LATTICES IN FILTERED (¢, N)-MODULES

TONG LIU

ABSTRACT. Let p be a prime. We construct and study integral and torsion
invariants, such as integral and torsion Weil-Deligne representations, associ-
ated to potentially semi-stable representations and torsion potentially semi-
stable representations respectively. As applications, we prove the compatibil-
ity between local Langlands correspondence and Fontaine’s construction for
Galois representations attached to Hilbert modular forms, and Néron-Ogg-
Shafarevich criterion of finite level for potentially semi-stable representations.
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Let k be a perfect field of characteristic p, W (k) its ring of Witt vectors,
Ky = W(k)[1/p], K/K, a finite totally ramified extension, Gx := Gal(K/K)
and V a potentially semi-stable p-adic representation of Gk . In [Fon94b], Fontaine
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associated a filtered (p, N, Gx)-module D% (V) ! to V. Many important invari-
ants of V' can be read from D} (V), for example, the Weil-Deligne representation
attached to V' if K is a finite extension over Q,. On the other hand, since there
is always an integral (resp. p™-torsion) structure attached to V, i.e., a G-stable
Zy-lattice T (resp. T/p"T) in V, it is natural to ask if there exists a corresponding
integral (resp. p™-torsion) structure attached to T' (resp. T/p"T). If K = K; and
V is crystalline with Hodge-Tate weights inside {0, ...,p — 2}, one can make such
a construction via Fontaine-Laffaille theory in [FL82]. The aim of this paper is
to extend some parts of this construction to the setting of potentially semi-stable
representations without restriction of ramification of K and Hodge-Tate weight.

More precisely, we fix a finite totally ramified Galois extension K'/K and con-

sider the category Rep&it’r whose objects are representations of Gy which are

semi-stable over K’ with Hodge-Tate weights in {0,...,7}. Let V € Rep&t’r. For
any Gg-stable Z,-lattice T C V, we construct a lattice M (T) inside the filtered
(¢, N,G)-module Dg (V) := D% (VY) (VY is the Q,-dual of V) via the theory
of (¢, G)-modules in [Liu09b]. Lattice here means finite free W (k)-module inside
D (V') which is stable under ¢, N and the G g-action, see Definition 2.1.2 for de-
tails. Moreover, the contravariant functor My allows us to construct similar invari-

ants for torsion potentially semi-stable representations as the following: let Repfiﬁ’T

be the category whose objects are p-power torsion representations 7" such that there
exists a pair of G'x-stable Z,-lattices LCE IV inside a potentially semi-stable rep-

resentation V' € Repaspt’r satisfying T~ L' /L. We set Mg »(T) := Mg (L)/Mg(L').
So Mg, . (T) has structures of ¢, N and G g-action induced from those on Mg (L).
In general, My (T) not only depends on T but also on the choice of lattices

L L. [/ . However we prove that there exists a constant ¢ only depending on r

and the ramification index e = e(K'/Kj) such that the construction of My »(T')
is “independent on” the choice of £ up to a p‘-power (see Theorem 3.1.1 for the
precise statement).

In the last section, we provide two applications based on the above constructions.

The first application is to extend Néron-Ogg-Shafarevich criterion to finite level as
in [Liu07a:

Theorem 1.0.1. Let V be a potentially semi-stable representation of Gx with
Hodge-Tate weights in {0,...,r}, and T CV a Gg-stable Zy-lattice. There exists
a constant o depending on the dimension d = dimgq, (V'), the absolute ramification
index € = [K : Ko] and r such that V is semi-stable over K if and only if there

exist G -stable Zy-lattices L' C L in a semi-stable representation W of G with
Hodge-Tate weights in {0, ..., r} satisfying T/p*T ~ L/L'.

The second application is

Theorem 1.0.2. Let F be a totally real field and © a Hilbert eigenform of weight
k= (ki,...,k;) with k; > 2, integers all have the same parity. Let pr denote the
2-dimensional p-adic Galois representation of Gg := Gal(F/F) attached to 7.

If qlp is a prime of I, and G, denote a decomposition group at q. Then p7T|GFq
is potentially semi-stable with p-adic Hodge type corresponding to the weight k.

LOur conventions are slightly different from those in [Fon94b], see Convention 2.1.1 for details.
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Moreover, the Weil-Deligne representation attached to pﬂ\GFq via Fontaine’s con-
struction corresponds to the local factor mq of m via local Langlands correspondence.

The condition on p-adic Hodge type means the following: We fix an algebraic
closure @p of Q, and an isomorphism C ~ @p. If p, is defined over a finite extension
E/Q, and m = max;(k;), then for any q|p there is a graded E ®q, Fy-module D,
attached to the Hodge-Tate representation pr|q p- W J by — @p is an embedding,
then D; = Dq®p, ;Q, is non-zero in the degrees (m—k;(j))/2 and (m+k;;) —2)/2,
where k;(;) is the weight determined by the embedding j|r : F' — @p ~ C.

Many cases of the above theorem have been known: When [F' : Q] is odd or
[F' : Q] is even and 7 is a discrete series at some finite place w, this is proved
by Saito ([Sai]) based on the construction of p, in this case by Carayol ([Car86]).
Under the same hypothesis or when [F : Q)] is even and some k; is strictly larger than
2, Blasius and Rogawski proved that pr|a 1S potentially semi-stable with p-adic
Hodge type corresponding to the weight k, and when additionally p is sufficiently
large they showed the fully conclusion of the theorem holds in [BR93|. Partial
results can also be found in [Tay95] and [Bre99]. For those p, which are residually
absolutely irreducible, Kisin proved the theorem in [Kis08]. When this paper is
nearly complete, the author has learned that Skinner has also proved the theorem
([Ski]). The author remark that Skinner use a very different approach from ours.

Acknowledgment: It is a pleasure to thank Don Blasius, Brian Conrad, Mark
Kisin, Takeshi Saito, Christopher Skinner for very useful conversations and corre-
spondences during the preparation of this paper. Here I would like to specially
thank Mark Kisin for illuminating me the idea for the proof of Theorem 1.0.2.

2. LATTICES IN FILTERED (¢, N,I')-MODULE Dy (V)

2.1. The main result in §2. Recall k is a perfect field of characteristic p, W (k) its
ring of Witt vectors, Ky = W(k)[%], K/Kj a finite totally ramified extension and
Gk = Gal(K/K). Throughout §2 and §3, we fix a totally ramified Galois extension
K’ over K and a uniformiser 7 € K’ with Eisenstein polynomial F(u) € W (k)[u].
We write G := G = Gal(K/K'), T := Gal(K'/K) and e = [K' : K.

Following [Fon94d], recall that a p-adic representation V of G is called semi-
stable over K if

dimg, (Bst ®g, V)9 = dimg, (V).

A p-adic representation V of G is called potentially semi-stable if there exists a
finite extension K /K such that V| Gal(R/R) is semi-stable over K. Throughout §2
and §3, we always make the following assumption:

any potentially semi-stable representation of Gk considered here is semi-stable
over K'.

We denote by Repasp‘E the category of potentially semi-stable representations of
G'i which satisfy the above assumption.

Following [Fon94d], a filtered (¢, N,T')-module is a finite dimensional Ky-vector
space D endowed with:

e a Frobenius semi-linear injection: ¢ : D — D.
e a W (k)-linear map N : D — D such that Ny = ppN.
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e a decreasing filtration (FiliDK/)l-eZ on Dg/ := K' Qg, D by K'-vector
spaces such that Fil'Dy, = Dy for i < 0 and Fil'Dg = 0 for i > 0.

e a Kj-linear I'-action on D such that I' commutes with ¢ and N; if we
extend I' semi-linearly to D then T preserves Fil' Dy, i.e., for any vyel
and i € Z, y(Fil'Dg/) C Fil' D/

Morphisms between filtered (p, N, I')-modules are Kj-linear maps preserving all
structures. By [CF00] and [Fon94c], the functor 2

Di(V): Vi (Bs g, V)&

induces an equivalence between the category Repf{;; and the category of weakly

admissible filtered (¢, N,T")-modules. See [CFO00] for the definition of weakly ad-
missibility.

In the sequel, we will instead use the contravariant functor Dg (V) := D% (VV),
where V'V is the dual representation of V, because contravariant functors are more
convenient in the integral theory. So let us remind the readers the problem of
notations.

Convention 2.1.1. Here we use slightly different conventions from those in [CF00]
and [Fon94d], where Dy defined here should be denoted by D} g if we follow the
traditional conventions. But contravariant functors instead of covariant functors
dominate this paper and K’ is always fixed in §2 and §3. So we decide to use
the simplified notation Dg. For any finite Z,-module (Q,-module) V', we use V'V
to denote its Zy-dual (Qp,-dual). In particular, if V is killed by some p-power,
VY = Homg, (V,Qp,/Zy,). We will define p-adic Hodge structures such as Frobe-
nius, monodromy on many different rings and modules. To distinguish them, we
sometime add subscripts to indicate over which those structures are defined. For
example, @gy is the Frobenius defined on 9. We always drop these subscripts if
no confusions arise. Throughout this paper, we reserve ¢ and N for various types
of Frobenius and monodromy respectively. Finally, we denote 7;(x) the standard
divided power f—,, Mgxa(A) the ring of d x d-matrices with coefficients in ring A
and Id the identity map.

The aim of this section is to develop an integral theory of Dg;. First, we define
integral structure in filtered (y, N, I')-module.

Definition 2.1.2. Let D be a filtered (¢, N,T')-module. A lattice M in D is a
W (k)-submodule of D such that

o M is W(k)-finite free and M[%] =D
e M is stable under ¢, N and T, i.e., (M) C M, N(M) C M and v(M) C M
for any vy € T.

Let M; be a lattice in a filtered (¢, N,I')-module D; for i = 1,2. A morphism
f+ My — M, between two lattices is a W (k)-linear map such that f ®z, Qp is
a morphism of filtered (¢, N,T')-modules. That is, f ®z, Q, is still required to
preserve filtration.

Throughout §2 and §3, we fix a positive integer r > 0. Let L"(y, N,T") denote
the category of lattices in filtered (¢, N,T')-modules satisfying Fil°Dyg: = D

2Note our notations are slightly different from those in [CF00].
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and Filii' Dg = 0. We denote by Repgit’r the full subcategory of Repé’;pt whose

representations have Hodge-Tate weights in {0, ..., 7}, and by Repgit”' the category

of G-stable Z,-lattices in representations which are in Rep&s:’r.

Now we can state our main result in §2:

Theorem 2.1.3. There exists a left exact and faithful functor Mg from the category
Replz)it’r to the category L" (¢, N,T"). Moreover, let My ®z, Q, denote the functor
My associated to the isogeny categories. Then there is a natural isomorphism
between My ®z, Qp and Dg. If er < p —1 then My is exact and fully faithful.

If er > p— 1 then Mg in general is neither full nor exact. See Example 2.5.5
and Example 2.5.6.

