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Abstract

We analyze a class of weakly differentiable vector fields F : RN — RY with
the property that F € L°° and div F is a (signed) Radon measure. These fields
are called bounded divergence-measure fields. The primary focus of our inves-
tigation is to introduce a suitable notion of the normal trace of any divergence-
measure field F over the boundary of an arbitrary set of finite perimeter that en-
sures the validity of the Gauss-Green theorem. To achieve this, we first establish
a fundamental approximation theorem which states that, given a (signed) Radon
measure u that is absolutely continuous with respect to HN =L on RN, any set of
finite perimeter can be approximated by a family of sets with smooth boundary
essentially from the measure-theoretic interior of the set with respect to the mea-
sure |||, the total variation measure. We employ this approximation theorem
to derive the normal trace of F on the boundary of any set of finite perimeter
E as the limit of the normal traces of F on the boundaries of the approximate
sets with smooth boundary so that the Gauss-Green theorem for F holds on E.
With these results, we analyze the Cauchy flux that is bounded by a nonnegative
Radon measure over any oriented surface (i.e., an (N — 1)-dimensional surface
that is a part of the boundary of a set of finite perimeter) and thereby develop
a general mathematical formulation of the physical principle of the balance law
through the Cauchy flux. Finally, we apply this framework to the derivation of
systems of balance laws with measure-valued source terms from the formulation
of the balance law. This framework also allows the recovery of Cauchy entropy
flux through the Lax entropy inequality for entropy solutions of hyperbolic con-
servation laws. (©) 2008 Wiley Periodicals, Inc.
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1 Introduction

In this paper we analyze a class of weakly differentiable vector fields F: RN —
RY with the property that F € L and div F is a Radon measure j (that is, a
signed Borel measure with finite total variation on compact sets). These fields are
called bounded divergence-measure fields, and the class is denoted by DM . The
primary focus of our investigation is to introduce a suitable notion of the normal
trace of any divergence-measure field over the boundary of an arbitrary set of finite
perimeter to obtain a general version of the Gauss-Green theorem.

Clearly, this investigation is closely related to the theory of BV functions in RV ;
in fact, it would be completely subsumed by the BV theory if the fields were of the
form F = (Fy. ..., Fy) with each F;, € BV(RY), since divF = Y& _, ng;;
would then be a Radon measure (cf. [72, exercise 5.6]). However, in general, the
condition div F = p allows for cancellation, which thus makes the problem more
difficult and accordingly more important for applications (see Sections 9-11). For
the Gauss-Green theorem in the BV setting, we refer to Burago and Maz'ja [10],
Volpert [66], and the references therein. The Gauss-Green theorem for Lipschitz
vector fields over sets of finite perimeter was first obtained by De Giorgi [24, 25]
and Federer [30, 31]. Also see Evans and Gariepy [29], Lin and Wang [51], and
Simon [64].

Some earlier efforts were made on generalizing the Gauss-Green theorem for
some special situations of divergence-measure fields, and relevant results can be
found in Anzellotti [3] for an abstract formulation when F € L°° over a set with
C! boundary and Ziemer [71] for a related problem for div F € L*; also see
[1,2,5,9, 27, 46, 47, 48, 50, 56, 57, 58]. In Chen and Frid [16, 19], an explicit
way to formulate the suitable normal trace over a Lipschitz deformable surface
was first observed for F € DM®®. In particular, it has been proved in [16, 19] that
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the normal trace over a Lipschitz deformable surface, oriented by the unit normal
vector v, is determined completely by the neighborhood information from the pos-
itive side of the surface oriented by v and is independent of the information from
the other side. This is the primary motivation for our further investigation into
divergence-measure fields. Chen and Torres [21] have established the normal trace
for any bounded divergence-measure field over a set of finite perimeter £ and the
corresponding Gauss-Green theorem. One of the main results in this paper is to ob-
tain this normal trace as the limit of the normal traces over the smooth boundaries
that approximate the reduced boundary 0* E of E (see Definition 2.6). In partic-
ular, the normal trace is determined completely by the neighborhood information
essentially from the measure-theoretic interior of the set (see Theorem 5.2), so that
the Gauss-Green theorem holds for any set of finite perimeter.

We recall a very general approach, initiated by Fuglede [39], in which the fol-
lowing result was established: If F € L?(RV:RN), 1 < p < oo, is a vector field
with div F € LP(RV), then

(L) / divF dy = — / F() - v()dHY "\ (y)

E 0*E

for “almost all” sets of finite perimeter £ where HN ! is the (N — 1)-dimensional
Hausdorff measure. The term “almost all” is expressed in terms of a condition
that resembles “extremal length,” a concept used in complex analysis and potential
theory (cf. [45, 68, 69, 70]). One way of summarizing our work in this paper is to
say that we wish to extend Fuglede’s result so that (1.1) holds for every set E of
finite perimeter. Of course, this requires a suitable notion of the normal trace of
F on 0*E. This is really the crux of the problem as F, being only measurable,
cannot be redefined on an arbitrary set of dimension N — 1. The following example
illustrates the subtlety of the problem.

