.1, it suffices to show that X has entries in W (R).
Define an ideal

TMW(R) := {z € W(R)|¢"(z) € Fil'W(R) for all n > 0}.

By Proposition 5.1.3 in [Fon94], IMW (R) is a principal ideal. We record the
following useful lemmas:

Lemma 3.1.3. Let a be a generator of INW(R) and x € B},,. If ax € W(R)
then x € W(R)

Proof. See the proof in Lemma 3.2.2 in [Liul0]. Note that ¢(t) is also proved to be
a generater of IMW(R) there. O
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Note that the construction of t also depends on the choice of w. So we denote t/
for the choice of ’. By Theorem 2.1.1 (2), we have i(é;) € TV ®z, W(R) and then
(e(t')Ti(é:) is in ' (W(R) ®4,e,, M'). Then Theorem 2.3.2 (2), (3) implies that
(p(¥))"X has entries in W(R). Then X must has entries in W(R) by the above
lemma. This completes the proof of Theorem 2.2.1.

3.2. Compatibility of basis change. Assume that 1" is a G'x-stable Z,-lattice in

semi-stable representation V of G g with (9, p, G) the corresponding (i, G)-module

via the fixed uniformizer w. Let K’ be a finite extension of K and (9, ¢, G) the

(¢, G)-module corresponding to T|q,., via the fixed uniformizer 7’ of Og:. We
would like to compare 9t and D'.

Let k' be the residue field of Ok and K| := W(k’)[%] Suppose that © = vr'™
where v = (Vy)n>0 € R with 1y € O, a unit. Set Sy C Bl be the smallest

cris

Ko-algebra containing Sx[+], Sx[7] and log([v]), and Gra = W(R)N Sy . Let
Sy C B, be the smallest Ky-algebra containing SE[%], Sy [2], and &g =

cris D

W(R) N Sz . The following result is very similar to Theorem 2.2.1.
Theorem 3.2.1. Notations as the above, we have

U(Grr By, M) =0 (Erp ®pe,, M)

as submodules of TV ®z, W (R).

If V is crystalline then &, 5 in the above equation can be replaced by &y p.
Proof. Here we provide a similar proof to that of Theorem 2.2.1. We first reproduce
Lemma 3.1.1. We claim that there exists an Acis-linear isomorphism

B 1 Acris ®5, D = Acris ®s,, D’

which is compatible with G gs-action, Frobenius such that the following diagram
commutes
Acris ®S’L D — VY ®Zp Acris

aTz

!
L
Acris ®S£/ D —— Vv ®Zp Acris

The only difference is that 8 is only G ir-equivariant. To prove the claim, we
use almost the same proof as that of Lemma 3.1.1 but with extra care on the
monodromy structure of Bfi. Write V' := V|g,, and D' := D'/I, SD’. We still
have Diagram (3.1.2) for V' and V. Fix a Ky-basis €1, ..., €4 of Dg (V). Then {é;}
is a K{-basis of Dg(V'). By modulo v’ = log([n’]), we have a basis €/,... e/, of
§'(D’) and the relation

(€1 relh) = (E1,-.,8a) Y ym(—w)(N)",
n=0

where N’ € Mgy q(K}) is the matrix such that N(é;,...,&4) = (€1,...,&4)N’. Note
that we use the convention N(u') = 1 by Remark 2.3.1.
Similarly, we obtain a Ky-basis ey,...,eq of s(D) and

(1, rea) = (E1,..,€a) > yn(—w)(N)",
n=0
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with N € Mgxq(Ko) the matrix such that N(é1,...,é4) = (€1,...,E4)N. But the
convention used here is N(u) = 1. To find the relation between N and N’, let us
fix the convention N(u) = 1. Since = = v7’™, we have u = mu’ + log([v]) and then
N(u') = L. Consider the equation

(€],...,e Z'yn )= (€1,...,€4) = (e1,...,€ Z*yn

Taking monodromy on the both sides, we get N’ = mN. So Y. v, (—w)(N )" =
n=0

> A (=mu’)(N)™. Hence we still obtain Equation (3.1.3):
n=0

(e1,...,eq) = (ef,...,¢€ Zvn log([v]))N™.

The remaining for the proof of the claim and the theorem is the same as that of
Theorem 2.2.1.

O

3.3. Comparison between Wach modules and Kisin modules. Throughout
this subsection, we assume that K = K| is unramified. We have a natural embed-
ding W (k)[v] to W(R) via v — [¢] — 1 and denote &, C W(R) the ring & via the
embedding v — [¢] — 1. Note that T' := Gal(K,~/K) acts on W (k)[v] naturally
and commutes with p-action. Set ¢ := ¢(v)/v. Following [Ber04], a Wach module
of height r is a finite free G.-module M with the following structure:

(1) There exist semi-linear g-action and I'-action on 91 such that gy and '
commutes.