Remark 2.1.4. Tt is important to describe objects in the essential image of M. But
so far we do not know how to do it, though we guess one need impose some suitable
conditions on filtration, just as those in Fontaine-Laffaille theory [FL82]. This is
one reason that we do not put any restriction on filtration in Definition 2.1.2.

2.2. (¢, G)-modules. We first review the theory of (p, G)-modules from [Liu09b]
to manipulate the lattices in semi-stable representations. We only deal with the
integral theory in this section, and the torsion theory will be discussed in §3.

Recall the fixed uniformiser 7 € K’ with Eisenstein polynomial E(u). Put
S = W(k)[u]. © is equipped with a Frobenius endomorphism ¢ via u +— u?
and the natural Frobenius on W (k). A ¢-module (over &) is an &-module 9
equipped with a @-semi-linear map @9y : 9 — 9. A morphism between two
objects (M1, ©1), (M2, p2) is an G-linear morphism compatible with the ;. Denote
by ’Mod‘f’é the category of ¢-modules of height ® r, in the sense that 9t is G-finite
type and the cokernel of ¢* is killed by E(u)", where ¢* is the G-linear map
1®¢: 6 Q,e M — M. By definition, a finite free Kisin module (of height r) is
a p-module (of height r) 9 such that 9 is finite S-free. We write Mod;’ér for the
category of finite free Kisin modules of height r.

We denote by S the p-adic completion of the divided power envelope of W (k)[u]
with respect to the ideal generated by E(u). Write Sk, := S [%] There is a unique
map (Frobenius) ¢ : S — S which extends the Frobenius on &. We write Ng for
the Ky-linear derivation on Sk, such that Ng(u) = —u.

Let R = @O?/p where the transition maps are given by Frobenius. By the
universal property of the Witt vectors W(R) of R, there is a unique surjective
projection map 0 : W(R) — @f to the p-adic completion of O, which lifts the
projection R — O /p onto the first factor in the inverse limit. We denote by As
the p-adic completion of the divided power envelope of W (R) with respect to Ker(#).
Let m, € K be a p"-th root of m, such that (m,41)P = m,; write # = (m,)n>0 € R
and let [z] € W(R) be the Techmiiller representative. We embed the W (k)-algebra
W(k)[u] into W(R) C Acis by the map w — [x]. This embedding extends to
embeddings & — S — A_,;s which are compatible with Frobenious endomorphisms.
As usual, we write BT = As[1/p] and B = BT [u] with u := log([x]). We write
N for the BZ. -linear derivation on B by setting N(u) = 1, and denote by Bg‘R

3Strictly speaking, it should be called E(u)-height because it depends on the choice of E(u).
Since we always fix a E(u), there is no confusion here to drop E(u).
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the Ker(f)-adic completion of W (R)[1/p]. For any subring A C Bj;, we define
filtration on A by Fil'A = AN (Ker(0))'Biz = AN (E(u)")Big-
Let K!_:= |J K'(m,) and K" its Galois closure over K’. Then K’ = |J K’_(Cpn)
n=0

n=1

with (pn a primitive p”-th root of unity. Write Goo = Gal(K/K})), Kje =
U K'(¢pr), Gpeo = Gal(K'/K!), Hr = Gal(K'/K’,) and G := Gal(K'/K").
n=1

For any g € Gk, write €(g) := 9( )

, which is a cocycle from Gg to R*. Fix
a choice of primitive p'-root of umty (pi for @ > 0 and set € := ((pi)i>0 € R
and t := log([e]) € Acis. We see that g(t) = x(g)t with x the p-adic cyclotomic
character, and there exists an a(g) € Z,, such that log([e(9)]) = a(g)t.

As a subring of A5, S is not stable under the action of G, though S is fixed by
G« . Define a subring inside B

cris*

Ri, = {J; = Zfit{i},fi € Sk, and f; = 0 asi— —I—OO} ,
=0
where t{ = W}(i)! and §(¢) satisfies i = §(i)(p — 1) + r(4) with 0 < r(i) <p — 1.
Define R := W(R) N Rk,. One can show that Ry, and R are stable under the
G-action and the G-action factors through G (see [Liu09b] §2.2). R is a valuation
ring. Write vg(-) for the valuation and let I, R = {z € RJvr(z) > 0} be the
maximal ideal of R. We have an exact sequences
0— WU R) — W(R) 2% W(k) — 0.

One can naturally extend v to v : BX, — W(/%)[%] (see the proof of Lemma 2.2.1 in
[Liu09b]). For any subring A of B, , we write I, A = Ker(v ) NAand I, := I, R.

It is not hard to see that I, & = u® and I, S = {x € S|z = E ai g l)H a; € W(k)},

where (i) satisfies i = eq(i) + r(i) with 0 < r(i) <e. By Lemma 2.2.1 in [Liu09b],
one have R /I, ~ S/u6 ~ S/I,.8 =W(k).

Following [Liu09b], a finite free (o, G)-module of height r is a triple (9, ¢, G)

where
(1) ( ;) is a finite free Kisin module of height 7;
2) Gis a R-semi-linear G-action on 9t := R Q.6 m;
)
)

(
(3
(4
(

cris

G commutes with Pgyp O M, i.e., for any g € G, 9P = Pond;
regard 90 as a ©(6)-submodule in M, then M C M ;
) G acts on W (k)-module M := 901/, 90 ~ M /uMN trivially.

A morphism between two finite free (¢, G)-modules is a morphism in Mod‘p’r

that commutes with G-action on 9’s. We denote by Mod ? the category of finite

free (¢, G)-modules of height 7. For a finite free (¢, G)- module M= (MG 4
we can associate a Z,[G|-module:

(2.2.1) T(9M) := Homp (R @y M, W(R)),

4We also (always) use 9t to denote R R, M. This is a (harmless) abuse of notations.
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where G acts on T(9) via g(f)(z) = g(f(g~(z))) for any g € G and f € T(9M).

The theory of (¢, G)-modules is built on Kisin’s theory ([Kis06]) on the classi-
fication of Goo-stable Z,-lattices via Kisin modules. We refer [Kis06] and [Liu09b]
for the more details of Kisin’s theory. Recall & embeds to W(R) via u — [zx].
Let Og be the p-adic closure of &[1/u] in W (FracR). Define £ = FracOg and
E the p-adic completion of the maximal (algebraic) unramified extension of £ in
W (FracR)[1/p]. Denote Og,, its ring of integers and put & = W(R) N Og,,.
G is a subring of W(R) stable under the G-action and Frobenius. Denote by
Rep(G o) the category of Z,[Goo]-modules of finite Z,-type. For any 9 € Mod;’g,
we can associate a finite Z,-free object in Rep(Goo) via

T@ (m) = Homgyw(im, Gur).

By Example 2.3.5 in [Liu07b], there exists an element t € W(R) such that t
mod p # 0, p(t) = c5 ' E(u)t, where cop is the constant term of E(u). Such t is
unique up to units in Z,. Example 5.3.3 in [Liu07b] showed that we can select t

S ng,—1
such that ¢t = cp(t) with ¢ = ] @(M) a unit in S. So throughout this
n=0
paper we fix the selection of t such that ¢ = co(t). The main result in [Liu09b] (cf
Theorem 2.3.1 and Proposition 3.1.3) is the following:

Theorem 2.2.1 ([Liu09b)). (1) T induces an anti-equivalence between the cat-
egory of finite free (¢, G)-modules of height r and the category of G-stable
Zyp-lattices in semi-stable representations of G with Hodge-Tate weights in
{0,...,7}.

(2) T induces a natural W(R)-linear injection
(2.2.2) i: W(R)®z M — TV(IM) @z, W(R),

such that i is cAompAatible with Frobenius and G-aczﬁions on both sides. More-
over, (¢(t))"(TV (M) ®z, W(R)) C i(W(R) ®R znt)
(3) There exists a natural isomorphism Te(9M) = T(M) of Z,|Goo]-modules.

For the later use, we have to construct a connection between (¢, é)—modules and
filtered (¢, N)-modules. Let V' be a semi-stable representation of G with Hodge-
Tate weights in {0,...,r}, T C V a G-stable Z,-lattice and M = (Dﬁ,gp,é) the
(¢, G)-module associated to T’ via Theorem 2.2.1 (1). Let D := Sk, @, M. One
can extend Frobenius to D via ¢p = g, ® pa. Set D := D/(I;Sk,)D. Note

that I; Sk, = {z € Sk,|z = Z a;u,a; € Ko}. Then D is a finite free Ko-vector

=

space with Frobenius induced from D. Proposition 6.2.1.1 in [Bre97] showed that
there exists a unique yp-equivariant section s : D < D. Therefore D = Sk, ®k, D
by identifying D with s(D).

Now tensoring B, on the both sides of (2.2.2), Note that

cris

B(;t‘lh ®‘R9'n Bcrla ®4PG£UI Bcrla ®SD2‘B;15 ®K0D
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and set ig = BT ®w (R) i, we get the following commutative diagram:

cris

Bl @i, D —2=TV(M) @y, B,

Cris Cris

]

W(R) @z M —— TV (M) @z, W(R)

Note there is a G-action on the left side of ip induced from that on W(R) @5z M.
On the other hand, the functor Dg; induces an injection

(2.2.4) L1 B ®k, Dy(V) — VY ®q, Bg.
such that ¢ is compatible with ¢, N, filtration and G-action on both sides.
Proposition 2.2.2. Notations as above, there exists a unique Ky-endomorphism

N : D — D such that the G-action on the left side of ip is given by

(2.2.5) gla® ) Zg a)yi(—log([e(9)])) @ N'(z), for any a € BY,,, = € D.

Moreover, there exists a Ko-linear isomorphism i : Dg(V) — D such that i is
compatible with Frobenius on both sides and the following diagram commutes:

Dy(V)—= TV @y, B},

(226) lz i mod u
D— TV ®Z Bt

Cris

Furthermore, if we identify D with Dy (V) via i, then N = N.

Proof. Recall D := Sk, ®,,6 M with op = DSk, ® Pom. One can define filtration

Fil'D by @gn as in [Liu07b], §5.3 (cf. the construction of Mg (9)). Furthermore,
§3.4 and §5.1 in [Liu08] showed there exists a unique monodromy operator Np on
D such that the data (D . ©p, Fil'D, Np) is a Breuil module (attached to the filtered
(¢, N)-module Dy (V))?, and the G-action on B, ®g D, which is the left side of
lp, is given by

(2.2.7) Zg a)vi(—log(le(9)])) ® Np(x), for any a € BY,,, = € D;
moreover, we have Np(D) C D and for any  in D and s € S,

(228) ND(sx) = Ns(s).’b + SND({E).

