
LATTICES IN FILTERED (ϕ,N)-MODULES

TONG LIU

Abstract. Let p be a prime. We construct and study integral and torsion
invariants, such as integral and torsion Weil-Deligne representations, associ-
ated to potentially semi-stable representations and torsion potentially semi-
stable representations respectively. As applications, we prove the compatibil-
ity between local Langlands correspondence and Fontaine’s construction for
Galois representations attached to Hilbert modular forms, and Néron-Ogg-
Shafarevich criterion of finite level for potentially semi-stable representations.
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1. Introduction

Let k be a perfect field of characteristic p, W (k) its ring of Witt vectors,
K0 = W (k)[1/p], K/K0 a finite totally ramified extension, GK := Gal(K/K)
and V a potentially semi-stable p-adic representation of GK . In [Fon94b], Fontaine
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associated a filtered (ϕ,N,GK)-module D∗
st(V ) 1 to V . Many important invari-

ants of V can be read from D∗
st(V ), for example, the Weil-Deligne representation

attached to V if K is a finite extension over Qp. On the other hand, since there
is always an integral (resp. pn-torsion) structure attached to V , i.e., a GK-stable
Zp-lattice T (resp. T/pnT ) in V , it is natural to ask if there exists a corresponding
integral (resp. pn-torsion) structure attached to T (resp. T/pnT ). If K = K0 and
V is crystalline with Hodge-Tate weights inside {0, . . . , p− 2}, one can make such
a construction via Fontaine-Laffaille theory in [FL82]. The aim of this paper is
to extend some parts of this construction to the setting of potentially semi-stable
representations without restriction of ramification of K and Hodge-Tate weight.

More precisely, we fix a finite totally ramified Galois extension K ′/K and con-
sider the category Reppst,r

Qp
whose objects are representations of GK which are

semi-stable over K ′ with Hodge-Tate weights in {0, . . . , r}. Let V ∈ Reppst,r
Qp

. For
any GK-stable Zp-lattice T ⊂ V , we construct a lattice Mst(T ) inside the filtered
(ϕ,N,GK)-module Dst(V ) := D∗

st(V
∨) (V ∨ is the Qp-dual of V ) via the theory

of (ϕ, Ĝ)-modules in [Liu09b]. Lattice here means finite free W (k)-module inside
Dst(V ) which is stable under ϕ, N and the GK-action, see Definition 2.1.2 for de-
tails. Moreover, the contravariant functor Mst allows us to construct similar invari-
ants for torsion potentially semi-stable representations as the following: let Reppst,r

tor

be the category whose objects are p-power torsion representations T such that there

exists a pair of GK-stable Zp-lattices L Â Ä L // L′ inside a potentially semi-stable rep-

resentation V ∈ Reppst,r
Qp

satisfying T ' L′/L. We set Mst,L(T ) := Mst(L)/Mst(L′).
So Mst,L(T ) has structures of ϕ, N and GK-action induced from those on Mst(L).
In general, Mst,L(T ) not only depends on T but also on the choice of lattices

L Â Ä L // L′ . However we prove that there exists a constant c only depending on r

and the ramification index e = e(K ′/K0) such that the construction of Mst,L(T )
is “independent on” the choice of L up to a pc-power (see Theorem 3.1.1 for the
precise statement).

In the last section, we provide two applications based on the above constructions.
The first application is to extend Néron-Ogg-Shafarevich criterion to finite level as
in [Liu07a]:

Theorem 1.0.1. Let V be a potentially semi-stable representation of GK with
Hodge-Tate weights in {0, . . . , r}, and T ⊂ V a GK-stable Zp-lattice. There exists
a constant α depending on the dimension d = dimQp(V ), the absolute ramification
index ẽ = [K : K0] and r such that V is semi-stable over K if and only if there
exist GK-stable Zp-lattices L′ ⊂ L in a semi-stable representation W of GK with
Hodge-Tate weights in {0, . . . , r} satisfying T/pαT ' L/L′.

The second application is

Theorem 1.0.2. Let F be a totally real field and π a Hilbert eigenform of weight
k = (k1, . . . , ki) with ki ≥ 2, integers all have the same parity. Let ρπ denote the
2-dimensional p-adic Galois representation of GF := Gal(F/F ) attached to π.

If q|p is a prime of F , and GFq denote a decomposition group at q. Then ρπ|GFq

is potentially semi-stable with p-adic Hodge type corresponding to the weight k.

1Our conventions are slightly different from those in [Fon94b], see Convention 2.1.1 for details.
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Moreover, the Weil-Deligne representation attached to ρπ|GFq
via Fontaine’s con-

struction corresponds to the local factor πq of π via local Langlands correspondence.

The condition on p-adic Hodge type means the following: We fix an algebraic
closure Qp of Qp and an isomorphism C ' Qp. If ρπ is defined over a finite extension
E/Qp and m = maxi(ki), then for any q|p there is a graded E ⊗Qp Fq-module Dq

attached to the Hodge-Tate representation ρπ|GFq
. If j : Fq → Qp is an embedding,

then Dj = Dq⊗Fq,jQp is non-zero in the degrees (m−ki(j))/2 and (m+ki(j)−2)/2,
where ki(j) is the weight determined by the embedding j|F : F → Qp ' C.

Many cases of the above theorem have been known: When [F : Q] is odd or
[F : Q] is even and π is a discrete series at some finite place w, this is proved
by Saito ([Sai]) based on the construction of ρπ in this case by Carayol ([Car86]).
Under the same hypothesis or when [F : Q] is even and some ki is strictly larger than
2, Blasius and Rogawski proved that ρπ|GFq

is potentially semi-stable with p-adic
Hodge type corresponding to the weight k, and when additionally p is sufficiently
large they showed the fully conclusion of the theorem holds in [BR93]. Partial
results can also be found in [Tay95] and [Bre99]. For those ρπ which are residually
absolutely irreducible, Kisin proved the theorem in [Kis08]. When this paper is
nearly complete, the author has learned that Skinner has also proved the theorem
([Ski]). The author remark that Skinner use a very different approach from ours.

Acknowledgment: It is a pleasure to thank Don Blasius, Brian Conrad, Mark
Kisin, Takeshi Saito, Christopher Skinner for very useful conversations and corre-
spondences during the preparation of this paper. Here I would like to specially
thank Mark Kisin for illuminating me the idea for the proof of Theorem 1.0.2.

2. Lattices in filtered (ϕ,N, Γ)-module Dst(V )

2.1. The main result in §2. Recall k is a perfect field of characteristic p, W (k) its
ring of Witt vectors, K0 = W (k)[ 1p ], K/K0 a finite totally ramified extension and
GK := Gal(K/K). Throughout §2 and §3, we fix a totally ramified Galois extension
K ′ over K and a uniformiser π ∈ K ′ with Eisenstein polynomial E(u) ∈ W (k)[u].
We write G := GK′ = Gal(K/K ′), Γ := Gal(K ′/K) and e = [K ′ : K0].

Following [Fon94d], recall that a p-adic representation V of GK is called semi-
stable over K if

dimK0(Bst ⊗Qp V )GK = dimQp(V ).

A p-adic representation V of GK is called potentially semi-stable if there exists a
finite extension K̃/K such that V |Gal(K/K̃) is semi-stable over K̃. Throughout §2
and §3, we always make the following assumption:

any potentially semi-stable representation of GK considered here is semi-stable
over K ′.

We denote by Reppst
Qp

the category of potentially semi-stable representations of
GK which satisfy the above assumption.

Following [Fon94d], a filtered (ϕ, N, Γ)-module is a finite dimensional K0-vector
space D endowed with:

• a Frobenius semi-linear injection: ϕ : D → D.
• a W (k)-linear map N : D → D such that Nϕ = pϕN .
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• a decreasing filtration (FiliDK′)i∈Z on DK′ := K ′ ⊗K0 D by K ′-vector
spaces such that FiliDK′ = DK′ for i ¿ 0 and FiliDK′ = 0 for i À 0.

• a K0-linear Γ-action on D such that Γ commutes with ϕ and N ; if we
extend Γ semi-linearly to DK′ then Γ preserves FiliDK′ , i.e., for any γ ∈ Γ
and i ∈ Z, γ(FiliDK′) ⊂ FiliDK′ .

Morphisms between filtered (ϕ,N, Γ)-modules are K0-linear maps preserving all
structures. By [CF00] and [Fon94c], the functor 2

D∗
st(V ) : V 7→ (Bst ⊗Qp

V )GK′

induces an equivalence between the category Reppst
Qp

and the category of weakly
admissible filtered (ϕ,N, Γ)-modules. See [CF00] for the definition of weakly ad-
missibility.

In the sequel, we will instead use the contravariant functor Dst(V ) := D∗
st(V ∨),

where V ∨ is the dual representation of V , because contravariant functors are more
convenient in the integral theory. So let us remind the readers the problem of
notations.

Convention 2.1.1. Here we use slightly different conventions from those in [CF00]
and [Fon94d], where Dst defined here should be denoted by D∗

st,K′ if we follow the
traditional conventions. But contravariant functors instead of covariant functors
dominate this paper and K ′ is always fixed in §2 and §3. So we decide to use
the simplified notation Dst. For any finite Zp-module (Qp-module) V , we use V ∨

to denote its Zp-dual (Qp-dual). In particular, if V is killed by some p-power,
V ∨ = HomZp(V,Qp/Zp). We will define p-adic Hodge structures such as Frobe-
nius, monodromy on many different rings and modules. To distinguish them, we
sometime add subscripts to indicate over which those structures are defined. For
example, ϕM is the Frobenius defined on M. We always drop these subscripts if
no confusions arise. Throughout this paper, we reserve ϕ and N for various types
of Frobenius and monodromy respectively. Finally, we denote γi(x) the standard
divided power xi

i! , Md×d(A) the ring of d × d-matrices with coefficients in ring A
and Id the identity map.

The aim of this section is to develop an integral theory of Dst. First, we define
integral structure in filtered (ϕ,N,Γ)-module.

Definition 2.1.2. Let D be a filtered (ϕ,N, Γ)-module. A lattice M in D is a
W (k)-submodule of D such that

• M is W (k)-finite free and M [ 1p ] ∼→ D

• M is stable under ϕ, N and Γ, i.e., ϕ(M) ⊂ M , N(M) ⊂ M and γ(M) ⊂ M
for any γ ∈ Γ.

Let Mi be a lattice in a filtered (ϕ,N, Γ)-module Di for i = 1, 2. A morphism
f : M1 → M2 between two lattices is a W (k)-linear map such that f ⊗Zp Qp is
a morphism of filtered (ϕ,N, Γ)-modules. That is, f ⊗Zp Qp is still required to
preserve filtration.

Throughout §2 and §3, we fix a positive integer r > 0. Let Lr(ϕ,N, Γ) denote
the category of lattices in filtered (ϕ,N, Γ)-modules satisfying Fil0DK′ = DK′

2Note our notations are slightly different from those in [CF00].
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and Filr+1
K′ DK′ = 0. We denote by Reppst,r

Qp
the full subcategory of Reppst

Qp
whose

representations have Hodge-Tate weights in {0, . . . , r}, and by Reppst,r
Zp

the category
of GK-stable Zp-lattices in representations which are in Reppst,r

Qp
.

Now we can state our main result in §2:

Theorem 2.1.3. There exists a left exact and faithful functor Mst from the category
Reppst,r

Zp
to the category Lr(ϕ,N, Γ). Moreover, let Mst ⊗Zp

Qp denote the functor
Mst associated to the isogeny categories. Then there is a natural isomorphism
between Mst ⊗Zp

Qp and Dst. If er < p− 1 then Mst is exact and fully faithful.

If er ≥ p − 1 then Mst in general is neither full nor exact. See Example 2.5.5
and Example 2.5.6.

Remark 2.1.4. It is important to describe objects in the essential image of Mst. But
so far we do not know how to do it, though we guess one need impose some suitable
conditions on filtration, just as those in Fontaine-Laffaille theory [FL82]. This is
one reason that we do not put any restriction on filtration in Definition 2.1.2.

2.2. (ϕ, Ĝ)-modules. We first review the theory of (ϕ, Ĝ)-modules from [Liu09b]
to manipulate the lattices in semi-stable representations. We only deal with the
integral theory in this section, and the torsion theory will be discussed in §3.