Example. Let N = 2 and

(1,0) ifx; >0,

F(x1.x0) =
(x1,%2) {(—1,0) if x; < 0.

Note that div F = 2H! |_ S with S = {0} x R, since, for any ¢ € Col([RN),

<divF,¢>=—/F-V<p= / P — / on,

RN {x1<0} {x1>0}

=/<de1 +/¢dH1 =2/<de1.

S S S
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By letting E4 = (0,1) x (0,1) and E— = (—1,0) x (0, 1), there exist scalar
functions £t and f, respectively, on 3* E and 9* E_ such that

/(pdivF+[F-V<p: / of TdH!,

Ey E. *Eq
where
1 on {0} x(0,1), 1 on {0} x (0,1),
fT=1 0 on(0,1)x(0,1), f7=1{ 0 on(=1,0)x(0,1),
—1 on{l}x(0,1), —1 on{-1}x(0,1).

However, note that the normal traces f + are not opposite on {0} x (0, 1), as one
might at first expect.

To achieve the goal of this paper, we first establish a fundamental approximation
theorem which states that, given a Radon measure p on RV such that <« HN ™1,
any set of finite perimeter can be approximated by a family of sets with smooth
boundary essentially from the measure-theoretic interior of the set with respect to
the measure ||| (for example, we may take u = div ). Then we employ this
approximation theorem to derive the normal trace of F on the boundary of any set
of finite perimeter as the limit of the normal trace of F on the smooth boundaries of
the approximating sets and then establish the Gauss-Green theorem for F, which
holds for an arbitrary set of finite perimeter.

With these results on divergence-measure fields and sets of finite perimeter, we
analyze the Cauchy flux that is bounded by a nonnegative Radon measure o over an
oriented surface (i.e., an (N — 1)-dimensional surface that is a part of the boundary
of a set of finite perimeter) and develop a general mathematical formulation of the
physical principle of balance law through the Cauchy flux. In the classical setting
of the physical principle of balance law, Cauchy [12, 13] first discovered that the
flux density is necessarily a linear function of the interior normal (equivalently,
the exterior normal) under the assumption that the flux density through a surface
depends on the surface solely through the normal at that point. It was shown in
Noll [54] that Cauchy’s assumption follows from the balance law. Ziemer [71]
provided a first formulation of the balance law for the flux function F € L%
with div F € L at the level of generality with sets of finite perimeter. Also
see Dafermos [22], Gurtin and Martins [42], and Gurtin and Williams [43]. One of
the new features in our formulation is to allow the presence of exceptional surfaces,
“shock waves,” across which the Cauchy flux has a jump. When the Radon measure
w reduces to the N-dimensional Lebesgue measure £%, the formulation reduces
to Ziemer’s formulation in [71], which shows its consistency with the classical
setting. We first show that, for a Cauchy flux F bounded by a measure o, there
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exists a bounded divergence-measure field F : RN — R¥, defined £V -a.e., such
that
FS) == [ FO)-van¥ =10
S

for almost any oriented surface S oriented by the interior unit normal v. Then
we employ our results on divergence-measure fields to recover the values of the
Cauchy flux on the exceptional surfaces directly via the vector field F. The value
as the normal trace of F' on the exceptional surface is the unique limit of the normal
trace of F' on the nonexceptional surfaces, which is defined essentially from the
positive side of the exceptional surface oriented by v. Finally, we apply this general
framework to the derivation of systems of balance laws with measure-valued source
terms from the mathematical formulation of the physical principle of balance law.
We also apply the framework to the recovery of Cauchy entropy flux through the
Lax entropy inequality for entropy solutions of hyperbolic conservation laws by
capturing entropy dissipation.

We observe the recent important work by Bourgain and Brezis [8] and De Pauw
and Pfeffer [28] (see also Phuc and Torres [59]) for the following problem with a
different point of view: Find a continuous vector field that solves the equation

(1.2) divF =p inQ

for a given Radon measure w. In the case du = f dx with f € L{XC(Q), the
existence of a solution F to (1.2) follows from the closed-range theorem as shown
in [8]. It is proved in [28] that equation (1.2) has a continuous weak solution if and
only if w is a strong charge; i.e., given ¢ > 0 and a compact set K C €2, there is
6 > 0 such that

[¢du§dwmur+ﬂ¢hl
Q

for any smooth function ¢ compactly supported on K.

