FILTRATION ASSOCIATED TO TORSION SEMI-STABLE
REPRESENTATIONS

TONG LIU

ABSTRACT. Let p be an odd prime, K a finite extension of Qp and G :=
Gal(Q,/K) the Galois group. We construct and study filtration structures
associated torsion semi-stable representations of G. In particular, we prove
that two semi-stable representations share the same p-adic Hodge type if they
are congruent modulo p™ with n > ¢/, where ¢’ is a constant only depending on
K and the differences between the maximal and minimal Hodge-Tate weights
of two representations. As an application, we reprove a part of Kisin’s result:
the existence of a quotient of the universal Galois deformation ring which
parameterizes semi-stable representations with a fixed p-adic Hodge type.
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1. INTRODUCTION

Let k be a perfect field of characteristic p > 3, W (k) its ring of Witt vectors,
Ko = W(k)[1/p], K/Ky a finite totally ramified extension, G := Gal(K/K). The
aim of this paper to study filtration structure attached to torsion semi-stable rep-
resentations.

If V is a semi-stable representation of G then V can be naturally attached
to filtration structure because semi-stable representations are classified by filtered
(¢, N)-modules via classical p-adic Hodge theory. Since V' always admits integral
structures and torsion structures, i.e., G-stable Z,-lattices and torsion representa-
tion obtained by quotients of such lattices, it is natural to ask if we can associate
similar filtration to those integral and torsion structures. If K is unramified and
V is crystalline with Hodge-Tate weights in {0,...,p — 2} then one can attach
such integral and torsion structure via Fontaine-Laffaille theory [FL82]. The aim
of this paper is to construct and study such structures in a more general setting,

in particular, without restriction of ramification and Hodge-Tate weights.
st,r

More precisely, fix an integer r > 0. Let Rep@; denote the category of semi-

stable representations of G with Hodge-Tate weights in {0, ...,r}, Repsztp’r denote
the category of G-stable Z,-lattices inside representations which are objects in

Repa’r and Repfg’rr denote the category of p-power torsion representations 7" such

that there exist lattices Aq, Ay € Repsztf satisfying A; C As and T ~ Ay /A;. The
objects in Repfg’f are also called torsion semi-stable representations with Hodge-
Tate weights in {0,...,r}. In [Liull], for any A € RepSZZT with V := Q, ®z, A, one
can construct a W (k)-lattice Mg (A) C Dy (V) = (By ®g, V)¢ which is ¢-stable
and N-stable, where V'V is the Q,-dual of V/ 2. Note that D = K ®k, Dst (V) has
a natural filtration structure Fil’ D induced from (Bar ®q, VV)E. Now set My :=
Ok QOw (k) M (A). Tt is natural to define that Fil' My := My NFil'Dg. For any
T e Repi’ let j: Ay C Ay € RepSZZT be the inclusion of two lattices such that T ~
As/Aq. Since My is a contravariant functor, there exists a W (k)-linear map Mg (5) :
Mg (A2) = Mg (Aq). In fact, My (j) is an injection (see Corollary 3.2.4 in [Liull)).
So we define My ;(T) := Mg (A1)/Mg(A2) and associate a filtration structure on
Mst,j (T)K = 0K®W(k) Mst,j (T) via FﬂzMst,j (T)K = qK(FﬂZMSt (Al)K)7 where qK
is the natural projection gx : Mg (A1) xk — Mg, ;(T) k. Note the above construction
does depend on the choice of pair of lattices 7 : A1 C Ag such that T ~ Ay/A;.
However we prove that there exists a constant ¢ only depending on r and K such
that the construction of FiliMSw—(T) x is “independent on” the choice of j up to a
pe-power (see Theorem 2.1.3 for the precise statement).

In the last section, we use our theory to understand p-adic Hodge type. It
turns out that the p-adic Hodge type can be read from pcl—torsion level of the
representation with ¢’ a constant only depending on K and r. More precisely, we
proved the following theorem.

Theorem 1.0.1. Let E be a finite extension of Q, and p; : G — GL4(Og) for
it = 1,2 two Galois representations such that V; := E Qo pi is semi-stable with
Hodge-Tate weights in {0,...,r}. There exists a constant ¢’ only depending on K

20ur convention is always slightly different from the traditional convention up to *, see Con-
vention 2.1.1 for details.
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and r such that if p1 = p2 mod p™ with n > ¢ then Vi and V has the same p-adic
Hodge type.

In fact, we proved a more general result Theorem 4.2.8, which allows us to recover
a part of the main theorem in [Kis08]. Let E be a finite extension of Q, with the
residue field F, Vg : G — GL4(F) the Galois representation such that the universal
deformation ring Ry, of Vf exists. It turns out that Ry, is a complete noetherian
local Og-algebra and any ring homomorphism x : Ry, — A with A an Og-algebra
defines a Galois representation z : G — GL4(A).

Theorem 1.0.2. Fiz a p-adic Hodge type v. There exists a quotient Ry, of Ry,
such that for a finite E-algebra B, a map x : RVF[%] — B factors though RY, if and
only if © is semi-stable with p-adic Hodge type v.

We remark that our construction is different from that of Kisin: We construct a
sub-functor DV of the Galois deformation functor D whose deformation admits a
lift which is a semi-stable Galois representation with the p-adic Hodge type v. We
prove that DY is pro-representable by Ry, if D is pro-representable by Ry; and then
the above theorem follows Theorem 4.2.8. It seems that we can fully recover Kisin’s
result at least for p > 2 if we also consider Galois type in DY. But we decide not
to consider the refined result because we do not see any further advantage (except
it looks more natural) of our construction comparing with that of Kisin.

Acknowledgement: This paper is written when the author visit the Institute
for Advanced Study. The author is grateful to TAS for its support and hospitality.
The author also thanks an anonymous referee for pointing out a mistake for the
first version of the paper. The author is partially supported by NSF grant DMS-
0901360.

2. FILTRATION ENCODED IN p-ADIC HODGE DATA

2.1. Preliminary and definitions. Recall k is a perfect field of characteristic
p > 2, W(k) its ring of Witt vectors, Ky = W(k)[}%], K/Kj a finite totally ramified
extension with degree e and G := Gal(K/K). Throughout this paper, we fix a
uniformiser 7 € K with the Eisenstein polynomial E(u) € W (k)[u] and a non-
negative integer r > 0.

We denote by Repa’f the category of semi-stable representations of G whose

st,r

Hodge-Tate weights are in {0,...,r}, and by Repzp’ the category of G-stable Z,-

lattices in representations which are in Repa;r. By definition, a filtered (@, N)-
module is a W (k)-module M endowed with:
® a Yy (r)-semilinear map: ¢ : M — M;
e a W(k)-linear map N : M — M such that Ny = ppN;
e adecreasing filtration (FiliMK)iez on Mk = Og®y )M by Ok-submodules
such that Fil' Mg = My for i < 0 and Fil' My = {0} for i > 0.

This definition is slightly different from that traditionally used in [Fon94b] be-
cause we need treat torsion representations. Morphisms between filtered (¢, N)-
modules are W (k)-linear maps preserving all structures. We denote by M(¢, N, Fil)
the category of filtered (p, N)-modules. A filtered (¢, N)-module over Ky is a fil-
tered (¢, N)-module D such that



4 TONG LIU

e D is a finite dimensional Ky-vector space;
e p is an injection (hence a bijection);
e Fil' Dy are K-vector subspaces of D := K ®p, D.

By [CF00] and [Fon94a], the functor 3
D;(V): V= (By®g, V)¢

induces an equivalence between the category Repa’f and the category of weakly

admissible filtered (¢, N)-modules over K satisfying Fil""*YDyx = Dy and
Fil’Dg = 0. See [CF00] for the definition of weakly admissibility.

In the sequel, we will instead use the contravariant functor Dg (V) := D% (VV),
where V'V is the dual representation of V', because contravariant functors are more
convenient in the integral theory. So let us remind the readers the problem of
notations.

Convention 2.1.1. Here we use slightly different conventions from those in [CF00],
where Dy defined here is denoted by DZ. Since contravariant functors instead
of covariant functors dominate this paper, use Dg to denote the contravariant
functor will be more convenient. For any finite Z,-module (Q,-module) V', we
use V'V to denote its Z,-dual (Q,-dual). In particular, if V is killed by some p-
power, VV = Homgz, (V,Qp/Z,). We will define p-adic Hodge structures such as
Frobenius, monodromy on many different rings and modules. To distinguish them,
we sometime add subscripts to indicate where those structures are defined. For
example, @gn is the Frobenius defined on 9. We always drop these subscripts if
no confusions arise. Throughout this paper, we reserve ¢ and N for various types
of Frobenius and monodromy respectively. We denote 7;(x), Mg(A4) and Id for the
standard divided power f—,, the ring of d x d-matrices with coefficients in ring A and
the identity map respectively. Let A be a finite Z,-algebra and M an A-module.
We always denote Mk := Ok ®z, M, which is an Ax := Ok ®z, A-module.

Let D be a filtered (p, N)-module over K. Following [Liull], a lattice M in D
is a W(k)-submodule M of D such that

o M is W(k)-finite free and M[]%] 5D

e M is stable under ¢, N, i.e., (M) C M, N(M) C M.
There is a natural filtration structure on My := O @y () M defined by Fil' My =
Mg NFil'Dg. Hence M is an object in M(yp, N,Fil). We use L" (g, N,Fil) to
denote the full subcategory of M(p, N,Fil) whose objects are lattices in filtered
(¢, N)-modules satisfying Fil’Dg = Dg and Fil?lDK = 0, and M" (¢, N, Fil) to
denote the fully subcategory of M(p, N, Fil) whose objects are finite W (k)-modules
M such that Fil°Mg = Mg and Fil"t' Mg = 0. Apparently, L"(p, N, Fil) is a
full subcategory of M"(p, N,Fil). Let M{_.(¢, N, Fil) denote the full category of
M" (e, N, Fil) whose objects is killed by some p-power. For any Ox-module N with
decreasing filtration Fil' N, we define the graded module gr' N := Fil' N /FiliHN .

Now recall Theorem 2.1.3 in [Liull], we have

Theorem 2.1.2. There exists a left exact and faithful functor Mg from the category
RepSZ:T to the category L" (o, N, Fil). Moreover, let My, ®z, Q, denote the functor

3Note our notations are slightly different, from those in [CF00].
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My associated to the isogeny categories. Then there is a natural isomorphism
between Mg ®z, Qp and Dg. If er < p—1 then M is eract and fully faithful.