Now set N := Np|p. Restricted the G-action to D, we get (2.2.5). To prove the

existence of i, we first show that Bf ® g+ LB =1, i.e., there exists an isomorphism
cris

5See [Bre97] or §5.2 in [Liu07b] for axioms of Breuil modules and how to attach Breuil modules
to filtered (¢, N)-modules.
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7 of B -modules such that the the following diagram commutes
B ®x, Dst(V) ——=T" @z, B

(2.2.9) ETz
B} ®sD

+ ~
Da®ie v ®z, B
D st

where B ® ip denotes B ®p+ ip (also for the remaining of the proof). Set

(2.2.10) D—{Z% ® Ni(y ijt®sDyeD}cht®sD.

To prove (2.2.9), it suffices to show that D = Dy (V). Note that dimKo(D) =
dimg, (D) = ranke (M) = rankg, (T). It suffices show that D C (TV ®z, BE)C.
But this has been proved in §7.2 in [LiuO7b]. This proves the diagram (2.2.9).
Furthermore, we have the following commutative diagram

Dy (V)—— B} ®k, Dst(V) ——= TV ®z, B}

(2.2.11) %DTz ;Tz
B+®£B

DC—>B+®3D%

TV ®z, B}

Now modulo u on the above diagram and noting that D mod u = D, we get the
commutative diagram (2.2.6). Note that both rows and the right column in diagram
(2.2.6) are compatible with Frobenius. So ¢ is compatible with Frobenius. To check

that N = N via 4, for any z = 3 7i(u) ® N(y) € D with y € D, we have

i=0
N(z) =Y N(vw) © Ny Z% 1(w) @ N(y).
=0
Hence i(N(z)) = N(y) = N(i(z)). Therefore N = N. O

Corollary 2.2.3. The isomorphism i in diagram (2.2.6) is unique, and we have
B ®p+ ip = L, i.e., there exists an isomorphism i of B -modules such that

diagram (2.2.9) commutes.

The consequence of the above corollary is that the isomorphism i is functorial.

More precisely, let Rep% " denote the category of semi-stable representations of

G with Hodge-Tate weights in {0,...,r}. For any V € RepS”, with T C V a
G-stable Z,-lattice and (9, ¢, Q) the (p,G)-module attached to T, consider the
functor D(V) : V — D := Sk, Qp.6 M +— D :=D/(I15k,)D from Repg " to the
category of p-modules. Let Dy (V') be the functor Dy (V) : V +— Dg (V') composite

by the forgetful functor from the category of filtered (p, IV)-modules to the category
of p-modules.

Corollary 2.2.4. The isomorphism i induces an isomorphism of functors between
D(-) and Dg(+).
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2.3. Construction of My,. Now let V' € Rep&f’r be a p-adic Galois representation

of G and T C V a G-stable Z,-lattice. Let M = (M, ¢, G) be the (¢, G)-module
associated to T'|g, D := Sk, ®y,¢ M and D :=D/(I1Sk,)D. Put M := M /uI ~
"M /up*M C D/(I15k,)D = D, where p*IM = 6 ®,,¢ M. Then M is a finite
free W(k)-lattice in D and @-stable. By Corollary 2.2.3, we can fix the unique
isomorphism i : Dt (V) ~ D from now on. Now set M (T) := i~ (M) C Dg (V).
Before we prove that M satisfies the requirements of Theorem 2.1.3, let us first
summarize the construction of Mg in the following diagram:

T Theorem 2.2.1 (P*m mod u M
‘\E Sko®e oM D£ mod T+5ko Z\E\‘i Mt
_ 1/
Dy (V)

Note that Corollary 2.2.4 ensures that the diagram in the bottom triangle is com-
mutative and thus My is functorial. We postpone the discussion of faithfulness,
fullness and exactness of My, and the case er < p —1 to §2.5.

Now to prove Theorem 2.1.3, we need to show that M (T) is a lattice in Dg; (V)
in the sense of Definition 2.1.2. We have seen that Mg (T) is p-stable. It remains
to prove that M (T) is G k-stable and N-stable. We first need some preparations.

Since V¢ is semi-stable, by Theorem 2.2.1 (2), we have an injection
(2.3.1) i1 W(R) @z MM — TV(M) @z, W(R).
compatible with G-action on the both sides. Note that T" is G k-stable. So there is
a natural G g-action on the right side of (2.3.1).

Lemma 2.3.1. The left side of (2.3.1) is G -stable.

Proof. Use diagram (2.2.3)

B* s

cris

Rk, D

J )

W(R) @7 M —> TV (M) @z, W(R)

V(M) ®z, B

cris

where the right column has the natural Gi-action. We claim that Bg;is ®z M =
B;;is ®xK, D is stable under the Gi-action via ip. Let us accept the claim and
postpone the proof to the end. Select a basis eq,...,eq of oM. For any g € Gg,
gler,...,eq) = (e1,...,eq)A with A a d x d-matrix. It suffices to show that each
coefficient of A, say z, is in W(R). To see this, note that Bctis®ﬁifﬂ is G -stable, so
x € BY,.. On the other hand, by Theorem 2.2.1 (2), (¢(t))" (I (9M) ®z, W(R)) C
i(W(R)®4 M). Thus we have (p(t))"z € W(R). Then z € W(R) follows Lemma

3.2.2 in [Liu09b].
To prove the claim, it suffices to show that G (D) C B, ®k, D. By the proof

of Proposition 2.2.2, we see that Dy (V) is just D C BY ®x, D defined in (2.2.10).
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Let &,...,&q be a basis of D given by (€1,...,84) = (e1,.--,eq) > vi(W)N? with

(€1,...,eq) a basis of D and N the matrix of N under the basis 1, ..., eq. For any
g € Gk, g(u) = log(g([x])) = u+ X with X = log( ([[J])) in B, .. Note that g and N
commutes on D. So if let A, be the matrix such that g(éi,...,€q) = (€1,...,€q)Aq,

we have AgN = NAQ. Now

9(617"'36(1) = g(éla"'véd)z’yi(ig(u))]v

= (el,...,ed)Agi’yi(—u—)\N

= (el,...7ed)i'yi(—u—)\)NiAg

= (éh~-.7éd)(i%(—u)Ni)(i%—(—A)NiAg)
= (e1,...,e Z% AN A,)

because N is nilpotent. This proves the claim.
O

cris

(3> 7i(=A)N'A,) converges in B
=0

Recall that the projection of R to k (by modulo I, R) induces a projection
v : W(R) — W(k) and v can be naturally extended to v : Bl — W(k:)[ ]

Write Ko := W(l;)[%] We extend v to v : Bf — Ky by sendlng u— 0. Let
I.B} = Ker( ). For any subring A C BJ, put Iy A = ANI,BY. For any
subring A of Bms, this definition of I; A obviously coincides with the previous one.
Following [Fon94a] §5.3, we define

ImBt = {ze Bl |z )eFﬂmB+

Cris cris?
and for any subring A C Bms, write I A .= An 1™ ms By the proof of Lemma

3.2.2 in [Liu09b], ¢(t) is a generator of TNW (R).

Lemma 2.3.2. (1) ITMW(R) c I, W (R) and M Ay C Iy Aeyis.
(2) vlww) =1d and v is Gk -equivariant.

for all n > 0}

Proof. (1) It suffices to show that IM A © I Aqi. By Proposition 5.3.1 in
[Fon94al, for any z € I Agyys, = Y a;t{™ where t = log([¢]) and € = (¢;)i>0 € R
n=1

with €; primitive p’-th root of unity. Since v([¢]) = 1, we see that t € I Auis and
then x € I Acyis.

(2) The first statement is obvious. To show the second, note that the projection
U : R — k is natural. So v is obviously G k-equivariant on W(R), thus on Acys
and B, . Therefore it suffices to show that G (u) C I.Bf. For any g € Gk,

as in the proof of Lemma 2.3.1, g(u) = log( ([x])) = u+ A with A = log( ([[ ]]))
B . Tt suffices to show that A is in I B}, . Write n = g(”) = (13)i>0 € R. Since

cris* cris®
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mA = mlog([n]) = log([n™]), after replacing n by some power, we can assume that
no =1 mod p. Hence v([n]) = 1 and X = log([n]) is in I, B O

cris”

Now recall that M = 9/u9t and D = D/(I1Sk,)D in the construction of M.
We have
W(R) @3 M mod I, W(R) =~ W(k) @wx) M
and
B} ®sD mod I, Bf ~ Ky ®g, D.

By Lemma 2.3.1 and Lemma 2.3.2, we have W (k)-semi-linear Gk-actions on
W(k) @w @y M and Ko ®g, D. By Proposition 2.2.2, the isomorphism 4 induces a
W (k)-linear isomorphism

+ + ~ f(o@xoi_l ~
(23.2)  Bf®sD mod [.BY} ~ Ky ®x, D — 2> Ko ®x, Dot(V).
On the other hand, note that the right side also has a natural G g-action induced
from the G k-action on Dy (V).

Lemma 2.3.3. f(o K, i1 is G -equivariant.

Proof. Combining Corollary 2.2.3 with Lemma 2.3.1, the isomorphism
i Bst ®sDS Bjt ®x, Dst(V)

is Gk-equivariant (note that Corollary 2.2.3 only shows that i is G-equivariant).

Now modulo I+BS+t on the both sides of 2, we see that Ko®x, i~ ! is G g-equivariant.
O

Now since the G g-action on W (k) ®w (k) M is stable in Ko ®k, D, we prove:
Corollary 2.3.4. My(T) is Gx-stable in Dg (V).

2.4. Stability of monodromy. Now let us prove that M (T) is stable under
monodromy. For this, we need more precise information on the Galois action on
the left side of (2.3.1). It will be always convenient to consider W(R) ®4 M as a
submodule of B, ®k, D ~ Bl ®g D, as illustrated in Diagram (2.2.3). In the
proof of Proposition 2.2.2, we have shown that there exists an operator Np : D — D
such that the G-action on BY, ®g¢ D is given by (2.2.7), and formula (2.2.8) show
the following diagram is commutative

p__ N _p

(2.4.1) mod (I+SK0)Di J/ mod (I4+Sk,)D
D Y oD

Now set M := S ®, e M. Note that M/(ILS)M ~ M/udM. Hence to show
that My, is stable under N, it suffices to show the following:

Proposition 2.4.1. Notations as above. If p > 2 then Np(M) C M.

Remark 2.4.2. This generalizes Lemma 3.5.3 in [Liu08] to case that has no restric-
tion on Hodge-Tate weights.
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Proof of Proposition 2.4.1. Regard M as a ¢(&)-submodule of M. It suffices to
show that Np(9) C M. Since p > 2, by Lemma 5.1.2 in [Liu08], we have K N

K, = K', G = Gpe x Hys and Gpee =~ Z,(1). As the consequence, let 7 be a

topological generator of G, then €(7) = (¢;)i>0 € R with ¢; a p’-th primitive root

of unity. So we may just select € = ¢(7) and set t = —log([e(7)]). Pick a x € 9. By
o] .

formula (2.2.7), we have 7(x) = > 7(t) ® Np(x). Note that 7 acts on ¢ trivially.
i=0

Hence for any n > 1 and « € D, an easy induction on n shows that

oo

(2.4.2) (r=1D"x) =) > L‘, Ym(t) ® Np' ()

ISLEREE !
m=n \iyttin=m,i;>1 * n

In particular, (1 — 1)"(z) € IMB}, ®sD. Since z € M and W(R) @, ¢ M is
G-stable via i. We get (1 — 1)"(z) € INW(R) ®,,¢ M.