The organization of this paper is as follows. In Section 2, we first recall some
properties of Radon measures, sets of finite perimeter, and related BV functions,
and then we introduce the notion of an oriented surface and develop some basic
properties of divergence-measure fields. In Section 3, we develop an alternative
way to obtain the Gauss-Green formula for a bounded divergence-measure field
over any smooth boundary by a technique that motivates our further development
for the general case. In Section 4, we establish a fundamental approximation the-
orem which states that, given a Radon measure y on RY such that u <« HN ™1,
any set of finite perimeter can be approximated by a sequence of sets with smooth
boundary essentially from the interior of the set with respect to the measure ||u||.
In Section 5, we introduce the normal trace of a divergence-measure field F on the
boundary 0* E of any set of finite perimeter as the limit of the normal traces of F on
the smooth surfaces that approximate 0* E essentially from the measure-theoretic
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interior of E with respect to the measure ||div F ||, constructed in Section 4, and
then we establish the corresponding Gauss-Green theorem.

In Sections 6 and 7, we further analyze properties of divergence-measure fields,
especially showing the representation of the divergence measures of jump sets via
the normal traces and the consistency of our normal traces with the classical traces
(i.e., values) when the vector field is continuous. In Section 8, we first show that,
if the set of finite perimeter E satisfies (8.1) (which is similar to Lewis’s uniformly
fat condition in potential theory [49]), there exists a one-sided approximation to
E, and we then show that an open set of finite perimeter is an extension domain
for any bounded divergence-measure field. In Section 9, we first introduce a class
of Cauchy fluxes that allow the presence of these exceptional surfaces or “shock
waves,” and we then prove that such a Cauchy flux induces a bounded divergence-
measure (vector) field F so that the Cauchy flux over every oriented surface with
finite perimeter can be recovered through F via the normal trace over the oriented
surface.

In Section 10, we apply the results established in Sections 3 through 9 to the
mathematical formulation of the physical principle of balance law and the rigorous
derivation of systems of balance laws with measure-valued source terms from that
formulation. Finally, in Section 11, we apply our results to the recovery of Cauchy
entropy flux through the Lax entropy inequality for entropy solutions of hyperbolic
conservation laws by capturing entropy dissipation.

Added in proof. We recently learned of the paper by Silhavy [63], which has
some overlap with our work. However, the techniques involved are completely dif-
ferent, thus offering the interested reader more depth and insight into the problem.
Theorem 3.2 in [63] gives conditions under which the measure @ will vanish on
sets of appropriate Hausdorff dimension. This result is established in Lemma 2.25
of the present paper, where the optimal condition is expressed in terms of capac-
ity. Section 4 in [63] begins with several results of the divergence theorem in its
general form as a linear functional on the space of Lipschitz functions on 02 as
in [3], and then Silhavy proceeds to obtain the result, theorem 4.4, which is the
counterpart to theorem 2 in Chen and Torres [21] and is related to Theorem 5.2 of
this paper, which contains several results of descending generality that also yield
theorem 2 in [21]. The methods of the present paper are substantially different and
use exclusively the methods of geometric measure theory to obtain Theorem 5.2.

Furthermore, our normal trace of a divergence-measure field on the boundary
of a set of finite perimeter is derived as the limit of the normal traces on the smooth
boundaries of approximate sets. These approximate sets essentially belong to the
measure-theoretical interior of the set of finite perimeter with respect to the di-
vergence measure. Such a geometric interpretation has important applications in
conservation laws. The present paper also contains results that are of interest in
themselves, such as a completely self-contained proof of the divergence theorem
in the case of a C! boundary (Theorem 3.3), the fact that the normal trace of a



GENERALIZED GAUSS-GREEN THEOREM 7

divergence-measure field is the classic dot product when the field is continuous
(see Theorem 7.2), and the fundamental theorem for almost one-sided approxima-
tion of sets of finite perimeter (Theorem 4.10). Even though the second part of
theorem 5.2 of [21] is essentially the same as Theorem 9.4 of this paper, our results
in Sections 9 and 10 highlight the importance of the normal traces of divergence-
measure fields, in conservation laws, defined on every set of finite perimeter (versus
almost every set). Also, see [61, 62] for related papers.

2 Radon Measures, Sets of Finite Perimeter,
and Divergence-Measure Fields

In this section we first recall some properties of Radon measures, sets of finite
perimeter, and related BV functions (cf. [2, 29, 33, 40, 72]). We then introduce
the notion of oriented surfaces and develop some basic properties of divergence-
measure fields. For the sake of completeness, we start with some basic notions and
definitions.

First, denote by HM the M -dimensional Hausdorff measure in RY for M <N,
and by £V the Lebesgue measure in RV (recall that LV = HN). For any £V-
measurable set £ C RV, we denote |E| as the £V -Lebesgue measure of the set
E and 0F as its topological boundary. Also, we denote B(x, r) as the open ball of
radius r and center at x. The symmetric difference of sets is denoted by

AAB := (A\ B) U (B\ A).

Let @ C RN be open. We denote by E €  that the closure of E is compact
and contained in 2. Let C.(£2) be the space of compactly supported continuous
functions on © with ||¢|lo:q := sup{|e(y)| : y € Q}.