(2) The cokernel of linear map 1 ® pn : &, @y e, N — N is killed by ¢".

(3) I'm acts on M/vMN trivially.

For any Wach module 0, we can attach a Z,[Gk]-module
Twa(MN) := Homg, (M, W(R));

For any f € Twa.(M), g € Gk, gactson f via (gof)(z) = g(f(g7'z)),Vx € N, where
G acts on M via G — I'. We note that usually one attaches M a representation
via T(MN) := (M®e, A)?=" (as in §1.2 in [Ber04]), where A is constructed as follows:
Let £ be the maximal unramified extension of & in W (FrR), where FrR is the
fraction field of R and &, is the fraction field of the p-adic completion of W (k)[v][2].
Set A to be the p-adic completion of the ring of integers of £". But it is well-known

that Ty, is the dual of T.

[ee]
Let BIg be the ring of series > a,v™,a, € Ky such that the formal series
n=0

o) RN ~
> ap X™ converges for any x € O (the p-adic completion of O%). Let B C R,
n=0

o0 ~
be the subring containing the sequence an,t!™. Tt is easy to check that Bji'g C B.
n=0
The following Theorem is a summary of properties of Wach modules that we
need from [Ber04]:
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Theorem 3.3.1. (1) The functor Ty, induces an anti-equivalence between the
category of G i -stable Zy-lattices in crystalline representations with Hodge-
Tate weights in {0,...,7} and the category of Wach modules of height r.
(2) Write T := Twa (). Then T, induces an injection

LWa W(R) s, N TV ®z, W(R)

with the corkernel killed by v".

(3) Devis(V) = (B, ®s, M and (B, ®s, M)/ (B, ®q, Dexis(V)) is killed by

rig i rig rig
some power of [[°2, ‘pT@).
Proof. See Theorem 2, Proposition I1.2.1, Proposition I11.2.1, Theorem III1.3.1 in
[Ber04]. O
Now we can follow the similar idea of §3.1 to prove Theorem 1.0.2. Let é4,...,éy4

be an G.-basis of the Wach module 91 and ey, ..., eq a Ko-basis of Deis(V). The-
orem 3.3.1 (3) implies that (e1,...,eq) = (é1,...,64)Y with Y a matrix having
entries in B;';g. Since “"n%(q) is a unit in B for n > 1, Y is an invertible matrix
with Y=1 € Mgxa(B). On the other hand, if &, ...,¢&, is an & -basis of the Kisin
module 9, then we have seen from §3.1 that (e1,...,eq) = (€},...,€,)Y’ with Y’
a matrix having entries in Sz[%]~ Note that both Y and Y’ are invertible matrices
in Myxa(Rr,). Therefore (é1,...,64) = (€],...,€;)X with X = Y'Y 1. On the
other hand, Theorem 3.3.1 (2) implies that v"(i(é},...,€)))) C twa(W(R) ®s, N).
Therefore v" X has entries in W (R). It is well-known that v = [¢] — 1 is a generator
of IMW(R). So Lemma 3.1.3 implies that X has entries in W (R). Similarly we

can show that X ! has entries in W (R).

Now we conclude that Z(ﬁ, Rp,c M) = LWa(ﬁ, ®es, N). To prove Theorem 1.0.2,
it suffices to show that &, = (ﬁ)HP“ . Since it is easy to show that BNW (R) = &,
it suffices to check that (Rg,)"»> = B.

Note that the Gx-actions on Ry, factors through G. We have the following
results on Gp and Goo-invariants of R, :

Lemma 3.3.2. (Rg,)% =B and (Rg,)> = S[%]-

Proof. We first show that (Rx,)%»> = B. First assume that p > 2. Since G =~
Gpe X Hg by Lemma 5.1.2 in [Liu08], we can pick a 7 € G, such that 7 is
a topological generator of Gy~ and [e(T)] = exp(—t). For any x € Rg,, by the
definition of R, , we may write z = > fu® with f; € B. It suffices to show that
fi = 0 for any 7 > 0. Note that 7 acts on B trivially and 7(u) = ule(7)] = uwexp(—t).
Hence 7(z) = Y o, fi(exp(—t))*u’. So by Lemma 7.1.2 in [Liu07], z € (R, )%™
implies that f;(exp(—t))’ = f; for all i. Therefore f; = 0 unless i = 0. If p = 2,
then §4.1 in [Liul0] shows that we can pick a 7 € G such that [¢(7)] = exp(—2t).
The remaining proof can proceed the same as before.
For the proof of (Rx,)%= = S[%], we use the essentially the same idea. For any
z € Ri,, we can write x = Y72 f;t/ with f; € S[%]. For any g € Goo, g(u) = u
and ¢(t) = xp(g)t where X, is the p-adic cyclotomic character. Then the statement
that (Rx,)%> = S’[%] again follows Lemma 7.1.2 in [Liu07].
(]
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4. APPLICATIONS TO DE RHAM REPRESENTATIONS