Recall the fixed uniformiser π ∈ K ′ with Eisenstein polynomial E(u). Put
S := W (k)JuK. S is equipped with a Frobenius endomorphism ϕ via u 7→ up

and the natural Frobenius on W (k). A ϕ-module (over S) is an S-module M
equipped with a ϕ-semi-linear map ϕM : M → M. A morphism between two
objects (M1, ϕ1), (M2, ϕ2) is an S-linear morphism compatible with the ϕi. Denote
by ′Modϕ,r

/S the category of ϕ-modules of height 3 r, in the sense that M is S-finite
type and the cokernel of ϕ∗ is killed by E(u)r, where ϕ∗ is the S-linear map
1 ⊗ ϕ : S ⊗ϕ,S M → M. By definition, a finite free Kisin module (of height r) is
a ϕ-module (of height r) M such that M is finite S-free. We write Modr,fr

/S for the
category of finite free Kisin modules of height r.

We denote by S the p-adic completion of the divided power envelope of W (k)[u]
with respect to the ideal generated by E(u). Write SK0 := S[ 1p ]. There is a unique
map (Frobenius) ϕ : S → S which extends the Frobenius on S. We write NS for
the K0-linear derivation on SK0 such that NS(u) = −u.

Let R = lim←−OK/p where the transition maps are given by Frobenius. By the
universal property of the Witt vectors W (R) of R, there is a unique surjective
projection map θ : W (R) → ÔK to the p-adic completion of OK , which lifts the
projection R → OK/p onto the first factor in the inverse limit. We denote by Acris

the p-adic completion of the divided power envelope of W (R) with respect to Ker(θ).
Let πn ∈ K be a pn-th root of π, such that (πn+1)p = πn; write π = (πn)n≥0 ∈ R
and let [π] ∈ W (R) be the Techmüller representative. We embed the W (k)-algebra
W (k)[u] into W (R) ⊂ Acris by the map u 7→ [π]. This embedding extends to
embeddings S ↪→ S ↪→ Acris which are compatible with Frobenious endomorphisms.
As usual, we write B+

cris = Acris[1/p] and B+
st = B+

cris[u] with u := log([π]). We write
N for the B+

cris-linear derivation on B+
st by setting N(u) = 1, and denote by B+

dR

3Strictly speaking, it should be called E(u)-height because it depends on the choice of E(u).
Since we always fix a E(u), there is no confusion here to drop E(u).
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the Ker(θ)-adic completion of W (R)[1/p]. For any subring A ⊂ B+
dR, we define

filtration on A by FiliA = A ∩ (Ker(θ))iB+
dR = A ∩ (E(u)i)B+

dR.

Let K ′
∞ :=

∞⋃
n=0

K ′(πn) and K̂ ′ its Galois closure over K ′. Then K̂ ′ =
∞⋃

n=1
K ′
∞(ζpn)

with ζpn a primitive pn-th root of unity. Write G∞ := Gal(K/K ′
∞), K ′

p∞ =
∞⋃

n=1
K ′(ζpn), Gp∞ := Gal(K̂ ′/K ′

p∞), HK′ := Gal(K̂ ′/K ′
∞) and Ĝ := Gal(K̂ ′/K ′).

For any g ∈ GK , write ε(g) := g(π)
π , which is a cocycle from GK to R∗. Fix

a choice of primitive pi-root of unity ζpi for i ≥ 0 and set ε := (ζpi)i≥0 ∈ R
and t := log([ε]) ∈ Acris. We see that g(t) = χ(g)t with χ the p-adic cyclotomic
character, and there exists an α(g) ∈ Zp such that log([ε(g)]) = α(g)t.

As a subring of Acris, S is not stable under the action of G, though S is fixed by
G∞. Define a subring inside B+

cris:

RK0 :=

{
x =

∞∑

i=0

fit
{i}, fi ∈ SK0 and fi → 0 as i → +∞

}
,

where t{i} = ti

pq̃(i)q̃(i)!
and q̃(i) satisfies i = q̃(i)(p− 1) + r(i) with 0 ≤ r(i) < p− 1.

Define R̂ := W (R) ∩ RK0 . One can show that RK0 and R̂ are stable under the
G-action and the G-action factors through Ĝ (see [Liu09b] §2.2). R is a valuation
ring. Write vR(·) for the valuation and let I+R = {x ∈ R|vR(x) > 0} be the
maximal ideal of R. We have an exact sequences

0 → W (I+R) → W (R) ν→ W (k̄) → 0.

One can naturally extend ν to ν : B+
cris → W (k̄)[ 1p ] (see the proof of Lemma 2.2.1 in

[Liu09b]). For any subring A of B+
cris, we write I+A = Ker(ν) ∩A and I+ := I+R̂.

It is not hard to see that I+S = uS and I+S = {x ∈ S|x =
∞∑

i=1

ai
ui

q(i)! , ai ∈ W (k)},
where q(i) satisfies i = eq(i) + r(i) with 0 ≤ r(i) < e. By Lemma 2.2.1 in [Liu09b],
one have R̂/I+ ' S/uS ' S/I+S = W (k).

Following [Liu09b], a finite free (ϕ, Ĝ)-module of height r is a triple (M, ϕ, Ĝ)
where

(1) (M, ϕM) is a finite free Kisin module of height r;
(2) Ĝ is a R̂-semi-linear Ĝ-action on M̂ := R̂ ⊗ϕ,S M;
(3) Ĝ commutes with ϕM̂ on M̂, i.e., for any g ∈ Ĝ, gϕM̂ = ϕM̂g;
(4) regard M as a ϕ(S)-submodule in M̂, then M ⊂ M̂HK ;
(5) Ĝ acts on W (k)-module M := M̂/I+M̂ ' M/uM trivially.

A morphism between two finite free (ϕ, Ĝ)-modules is a morphism in Modϕ,r
/S

that commutes with Ĝ-action on M̂’s. We denote by Modr,Ĝ
/S the category of finite

free (ϕ, Ĝ)-modules of height r. For a finite free (ϕ, Ĝ)-module M̂ = (M, ϕ, Ĝ) 4,
we can associate a Zp[G]-module:

(2.2.1) T̂ (M̂) := HomR̂,ϕ(R̂ ⊗ϕ,S M, W (R)),

4We also (always) use M̂ to denote R̂ ⊗ϕ,S M. This is a (harmless) abuse of notations.
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where G acts on T̂ (M̂) via g(f)(x) = g(f(g−1(x))) for any g ∈ G and f ∈ T̂ (M̂).
The theory of (ϕ, Ĝ)-modules is built on Kisin’s theory ([Kis06]) on the classi-

fication of G∞-stable Zp-lattices via Kisin modules. We refer [Kis06] and [Liu09b]
for the more details of Kisin’s theory. Recall S embeds to W (R) via u 7→ [π].
Let OE be the p-adic closure of S[1/u] in W (FracR). Define E = FracOE and
Êur the p-adic completion of the maximal (algebraic) unramified extension of E in
W (FracR)[1/p]. Denote OÊur its ring of integers and put Sur = W (R) ∩ OÊur .
Sur is a subring of W (R) stable under the G∞-action and Frobenius. Denote by
Rep(G∞) the category of Zp[G∞]-modules of finite Zp-type. For any M ∈ Modr,fr

/S ,
we can associate a finite Zp-free object in Rep(G∞) via

TS(M) := HomS,ϕ(M,Sur).

By Example 2.3.5 in [Liu07b], there exists an element t ∈ W (R) such that t

mod p 6= 0, ϕ(t) = c−1
0 E(u)t, where c0p is the constant term of E(u). Such t is

unique up to units in Zp. Example 5.3.3 in [Liu07b] showed that we can select t

such that t = cϕ(t) with c =
∞∏

n=0
ϕ(ϕn(c−1

0 E(u))
p ) a unit in S. So throughout this

paper we fix the selection of t such that t = cϕ(t). The main result in [Liu09b] (cf.
Theorem 2.3.1 and Proposition 3.1.3) is the following:

Theorem 2.2.1 ([Liu09b]). (1) T̂ induces an anti-equivalence between the cat-
egory of finite free (ϕ, Ĝ)-modules of height r and the category of G-stable
Zp-lattices in semi-stable representations of G with Hodge-Tate weights in
{0, . . . , r}.

(2) T̂ induces a natural W (R)-linear injection

(2.2.2) ι̂ : W (R)⊗R̂ M̂ −→ T̂∨(M̂)⊗Zp W (R),

such that ι̂ is compatible with Frobenius and G-actions on both sides. More-
over, (ϕ(t))r(T̂∨(M̂)⊗Zp W (R)) ⊂ ι̂(W (R)⊗R̂ M̂).

(3) There exists a natural isomorphism TS(M) ∼→ T̂ (M̂) of Zp[G∞]-modules.

For the later use, we have to construct a connection between (ϕ, Ĝ)-modules and
filtered (ϕ,N)-modules. Let V be a semi-stable representation of G with Hodge-
Tate weights in {0, . . . , r}, T ⊂ V a G-stable Zp-lattice and M̂ := (M, ϕ, Ĝ) the
(ϕ, Ĝ)-module associated to T via Theorem 2.2.1 (1). Let D := SK0 ⊗S,ϕ M. One
can extend Frobenius to D via ϕD = ϕSK0

⊗ ϕM. Set D := D/(I+SK0)D. Note

that I+SK0 = {x ∈ SK0 |x =
∞∑

i=1

aiu
i, ai ∈ K0}. Then D is a finite free K0-vector

space with Frobenius induced from D. Proposition 6.2.1.1 in [Bre97] showed that
there exists a unique ϕ-equivariant section s : D ↪→ D. Therefore D = SK0 ⊗K0 D
by identifying D with s(D).

Now tensoring B+
cris on the both sides of (2.2.2), Note that

B+
cris ⊗R̂ M̂ ' B+

cris ⊗ϕ,S M ' B+
cris ⊗S D ' B+

cris ⊗K0 D
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and set ι̂B = B+
cris ⊗W (R) ι̂, we get the following commutative diagram:

B+
cris ⊗K0 D

ι̂B // T̂∨(M̂)⊗Zp B+
cris

W (R)⊗R̂ M̂
?Â

OO

ι̂ // T̂∨(M̂)⊗Zp W (R)
?Â

OO
(2.2.3)

Note there is a G-action on the left side of ι̂B induced from that on W (R)⊗R̂ M̂.
On the other hand, the functor Dst induces an injection

(2.2.4) ι : B+
st ⊗K0 Dst(V ) −→ V ∨ ⊗Qp B+

st .

such that ι is compatible with ϕ, N , filtration and G-action on both sides.

Proposition 2.2.2. Notations as above, there exists a unique K0-endomorphism
Ñ : D → D such that the G-action on the left side of ι̂B is given by

(2.2.5) g(a⊗ x) =
∞∑

i=0

g(a)γi(− log([ε(g)]))⊗ Ñ i(x), for any a ∈ B+
cris, x ∈ D.

Moreover, there exists a K0-linear isomorphism i : Dst(V ) → D such that i is
compatible with Frobenius on both sides and the following diagram commutes:

Dst(V )

i

²²

Â Ä // T∨ ⊗Zp B+
st

mod u

²²
D Â Ä // T∨ ⊗Zp B+

cris

(2.2.6)

Furthermore, if we identify D with Dst(V ) via i, then N = Ñ .

Proof. Recall D := SK0 ⊗ϕ,S M with ϕD = ϕSK0
⊗ ϕM. One can define filtration

FiliD by ϕM as in [Liu07b], §5.3 (cf. the construction of MS(M)). Furthermore,
§3.4 and §5.1 in [Liu08] showed there exists a unique monodromy operator ND on
D such that the data (D, ϕD,FiliD, ND) is a Breuil module (attached to the filtered
(ϕ,N)-module Dst(V ))5, and the G-action on B+

cris ⊗S D, which is the left side of
ι̂B , is given by

(2.2.7) g(a⊗ x) =
∞∑

i=0

g(a)γi(− log([ε(g)]))⊗N i
D(x), for any a ∈ B+

cris, x ∈ D;

moreover, we have ND(D) ⊂ D and for any x in D and s ∈ S,

(2.2.8) ND(sx) = NS(s)x + sND(x).

Now set Ñ := ND|D. Restricted the G-action to D, we get (2.2.5). To prove the
existence of i, we first show that B+

st ⊗B+
cris

ι̂B = ι, i.e., there exists an isomorphism

5See [Bre97] or §5.2 in [Liu07b] for axioms of Breuil modules and how to attach Breuil modules
to filtered (ϕ, N)-modules.
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î of B+
st-modules such that the the following diagram commutes

B+
st ⊗K0 Dst(V ) ι // T∨ ⊗Zp

B+
st

B+
st ⊗S D

î o
OO

B+
st⊗ι̂B // T∨ ⊗Zp

B+
st

(2.2.9)

where B+
st ⊗ ι̂B denotes B+

st ⊗B+
cris

ι̂B (also for the remaining of the proof). Set

(2.2.10) D̄ :=

{ ∞∑

i=0

γi(u)⊗ Ñ i(y) ∈ B+
st ⊗S D | y ∈ D

}
⊂ B+

st ⊗S D.