DEFINITION 2.1 A Radon measure on €2 is a signed regular Borel measure whose
total variation on each compact set K € 2 is finite, i.e., ||u]|(K) < oco. The
space of Radon measures supported on an open set 2 is denoted by M(2). If
€ M(2) does not take negative values, then we refer to such y as a nonnegative
Radon measure.

Any Radon measure p can be decomposed into the difference of two nonnega-
tive Radon measures . = pu+ — p™; the total variation of y is ||u| = u& + u~.
Equivalently, if u is a Radon measure on €2, the total variation of © on any bounded
open set W C Q is equal to

9y =sun | [ p € M. ol <1
2.1 o
= sup| S (B,
i=0
where the second supremum is taken over all pairwise disjoint Borel sets B; with
W = [J?2, Bi. Since the space of Radon measures can be identified with the dual
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of C.(£2), we may consider a Radon measure u as a linear functional on C.(2),
written as

2.2) w(p) == /(pa’u for each ¢ € C.(R2).
Q

We recall the familiar weak-star topology on M(2), which, when restricted to a
sequence {/x }, yields

* .
Mk — @ in M(L2);
that is, ty converges to u in the weak-star topology if and only if

(2.3) uk (@) — p(p) foreach ¢ € Ce(€2).

The space L? (2, 1), 1 < p < oo, denotes all the functions f with the property
that | /|7 is u-integrable. The conjugate of p is p’ := p/(p — 1). The LP-norm
of f on aset E with integration taken with respect to a measure p is denoted by
| fllp;E,1u- In the event p is Lebesgue measure, we will simply write || f|| ;.

THEOREM 2.2 (Uniform Boundedness Principle) Let X be a Banach space. If Ty
is a sequence of linear functionals on X that converges weak-star to T, then

limsup || 7% || < oo.
k—00

Next, we quote a familiar result concerning weak-star convergence.

LEMMA 2.3 Let (1 be a Radon measure on 2, and let iy be a sequence of Radon
measures converging weak-star to |L. Then we have the following:

(1) If A C Q is any open set and |1y, are nonnegative Radon measures,
w(A) < liminf pg (A).
k—o00
(i) If K C 2 is any compact set and |1 are nonnegative Radon measures,

p(K) = limsup g (K).

k—o00

(i) If || gl X o, then ||| < o. In addition, if the -measurable set E € Q
satisfies o(0F) = 0, then

w(E) = klirr;ouk(E)-

More generally, if f is a bounded Borel function with compact support in
Q such that the set of its discontinuity points is o-negligible, then

lim | fdu; = f fdu.

k—o00
Q Q
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DEFINITION 2.4 For every a € [0, 1] and every £V -measurable set E C RV,
define

(2.4) E*:={yeRN :D(E,y) =al,
where

. |[ENB(y.r)
(2.5) D(E.y) := lim “BO.

Then E“ is the set of all points where E has density «. We define the measure-
theoretic boundary of E, 0™ E, as

(2.6) ImME := RN\ (E°U ED).

DEFINITION 2.5 A function f : Q@ — R is called a function of bounded variation
if each partial derivative of f is a Radon measure with finite total variation in 2.
Notationally, we write f € BV(Q). Let E €  be an £V -measurable subset. We
say that E is a set of finite perimeter if yg € BV(Q2). Consequently, if E is a
set of finite perimeter, then V y g is a (vector-valued) Radon measure whose total
variation, denoted by ||V yg ||, is finite.

DEFINITION 2.6 Let E € 2 be a set of finite perimeter. The reduced boundary of
E, denoted as 0* E, is the set of all points y € €2 such that

@ |IVxell(B(y,r)) > 0forall r > 0, and
(ii) the limit
ey i i YZEBO-)
r=>0 [|[Vyell(B(y.r))

exists and [vg (y)| = 1.

The set 9* E is also called the perimeter of E and its (N — 1)-Hausdorff mea-
sure is denoted by P(E) := HN~1(0*E). The following result was proved by
De Giorgi [24] (see also [2, theorem 3.59] and [72, theorem 5.7.3]).

THEOREM 2.7 Let E be a set of finite perimeter. The reduced boundary of E, 0* E,
is an (N — 1)-rectifiable set, which means that there exists a countable family of
C! manifolds My, of dimension N — 1 and a set N of H™ ~Y-measure zero such
that
[e.¢]

2.7) I'E C (UMk)UJ\/'.

k=1
Moreover, the generalized gradient of y g enjoys the following basic relationship
with HN 1

(2.8) IVxel =HN""Lo*E
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and, for HN "1-a.e. y € *E,

IVXEN(B(y. 1) _
im =1,
r—0 a(N —1)rN-1

where & (N — 1) is the Lebesgue measure of the unit ball in

RN-1,

The unit vector v g (y) is called the measure-theoretic interior unit normal to
E at y (we sometimes write v instead of v g for notational simplicity). In view of
the following, we see that v is aptly named because v is the interior unit normal to
E provided that E (in the limit and in measure) lies in the appropriate half-space
determined by the hyperplane orthogonal to v; that is, v is the interior unit normal
to E at x provided that

D{y:(y—x)-v>0,y¢ E}U{y:(y—x)-v<0,y€E},y)=0.

