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ABSTRACT. We are concerned with entropy solutions u in L of nonlinear
hyperbolic systems of conservation laws. It is shown that, given any entropy
function n and any hyperplane ¢t = const., if u satisfies a vanishing mean oscil-
lation property on the half balls, then n(u) has a trace H4-almost everywhere
on the hyperplane. For the general case, given any set F of finite perimeter
and its inner unit normal v : 9*E — S% and assuming the vanishing mean
oscillation property of u on the half balls, we show that the weak trace of the
vector field (n(u), q(u)), defined in Chen-Torres-Ziemer [9], satisfies a stronger
property for any entropy pair (1, q). We then introduce an approach to analyze
the structure of bounded entropy solutions for the isentropic Euler equations.

1. Introduction. The purpose of this paper is to employ the theory of divergence-
measure fields developed in Chen-Torres-Ziemer [9] to obtain traces on hyperplanes
of entropy solutions of the following hyperbolic system:

u; + divgf(u) =0, x € RY u=(u'u?, .. u™) € L®RELR™), (1.1)

where f = (f!,f2,... f™) and f’ : R™ — RY. More precisely, given any entropy
function 7, we prove that n(u) has traces H?-almost everywhere on any hyperplane
{(t,x) : x € R?} (see Theorem 3.7).

Our results are based on a vanishing mean oscillation property of u on the
half balls (cf. (3.1)), which was shown to be true for m = 1 in De-Lellis-Otto-
Westdickenberg [11] (cf. (3.2)). Thus, the main goal of this paper is to show
that this property can be further improved; see Theorem 3.2. The desired results
are achieved by exploiting the connection between the Lax entropy inequality and
divergence-measure fields (see §2).
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The strong trace at {t = 0} was first established for the case m =1 and d =1
by using compensated compactness arguments in Chen-Rascle [7]. Vasseur [25] ob-
tained the strong trace of entropy solutions of multidimensional scalar conservation
laws on any Lipschitz deformable boundary. The regularity of entropy solutions
of multidimensional scalar conservation laws was also studied in De-Lellis-Otto-
Westdickenberg [11], where it was shown that « has the structure of a BV-like
function in the sense that the shock waves are supported on a codimension-one rec-
tifiable set where u has strong traces. In both [11] and [25], the analysis is done
within the framework of the kinetic formulation of conservation laws and under the
assumption of the following genuine nonlinearity condition on the flux function f:

LAveER : T+ f(v)-£€=0}) =0 for all (,¢) € R*™! with 72 +[¢]* =1,
(1.2)
where £! is the one-dimensional Lebesgue measure.

For m =1, d =1, and a general flux function f, strong traces for a class of func-
tionals of entropy solutions on any Lipschitz deformable boundary were obtained in
Kwon-Vasseur [26]. For d > 1 and m = 1 with the requirement that the flux vector
f be only continuous, Panov [21] used techniques of H-measures to establish strong
traces of entropy solutions on the hyperplane {t = 0}.

In Section 4, we analyze the general case on a set F of finite perimeter with its
inner unit normal v : 9*E — S%. Then, under the assumption of the vanishing mean
oscillation property on the half balls, we show that the weak trace of the vector field
(n(u),q(u)) defined in Chen-Torres-Ziemer [9] satisfies a stronger property for any
entropy pair (1,q) (see Theorem 4.4).

In Section 5, we introduce an approach to analyze the structure of bounded
entropy solutions for the isentropic Euler equations in gas dynamics:

{atp + 0,m =0,

2 1.3
B+ 0,(%2 + p) = 0, 13)

where p > 0 denotes the density, m the momentum, and p(p) > 0 the pressure.
The physical region for (1.3) is {(p,m) : |m| < C p} for some C' > 0, in which the
term mTQ in the flux function is only Lipschitz continuous near the vacuum. For
p >0, v =2 represents the velocity of the fluid. For (1.3), strict hyperbolicity and

genuine nonlinearity away from the vacuum require that

() >0,  2p'(p)+pp"(p) >0 for p > 0. (1.4)
Near the vacuum,
pf()s) — k1 >0 when p — 0, for some v > 1. (1.5)
More precisely, the eigenvalues of system (1.3) are
A= CDVIR), =12 (1.6)

and the corresponding right-eigenvectors are

i 2oV p) T
r= (1) pp”(p)+2p’(p)(1’/\1) ’ .7
so that

VAjrj=1 j=1,2 (1.8)
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From (1.5)—(1.6), we have

A2 — A1 =24/p'(p) =0 when p — 0.

Therefore, system (1.3) is strictly hyperbolic in the nonvacuum states {(p,v) : p >
0, [v| < C} and, at the vacuum, the two characteristic speeds of (1.3) may coincide
and the system be nonstrictly hyperbolic. This system is one of the archetypes of

(1.1).

2. Gauss-Green formula for bounded divergence-measure fields. In this
section we first introduce some definitions and then present the Gauss-Green formula
that will be used to obtain our main result, Theorem 3.7.