4.1. Various lattices in Dy (V). Let T be a Gx-stable Z,-lattice inside a semi-
stable representation V' of G with Hodge-Tate weights in {0,...,7}. By using
Kisin modules or its variation, we can attach the following @-stable W (k)-lattices
(related to T') in Dy (V) as the following: Let 0t = (M, , G) be the (o, G)-module
attached to T', D = S[%] ®p,6 M and D :=D/ISD. Recall there exists a unique
(¢, N)-equivariant section s : D — D. By Proposition 2.2.2 in [Liul2], there exists
a unique isomorphism of W (k)-modules ¢ : Dg (V) =~ s(D) to make Diagram (3.1.2)
commutes. Now we can define
M (T) := (i 0 8)(M/uM) C Dyt (V)
as in [Liul2], §2.3. On the other hand, set M = Mg(IM) = S @, e M C D, we can
define
My (T) =i (s(D) N M).

Let w € Ok and w = (w,) € R with w, a p"-th root of w. Set v := log([w])
and AJ; := A.is[v]. It is obvious that A;[%] = B and the construction depends
on the choice of v. If we define the monodromy operator N on B via N(v) = 1
then we see that AJ; is Gx-stable, p-stable and N-stable inside BJ. Define

M (T) == (TV @z, A%)°".

If V is crystalline then M, (T) = (TV ®z, Acris) 9% and the construction of My, (T)
does not depend on the choice of w in this case.

Remark 4.1.1. According to Remark 2.3.1, the integral theory via Kisin modules
or Breuil modules uses the convention N(u) = 1. So if we set N(b) = 1 as the
above then we change the monodromy setting of Breuil-Kisin theory. But luckily,
the construction of Mj,, does not depend on Breuil and Kisin’s theory.

The following Proposition summarizes some properties of these lattices.

Proposition 4.1.2. (1) My (T) C My (T). There exists a constant ¢, depend-

ing on e = [K : K] and r such that p** My (T) C My (T).
(2) Assume that V is crystalline. Then My(T) C Min (T). There exists a

constant cy depending on e and r such that p® Min, (T) C Mst(T).

) My (T) is N-stable inside D. So is My (T) if p > 2.

) Miny(T') is @-stable and N-stable inside Dg (V).

) The functor My : T — M (T) is left exact.

) Ife=1,r<p—2andV is crystalline then My = Mst = M-

Proof. (1) Write M = My(T), q : D — D and M = sog(M). It is easy to check that
M /ud = q(M) inside D. So it suffices to show that M C M. Note that sog(z) = z
for any = € s(D). Since M C M, we see that M = s o q(M) C soq(M) = M. To
show the existence of the constant ¢; it suffices to show that there exists a constant
¢1 such that p®* M C M and this has been proved in Lemma 7.3.1. in [Liu07].

(2) We regard D as a submodule of VY ®z Acris via the injection ¢ : Aeis®sD —
VY ®z, Acris by Theorem 2.3.2 (2). It is easy to check that M C TV ®z, Auis
by Theorem 2.3.2 (3). By the construction of isomorphism ¢ in Diagram (3.1.2),
$(D) = Deuis(V) if V is crystalline. So we have that Mst(T) C Min(T). Let
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e1,...,eq be a W(k)-basis of M = My(T). For any x € M, (T) we may write
x =) .aje; with a; € Ky. By Lemma 5.3.4. in [Liu07], t"z € Ay ®g M. By
the proof of Proposition 2.4.1. in [Liull], we see that there exists a constant cg
depending on e and r such that p® Aeis ®s M C Aeris @y M. By (1), we may
assume that p® Acis @ M C Acris Qw (k) M. That is, pt'r = Y, a;p®tie; €
Acris @w (k) M. So pt"a; € Acris. Let c¢q4 be the largest integer depending on r
such that ¢ /p® € Aes. Then we see that co = ¢3 + ¢4 is the required constant.

(3) These are consequences of Proposition 2.4.3, and Proposition 2.4.1 in [Liul2].
Note that Proposition 2.4.1 requires p > 2.

(4) and (5) are obvious from the construction. We note that (5) is different from
the statement (3) because we change the N-structure on BZ; by setting N(v) = 1.