Now we claim that %(x) is well defined in A ® M and %(x) — 0
p-adically as n — oo. If so, then we can define

oo

) =Y 0T ) € Ao ms .

n=1

log

(2.4.3) p

and a direct computation shows that
log
t
Therefore, we see that Np(x) € M and we are done. It suffices to show the claim.
Note that t = cp(t) with ¢(t) a generator of IMW(R), and ¢ a unit in S. Since
n—1
(1 — )™(z) € IMW(R) ®,,6 M, it suffices to show that for any n, % is in
Aeris and it goes to zero p-adically. Note that (o(t))P~1 € FilPW (R) + pW (R). So
p—1
% is in Aqis. For any n > 2p, write n = p*m with pt m. We see that
(e®)" ™t _ (e®)" ' (n =1 _ (pt) " (p*m —1)!

n (n—1)! n (n—1)! psm

(2.4.4) (7)(z) = 1 ® Np(@) € Aeris @5 M.

Since 7;(t) goes to zero p-adically (see [Fon94a] §5.2.4), it suffices to show % is

in Zp. If m > 1 then p°m —1 > p* and it is obvious. If m = 1 then one easily check
that p*—1 > 2p*~! because s > 2 and p > 3. v,((p°* —1)!) > v, (2p* ) +v,(p*~ 1) =
2(s—1) > s.

O

To complete the proof that N(Mg(T)) C M (T) when p = 2 and to deal with
torsion representations later, it will be convenient to give another description of
monodromy N on M (T). As the proof of the above proposition, if p > 2 then
we select T a topological generator of Gp and set t = —log([e(7)]). If p = 2 then
there still exists a 7 € G such that (1) = (7;)i>0 € R with 7; being primitive
pi-th root of unity (see the end of §4.1 in [Liu09b]). We set t := —log([e(7)])
in this case. Recall that ™M = 6 ®, e M, which is a submodule of D and
W(R) ®@,,6 M. For any x € ¢*M, by the proof of the above theorem, we see that
(1 —1)(z) € INW(R) ®s ¢*M. Note that the statement is also valid for p = 2
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because the same proof works for our selection of 7 when p = 2. Since ¢(t) is a
generator of T (R), it makes sense to define a map

T—1
— ().

EORY

It is easy to check that N is W (k)-linear and N((I1&)p*0M) C I, W(R) @s ©*M.
So it make senses to define a map N = N(x) mod I, W(R), that is, we have the
following commutative diagram:

(2.4.5) N:@"M — W(R)®p¢M; N(z)=

go*gﬁ—N> (R) R ™M

(246) mod I+Gl l mod I, W(R)

Mo(T) —N W (k) @ () Mat(T)

On the other hand, the monodromy operator N define a map N : D — D —
D ®k, Ko.

Proposition 2.4.3. Notations as above, N = Nl (ry and then N(My(T)) C

My (T).

Proof. For any x € ¢*M C M = S ®,6 M, we have (1 — 1)(z) = > (t) ®
i=1

—1

Ct;. ® Ni(z). Now

Ni(x). Recall that ¢ = cp(t). Hence N(z) = ¢Np(z) + 5
=2

we claim that the series > Ctifl
i=2

accept this and postpone the proof to the end. Now since t € I} Acis, We see that

N(x) — ¢Np(z) € I B, ®,6 M. But ¢ =1 mod IS, we have N(z) = Np(z)

mod I, B}, ®s ¢*M. Since Np = N mod I, Sk,, we see that N = N|pr (7).

cris

® Ni(z) converges in B;is ®e ©*M. Let us first

7!

+

cris

, ﬁ — 0 p-adically in B,

when i goes to infinity; second, there exist an integer m such that p" Ni(z) € M =
S @y, M for all i. To see the first fact, recall that {1} = —t—
i = (p—1)G(i)+r with 0 < 7 < p—1. It suffices to show that pa()§()!/(i+1)! goes to
zero p-adically. This easily follows form the well-known fact that v, (m!) < ;7. To
prove the second fact, note that Q, ®z, M ~ S®@w ) D. Hence z = Zj 5;®y; with
s; € S and y; € D. Then second fact follows the facts that Np = Ng®14+1® Np
(cf. (2.2.8)) and that Np on D is nilpotent.

To prove the claim, we need check two facts: First

€ Ags, where

O

2.5. Some properties of M. In this subsection, we discuss the properties of the
functor Mg stated in Theorem 2.1.3.

To show that My is faithful, let f : T — T” be a map in Rep%it’r such that
M (f) = 0. Then Dy (f) = My (f) ®z, Qp = 0 and then f ®z, Q, = 0. Therefore
f =0 and the faithfulness of Mg is proved.

Now let us discuss the fullness of My;. Let T, T € Repgit’r be two G g-stable
Zy-lattices and f : My (T") — Mg (T) a morphism in L"(¢, N,T"). Tensoring Q,,
f ®Q, is a morphism of filtered (p, N,T')-modules. Hence there exists a morphism
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g:T®z,Q, = T'®z, Q, inside Rep&it’r such that Dg(g) = f®z, Qp. To show that
My is full, it suffices to show that g(7') C T”. Pick a constant a such that p®g(T") C
T" and let (M, pon, Gon) and (M, pan/, Gonr) be the (p, G)-modules corresponding
to T and T respectively. Then p®g induces a morphism f : (9 ,gpgm/,égm/) —
(M, oon, Ggm) of (g, é)—modules. To show that My is full, it suffices to show that
fF(ON) C p*M. Write §f = f mod w : M /udN’ — M /ud. By the construction of
My, We see that f = Mg (p®g) = p*f.

Proposition 2.5.1. Suppose er < p—1 and §: M — M is a morphism of finite
free Kisin modules of height r. Write M' := M' mod u&, M := 9 mod u& and
f=1 mod uS. If f(M’) C p*M then f(OM') C p*M.

Corollary 2.5.2. Ifer <p—1. Mg is fully faithful.

To prove this proposition, we need the following result:
Lemma 2.5.3. Assume that er < p— 1.

(1) Suppose thati: £ — £ is an injective morphism inside 1\/[0d7cf5]r and M =
L/U(L) is killed by some p-power. Then as an G-module, M ~ &/p™ &S
S/p6 - B S/piG with n; > 1.

(2) Suppose M is a torsion free o-module of height r. Then M is finite S-free.

The proof of the lemma needs an elaborate discussion of torsion Kisin modules.
So we postpone the proof to §3.2.

Proof of Proposition 2.5.1. Let £ = 9/§(9M'), £i,, the torsion part of £’ and

£=2/8,.. So we get an exact sequence of p-modules:

0—-N—-IM—-L£—-0

with 91 and £ torsion free. By Proposition B 1.3.5 in [Fon90], we see that N, £ are
of height r. Then Lemma 2.5.3 shows that 91 and £ are finite free. Similarly, we

have an exact sequence of finite free Kisin modules 0 — & — I 4 f(M') — 0.
Write 9V = f(M’). We have an injection N «— 9. Since N/N' ~ £{ .., by Lemma
2.5.3 (1), we have

(2.5.1) NN ~S/p"GH&/pS - & G/p"S.

In particular, we get an exact sequence 0 — 9 — 91 — /N — 0 with 9N/N
u-torsion free. Since all terms of three exact sequences here are u-torsion free,
after modulo u, we still get exact sequences. Hence the map §: M’ — M can be
decomposed into three parts: M’ — N’ N’ — N and N — M, where N and N’
are 9 mod u and M mod u respectively. Note f(M') = N’ C N Np*M. Since
M/N = £ mod u is torsion free, we see that NNp*M = p®*N and thus N’ C p®N.
Write g : 9V — 9tand g = g mod u: N' — N. Now it suffices to show Proposition
2.5.1 for g : W — MN. To see this, it is enough to show that n; in (2.5.1) satisfies
n; > a. But N’ C p®N and

N/N' =~ () mod u = W(k)/p™W(k)OW (k)/p"W (k)& - -@W (k) /p" W (k).

We must have n; > a. O
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Let us prove the left exactness, and the exactness of Mg if er < p — 1. Let
0—T"—T—T — 0 be an exact sequence in Repgit’r. Restricted to G, we get

a sequence of (¢, G)-modules 0 — M — M — M” — 0. Write
0—M —-M—-M' -0

for the corresponding sequence of Kisin modules. It suffices to show that the above
sequence is left exact and exact when er < p — 1.

Lemma 2.5.4. Let M, M’ and M € Mod;’ér be finite free Kisin modules. Assume
that there exists an ezact sequence of Z,|Gso)-modules

(2.5.2) 0— Te(M") - Te(M) - T (M) — 0
Then there exists a (unique) left exact sequence of Kisin modules
(2.5.3) 0—9M - M—-M' -0

such that T ((2.5.3)) ~ (2.5.2). Ifer <p—1 then (2.5.3) is exact.

Proof. Since Tg is a fully faithful functor (see, for example, Corollary 4.2.6 in
[Liu07b]), we have a short sequence

(2.5.4) 0 —m-Lm’ —o

of finite free Kisin modules such that Tg((2.5.4)) ~ (2.5.2). The only question is
whether the above sequence is left exact. In the following, we heavily use the theory
of étale p-modules, their attached representations of G, and relations to Kisin
modules. We refer readers to §2 in [Liu07b] for more details.

For any finite free Kisin module M, set N := O ®s MN. Following [Fon90],
then N is a finite Og-free étale p-module, in the sense that N has a semi-linear
Frobenius ¢ : N — N and the Og-linear map 1 ® ¢ : O¢ ®, 0, N — N is
an bijection. Write T'(N) = Homo, (N, Og. ). By Corollary 2.2.2 in [Liu07b],
T(N) ~Te(MN) as Z,[Gso]-modules. Moreover, Proposition A 1.2.4, Proposition A
1.2.6 and Remark A 1.2.7 in [Fon90] proved that N = Homg__ (T'(N), Og..) and the
functor T'+— Homg__ (T, Og..) induces an exact anti-equivalence between Rep(Goo)
and the category of étale ¢-modules. So write M’ = Og @ M, M = O @ M
and M" = Og ®es M”. Applying Homeg__ (—, Og.u.) to the exact sequence (2.5.2),
we get an exact sequence 0 — M’ — M — M"” — 0, which is just Os ®g (2.5.4).
Hence Of ®g (2.5.4) is exact. Set 9 = f(M) and M’ = Ker(f|on). Apparently,
M’ and M” are -modules and torsion free. By Proposition B 1.3.5 in [Fon90],

we see that 9 and 9" are objects in ’Modf’g. Lemma 2.3.7 in [Liu07b] shows
that there e>gs/‘9 finite free Kisin modules 9 and M such that m M c M
and M’ € M C M". But Tg is fully faithful and D' € M’ € M’ is also a
finite free Kisin module. Noting that Te(IM') = Ts (ﬁl) = T(M'), we must have

M =N’ =M . Similarly, we have M’ = 9M”. Hence we get a left exact sequence
0— M — M — M’ — M’

So (2.5.4) is left exact. In general, 9" may not be M. See Example 2.5.6. But if
er < p—1. By Lemma 2.5.3 (1), we see that 9" is finite free. Hence 9" = M”
by the full faithfulness of Ts and then (2.5.3) is exact.