Now let us construct a torsion version of Mg via the above theorem as in §3

in [Liull]. We denote Repj, the category whose objects are torsion semi-stable

representations with Hodge-Tate weights in {0,...,7}, in the sense that, for any
T € Repiy, there exist G-stable Z,-lattices A C A’ ina V € Reprf;T such that

T ~ N'/A as Z,|G)-modules. We call the pair A C A" a lift of T. Obviously, for any
Te Repigf, the lift is always not unique. A morphism between two lifts j : L C L’
(lifting T) and j : L ¢ L' (lifting T') is a morphism f : L' — L’ in RepZ’T such that
f(L) c L. f induces a morphism f : T — T in Rep{"”. We call f a lift of f (with
respect to lifts j and 7).

Let j : A < A’ be a lift of T. By Theorem 2.1.2, we get a morphism Mg () :
My (A) — Mg (A) in L7 (p, N, Fil). Corollary 3.2.4 in [Liull] showed that M (j)
is injective. Now write j := My (j) and set My ;(T) := My (A)/j (Mg (A")). Then
M := My ;(T) has Frobenius ¢ and monodromy N induced from Mg (L). Now let
us define filtration structure on My := Ok @w ) M. Let qx : Mg (Mg — Mgk be
the natural projection where M (A)x := Ok @w () Mst(A). We define

(2.1.1) Fil' Mg = qx (Fil' (Mg (A) i) € Mg, for any i € Z.
Now My ;(T) is an object in Mj (¢, N, Fil). As usual, one can define gr' My :=

tor

Fil' Mg /Fil"™ Mg One can prove that qx (gr!(My (A) i) = gr' Mg for any i € Z
(see Corollary 3.1.1). Now we can state one of the main results:

Theorem 2.1.3. There exists a constant ¢ only depending on E(u) and r such that
the following statement holds: for any morphism f : T' — T in Repig’: and any
lift j', j of T', T respectively, there exists a morphism g : Mg, ;(T) — Mg j+(T") in
M4, (¢, N, Fil) such that

tor

(1) if there exists a morphism of lifts f 4 = j which lifts f then § =
pCMSt7f(f)'

(2) let f' : T" — T' be a morphism in Rep}s” with j" the lift of T" and

tor

G i Mg o (T") — Mg jo(T") the morphism in Mi,.(o, N,Fil) attached to

f', 7 and j". If there exists a morphism of lifts h : j" — j which lifts fo f’

then §' o g = p2CMstﬁ(f o f’).

Corollary 2.1.4. Notations as above, assume that f : T — T is an isomorphism
and f' = f~1: T — T’ is the inverse map. Then §’' ° gl (1) = pQCId\Mst,j(T) and
go g/|Mst,j’(T/) = pchd|Mﬁw,(T')' Moreover, for any i € Z, §' o Gleri (Mo ; (T)x) =
PPl grs (1) @0 G0 G laes (o, (1)) = P*Nlges (ar, (7))

Remark 2.1.5. There are two differences between Theorem 3.1.1 in [Liull] and the
above theorem expect p > 2 here. First, the maps g and §’ here not only preserve
(¢, N)-structures (we ignore G g-structures because we only discuss semi-stable
representations here, not potentially semi-stable representations as in [Liull]) but
also filtration. In fact, we will see that § = p®g and § = p®¢’ for ¢ and ¢’ in
Theorem 3.1.1 in [Liull] with « a constant only depending on E(u) and r. That
is, to preserve filtration, we need to multiply p® to original g and ¢g’. Consequently,
the second difference, our constant c¢ is always larger than ¢ in Theorem 3.1.1 in
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[Liull], and ¢ is more complicated, depending on not only e and r but also E(u)
and r.

We use very similar strategy to prove the above theorem. The only difficulty
is to deal with filtration which is much involved than other structures for torsion
representations. Our main tool is Breuil modules. The next subsection is devoted
to study various different filtration structures attached to Breuil modules.

2.2. Filtration on Breuil modules. Recall the fixed uniformiser 7 € K with
Eisenstein polynomial E(u). Put & := W (k)[u]. & is equipped with a Frobenius
endomorphism ¢ via u — u? and the natural Frobenius on W (k). A p-module (over
G) is an G-module M equipped with a ¢-semi-linear map oy : I — M. A mor-
phism between two objects (M1, p1), (M, ¢2) is an G-linear morphism compatible
with the ;. We denote by S the p-adic completion of the divided power envelope
of W(k)[u] with respect to the ideal generated by E(u). Write Sk, := S[%}. There
is a unique map (Frobenius) ¢ : S — S which extends the Frobenius on &. We
write Ng for the W (k)-linear derivation on S such that Ng(u) = —u. Let Fil'S
denote the ideal which is the p-adic completion of the ideal generated by E(ﬂ)J for
j >i. Both & and S can be regarded as subrings of Ko[u]. Set I..S = SNuKy[u].

Let M be an S-module of finite type and recall that r is a fixed nonnegative
integer. In this subsection, filtration Fil’M of M for i € Z are submodules of M
satisfying the following filtration conditions:

o Fil’M = M and Fil"*' M c Fil'SM.
e Fil'™ M c Fil’M and Fil' SFiV M C Fil'*/ M.

An operator N on M is called a monodromy operator on M if N is a W (k)-linear
map N : M — M satisfying N(sz) = Ng(s)x + sN(z) for all s € S and = € M.
N is said to satisfy Griffiths Transversality if N(Fil'"* M) C Fil‘’ M for all i € Z.

Using operator N and Fil’M, one can define another two filtration on M. Set
F'M = Fil'M for i > r and F°’M = M for i < 0; For 1 < i < r, we inductively
(start from i = 7 — 1) define F* M to be the S-submodule generated by N(F*™' M),
F*' M and Fil'SM. Let Mg be M/FillSM. Then My is a finite Og-module.
Let fr be the natural projection fr : M — Mg. Then Fill My := fﬂ(Fili./\/l)
defines a natural filtration on Mg. Define FiM = M for i < 0 and F" inductively
by the following formula:

FHM = {2 € M|fo(z) € Fil'M Mg, N(z) € FIM}.

Since N satisfies Griffiths Transversality, we have FIM C Fil'M c FiM for all
i € Z. Tt is easy to check by induction that FCM and FiM satisfy the filtration
condition. The following proposition shows that these three different filtration are
not very different.

Proposition 2.2.1. There exist constants c1 and cz only depending on E(u) and
r, such that p>*Fil' M C F'M and p®2 F'M C Fil'M for all i € Z.

Proof. Tt is easy to see that Ng(E(u)) and F(u) are relative prime in Kplu]. So
there exists a constant v such that p”G is contained in the ideal generated by

Ng(E(u)) and E(u). Set a; = 67(,221 and ﬁl(i) =v(r—i—Il+1)+~v+ ﬁl(i)l + a1
with 0 <1 <r —z, ﬁ((f) =0 for all ¢ and oy = 0.
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We will prove by induction on i that p®Fil" ‘M c F''"M for 0 < i < r.
By definition, the statement is trivial when ¢ = 0. Now assume that i = j — 1
the statement is true, that is, p®—1Fil" 7T M c FTITIM. Set s = r — j. For
any x € Fil°M, by Griffiths Transversality, F(u)*"'N*~!(z) € Fil°M for 0 <
| < r—j. We show by induction on I that pf” E(u)*"'N*"!(z) € F*M. If
I = 0 then E(u)*N*(x) € E(u)*’M C F°M by definition. Now assume that the

)
statement is valid for I — 1, that is, pﬁl(—lE(u)s_l‘HNS_l“(x) € F° M. Note that
E(u)E(u)*"'N*~!(z) € Fil*"* M. Hence p® - N(E(u)* "' N*"!(z)) is in F*M by
the induction on . On the other hand,

N(E(u)* " "N(z)) = (s—1+1)N(E(w)E(u)* ' N~ z) + E(u)* "IN (1),

By induction on [, we conclude that p*(s — [ + 1)N(E(u))E(u)*"'N*~!(z) € F*M
where A\ = ;1 + ﬁl@l. Note that p®-* E(u)E(u)*"'N*~!(z) € F*M. So we have
pM e (=) By)s I Ns—!(z) € F* M. Thus we prove that pﬁl(J)E(u)s_le_l(x) €
F*M. So pﬁi@jx € F°M, and then p®Fi M C F/M. Now it suffices to set
cq = Z;ZO aj.

Now let us prove by induction on ¢ that there exists constant p; depending on
E(u) and r such that p* F' M C Fil'’ M. By definition, FOM = Fil’ M. So u can
be assigned to 0. Now assume that statement is valid for ¢ = j — 1. That is, there
exists p;—1 such that pri-1 FI=1 M c Fil 7! M. Now let us consider the case i = j.
For any 2 € F7 M, we have fr(z) € Fil! Mg. Hence there exists a y' € Fil! M,
g € Fil'S and 2 € M such that 2 = ¢/ + ¢gz’. Note that for any g € S there exists
a constant A only depending on r such that p*g = go + g1 with go € W (k)[u] and
g1 € Fil"S. So there exists a y € Fil"M, z € M such that p*z = y + E(u)z. Now
we claim that there exist constants 1y such that p” fr(N'(z)) € FilV """ My for
0 <1< j—1. Accept the claim for a while and set v = Max;{r;}. We see that
fr(NYp¥2)) € FilV 1My for 0 < 1 < j — 1. By definition of F'M, we easily
see (by induction on 1) that N'(pz) € Fi~'=IM. In particular, p’z € Fi—' M.
By induction, we have p*Tri-1z € FiV "' M. So set pi = pj—1 + v+ A, we have
priz = prtri-ty 4+ E(u)p’tHi-1z € FiV M.,

Now it suffices to show that there exist 1; such that p*' fr(N(z)) € FilV "'~ My
for 0 <1 < j— 1. We prove by induction on I. Let I = 0. Note that N(p*z) =
N(y)+E(u)N(2)+N(E(u))z is in Fi~' M. By Griffiths Transversality, we see that
N(y) is in FiV "' M. Note that fr(E(u)N(z)) = 0. So we have f(N(FE(u))z) €
Fil "' M. Let & be the least integer not less than v,(N(E(u))(r)). We see that
P’ fa(2) € Fil! ' M. For a general I, we have

+1
NlJrl(p)\l,) — Nl+1(y) + Z <l jnl) Nl+1fm(E(u))Nm(Z).
m=0

By definition of F z/\/l and Griffiths Transversality, we have N H‘1(}7/\33) € Fi—1-I M
and N*t1(y) € FiF"'"'M. So applying f, to the above equation, noting that
f=(E(u)) = 0, we have

l
> <l ;1) Fr(NTF™(B(u))) f (N™(2)) € FiV ' M.

m=0
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By induction, for m = 0,...,1 — 1, we have p"" fr(N™(2)) € FiV """ Mg C
FilV ' My Let o = max{vm,|m =0,...,1 — 1.}. We conclude that

(L4 1) f(N(E(u)) £ (N'(2)) € FiV ™' M.