To prove (2.2.9), it suffices to show that D̄ = Dst(V ). Note that dimK0(D̄) =
dimK0(D) = rankS(M) = rankZp

(T ). It suffices show that D̄ ⊂ (T∨ ⊗Zp
B+

st)G.
But this has been proved in §7.2 in [Liu07b]. This proves the diagram (2.2.9).
Furthermore, we have the following commutative diagram

Dst(V ) Â Ä // B+
st ⊗K0 Dst(V ) ι // T∨ ⊗Zp B+

st

D̄ Â Ä //

î|D̄ o
OO

B+
st ⊗S D

î o
OO

B+
st⊗ι̂B // T∨ ⊗Zp B+

st

(2.2.11)

Now modulo u on the above diagram and noting that D̄ mod u = D, we get the
commutative diagram (2.2.6). Note that both rows and the right column in diagram
(2.2.6) are compatible with Frobenius. So i is compatible with Frobenius. To check

that N = Ñ via i, for any x =
∞∑

i=0

γi(u)⊗ Ñ i(y) ∈ D̄ with y ∈ D, we have

N(x) =
∞∑

i=0

N(γi(u))⊗ Ñ i(y) =
∞∑

i=1

γi−1(u)⊗ Ñ i(y).

Hence i(N(x)) = Ñ(y) = Ñ(i(x)). Therefore N = Ñ . ¤

Corollary 2.2.3. The isomorphism i in diagram (2.2.6) is unique, and we have
B+

st ⊗B+
cris

ι̂B = ι, i.e., there exists an isomorphism î of B+
st-modules such that

diagram (2.2.9) commutes.

The consequence of the above corollary is that the isomorphism i is functorial.
More precisely, let Repst,r

Qp
denote the category of semi-stable representations of

G with Hodge-Tate weights in {0, . . . , r}. For any V ∈ Repst,r
Qp

, with T ⊂ V a

G-stable Zp-lattice and (M, ϕ, Ĝ) the (ϕ, Ĝ)-module attached to T , consider the
functor D(V ) : V 7→ D := SK0 ⊗ϕ,S M 7→ D := D/(I+SK0)D from Repst,r

Qp
to the

category of ϕ-modules. Let D̃st(V ) be the functor Dst(V ) : V 7→ Dst(V ) composite
by the forgetful functor from the category of filtered (ϕ,N)-modules to the category
of ϕ-modules.

Corollary 2.2.4. The isomorphism i induces an isomorphism of functors between
D(·) and D̃st(·).
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2.3. Construction of Mst. Now let V ∈ Reppst,r
Qp

be a p-adic Galois representation

of GK and T ⊂ V a GK-stable Zp-lattice. Let M̂ = (M, ϕ, Ĝ) be the (ϕ, Ĝ)-module
associated to T |G, D := SK0 ⊗ϕ,S M and D := D/(I+SK0)D. Put M := M/uM '
ϕ∗M/uϕ∗M ⊂ D/(I+SK0)D = D, where ϕ∗M = S ⊗ϕ,S M. Then M is a finite
free W (k)-lattice in D and ϕ-stable. By Corollary 2.2.3, we can fix the unique
isomorphism i : Dst(V ) ' D from now on. Now set Mst(T ) := i−1(M) ⊂ Dst(V ).
Before we prove that Mst satisfies the requirements of Theorem 2.1.3, let us first
summarize the construction of Mst in the following diagram:

T
Ä _

²²

Theorem 2.2.1 // ϕ∗M
Ä _

²²

mod u // M
Ä _

²²
Mst

¤¤

V

Dst

++XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
SK0⊗ϕ,SM

// D mod I+SK0 // D

Dst(V )

i o
OO

Note that Corollary 2.2.4 ensures that the diagram in the bottom triangle is com-
mutative and thus Mst is functorial. We postpone the discussion of faithfulness,
fullness and exactness of Mst, and the case er < p− 1 to §2.5.

Now to prove Theorem 2.1.3, we need to show that Mst(T ) is a lattice in Dst(V )
in the sense of Definition 2.1.2. We have seen that Mst(T ) is ϕ-stable. It remains
to prove that Mst(T ) is GK-stable and N -stable. We first need some preparations.

Since V |G is semi-stable, by Theorem 2.2.1 (2), we have an injection

(2.3.1) ι̂ : W (R)⊗R̂ M̂ −→ T̂∨(M̂)⊗Zp W (R).

compatible with G-action on the both sides. Note that T is GK-stable. So there is
a natural GK-action on the right side of (2.3.1).

Lemma 2.3.1. The left side of (2.3.1) is GK-stable.

Proof. Use diagram (2.2.3)

B+
cris ⊗K0 D

ι̂B // T̂∨(M̂)⊗Zp B+
cris

W (R)⊗R̂ M̂
?Â

OO

ι̂ // T̂∨(M̂)⊗Zp W (R)
?Â

OO

where the right column has the natural GK-action. We claim that B+
cris ⊗R̂ M̂ =

B+
cris ⊗K0 D is stable under the GK-action via ι̂B . Let us accept the claim and

postpone the proof to the end. Select a basis e1, . . . , ed of M̂. For any g ∈ GK ,
g(e1, . . . , ed) = (e1, . . . , ed)A with A a d × d-matrix. It suffices to show that each
coefficient of A, say x, is in W (R). To see this, note that B+

cris⊗R̂M̂ is GK-stable, so
x ∈ B+

cris. On the other hand, by Theorem 2.2.1 (2), (ϕ(t))r(T̂∨(M̂)⊗Zp W (R)) ⊂
ι̂(W (R)⊗R̂ M̂). Thus we have (ϕ(t))rx ∈ W (R). Then x ∈ W (R) follows Lemma
3.2.2 in [Liu09b].

To prove the claim, it suffices to show that GK(D) ⊂ B+
cris⊗K0 D. By the proof

of Proposition 2.2.2, we see that Dst(V ) is just D̄ ⊂ B+
st ⊗K0 D defined in (2.2.10).
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Let ē1, . . . , ēd be a basis of D̄ given by (ē1, . . . , ēd) = (e1, . . . , ed)
∞∑

i=0

γi(u)N̄ i with

(e1, . . . , ed) a basis of D and N̄ the matrix of N under the basis e1, . . . , ed. For any
g ∈ GK , g(u) = log(g([π])) = u+λ with λ = log( g([π])

[π] ) in B+
cris. Note that g and N

commutes on D̄. So if let Ag be the matrix such that g(ē1, . . . , ēd) = (ē1, . . . , ēd)Ag,
we have AgN̄ = N̄Ag. Now

g(e1, . . . , ed) = g(ē1, . . . , ēd)
∞∑

i=0

γi(−g(u))N̄ i

= (ē1, . . . , ēd)Ag

∞∑

i=0

γi(−u− λ)N̄ i

= (ē1, . . . , ēd)
∞∑

i=0

γi(−u− λ)N̄ iAg

= (ē1, . . . , ēd)(
∞∑

i=0

γi(−u)N̄ i)(
∞∑

i=0

γi(−λ)N̄ iAg)

= (e1, . . . , ed)(
∞∑

i=0

γi(−λ)N̄ iAg).

(
∞∑

i=0

γi(−λ)N̄ iAg) converges in B+
cris because N is nilpotent. This proves the claim.

¤

Recall that the projection of R to k̄ (by modulo I+R) induces a projection
ν : W (R) → W (k̄) and ν can be naturally extended to ν : B+

cris → W (k̄)[ 1p ].
Write K̃0 := W (k̄)[ 1p ]. We extend ν to ν : B+

st → K̃0 by sending u 7→ 0. Let
I+B+

st := Ker(ν). For any subring A ⊂ B+
st , put I+A = A ∩ I+B+

st . For any
subring A of B+

cris, this definition of I+A obviously coincides with the previous one.
Following [Fon94a] §5.3, we define

I [m]B+
cris = {x ∈ B+

cris|ϕn(x) ∈ FilmB+
cris, for all n > 0}

and for any subring A ⊂ B+
cris, write I [m]A := A∩I [m]B+

cris. By the proof of Lemma
3.2.2 in [Liu09b], ϕ(t) is a generator of I [1]W (R).

Lemma 2.3.2. (1) I [1]W (R) ⊂ I+W (R) and I [1]Acris ⊂ I+Acris.
(2) ν|W (k̄) = Id and ν is GK-equivariant.

Proof. (1) It suffices to show that I [1]Acris ⊂ I+Acris. By Proposition 5.3.1 in

[Fon94a], for any x ∈ I [1]Acris, x =
∞∑

n=1
ait

{n} where t = log([ε]) and ε = (εi)i≥0 ∈ R

with εi primitive pi-th root of unity. Since ν([ε]) = 1, we see that t ∈ I+Acris and
then x ∈ I+Acris.

(2) The first statement is obvious. To show the second, note that the projection
ν̄ : R → k̄ is natural. So ν is obviously GK-equivariant on W (R), thus on Acris

and B+
cris. Therefore it suffices to show that GK(u) ⊂ I+B+

st . For any g ∈ GK ,
as in the proof of Lemma 2.3.1, g(u) = log(g([π])) = u + λ with λ = log( g([π])

[π] ) in

B+
cris. It suffices to show that λ is in I+B+

cris. Write η = g(π)
π = (ηi)i≥0 ∈ R. Since
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mλ = m log([η]) = log([ηm]), after replacing η by some power, we can assume that
η0 = 1 mod p. Hence ν([η]) = 1 and λ = log([η]) is in I+B+

cris. ¤

Now recall that M = M/uM and D = D/(I+SK0)D in the construction of Mst.
We have

W (R)⊗R̂ M̂ mod I+W (R) ' W (k̄)⊗W (k) M

and
B+

st ⊗S D mod I+B+
st ' K̃0 ⊗K0 D.

By Lemma 2.3.1 and Lemma 2.3.2, we have W (k̄)-semi-linear GK-actions on
W (k̄)⊗W (k) M and K̃0 ⊗K0 D. By Proposition 2.2.2, the isomorphism i induces a
W (k)-linear isomorphism

(2.3.2) B+
st ⊗S D mod I+B+

st ' K̃0 ⊗K0 D
K̃0⊗K0 i−1

∼ // K̃0 ⊗K0 Dst(V ).

On the other hand, note that the right side also has a natural GK-action induced
from the GK-action on Dst(V ).

Lemma 2.3.3. K̃0 ⊗K0 i−1 is GK-equivariant.

Proof. Combining Corollary 2.2.3 with Lemma 2.3.1, the isomorphism

î : B+
st ⊗S D ∼→ B+

st ⊗K0 Dst(V )

is GK-equivariant (note that Corollary 2.2.3 only shows that î is G-equivariant).
Now modulo I+B+

st on the both sides of î, we see that K̃0⊗K0 i−1 is GK-equivariant.
¤

Now since the GK-action on W (k̄)⊗W (k) M is stable in K̃0 ⊗K0 D, we prove:

Corollary 2.3.4. Mst(T ) is GK-stable in Dst(V ).

2.4. Stability of monodromy. Now let us prove that Mst(T ) is stable under
monodromy. For this, we need more precise information on the Galois action on
the left side of (2.3.1). It will be always convenient to consider W (R) ⊗R̂ M̂ as a
submodule of B+

cris ⊗K0 D ' B+
cris ⊗S D, as illustrated in Diagram (2.2.3). In the

proof of Proposition 2.2.2, we have shown that there exists an operator ND : D → D
such that the G-action on B+

cris ⊗S D is given by (2.2.7), and formula (2.2.8) show
the following diagram is commutative

D
mod (I+SK0 )D

²²

ND // D
mod (I+SK0 )D

²²
D N // D

(2.4.1)

Now set M := S ⊗ϕ,S M. Note that M/(I+S)M ' M/uM. Hence to show
that Mst is stable under N , it suffices to show the following:

Proposition 2.4.1. Notations as above. If p > 2 then ND(M) ⊂M.

Remark 2.4.2. This generalizes Lemma 3.5.3 in [Liu08] to case that has no restric-
tion on Hodge-Tate weights.
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Proof of Proposition 2.4.1. Regard M as a ϕ(S)-submodule of M. It suffices to
show that ND(M) ⊂ M. Since p > 2, by Lemma 5.1.2 in [Liu08], we have K ′

p∞ ∩
K ′
∞ = K ′, Ĝ = Gp∞ o HK′ and Gp∞ ' Zp(1). As the consequence, let τ be a

topological generator of Gp∞ then ε(τ) = (εi)i≥0 ∈ R with εi a pi-th primitive root
of unity. So we may just select ε = ε(τ) and set t = − log([ε(τ)]). Pick a x ∈ M. By

formula (2.2.7), we have τ(x) =
∞∑

i=0

γi(t) ⊗ N i
D(x). Note that τ acts on t trivially.