O
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In general. Mg is neither full nor exact if er > p — 1. The following examples
restrict to crystalline representations with Hodge-Tate weights in {0,1}. In this
situation, Theorem (0.4) in [Kis06] shows that the category of finite free Kisin
modules of height 1 is equivalent to the category of G-stable Z,-lattices in crystalline
representations with Hodge-Tate weights in {0,1}. In particular, for each finite
free Kisin module 9 of height 1, there exists a unique (g, G)-module 9 such that

T'(9M) @z, Qp is a crystalline representation with Hodge-Tate weights in {0,1} and
the ambient Kisin module of 9 is just 9.

Example 2.5.5. Let K = Q,(7) with 7771 = p. So we have E(u) = uP~! —p. Let
T be a G-stable Zj,-lattice in a 2-dimensional crystalline representation with Hodge-
Tate weights {0,1}, determined by Kisin module 9 = Ge; @ Gep and p(e1,e2) =
(e1,e2) <é E?u)) Let M = Sf1 @ & f, C M®z, Qp be a finite free G-module

1 u
with the basis (f1, f2) = (e1, e2) <0 i’) Note that

= () 1) (5 ) () =m (b sl

Hence 9 is a Kisin module of height 1 and corresponds a G-stable Z,-lattice
T inside T' ®z, Qp. T # T’ because M # M. But M/uM = M'/ud’ inside
M/uIM @z, Qp and thus M (T') = M (T") inside Dy (T ®z, Qp).

Example 2.5.6. Let F(u), K and 9 be the same as the above example. Write G*
for the rank-1 finite free Kisin module whose Frobenius is given by ¢(f) = E(u)f
with f a basis of &*, and & for the rank-1 finite free Kisin module with trivial
Frobnius. We have a left exact sequence of Kisin modules

06" -M L6 -0

via f(f1) = p and §(f2) = u. The above sequence of Kisin modules corresponds to
an exact sequence of lattices in crystalline representations with Hodge-Tate weights
in {0,1}. Modulo u on the above sequence, we see easily that My is not right exact.

3. p-ADIC HODGE DATA OF TORSION REPRESENTATIONS

Let T be a p-adic Galois representation killed by some p-power, and P some
properties of representations (e.g., being semi-stable, crystalline etc.). We call a
representation is torsion P if T' can be written as a quotient of two lattices inside a
representation which has property P. In this section, we will attach (¢, N)-module
to torsion potentially semi-stable representation up to a p-power p¢, where ¢ is
a constant only depending on the absolute ramification index e (of the field over
which representation is semi-stable) and length of Hodge-Tate weights.

We follow the same settings and notations in §2 throughout this section.

3.1. Construction of M for torsion representations. Recall that Repg;t’r is

the category of potentially semi-stable representations (satisfying the assumption in
the beginning of §2) with Hodge-Tate weights in {0, ..., 7} where r is a fixed positive
integer. We denote Repfﬁﬁ " the category whose objects are torsion potentially semi-
stable representations with Hodge-Tate weights in {0,...,r}, in the sense that, for
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any T' € RepPsr'”, there exist G-stable Z,-lattices L C L' ina V € Rep(ait‘r such
that '~ L' /L as Z,|G k]-modules. We call the pair L C L a lift of T. Obviously,
for any T' € Rep™*", the lift is always not unique. A morphism between two lifts
L£: L c L (lifting T) and £ : L ¢ L’ (lifting T) is a morphism f : L' — L' in
Replz)it’r such that f(L) C L. f induces a morphism f : T — T in RepP="". We call
f a lift of f (with respect to lifts £ and £).

Let £: L < L' be a lift of T. By Theorem 2.1.3, we get a morphism Mg (j) :
My (L") — Mg (L) in L"(p, N,T") (Mg (j) is injective by Corollary 3.2.4 below).
Now write j := My (j) and set My o(T) := My (L)/j(Mg(L')). Then My (T)
has G k-action, Frobenius ¢ and monodromy N induced from My (L). Following the
definition of filtered (¢, NV,T')-modules, we define a category Mo (¢, N,T') whose
objects are finite W (k)-modules M killed by some p-power and endowed with

e a Frobenius semi-linear map: ¢ : D — D.
e a W(k)-linear map N : D — D such that Ny = ppN.
o a W(k)-linear I'-action on D such that I' commutes with ¢ and N.

We have obvious notations of morphisms in Mo, (¢, N,T'). Therefore Mg »(T) is
an object in Mo (¢, N,T). If f : T — T is a morphism in RepP*"" which can be
lifted to f : £ — L, then f induces a morphism Mswf(f) : Mst,Z(T) — Mg £(T) in
Mtor(@a N’ F)'

Though the above definitions depend on the choices of the lifts, we will prove that
there exists a constant ¢ such that Mg »(T") is “unique” up to p° in the following
sense:

Theorem 3.1.1. There exists a constant ¢ only depending on e and r such that
the following statement holds: for any morphism f : T' — T in Rep>>" and any

lift L', L of T', T respectively, there exists a morphism g : Mg o (T) — Mg o (T")
in Mior(p, N,T') such that

(1) if there exists a morphism of lifts f: L — L which lifts f then g =
pcMst,f(f)'

(2) let f' - T" — T be a morphism in RepP>" with L the lift of T" and
g Mgt o(T') — Mg o (T") the morphism in Mioy (0, N,T) attached to
f', L' and L. If there exists a morphism of lifts h : £ — L which lifts

fof theng og= pQCMSt,;;(f of").

Ifer <p—1then ¢ =0. Mg »(T) is independent on the choice of lift and My
is a functor from RepE>" to Mo (¢, N,T).
Corollary 3.1.2. Notations as above, assume that f : T — T is an isomorphism
and f' = f~1 T — T’ is the inverse map. Then ¢’ o 9 (1) = PZCId\Mst,E(T)

and gog'\,, .y =r* T, 1)

Remark 3.1.3. Tt is natural to ask if one can define a reasonable filtration structure
inside Mg »(T') such that the above theorem is valid for such filtration (together
with other structures). Though the answer is positive the proof is too complicated
to include here. See the forthcoming work [Liu09a].



LATTICES IN FILTERED (¢, N)-MODULES 19

To proceed the proof, we study torsion representations arising from a torsion
version of (i, G')—modules 6 and show that the p-adic Hodge structures in Mt o (T)
are encoded in those structures. For this, we need the input from torsion Kisin
modules. So we recall some facts for torsion Kisin modules, and refer [Liu07b], §2
and §3 for more details.

3.2. Torsion Kisin modules. In the sequel, for any Z-module M, we denote
M/p"M by M,. Recall ’ Mod“/p'é denotes the category of ¢-modules of height r.

Let 9 € ’Mod‘/P’GT, we call M a torsion Kisin module (of height r) if 9 is killed by

some p-power and there exists an injection £ < £ in Mod;’ér such that 9 ~ £/¢'.
We denote Mod?’éOr the full subcategory of torsion Kisin modules of height 7 in
! Mod‘f’é . The following lemma summarizes some useful facts on (torsion) Kisin
modules.

Lemma 3.2.1. (1) The following statements are equivalent:
(a) M is a torsion Kisin module.
(b) M e ’Modf’é, M is killed by some p-power and u-torsion free.
(c) M € ’Modfg and M is a successive extension of finite free kfu]-

modules M; with M; €' Modfg )
(2) Let 0 — 9 — M — M’ — 0 be an exact sequence of p-modules. Suppose

that M, M', M” are u-torsion free and M € ’Modfg. Then M, M €
! Mod“/og .

Proof. See Lemma 2.3.2 and Proposition 2.2.3 in [Liu07b]. O

Now combining the above results with the following input, we are ready to prove
Lemma 2.5.3.

Lemma 3.2.2. Assume that er < p—1. Let M, M € Mod;’éor. If M s O ~
M ®s O¢ as -modules. Then M ~ M.

Proof. If er < p — 1 then the minimal model and maximal model coincides. See
Remark after Corollary 3.2.6 in [CLO09]. O

Proof of Lemma 2.5.3. (1) By Lemma 3.2.1 (1), 9 is a torsion Kisin module and
M is u-torsion free. Assume that 9 is killed by p”. We prove the statement by
induction on n. If n = 1, since 91 is u-torsion free then 9N is a finite free &1-
module. Suppose that the statement holds for n — 1. Consider the exact sequence
0— p" 1O — M — M,,_; — 0. We claim that 9,_, is a Kisin module killed by
p" L. To see the claim, let K be the kernel of map ¢ : 9t — M, — M,,_1 ®g Of.
We get an exact sequence of u-torsion free ¢-modules: 0 — K — 9 — ¢(9M) — 0.
By Lemma 3.2.1 (2), we see that K and ¢(90) are torsion Kisin modules. It is easy
to check that K ®s Og ~ p" 1M ®s Og. Hence K = p" !9 by Lemma 3.2.2, and
then 9M,,_1 = ¢(M) is a torsion Kisin module.

By induction, M, 1 ~ G, 1 B - - B Gy a0 D D G, eq with e; € MM and e;
the image of e; under the natural map 9t — 9M,,_; for i = 1,...,d. Let us assume

6We will not define torsion (¢, G)-modules in this paper, though we implicitly use many their
properties.
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e1,...,eq are those among e; killed by p” but not by p"~!. Set
M:=6,e1® - ®6peq ®6Gp,, a1 D DGy eq.
By Nakayama’s lemma, we have the following commutative diagram:

OﬂpnflMHMHMn,lﬁo

]

04>p"_19314>9ﬁ4>9ﬁn_1 ——0

where the first two columns are surjective and the last one is an isomorphism.
Assume that p"leq,... ,p"te; forms a basis for p" 1M with d < d’. For any

. d
d+1 < i < d, we have p"le; = > a;;p" 'e; with a;; € &. Now for any
j=1

. d
d+1<1i<d, replace e; by e; — > a;je;, and replace M by
j=1

M = Gnel ©---D Gnefj D 6”*16J+1 D---D 6n716d/ D 6nd/+1ed’+1 D Gnded.
We still have a diagram as (3.2.1). The second column is still surjective. Since
p"~le; = 0 for any d+1<i<d , the first column is an isomorphism. We easily
check that the last column is still an isomorphism. Hence the middle is also an
isomorphism M ~ 9.