By setting v = 7+v,(I+1)+8 we have p” f,(N'(z)) € Fil! "1 7' M. This completes
the induction and proves the claim. (I

2.3. Filtration from Kisin modules. Now let us study how the Frobenius on
Breuil modules interacts with filtration. In particular, we discuss filtration built
from Frobenius of Kisin modules. For this, we define the following:

A filtered p-module M over S is an S-module M with

(1) a ps-semi-linear morphism paq : M — M.
(2) a decreasing filtration Fil'’M C M satistying the filtration conditions.

A filtered p-module D over Sk, or a Breuil module D is a filtered ¢-module over
S such that

(1) D is finite Sk,-free and the determinant of ¢p is invertible in Sk,
(2) There exists a monodromy operator N : D — D satisfying Griffiths Transver-
sality and NDQOD = p(pDN'D.

Let D be a filtered (p, N)-module over K. Following [Bre97al, we can associate
a Breuil module as following: D = S®k, D, ¢p := ps®pp, Np = Ng®Id+Id®Np,
Fil®D := D and by induction

Fil'"'D := {x € D|N(x) € Fil'D and f,(z) € Fil'™ Dy},

where f; : D — Dk is the natural projection defined by D — D/FillSD ~ Dg.
Conversely, given a Breuil module D, one can recover D via D := D/I;SD;
¢©p = ¢p mod I,SD; Np := Np mod I,.SD and Fil'Dg := f.(Fil'D). The
main theorem in [Bre97a] showed that the functor D +— D(D) is an equiva-
lence of categories between the category of filtered (p, N)-modules over Ky with
Fil’Dyx = Dg and the category of Breuil modules.

Now let us recall Kisin module and its basic properties as in [Liu07] and [Liul0].
Recall 6 := W(k)[u] with a Frobenius endomorphism ¢ via u +— u? and the
natural Frobenius on W(k), and the category of ¢-modules over &. Denote by
’Mod‘/pg the category of p-modules of height r, in the sense that 9 is G-finite
type and the cokernel of ¢* is killed by E(u)", where ¢* is the G-linear map
1®¢:6Q,s M — M. By definition, a finite free Kisin module (of height r) is a
w-module (of height r) 9t such that 9 is finite S-free. A torsion Kisin module (of
height r) is a ¢-module 9 such that MM is killed by some p-power and there exists
an injective morphism £ C £’ of two finite free Kisin modules of height r satisfying
M ~ £'/L€. When we mention Kisin module (of height r) in the remaining of the
paper, we mean either finite free Kisin module of height r or torsion Kisin module
of height r.

Let Ko, := |J K(*y/7) and G = Gal(K/K). There exists a functor Tg
n=0

from the category of Kisin modules to the category of Z,[Gs]-modules: If 9 is
finite free then Ts(9M) := Home (M, W(R)) and if M is p-power torsion then
Ts (M) := Hom, e(M,Q,/Zy ®z, W(R)), where W(R) is an S-algebra with a
natural Frobenius and a natural G-action. Though T has many nice properties,
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we do not need them in this paper. The readers are refereed to [Liu07] for the
construction of W(R) and more discussion of T.

Let (9, ) be a Kisin module. Following §5.3 in [Liu07], we can define a functor
M from the category of Kisin modules to the category of filtered ¢-modules over
S as the following: Define Mg(9M) = 5 @y M and Y p1qm) = ©s @ @an; Note
that 1 ® ¢ : Mg(IM) — S ®e D is an S-linear map. Set

(2.3.1) FiMg(OM) = {m € Mg(M)|(1® ¢)(m) € Fil'S @g M}.

Lemma 2.3.1. Assume that MM is finite &-free and write M = Mg(9M). Then
FiM satisfies the filtration condition defined in the previous subsection.

Proof. All other requirements are easily to verified by the definition except that
FrHIM C Fil'SM. Let {e1,...,eq} be an G-basis of M. Assume that = =
Y0 ®e;is in Fr+IM with a; € S. We have to show that a; € Fil'S. Let A be a
matrix in M4(&) such that (p(e1),...,¢(eq)) = (e1,...,eq)A. Since (1® ¢)(x) =
S aip(e;) is in FiI't'S @g 9, we conclude that Aa = 8 where a, 3 are n x 1
matrices, coefficients of o are a;, and coefficients of 8 are in Fil"*1S. The fact
that 90t has F(u)-height r means that there exists a matrix B € M4(&) such that
AB = BA = E(u)"I;. Hence B = BAa = E(u)"a still has coefficients in Fil" 'S,
and then a has all its coefficients in Fil*S. g

2.4. Lattices in Dgr(V). Let V be a de Rham representation of G. We denote
Dar(V) := (Bar ®g, V")“. Now let us summarize results from [Liul0] and [Liul1]
to manipulate lattices in semi-stable representations. Let V be a semi-stable rep-
resentation in Repa’f, A C V a G-stable Z,-lattice. The main result of [Liul0] is

that there exists an anti-equivalence T of categories between Repsztf and the cat-

egory of (¢, G)-modules of height r. Let 9t = (9, pon, G) be the (¢, G)-module
such that T'(9) ~ A with (90, ogx) the ambient finite free Kisin module of height
r. In particular, this means that 9t is the unique finite free Kisin module such
that Tg (M) ~ Alg., (see Theorem 2.3.1 in [Liul0]). Let D = Dy (V) the filtered
(¢, N)-module attached to V. Set D := D(D) the Breuil module associated to D
and M := Mg(9M) the filtered ¢-modules over S. There exists a natural isomor-
phism of p-modules over S between Q, ®z, M and D (see §3 in [Liu08] for full
details). In particular, Q, ®z, M has the structure of monodromy N. By Propo-
sition 2.4.1 in [Liull], we have N(M) C M if p > 2 % Let Mg(¢, N, Fil) the full
subcategory of filtered p-modules M over S such that

e There exists a finite free Kisin module 9t such that M ~ Mg(IMN).
e Q, ®z, M has a structure of Breuil module and N (M) C M.

Hence we obtain a contravariant functor 7' from Repsztp’r to Mg(p, N, Fil). 1If

r < p—1then T ' is an anti-equivalence by the main result of [Liu08]. But T;;* in
general is not a full functor if » > p— 1. We easily check that 9t/udt ~ M /I, SM
as ¢-modules and fr(M) = M/Fil' SM is an Og-lattice in D/Fil'SD.

Now let us recall a little more details on the construction of Mg (A) from §2.2
and §2.3 from [Liull], let D := D/I, SD, which is a ¢-module over K. Then M :=
M/ud ~ M/I,SM is a p-stable W (k)-lattice in D. Note that D is canonically

4Here is the only place that we need p to be an odd prime.
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isomorphic to D = Dg (V) via the unique @-compatible section s : D < D (see
Proposition 6.2.1.1 in [Bre97b]). Then Mg (A) is just the image s(M).

Now identify D/Fil'SD with Dx = Dqr (V) via D ~ S @w (k) D. We obtain two
Ox-lattices: Mg (A) g := Ok Ow (k) s(M) and fr(M).

Proposition 2.4.1. There exists a constant cs only depending on e and r such
that p® (Mgt (A) k) C fx(M) and p= (fz(M)) C M (A)x

Proof. Note that M = S®, &M with a Kisin module 91 of height r. If {&1,...,€4}
is an G-basis of M. Then {é; := (1 ® ¢)(é;)} forms an S-basis of M. Let e; be
the image of é; of the natural map M — M /I, SM = M. Since M/I;SM has
a unique @-equivariant section s : M — D, we just denote e; for s(e;). Note
that eq,...,eq forms a basis of s(M). Let A € My(&) be the matrix such that
w(é1,...,64) = (é1,...,é4)A and Ag := A mod u the matrix in Mg(W(k)). Then
we have p(e,...,eq) = (e1,...,eq)Ao. Let X € My(Sk,) be the matrix such that
(é1,...,6q) = (e1,...,eq)X. It suffices to show that there exists a constant ¢z such
that p®3 X and p° X1 are in M4(S). To proceed the proof, note that we have the
relation App(X) = X A. Set

Xn = Aop(Ag) - 9" (Ag)p" (A1) - p(ATH AT
Following the same idea of the proof of Proposition 6.2.1.1 in [Bre97b], we show
that X, converges to X and there exists a constant ¢z such that p®X,, € Mgy(S)
and hence p®*X € Mg4(S). To prove this, we first claim that p" A~ € My(S) and
AgA™r = Iy + Z—fY with Y € Mgy(S). We accept this claim and postpone the
proof in the end. Set c3 = max;>o(ri — v,(q(p)!)) where g(p®) satisfies the relation

i . . . n—1
pt = eq(pz) +7r(p*) with 0 < r(p*) < e. Now X,, = Xo+ > (Xi11 — X;) =
i=0

Zi = Aop(Ao) -+ 0" (Ag)e" T (V)" (A7) -+ p(A™ 1A

it2 i+2
Since p" A=t € My(S), we see that “I;T Z; = “leﬂ)pr(”l)Z is in ﬁMd(S).

o0 .
As any a € S can be (uniquely) written as > i gty with a; € W (k), we conclude
=0

that pC3% is in S. Hence p3 X,, and then p® X are in My(S5).