Hence for any n ≥ 1 and x ∈ D, an easy induction on n shows that

(2.4.2) (τ − 1)n(x) =
∞∑

m=n


 ∑

i1+···+in=m,ij≥1

m!
i1! · · · in!


 γm(t)⊗Nm

D (x)

In particular, (τ − 1)n(x) ∈ I [n]B+
cris ⊗S D. Since x ∈ M and W (R) ⊗ϕ,S M is

G-stable via ι̂. We get (τ − 1)n(x) ∈ I [n]W (R)⊗ϕ,S M.

Now we claim that (τ−1)n

nt (x) is well defined in Acris ⊗S M and (τ−1)n

nt (x) → 0
p-adically as n →∞. If so, then we can define

(2.4.3)
log
t

(τ)(x) =
∞∑

n=1

(−1)n−1 (τ − 1)n

nt
(x) ∈ Acris ⊗S M.

and a direct computation shows that

(2.4.4)
log
t

(τ)(x) = 1⊗ND(x) ∈ Acris ⊗S M.

Therefore, we see that ND(x) ∈M and we are done. It suffices to show the claim.
Note that t = cϕ(t) with ϕ(t) a generator of I [1]W (R), and c a unit in S. Since
(τ − 1)n(x) ∈ I [n]W (R) ⊗ϕ,S M, it suffices to show that for any n, (ϕ(t))n−1

n is in
Acris and it goes to zero p-adically. Note that (ϕ(t))p−1 ∈ FilpW (R) + pW (R). So
(ϕ(t))p−1

p is in Acris. For any n ≥ 2p, write n = psm with p - m. We see that

(ϕ(t))n−1

n
=

(ϕ(t))n−1

(n− 1)!
(n− 1)!

n
=

(ϕ(t))n−1

(n− 1)!
(psm− 1)!

psm

Since γi(t) goes to zero p-adically (see [Fon94a] §5.2.4), it suffices to show (psm−1)!
psm is

in Zp. If m > 1 then psm−1 > ps and it is obvious. If m = 1 then one easily check
that ps−1 ≥ 2ps−1 because s ≥ 2 and p ≥ 3. vp((ps−1)!) ≥ vp(2ps−1)+vp(ps−1) =
2(s− 1) ≥ s.

¤

To complete the proof that N(Mst(T )) ⊂ Mst(T ) when p = 2 and to deal with
torsion representations later, it will be convenient to give another description of
monodromy N on Mst(T ). As the proof of the above proposition, if p > 2 then
we select τ a topological generator of Gp∞ and set t = − log([ε(τ)]). If p = 2 then
there still exists a τ ∈ Ĝ such that ε(τ) = (ηi)i≥0 ∈ R with ηi being primitive
pi-th root of unity (see the end of §4.1 in [Liu09b]). We set t := − log([ε(τ)])
in this case. Recall that ϕ∗M := S ⊗ϕ,S M, which is a submodule of D and
W (R)⊗ϕ,S M. For any x ∈ ϕ∗M, by the proof of the above theorem, we see that
(τ − 1)(x) ∈ I [1]W (R) ⊗S ϕ∗M. Note that the statement is also valid for p = 2
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because the same proof works for our selection of τ when p = 2. Since ϕ(t) is a
generator of I [1]W (R), it makes sense to define a map

(2.4.5) N̂ : ϕ∗M → W (R)⊗ϕ,S M; N̂(x) =
τ − 1
ϕ(t)

(x).

It is easy to check that N̂ is W (k)-linear and N̂((I+S)ϕ∗M) ⊂ I+W (R)⊗S ϕ∗M.

So it make senses to define a map Ñ = N̂(x) mod I+W (R), that is, we have the
following commutative diagram:

ϕ∗M N̂ //

mod I+S

²²

W (R)⊗S ϕ∗M

mod I+W (R)

²²
Mst(T ) Ñ // W (k̄)⊗W (k) Mst(T )

(2.4.6)

On the other hand, the monodromy operator N define a map N : D → D ↪→
D ⊗K0 K̃0.

Proposition 2.4.3. Notations as above, Ñ = N |Mst(T ) and then N(Mst(T )) ⊂
Mst(T ).

Proof. For any x ∈ ϕ∗M ⊂ M = S ⊗ϕ,S M, we have (τ − 1)(x) =
∞∑

i=1

γi(t) ⊗

N i
D(x). Recall that t = cϕ(t). Hence N̂(x) = cND(x) +

∞∑
i=2

cti−1

i! ⊗ N i
D(x). Now

we claim that the series
∞∑

i=2

cti−1

i! ⊗N i
D(x) converges in B+

cris ⊗S ϕ∗M. Let us first

accept this and postpone the proof to the end. Now since t ∈ I+Acris, we see that
N̂(x) − cND(x) ∈ I+B+

cris ⊗ϕ,S M. But c = 1 mod I+S, we have N̂(x) = ND(x)
mod I+B+

cris ⊗S ϕ∗M. Since ND = N mod I+SK0 , we see that Ñ = N |Mst(T ).

To prove the claim, we need check two facts: First, ti

(i+1)! → 0 p-adically in B+
cris

when i goes to infinity; second, there exist an integer m such that pmN i
D(x) ∈M =

S ⊗ϕ,S M for all i. To see the first fact, recall that t{i} = ti

pq̃(i)q̃(i)!
∈ Acris, where

i = (p−1)q̃(i)+r with 0 ≤ r < p−1. It suffices to show that pq̃(i)q̃(i)!/(i+1)! goes to
zero p-adically. This easily follows form the well-known fact that vp(m!) < m

p−1 . To
prove the second fact, note that Qp⊗ZpM' S⊗W (k)D. Hence x =

∑
j sj⊗yi with

si ∈ S and yi ∈ D. Then second fact follows the facts that ND = NS ⊗ 1 + 1⊗ND

(cf. (2.2.8)) and that ND on D is nilpotent.
¤

2.5. Some properties of Mst. In this subsection, we discuss the properties of the
functor Mst stated in Theorem 2.1.3.

To show that Mst is faithful, let f : T → T ′ be a map in Reppst,r
Zp

such that
Mst(f) = 0. Then Dst(f) = Mst(f)⊗Zp Qp = 0 and then f ⊗Zp Qp = 0. Therefore
f = 0 and the faithfulness of Mst is proved.

Now let us discuss the fullness of Mst. Let T , T ′ ∈ Reppst,r
Zp

be two GK-stable
Zp-lattices and f : Mst(T ′) → Mst(T ) a morphism in Lr(ϕ,N,Γ). Tensoring Qp,
f ⊗Qp is a morphism of filtered (ϕ, N, Γ)-modules. Hence there exists a morphism
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g : T⊗ZpQp → T ′⊗ZpQp inside Reppst,r
Qp

such that Dst(g) = f⊗ZpQp. To show that
Mst is full, it suffices to show that g(T ) ⊂ T ′. Pick a constant a such that pag(T ) ⊂
T ′ and let (M, ϕM, ĜM) and (M′, ϕM′ , ĜM′) be the (ϕ, Ĝ)-modules corresponding
to T and T ′ respectively. Then pag induces a morphism f : (M′, ϕM′ , ĜM′) →
(M, ϕM, ĜM) of (ϕ, Ĝ)-modules. To show that Mst is full, it suffices to show that
f(M′) ⊂ paM. Write f̄ = f mod u : M′/uM′ → M/uM. By the construction of
Mst, We see that f̄ = Mst(pag) = paf .

Proposition 2.5.1. Suppose er < p − 1 and f : M′ → M is a morphism of finite
free Kisin modules of height r. Write M ′ := M′ mod uS, M := M mod uS and
f̄ = f mod uS. If f̄(M ′) ⊂ paM then f(M′) ⊂ paM.

Corollary 2.5.2. If er < p− 1. Mst is fully faithful.

To prove this proposition, we need the following result:

Lemma 2.5.3. Assume that er < p− 1.

(1) Suppose that i : L ↪→ L′ is an injective morphism inside Modr,fr
/S and M :=

L/i(L′) is killed by some p-power. Then as an S-module, M ' S/pn1S⊕
S/pn2S⊕ · · · ⊕S/pndS with ni ≥ 1.

(2) Suppose M is a torsion free ϕ-module of height r. Then M is finite S-free.

The proof of the lemma needs an elaborate discussion of torsion Kisin modules.
So we postpone the proof to §3.2.

Proof of Proposition 2.5.1. Let L′ = M/f(M′), L′tor the torsion part of L′ and
L = L′/L′tor. So we get an exact sequence of ϕ-modules:

0 → N → M → L → 0

with N and L torsion free. By Proposition B 1.3.5 in [Fon90], we see that N, L are
of height r. Then Lemma 2.5.3 shows that N and L are finite free. Similarly, we
have an exact sequence of finite free Kisin modules 0 → K → M′ f→ f(M′) → 0.
Write N′ = f(M′). We have an injection N′ ↪→ N. Since N/N′ ' L′tor, by Lemma
2.5.3 (1), we have

(2.5.1) N/N′ ' S/pn1S⊕S/pn2S⊕ · · · ⊕S/pndS.

In particular, we get an exact sequence 0 → N′ → N → N/N′ → 0 with N/N′

u-torsion free. Since all terms of three exact sequences here are u-torsion free,
after modulo u, we still get exact sequences. Hence the map f̄ : M ′ → M can be
decomposed into three parts: M ′ ³ N ′, N ′ ↪→ N and N ↪→ M , where N and N ′

are N mod u and N′ mod u respectively. Note f̄(M ′) = N ′ ⊂ N ∩ paM . Since
M/N = L mod u is torsion free, we see that N ∩paM = paN and thus N ′ ⊂ paN .
Write g : N′ ↪→ N and g = g mod u : N ′ → N . Now it suffices to show Proposition
2.5.1 for g : N′ ↪→ N. To see this, it is enough to show that ni in (2.5.1) satisfies
ni ≥ a. But N ′ ⊂ paN and

N/N ′ ' (N/N′) mod u = W (k)/pn1W (k)⊕W (k)/pn2W (k)⊕· · ·⊕W (k)/pndW (k).

We must have ni ≥ a. ¤
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Let us prove the left exactness, and the exactness of Mst if er < p − 1. Let
0 → T ′′ → T → T ′ → 0 be an exact sequence in Reppst,r

Zp
. Restricted to G, we get

a sequence of (ϕ, Ĝ)-modules 0 → M̂′ → M̂ → M̂′′ → 0. Write

0 → M′ → M → M′′ → 0

for the corresponding sequence of Kisin modules. It suffices to show that the above
sequence is left exact and exact when er < p− 1.

Lemma 2.5.4. Let M′, M′′ and M ∈ Modr,fr
/S be finite free Kisin modules. Assume

that there exists an exact sequence of Zp[G∞]-modules

(2.5.2) 0 → TS(M′′) → TS(M) → TS(M′) → 0

Then there exists a (unique) left exact sequence of Kisin modules

(2.5.3) 0 → M′ → M → M′′ → 0

such that TS((2.5.3)) ' (2.5.2). If er < p− 1 then (2.5.3) is exact.

Proof. Since TS is a fully faithful functor (see, for example, Corollary 4.2.6 in
[Liu07b]), we have a short sequence

(2.5.4) 0 → M′ → M
f→ M′′ → 0

of finite free Kisin modules such that TS((2.5.4)) ' (2.5.2). The only question is
whether the above sequence is left exact. In the following, we heavily use the theory
of étale ϕ-modules, their attached representations of G∞, and relations to Kisin
modules. We refer readers to §2 in [Liu07b] for more details.