(2) Let M =M ®@c Og. Then i : M — M is an injection. Write ¢, : M — M,
and M) = ¢, 0i(M). By Lemma 3.2.1, we see that M, is a torsion Kisin module.
Since M is a finite free Og-module, M, is finite Og ,,-free. By (1), My, is finite
S, -free and M’ := llnn Mp) is a finite free Kisin module. It suffices to show that
that 9 = M’ as submodules of M. For any n, set K,, = Ker(gy,)|sm. Note that
M/, ~ M. On the other hand, K,, = p"M NI = p"IM' N M. By Artin-Rees
lemma, the topology defined by KC,, coincides with the p-adic topology on 9t. Since
I is p-adic complete, we see that 9 = thim(n) = 9.

O

Recall Rep(G o) denotes the category of Z,[G]-modules of finite Z,-type. For
any M € Mod”?%", we can associate a p-power torsion object in Rep(Goo) via

/6
Ts (gﬁ) = Homg,g,(im, Gl ®Zp QP/ZP)

Proposition 3.2.3. Let 0 — L 4L = T =0 be an ezact sequence of Zp|Goo)-
modules such that

(1) there exists £,£' € Mod;’ér such that Ts (L) ~ L and Te (L) ~ L'.

(2) T is killed by a p-power.
Then there exists an injection j : £ — £ in Mod?’ér such that Ts(j) ~ j. Further-
more, let M = L£/i(L') then Te (M) ~T.

Proof. Here we use ingredients on the theory of étale ¢-modules as in the proof of
Lemma 2.5.4. Since T is fully faithful on the category of finite free Kisin modules,
we have a morphism j : £ — £ in Mod;’gr such that Tg(j) ~ j. To see that j
is an injection. Applying Homg__(—, Ogu,) to the map j : L — L', we see that
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iR ¢ : £ ®s O — L@ O is an injection. Hence j is an injection. Since £ and
£’ has the same S-rank, 9 is a torsion Kisin module. Finally, the proof of Lemma
4.4.1 in [Liu07b] showed if we have an exact sequence 0 — £ — £ — 9 — 0 in
! Mod‘f " with £/,£ € Mod?ér and 9 € Modr T then we have an exact sequence of
Zp[G]-modules

(3.2.2) 0 — TY(L) — TL(L) — TL(M) — 0.

Thus Te (M) ~T. O

Corollary 3.2.4. Assume that T is in RepP™" and £ : L <5 L' is a lift of T.

tor
Then we have an exact sequence of W (k)-modules

st(])

(3.2.3) 0 —— Mg (L/) Mst(L) —_— St7£(T) —0.

Proof. Restricted to G, by Theorem 2.2.1, there exist £, £' € Mod;ér such that
Ts(£) ~ L and Te(£') ~ L'. By the proof of the above Proposition, we get an

exact sequence 0 — £ 5 £ — 9 — 0. Since M is a torsion Kisin module, M
is u-torsion free by Lemma 3.2.1. Hence by modulo u, we get an exact sequence:
0— &/ul — £/ul — M/uM — 0. By the construction of M (T, we obtain
(3.2.3) and My 2 (T) ~ M/udM as p-modules.

O

The following theorem is an important input for the proof of Theorem 3.1.1.

Theorem 3.2.5. Let M be in Mod;’er or Mod;éor. There exists a natural G™ -
linear injection

ls Sur ®6 M — Té(g)’{) ®Zp Sw
such that
(1) 1 is compatible with G-actions and Frobenius on both sides.

1
(2) (TZ(M) ®z, G") C1s(6™ ®s M).
(3) If (M, 0, Q) is a finite free (¢, G)-module then i = W(R) @, gu te-

Proof. See Theorem 3.2.2 in [Liu07b] and Proposition 3.1.3 in [Liu09b). O

Now let T' € Rep?"" and £ : L <& L' be a lift of T. Write £ = (£, ¢, G) and
ﬁ)' = (£,¢,G) the (p,G)-modules corresponding to L and L’ respectively, and
: £ — £ the corresponding morphism in Mod'/g I Now set M := £/j(£'). The
proof of Corollary 3.2.4 shows there exists an exact sequence (3.2.3) and Mg »(T) ~
M /uI as p-modules. By Proposition 3.2.3, we have T (M) ~ T . Now using
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the injection ¢ in (2.2.2), we have the following commutative diagram:

0= LV &y, WER"H LY 90 W(R) — TV @7, W(R) —> 0

ZS:’J Eﬁj\ isz
W (R)®j

(324) 0 ——=W(R) @z & ———= W(R) @5 £ —= W(R) ®p6 M —0
mod I+W(R)i mod I+W(R)i mod I+W(R)i
00— W(k) @y M' —= W (k) @wxy M —= W (k) @y M —=0

here M’ = My (L"), M = My(L) and M = M (T) and ign is induced from
ig, and ig. On the other hand, by Theorem 3.2.5, we have an injection (g o :
G ®g M — Tg(gﬁ) ®z, Gm.

Lemma 3.2.6. iyy = W(R) ®¢.cu ta,m and i is an injection.

Proof. The first statement derives from the facts that i := W(R) ®y & te,e and
i = W(R) ®y,ew ts,er by Theorem 3.2.5 (3). To see ign is injective, note that
(o) (LY @z, W(R)) Cia(W(R) ®5 £) by Theorem 2.2.1. Thus we can define a
map i* : LY ®z, W(R) — W(R) ®7§Q such that i*ois = ((t)")Id. i* induces a map
i : TV @z, W(R) — W(R) ®y,6 M such that i, 0 iy = (¢(t)")Id. Now it suffices
to check that (¢(t))"Id : W(R) @46 M — W(R) @, M is injective. By Lemma
3.2.1 (3), 9 can be written as a successive extension of finite free k[u]-modules.
Since the functor M — W(R) ®, ¢ M is exact on the category of torsion Kisin
modules by Lemma 3.1.2 in [CLO08|, it suffices to check that (¢(t))"Id is injective
when 9 is finite kfu]-free. But o(t) mod p is non-zero in R. So (¢(t))"Id is
injective. (]

Now let f : T/ — T be in Rep?®™" and £’ a lift of T’ as in Theorem 3.1.1, we

tor
have a similar commutative diagram (3.2.4) for £’ and get MM € Mod?’éor such

that DV /ud’ ~ Mg o (T') as p-modules, Tg(IM') ~ T"|¢.. and an injection gy :
W(R) ®@,6 M — T ®z, W(R). We use the following result to connect 9t with
m’.

Theorem 3.2.7. There exists a constant ¢ only depending on e and r such that the

following holds: for any M, M’ € Mod;’éor and a morphism f : Te (M) — Te (M)

in Rep(Geo), there exists a unique morphism f : M — M in Mod"/"éOr such that
Ts(f) =p°f. If er <p—1 then ¢ =0.

Proof. See Theorem 2.4.2 in [Liu07b]. O

Now we are ready to construct g in Theorem 3.1.1. Let f be in the above
theorem attached to f and set g :=f mod u, we get a morphism of W (k)-modules
g My o(T) — Mg o (T"). Since f is p-equivariant, g is ¢-equivariant. It takes
more complicated arguments in the next subsection to show that g is compatible
with other structures. Let us accept the fact that g is a morphism in M., (¢, N,T),
and prove the remaining statements in Theorem 3.1.1.

Suppose that f can be lifted to f , then there exists an § : 9 — M such that
Ts(h) ~ f and M, f(f) ~ b mod u. Since Tg(f) = p°f, by the uniqueness of f,
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we have f = p‘h and hence g = p*M; #(f). Now let f': T" — T’ be in Rept”
as in Theorem 3.1.1 (2). By Theorem 3.2.7, we get a morphism { : 9 — IM”
such that Ts(f) = p°f’. Therefore, Ts(f o f) = p?*(f o f'). Thus if f o f’ can be
lifted to & then there exists an b’ : 9T — M” in Mod;’éo’r such that Tg(h') = fo f’
and Mstﬁ(f o f") =8 mod u. Using the same argument as above, we see that

fof= p2°h’. Therefore ¢’ o g = pQCMSt iL(f o f").

3.3. Compatibility of I' and N. In this subsection, we prove that g is com-
patible with I'-action and monodromy operator N. Now consider the following
commutative diagram:

W(R) ®p6 M —2> TV @, W(R)

(3.3.1) W (k) @w M W(R) ®p.6 M —2>T" 05 W(R)

iw(k%(m

W(];Z) Ow (k) M’

where M := My (T) and M’ := My ¢/ (1"), and ign, ions are injections established
in Lemma 3.2.6 and diagram (3.2.4). By diagram (3.2.4), the lift £ induces a
natural G g-action on the W(R) ®, ¢ 9, which is compatible with the G x-action
on TV ®z, W(R) via the injection ign. Since p°f" is a morphism of Z,[G k]-modules.
Thus we see that W(R)®,, s f is compatible with G k-actions, not only G-actions.
Therefore, g is compatible with G k-actions and then is compatible with I'-actions.

To show that g is compatible with N, we use N defined in (2.4.5). First note
that o*IM = 6 ®,, e M is a submodule in W(R) ®,,& MM because we can devissage
9N into finite free kJu]-modules, where ¢*M — W (R) ®, e M is obvious (here we
use the exactness of the functor 9t — W(R) ®, ¢ M). Using N defined on the lift
£ C £, we obtain a W (k)-linear map Noy : ¢*9 — W(R) ®,.¢ M. For any z €
©*OM, by the construction of Noy, we see that Nog(uz) € I W (R)(W(R) ®, s M).

By modulo I & and I.W/(R) each side, we get a W (k)-linear map Noy : M —

W (k) @w ) M.

Lemma 3.3.1. For any x € o*M, 7(x) — 2 = () Non (), and Nog = Ny;.

Proof. The first statement easily derives from the construction of Non and N on
the lift £ C £. For the second statement, consider the following diagram

0 oL L M

|5 |5 |

0 —— W(R) Ry, g — = W(R) Rpe L— W(R) Rp,e M ——0

0
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Modulo I, & on the first row and I W (R) the second row, By Proposition 2.4.3,
we have

0 —_— Mst(Ll) Mst(L) M 0

| | |

0 —= W (k) ®@w ) Mst (L") —= W (k) @w (xy Mt (L) —> W (k) @y M —= 0

Note the first and second rows are exact. By the definition of Ny on M, we see
that Ngm = NM O

Now to prove that g is compatible with N-actions, it suffices to show the following
diagram is commutative:

Non

© M W(R) ®p,6 M
ltp*f \LW(R)®¢,ef
Lp*ivt/ NWI’ W(R) ®4p,6 SDI/

Since f := W(R) ®,,s f is G-compatible, by Lemma 3.3.1, we see for « € ¢*I,

P(OF (Nan (7)) = f(r(2) — 2) = (T = D™ f(x) = () Now (9" ](@)).
Now it suffices to check that the map ¢(t) : W(R) ®p.6 M — W(R) Qpe M
induced by multiplying ¢(t) is an injection, which has been proved in the proof of
Lemma 3.2.6.