Definition 2.1. A Radon measure on {2 is a signed regular Borel measure whose
total variation on each compact set K € €2 is finite, i.e., ||u|/(K) < oco. The space
of Radon measures supported on an open set € is denoted by M().

Notation. We will use the notation
N:=d+1,
and
z := (t,x)
where x € R%.
Definition 2.2. Let 2 be an open set. A vector field F € LP((;RM), 1 < p <
00, is called a divergence-measure field, written as F € DMP(Q), if divF, in the

sense of distributions, is a (signed) Radon measure with finite total variation on

Q. Furthermore, F is called a DM} (RY) field if F € DMP(D), for any bounded
open set D C RV,

Definition 2.3. For every a € [0, 1] and every £Y-measurable set E C R, define

E*:={zcRY : D(E,z) = o}, (2.1)
where
D(E,z) := 711_r>r(1) |E|2Tl?;)(|z)|. (2.2)

Then E? is the set where E has density a. We define the measure-theoretic boundary
of £, 0™FE, as
OmE =RV \ (E°UE").

Definition 2.4. Let E € Q be an £Y-measurable subset. We say that F is a set of
finite perimeterif X, is a function of bounded variation, X, € BV (). Consequently,
if E is a set of finite perimeter, then VX, is a (vector-valued) Radon measure whose
total variation is denoted by [|[VX,||.

Definition 2.5. Let E € 2 be a set of finite perimeter. The reduced boundary of
E, denoted as 0*F, is the set of all points z € €2 such that

(i) Vx| (Br(z)) > 0 for all r > 0;

(ii) The limit v 5 (z) == lim, HVXE(BT(Z”

W exists and ‘VE(Z)‘ =1.

The unit vector, v, (z), is called the measure-theoretic interior unit normal to
E at z. The following result is due to Federer (see also [27], Lemma 5.9.5; and [2],
Theorem 3.61):
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Theorem 2.6. Let E be a set of finite perimeter and z € 0*E. Let
= {(r,y) eRY : tu(z) - ((r,y) — z) > 0}.
For r > 0, define
E.:={(r,y) € RY . r((r,y) — z) € F}.
Then

(i) Asr — 0, the set E, converges to IIT; moreover, for every set A such that
HN-LHOANOIT) =0,

lim (| Vg, || (4) = [ Vx| (4) = HY (AN OITF);

(ii) lim, o ZOE-EOLT _ o,
\(RN\E)HB (z)nmt| —0;

(iii) lim,_g
(iv) The reduced boundary of E, O*E, is an (N — 1)-rectifiable set which means

that there exists a countable family of C*-manifolds My of dimension N — 1
and a set N of HN =1 measure zero such that

0°E C (kfjl M) UN;

(v) The generalized gradient of X, enjoys the following basic relationship with
HN_l.'
VX, || =HY Lo
(vi) lim,_q W =1, where a(N — 1) is the Lebesgue measure of the unit
ball in RVN1L,

Remark 1. If E € Q is a set of finite perimeter, then HV~1(0™E) < co. Con-
versely, it was proved by Federer (see [17], 4.5.11) that, if HN~1(0™E) < oo, then
F is a set of finite perimeter.

We will use the following Gauss-Green formula proved in Chen-Torres [8] and
Chen-Torres-Ziemer [9] (see also Silhavy [24]):

Theorem 2.7. Let F € DM (Q,RY) and let E € Q be a bounded set of finite

loc

perimeter. Then there exist functions F;-v € L>®(0*E) and F.-v € L>®(0*E) such
that

/ div(pF) = —/ o(F; - v)(z)dHN 1
B *E
and
/ div(pF) = —/ o(F. - v)(z)dHN 1,
E *B
for every p € C§°(Q2). Moreover, ||F; - v| < [|[F|,, and |Fe - v < ||F||
We have the following product rule for bounded divergence-measure fields ([9]):

Theorem 2.8. Let F € DM™(Q) and g € BV (Q) bounded with compact support.
Then

div(gF)=g*divF + F - Vg, (2.3)
where g* is the precise representative of g, F' - Vg is the weak™ limit of the measures
F -V, and gi is a sequence of mollifications of g.

Remark 2. If F € DM™(Q) and ¢ € C§°(Q2), then div(pF) = odivF + F - V.
If F € DM;5.(Q), then divF < HY~! (see [9], Lemma 2.25).
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Consider the hyperbolic system of conservation laws (1.1).
Definition 2.9. Let P denote the set of all pairs (n,q) such that n : R™ — R is
convex, q € C*H(R™ R?) and
Vai(u) = Vp(u) Vi (u), k=1,2,..,d (2.4)
The pair (1, q) is called a convex entropy pair of system (1.1).
A bounded entropy solution u € L> (R, x R%R™) of (1.1) is characterized by
the entropy inequality
n(u): + diveg(u) <0 in D; (2.5)
for any convex entropy pair. If we define