For any finite free Kisin module N, set N := OE ⊗S N. Following [Fon90],
then N is a finite OE -free étale ϕ-module, in the sense that N has a semi-linear
Frobenius ϕ : N → N and the OE -linear map 1 ⊗ ϕ : OE ⊗ϕ,OE N → N is
an bijection. Write T (N) = HomOE ,ϕ(N,OÊur). By Corollary 2.2.2 in [Liu07b],
T (N) ' TS(N) as Zp[G∞]-modules. Moreover, Proposition A 1.2.4, Proposition A
1.2.6 and Remark A 1.2.7 in [Fon90] proved that N = HomG∞(T (N),OÊur) and the
functor T 7→ HomG∞(T,OÊur) induces an exact anti-equivalence between Rep(G∞)
and the category of étale ϕ-modules. So write M ′ = OE ⊗S M′, M = OE ⊗S M
and M ′′ = OE ⊗S M′′. Applying HomG∞(−,OÊur) to the exact sequence (2.5.2),
we get an exact sequence 0 → M ′ → M → M ′′ → 0, which is just OE ⊗S (2.5.4).
Hence OE ⊗S (2.5.4) is exact. Set M̃′′ = f(M) and M̃′ = Ker(f |M). Apparently,
M̃′ and M̃′′ are ϕ-modules and torsion free. By Proposition B 1.3.5 in [Fon90],
we see that M̃′ and M̃′′ are objects in ′Modϕ,r

/S . Lemma 2.3.7 in [Liu07b] shows

that there exist finite free Kisin modules M
′

and M
′′

such that M̃′ ⊂ M
′ ⊂ M ′

and M̃′′ ⊂ M
′′ ⊂ M ′′. But TS is fully faithful and M′ ⊂ M̃′ ⊂ M ′ is also a

finite free Kisin module. Noting that TS(M′) = TS(M
′
) = T (M ′), we must have

M′ = M̃′ = M
′
. Similarly, we have M

′′
= M′′. Hence we get a left exact sequence

0 → M′ → M ³ M̃′′ ↪→ M′′

So (2.5.4) is left exact. In general, M̃′′ may not be M′′. See Example 2.5.6. But if
er < p − 1. By Lemma 2.5.3 (1), we see that M̃′′ is finite free. Hence M̃′′ = M′′

by the full faithfulness of TS and then (2.5.3) is exact.
¤
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In general. Mst is neither full nor exact if er ≥ p − 1. The following examples
restrict to crystalline representations with Hodge-Tate weights in {0, 1}. In this
situation, Theorem (0.4) in [Kis06] shows that the category of finite free Kisin
modules of height 1 is equivalent to the category of G-stable Zp-lattices in crystalline
representations with Hodge-Tate weights in {0, 1}. In particular, for each finite
free Kisin module M of height 1, there exists a unique (ϕ,G)-module M̂ such that
T̂ (M̂)⊗Zp

Qp is a crystalline representation with Hodge-Tate weights in {0, 1} and
the ambient Kisin module of M̂ is just M.

Example 2.5.5. Let K = Qp(π) with πp−1 = p. So we have E(u) = up−1−p. Let
T be a G-stable Zp-lattice in a 2-dimensional crystalline representation with Hodge-
Tate weights {0, 1}, determined by Kisin module M = Se1 ⊕Se2 and ϕ(e1, e2) =

(e1, e2)
(

1 0
0 E(u)

)
. Let M′ = Sf1 ⊕Sf2 ⊂ M ⊗Zp Qp be a finite free S-module

with the basis (f1, f2) = (e1, e2)
(

1 u
p

0 1

)
. Note that

ϕ(f1, f2) = (f1, f2)
(

1 u
p

0 1

)−1 (
1 0
0 E(u)

) (
1 up

p

0 1

)
= (f1, f2)

(
1 u
0 E(u)

)
.

Hence M′ is a Kisin module of height 1 and corresponds a G-stable Zp-lattice
T ′ inside T ⊗Zp Qp. T 6= T ′ because M′ 6= M. But M/uM = M′/uM′ inside
M/uM⊗Zp Qp and thus Mst(T ) = Mst(T ′) inside Dst(T ⊗Zp Qp).

Example 2.5.6. Let E(u), K and M′ be the same as the above example. Write S∗

for the rank-1 finite free Kisin module whose Frobenius is given by ϕ(f) = E(u)f
with f a basis of S∗, and S for the rank-1 finite free Kisin module with trivial
Frobnius. We have a left exact sequence of Kisin modules

0 → S∗ → M′ f→ S → 0

via f(f1) = p and f(f2) = u. The above sequence of Kisin modules corresponds to
an exact sequence of lattices in crystalline representations with Hodge-Tate weights
in {0, 1}. Modulo u on the above sequence, we see easily that Mst is not right exact.

3. p-adic Hodge data of torsion representations

Let T be a p-adic Galois representation killed by some p-power, and P some
properties of representations (e.g., being semi-stable, crystalline etc.). We call a
representation is torsion P if T can be written as a quotient of two lattices inside a
representation which has property P. In this section, we will attach (ϕ,N)-module
to torsion potentially semi-stable representation up to a p-power pc, where c is
a constant only depending on the absolute ramification index e (of the field over
which representation is semi-stable) and length of Hodge-Tate weights.

We follow the same settings and notations in §2 throughout this section.

3.1. Construction of Mst for torsion representations. Recall that Reppst,r
Qp

is
the category of potentially semi-stable representations (satisfying the assumption in
the beginning of §2) with Hodge-Tate weights in {0, . . . , r} where r is a fixed positive
integer. We denote Reppst,r

tor the category whose objects are torsion potentially semi-
stable representations with Hodge-Tate weights in {0, . . . , r}, in the sense that, for
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any T ∈ Reppst,r
tor , there exist GK-stable Zp-lattices L ⊂ L′ in a V ∈ Reppst,r

Qp
such

that T ' L′/L as Zp[GK ]-modules. We call the pair L ⊂ L′ a lift of T . Obviously,
for any T ∈ Reppst,r

tor , the lift is always not unique. A morphism between two lifts
L : L ⊂ L′ (lifting T ) and L̃ : L̃ ⊂ L̃′ (lifting T̃ ) is a morphism f̂ : L′ → L̃′ in
Reppst,r

Zp
such that f̂(L) ⊂ L̃. f̂ induces a morphism f : T → T̃ in Reppst,r

tor . We call

f̂ a lift of f (with respect to lifts L and L̃).

Let L : L
j

↪→ L′ be a lift of T . By Theorem 2.1.3, we get a morphism Mst(j) :
Mst(L′) → Mst(L) in Lr(ϕ,N, Γ) (Mst(j) is injective by Corollary 3.2.4 below).
Now write j̃ := Mst(j) and set Mst,L(T ) := Mst(L)/j̃(Mst(L′)). Then Mst,L(T )
has GK-action, Frobenius ϕ and monodromy N induced from Mst(L). Following the
definition of filtered (ϕ,N, Γ)-modules, we define a category Mtor(ϕ,N,Γ) whose
objects are finite W (k)-modules M killed by some p-power and endowed with

• a Frobenius semi-linear map: ϕ : D → D.
• a W (k)-linear map N : D → D such that Nϕ = pϕN .
• a W (k)-linear Γ-action on D such that Γ commutes with ϕ and N .

We have obvious notations of morphisms in Mtor(ϕ,N, Γ). Therefore Mst,L(T ) is
an object in Mtor(ϕ,N,Γ). If f : T → T̃ is a morphism in Reppst,r

tor which can be
lifted to f̂ : L → L̃, then f̂ induces a morphism Mst,f̂ (f) : Mst,L̃(T̃ ) → Mst,L(T ) in
Mtor(ϕ,N, Γ).

Though the above definitions depend on the choices of the lifts, we will prove that
there exists a constant c such that Mst,L(T ) is “unique” up to pc in the following
sense:

Theorem 3.1.1. There exists a constant c only depending on e and r such that
the following statement holds: for any morphism f : T ′ → T in Reppst,r

tor and any
lift L′, L of T ′, T respectively, there exists a morphism g : Mst,L(T ) → Mst,L′(T ′)
in Mtor(ϕ, N, Γ) such that

(1) if there exists a morphism of lifts f̂ : L′ → L which lifts f then g =
pcMst,f̂ (f).

(2) let f ′ : T ′′ → T ′ be a morphism in Reppst,r
tor with L′′ the lift of T ′′ and

g′ : Mst,L′(T ′) → Mst,L′′(T ′′) the morphism in Mtor(ϕ,N, Γ) attached to
f ′, L′ and L′′. If there exists a morphism of lifts ĥ : L′′ → L which lifts
f ◦ f ′ then g′ ◦ g = p2cMst,ĥ(f ◦ f ′).

If er < p− 1 then c = 0. Mst,L(T ) is independent on the choice of lift and Mst,L
is a functor from Reppst,r

tor to Mtor(ϕ,N, Γ).

Corollary 3.1.2. Notations as above, assume that f : T ′ → T is an isomorphism
and f ′ = f−1 : T → T ′ is the inverse map. Then g′ ◦ g|Mst,L(T ) = p2cId|Mst,L(T )

and g ◦ g′|Mst,L′ (T ′) = p2cId|Mst,L′ (T ′).

Remark 3.1.3. It is natural to ask if one can define a reasonable filtration structure
inside Mst,L(T ) such that the above theorem is valid for such filtration (together
with other structures). Though the answer is positive the proof is too complicated
to include here. See the forthcoming work [Liu09a].
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To proceed the proof, we study torsion representations arising from a torsion
version of (ϕ, Ĝ)-modules 6, and show that the p-adic Hodge structures in Mst,L(T )
are encoded in those structures. For this, we need the input from torsion Kisin
modules. So we recall some facts for torsion Kisin modules, and refer [Liu07b], §2
and §3 for more details.

3.2. Torsion Kisin modules. In the sequel, for any Z-module M , we denote
M/pnM by Mn. Recall ′Modϕ,r

/S denotes the category of ϕ-modules of height r.
Let M ∈ ′Modϕ,r

/S , we call M a torsion Kisin module (of height r) if M is killed by

some p-power and there exists an injection L′ ↪→ L in Modr,fr
/S such that M ' L/L′.

We denote Modr,tor
/S the full subcategory of torsion Kisin modules of height r in

′Modϕ,r
/S . The following lemma summarizes some useful facts on (torsion) Kisin

modules.

Lemma 3.2.1. (1) The following statements are equivalent:
(a) M is a torsion Kisin module.
(b) M ∈ ′Modϕ,r

/S , M is killed by some p-power and u-torsion free.
(c) M ∈ ′Modϕ,r

/S and M is a successive extension of finite free kJuK-
modules Mi with Mi ∈ ′Modϕ,r

/S .
(2) Let 0 → M′ → M → M′′ → 0 be an exact sequence of ϕ-modules. Suppose

that M′, M′, M′′ are u-torsion free and M ∈ ′Modϕ,r
/S . Then M′, M′′ ∈

′Modϕ,r
/S .

Proof. See Lemma 2.3.2 and Proposition 2.2.3 in [Liu07b]. ¤

Now combining the above results with the following input, we are ready to prove
Lemma 2.5.3.

Lemma 3.2.2. Assume that er < p − 1. Let M, M′ ∈ Modr,tor
/S . If M ⊗S OE '

M′ ⊗S OE as ϕ-modules. Then M ' M′.

Proof. If er < p − 1 then the minimal model and maximal model coincides. See
Remark after Corollary 3.2.6 in [CL09]. ¤

Proof of Lemma 2.5.3. (1) By Lemma 3.2.1 (1), M is a torsion Kisin module and
M is u-torsion free. Assume that M is killed by pn. We prove the statement by
induction on n. If n = 1, since M is u-torsion free then M is a finite free S1-
module. Suppose that the statement holds for n− 1. Consider the exact sequence
0 → pn−1M → M → Mn−1 → 0. We claim that Mn−1 is a Kisin module killed by
pn−1. To see the claim, let K be the kernel of map q : M → Mn−1 → Mn−1⊗SOE .
We get an exact sequence of u-torsion free ϕ-modules: 0 → K → M → q(M) → 0.
By Lemma 3.2.1 (2), we see that K and q(M) are torsion Kisin modules. It is easy
to check that K⊗SOE ' pn−1M⊗SOE . Hence K = pn−1M by Lemma 3.2.2, and
then Mn−1 = q(M) is a torsion Kisin module.

By induction, Mn−1 ' Sn1 ē1 ⊕ · · · ⊕Snd′ ēd′ ⊕ · · · ⊕Snd
ēd with ei ∈ M and ēi

the image of ei under the natural map M → Mn−1 for i = 1, . . . , d. Let us assume

6We will not define torsion (ϕ, G)-modules in this paper, though we implicitly use many their
properties.
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e1, . . . , ed′ are those among ei killed by pn but not by pn−1. Set

M := Sne1 ⊕ · · · ⊕Sned′ ⊕Snd′+1
ed′+1 ⊕ · · · ⊕Snd

ed.

By Nakayama’s lemma, we have the following commutative diagram:

0 // pn−1M

²²²²

// M

²²²²

// Mn−1

o
²²

// 0

0 // pn−1M // M // Mn−1 // 0

(3.2.1)

where the first two columns are surjective and the last one is an isomorphism.
Assume that pn−1e1, . . . , p

n−1ed̃ forms a basis for pn−1M with d̃ < d′. For any

d̃ + 1 ≤ i ≤ d′, we have pn−1ei =
d̃∑

j=1

aijp
n−1ej with aij ∈ S. Now for any

d̃ + 1 ≤ i ≤ d′, replace ei by ei −
d̃∑

j=1

aijej , and replace M by

M := Sne1 ⊕ · · · ⊕Sned̃ ⊕Sn−1ed̃+1 ⊕ · · · ⊕Sn−1ed′ ⊕Snd′+1
ed′+1 · · · ⊕Snd

ed.