3.4. Representations with coefficients. Let A be a Z,-algebra. Let Rep%"”

be the full subcategory of Repps " whose object L is an A module and the G K-

action and the A-action on L commute. A morphism f in ReppSt " is a morphism

of A[Gk]-modules. Let Reptp(f; " for the full subcategory of Repfsy” whose object

tor

T can be written as the cokernel of £ : L — L’ with £ a morphism in Rep%™"".

So T is an A[Gf|-module. We define morphism in Repi’sﬁyg to be the morphism of
A[Gk]-modules. Note that £ is a lift of T. Since My (L) and My (L') are natural
A®z, W(k)-modules, Mg (1) has an A®z, W (k)-module structure induced from
those on M (L) and Mg (L'). The aim of this subsection is to prove the following

proposition:

Proposition 3.4.1. Let f : T — T be a morphism in Repfsﬁjz with lifts £, L'
of T, T' in Repiﬁt’r respectively and g : Mgy c(T) — Mg o (T") the morphism in
Mior (¢, N,T) associated to f constructed in Theorem 3.1.1. Then g is a morphism
of A®z, W(k)-modules.

Proof. Let L € Rep%™” and £ := (£,¢,G) the (¢, G)-module attached to L|q.

Since 7" is an anti- equivalence, £ has a structure of A-module. Write 8= R®¢ s L.
Since

T(£) = Homg (£, W(R)) = Homw (i), (W (R) ®% £,W(R)),
we see that the mJectlon (2.2.2)

[ W(R) @z £ — TV(L£) ®z, W(R)
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is compatible with A-actions on both sides. By diagram (3.2.4), we see that
W(R) ®p,6 M has an A-ction which is compatible with that on TV ®z, W(R)
via ign. Now using diagram (3.3.1), since p°f" ®z, W(R), isx and ign/ are compati-
ble with A-actions, we see that W (R) ®, s f is compatible with A-actions. Modulo
I.W(R), we see that g is a morphism of A ®z, W (k)-modules.

O

4. APPLICATIONS

In this section, we discuss 2 applications of the above theory. The first one
extends the main result in [Liu07a] to the more general setting of potentially semi-
stable representations, and the second one is to complete the proof of the com-
patibility between local Langlands correspondence and Fontaine’s construction for
Galois representations attached to Hilbert modular forms.

4.1. Néron-Ogg-Shafarevich criterion of finite level. Let k be a perfect field
of characteristic p, Ky the fractional field of W(k), K/K, a finite totally rami-
fied extension and Gx := Gal(K/K). The aim of this subsection is to prove the
following theorem:

Theorem 4.1.1. Let V be a potentially semi-stable representation of Gx with
Hodge-Tate weights in {0,...,7}, and T C V a G-stable Zy-lattice. There exists
a constant a depending on the dimension d = dimg, (V'), the absolute ramification
index € = [K : Ko] and r such that V is semi-stable over K if and only if there
exist G -stable Zy-lattices L' C L in a semi-stable representation W of Gg with
Hodge-Tate weights in {0,...,r} satisfying T/p*T ~ L/L' as Z,|Gk]-modules.

Remark 4.1.2. Since crystalline representations with Hodge-Tate weights in {0, 1}
are equivalent to the representations arising from Barsotti-Tate groups (cf. Theo-
rem (0.3) in [Kis06]), the theorem above is a generalization of the main theorem in
[Liu07a] in the case char(K) = 0.

Select a Galois extension K'/K such that V is semi-stable over K’ and set
e(K'/K{) the absolute ramification index of K’. After some finite unramified
extension, we can always assume that Kj = K,. Put I' := Gal(K'/K) and
M, := Mu(T)/p*Ms(T). Then M, has a natural T'-action induced from the I'-
action on Mg (T).

Lemma 4.1.3. T acts on My (T) trivially if and only if T acts on M, trivially,
whereb=11ifp#2 andb=2 if p=2.

Proof. In general, let finite group I' act on a finite free W (k)-module M and Im(T")
be the image of I" in Autyy ()M, then we have Im(I") injects to Autz/pr(M/pr).
In fact, for any v € T" fixed, let A be the matrix corresponding to . Since I' is
finite, there exists an integer m such that A™ = I with I the identity matrix. On
the other hand, if T' acts on M/p®M trivially then A = I mod p°. Using p-adic
logarithm, we see that A = I. Then I" acts on M trivially. Therefore, we always
have the injection Im(I") < Autg /b7 (M/p"M). O

Now take a = 2¢+ b where ¢ is the constant constructed in Theorem 3.1.1. Note
that L' C L is another lift £ of T'/p*T. Let My (T/p*T) be the (¢, N,T')-module
defined by the lift £. Note that the I'-action on Mg o (T/p®T) is trivial because W
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is semi-stable. By Corollary 3.1.2, there exists morphisms g : Mg (T/p*T) — M,
and ¢ 1 My — My o(T/p®T) such that g o ¢’ = p*>Idyy,. Therefore p** M, C
9(M,2(T/p>T)) and T acts on p**M,, ~ M, trivially. So by Lemma 4.1.3, T acts
on Mg (T) trivially and then V is semi-stable over K.

Note that ¢ depends on e(K'/Ky) = e(K'/K)e(K/Ky) and r. To prove Theorem
4.1.1, it suffices to show the following result:

Lemma 4.1.4. Let V be a potentially semi-stable representation of Gx. Then
there exists a constant 3 depending on d = dimg, V' such that there exists a Galois
extension K'/K with e(K' : K) < 8 and V is semi-stable over K'.

Proof. Choose a Galois extension K’/K such that V is semi-stable over K’. Re-
placing K by a finite unramified extension over K, we can assume that K’ is totally
ramified over K. Let I' := Gal(K'/K). T acts on D := Dg(T ®z, Qp) which is
a finite free Kp-module. Write IV the image of T' in Autg, (D). Note that the
I'-action and the ¢-action on D is commutative. Then D with I'-action descends
to a finite free Qp-module D’. Select a I'-stable Z,-lattice M C D’. Note that
I — Auty,n7(M/p’ M) ~ GL4(Z/p"Z) as discussed in the proof of Lemma 4.1.3.
Let 3 be the size of of GL4(Z/p"Z) and we are done.

d

4.2. Local Langlands compatibility of Hilbert modular forms. Let F be a
totally real field, F the fixed algebraic closure and G := Gal(F/F). For any finite
prime v of Op, let G, be a decomposition group at v and I, the inertia subgroup.
Let f be a Hilbert modular eigenform of weight k = (k1,...,k,) with k; > 2 all
have the same parity, and 7 = ®,m, the algebraic automorphic representation of
Resp;q(GL2) attached to f.

Let U = [[, U, C [], GL2(OF,) be a compact open subgroup, where v runs
over finite primes. We assume that U, = GL2(Op,) if m, is spherical and that f is
U-invariant. This last condition can always be satisfied if we replace f by a suitable
non-zero vector in 7.

Denote by Sy the set of finite primes where 7 is spherical. The eigenvalues of

operators T, = U, <7B” (1)) U, and S, = U, <7B” 0 > U, for v € Sy, acting on f

generate a number field £y. Denote these eigenvalues by ¢, and s, respectively.

v

Now fix an extension of p of the p-adic evaluation of Q to the Q C C, and for
any number field K C Q, we denote K. p the completion of K with respect to p. Let
S be the subset of Sy by removing all primes over p. By [Tay89] 7, there exists a
continuous representation

pryp: Gr — GL2(Ef>P)

such that pr , is unramified at any v € S and for a geometric Frobenius Frob, at v,
the characteristic polynomial of p, ,(Frob,) is given by X? —t,X + N(v)s,. Here
N(v) is the size of the residue field at v.

Now let us return the situation of §2 and use notations there. Suppose that E/Q,
is a finite extension and V is a finite dimensional E-vector space with continuous

7Mauuy mathematicians contributed the construction of pr p, while [Tay89] provided a complete
construction.
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G i-action, which makes V into a potentially semi-stable G x-representation. Set
Dy (V) = lim(V ®g, Bst)*
L

(V) is a (B @, Ko)lGal(K/K)}-
module with an automorphism ¢ which acts semi-linearly with respect to the Ko-
action and linearly with respect to the E[Gal(K /K )]-action. Following Fontaine,
we define a £ ®q, Ky-linear action of Weil-Deligne group WDy as follows. Let
7 € Gal(F,/F,) be the absolute Frobenius which sends x to P, where F, := Z/pZ.
Now for an element w of the Weil group Wi, define an integer v(w) € Z by requiring

that w acts on k by 77(*), For any g € W, we let g act on D; (V) as the product

where L runs over finite extensions of K. Dy

of the commuting operators given by the action of the g and ¢*(*). We extend this
to an action of Weil-Deligne group W Dg by letting N act on D;‘;St(V) via its action
on Byg.

Note that the W Dg-action on Dy (V) descends to a finite £ ®q, Ko-vector
space, which we denote by (V). Let 0(V) be the Frobenius semi-simplification
of o(V) in the sense that, as a Wi-representation 0% (V') is the semi-simplification
of o(V)|w,, but the the Jordan form of N acting on 0 (V) is the same as that of

N acts on o(V). The aim of this subsection is to prove:

Theorem 4.2.1. If q|p is a prime of F, then p7r7p|GFq is potentially semi-stable
with p-adic Hodge type corresponding to k, and Uss(pw,p|qu) corresponds to mq via
local Langlands correspondence.

If 7 is a discrete series at some finite place, this has been proved by Saito [Sai].
So in the following, we assume that 7, is principal series at all primes g|p. In this
case, the assertion of the theorem is that pr ,|a Fy 18 potentially crystalline with p-
adic Hodge type corresponding to k, in the sense explained in the introduction, and
the W, -representation of 0% (Vy ) is associated to mq, where V; , is the underline
space of pry|cy, -

Let o4 denote the W, -representation attached to m;. We have to show that
Vi p is potentially crystalline and for all w € Wk, , we have

tr(w|o™ (Vr,p)) = tr(wlog).
By Claim 1 in [Sai], it suffices to prove this for v(w) > 0. Fix such w, there exists
a finite solvable extension Fé /Fy such that o4 is unramified at Wpé, w e WFé and
the image of w in WF‘; /1 e 7 is a generator.
It follows that after a base change to a finite solvable totally real extension F’/F,
we may assume that oy is unramified and that w maps to a generator of Wr, /I, .

It suffices to show that Vi , is crystalline with p-adic Hodge type corresponding to
k and

(4.2.1) (") | D5 (Vi) = tr(wlog) = t.