Now let us prove the claim. Since M = S ®, ¢ MM with a Kisin module 9 of
height 7, we have A = p(A) with A € My(6) and there exists a matrix B € My(&)
such that AB = BA = E(u)"I;. Hence A™' = (A1) = (o(E(uw)") '¢(B).
Note that cp( (u))/p is a unit in S. Hence p"A~ Lis in My(S). Now ApgA~! =
Agp(A 1B N p(B) = (p(E(u)")) ' Agp(B). Let pag be the constant term of F(u).
It is easy to see that Age( ~) = (agp)" Iy + v?Y’ with Y € My(6). Now we have
AgA™ =1+ (" — 1)1 + o ~(aob)"Y" with b = (p(E(u))/cop)~' € S*. We easily
compute that b = 1+ with b’ TS‘ Hence AgA~! = Id—l—;j—fY with Y € My4(S).

Finally, it remains to show that p® X! is in My(S). In fact, we can use the
same strategy to X, '. In this situation, we need to show that p"Ay" € My (W (k))
and AA;Y = I, + ;—fY with Y € Mg(6) and this is easy to show by a similar
argument as the above. ([l
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The following example shows that c3 ## 0 in general.

Example 2.4.2. Let 9t be a finite free rank-2 Kisin module of height 1 given by

w(er,e2) = (e1,e2) <(1) E?“))

where e, 4 forms an G-basis of 9. By Theorem (0.4) in [Kis06], 91 corresponds to
a Zy-lattice of crystalline representation with Hodge-Tate weight in {0,1}. Using

. . 1 uP 1 0
notations in the above proof we have A = and Ag = .

0 @(E(u)) 0 p
Write X = (1) * Then the relation Agp(X) = XA yields two equations:
pp(a) = ap(E(u)) and p(z) = uP + z9(E(u)). Since ¢(E(u)) = pp with p a unit

in S, we easily solve that « is a unit of S and z =1+ “74— higher degree term. If

e > 1, we see that uP/p is not in S. And if e > p then x mod Fil'$ is not in Ok.
So Mg (A)k and fr(M) are different Ok-lattices.

From the construction of F*Mg(MM), we easily see that F Mg (M) = MNOFil'D
So we may just denote F'M by Fil'’M. Consider the natural projection f, :
D — Dg. Write Mg = fr(M) and define Fil'My := Mg NFil'Dg. Obviously,
f(Fil' M) C Fil' M.

Lemma 2.4.3. There exists a constant ¢4 only depending on E(u) and r such that
pFil' Mg C fr(Fil'M).

Proof. Here we modify the idea used in the proof of Proposition 6.2.2.3 in [Bre97a].
We prove by induction on ¢ that there exists a constant p; depending on E(u) and
i such that p*Fil' My C fr(Fil'’M). If i = 0 the case is trivial. Now assume the
statement is valid for any ¢ < j. Without loss of generality, we may assume that
pi—1 < p for any 1 < i < j. Now consider the case i = j + 1. Let 2 € Fil/ ™' My
then © € FiMg. By induction, pz € fr(FilVM). That is, there exists a
& € FiV M such that fr (%) = p*z. Write N(E(u)) = R(u). Note that R(w) # 0.
So there exists Q(u) € Kp[u] such that Q(m)R(w) = —1. Let H(u) = Q(u)E(u).
Note that 1+ N(H(u)) € Fil'Sg. Now set

§ =1+ Hu)N(Z)+ %Hz(u)N2(§c) 4+t %Hj(u)Nj(fﬁ).
It is obvious that fr(¢) = fr(&). Write m(u) =14 N(H (u)), we have

.y 1 o
N(§) = m(u)N (@) + Y =m(u) (H (u))' N (@) + F(H(U)])N’“(ﬁ)
—~ il !

Since N'() € Fill "M for 1 < i < j, m(u) € Fil'Sk, and H(u) € Fil'Sg,, we
see that N () € FiVD. Hence § € FiV™'D. Let A be the minimal constant such

that p)‘Q( ) € W(k)[u]. Apparently A only depends on E(u). Now p™ (H(u))’ €
E(u)?W(k)[u) and ‘then pMij € M. Hence pMVg € FiV T M. So set 1 = pj + Aj.
We see that fr(pMg) = pMN fr(2) = pri+iz. O

Remark 2.4.4. The constant c3 and ¢4 are not optimal. In fact, assume that rep-
resentations are crystalline, Ko = K and 0 < r < p — 2. One can choose that
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¢z = ¢4 = 0 by using Fontaine-Laffile theory in [FL82]. But in general, we do not
expect c3 or cy4 is zero.

3. FILTRATION ATTACHED TO TORSION SEMI-STABLE REPRESENTATIONS

3.1. Construction of filtration to torsion representations. Now let us first
discuss more details on filtration associated to torsion semi-stable representations.
Let T € Rep;t” be a torsion semi-stable representation and j : A < A* is a lift of
T. That is, j : A C A* are G-stable Z,-lattices inside a semi-stable representation

with Hodge-Tate weights in {0,...,7} and we have the exact sequence of Z,[G]-

modules 0 — A % A* % T —5 0. Recall that 7 is an anti-equivalence between the
category of (p, G)-modules of height r and RepSZ:T. Let £ and £* be the ambient

Kisin modules of (i, G’)—modules correspond to A and A* respectively, we obtain
the injective morphism of Kisin modules j : £ — £. Write 9t := £/j(£*) which
is a torsion Kisin module of height r. By Proposition 3.2.3 in [Liull], we have
Ts(M) ~Tg..-

Now consider the exact sequence of Kisin modules to correspond the above exact
sequence of Galois representations:

(3.1.1) 0 U LAN) 0.

Now modulo u, we have an exact sequence

(3.1.2) 0 L — s,

q

M 0,

By the construction of My, the exact sequence (3.1.2) is canonically isomorphic to
the exact sequence

Mt (J
0 st (5)

M (A*) My(A) ——— M ;(T) ——0.

By tensoring Ok to the above exact sequence, we obtain an exact sequence of
Ok-modules

(3.1.3) 0 L3 5 Ly My 0,

Recall that Fil'Lx = Lx NFil' Dk where Dy := Dyr(Q,®z, A). For any i € Z,
by the construction in §2.1, we have Fil' Mg := ﬁK(FiliLK) and the following exact
sequence

(3.1.4) 0 — = Fil'L%, —% > Fil' L —~ Fil' My — 0.
Using Snake Lemma, the above exact sequence induces the following exact sequence:

Corollary 3.1.1. The following sequence is exact

0 gril% Jic gri Ly L gr' My — 0.



FILTRATION ASSOCIATED TO TORSION SEMI-STABLE REPRESENTATIONS 13

3.2. The proof of Theorem 2.1.3. Now we need to recall a part of Theorem 3.1.1
in [Liull] and its proof to complete the proof of Theorem 2.1.3. Let Mo, (¢, N)
whose objects are finite length W (k)-modules with only ¢ and N-structures satis-
fying the properties required in the definition of filtered (¢, IV)-modules.

Theorem 3.2.1. There exists a constant ¢ only depending on e and r such that
the following statement holds: for any morphism f : T' — T in Repiy’ and any
lift j', j of T', T respectively, there exists a morphism g : Mg ;(T) — Mg j-(T") in

Mior(p, N) such that

(1) if there exists a morphism of lifts f : j' — j which lifts f then g =
pcMst’fA(f)'

(2) let f' - T" — T be a morphism in Reps” with 5" the lift of f and ¢’ :
My j/(T") = Mgy j»(T"") the morphism in Mo, (p, N) attached to f’, j' and
§". If there exists a morphism of lifts h : j" — j which lifts f o f' then
g og=p*M;(fof)

The above theorem is a part of Theorem 3.1.1 in [Liull]. To prove Theorem
2.1.3, it suffices to show that there exists a constant ¢s only depending on E(u) and
r such that § := p® (O ®wm) g) and §' := p®(Ok Qwx) 9') preserve filtration
defined in the previous subsection.

Now let us recall the construction of g. Let 9t be the torsion Kisin module
obtained by the exact sequence (3.1.1). Proposition 3.2.3 in [Liull] explains that
Tes(M) ~ T|g... Similarly, the lift 5/ : A’ < A’* of 7" induces a torsion Kisin
module M’ such that Tg(M') ~ T’|¢... By Theorem 2.4.2 in [Liu07], there exists
a unique morphism f : M — M’ of Kisin modules such that Te(f) = p*f. Then g
is constructed as g :=f mod uG.

Define a map ig : £ —» £ £ via ig(z) = (2,0) and define ig/ : £ — £ £’ via
ig/(y) = (0,y). Set q: £® L — M via (foq)(x) + ¢'(y) for (z,y) € £ £ and
M := Kerq. By Corollary 2.3.8 in [Liu07], 9 is a finite free Kisin module of height
r. Then we have the following commutative diagram of Kisin modules.

0 o & o’ 0
L
(3.2.1) OHmHS@S’Lfm’HO

]

0 £* £ m 0




14 TONG LIU

It is easy to check that by functor Ts or T, the above commutative diagram corre-
sponds the following commutative diagram of Galois representations

0 N AL 0
o]
(3.2.2) Y N VA A . 0
A A 4
0 A AN—LeT 0

The above diagram can be constructed without using the previous diagram as the
following: Taking dual of the first row and the last row of the above diagram, we
obtain two exact sequences:

A%

LAY S (A LS (T S 0and 0 (A%)Y =AY LS TV 0.