The following result is due to Federer (see also [72, lemma 5.9.5] and [2, theo-
rem 3.61]).

THEOREM 2.8 If E € Q is a set of finite perimeter; then
29 *ECEY?comE, HNTYQ\(E°UIEUEY) =0.

In particular, E has density either O or % orlat HN lae x € Q, and HN~1-
a.e. x € 0™E belongs to 0*E.

Remark 2.9. In view of Definition 2.5, (2.8), and (2.9), it is clear that, if £ € 2
is a set of finite perimeter, then HY ~1(3™ E) < oo. Conversely, it was proved by
Federer (see [33, theorem 4.5.11]) that, if HNV~1(9™E) < oo, then E is a set of
finite perimeter.

We will refer to the sets E® and E! as the measure-theoretic exterior and inte-
rior of E. We note that, in general, the sets £ and E! do not coincide with the
topological exterior and interior of the set £. The sets £° and E! also motivate
the definition of measure-theoretic boundary. We note that (2.9) implies that, for
any set £ € Q of finite perimeter,

Q=E'UIFEUE'UN

where HN~1(N) = 0. If we define a set E to be “open” if E is both measurable
and D(E,x) = 1 for all x € E, then this concept of openness defines a topology,
called the density topology. It is an interesting exercise to prove that the arbitrary
union of open sets is also open; the crux of the problem is to prove that the arbi-
trary union is, in fact, measurable. This topology is significant because it is the
smallest topology (the one with the smallest number of open sets) for which the
approximately continuous functions are continuous [41].

The following result, which is easily verified (although tedious), will be needed
in what follows.
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LEMMA 2.10 If A, B € 2 are sets of finite perimeter, then
MANB)C(@"ANB)UANIB)U(@"ANI"B).

DEFINITION 2.11 Let p € CCOO(IRN ) be a standard symmetric mollifying ker-
nel; that is, p is a nonnegative function with support in the unit ball and satisfies
lolli.gv = 1. Withu € LY(RN), we set uy := u * pg, where the sequence

pe(y) := ELN p(%) forms a mollifier.
Recall the following properties of mollifications (cf. [72]).

LEMMA 2.12
() Ifu € LL (RN), then, for every e > 0, uy € C®(RY) and D*(pe * u) =

loc
(D% pe) * u for each multi-index o.
(i) Withk = # and g — 0, up(x) — u(x) whenever x is a Lebesgue point
of u. In particular, if u is continuous, then u, converges uniformly to u on

compact subsets of RY.

Remark 2.13. Functions in the spaces BV(RY) and WL2(RV), 1 < p < oo,
have precise representatives; that is, if u € BV([RN ), then there is a function u™* €
BV(RY) such that  and u* are equal a.e. and that the mollification sequence of u,
Uy, converges to u™* at all points except those that belong to an exceptional set E
with HN~1(E) = 0. However, this is not the same as saying that u has a Lebesgue
point, which is slightly stronger.

A similar statement is true for functions in the Sobolev space W17 (RV), 1 <
p =< oo, except that the exceptional set £ has y,-capacity zero; see Definition 2.21
below. As we will see, the y;-capacity vanishes precisely on sets of HN~1-
measure zero. Thus, we can say that functions in the spaces BV and W17 have
precise representatives that are defined, respectively, y1 and y, almost everywhere.

DEFINITION 2.14 If u = y g for a set of finite perimeter E, we denote u g as the
corresponding precise representative u*.

Indeed, when u is taken as y g, Lemma 2.12 can be considerably strengthened:
LEMMA 2.15 If uy is the mollification of y g for a set of finite perimeter E, then

the following hold:
(i) ug € C®[RN).
(ii) There is a set N with HN~Y(N') = 0 such that, for all y ¢ N, ug(y) —
ug(y) ask — oo and
. ye€E,
, Yy €EJE,
, yeE°

ug(y) =

S Nf= =

*
(iii) Vugx — Vug in M(RV).
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@iv) IfU is an open set with |Vug||(dU) = 0, then |Vug||(U) — ||Vug||[(U)
as k — oo.
(v) Vyg =Vug.

PROOF: Only (iii) requires a proof, since (i), (ii), and (iv) are results from
standard BV theory and (v) is immediate from the definitions and the fact that
ug = xg almost everywhere. As for (iii), since ¥y — ug in LY(RY), then
uy — upg when considered as distributions, which implies that Vu;, — Vug as
distributions and consequently as measures since Vuy, Vug € M(RY). O

The next result affirms the notion that the mollification is generally a norm-
reducing operation.