To prove this, we need to recall the construction of p,, by Taylor. Let 91
be the level of f and I a prime does not divide 91. Let Si(M,I) be the space of
cuspforms of weight k and level 2. Write Ty (M, ) the Z-algebra in Endc(S;(91,1))
generated by T, for q # [ and S, with a prime to 91[. We have decomposition
Sk(M, 1) = Sk(M, )V @ .Sx (M, 1)°!4. Let us write Ty (M, [)*V (resp. Tx (N, [)°14) the
image of Tj(M, [) in Ende (Sk (I, 1)™*V) (resp. Ende(Sk(M, [)°4)). Write T, (M, ()™
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the subalgebra of Ty (N, [)"°" generated by T, and S, such that q and a are relatively
prime to NI, Ty := T (N, )**" ®z Z, and T; = T} (N, [)**V @z Zy,. It turns out that
T, (91, ()™ injects into a finite product of some number fields. Thus T} is inside
the product of finite extensions of Q,. Finally, we denote TI"[ the product of rings
of p-adic integers of these fields. Note that T| C ']NI"[

Theorem 4.2.2 ([Tay89]). Suppose that [F : Q] is even. For any positive integer
n, there exist infinitely many finite places ,, (prime to M) and ring homomorphism
Apt, P Te(O 6)PY — O, /p™ such that the following diagram commutes

Ty (90,1,
Te(, 1) O, /3"
Tﬁ(ma [n)Old

where T(N, 1,)°'4 — O, /p" is induced by f.
Lemma 4.2.3. Let | be a finite place of F' prime to Np, then there exists a con-

tinuous representation: R
pr: Gp — GLy(T))
such that
(1) pr is unramified outside of Np and for any vt Nip,
tr(pi(Frob,)) = T, and det(p((Frob,)) = S,N(v).

(2) let r = max;(k; — 1); if g 1 then pilcy, is a G, -stable Zy-lattice inside
a crystalline representation with Hodge-Tate weights in {—r,...,0}, and
0”@ on D (pilar,) satisfies the equation X2 —TyX + S4N(q) = 0.

Proof. We use the same idea of the proof of Lemma 13 in [Bre99]. We have
Ty (O, OmeY C [, Ky where g runs over a basis of eigenforms inside Sy (9, ()"
and K, is the number field generated by eigenvalues of T, and S, on g. These
forms are “classical”, in the sense that one can associate to g a Galois representa-
tion py : Gp — GLa(K, ) such that p, satisfies the characterizing property same
to that of prp (see [Car86]). In particular, in [Sai], Saito proved that pglcy, is
potentially semi-stable with Hodge-Tate weights in {—r,...,0}, and ass(pg|GFq)
is isomorphic to oq 4 of mq 4, Where Ty = ®,7, 4 is the automorphic representa-
tion attached to g and oy, is the Weil-Deligne representation attached to w4
via local Langlands correspondence. Since q 1 M by the fact that o4 is spheri-
cal, q t M. So 04,4 is spherical in our case and we see Pg‘GFq is crystalline and
©”(®) on D (pglcr, ) satisties tr(” () = t4(g) and det(p” ™)) = s4(g)N(q), where
tq(g) and s4(g) are the eigenvalues of T, and S, on g respectively. Hence let
pu: Gp — GLo([], Kyp) be the direct sum of pg, we have o’ ) on D (pilcr,)
satisfies the equation X? — Ty X + SqN(q) = 0. Finally, since G is compact, we
see that py factors through GLo(T}).

O
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We need a little more details on constructing pr, from [Bre99]. Recall As, :
Tx(M, 1) — OF, /p"™ the ring homomorphism in Theorem 4.2.1. By change of
1 0
0 -1
induced from the complex conjugation. Let v, = (ay,,di,,21,) be the pseudo-
representation attached to p;,. By Cebotarev density theorem, r(, takes val-
ues in T} . Set r, = Ay, o7, = (an,dn,7,). By Cebotarev density theorem
again, (ry,),>o forms a compatible system of pseudo-representations with values in
Og, /p"™. Then the Galois representation p : Gy — GL2(Og, ,) attached to (7,)n>0
is just pr p.

basis, we can assume that p, (¢) = ( which c is a fixed element of G

Now write L the Gr,-stable Op,  -lattice (constructed from (r,),>0 as the
above) inside pr ,, B = Ey, and A = Zy[X,Y]. For any n, T{ is an A-algebra via
X—=Tyand Y — S4. O = O, is also an A-algebra via X — t5 and Y + s,.
Note that Ay, is a ring homomorphism of A-algebras. Write V; the underline space
of pr ®z, Q, for pr constructed in Lemma 4.2.3. By Theorem 14 and its proof in
[Bre99], for any n sufficient large, there exists a G'p,-stable Zy-lattice Ly, inside
Wi, @ Vi such that there is a morphism of Z,[GF,]-modules g, : L’(n) — L/p"L
satisfying the following two properties:

(1) There exists a constant m; only depending on f such that for any n,
p(L/p" L) C Im(gn).
(2) gn is a morphism of A-modules.
Recall r = max{k; —1,...,k; — 1}. By Lemma 4.2.3, we see that L’(n) ®z, Qp is
crystalline with Hodge-Tate weights in {—r,...,0}. Hence for any n sufficient large,
L/p"L is torsion crystalline with Hodge-Tate weights in {—r,...,0}. By the main
theorem of [Liu07b], L®z, Q) is crystalline with Hodge-Tate weights in {—r,...,0}.
Now set Ny := Im(g,) C L/p"L and L, the preimage of N, inside L. Note
that p™ L C L,y C L. Since L/p™'L is a finite set, we can select a increasing
sequence n; such that L,,) = L, for all k, j. So to prove (4.2.1), without loss of
generality, we can replace L by L(,,). Note that the natural projection L — N,
is a morphism of A[GF,]-modules. Now N, has two lifts ¢; : L — N,,) and
@ : L{,,,y = Nin;)- Then we have two exact sequences £, L' of A[G,]-modules:

0— i(ni) — L — N,y —0and 0 — [7(%) — L'(ni) — Ny — 0,

where i(ni) = Ker(g;) and f/(m) = Ker(g}). Without loss of generality, we can

assume that L,,) C p'L. Note that the above representations have Hodge-Tate
weights in {—r,...,0}. In order to use integral and torsion theory developed in the
last two sections, we take dual and apply functor My, then we get exact sequences

0— Mst(iz/m)) — My (L) — St’ﬁ(N(vni)) -0
and
0— Mst(LI(XLI)) - st (L/(\:LL)) - St’E/(N(\;i)) -0

Note that the above sequences are the exact sequences of A ®z, W (k)-modules,
where the A-action on My £(Ny,.)) (vesp. My,c/(N(y,,))) is induced from that on

Mst(Lv) (resp, Mst(L/(\él))) Since Mst(Lv) ®Zp Qp = Dst((L ® Qp)\/) = D:t(vﬂ',p)7
we see M := M (L) is a p-stable W (k)-lattice inside D% (Vx,,). Hence to prove
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w)

(4.2.1), it suffices to to show that goﬁ
(4.2.2) X% — 14X + 54N(q) = 0 and det(X) = 54N(q).

on M satisfies the following equations:

Since det(prp) = xe " corresponds the central character of 7 via class field

theory, where € is the p-adic cyclotomic character and x is a finite Galois character,
we must have det(¢”(")) = s,N(q). So it suffices to check the first equation of
(4.2.2).

By Lemma 4.2.3, (") on Mst(LEXM)) satisfies the equation X?—T, X +S,N(q) =
0. Hence ¢*(*) on Mst,g(N(Vm)) satisfies the equation X2 —t,X + s4N(q) = 0. By
Corollary 3.1.2 and Proposition 3.4.1, there exist morphisms g : Mst’L(N(Vm)
Mg, e/ (N(y,,y) and g' © Mg 2/ (N, ) — Mo £ (N, ) of A®z, W(k)-modules such
that ¢’ o g = PQC‘Mst,c(N(Vni))- Write H(X) = X? — t;X + s4N(q). For any z €

MSt,L(N(\:%))7

H(p" ) (p*x) = H("")(g' 0 g(x)) = ' (H(¢")(9(2))) = g'(0) = 0.
This means for any z € My (LY), p*H (") (z) € Mst(iz/m)). To prove that

H(p"(™)) =0 on M, we need to check that Mst(f/E/nj)) C p* Mg (LY).

Note that L,,) C p'L C L with quotients killed by some p-power. By Corollary
3.2.4, we have Mst(L(Vni)) C Mgy ((p'L)Y) C Mg(LY). Tt suffices to show that

Mg ((p'L)Y) = p* Mg (LY). Consider the injection j : LY — (p'L)Y = iLV, and

) —

composite by the isomorphism 4 : ﬁLV L, LV, we have joi=p': I%LV — %LV.
Applying functor M and noting that My ((p'L)Y) = Mst(ﬁLV), we get

MSt(j) Mst(i)
- s —

pi = Mst(l) o Mst(]) : Mst((plL)v) MSt(LV) MSt((pZL)V)

Since My (i) is an isomorphism, M ((p’L)Y) = p* M (L"). This finishes the proof
of formula (4.2.1).

It still remains to check that V;, has p-adic Hodge type corresponding to k.
We have seen that V , is crystalline with Hodge-Tate weights in {—r,...,0}. If
some k; is strictly larger than 2, then Blasius and Rogawski proved that pr ,|a Fq
is potentially semi-stable with p-adic Hodge type corresponding to the weight k in
[BR93]. So in the following, we may assume that k; = 2 for all . Write K := F,
and set Dk := (Bar ®q, pﬂ)p)GFq. Then Dy is an E ®q, K-module. Without of
loss of generality, we may assume that E contains the Galois closure of K. Let @
be the set of all Q,-embedding j : K — @p of K. We have a natural K-algebra
isomorphism E®q, K ~ HjeQ E;, where Ej is the K-algebra via j : K — E. Hence
we have isomorphisms Dg = @©;D; with D; = Dg O(B®q, K) E;. Similarly, we have
Fil' Di = @,;Fil' D;. It suffices to show that dimp, D; = 2 and dimg,Fil'D; = 1.
It is easy to see that Dy is a rank-2 finite free E ®g, K-module. So dimg, D; = 2.
Let {e, f} be a E®q, K-basis and write e = ©;e; and f = @; f; with e;, f; € D;.
Then {e;, f;} is a basis of D;. Let D := /\E®@,,K Dy which is rank-1 finite free
E @ K-module with basis e A f = @;(e; A f;). Since det(Vy,) = xe ! with
X a finite character, we see that D = (Bggr ®q, det(Vyy))Cra, Fil'D = D and
Fil’D = {0}. Now dimp,Fil'D; = 1 follows the facts that Fil'D = Fil'Dg A D
and Fil>D = Fil' D AFil' Dg.



LATTICES IN FILTERED (¢, N)-MODULES 31

Remark 4.2.4. One can prove that V; , has p-adic Hodge type corresponding to k
only using Taylor’s construction of pr ,, The idea will be similar to that used above
to prove that o (prp|cp, ) = mq. See the forthcoming work [Liu09a].
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