(6) In this situation, the Gk-stable Z,-lattices can be studied by Fontaine-
Laffailles theory in [FL82]. Recall a strongly divisible W (k)-lattice (L,Fil'L, ;)
is a finite free W(k)-module L with the following structures:

e A filtration Fil'L C L such that Fil’L = L, Fil’ 'L = {0} and L/Fil'L is
torsion free.

e ¢; : Fil'L — L is a Frobenius semi-linear map such that Vilpii+i, = PPit1-

o Y2 gi(Fil'L) = L.
Since pﬂ(p(FiliAcris) in Auis for 0 < i < p—1, one can define ¢; := ¢ /p’ : Fil Agris —
Acris- By the main result in [FL82], there exists a strongly divisible W (k)-lattice
(L, Fil'L, ¢;) such that Homyy () Fiti o, (L Acris) = T and L[%] = Deyis(V) as filtered
(¢, N)-modules (we can define ¢ on L by ¢ = ). On the other hand, define
L:=8®wamw L, FII'L := Y|, Fil'S @ Fil" 'L, and a semi-linear map ¢, =
ZLO ©0is ® pr_ir : FiI'L — L, where ¢; g := s /D' Fil’S — S and Pr_i =
¢r_i : Fil'°L — L. Tt is easy to check that (£,Fil"L,¢,) is a quasi-strongly
divisible S-lattice? inside D in the sense in [Liu08] (see Definition 2.3.3). On the
other hand, M = Mg(9M) is also a quasi-strongly divisible S-lattice inside D,
which is the key point in [Liu08], §3.4. For any quasi-strongly divisible S-lattice A/
inside D, Proposition 3.4.6 loc. cit. show that the functor

Tcris : N — HomS,Filr,QOr (Nv Acris)

establishes an anti-equivalence between the category of quasi-strongly divisible S-
lattices and the category of G'oo-stable Z,-lattices inside semi-stable representations
with Hodge-Tate weights in {0,...,r}. Now we claim that Tiis(L£) = Teris(M) as
Z,[Gs]-modules and consequently £ ~ M. Indeed, it is straightforward to check
that Teis(£) ~ Homyy ) piti g, (Ls Aeris)|Goo = TlGo, - On the other hand, combing
Lemma 3.3.4 in [Liu07] and Theorem 2.1.1 (3), we see that Teys(M) =~ T (M) ~
T(Q}I)\Gw = Tlg.- S0 Teis(L) =~ Teris(M). In summary, there is an S-linear
isomorphism M =~ S @y (1) L compatible with ¢-structures. Recall that s : D — D
is unique g-equivariant section for the projection D — D. So we conclude that
s0q(M) = L = My(T) = My(T).

It remains to show that M;, (1) = M (T). The idea is the same as the proof of
existence of ¢z (co = 0 in this case). Let eq,...,eq be a W(k)-basis of L = M, (T).
For any = € M, (T) we may write x = ), a;e; with a; € Ky. Lemma 5.3.4. in

2Here we use “S-lattices” to distinguish strongly divisible W (k)-lattices in Fontaine-Laffailles
theory.
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[Liu07] showed that "2z € Acris @5 M = Acris @w () L. Hence t"z = 3, a;t"e; €
Acris @w@) L. So t"a; € Aeis. As r < p — 2, a; has to be in W(k) to make
aitr S Acris- |:|

Remark 4.1.3. The functor My enjoys some nice properties. For example, it is
useful to study torsion representations discussed in [Liul2] and [Liull], and it is
compatible with tensor products. But Mg does not have good exact properties
where M;,, is left exact. And this is important for §4.3.

Example 4.1.4. Unfortunately, the functor M is not left exact as claimed in
Theorem 2.1.3 (the remaining of the theorem is still correct). Indeed, Example
2.5.6. in [Liul2] just serves the example that M neither left exact nor right exact.
For convenience of the readers, we repeat the example here. Let K = Q,(7) with
7Pl = p. Set E(u) = uP~! — p. Let M be the rank-2 Kisin module given by
p(e1) = ey and @(e2) = uey + E(u)es with {e;} an G-basis of M. Let &* = & ¢ be
the rank-1 Kisin module with e the basis and ¢(e) = E(u)e. Consider the sequence
of Kisin modules

(4.1.1) 056" SmL -0

where f and 1 is induced by f(e1) = p and f(e2) = u and i(e) = ue; — pes. It is easy
check the sequence is a left exact sequence of Kisin modules with height 1 and the
sequence is exact after tensoring Og, which is the p-adic completion of 6[ ]. As
explained above Example 2.5.5 in [Liul2] and Lemma 2.5.4. loc. cit., Theorem (0.4)
in [Kis06] implies that the above sequence of Kisin modules can be naturally be
extended to sequence of (¢, G’)—modules, and T of the sequence is an exact sequence
of G -stable Z,-lattices in crystalline representations with Hodge-Tate weights in
{0,1}:
0—=Z, =T —Zy(l) = 0.

Now modulo u to the sequence in (4.1.1), we get the sequence of W (k)-modules:
0 W(k) e ML Wk —o,

where M = 9 /ud ~ My (T). We can easily check that the above sequence is not
exact on M and W(k). Hence the functor My is not left exact according to the
construction of M.