LEMMA 2.16 Let E be a set of finite perimeter, and let uy, denote the mollification
of xE. Then
IVugllh < IVxell-

PROOF: For any f € BV(RY), consider the convolutions
£ i= [ paly = xS0,
RN
Using V f, = pg * (V.f) and f, € C®(RY), we obtain
VA = [ pely = 0dm(x)
RN
where m := V f is the measure. Thus, we have
VAW = [ oty =0 dlmlo).
RN
In particular, when f = yg and fg, = uy with g = %, then m = V yg and
[Vur(y)| < / pe (v — x)d||m||(x) forall y € RY.
RN
That is,
/ [Vur(y)ldy < / [ Pe (¥ — x)d [|lm|[(x)dy
RN

RN RN

- / / per (v — )y dm]|(x) < [Im[|(RM).

RN RN
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We recall that the BV space in fact represents equivalence classes of functions
so that, when a function in a class is changed on a set of LN -measure zero, it
remains in this class. The same is true for sets of finite perimeter because, by
definition, the characteristic function y g of a set of finite perimeter E is a function
of bounded variation. Thus, it follows that £ may be altered by a set of £V-
measure zero and still determine the same essential boundary 0 E. Throughout,
we will choose a preferred representative for £ and thereby adopt the following
convention.

DEFINITION 2.17 E :={y : D(E,y) = 1} UJ™E.

DEFINITION 2.18 A vector field F € LP(Q:RV), 1 < p < oo, is called a
divergence-measure field, written as F € DMP(QQ), if u := div F is a Radon
measure with finite total variation on €2 in the sense of distributions. Thus, for
¢ € C°(2), we have

uwr=mwmw»=1/FV¢@.
Q

The total variation of w is a nonnegative measure which, for any open set W C €2,
is defined as

[l (W) == sup{u(@) : llgllo;e < 1. ¢ € CZ(W)}

= sup{/ F-Vody:|eloe <1 ¢¢€ CC°°(W)}.

A vector field F € DMP () means that, forany W € Q, F € DMP(W).

DEFINITION 2.19 Let F € DMP(RQ2), 1 < p < oo. For an arbitrary measurable
set £ € 2, the trace of the normal component of F on dE is a functional defined
by

2.10) UDM@Z/VWF@+/¢W
E E

for any test function ¢ € C°(R2). Clearly, (T F )y is a distribution defined on 2.
Note that this definition assumes only that the set E is measurable. Later, we will

provide an alternative definition when E is a set of finite perimeter (see Theo-
rem 5.3).

PROPOSITION 2.20 Let E € Q2 be an open set. Then spt((T F)gg) C 0E. That
is, if ¥ and @ are test functions in D(2) with v = ¢ on 0E, then (T F)yg (¥) =
(TF)oE ().

PROOF: If the support were not contained in JE, there would be a point xo ¢
dFE with xo € spt((T F)yg) N E. This implies that, for each open set U containing
X0, there exists a test function ¢ € C°(U NE) such that (T F )yg (¢) # 0. Choose
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U sothat U ¢ RN \ 9E. Let F ; denote the mollification of F (see Lemma 2.12).
Then, since spt(F .¢) € E,

0= [ div(F ¢p)dy = (T F ¢)yE (¢)

E
:/FS-V¢+f¢divF8dy
E E
= [F-voay+ [gdu= TPz 20
E E
where we have used dE N spt(¢) = @ in the limit. Thus, we arrive at our desired
contradiction. O

DEFINITION 2.21 For 1 < p < N, the p-capacity of an arbitrary set A € RY is
defined as

(2.11) Yp(A) = inf{/ [Vo|? dy},
Q

where the infimum is taken over all test functions ¢ € C>°(£2) that are identically 1
in a neighborhood of A. It is well known (cf. [34]) that y,(A) =0for1 < p < N
implies that HN ~P%¢(4) = 0 for each & > 0 and that, conversely, if HV =7 (4) <
0o, then yp(A) = 0. In view of Remark 2.13 and Lemma 2.25, it is easy to verify
that the class of competing functions in (2.11) can be enlarged to the Sobolev space
WLp(Q).

Remark 2.22. The case of p = 1 requires special consideration. In 1957, Flem-
ing conjectured that y;(A4) = 0 if and only if HV~1(4) = 0. This was settled
in the affirmative by Gustin [44], who proved the boxing inequality, from which
Fleming’s conjecture easily follows (cf. [35]).

The next results are basic (cf. [69, 70, 72]).
PROPOSITION 2.23 Let yp be the p-capacity defined in (2.11). Then
() If Ex C RY is a sequence of arbitrary sets, then
Yp(liminf Ex) < liminfy, (Ey).
k—o00 k—o00
(i) If E1 C Ep C --- are arbitrary sets, then
o0

Ep) =1l Ep).
Y (kL_Jl k) Jim yp (Ex)

(iii) If K1 D Ky D --- are compact sets, then

o0

yp(ﬂ Kk) = lim y,(Ky).

k=1
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(iv) If{Ey} is a sequence of Borel sets, then

o0
Er ) < lim Ey).
yp(kszl k) = lim y,(Ep)

) IfA C RN is a Suslin set, then
sup{yp(K) : K™ C A} = inf{y,(U) : U D A}.