We can construct ¢ : AY @& (A)Y — (T")Y by ¢ ((z,y)) = p°fY o ¢V (z) + ¢'" (y)
and let NV := Ker(§"). We embed AY and A’Y to AY & (A')Y to the first factor
and the second factor respectively, In this way, we obtain a commutative diagram
as Diagram (3.2.1)

0 A N —L (7)Y 0
]

(3.2.3) 0 NY A @AY T () 0
1 fT
0 (A*)\/ A\/ qv T\/

Then Diagram (3.2.2) is obtained by taking dual of the above diagram. In summary,
we obtain another lift j of 7". It is obviously that the map g : My ;(T) — M., (1)
preserves filtration. We also have a map « : My j(1") — M, 5(T") by modulo u of
the upper block of Diagram (3.2.1), which is a Frobenius, monodromy compatible

isomorphism of W (k)-modules. It is clear that ozK(FiliM xj) C FiliM - where

ak = Og @wm a, Fil’ MK], and FIIZM/ - are filtration of Ox @ (1) Msw (T
and Ok Qw (k) M 5 (T") via the constructlon in the last subsection. Now to prove
Theorem 2.1.3, it suffices to prove that there exists a constant cs only depending

on E(u) and r such that pCSFiliMkj C ozK(FiliM}(,j/).
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To prove this statement, consider the following commutative diagram

0 0 0
0 o o gy 0
ig/ i
(3.2.4) 0— N LB e — 0
0 Iy £ 0 0
0 0 0

The upper block of the above diagram is the upper block of Diagram (3.2.1) and
£ :=N/L"". We easily check that all rows and columns are short exact and then
the map £ — £ is indeed an isomorphism. One easily checks that the above
commutative diagram corresponds to the following commutative diagram of Galois
representations

0 0 0
0 A AL 0
i
(3.2.5) 0— AN LN Lo 0
0 A A 0 0
0 0 0

where A is the kernel of map N — A", We easily see that all rows and all columns
are exact and the map A — A is an isomorphism of Z,[G]-modules. By the con-
struction of filtration in the previous subsection, Diagram (3.2.4) yields a new
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commutative diagram

0 0 0
0 — Fil'L'f — = Fil'L}y — > Fil'M} ;, —0
(6774
3.2.6 0 —— Fil'fg — FillLg & Fil'L), &~ Fil' M/ . —> 0
K K
0 —=Fil'Ly —— = Fil'Lg Q; 0
0 0 0

where Fil' L = Fil'ftg /Fil' L'} and Q; = Fil'Ly /Fil'Lx, which can easily be
checked to be File}(j/FillM}w,. We need to show that p®@Q; = 0 for a constant
cs. Note that Fil'Lx can be regarded as hK(Fili‘fIK) where hx : ‘ﬁK~% Li is a
surjective map induced by the surjective map of Kisin modules 91 — £ ~ £. The

fact that there exists a constant c5 such that p kills @Q; is proved in Lemma 3.3.1
in the next subsection.

3.3. A lemma that needs all constants. Let Tg(h) : A’ — A be a map in
Rep%tp’r and b : £ — £ the corresponding map of Kisin modules. Assume that b is
surjective. Then we have a surjective map of Ox-modules hx : Lg — L. Note
that h : Fil'Dg — Fil' D), is surjective, we easily see that hy (Fil'Lg) C Fil"L/.

The aim of this subsection is to prove the following lemma:

Lemma 3.3.1. There exists a constant c5 only depending on E(u) and r such that
p@Fil'L} C hg(Fil'Lk).

We need some preparations for the above lemma. Apply the functor Mg to b, we
obtain a surjection hg : £ — L’ where £ := Mg(£) and £’ = Mg(£') respectively.
By the definition in Formula (2.3.1), it is easy to see that hg(F'L) C FiL .

Lemma 3.3.2. Notations as the above. There exists a constant o only depending
on r such that p*F L C hg(F"L).

Proof. Let K be the kernel of h. It is not hard to show that I is a p-module
of E(u)-height r (see Proposition 1.3.5 in [Fon90]). In fact K can be shown to
be &-free but we do not need this here. Now we have the following commutative
diagram:

6Ry,s
06— 60,k 6,68 " gg, 68— =0

i1®<p ll&o J/1®50

0 K £ i 0.
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It is easy to see both rows are exact as £’ is finite G-free. Denote 6 ®, s £,

G ®ye £ and 6 ®, e h by £, £ and h* respectively. Set
Frer={zec(1®¢p)(zx) € E(u)L}

and define 7" £ similarly. We first prove that h* : F"€* — F"£'" is surjective.

To see this, for any y = h*(z) € F" L with z € £*, we have (1®¢)(y) € E(u)" L'
So there exists a z € K such that (1®¢)(z)+ 2z is in E(u)" L. Then the fact that £
has height r implies that (1 ® ¢)(z) + 2z = (1 ® ¢)(w') for w’ € £*. So there exists
w € £* such that (1 ® ¢)(w) = 2. As 1 ® ¢ in the last two columns are easily to
see to be injective, w is in the kernel of h*. So h*(x —w) = y and & —w is in F"L*.
This proves that h* : F"£€* — Fr&'" is surjective.

Now set v = v, ((r—1)!). For any s € S, note that s =), aiE(ﬁ)l. So s = s0+51
with s; € Fil"S and p®sg € W(k)[u]. Now pick any y = hs(x) € F'L with z € L.
Then we can write y = yo+v; such that y; € Fil"SL’ and p®yy € £ C L'. As bg is
surjective, there exists x1 € Fil"SL C F"L such that hg(z1) = y1. It is easy to see
that p®yo € F"£*. Hence there exists xo € F"£* C F"L such that hs(xg) = p“yo.
This proves the lemma. [l

Proof of Lemma 3.3.1. Note that both hg(F'L) and F'L’ satisfy Griffith Transver-
sality. We denote F'(hs(£)) and F*(£) for F* constructed from hg(F?L) and F'L’
above Proposition 2.2.1 respectively. Note that the construction of F* only depends
on Fil” and N on £'. So p®F'L’ C F(hs(L)) € F'L' by Lemma 3.3.2. Then by
Lemma 2.2.1, we get pat @ FiL C pF'L C F'(hs(L)) C hs(F(L)). Applying

functor fr to bhg, we have a surjective map hg : Ly — L% where Lx = f(£) and
Ly = fr(L"). Hence p* T f(F'L') C fr(hs(F'L)). By Lemma 2.4.3 , we have

pestateRil L € p O f (FIL) C fr(hs(FIL)) C hye(Fil' Lic).
Finally, by Proposition 2.4.1 and set ¢5 = 2¢4 + c3 + ¢1 + a, we have
P Fil' L)y € pertesTatepil' Ll ¢ hy (p™Fil' L) C hy (Fil'Lg).

4. APPLICATION TO GALOIS DEFORMATION RING

The aim of this section is to reprove a part of Theorem (2.6.7) in [Kis08] via a
different approach.

4.1. p-adic Hodge type. We first recall the definition of p-adic Hodge type from
[Kis08] and prove several technical results on p-adic Hodge type. Let F be a finite
extension of Q,. Suppose that we are given a finite dimensional E-vector space
Dpg and a filtration (FiliDEK)ieZ of Dpx = K ®q, Dp by E ®qg, K-modules
such that the associated graded is concentrated in degree in [0, 7], namely the set
{ilgr'Dp x # 0} C {0,1,...,7}. Weset v={Dg,Fil'Dg g,i =0,1,...,7}. If Bis
a finite E-algebra and Vg a finite free B-module with a continuous G-action, which
makes Vp a de Rham representation, then we say that Vg has p-adic Hodge type
v if Vg has all its Hodge-Tate weights in {0,...,r} and there is an isomorphism of
B ®q, K-modules

gri(DdR(VB)) ~ gri(DEyK) R B.
Recall that Dagr (V) := (Bar ®q, VA)©.
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Lemma 4.1.1. Notations as the above. Assume that B’ is a B-algebra and finite
over E. Then Vg := B’ @ Vg has p-adic Hodge type v.

The above lemma is an easy consequence of the following fact. For any F-algebra
A, write A == K ®q, A.

Lemma 4.1.2. (1) We have Dgr(Vp') ~ B'®pDar(Vs) and gr'(Dar(Va')) =
B’ ®p gr'(Dar(VR)) for alli € 7.
(2) Dar(VB) is a finite free Bi-module.

Proof. (1) We first show that Dyr(Vp') ~ B’ ®@p Dar(Vp). Consider the canonical
isomorphism V3 ®q, Bar =~ Dar(VB) ®k Bar. After tensoring B’, we get an
isomorphism
Vy ®q, Bar ~ B’ @p Dar(Vp) @k Bar.

So dimK(B’ XB DdR(VB)) = dime (VB/). But it is obvious that B’ ®p DdR(VB/) C
(VY ®qg, Bar)®. Therefore we conclude that

B'®p Dar (Vi) = Dar (V') = (Vg ®q, Bar)©.
Similarly, we can show that B’ ® g Dur(Vg) = Dur(Ve'), where Dyt (V) =
(Bur ®q, V)¢ for a Hodge-Tate representation V.

To show gri(Dar(Vp)) ~ B’ @p gr'(Dar(Vp)) as B’ ®g, K-modules, note that
for a de Rham representation V' of G, we have gr'(Dgr(V)) ~ (gr'Bar ®g, V")“
for each i and @ gr'(Dar(V)) ~ Dur(V). It is clear that B’ ®p gr'(Dar(Vg)) C

=y
gri(DdR(VB/)). Then
B/ ®pB DHT(VB) ~ @B/ XB gri(DdR(VB)) - @gri(DdR(VB/)) ~ DHT(VB/).
i€Z i€Z
Hence the fact that B’ @ Dar(Vs) = Dur(Vp:) implies that gri(Dar(Vp:)) =
B' ®p gr'(Dar(VB))-

(2) We have known that if B is a finite extension of E then Dqr(Vg) is a finite
free Bg-module (see Lemma 2.1 in [Sav05]). Write Byeq := B/N(B) where N(B)
is the nilpotent ideal of B. Since Byeq is a reduced Artinian E-algebra, it is a
direct product of finite extension E; over E for j = 1,...,m. Hence Dyr(Vp,.,)
is a finite free K ®q, Brea-module where Vg, = Brea ®p V. By (1), we have
‘DdR(VBred) = Brea®B DdR(VB)« Leteq,... , €d be a K@Qp Bi,oq-basis of DdR(VBred)
with é; € Dqr(Vp) a lift of e; and d = dimp(Vp). Then by Nakayama’s lemma,
é; generates Dgr (V) as a Bg-module. Hence there exists a finite free Bx-module
M with rank d and a surjection map f : M — Dgr(Vp). On the other hand, it is
easy to compute that dimg (Dar(Vp)) = d - dimg, B = rankg M. Hence f is an
isomorphism and Dggr(Vp) is finite Bi-free. O

Remark 4.1.3. By Remarque 3.1.1.4 in [BM02], gr* Dgr (V35) is not necessarily Bx-
free even for B = E being a finite extension of Q.

Since Ex := E ®q, K is a reduced E-algebra, we have Ex ~ [, F(,) of Ex-
algebras with F{,) a finite extension of E. Here + : K < F{,) is an embedding of K
to @p such that F(,) = £ - ((K) in @p. So F,) is an Ek-algebra via « : K — F{,

and E C F{,). Hence for any Ex-module M, we get a decomposition M ~ @ M,
LeJ’

with M(L) = F,) ®pg M. For a filtered Fx-module Dk, we also use FiléL)DK
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and gr(, Dy to denote (Fi'Dk ),y and (gr'D)(,) respectively. It is easy to check
gr(, Dk =~ Fili,) Di/Fil ' Dic. Write Br,,, := F(,) @ B. The following is a useful
result:

Lemma 4.1.4. Notations as the above, Vg has type v if and only ifgréL)(DdR(VB))
is Br,,-free and rankBF(L) (gra) (Dar(VB))) = dimp(b)(grl(‘L)(DEvK)) for all v € J'
and i € Z.