4.2. Various lattices in Dgr (V). Let V' be a De Rham representation of Gg
with Hodge-Tate weights in {0,...,r} and T a Gg-stable Z,-lattice inside V. It
has been proved that V' is potentially semi-stable ([Ber02]). Let us assume that V'
is semi-stable over K’, which is a finite and Galois over K. Let k¥’ be the residue
field of K" and K, := W(k’)[%]

Set Dar(V) = (VY ®q, Bir)* and Dy k= (VY @z, BH)%« . It is well-
known that Dar,x (V) := (VY ®q, BOTR)GK/ = K'®g; Dyt i/ (V) and Dy i has a
semi-linear Gal(K'/K)-action. Let M, g/ (T) C Dy, (V) denote the lattices Mg,
My, and M, constructed in §3.1 for T'|q,., .

We define one more lattice before discussing the properties of M, /. Let
(M, ,G), M C D and D denote the data attached to T|q,, as in the begin-
ning of §3.1. Since D = S @w ) s(D) via section s and D is isomorphic to
D i (V) via the isomorphism 4 in Diagram (3.1.2), we may identify D/Fil' SD
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with DdR,K’(V)~ Set Mar, k' (T) = M/FﬂlSM C D/FﬂlSD ~ Dyr, Kk’ (V) and
MdR(T) = DdR(V) n MdR,K/(T)~

The following proposition shows that the constructions of My x+ and Mygr, x+ do
not depend on the choice of uniformizer m € Q.

Proposition 4.2.1. Notations as the above, constructions of My i+ and Mygr i
do not depend on the choice of uniformizer m € Og. If V is potentially crystalline
then Mg i+ and Miny k' also do not depend on the choice of uniformizer m € Og.

Proof. Since we only use G/-structure in the following proof, without loss of gen-
erality, we may assume that K = K’. Suppose that we select another uniformizer
7’ € Ok and the embedding & C W(R) via u +— [r']. We add ’ to all the data for
the choice uniformizer 7’ and the embedding & C W(R) via u — [r']. We note that
the embedding s : D € D C TV ®z, B, indeed depends on such choice because the

cris
isomorphism =1 : s(D) =~ Dy (V) is given by y — > N(y) ® v;(u), unless N =0
=0

or, equivalently, V' is crystalline. So we label the isomorphisms i, : Dg (V') ~ s(D)
and i/ : D (V) =~ §'(D’) to distinguish them. Recall that I; R C R is the maximal
ideal of R. Let v : W(R) — W(k) be the projection induced by modulo W (I R).
§3.2 in [Liu12] showed that v can be naturally extended to v : Bf — Ky such that
v(u) = 0, where Ky = W(l_c)[%] We write I := Ker(v).

From the construction of Mg, we have the following commutative diagram:

od I ~
Dy (V)C Bl ®sD "> Ko ®x, Dt (V)
ill i mod u
s mod I ~
s(D)— DC Bctis ®sD ————— Ky ®g, D

]

M——— W(R) R, M —— W(I_C) Qw (k) M /udN

Here ~ is just the composite of maps W(R) ®, e M m‘Od;JrW(ff) Qw (k) M /udt
and W (k) Qw (k) M/uIN — K, ®K, D. Let us write « for the composite of maps
in the first row of the above diagram. It is obvious that the first row (hence «) is
independent on the choice of uniformizer m, while the second and third rows are.
The above diagram and the construction of Mg (T) = i~! o s(9/ud) shows that
M (T) = (ot o 1)(W(R) ®p,6 M).

Now we select another uniformizer 7’ € O+ and the embedding & C W(R) via
u — [x']. We still get the above diagram and M/ (T) = (™ o) (W(R)®y,s_, M').
By Theorem 1.0.1, we have W(R) ®, s _, M = W(R) ®,.s, M as submodules of
TV ®z, W(R). Hence vy(W(R) ®p6, M) = v (W(R) ®ps_, M). Since a is
independent on the choice of 7, we conclude that My (T) = M/ (T).

We use the similar idea as the above to show that Mygr(T) does not depend on
the choice of . For any subring B C Bg‘R, recall that Fil'B = FillB:{R N B. For
any ring A C B such that W (k) C A, we have a natural map

0: A®w Ok C B @k, K C By — By /Fil'Bf, =C,
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induced by modulo Fil'. Now according to the construction of Mg (T), we can
modify the above diagram as the following:

Dar(V)C K ®k, BE ©s D 2V ¢ 9y Dan(V)

ill i mod u

K X Ko S(D)Ci) K XK, D Bcns ®s (K XK, D) mod FII(C ®K K QKo D)

mod Fil'
—_—

M > A @9 M Oc, ®o, M/Fil'M

We see that the map ax in the first row is still independent on the choice of
uniformizer 7 and Myg(T) := (oz;(1 0 YK )(Aeris ®s M). Now repeat the proof of
that M does not depend on the choice of 7, we conclude that Myr(T) does not
depend on the choice of 7.