Fi(t,x) == (n(u(t,x)), q(u(t,x))),

then the entropy inequality (2.5) and the Riesz representation theorem imply (see
[16], Corollary 1, page 53) that there exists a measure u,, € M(R; x R?) such that

div (t,x)Fﬁ = Hn-

Remark 3. Through this paper, we consider an entropy solution u of (1.1) defined
in the whole space R%t!. This can be done in view of the extension theorems for
divergence-measure fields proved in Chen-Torres-Ziemer [9] (Section 8). Indeed,
setting u = 0 on R_ x R?, we obtain that u is defined in the whole space R%*1, and

Fi(t,x) = (n(u(t,x)),q(u(t,x)), (t,x) €RxR,

satisfies
F7 ¢ DM (R,

3. Traces for hyperbolic systems of conservation laws on hyperplanes. In
this section we define traces for n(u) on any hyperplane parallel to {¢ = 0}, if u
satisfies the vanishing mean oscillation property (3.1) below. We begin with some
definitions.

Definition 3.1. We denote the open ball of radius r and center (7,y) as B,(7,y).
For every (7,y), we denote by B (7,y) the intersection of B,(7,y) with the set
II7 := {(¢t,x) : t > 7}. We also define the cylinder

CrH(1,y) = Bo(1,y) x (0,7),
where B,.(1,y) denotes the intersection of B,.(7,y) with the set OII".

Remark 4. Since B;(7,y) can be inscribed in C;f(7,y), then the results in this
section can be stated for cylinders or balls.

Definition 3.2. We denote by @, (7,y) the vector in R™ which is the average of u
over the half ball B (7,y).

Definition 3.3. We say that u satisfies the vanishing mean oscillation property on
OII" for half balls if, for any continuous q € C(R™, R?),

1

i 5 [ ., atux) —a), )l e =0 (3.1)

for He-almost every (r,y) € OII", where g(u),(7,y) is the vector in R? which is
the average of q(u) over the half ball B, (1,y).
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Remark 5. For the scalar case (i.e. m = 1) and for any hyperplane II”, property
(3.1) follows from De Lellis-Otto-Westdickenberg [11], as we proceed to show next.

Theorem 3.4 (De Lellis-Otto-Westdickenberg [11]). Let T € R. Iff € C*! satisfies
(1.2) and if u € L= (R R) satisfies the entropy inequality (2.5), then, for H?-
almost every (t,y) € OII",

. 1 _
}1_% sy /B+(r ., |u(t,x) — @,(1,y)| dtdx = 0. (3.2)

Then we have

Lemma 3.5. Let (n,q) € P be any convex entropy pair, and let T € R. Then, for
H%-almost every (r,y) € OII7,

. 1 —
7ll_r)r(l) ) /Bi(r,y) la(u(t,x)) — q(u),.(7,y)|dtdx = 0, (3.3)

where q(u),.(7,y) is the average of q(u) over the half ball B} (1,y).

Proof. Fix (7,y) € OII" for which (3.2) holds. Given any r, — 0, there exists a
subsequence (denoted again as ry) and a constant u2¥ (that depends on ri) such
that (cf. [11])

¥ sl i L (T, (3.9
where
uy Y (t,x) == u(T +rpt,y +rpx),  (t,x) € 1",
Therefore, for a further subsequence,
u Y (t,x) = uly for L ae. (t,x) € B} (0),
which yields that, for any (n,q) € P,
q(ul¥ (t,x)) = q(uly) for L -ae. (t,x) € B} (0) (3.5)

since q is continuous.
From (3.5) and the dominated convergence theorem (recall that u is bounded),
and performing the change of variables a = 7 4 it, £ =y 4 X, we obtain

1

—T / . la(u(a, &) — q(ulyY)|dadé -0 asrp — 0. (3.6)
Ty B (T.y)

For simplicity, we write u2Y := us and q(u),.(7,y) := q(u), in the rest of the proof.
We find that, for any r > 0,

q(u(t, x)) — q(u), |dtdx

ﬁ
-
¥

S

i+

3

<

1 R
<—— t - ) |dt — - o) |dtdx.
< | .l ) = atu e+ / a0, — atu) i

(3.7)
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On the other hand, if w(d + 1) denotes the £4*1-measure of the unit ball in RI+!,
we have

7,
— q(u), — duc)|dtdx
1 At~ atus)
wld+1) ——
= Y (4w, — a(us)
_ L / au(t, x)) — quce)dtdx
rH Bty , ~
|
< — q(u(t,x)) — q(us )|dtdx. 3.8
[, lat) — gt (38)

From (3.7) and (3.8), we conclude

1 / 2
— lg(u(t,x)) — q(u),|dtdx < — / la(u(t,x)) — q(uco)|dtdx,
r* Bt (ry) r Ity
and therefore, (3.6) yields
),
—_ q(u(t,x)) —q(u), |dtdx — 0 as 1y — 0,
I la(u(t, x)) — q(u),,|

which implies (3.3). The dependence of (3.3) on the subsequence is illusory. The
reason is that, if there were a subsequence r;, — 0 such that