Any set function y satisfying conditions (1)—(iv) is called a true capacity in the sense
of Choquet and a set A satisfying condition (v) is said to be y-capacitable.

Remark 2.24. One of the main reasons for studying the capacity is its important
role in the development of Sobolev theory. It was first shown in [34] that every
function u € W12(Q) has a Lebesgue point yp-a.e. In particular, in view of
Remark 2.22, this implies that a function u € W11(Q) has a Lebesgue point
everywhere except for an exceptional set E with HN~1(E) = 0. In case u €

BV(£2), we have a slightly weaker statement than the corresponding one for u €
WP (Q):

lin})][ B(x,ru(y)dy = u*(x) forH lae. x e Q.
r—

It turns out that the Sobolev space is the perfect functional completion of the

space C2°(R2) relative to the p-capacity. See [4] where the concept of perfect
functional completion was initiated and developed.
LEMMA 2.25 If F € DME (Q), 5 < p < oo, then ||div F|| < yy; that is, if
B C Q is a Borel set satisfying y,(B) = 0, p’ := p/(p —1), then ||div F ||(B) =
0. 1{7n [liarticular, when p = oo (i.e., p’ = 1), Remark 2.22 implies that ||div F || <
HY N

PROOF: Because of the inner regularity of ||div F || and condition (v) of Propo-
sition 2.23, it suffices to show that u(K) = 0 for any compact set K C B, where
pn = div F. Since y,/(K) = 0, then there exists a sequence of test functions
¢r € CX(2) (see, for example, lemma 2.2 in [6]) such that

) 0<gr<landgr =1o0onKk,
(i) Verllpo — 0ask — oo,
(iii) @r(y) = 0ask — oo for all y € Q except those in some set A C Q2 with

Yp'(A) = 0, and
(iv) ¢y is supported in an open set O with O1 D O D --- D Kand (), O =
K.

Since div F = u, we have

w(K) + / op dit = — f F -V dy < | Flps | Vor .
Q\K Q
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Thus, using (i), (ii), and (iv), we conclude
()| = |1l (O \ K) + | F lps2 | Verlp:o = 0 ask — oo.
O

loc

for B C , then y,(B) = 0 and hence ||div F ||(B) = 0.

COROLLARY 2.26 If F € DML (Q), 75 < p < o0, and if HN™P'(B) < o0

Remark 2.27. If F € DMP?(Q), % < p < oo, with div F = pu, then, in

view of the fact that ¢ € Wl’p/(Q) is defined HN~7"-a.e. and therefore n-a.e., it
follows that the integral
/ pdp

Q
is defined and is meaningful.

DEFINITION 2.28 A compact set K C RY is called a p-removable set for F <
LP(RY), 1 < p < oo, provided that F € DMP (RY) whenever F € DMP (RN \
K).

THEOREM 2.29 If K C RN is compact with HN =P (K) = 0, 1 < p’ < N, then
K is a p-removable set for F € DM?P.

PROOF: It suffices to show that, for each test function y» € C2(RY),

2.12) mwz—/FVw@.
[RN

Let ¢ be the sequence defined in the proof of Lemma 2.25 that satisfies (i)—(iv).
We approximate ¥ by a sequence

(2.13) Vi =¥ () € CORY\ K).

Since F € DMP(RY \ K), we have

@.14) k) == [ F-Vudy.
RN

From the fact that ¢y — 0, ypr-a.e. (and therefore p-a.e., by Lemma 2.25 and
Corollary 2.26), we obtain that ¥ — v, u-a.e., and therefore Lebesgue’s domi-
nated convergence theorem yields

uww=/wm+/ww:mw
RN RN
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On the other hand, the Holder inequality and (ii)—(iii) in the proof of Lemma 2.25
imply
/ F -Vy, dy — / F -Viy dy,
RN RV
and thus, we conclude with our desired result (2.12).
g

EXAMPLE 2.30 (Chen and Frid [16]) Denote U the open unit square in R? that has
one of its sides contained in the line segment

L:={y=(1.y2):y1=y23NU.
Define a field F : R? \ L — R? by

F(y)=F<y1,yz)=(sin( : ),—sin( : ))
y1—J)2 Y1 —)2

Clearly, F € L°°(R?), and a simple calculation reveals that div F = 0 in
RN \ L. Then F belongs to DM (R?), but the field is singular on one side L
of dU, and therefore F is undefined on dU; it has no trace on dU in the classical
sense. Note also that the points of L are all essential singularities of F because the
following limit does not exist:

lim F(y) foryeR*\L, xelL,
y—ox
and therefore the normal trace of F on dU is given by

lim / F()-v(y)dH'(y) = lim /didey =0,
t—0 t—0
aU; U,
where Uy := {y € U : dist(y, dU) > t}. Thus, we have shown the following:

(1) F is an element of DM (R?), while each component function of F is
not in BV(R?);

(2) F has an essential singularity at each point of L and therefore cannot be
defined on L;

(3) as we will see later, Theorem 5.3, F has a weak normal trace on L that is
sufficient for the Gauss-Green theorem to hold.