When V is crystalline (as we assume that K’ = K), we see that $(D) = Ds(V)
which does not depend on choice of 7. It is clear from the construction of My
that Mst(T) = 5(D) N (Aeris ®5 M). Since Auis ®p.s_, M = Acis Qp, M as
submodules of T ®z, W(R) by Theorem 1.0.1, we conclude that Mst does not
depend on the choice of uniformizer 7. Finally, it is obvious from the construction
that Miny(T") does not depend on the choice of 7 or w if V is crystalline.

O

We wish to discuss the formation of those functors when base changes. Let
K" /K’ be a finite extension, k” the residue field of K" and O the ring of integers.

Proposition 4.2.2. (1) Mg, i (T) = W(E") @w ry Mse,x (T).
(2) Mar,x»(T) = Ogr ®@0,., Mar,x'(T).

Proof. To prove (1) and (2), we use almost the same ideas as the proof of the above
proposition. By the first commutative diagram in the above proof, My x»(T) =
(@™t o) (W(R) ®pe M) C Dst (V). By Theorem 3.2.1, W(R) Rp,a_, M =
W(R) ®4,6,, MM as submodules of TV ®z, W(R). Hence we have My i (T) is
just (™' o 7)(W(R) @46 M) restricted to Dg (V). That is, My s (T) =
Mg, k7 (T) N Dgy g/ (V). Since Mg, i/ (T') is a W(k')-lattice inside Dy (V) and
Dy (V) = W(kH)@W(k’)Dst,K/(V) we get W (K" )@w (o) Mst, i (T') C Mo,k (T).
But

W(];) ®W(k/) fm//[g/]‘)ﬁ’ = W(R) ®LP,6.,,I m/ mod W(I+R)
= W(R) ®‘P’6-n—" m” mod W<I+R) = W(Ig’) ®W(k‘”) ‘)ﬁﬂ/[ﬂﬁpﬁ”.

Hence My, g+ (T') must generate Mgy i (T) as W (k"' )-modules and then we conclude
W(E") @w (k) Mgy, i (T) = My, i (T'). The proof of (2) proceeds totally similarly.
O

If V' is semi-stable non-crystalline then Mi,, x in general does depend on the
choice of w. To study de Rham representations of Gg in the next subsection, we
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fix a uniformizer w of Ok to define Ay from now. Set
Wi (T) = Dar(VIN( O @ (1) Miny. i (T)) = (O vy ) M s (1)) S48,

It is easy to see that Miy, (T) is an Og-lattice in Dag (V) but lost the (o, N)-action.
The following lemma summarizes the useful properties of My .

Lemma 4.2.3. (1) Let K"/K' be a finite extension with the residue field k".
Then Minv,K”(T) = W(k”) ®W(k’) Minv,K’ (T)
(2) The construction of My does not depend on the choice of K'.
(3) The functor My is left ezact.
(4) Assume that Ty — Ty is an injection of two Gk -stable Zy-lattices of De
Rham representations. If p* kills the torsion part of Ty /Ty then p® kills
the torsion part of Minv(TQ)/va(Tl).

Proof. (1) Tt is clear that Minv,K”(T)[%] ~ W(k”)@w(k,)Minv’Kr(T)[}%]. So we have
W(E") @w (1) Miny, k' (T) C Miny, i (T') as lattices inside Miny, i (T)[%] Hence to
prove (1) it suffices to assume that K" /K’ is Galois. Write D" := Mim,yKu(T)[%],
D' = Minv’K/(T)[%], Kl = W(kz”)[%] and K} = W(k’)[%] We see that D" has
a semi-linear Gal(K"/K’)-action and D" ~ K ®p; D' as Gal(K"/K')-modules,
where Gal(K"/K') acts on D’ trivially. It is obvious that the Gal(K"/K')-action
factors through I' := Gal(K{ /K{)), Miny ik~ (T) C D" is I-stable and M,y i/ (T') =
Miny i (T)Y. Then Miyy o (T) = W (K") ®w (k') Minv, i/ (T') by the étale descent.

(2) Suppose that K" is another Galois extension of K such that V' is semi-stable
over K”. Let k" be the residue field of K”. We need to show that

(4.2.1) (Okr @w (k) Miny, i (T)) ST = (O @y (arry My, s (1) S/,
Without loss of generality, we can assume that K’ C K”. As Gal(K"/K)-module,
(1) shows that

Ok @w (k) Miny,x (T) ~ Or @0,., (Or' Qw (k) Minv,x/ (T)).
Note that Gal(K"”/K’) acts on (Og’ @w (k) Minv,x/(T)) trivially, we obtain

(O @w ey Miny, e (T)SHEED = (O ger) S @y M 1 (T)
= Ok @wu) Miny,x(T).
Then Equation (4.2.1) follows by taking Gal(K’/K)-invariants by the both sides of
the above equation.
(3) Suppose that we are given an exact sequence 0 — 77 — T — T" — 0.