Proof. One direction is clear by definition. Now suppose that grl('L)(DdR(VB)) is
Bp,, -free. Select a B, -basis e1,...,eq of gr{,)(Dar(Vp)) and set M, be F(,)-
module generated by e; inside grzb)(DdR(VB)). It is obvious that M, is finite F{,)-
free and gr’éb)(DdR(VB)) ~ Br,, ®F,, M(L,)' Then dimp,,, M,y = dimp,, gr%L)DEJ(.
Set M = @,.,, M. Then M ~ gr'Dg i as Ex-modules and B ®p M =~
griDar(Vg) as Br-modules. ]

As the proof of Lemma 4.1.2, write Byeq := B/N(B) where N(B) is the nilpotent
ideal of B. Since Byqq is a reduced Artinian E-algebra, it is a direct product of finite
extension Ej over E for j =1,...,m. Write Vg, :== Vg ®p E; for j =1,...,m.

Proposition 4.1.5. Vp has type v if and only if Vg, has type v for each j =
1,...,m.

Proof. The “only if” part is the consequence of Lemma 4.1.1. To prove “if” part,
note that the fact Vg, has type v for each j =1,...,m implies that Vp, , has type
v where Vp,_, = Brea ®B VB. S0 gr' Dar(VB,.y) ~ Bred ®E g1' DE K as K ®q, Bred-
modules. In particular, grzL)DdR(VBm ) is finite F(,y ®p Breq-free with the rank
d; = dimp, grEL)DE,K. By Lemma 4.1.4, we have to show that grEL)(DdR(VB))
is B, -free with rank dimp,,, grEL)DEyK. By Lemma 4.1.2 (1), it is easy to check
that gréL)DdR(VB,ed) = Bied ®B gréL)DdR(VB). Select eq,...,eq, € gréL)(DdR(VB))
such that the image of {e;} in grzb) (Dar(VB,.,)) forms a F(,y ®p Breq-basis of
gr(,)(Dar(Vs,.q)). By Nakayama’s lemma, we know {e;} generates grzb)(DdR(VB)).
Hence we have a finite free Bf,, -module with rank d; projects grzb)(DdR(VB)).
So dimp,, gr(,) (Dar(Vp)) < d; - dimg B and griy (Dar(Vp)) is finite B, -free
with rank d; = dimpg,, grzb)DE,K if only if the equality holds. On the other
hand, by Lemma 4.1.2 (2), Dgr(Vp) is a finite free Bx-module with rank d =
rankp(Vp) = rankg,, (Vp,.,), we have dimp,, (Dar (Vs)(,)) = ddimg B. Note that
dimp,,, (Dg k,)) = d because Vp,,, has type v. Now we have

d- dlmE B = dimp(L) (DdR(VB)(L)) = Z dimF(L) (grfL) (DdR(VB)))

IN

> didimg B =" dimp, (gr{,yDp k) dimp B
= dimp(b) DE,K,(L) dlmE B=d- dlmE B.

Therefore dimF(L) gréL) (DdR(VB)) = dz . dlmE B and gr%b) (DdR(VB)) is finite BF(L)‘
free with rank d;. This proves the lemma.
(]
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It will be technically easier to deal with p-adic Hodge type if E contains the Galois
closure of K (see the discussion of the next subsection). So we would like to consider
the base change Vp to a larger coefficient field. Now let L be a finite extension of F
such that L contains the Galois closure of K. We write By, := L ® g B. Obviously,
By, is a finite over L as an L-module. Set v/ = {Dj := L ®p DE,FiliDL’K =
L®gFil'Dg k., i € Z}.

Lemma 4.1.6. Notations as the above. Then Vi has type v if and only if Vg, =
Br ®p Vg has type v'.

Proof. By Lemma 4.1.2, it suffices to show that if Vg, has type v’ then Vg has
type v. As Bieq is a product of finite extension of E. L ®p Beq is reduced
and then Br,e.d = L ®p Brea. By Lemma 4.1.5, we can assume that B is a
field. Since Vp, has type v/ and gr'(Dar(Vp,)) = L @ gr'(Dar(Vp)) by Lemma
4.1.2, we get L ®@p gr'(Dar(Vg)) =~ B ®r gr'Dp x = Bl ®p gr'Dp c. Then
for each + € J’, we have L Qg grzb)(DdR(VB)) ~ Br ®f grzL)DE,K. By Lemma
4.1.4, we have to show that grEL)(DdR(VB)) is finite B, -free with the rank =
dimp,, (grEL)DEJ(). Note that By, Qg grEL)DEJ( is finite By, ®p F{,)-free with the
rank = dimp,,, (gr’(ZL)DEJ(). So it suffices to show that gr%b) (Dgr(Vp)) is finite
Bp,,,-free which is the consequence of the next lemma. [l

Lemma 4.1.7. Assume that A, E’ are finite extensions of E and B,C are finite
extensions of E'. A B®g A-module M is finite B®pg A-free if and only if C @g: M
is finite C g B ®p A-free.

Proof. An easy exercise of counting dimensions. (]

4.2. Filtration of torsion representations with coefficients. In this subsec-
tion, let us first assume that F contains the Galois closure of K (until Theorem
4.2.8). Let J := {v : K — Q,} be the set of all embeddings of K to @, and A
be a finite flat Opg-algebra. Write Ao, = Ok ®z, A and A = K ®z, A. For

any ¢ € J, we have a natural surjection ¢, : Ao, — A() = O Qo A via
D ai @b+ Y a(b;). Write ¢ := @ q, : Ao, — D A() and ca = v,(Akq,)
vedJ veJ

where Ag g, is the discriminant of K over Q,.

Lemma 4.2.1. The Og-algebra map q is injective. Furthermore

pe (@ Awy) Cq(Aoy).

LeJ

Proof. As a finite free Z,-module O, select a Z,-basis {1,q,...,a% !} with d =
d—1 _
[K : Qp]. In particular, for any x € Aoy, = can be written as > a; ® o with

=0
a; € A. Then
d—1 d—1
q(z) = <Z aLo(at), - ,Z aibdl(az)>
i=0 i=0
with ¢q, ..., tq—1 running through J. The statement of the lemma follows the fact
that the determinant of the matrix (tm(Q™))m.n=0,....d—1 I8 Ax/q, # 0. O

For any Ao, -module M, we write M(,) := M ®aq, q, A@)-
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Corollary 4.2.2. There exists Ao, -modules maps qnr : M — @ M,y and sy :
ved

@ My — M such that syr o qyr = p®Idas and qur o sy = p® Iy where M' =

vedJ

D M.
vedJ

In particular, we have the canonical isomorphism Ax ~ ] A(L)[%] as in the
vedJ

previous subsection. If M is an Ag-module then we have a natural decomposition
M= M.
eJ

Let RepSZt:A denote the category whose objects are A[G]-modules and also ob-

jects in Repsztp’r. The morphisms in RepSZtP’TA are morphisms of A[G]-modules.

Let L be an object in RepSthfA. Then by the construction of My, it is easy to
see that M := Mg (L) is a natural A ®z, W(k)-module. Consequently, My :=
Ok ®z, Mg (L) C Dgr(Qp ®z, L) is an Ap,-module. For each i = 1,...,r,
Fil' Mg is also Ao, -module. We write FiléL)MK = A Qg,, A0, Fil' My and
grz('L)MK = A ®q,,A0 gr' Mg . Note we have the right exact sequence
(4.2.1) Fiv('j)lMK — Fil{,) Mg — gr{, Mg — 0.
After tensoring Qp, we obtain an exact sequence:

0 — Fil{,) Dk — Fil{,y D — gr{,yDx — 0.
where Dg := D4qr(Q, ®z, L). So in particular, we have Q, ®z, grl('L)MK ~ gri('L)DK.
In general it is not clear that the sequence (4.2.1) is left exact, or equivalently,

Filzb)M Kk is torsion-free (note that Fil' M in general is not Ag-free, see Remark
4.1.3). However, we can control the torsion part as the following lemma.

Lemma 4.2.3. Suppose that M is torsion free. Then torsion part of M,y is killed
by p°2 for any L € J

Proof. Suppose that x is a torsion element in € M,). Then sy/(z) is a torsion
ved
point in M, which is a torsion free module. So sps(x) = 0. Then by Corollary 4.2.2,

prx = qposy(z) =0.
O

Now let us consider the situation of torsion representations. Let Repig’: 4 denote
the category whose objects are p-power torsion A[G]-modules T such that there
exists an injective morphism j : Ay < As in RepSZ:TA such that T ~ Ay /j(Aq) as

A[G]-modules. For a T € Reng’: 4, by the construction of previous section, the
exact sequence 0 = A; — Ay — T — 0 induced by j induces the following exact
sequence of Ay, -modules (cf. Corollary 3.1.1)

0 — Fil' My (A2) g — Fil' My (A1) g — Fil' My ;(T) e — 0

and
0 — gr' My (o) — gr' Mo (A1) — gr' My ;(T)kx — 0.
By tensoring A,y via q, : Ao, — A(,), we obtain right exact sequences

Fill,y Myt (A2) i — Filj,) Mt (Ay) x — Fil(,) Myt ;(T) i — 0
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and
(4.2.2) grzb)Mst(Ag)K — gréL)Mst(Al)K — grl(‘L)MSt,j (T)k — 0.

We do not know in general if the sequences are left exact. Suppose that j' : A} < A5
inside RepSth‘TA is another lift of T then we obtain Fil' My j(T) ., gr*Ms; o (T) K,
Filéb)Mst,jr(T)K and gréb)MStJ/ (T) k. By Corollary 2.1.4, there exist morphisms
G Mg, j(T) = Mg js(T) and §' : My, j»(T) = Mg ;(T) in M{,, (¢, N, Fil) such that
gog =pldln, () and g’ o g = pld|n, ;(7)-

Lemma 4.2.4. § and §' are morphisms of A ®@z, W (k)-modules.