We still have a diagram as (3.2.1). The second column is still surjective. Since
pn−1ei = 0 for any d̃ + 1 ≤ i ≤ d′, the first column is an isomorphism. We easily
check that the last column is still an isomorphism. Hence the middle is also an
isomorphism M ' M.

(2) Let M = M⊗S OE . Then i : M ↪→ M is an injection. Write qn : M → Mn

and M(n) = qn◦i(M). By Lemma 3.2.1, we see that M(n) is a torsion Kisin module.
Since M is a finite free OE -module, Mn is finite OE,n-free. By (1), M(n) is finite
Sn-free and M′ := lim←−n

M(n) is a finite free Kisin module. It suffices to show that
that M = M′ as submodules of M . For any n, set Kn = Ker(qn)|M. Note that
M/Kn ' M′

n. On the other hand, Kn = pnM ∩M = pnM′ ∩M. By Artin-Rees
lemma, the topology defined by Kn coincides with the p-adic topology on M. Since
M is p-adic complete, we see that M = lim←−M(n) = M′.

¤

Recall Rep(G∞) denotes the category of Zp[G∞]-modules of finite Zp-type. For
any M ∈ Modr,tor

/S , we can associate a p-power torsion object in Rep(G∞) via

TS(M) := HomS,ϕ(M, Sur ⊗Zp Qp/Zp).

Proposition 3.2.3. Let 0 → L
j→ L′ → T → 0 be an exact sequence of Zp[G∞]-

modules such that

(1) there exists L, L′ ∈ Modr,fr
/S such that TS(L) ' L and TS(L′) ' L′.

(2) T is killed by a p-power.

Then there exists an injection j : L′ ↪→ L in Modr,fr
/S such that TS(j) ' j. Further-

more, let M = L/i(L′) then TS(M) ' T .

Proof. Here we use ingredients on the theory of étale ϕ-modules as in the proof of
Lemma 2.5.4. Since TS is fully faithful on the category of finite free Kisin modules,
we have a morphism j : L′ → L in Modr,fr

/S such that TS(j) ' j. To see that j

is an injection. Applying HomG∞(−,OÊur) to the map j : L → L′, we see that
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j⊗SOE : L′⊗SOE → L⊗SOE is an injection. Hence j is an injection. Since L and
L′ has the same S-rank, M is a torsion Kisin module. Finally, the proof of Lemma
4.4.1 in [Liu07b] showed if we have an exact sequence 0 → L′ → L → M → 0 in
′Modϕ,r

/S with L′, L ∈ Modr,fr
/S and M ∈ Modr,tor

/S then we have an exact sequence of
Zp[G∞]-modules

(3.2.2) 0 → T∨S(L′) → T∨S(L) → T∨S(M) → 0.

Thus TS(M) ' T . ¤

Corollary 3.2.4. Assume that T is in Reppst,r
tor and L : L

j
↪→ L′ is a lift of T .

Then we have an exact sequence of W (k)-modules

(3.2.3) 0 // Mst(L′)
Mst(j) // Mst(L) // Mst,L(T ) // 0.

Proof. Restricted to G, by Theorem 2.2.1, there exist L, L′ ∈ Modr,fr
/S such that

TS(L) ' L and TS(L′) ' L′. By the proof of the above Proposition, we get an
exact sequence 0 → L′ j→ L → M → 0. Since M is a torsion Kisin module, M
is u-torsion free by Lemma 3.2.1. Hence by modulo u, we get an exact sequence:
0 → L′/uL′ → L/uL → M/uM → 0. By the construction of Mst,L(T ), we obtain
(3.2.3) and Mst,L(T ) ' M/uM as ϕ-modules.

¤

The following theorem is an important input for the proof of Theorem 3.1.1.

Theorem 3.2.5. Let M be in Modr,fr
/S or Modr,tor

/S . There exists a natural Sur-
linear injection

ιS : Sur ⊗S M −→ T∨S(M)⊗Zp Sur

such that

(1) ιS is compatible with G∞-actions and Frobenius on both sides.
(2) tr(T∨S(M)⊗Zp Sur) ⊂ ιS(Sur ⊗S M).
(3) If (M, ϕ, Ĝ) is a finite free (ϕ, Ĝ)-module then ι̂ = W (R)⊗ϕ,Sur ιS.

Proof. See Theorem 3.2.2 in [Liu07b] and Proposition 3.1.3 in [Liu09b]. ¤

Now let T ∈ Reppst,r
tor and L : L

j
↪→ L′ be a lift of T . Write L̂ = (L, ϕ, Ĝ) and

L̂′ = (L′, ϕ, Ĝ) the (ϕ, Ĝ)-modules corresponding to L and L′ respectively, and
j : L′ → L the corresponding morphism in Modr,fr

/S . Now set M := L/j(L′). The
proof of Corollary 3.2.4 shows there exists an exact sequence (3.2.3) and Mst,L(T ) '
M/uM as ϕ-modules. By Proposition 3.2.3, we have TS(M) ' T |G∞ . Now using
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the injection ι̂ in (2.2.2), we have the following commutative diagram:

0 // L′∨ ⊗Zp
W (R)

W (R)⊗j∨// L∨ ⊗Zp
W (R) // T∨ ⊗Zp

W (R) // 0

0 // W (R)⊗R̂ L̂′

mod I+W (R)
²²²²

?Â

ι̂L̂′

OO

W (R)⊗j // W (R)⊗R̂ L̂

mod I+W (R)
²²²²

?Â

ι̂L̂

OO

// W (R)⊗ϕ,S M

mod I+W (R)
²²²²

ι̂M

OO

// 0

0 // W (k̄)⊗W (k) M ′ // W (k̄)⊗W (k) M // W (k̄)⊗W (k) M̄ // 0

(3.2.4)

here M ′ = Mst(L′), M = Mst(L) and M̄ = Mst,L(T ) and ι̂M is induced from
ι̂L̂′ and ι̂L̂. On the other hand, by Theorem 3.2.5, we have an injection ιS,M :
Sur ⊗S M ↪→ T∨S(M)⊗Zp

Sur.

Lemma 3.2.6. ι̂M = W (R)⊗ϕ,Sur ιS,M and ι̂M is an injection.

Proof. The first statement derives from the facts that ι̂L̂ := W (R)⊗ϕ,Sur ιS,L and
ι̂L̂′ := W (R) ⊗ϕ,Sur ιS,L′ by Theorem 3.2.5 (3). To see ι̂M is injective, note that
(ϕ(t))r(L∨ ⊗Zp W (R)) ⊂ ι̂L̂(W (R)⊗R̂ L̂) by Theorem 2.2.1. Thus we can define a
map ι̂∗ : L∨⊗Zp W (R) → W (R)⊗R̂ L̂ such that ι̂∗◦ ι̂L̂ = (ϕ(t)r)Id. ι̂∗ induces a map
ι̂∗M : T∨⊗Zp W (R) → W (R)⊗ϕ,S M such that ι̂∗M ◦ ι̂M = (ϕ(t)r)Id. Now it suffices
to check that (ϕ(t))rId : W (R) ⊗ϕ,S M → W (R) ⊗ϕ,S M is injective. By Lemma
3.2.1 (3), M can be written as a successive extension of finite free kJuK-modules.
Since the functor M 7→ W (R) ⊗ϕ,S M is exact on the category of torsion Kisin
modules by Lemma 3.1.2 in [CL08], it suffices to check that (ϕ(t))rId is injective
when M is finite kJuK-free. But ϕ(t) mod p is non-zero in R. So (ϕ(t))rId is
injective. ¤

Now let f : T ′ → T be in Reppst,r
tor and L′ a lift of T ′ as in Theorem 3.1.1, we

have a similar commutative diagram (3.2.4) for L′ and get M′ ∈ Modr,tor
/S such

that M′/uM′ ' Mst,L′(T ′) as ϕ-modules, TS(M′) ' T ′|G∞ and an injection ι̂M′ :
W (R)⊗ϕ,S M′ ↪→ T ′∨ ⊗Zp W (R). We use the following result to connect M with
M′.

Theorem 3.2.7. There exists a constant c only depending on e and r such that the
following holds: for any M, M′ ∈ Modr,tor

/S and a morphism f : TS(M′) → TS(M)

in Rep(G∞), there exists a unique morphism f : M → M′ in Modr,tor
/S such that

TS(f) = pcf . If er < p− 1 then c = 0.

Proof. See Theorem 2.4.2 in [Liu07b]. ¤

Now we are ready to construct g in Theorem 3.1.1. Let f be in the above
theorem attached to f and set g := f mod u, we get a morphism of W (k)-modules
g : Mst,L(T ) → Mst,L′(T ′). Since f is ϕ-equivariant, g is ϕ-equivariant. It takes
more complicated arguments in the next subsection to show that g is compatible
with other structures. Let us accept the fact that g is a morphism in Mtor(ϕ, N, Γ),
and prove the remaining statements in Theorem 3.1.1.

Suppose that f can be lifted to f̂ , then there exists an h : M → M′ such that
TS(h) ' f and Mst,f̂ (f) ' h mod u. Since TS(f) = pcf, by the uniqueness of f,
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we have f = pch and hence g = pcMst,f̂ (f). Now let f ′ : T ′′ → T ′ be in Reppst,r
tor

as in Theorem 3.1.1 (2). By Theorem 3.2.7, we get a morphism f′ : M′ → M′′

such that TS(f′) = pcf ′. Therefore, TS(f′ ◦ f) = p2c(f ◦ f ′). Thus if f ◦ f ′ can be
lifted to ĥ then there exists an h′ : M → M′′ in Modr,tor

/S such that TS(h′) = f ◦ f ′

and Mst,ĥ(f ◦ f ′) = h′ mod u. Using the same argument as above, we see that
f′ ◦ f = p2ch′. Therefore g′ ◦ g = p2cMst,ĥ(f ◦ f ′).

3.3. Compatibility of Γ and N . In this subsection, we prove that g is com-
patible with Γ-action and monodromy operator N . Now consider the following
commutative diagram:

W (R)⊗ϕ,S M

mod I+W (R)vvvvmmmmmmmmmmmmm

ι̂M //

W (R)⊗ϕ,Sf

²²

T∨ ⊗Zp
W (R)

pcf∨⊗W (R)

²²
W (k̄)⊗W (k) M

W (k̄)⊗g

²²

W (R)⊗ϕ,S M′

mod I+W (R)vvvvmmmmmmmmmmmmm

ι̂M′ // T ′∨ ⊗Zp
W (R)

W (k̄)⊗W (k) M ′

(3.3.1)

where M := Mst,L(T ) and M ′ := Mst,L′(T ′), and ι̂M, ι̂M′ are injections established
in Lemma 3.2.6 and diagram (3.2.4). By diagram (3.2.4), the lift L induces a
natural GK-action on the W (R)⊗ϕ,S M, which is compatible with the GK-action
on T∨⊗Zp W (R) via the injection ι̂M. Since pcf∨ is a morphism of Zp[GK ]-modules.
Thus we see that W (R)⊗ϕ,S f is compatible with GK-actions, not only G∞-actions.
Therefore, g is compatible with GK-actions and then is compatible with Γ-actions.

To show that g is compatible with N , we use N̂ defined in (2.4.5). First note
that ϕ∗M := S⊗ϕ,S M is a submodule in W (R)⊗ϕ,S M because we can devissage
M into finite free kJuK-modules, where ϕ∗M ↪→ W (R)⊗ϕ,S M is obvious (here we
use the exactness of the functor M 7→ W (R)⊗ϕ,S M). Using N̂ defined on the lift
L′ ⊂ L, we obtain a W (k)-linear map N̂M : ϕ∗M → W (R) ⊗ϕ,S M. For any x ∈
ϕ∗M, by the construction of N̂M, we see that N̂M(ux) ∈ I+W (R)(W (R)⊗ϕ,S M).
By modulo I+S and I+W (R) each side, we get a W (k)-linear map N̄M : M →
W (k̄)⊗W (k) M .

Lemma 3.3.1. For any x ∈ ϕ∗M, τ(x)− x = ϕ(t)N̂M(x), and N̄M = NM .