Applying functor M,y i/, we obtain a left exact sequence 0 — M" — M i> M’
by Proposition 4.1.2 (5). We can decompose the above sequence by two sequences

0> M —M-%N—0and N <5 M’ such that the first sequence is exact. We
note that the N is a finite free W (k’)-modules as N is a submodule of M’. In the
following, we denote Ax/ := Ox’ Qi) A for a W(k')-module A. Since Ok is

flat over W (k'), we still get the exact sequence 0 — MY, — My ™5 Ngi — 0

and Ny <& M., Taking Gal(K'/K)-invariants, we obtained a left exact sequence
0 = Miny(T") = Miny(T) 2 (Nge)GUE /K and (N, )Gl 1K) ey N (T7).
Write fx+ @ Miny(T) = Miny(T"). We can easily check that Ker(fx) = Ker(gx-).
Hence the sequence 0 — Minv(T”) — Minv(T) — Minv(T/) is left exact.
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(4) Since My is left exact, without loss of generality, we can assume that
Ty /TY is killed by p®. It is obvious from the construction of M,y k- to see that
Miny i (T2) /Miny, k' (T1) is killed by p®*. After tensoring Ok and taking Galois
invariants, it is trivial to check that p® kills Minv(TQ) / Minv(Tl)-

]

It is easy to see that Miny (1) C (TV ®z, As Ow (k) O%)¢%. But we do not know
how to prove that M, (T) = (T ®z, Ast Qw (k) Ox)“x

4.3. The direct limit of de Rham representations. Let I be a partial order
set and {L;},cr be a family of G-stable Z,-lattices in de Rham representations
V; of Gk with Hodge-Tate weights in {—r,...,0} (r is independent on 7). Let
L= li_r>1r1ie s L; be the direct limit. Fix a uniformizer w € Ok as the last subsection
to define Ay and Mi,,. We define a covariant version of Mi,, via M:* (T) =

Min (TY). Set M; = Mg, (Li) and M :=liy, _ M,

Recall that L is p-adically separated if L injects to the p-adic limits Lof L, or
oo
equivalently, [ p™L = {0}.

n=1

Proposition 4.3.1. If Lis p-adically separated then M is p-adically separated.

Proof. Write f;; : Ly — Lj and g;; = ler(fu) M; — M. Note that L;/f;;(L;)
and M;/g;;(M;) may not be torsion free. Pick a y € M such that gl( ) # 0

where g; : M; — M is the natural map. We need to show that g¢;(y) & ﬂ p*M
n=1

o0
Suppose that g;(y) is in () p"M. Then there exists a subset J = {j,} C [
n=1
with j, < jn41 and y, € M,, such that p"y, = g, (y). Consider the space
Ker(fi;,) C L;, which is an increasing sequence of saturated finite free O x-modules
inside L;. So they have to be stable after deleting finite many j,. Hence without
loss of generality, we may assume that all Ker(f;;, ) are the same and then f;;, (L;)
f, Qn

are all isomorphic. Now we decompose fi;, : L; — Lj” to L; Iy fijn(Li) = Lj,

and apply the functor M . Then we get the map M; 2% M (fi;, (Li)) & M;,
where g, = M (f,) and &, = M (« n). Note that a;, is an injection because

My is left exact. Since 9ij, = Qp © fn, if p®» and p®» kills the torsion part
of My (fij. (L) /Gu(Ms) and M, Jén(Mi (fis, (L)) respectively, then pn+br
kills the torsion part of M;, /gi;, (M;). Now we claim that there exists an integer
m; such that p™: kills the torsion part of Lj, /fij,.(L;) for all n. Let us first
accept the claim. Then Lemma 4.2.3 (4) proves that p™ kills the torsion part of
M;, /én (M, (fi, (L:))). Since the exact sequences

0— Ker(fijn) — Li g fijn (Lz) —0

are isomorphic for all n, we see that an is independent on n. Hence there ex-
ists an m] independent on n that p™: kills the torsion part of Mj, /g;;, (M;), and
this contradlcts the existence of y,,. Hence g;(y) has to be 0 and M is p-adically
separated.
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Now it suffices to settle the claim. Since all f;;, (L;) are isomorphic, without
loss of generality, we may assume that f;;, are injective for all n. Hence we may
regard L; is a submodule of L; via fi; . Let T, = (Q, ®z, L;) N Lj,. Then
T, are increasing finite free Z,-lattices inside Q, ®z, L;. It suffices to show that
Ty = Ty if mis sufficiently large. In fact, if T;, is keeping increasing its size then
it is easy to show there must be a x € L; such that z = ply,, for a y,, € T,,, C Ly,
for [ > 1. But this contradicts that L is p-adically separated.