: /
— q(u(t,x)) —q(u), |dtdx —1#0,
e [, a0 —a,

then one could appeal to the previous argument to conclude that, for some further
subsequence,

1 _
m/ la(u(t,x)) — a(u),, |dtdx — 0,
Tk BT‘k (r,y)
which is contrary to our assertion that [ # 0. O

We will need the following result (see Giusti [18], Lemma 2.3):

Lemma 3.6. Let i be a positive Radon measure in Ry x RY. Then, for H*-almost
every y € R9,
CH o
i MG (0,))

=0.
r—0 Td

The following theorem shows that 7(u) has traces H%almost everywhere on
hyperplanes under assumption (3.1).

Theorem 3.7. Let (n,q) be any convex entropy pair and let 7 € R. If u €
L (R4 R™) satisfies the entropy inequality (2.5) and condition (3.1) on OII7,
then n(u) has a trace at OII™; that is, there exists a function n(u)y,. € L°(OIIT)
such that, for H-almost every (,y) € O1I",

. 1
fimy T /B + 0y X)) dix = () (7, 3). (3.9)
» (T, ¥

r—0

In particular, if we choose n = u', i = 1,...,m, we obtain the trace for each compo-
nent of u.
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Proof. We divide the proof into three steps.
Step 1: We apply the Gauss-Green formula given by Theorem 2.7 to

Fi(t,x) := (n(u(t,x)), q(u(t, x))),
which is a divergence-measure field. Indeed, as explained in §2, we have
F! € DM (RY). (3.10)

Without loss of generality and to simplify the exposition, we prove (3.9) for the
hyperplane II := {t = 0}. Theorem 2.7 gives the existence of a function F-v €
L*°(II) (that depends on 1) which is the weak normal trace of the vector field F'}}
on JII. Let G C II be the set of all Lebesgue points of F-v for which Lemma 3.6 and
property (3.1) hold. We have H(IT\ G) = 0. For the rest of the proof, we identify
(0,x) € II with x. Also, to simplify our exposition and without loss of generality,
we can assume 0 € G. We define

Ct = CH(0) = B.(0) x (0,7).

From Theorem 2.7, we have

/C div g (RF (1, ))dtdx = /d o v’ (3.11)

for any ® € C}(R4*1). The following functions:
B, (t,%) = gp(;)(r 1), (x) ERML0< <1, supp ¢ C Bi(0),  (3.12)

will be used as test functions in (3.11). We recall that the point (0,x) has been
identified with x and, for simplicity of notation, @, will be denoted simply as ®.
After substituting @, the right hand side of (3.11) becomes

/ diV(t,x) (@F:’l(t, X))dtdx — _/ TQD(
o B, (0) r

X

)T - v(x)dHY(x).

The product rule for divergence-measure fields (2.3) yields
div(®F]) = F -V + &div F},

and hence (using the notation pu, := divF7):

/ Qduy, —|—/ Fl-Vodtdx = —/ np(E)S"- v(x)dH.
. cF B.(0)

- r
Therefore,
/ Odp, + / (n(w)®; + q(u) - Vx®)dtdx = —/ rgo(E)ff- v(x)dH?,
oF oF B,.(0) r
and hence

1 1
—— [ ®dp,+ —— o LV, B)dtd
o [ v+ [ ) ) -0

1 / X d 1 b'¢ d
=—— ro(=)F - v(x)dH = —— o(=)F - v(x)dHe.
i 5. (0) T r® Jg.0) T
Using the definition of ®, we obtain

1 1 X
e /CT+ (W) Bydidx = — /CT+ P (S )n(ult, x))drdx.
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Therefore, the following equation holds:

1 X 1 X

et [ = 0oy i [ et x)drax
1

toa /er q(u) - Vx®dtdx

1 / X d
=-= ()T - v(x)dH®. (3.13)
’I"d BT(O) T
Step 2: We now show in (3.13) that, as r — 0,
1

m /C+ q(u) -V Pdtdx — 0, (314)

T

and
1 X
) /CT+ (r—t)p (;) dpy — 0. (3.15)

We have
1

— q(u) - Vx®dtdx
ratt /BT(O)X(O,T)

1 1
e /mo)x(o,r) (r = tlalul, %)) - Vap ( ) didx
_! / (r — ra)q(u(ra, r€)) - Vep(€)dade
B1(0)x(0,1)

- / (1 - a)q(u(ra, r€)) - Vap(€)dade,
B1(0)x(0,1)

where the following change of variables has been performed: ¢t = ra and x = r§. If
q(u), denotes the average of q(u) in the cylinder B5,(0) x (0,r), then

aw, - [ - o / g, Vxe()E)da =0,

since ¢ has compact support in B;(0). Therefore, with C;" = B;(0) x (0,1) and
using (3.1), we compute
&y
L q(u) - fobdtdx‘
‘7“”1 B,(0)x(0,r)

<[ [0 @atutrare)  Vxpt@yiads ~a), - [ (1 - a)Vxp(e)dace

1

- | /C (1~ a)(a(u(ra,r&)) ~ a(w),) - Vxp(€)dade]
/ la(u(ra, r€)) — qQ), || Vxp(€)|dade
< C/ u(ra,r€)) — q(u),|dadé

7““‘1 ot la(u(t,x)) — q(u),|dtdx

—0 asr — 0,



1020 GUI-QIANG CHEN AND MONICA TORRES

which arrives at (3.14). We now proceed to show (3.15). Using that 0 < ¢ <1, we
compute

1 X 1 X 1
+
e = 0eCan] < er [ el < Gl €) 0

as r — 0 due to Lemma 3.6.