Proof. The first statement easily derives from the construction of N̂M and N̂ on
the lift L′ ⊂ L. For the second statement, consider the following diagram

0 // ϕ∗L′ //

N̂
²²

ϕ∗L //

N̂
²²

ϕ∗M //

N̂M

²²

0

0 // W (R)⊗ϕ,S L′ // W (R)⊗ϕ,S L // W (R)⊗ϕ,S M // 0
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Modulo I+S on the first row and I+W (R) the second row, By Proposition 2.4.3,
we have

0 // Mst(L′) //

N

²²

Mst(L) //

N

²²

M //

N̄M

²²

0

0 // W (k̄)⊗W (k) Mst(L′) // W (k̄)⊗W (k) Mst(L) // W (k̄)⊗W (k) M // 0

Note the first and second rows are exact. By the definition of NM on M , we see
that N̄M = NM . ¤

Now to prove that g is compatible with N -actions, it suffices to show the following
diagram is commutative:

ϕ∗M

ϕ∗f

²²

N̂M // W (R)⊗ϕ,S M

W (R)⊗ϕ,Sf

²²
ϕ∗M′ N̂M′ // W (R)⊗ϕ,S M′

Since f̃ := W (R)⊗ϕ,S f is G-compatible, by Lemma 3.3.1, we see for x ∈ ϕ∗M,

ϕ(t)̃f(N̂M(x)) = f̃(τ(x)− x) = (τ − 1)ϕ∗f(x) = ϕ(t)N̂M′(ϕ∗f(x)).

Now it suffices to check that the map ϕ(t) : W (R) ⊗ϕ,S M′ → W (R) ⊗ϕ,S M′

induced by multiplying ϕ(t) is an injection, which has been proved in the proof of
Lemma 3.2.6.

3.4. Representations with coefficients. Let A be a Zp-algebra. Let Reppst,r
A

be the full subcategory of Reppst,r
Zp

whose object L is an A-module and the GK-
action and the A-action on L commute. A morphism f in Reppst,r

A is a morphism
of A[GK ]-modules. Let Reppst,r

tor,A for the full subcategory of Reppst,r
tor whose object

T can be written as the cokernel of L : L → L′ with L a morphism in Reppst,r
A .

So T is an A[GK ]-module. We define morphism in Reppst,r
tor,A to be the morphism of

A[GK ]-modules. Note that L is a lift of T . Since Mst(L) and Mst(L′) are natural
A⊗Zp W (k)-modules, Mst,L(T ) has an A⊗Zp W (k)-module structure induced from
those on Mst(L) and Mst(L′). The aim of this subsection is to prove the following
proposition:

Proposition 3.4.1. Let f : T ′ → T be a morphism in Reppst,r
tor,A with lifts L, L′

of T , T ′ in Reppst,r
A respectively and g : Mst,L(T ) → Mst,L′(T ′) the morphism in

Mtor(ϕ,N, Γ) associated to f constructed in Theorem 3.1.1. Then g is a morphism
of A⊗Zp W (k)-modules.

Proof. Let L ∈ Reppst,r
A and L̂ := (L, ϕ, Ĝ) the (ϕ, Ĝ)-module attached to L|G.

Since T̂ is an anti-equivalence, L has a structure of A-module. Write L̂ := R̂⊗ϕ,SL.
Since

T̂ (L̂) = HomR̂,ϕ(L̂,W (R)) = HomW (R),ϕ(W (R)⊗R̂ L̂,W (R)),

we see that the injection (2.2.2)

ι̂ : W (R)⊗R̂ L̂ −→ T̂∨(L̂)⊗Zp W (R)
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is compatible with A-actions on both sides. By diagram (3.2.4), we see that
W (R) ⊗ϕ,S M has an A-ction which is compatible with that on T∨ ⊗Zp

W (R)
via ι̂M. Now using diagram (3.3.1), since pcf∨⊗Zp

W (R), ι̂M and ι̂M′ are compati-
ble with A-actions, we see that W (R)⊗ϕ,S f is compatible with A-actions. Modulo
I+W (R), we see that g is a morphism of A⊗Zp

W (k)-modules.
¤

4. Applications

In this section, we discuss 2 applications of the above theory. The first one
extends the main result in [Liu07a] to the more general setting of potentially semi-
stable representations, and the second one is to complete the proof of the com-
patibility between local Langlands correspondence and Fontaine’s construction for
Galois representations attached to Hilbert modular forms.

4.1. Néron-Ogg-Shafarevich criterion of finite level. Let k be a perfect field
of characteristic p, K0 the fractional field of W (k), K/K0 a finite totally rami-
fied extension and GK := Gal(K/K). The aim of this subsection is to prove the
following theorem:

Theorem 4.1.1. Let V be a potentially semi-stable representation of GK with
Hodge-Tate weights in {0, . . . , r}, and T ⊂ V a GK-stable Zp-lattice. There exists
a constant α depending on the dimension d = dimQp(V ), the absolute ramification
index ẽ = [K : K0] and r such that V is semi-stable over K if and only if there
exist GK-stable Zp-lattices L′ ⊂ L in a semi-stable representation W of GK with
Hodge-Tate weights in {0, . . . , r} satisfying T/pαT ' L/L′ as Zp[GK ]-modules.

Remark 4.1.2. Since crystalline representations with Hodge-Tate weights in {0, 1}
are equivalent to the representations arising from Barsotti-Tate groups (cf. Theo-
rem (0.3) in [Kis06]), the theorem above is a generalization of the main theorem in
[Liu07a] in the case char(K) = 0.

Select a Galois extension K ′/K such that V is semi-stable over K ′ and set
e(K ′/K ′

0) the absolute ramification index of K ′. After some finite unramified
extension, we can always assume that K ′

0 = K0. Put Γ := Gal(K ′/K) and
Ma := Mst(T )/paMst(T ). Then Ma has a natural Γ-action induced from the Γ-
action on Mst(T ).

Lemma 4.1.3. Γ acts on Mst(T ) trivially if and only if Γ acts on Mb trivially,
where b = 1 if p 6= 2 and b = 2 if p = 2.

Proof. In general, let finite group Γ act on a finite free W (k)-module M and Im(Γ)
be the image of Γ in AutW (k)M , then we have Im(Γ) injects to AutZ/pbZ(M/pbM).
In fact, for any γ ∈ Γ fixed, let A be the matrix corresponding to γ. Since Γ is
finite, there exists an integer m such that Am = I with I the identity matrix. On
the other hand, if Γ acts on M/pbM trivially then A = I mod pb. Using p-adic
logarithm, we see that A = I. Then Γ acts on M trivially. Therefore, we always
have the injection Im(Γ) ↪→ AutZ/pbZ(M/pbM). ¤

Now take α = 2c+ b where c is the constant constructed in Theorem 3.1.1. Note
that L′ ⊂ L is another lift L of T/pαT . Let Mst,L(T/pαT ) be the (ϕ, N, Γ)-module
defined by the lift L. Note that the Γ-action on Mst,L(T/pαT ) is trivial because W
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is semi-stable. By Corollary 3.1.2, there exists morphisms g : Mst,L(T/pαT ) → Mα

and g′ : Mα → Mst,L(T/pαT ) such that g ◦ g′ = p2cIdMα
. Therefore p2cMα ⊂

g(Mst,L(T/pαT )) and Γ acts on p2cMα ' Mb trivially. So by Lemma 4.1.3, Γ acts
on Mst(T ) trivially and then V is semi-stable over K.

Note that c depends on e(K ′/K0) = e(K ′/K)e(K/K0) and r. To prove Theorem
4.1.1, it suffices to show the following result:

Lemma 4.1.4. Let V be a potentially semi-stable representation of GK . Then
there exists a constant β depending on d = dimQp

V such that there exists a Galois
extension K ′/K with e(K ′ : K) ≤ β and V is semi-stable over K ′.

Proof. Choose a Galois extension K ′/K such that V is semi-stable over K ′. Re-
placing K by a finite unramified extension over K, we can assume that K ′ is totally
ramified over K. Let Γ := Gal(K ′/K). Γ acts on D := Dst(T ⊗Zp Qp) which is
a finite free K0-module. Write Γ′ the image of Γ in AutK0(D). Note that the
Γ-action and the ϕ-action on D is commutative. Then D with Γ-action descends
to a finite free Qp-module D′. Select a Γ-stable Zp-lattice M ⊂ D′. Note that
Γ′ ↪→ AutZ/pbZ(M/pbM) ' GLd(Z/pbZ) as discussed in the proof of Lemma 4.1.3.
Let β be the size of of GLd(Z/pbZ) and we are done.

¤

4.2. Local Langlands compatibility of Hilbert modular forms. Let F be a
totally real field, F the fixed algebraic closure and GF := Gal(F/F ). For any finite
prime v of OF , let GFv be a decomposition group at v and IFv the inertia subgroup.
Let f be a Hilbert modular eigenform of weight k = (k1, . . . , kn) with ki ≥ 2 all
have the same parity, and π = ⊗vπv the algebraic automorphic representation of
ResF/Q(GL2) attached to f .

Let U =
∏

v Uv ⊂
∏

v GL2(OFv ) be a compact open subgroup, where v runs
over finite primes. We assume that Uv = GL2(OFv ) if πv is spherical and that f is
U -invariant. This last condition can always be satisfied if we replace f by a suitable
non-zero vector in π.

Denote by S0 the set of finite primes where π is spherical. The eigenvalues of

operators Tv = Uv

(
πv 0
0 1

)
Uv and Sv = Uv

(
πv 0
0 πv

)
Uv for v ∈ S0, acting on f

generate a number field Ef . Denote these eigenvalues by tv and sv respectively.
Now fix an extension of p of the p-adic evaluation of Q to the Q ⊂ C, and for

any number field K ⊂ Q, we denote Kp the completion of K with respect to p. Let
S be the subset of S0 by removing all primes over p. By [Tay89] 7, there exists a
continuous representation

ρπ,p : GF −→ GL2(Ef,p)

such that ρπ,p is unramified at any v ∈ S and for a geometric Frobenius Frobv at v,
the characteristic polynomial of ρπ,p(Frobv) is given by X2 − tvX + N(v)sv. Here
N(v) is the size of the residue field at v.

Now let us return the situation of §2 and use notations there. Suppose that E/Qp

is a finite extension and V is a finite dimensional E-vector space with continuous

7Many mathematicians contributed the construction of ρπ,p, while [Tay89] provided a complete

construction.
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GK-action, which makes V into a potentially semi-stable GK-representation. Set

D∗
pst(V ) = lim−→

L

(V ⊗Qp Bst)GL

where L runs over finite extensions of K. D∗
pst(V ) is a (E ⊗Qp

K̃0)[Gal(K/K)]-
module with an automorphism ϕ which acts semi-linearly with respect to the K̃0-
action and linearly with respect to the E[Gal(K̄/K)]-action. Following Fontaine,
we define a E ⊗Qp

K̃0-linear action of Weil-Deligne group WDK as follows. Let
τ ∈ Gal(Fp/Fp) be the absolute Frobenius which sends x to xp, where Fp := Z/pZ.
Now for an element w of the Weil group WK , define an integer ν(w) ∈ Z by requiring
that w acts on k̄ by τ−ν(w). For any g ∈ WK , we let g act on D∗

pst(V ) as the product
of the commuting operators given by the action of the g and ϕν(w). We extend this
to an action of Weil-Deligne group WDK by letting N act on D∗

pst(V ) via its action
on Bst.

Note that the WDK-action on D∗
pst(V ) descends to a finite E ⊗Qp

K0-vector
space, which we denote by σ(V ). Let σss(V ) be the Frobenius semi-simplification
of σ(V ) in the sense that, as a WK-representation σss(V ) is the semi-simplification
of σ(V )|WK

, but the the Jordan form of N acting on σss(V ) is the same as that of
N acts on σ(V ). The aim of this subsection is to prove:

Theorem 4.2.1. If q|p is a prime of F , then ρπ,p|GFq
is potentially semi-stable

with p-adic Hodge type corresponding to k, and σss(ρπ,p|GFq
) corresponds to πq via

local Langlands correspondence.

If π is a discrete series at some finite place, this has been proved by Saito [Sai].
So in the following, we assume that πv is principal series at all primes q|p. In this
case, the assertion of the theorem is that ρπ,p|GFq

is potentially crystalline with p-
adic Hodge type corresponding to k, in the sense explained in the introduction, and
the WFq -representation of σss(Vπ,p) is associated to πq, where Vπ,p is the underline
space of ρπ,p|GFq

.
Let σq denote the WFq -representation attached to πq. We have to show that

Vπ,p is potentially crystalline and for all w ∈ WFq , we have

tr(w|σss(Vπ,p)) = tr(w|σq).

By Claim 1 in [Sai], it suffices to prove this for ν(w) > 0. Fix such w, there exists
a finite solvable extension F ′q/Fq such that σq is unramified at WF ′q , w ∈ WF ′q and
the image of w in WF ′q/IF ′q ' Z is a generator.

It follows that after a base change to a finite solvable totally real extension F ′/F ,
we may assume that σq is unramified and that w maps to a generator of WFq/IFq .
It suffices to show that Vπ,p is crystalline with p-adic Hodge type corresponding to
k and

(4.2.1) tr(ϕν(w)|D∗
st(Vπ,p)) = tr(w|σq) = tq.