Proof. Note that § = p®g and § = pP¢’ with a constant 8 = ¢ from the last
section, where g and ¢’ are morphisms constructed in Corollary 3.1.2 in [Liull]. It
suffices to show that g and ¢’ are morphisms of A ®z, W (k)-modules, and this has
been proved in Proposition 3.4.1 in [Liull]. O

In particular, § and §’ induces morphisms Ao, -modules g : gr'Ms ;(T)x —
gt My (T and §'* : griMy j(T)x — gr'My ;(T)k. By tensoring Ay via
q.: Aoy — A to §" and §'%, we obtain the following result by Corollary 2.1.4.

Corollary 4.2.5. The maps gg’b) : gr@)MStyj(T)K — grEL)Msw-/(T)K and g;f) :
gréL)Msm/(T)K — gréL)Mst7j(T)K are morphisms of A(,y-modules and satisfy the
following relations:

9ty gty = Pdlgei m,, (1) and 9y © Gy = PUlgri My ()

We need more preparations to reach the main theorem (Theorem 4.2.8). Let
Ae RepSth’TA such that A is a finite free A-module with rank d. Suppose that there
exists an ideal Z C A such that A/Z ~ Og/p"Op and V := Q, ®z, A has Hodge
type v. Set d(,y := rankp (gr?L)DdR(V)). Write Mg := Mg (A) i as the above.

Lemma 4.2.6. Assume that A is a local ring and A has a prime ideal p such that
A/p ~ O with F a finite extension of Q,. Then Fil?L)MK is finite A,)-free with
rank d.

Proof. Let M be the Kisin module attached to A and &4 = & ®z, A. It suffices
to show that 9 is a finite free & 4-module with rank d. Write A’ := A/p = Op
and let M4, M4 be the Kisin modules corresponding to A and A’ respectively.
In fact, note that Kisin module is stable under basis change (see the proof of
Proposition (1.3) in [Kis08]), we have M4 ~ A’ ® 4 M which is indeed a finite free
S0, = OF ®z, G-module (see the proof of Proposition (1.6.4) in [Kis08]). Then
by Nakayama’s lemma, we see that 914 is generated by at most d-elements as G 4-
modules where d = ranke, , (94/) = ranka/(A’) = ranksA. On the other hand,
since A is a finite free Z,-module with rank [A : Z,]d, we see that 94 is a finite
free G-module with rank [A : Z,]d. Hence M4 must be a finite free & 4-module.

O

Lemma 4.2.7. Assumptions as Lemma 4.2.6. Suppose that dy # 0. Ifn > md+1
then there exists a x € gr?L)MK/Igr?L)MK satisfying p"x # 0.
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Proof. For simplicity, we denote M/ZM by M/ZT for any A-module M in the fol-
lowing. Let F~ilgL)MK be the image of Fil%L)MK inside Fil(()L)MK in Equation (4.2.1).
By modulo Z to the sequence in Equation (4.2.1), we have sequence

Fil ) My /T — Fill, M /T — grly My /T — 0,
which is right exact. Write M := Fil(,)My/Z and N C M the submodule of
the image of FNilzL)MK/I. We have M /N ~ gr?L)MK/I. Now suppose that p™
kills M/N. We would like to derive a contradiction. Since M is a finite free

Og/p"Og-module with rank d by the previous lemma, there exists an Og/p"Ofg-
basis €1,...,€eq of M such that

N ~ Op/p"Op(w™e)) & - & Op /p"Og(w™ey),

where w is a uniformizer of Og. The statement p™ kills M /N implies that % |p
foralli=1,...,d. Let eq,...,eq be a basis of Fil?L)MK which lifts e, ...,€e4 and

m

- d
Y1y, Yd € Filéb)MK such that y; lift w®e;. then we have y; = wie; + > bije;
j=1

with b;; € Z. Let X be the d x d-matrix such that (yi,...,yqa) = (e1,...,eq)X. So
det(X) = w® + b with a = Y a; and b € Z. If n > md + 1 then w?|p™¢ is not 0 in
A()/Z. Hence det(X) # 0in A(,y. On the other hand, since gr?L)DdR(V) is a finite
free B(,-module, we can lift a basis z,...,Zq,, of gr?L)DdR(V) to z1,..., 24,
in Fil},yDar(V). Since det(X)(e1,...,eq) C Fil{yDar(V), det(X)Z = 0. This
contradicts that {Z;} forms a B(,)-basis of gr?L)DdR(V).

O

In the following, we do not insist that F contains the Galois closure of K.
Theorem 4.2.8. Let A, A’ be finite flat Og-algebras and p : G — GL4(A), p' :

G — GL4(A") the Galois representations such that p € RepSZtP’TA and p' € RepSZtIfA,
respectively. Suppose that there exist T C A an ideal of A such that A/T is killed by
a power of p, a surjective map 8 : A" - AT of Og-algebras such that A/T ® 4 p ~
B'op’ as A[G]-modules where ' : GL4(A") - GL4(A/T) is the natural map induced
by 5.

Then there exists a constant ¢* only depending on K, r and d such that if T C
p< A and Qp ®z, p' has p-adic Hodge type v then Q, ®z, p has type v.

Proof. We first reduce the proof to the situation that A = O, A’ is local and E
contains the Galois closure of K. To see this, write B := Q, ®z, A and Bieq :=
B/N(B) with N(B) the nilpotent radical of B. We know that Breq = [[; E; with
E); finite extension of E. Select a Galois extension L such that L contains all Galois
closure of E; and K. Now tensor O, via O to (*) and denote O, ®p,, (*) by (*)o,,
where (%) is A, A, p, p’, Z and . Note that (AOL[%])red = L®pBrea = LOE[]; Ej.
Since L contains the Galois closure of all E;. So L ®g [[; E; ~ [[; L with E;

embedding to L differently. Let ¢, : Ao, — (Ao, ) [%] — L be the natural map from
Ap, tol-thfactor L of [ ], L. Lemma 4.1.6 and Lemma 4.1.5 imply that it suffices to
show that L®y,,a0, P has type v °. Let A4; = (Ao, ) and Z; = ¥;(Zo, ). It is easy

5Strictly speaking, it should be v’ as we has extended the basis field. But it does not matter
here by Lemma 4.1.6.
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to check that Z; € p¢ A;. Since 9y : Ao, - A; C L is a morphism of Op-algebras,
we see that A; = O, C L and obtain a natural projection ; : Ap, /Zo, — Ai/ZL.
Similarly, we can assume that Af, also admits a surjection to Or. Now replacing
Bo, by vio Bo,, Ao, by Ai, Zo, by T;, A" by Ay, , E by L respectively and
replacing p, p’ accordingly, we can assume that A = Og, E contains the Galois
closure of K and A’ admits a surjection to Og. After localizing A’ and 3 by the
maximal ideal containing Ker(8), we can assume that A’ is local.

Now we proceed the proof by 2 steps. First step: we prove that there exists a
constant ¢’ only depending on K and r such that if Z C pcl Op then

dimp gr(,)(Dar(V)) < dimpg gr{,y Dar (V")

where V = E ®p, pand V' = E®o, p.

It is easy to see that we can assume that 7 = pcl Opg to complete Step 1. Let T
denote the torsion representation Og/p¢ Op @0, p ~ A ®azp € Repig’:OE. Two
lifts p and p’ of T are denoted by j and j’ respectively. We write Lx := M (p)x,
Ly == My (p' )k, Mg = Mg ;(T)x and Mp := Mg j/(T)k. By the right exact
sequence (4.2.2) (and the discussion above (4.2.2)), for each ¢ € J, i € Z we have
gréb)MK ~ gr%L)LK/pC/gréb)LK and gréL)M}( ~ grfL)L}(/IgrfL)L}(. Now Corollary
4.2.5 claims that there exist morphisms of O, -modules ggb) : gr?L)MK — grzL)M}(,
g;f) : gréb)M}( — gr’@MK such that gg’L) o ng) = pCId|gr§L>M}< and g&ﬁ) o !72)) —
pcld‘grfL)MK'

Set ¢’ := cat+ctl, d,) = dimg,, (grz('L)DdR(V)) and d{, = dimg,,, (gréL)DdR(V’)).
It suffices to show that d(,) < d’(L). As an Og-module, grzL)LK ~ Nior + N with
Nior the torsion part of grEL)LK and N a finite Op-free module with rank d,).

, , . ey , _
By Lemma 4.2.3, grEL)MK = grEL)LK/pC gr’(L)LK ~ Nior ® @ Op/p° Op. Let N
i=1
d)

denote pc @ Og/p® Op. By lemma 4.2.3, we get pCAgrEL)MK = N. It is clear
i=1

that §EL)(N) C pcAgr@)M}( and é’ZL)(pCAgr’('L)M}() C N. Since g;j) o gz’b) = p°Id|y

v d.) ,
by Corollary 4.2.5, we see that 90 (ggL)(N)) ~ @ pte2aOg/p¢ O, which is a rank
i=1

d(, finite free Op/pOg-module, is a submodule inside g;f)(pcﬂ gréL)M}(). Therefore
pea grbL’K has a surjection to §£f)(p% ng@M}(), which has the following shape
9y (2t M) ~ Op/(@™) & Op/(@™) @ - & Op/(w™'®)

with m; > 1 and w a uniformizer of E. So the Og-rank of pCAgrzb)L}( is at least
d,. Finally, by Lemma 4.2.3, we see that the Op-rank of pCAgrzL)L}( is just d’(L)
and we prove that d(,) < d’(L). This completes Step 1. Note that if d = 1 then Step
1 implies that Q, ®z, p does has type v.

Step 2, we show that there exists a constant ¢ = ¢(K,r,d) only depending on
K, r and d such that if Z C p°A and gr(()L)DdR(V’) # {0} then gr?L)DdR(V) # {0}.
In fact, suppose that gr?b)(DdR(V)) = {0}. Then by the construction of gr?L)MK
and Lemma 4.2.1, we conclude that gr?L)MK is killed by p°2. Set ¢ = (ca + ¢)d +
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1. By the construction of gr?L)M ;. and Lemma 4.2.7, we see that there exists a
x € gr{, Mj; such that p¢a*“1z # 0. However, pz = gp, (g;?)(x)) implies that
peatey = Q?L)(p%gz?) (x)) = 0. Contradiction!