Step 3: From (3.13)—(3.15), we obtain that, for any ¢ € C§°(B1(0)),

.1 X ~ lim & (%) dH
lim /C:r o(=)n(u(t,x))dtdx = 1 /BT(O) o(=)F - v(x)dH". (3.16)

x
r—0 rd+1 r r—0 rd r
Performing the change of variables ¢ = ra and ¢ = r§, we obtain that, for any
¢ € C5°(B1(0)),

lim e(En(u(ra,r€))dadé = lim ©(€)T - v(r&)dH . (3.17)
r—0 C’f’ r—0 81(0)

Both limits in (3.17) exist because 0 is a Lebesgue point of the normal trace function
F-v. Since (3.17) holds for any test function ¢ with compact support, we can choose
a sequence ¢y € C§°(B1(0)) such that ¢, — 1 pointwise. Therefore, the following
limits exist for each k:

lim [ pu@n(u(ra,ré)dadé = lim [ ou(€)T - w(rE)aHt.  (3.18)
rT— Cl+ T B (0)
We define

m(r) = [ en(@ntutra. rg))dadg

and note that hp — h uniformly on r, where
h(r) := / n(u(ra,r€))dad€.
ehy
Also, from (3.18), the following limit exists:

Avi=1lim [ eu@nlu(ra, re))dade.

r—0 C;r
Therefore, we conclude that (see, for example, Rudin [23], Theorem 7.11):

lim A; exists
k—o0

and

P 5, ) = i, o )

Proceeding in the same way with the right hand side of (3.18), we conclude

lim lim or(&)T - v(ré)dH? = lim lim or(&)T - v(ré)dH?,

k—oo r—0 B1(0) r—0 k—oco B1(0)
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which yields

lim n(u(ra,r€))dadé = lim lim er(En(u(ra,r€))dadé

r—0 Cf’ r—0 k—oo Cf’

= lim lim er(En(u(ra,r€))dadé

k—oo r—0 Ci%—

= lim lim ok (&)F - v(ré)dH?

k—oo0 r—0 B1(0)

= lim lim or(E)F - v(r€)dH?

r—0 k—oo B (0)

= lim F-v(ré)dHe.
r—0 B1(0) ( )

Hence,

. T ) d
71‘1_% o n(u(ra,r{))dadﬁ—}% Bl(o)f}' v(r€)dH®. (3.19)

Changing the variables back in (3.19) yields

1 1
lim—/ n(u(t,x dtdx:lim—/ F - v(x)dH
=0 T Jg, (0)%(0,0) it r=074 J5 (o) )

Since 0 is a Lebesgue point of F - v, we conclude

: 1 .
lim —— /c* n(u(t, x))dtdx = F - v(0).

r—0 T‘d+1

We conclude that the desired function is n(u)s. := F - v. O

Remark 6. For the one-dimensional system of isentropic Euler equations, the com-
pensated compactness results (see Section 5) imply that, given any r, — 0, there
exists a subsequence of 7 (denoted again as ri) such that

uY(t,x) — ull(t, x) a.e. (t,z) eII” (3.20)

with ul¥ € L°(II7). If ul¥ is a constant, then proceeding as in Lemma 3.5, we
obtain (3.1) for this system. Thus, (3.20) and (3.9) imply the existence of the strong
trace:

1 2

lim t,x) = ————F - v(r,y)| dtdz = 0
tiy e [ 00wt 0) = (e s

for He-a.e. (7,y) € OII", and also

. 1

tiy e [t ) = (7 )

for He%-a.e. (1,y) € OII". A Liouville-type result for the one-dimensional system of
isentropic Euler equations (which would yield that uZ¥ is a constant) is discussed
in Section 5.
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4. Traces on sets of finite perimeter. We first introduce the following defini-
tions.

Definition 4.1. If F is a set of finite perimeter, we define

T(z) := {(t,x) : ((t,x) —z) -v(z) =0}
for H?-almost every z € 0*E, where v(z) is the inner unit normal at z. We also
define the cylinder
CH(z) := (B.(z) N T(z)) x (0,7),
and
Cr(z) := (B.(z) N T(z)) x (—=r,r).

Remark 7. Since the ball B, (z) can be inscribed in the cylinder C,(z), the results
in this section can be stated with balls or cylinders equivalently.