To prove this, we need to recall the construction of ρπ,p by Taylor. Let N
be the level of f and l a prime does not divide N. Let Sk(N, l) be the space of
cuspforms of weight k and level Nl. Write Tk(N, l) the Z-algebra in EndC(Sk(N, l))
generated by Tq for q 6= l and Sa with a prime to Nl. We have decomposition
Sk(N, l) = Sk(N, l)new⊕Sk(N, l)old. Let us write Tk(N, l)new (resp. Tk(N, l)old) the
image of Tk(N, l) in EndC(Sk(N, l)new) (resp. EndC(Sk(N, l)old)). Write T′k(N, l)new
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the subalgebra of Tk(N, l)new generated by Tq and Sa such that q and a are relatively
prime to Nl, Tl := Tk(N, l)new⊗Z Zp and T′l = T′k(N, l)new⊗Z Zp. It turns out that
T′k(N, l)new injects into a finite product of some number fields. Thus T′l is inside
the product of finite extensions of Qp. Finally, we denote T̃′l the product of rings
of p-adic integers of these fields. Note that T′l ⊂ T̃′l.
Theorem 4.2.2 ([Tay89]). Suppose that [F : Q] is even. For any positive integer
n, there exist infinitely many finite places ln (prime to N) and ring homomorphism
λf,ln : Tk(N, ln)new → OEf

/pn such that the following diagram commutes

Tk(N, ln)new

λf,ln

&&MMMMMMMMMM

Tk(N, ln)

77ppppppppppp

&&NNNNNNNNNNN
OEf

/pn

Tk(N, ln)old

88qqqqqqqqqq

where Tk(N, ln)old → OEf
/pn is induced by f .

Lemma 4.2.3. Let l be a finite place of F prime to Np, then there exists a con-
tinuous representation:

ρl : GF → GL2(T̃′l)
such that

(1) ρl is unramified outside of Nlp and for any v - Nlp,

tr(ρl(Frobv)) = Tv, and det(ρl(Frobv)) = SvN(v).

(2) let r = maxi(ki − 1); if q - l then ρl|GFq
is a GFq-stable Zp-lattice inside

a crystalline representation with Hodge-Tate weights in {−r, . . . , 0}, and
ϕν(w) on D∗

st(ρl|GFq
) satisfies the equation X2 − TqX + SqN(q) = 0.

Proof. We use the same idea of the proof of Lemma 13 in [Bre99]. We have
T′k(N, l)new ⊂ ∏

g Kg where g runs over a basis of eigenforms inside Sk(N, l)new

and Kg is the number field generated by eigenvalues of Ta and Sa on g. These
forms are “classical”, in the sense that one can associate to g a Galois representa-
tion ρg : GF → GL2(Kg,p) such that ρg satisfies the characterizing property same
to that of ρπ,p (see [Car86]). In particular, in [Sai], Saito proved that ρg|GFq

is
potentially semi-stable with Hodge-Tate weights in {−r, . . . , 0}, and σss(ρg|GFq

)
is isomorphic to σq,g of πq,g, where πg = ⊗vπv,g is the automorphic representa-
tion attached to g and σq,g is the Weil-Deligne representation attached to πq,g

via local Langlands correspondence. Since q - N by the fact that σq is spheri-
cal, q - Nl. So σq,g is spherical in our case and we see ρg|GFq

is crystalline and
ϕν(w) on D∗

st(ρg|GFq
) satisfies tr(ϕν(w)) = tq(g) and det(ϕν(w)) = sq(g)N(q), where

tq(g) and sq(g) are the eigenvalues of Tq and Sq on g respectively. Hence let
ρl : GF → GL2(

∏
g Kg,p) be the direct sum of ρg, we have ϕν(w) on D∗

st(ρl|GFq
)

satisfies the equation X2 − TqX + SqN(q) = 0. Finally, since GF is compact, we
see that ρl factors through GL2(T̃′l).

¤
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We need a little more details on constructing ρπ,p from [Bre99]. Recall λf,ln :
Tk(N, ln)new → OEf

/pn the ring homomorphism in Theorem 4.2.1. By change of

basis, we can assume that ρln(c) =
(

1 0
0 −1

)
which c is a fixed element of GF

induced from the complex conjugation. Let rln = (aln , dln , xln) be the pseudo-
representation attached to ρln . By Cebotarev density theorem, rln takes val-
ues in T′ln . Set rn = λf,ln ◦ rln = (an, dn, xn). By Cebotarev density theorem
again, (rn)n≥0 forms a compatible system of pseudo-representations with values in
OEf

/pn. Then the Galois representation ρ : GF → GL2(OEf,p
) attached to (rn)n≥0

is just ρπ,p.
Now write L the GFq -stable OEf,p

-lattice (constructed from (rn)n≥0 as the
above) inside ρπ,p, E = Ef,p and A = Zp[X, Y ]. For any n, T′ln is an A-algebra via
X 7→ Tq and Y 7→ Sq. OE = OEf,p

is also an A-algebra via X 7→ tq and Y 7→ sq.
Note that λf,ln is a ring homomorphism of A-algebras. Write Vl the underline space
of ρl ⊗Zp Qp for ρl constructed in Lemma 4.2.3. By Theorem 14 and its proof in
[Bre99], for any n sufficient large, there exists a GFq -stable Zp-lattice L′(n) inside
Vln ⊕ Vl′n such that there is a morphism of Zp[GFq ]-modules gn : L′(n) → L/pnL

satisfying the following two properties:

(1) There exists a constant m1 only depending on f such that for any n,
pm1(L/pnL) ⊂ Im(gn).

(2) gn is a morphism of A-modules.

Recall r = max{k1 − 1, . . . , kg − 1}. By Lemma 4.2.3, we see that L′(n) ⊗Zp Qp is
crystalline with Hodge-Tate weights in {−r, . . . , 0}. Hence for any n sufficient large,
L/pnL is torsion crystalline with Hodge-Tate weights in {−r, . . . , 0}. By the main
theorem of [Liu07b], L⊗ZpQp is crystalline with Hodge-Tate weights in {−r, . . . , 0}.

Now set N(n) := Im(gn) ⊂ L/pnL and L(n) the preimage of N(n) inside L. Note
that pm1L ⊂ L(n) ⊂ L. Since L/pm1L is a finite set, we can select a increasing
sequence ni such that L(nk) = L(nj) for all k, j. So to prove (4.2.1), without loss of
generality, we can replace L by L(ni). Note that the natural projection L → N(ni)

is a morphism of A[GFq ]-modules. Now N(ni) has two lifts qi : L → N(ni) and
q′i : L′(ni)

→ N(ni). Then we have two exact sequences L, L′ of A[GFq ]-modules:

0 → L̃(ni) → L → N(ni) → 0 and 0 → L̃′(ni)
→ L′(ni)

→ N(ni) → 0,

where L̃(ni) = Ker(qi) and L̃′(ni)
= Ker(q′i). Without loss of generality, we can

assume that L̃(ni) ⊂ piL. Note that the above representations have Hodge-Tate
weights in {−r, . . . , 0}. In order to use integral and torsion theory developed in the
last two sections, we take dual and apply functor Mst, then we get exact sequences

0 → Mst(L̃∨(ni)
) → Mst(L∨) → Mst,L(N∨

(ni)
) → 0

and
0 → Mst(L̃′∨(ni)

) → Mst(L′∨(ni)
) → Mst,L′(N∨

(ni)
) → 0

Note that the above sequences are the exact sequences of A⊗Zp W (k)-modules,
where the A-action on Mst,L(N∨

(ni)
) (resp. Mst,L′(N∨

(ni)
)) is induced from that on

Mst(L∨) (resp. Mst(L′∨(ni)
)). Since Mst(L∨)⊗Zp Qp = Dst((L⊗Qp)∨) = D∗

st(Vπ,p),
we see M := Mst(L∨) is a ϕ-stable W (k)-lattice inside D∗

st(Vπ,p). Hence to prove
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(4.2.1), it suffices to to show that ϕ
ν(w)
M on M satisfies the following equations:

(4.2.2) X2 − tqX + sqN(q) = 0 and det(X) = sqN(q).

Since det(ρπ,p) = χε−r corresponds the central character of π via class field
theory, where ε is the p-adic cyclotomic character and χ is a finite Galois character,
we must have det(ϕν(w)) = sqN(q). So it suffices to check the first equation of
(4.2.2).

By Lemma 4.2.3, ϕν(w) on Mst(L′∨(ni)
) satisfies the equation X2−TqX+SqN(q) =

0. Hence ϕν(w) on Mst,L′(N∨
(ni)

) satisfies the equation X2− tqX + sqN(q) = 0. By
Corollary 3.1.2 and Proposition 3.4.1, there exist morphisms g : Mst,L(N∨

(ni)
) →

Mst,L′(N∨
(ni)

) and g′ : Mst,L′(N∨
(ni)

) → Mst,L(N∨
(ni)

) of A ⊗Zp
W (k)-modules such

that g′ ◦ g = p2c|Mst,L(N∨
(ni)

). Write H(X) = X2 − tqX + sqN(q). For any x ∈
Mst,L(N∨

(ni)
),

H(ϕν(w))(p2cx) = H(ϕν(w))(g′ ◦ g(x)) = g′(H(ϕν(w))(g(x))) = g′(0) = 0.

This means for any x ∈ Mst(L∨), p2cH(ϕν(w))(x) ∈ Mst(L̃∨(ni)
). To prove that

H(ϕν(w)) = 0 on M , we need to check that Mst(L̃∨(ni)
) ⊂ piMst(L∨).

Note that L(ni) ⊂ piL ⊂ L with quotients killed by some p-power. By Corollary
3.2.4, we have Mst(L∨(ni)

) ⊂ Mst((piL)∨) ⊂ Mst(L∨). It suffices to show that
Mst((piL)∨) = piMst(L∨). Consider the injection j : L∨ ↪→ (piL)∨ = 1

pi L
∨, and

composite by the isomorphism i : 1
pi L

∨ pi

−→ L∨, we have j ◦ i = pi : 1
pi L

∨ → 1
pi L

∨.

Applying functor Mst and noting that Mst((piL)∨) = Mst( 1
pi L

∨), we get

pi = Mst(i) ◦Mst(j) : Mst((piL)∨)
Mst(j) // Mst(L∨)

Mst(i)

∼ // Mst((piL)∨).

Since Mst(i) is an isomorphism, Mst((piL)∨) = piMst(L∨). This finishes the proof
of formula (4.2.1).

It still remains to check that Vπ,p has p-adic Hodge type corresponding to k.
We have seen that Vπ,p is crystalline with Hodge-Tate weights in {−r, . . . , 0}. If
some ki is strictly larger than 2, then Blasius and Rogawski proved that ρπ,p|GFq

is potentially semi-stable with p-adic Hodge type corresponding to the weight k in
[BR93]. So in the following, we may assume that ki = 2 for all i. Write K := Fq

and set DK := (BdR ⊗Qp ρπ,p)GFq . Then DK is an E ⊗Qp K-module. Without of
loss of generality, we may assume that E contains the Galois closure of K. Let Q
be the set of all Qp-embedding j : K → Qp of K. We have a natural K-algebra
isomorphism E⊗Qp K ' ∏

j∈Q Ej , where Ej is the K-algebra via j : K → E. Hence
we have isomorphisms DK = ⊕jDj with Dj = DK⊗(E⊗Qp K)Ej . Similarly, we have
Fil1DK = ⊕jFil1Dj . It suffices to show that dimEj Dj = 2 and dimEj Fil1Dj = 1.
It is easy to see that DK is a rank-2 finite free E ⊗Qp K-module. So dimEj Dj = 2.
Let {e, f} be a E ⊗Qp K-basis and write e = ⊕jej and f = ⊕jfj with ej , fj ∈ Dj .
Then {ej , fj} is a basis of Dj . Let D̃ :=

∧
E⊗Qp K DK which is rank-1 finite free

E ⊗ K-module with basis e ∧ f = ⊕j(ej ∧ fj). Since det(Vπ,p) = χε−1 with
χ a finite character, we see that D̃ = (BdR ⊗Qp det(Vπ,p))GFq , Fil1D̃ = D̃ and
Fil2D̃ = {0}. Now dimEj Fil1Dj = 1 follows the facts that Fil1D̃ = Fil1DK ∧DK

and Fil2D̃ = Fil1DK ∧ Fil1DK .
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Remark 4.2.4. One can prove that Vπ,p has p-adic Hodge type corresponding to k
only using Taylor’s construction of ρπ,p, The idea will be similar to that used above
to prove that σss(ρπ,p|GFq

) ' πq. See the forthcoming work [Liu09a].
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