Finally, we set ¢* = &K, dr, d) and suppose that Z C p° Op. By Step 1 and Step
2, we have seen that grl,) (Dar(V)) # 0 if and only if gr{,) (Dar (V")) # 0. Without
loss of generality, we may assume that both gr?L)(DdR(V)) and gr((JL)(DdR(V’ )) are
nonzero. Now we claim that

dimg,,, grfb) (Dgr(V)) < rankBEL>grzL)(DdR(V’)),

where BEL) =K ®, K A’[%]. Note the claim implies the theorem: This is because
the claim first implies that
(4.2.3) ZZ -dimpg,,, gr{,)(Dar(V)) < Zz -rankp; gr(,) (Dar(V"))-

Since the theorem is proved for det(p) and det(p’) by the result of Step 1, we
conclude that the inequality in Formula (4.2.3) is an equality, and then Q, ®z, p
has type v. Now it remains to settle the claim. Assume that i(,) is the least integer
that the claim fails. Then

5 = Z i-rankp, (grfL)(DdR(V)) >t = Z z'-rankBEL)(grzb)(DdR(V’)).

Z’S’L‘(L) igi(L)
Note that s(,) is the least number that dimg,,, (gréb)(DdR(Ai(L) V))) # 0 and ¢, is

the least number that rankBEL) (grl@(DdR(/\i‘” V")) # 0. But this contradicts to
Step 2 and then the claim is proved. (I

Remark 4.2.9. Step 1 proved Theorem 1.0.1 and the constant ¢’ does not depend
on d. It is natural to ask if ¢* can be chosen such that ¢* is independent on d. But
we do not know the answer.

4.3. Construction of a certain Galois deformation ring. Throughout this
subsection we fix a p-adic Hodge type v as the previous subsections. Fix F a finite
extension of F,, := Z/pZ and a residue representation Vg : G — GL,(F). Let ¢°
be the category whose objects are complete Artinian local rings with residue field
F. Morphisms in %° are local homomorphisms that are identity on the residue
field. Let A be in €Y, ms the maximal ideal and I',,(A) the kernel of reduction
map g4 : GL,(A) = GL,(F). A homomorphism V4 : G — GL,(A) is called a
lift (of Vg) to A if ga oVy = Vp. We call V4 and V) are strictly equivalent if
Vi = YV,Y ™! for some Y € I',(A). The strictly equivalent class of lifts of Vi
to A is called a deformation of Vg to A. Define a functor D : ¥° — Sets by
D(A) := {deformations of Vg to A}. It is a classical result of Mazur that D is pro-
representable by the universal deformation ring Ry, under some suitable hypotheses
on Vp. In this subsection, we concern the pro-representability of subfunctors of
D whose deformations comes from representations satisfying some p-adic Hodge
conditions. A lift Vy is called has type v if

e there exists a finite flat Opg-algebra B, a surjective morphism f : B — A of
Op-algebras and a continuous G-representation on a finite free B-module
Vg such that Q,®z, Vp is semi-stable with p-adic Hodge type v and Vp®; A
is strictly equivalent to V4.
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Now we consider the following assignment DV : ¥° — Sets via DV(A) =
{deformations of Vg to A such that a lift of the deformation has type v}. One has
to show that DV is a functor before to show it is pro-representable.

Lemma 4.3.1. Notations as the above, DV is a functor.

Proof. Let R and S be objects in 4% and ¢ : R — S be a morphism in 4°. Then
it suffices to show that p € DY(R) implies ¢ o p € DV(S). Note that S is a finite
R-module (via homomorphism). So there exist a surjective ring homomorphism
¢ : Rlxy,...,x,] — S which extends ¢ and the image of z; are in the maximal ideal
of S. Let I,,, denotes the ideal generated by m-th degree homogeneous polynomials.
As Sis an Artinian ring, ¢'(I,,) = {0} for a sufficient large m. So we get a surjection
Rlx1,...,zp]/I, — S. Since p has type v, there exists a finite flat Og-algebra B
and homomorphism f : B — R required in the definition. Then f induces a ring

homomorphism B’ = Blz1,...,2,]/Im — R|z1,...,2,)/In which we still denote
by f. Let Vg = Vg ®p Blx1,...,2,]/Ly,. It suffices to show that Q, ®z, Vs has
type v but this easily follows Lemma 4.1.1. ([l

We are going to show that DV is pro-representable. For this, we need to recall
Schlessinger’s criteria from [Sch68].

Let Fle] = F[T]/(T?) with € the image of T. A morphism R — S in ¢° is
called small if it is surjective with the kernel a principal ideal which is killed by the
maximal ideal of R. Obviously, the natural projection F[e] — F is small.

Suppose D : ¢° — Sets is a functor satisfying |D(F)| = 1. Let the rings
Ro, Ri1, Ry and the morphisms f: Ry — R and g : Ry — R be in €. Consider
the natural map

(*) D(Rl X Ro RQ) — D(Rl) X D(Ry) D(Rg),
where Ry xg, Ry := {(a,b) € R1 x Ra|f(a) = g(b)} and D(R1) X p(ry) D(R2) :=
{(a,b) € D(R1) x D(R2)|D(f)(a) = D(g)(b)}. Then Schlessinger’s criteria are as
follows:

H1 R; — Ry small implies () surjective.

H2 If Ry = F,Ry = Fle], and Ry — Ry is the natural projection then (x) is
bijective.

H3 D(F[e]) a finite-dimensional F-vector space.

H4 If Ry = Ry and R, — Rp (i = 1,2) are the same small map, then (x) is
bijective.

The following results are well-known (see [Sch68] and [Maz89]):

Theorem 4.3.2 (Schlessinger, Mazur). (1) H1, H2, H3, H4 hold if and only
if D is pro-representable.
(2) Let D be the deformation functor of Galois representations of Vg defined
in the beginning of this subsection. If Endgig)(Vk) = F then D is pro-
representable.

In the following, we always assume that D is the deformation functor of Galois
representations of Vg defined in the beginning of this subsection. The following is
a useful fact, which has been essentially used in [Ram93].

Lemma 4.3.3. Suppose that D is pro-representable and let D' be a subfunctor of
D. Then D’ is pro-representable if and only H1 holds for D’.
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Proof. Tt is easy to check that D'(Ry X r, R2), D'(R1) X pr(ry) D' (R2) are subsets of
D(Ry xR, R2), D(R1) X p(ry) D(R2) respectively. We easily check that H1 implies
H2 , H3 and H4. ([

Proposition 4.3.4. Suppose that D is pro-representable. Then the deformation
functor DY is pro-representable.

Proof. By Lemma 4.3.3, we need to prove H1 holds for DV. Since D is pro-
representable, for any p € DV(Ri) Xpv(r,) DY(Rz). There exists a representa-
tion p € D(Ry; ®p, R2) such that the image p of (%) is p. Note that there exist
pi € DY(R;) for i = 1,2 such that p = (p1,p2) is in DV(R1) X pv(r,) DV(R2).
Write Rz := Ry Xp, R2. Note that the injection R3 — R; X Ry induces an in-
jection of Galois representations p < p; X ps. Since the strictly equivalent class
of p; is in € DV(R;) for each i = 1,2, there exists B; finite flat Og-algebras
which lift R; and finite free B;-representations Vp, which lifts of p; such that
Qp ®z, VB, has type v. Let 7 be the projection of By x By to Ry x Rp. Set
B ={a € By x Ba|n(a) € R3} C By x Bs. It is easy to see that 7 : B — Rz is a
surjective morphism of Og-algebra and then the continuous group homomorphism
G — GL4(B2 x Bs) induced by Vg, @ Vp, factors through GL4(B). So we obtain
a Galois representation Vi : G — GLg4(B) such that R3 ® g Vp =~ p. It remains to
show that Q, ®z, Vp has Hodge type v. Write C' := B[%] and C' := (B x Bg)[%].
Note that C injects in C" and Q, ®q, (VB, © VB,) ~ €' ®¢c (Q, ®z, V). We prove
that Q, ®z, Vp has type v via the following lemma. O

Lemma 4.3.5. Let C' be a finite E-algebra, C C C' the E-subalgebra and Vg
is a finite free C'-module with a continuous G-action which makes Vo a de Rham
representation. Then Vo has type v if and only of C' @¢ Vo has type v.

Proof. Write Vi := C' ®¢ V. By Lemma 4.1.1, we only need to show that V¢ has
type v if Voo has type v. It is obvious that Ceq injects C} . By Lemma 4.1.5 and
Lemma 4.1.1, we may assume that both C' and C’ are fields. By Lemma 4.1.4, we
need to show that gréL)(DdR(VC)) is F(,) ®@p C-free with rank = dimg, grl('L) (Dg.k)
for each + € J'. On the other hand, the fact that Vo has type v implies that
gréL)(DdR(VC/)) ~C'®g grzb)(DE7K) which is finite F,) ® g C'-free with the correct
rank. As gr’@ (Dar(Ver)) = C" ®@c¢ (gréL)(DdR(VC))). Lemma 4.1.7 implies that
gr%L)(DdR(VC)) is F,) @ C-free with rank = dimp,, gréL)(DE)K). O

Here comes our main result of this paper:

Theorem 4.3.6. Assume that the deformation functor D is pro-representable by
the ring Ry;. Then the subfunctor DY is pro-representable by a quotient Ry, of Ry;.
Let B be a finite E-algebra and x : RVF[%] — B be a homomorphism of E-algebras.
Then x is semi-stable and has p-adic Hodge type v if and only if x factors through
RY..

Proof. Let A := x(Ry,). Then A is a local finite flat Og-algebra. If x is semi-stable
and has p-adic Hodge type v then A/p"A ®4 x is in DV(A/p"A) for all n. So x
factors through RY,. Now suppose x factors through RY.. Then A/p"A ®4 x is
in DY(A/p™A) for all n. By the definition of DV, Theorem 4.2.8 and the main
theorem in [Liu07], we see that x is semi-stable and has p-adic Hodge type v. O
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Remark 4.3.7. The above theorem recovers a part of Theorem (2.6.7) in [Kis0§],
where the quotient of the universal deformation ring also parameterize potentially
semi-stable representation with fixed Galois type 7. Our construction seems more
natural as we construct a subfunctor of the deformation functor. It also seems
promising that one can fully recover Kisin’s theorem if we further require the el-
ement in DV(A) consisting the deformation such that the lift of the deformation
are potentially semi-stable and has Galois type 7. But we decide not to study the
refined result because we can not see any further advantage of our construction.
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