Definition 4.2. Let E C R be a set of finite perimeter. We say that u satisfies
the vanishing mean oscillation property on the half balls if, for any continuous
q € C(R™,R?%) and H%-almost every z € 9*E,

1

tim s [ .., Jatutt.0) — afe), ()] deix = . (4.1)

where g(u), (z) is the vector in R? which is the average of q(u) over the half ball
B} (z) := B,(z) n{(t,x) : ((t,x) —z)-v(z) > 0}.

Remark 8. Condition (4.1) holds for the scalar case (i.e. m = 1) due to the
rectifiability of the set of shock waves, established by De-Lellis-Otto-Westdickenberg
[11] (recall from Theorem 2.6 that 0*FE is also a d-rectifiable set).

We now proceed to extend Lemma 3.6 to the case of sets of finite perimeter.

Lemma 4.3. Let E be a bounded set of finite perimeter, and let p be a positive
Radon measure in R¥*Y such that p < He. Then, for H%-almost every z € 0*E,

Zz
lim w(D})

r—0 ’I"d

:O7

where D% = E' N C,.(z).

Proof. Since u < H?, Corollary 4.4 in Chen-Torres-Ziemer [9] gives the existence
of a sequence of smooth sets A; such that

lim p(AAEY) =0 (4.2)
l—o0
and
Jlim HYDA, N (0*E U E®)) =0. (4.3)
—00
Therefore, given any € > 0, there exists a smooth set A, such that
w(EY\ AL) < e. (4.4)
Let

cp T w(Dy) 1
= E 1l -1
Sp={z€0 Hilj(l)lp o k}

It suffices to show that H¢(Sy) = 0 for each k.
Let S} denote the set of all z € Sy, such that there exists r, so that

D? C E'\ A..
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Due to (4.2) and (4.3), we find that S;’ is an increasing sequence of sets when
g; = 0 and Sy, = US;'. Hence
HA(S)) = lim HSS).
71— 00

We now proceed to show that H?(S;') < c(d)e;, where ¢(d) is a constant that
depends on dimension d. For each z € S;’ (choosing smaller r, if necessary), the
definition of S} implies

Dz 1

p( drz) -

rd 2k
By choosing even smaller r,, if necessary, we can also assume (see Giusti [18], Lemma
3.5, page 45):

(4.5)

HUO*ENC,,(2)) < c(d)rd. (4.6)
A covering argument yields a countable sequence z; C S;’ such that the sets F; :=
0*ENC,,(zj),r; := 1y, are pairwise disjoints and S;' C UG}, where F; C G; and
HYG;) < c(d)HY(F;). Thus, from (4.4)—(4.6), we can estimate H?(S;') in terms
of u(E' \ A:,):
HUSE) < eld) Y HUE)

c(d) Y HUO*ENC, (z)))

< ¢(d) Z r?
< 2ke(d) > p(DF)
< e(d)u(BN\ Ad) < c(d)ei
This yields that H¢(Sk) = lim., o H(S;") < lim., 0 (c(d)e;) = 0. O

Given any bounded set of finite perimeter, £ C R4t Theorem 2.7 yields the
existence of the weak interior normal trace F - v € L (90*E) of the vector field

Fy(t,x) == (n(u(t,x)), q(u(t, x)))

on 0*E. We note that H%almost every z € 9*F is a Lebesgue point of F - v.
Assuming (4.1), we show next that the weak trace of the vector field F', satisfies
the stronger property:

Theorem 4.4. Let E C R¥! be a bounded set of finite perimeter. If
u € L= (R R™) satisfies the entropy inequality (2.5) and property (4.1), then
there exists a function F - v € L*®(0*E) such that, for every convexr entropy pair
(n,q) € P and for H-almost every z € O*E,

1

i ey [t 0) (it 0) vl = Tovla).(0)

Proof. Denote F - v the weak interior normal trace of the vector field

F = (n(u),q(u))

on 0*F given by Theorem 2.7. Let G C 0*F be the set of all Lebesgue points of
T - v that satisfy Lemma 4.3 and property (4.1). We obtain that H¥(0*E\ G) = 0.
Then we divide the proof in two steps:
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Step 1: We first consider the case that 0 € G and v(0) = (1,0, ...,0). Proceeding
as in §3, we can show

}i_r)%rd% /Elmc,.(o) n(u(t,x))dtdx
=i e [ e 0) a(ut.x) w0
=JF-v(0). (4.8)
Indeed, if we apply Theorem 2.7 to
D,..=ENnC,,
where (to simplify notation):
C, = Cy(0),
we obtain
/ div () (PF (¢, x))dtdx = — / OF - vdH? (4.9)
(D)t 0* D,

for any ® € C}(R¥*1). Choose @ as in (3.12) in §3 and note that
HU[0* D, JA[(O*ENC,) U (8*C. N E)]) =0
and
(D) =E'nC,.
Then (4.9) becomes
/ div (¢ ) (PFL(t,x))dtdx = —/ OF - vdH. (4.10)
EnC. 0*ENC,
From (4.10) and proceeding as in §3, we obtain