O

The above proposition is actually motivated by the situations in [Eme06] and
[Cai]. In the following, we discuss the situation in §7.2 of [Eme06] and also use

notations there. Fix a compact open subgroup K? of GLQ(@’); We refer to K? as
the “tame level”. Fix a finite extension E of Q, with ring of integers Og. Write

' (KP)o, = lim H'(Y (K?K,) /5. Or).
KP

where the inductive limit is taken over all open subgroups K, of GL2(Z,), Y (KPK))
is the modular curve determined by K? K, and the cohomology is étale cohomology.
By Lemma 7.2.1 in [Eme06], H' (KP)e,, is torsion free and p-adically separated. Set
s (KP)o, the p-adic completion of H'(K?)p, and ﬁl(Kp)E =ERQo, i (KP)op.
Lemma 7.2.5 loc. cit. showed that H' (KP)p is an admissible unitary representation
of GL2 (Qp) .

Since we only concerns the local properties at p, we restrict all the above Ga-
lois modules (they are Z,[Gal(Q/Q)]-modules) to Gal(Q,/Q,) but still use the
same notations. Now apply the functor M, to H* (Y(KPKp)/g:Op) and set
Mg, kv = Mi’:w(Hl(Y(Kpr)/@, Og)). By comparison theorem, Mk, k» is ob-
viously a Zy-lattice in the de Rham cohomology HéR(Y(Kpr)@, E). Proposition

~1
4.3.1 implies that Mg» = hﬂKp Mg, kv is p-adic separated. Define Hyp (K?) the

~1 ~1
p-adic completion of Mg» and Hyr (K?)g := E®p, Hyg (K?). By the construction

N ~1
of Miny, we easily see that Hyg (K?)g has a continuous action of GL2(Q,). It is
natural to ask the following questions:

~1
Question 4.3.2. (1) What we can say on the GLy(Q,)-action on Hyp (KP)g?
Is it an admissible unitary representation of GL2(Q))?

~1 ~1
(2) Is there any relation between H (K?)r and Hyr (K?)g? Could we build a
comparison theorem to compare them?

Let T' be a Gk-stable Z-lattice inside a De Rham representation. We may
define Mi‘:K,(k) (T) := lim Mi“‘f’ #(TY) where F runs through all finite extensions of
K. It is easy to see that MY ® (T) is a finite free W (k)-module with a (¢, N, Gx)-

inv
action and the G k-action factors through a finite quotient of Gx. We note that

Proposition 4.3.1 is still valid after replacing My by Mi‘x(k), because the proof

only uses the Lemma 4.2.3 (3) and (4) and it is easy to check that these are still
valid for Miz[f,(k). If we apply the functor M. to H'(K?)p, the above then the

direct limit of MiYK,(E)(Hl(Y(K PK,)/Q,,OF)) is separated and can be completed.
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W (k)

~1, . .
Denote this completion Hy (KP)o,,, which has a natural (¢, N, Gk )-action and

~1,W (k)

a GL2(Qp)-action. It is natural ask Question 4.3.2 (1) for H (KP)p, again

"W gy, T (KP)p and

~1,
and the question that what are relations between H
~1
Hyr (K7) 5. 7

Finally, we may define MSZV(’“) (T) = lim . Mg, (T"), which is another W (k)-

lattice inside Q, ®z, MY *) (T') which is (¢, N, Gk )-stable. Though the functor

Mszv(k) enjoys many good properties (for example, Mst’F(Hl(Y(K”Kp)/@p,OE))
does has geometric interpretation if Y/(K?K),) has a good reduction over F), we
do not know the direct limit of Ms‘f(k) (HI(Y(K”KP)/@p, Og) is p-adic separated
as the functor My in general is not left exact. Hence its p-adic completion may

~1
contain few information to understand H (KP)g.

5. ERRATA FOR [Liul2]

Theorem 2.1.3 in [Liul2] claimed that the functor My, is left exact. Unfortu-
nately this is false as Example 4.1.4 explains. Given an exact sequence of lattices
in semi-stable representations 0 — 77" — T — 7" — 0, Lemma 2.5.4 in [Liul2]
showed that the associated sequence of Kisin module 0 — 9 — 9 — 9 — 0 is
left exact. But it is not true in general that the sequence

0 — M’ /ud” — M/udM — M’ Jud’ — 0
is exact on M /uM. This is exactly the mistake (of the sentence right before Lemma

2.5.4 in [Liul2]) when proceeded the proof that My is left exact.

Theorem 2.1.3 in [Liul2] except this claim is still correct and we have not used
this claim in [Liul2] and our other papers.
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