1 X 1 X
it [ e~ e [ ot

+i/ q(u) - Vi ®dtdx

r—t X
- ——o(3)TF - v(t,x)dH. 4.11
L e i) (1)
The difference between this case and the one considered in §3 is that 0*F is not

flat, but this can be overcome by using the regularity of the reduced boundary in
Theorem 2.6. In particular, Theorem 2.6 states that

E'NC,)ACTH
—l( TdJ:E T|—>O as r — 0.
Therefore, using property (4.1) and proceeding as in §3, we obtain

1

sy /ElﬁCT q(u) - V@ dtdx — 0 as r — 0. (4.12)

Also, since p,, < H? (see Remark 2), Lemma 4.3 implies

1 X 2||pqll (E* N Cy)
prEny /EIOCT(T — (T )duy < i -0 asT — 0.  (4.13)
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Therefore, (4.11) reduces to

. 1 X . tl—r x d
}%W/Elncr p()n(u(t, x))dtdx = lim S ()T vt x)dH
(4.14)

for any ¢ € C5°(B1(0)). If we proceed now as in §3 by invoking Theorem 2.6 (i),
we obtain

1 1
lim —— t,x))dtdx = lim — F - vdH?
N /mﬁ(u(’xﬂ x = lim - / vdi®,

and, since 0 is a Lebesgue point of F - v, we conclude
1
lim / n(u(t,x))dtdx = F - v(0).
ENC,

r—0 7"d+1
Step 2: We now fix any z € G. We perform the change of variables

(5,¥) = (Yo, Y1, -, yn) = T'(t, %) (4.15)

so that T(v(z)) = (1,0,...,0) (this change of variables was used in [25] and [26]
in the scalar case) and, without loss of generality, we assume that 7'(z) = 0. The
equation in the new coordinates is

div(s)y)f'(ﬁ(s,y)) =0,

where
u(s,y) = u(t,x), (t,x)=T""'(s,y),
and
B bn) =T F (61 6n)s i= 1,
For any entropy pair (1,q) (recall  : R™ — R and q : R™ — R%), we also define
g7(&1y - &m) = T((&1s -, 6m), A& 5 6m))
and ) )
C.=T(Cy(z)), E=T(E).

We define the vector field

Fi(s,y) == g"(a(s.)),

which is also a divergence-measure field in the new coordinates. In order to see this,
we note that, since T is a rotation, we have

Fﬁ(t7 X) : V(th)(p(t, X)dth = / (n(u(tvx))a q(u(t7 X))) : v(t,x)‘P(t’ X)dth

RN RN

= /RN T(n(u(t,x)),q(u(t, x))) - TV @ % e(t, x)dxdt
- /RN g"(u(s,y)) - Visy (s, y)dsdy

= o FZ(S,Y) . V(s,y)@(s7y)d8dy

for any p € C§°(RY). Therefore, since F}, € DM (RY), it follows that, for each
bounded open set D C RY,

sup{Fy - Vs 39 1 ¢ € C(D), || < 1,spt(p) € D} < 00
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that is, Fz € DM (RY). We denote the normal trace of the divergence-measure
vector field FZ(s,y) on OF as F - . Let & denote the normal to E. Since T is a
rotation, we find that T'(z) is a Lebesque point for F - & and u satisfies (4.1) on E.

Therefore, from Step 1, we obtain
1
lim —— / g(a(s,y)) - v(0)dsdy = F - (0). (4.16)
rd+l ENC,

r—0

Since T is a rotation, we have

gn(ﬁ(sv y)): I)(T(Z)) = g"(u(t, X)) -v(z), (t7 x) = T_l(s, y), (4‘17)
and )
F-0(T(z) =T -v(2). (4.18)
Changing the variables in (4.16) and using that |det T'| = 1, we conclude
1
im n ) = 7F.
}1_% ) /ElﬂCT(z) g’(u(t,x)) - v(z)dtdx = F - v(2),

which is our desired result:

. 1
lim /E e (0 al0(t30) v )i = T ().

O

5. Structure of entropy solutions. In this section, we present an approach
through the prototype, the isentropic Euler equations (1.3), to analyze the structure
of entropy solutions in L for hyperbolic systems of conservation laws (1.1). We
assume that system (1.1) is endowed with at least one strictly convex entropy.

5.1. Rescaling of the Entropy Solution u(¢,x) of (1.1).

Definition 5.1. For fixed (s,y) € R4, we define, for every r > 0, the rescalings
of u, and u as

uET (%) = u((s,y) + r(t x)), (5.1)
,u%S’Y)’T(A) - Tid,un((s,y)—FrA) (5.2)

for all Borel sets A € R4, where
iy = —dive x) (n(u),q(u))
is the nonnegative entropy dissipation measure.

Definition 5.2. The upper and lower densities of 1, are defined as

G*d(un; (t,x)) := lim sup Fn(Br(t, %)) X)), Hf(un; (t,x)) := liminf 7Mn(BT§t7 x))

r—0 ’/‘d r—0 T

For any (¢,x) € R¥*! and r > 0, the Gauss-Green formula for bounded divergence-
measure fields (Theorem 2.7) yields

pin(Br(t, %)) = / (n(w), q(w) - vdH! < | Fyl| a(d)r, (5.3)
OB, (t,x)
where F} = (n(u),q(u)). Therefore, we have
0% (113 (£,%)) < 00 for every (t,x) € R+, (5.4)
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We now define
Do = {(t,x) € R*™™ : 0*%(p,; (t,x)) = 0}, (5.5)
Jy = {(t,x) € R0 < ef(ﬂ'n; (t,x)) < e*d(ﬂn; (t,x)) <oo}, (5.6)
Do = {(t,x) € R 2 9*(p,: (t,%)) = 00}
Remark 9. We note that (5.4) implies Do, = ().
Definition 5.3. Let
J =UyJ, (5.8)

for all convex entropy functions n with V27 > 0 in the region where the entropy
solution lies.

Lemma 5.4. Assume that the H%-rectifiable set S is a shock wave. Then S is
contained in J.

Proof. Since the set S is a shock wave, for the strictly convex entropy 7., S be-
longs to the support of the measure p,-. Therefore, for every (¢,x) € S, we have
0*(p1y+; (t,x)) > 0. However, Remark 9 implies 0*(,; (t,x)) < oo. Thus, we
have (t,x) € J,, .. O

Remark 10. The rectifiability of the entropy dissipation measures y, would imply
the rectifiability of the shock location J.

5.2. Compactness of the rescaling sequence. Our approach consists in per-
forming blow up arguments directly in the equation given by the entropy inequality:

Am(u) + Vi - a(u) = — i, (5.9)

Consider the rescaling sequences u(®¥)" and /h(f’y)’r defined in (5.1) and (5.2).
We notice that they satisfy

8m(u(s’3')”") + Vi - q(u(s,y)m) - _M%S,Y)ﬂ‘. (5.10)
That is, (5.9) is invariant under the chosen rescalings.

Then we have the following compactness theorems.

Proposition 5.5. Given r, — 0, the sequence of measures usf’y)’” has a locally

weakly™ converging subsequence to a Radon measure u%“;g%) in RAFL,

Proof. From (5.3), we find that, for any compact set K C R4+,
57| (K) < CJIFy oo

This uniform boundedness implies the existence of a subsequence (still denoted as
r) such that

ugf’y)”"’“ — ugfgé) in the sense of measures.

Proposition 5.6. For the scaling sequence u(®¥):"

Am(ulY) ey 7, q(ulsy)me) is compact in H, L.

loc
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Proof. The scaling sequence u(®¥)"* satisfies (5.10). Proposition 5.5 implies that
the scaling measure sequence pﬁ,‘*y”’"’“ is uniformly bounded, which implies its com-

pactness in Wl;cl’p, p < 2. On the other hand, since u(t,x) € L,
(Y)Y, 4 Vo - q(ulY)TE) is bounded in W, .

loc

Then the compactness interpolation theorem implies that

nuEY) ), 4 Voo q(uSY) ) is compact in Hj!

loc*

O

For the isentropic Euler equations (1.3), the compactness result still holds even
though the strict hyperbolicity fails near the vacuum. More precisely, assume that
the pressure function p = p(p) € C*(0, 00) satisfies condition (1.4) (i.e., strict hy-
perbolicity and genuine nonlinearity) away from the vacuum and, near the vacuum,
p(p) is only asymptotic to the y-law pressure (as real gases): there exists a sequence
of exponents

l<y=m<m<...<WwW<EBy-1)/2<vnv4 (5.11)
and a sufficiently smooth function P = P(p) such that
N
plp) = kn p7" + PN P(p), (5.12)
n=1
P(p) and p* P"(p) are bounded as p — 0, (5.13)

for some coefficients «,, € R with k1 > 0. The solutions under consideration will
remain in a bounded subset of {p > 0} so that the behavior of p(p) for large p
is irrelevant. This means that the pressure law p(p) has the same singularity as
25:1 Kn p7* near the vacuum. Observe that p(0) = p/(0) = 0, but, for & > 1,
the higher derivative p(*)(p) is unbounded near the vacuum with different orders of
singularity.

Consider the Cauchy problem for (1.3) with the initial data:

(p;m)li=0 = (po(x),mo(2)), 0 < po(x) < Co, [mo(z)| < Copo(x).  (5.14)

The main difficulty of this system is that strict hyperbolicity fails, and the flux
function is only Lipschitz continuous at the vacuum state p = 0. Nevertheless, a
compactness theorem has been established by using only weak entropy pairs con-
sisting of those 1 vanishing on the vacuum p = 0 for any fixed % € R. For example,
the mechanical energy-