For more properties of the spaces DM? of divergence-measure vector fields, see
Chen and Frid [16, 19].

The following theorem provides a product rule for the case p = oo. For the
sake of completeness, we will include its proof, which is slightly different from
that given in [16]. We denote by {g;} the sequence of CC°°(IRN ) mollifications
with the property that gz — g in L!(RV) and such that |Vgi | — || Vgl| (cf. [72],
p- 500).
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THEOREM 2.31 (Chen and Frid [16]) Let F € DM®(RY) and g € BV(RY) be
bounded with compact support. Then
(2.15) div(gF) = g*divF + F - Vg,

where F -V g denotes the weak-star limit of the measures F -V gy, and g* is the
precise representative of g.

PROOF: Let F . be the mollification of F and set u := div F. Since F, are
smooth, the classical product rule yields

(2.16) div(gi Fe) = g divF, + F - Vgy.

First, we note that div F, = (div F), = u. X win M(RV) as e — 0. Since
gxFe — giF in Llloc([RN) as ¢ — 0, we obtain from (2.16) that, in the sense of
distributions,

(2.17) F Vg =div(ge F) — n(ge)-

Owing to the fact that F € L°°, we see that F - Vg is a bounded sequence in
LY(R™) and hence there is a subsequence such that F - Vgj converges weak-star
to some measure, denoted by F - Vg. Letting k — 0o in (2.17) yields

(2.18) F - Vg =div(gF) — u(g"). O

The next result, Federer’s co-area and area formulas (see [33, cor. 3.2.20]), will
be of critical importance to us in what follows.

THEOREM 2.32 (Federer [32]) Suppose that Y and X are Riemannian manifolds
of dimension N and k, respectively, with N > k. If f : Y — X is a Lipschitz
map, then

@19 [esroar o = [ [ aman ot
Y X f71®
whenever g : Y — R is HN -integrable. Here, Jf(y) denotes the k-dimensional
Jacobian of f at y, namely, the norm of the differential df (y) of f at y. Alter-
natively, it is the square root of the sum of the squares of the determinants of the
k x k minors of the differential of f at y.
Furthermore, if k > N, the following area formula holds:

(2.20) / Jf(dHN (y) = / N(x)dH*(x) = [ N(x)dH* (x),
Y X f@)
where N(x) denotes the (possibly infinite) number of points in f ~1(x).

In the event that u € BV(RY), there is another version of the co-area formula
due to Fleming and Rishel [36].
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THEOREM 2.33 Ifu € BV(RY), then
o0
IVul®Y) = [ PG>
—0Q0
Conversely, ifu € LY(RN) with [Zo, P(u > 1})dt < oo, thenu € BV(RM).

LEMMA 2.34 Let u : RN — R be a Lipschitz function, and let A C RN be a set
of measure zero. Then

HN_I(u_l(s) NA) =0 foralmostalls.

PROOEF: This is immediate from the co-area formula:

0= [ |Vu)|dy = | H¥N YA Nnu1(s))ds.
[ o= |

R g

One of the fundamental results of geometric measure theory is that any set of
finite perimeter possesses a measure-theoretic interior unit normal v that is suitably
general to ensure the validity of the Gauss-Green theorem.

THEOREM 2.35 (De Giorgi and Federer [24, 25, 30, 31]) If E has finite perimeter,
then

[avFar=- [ Fo)-vman¥=o)

E 0*FE
whenever F : RN — R is Lipschitz.

The De Giorgi—Federer result shows that integration by parts holds on a very
large and rich family of sets, but only for fields F' that are Lipschitz. As we ex-
plained in the introduction, the Gauss-Green formula for BV vector fields over
sets of finite perimeter was treated in [10, 66]. We contrast their results with the
following result by Fuglede [39].

THEOREM 2.36 (Fuglede [39]) Ler F € LP(RV;RN), 1 < p < oo, withdiv F €
L?(RN). Then there exists a function g : RN — R with g € L? such that

.21) divF =— [ F(y)-v(y)dHN'(y)
Jor=-]

for all sets of finite perimeter E except possibly those for which

[ swarto) = .
0*E
The following, which is a direct consequence of Fuglede’s result, will be of use

to us. Suppose that u : RY — R is Lipschitz. For s < ¢, consider the “annulus”
As:t = {x 1 s < u(s) <t} determined by u. Then, by appealing to the co-area
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formula, we see that Ay:; is a set of finite perimeter for almost all s < ¢. Moreover,
again appealing to the co-area formula, we see that, for almost all s < 7,

(2.22) /divF:— / F(y)-v(y)dHN 1 (y).
Ag:t 0* As:

One of the main objectives of this paper is to demonstrate that, even when F €
DM>®(RV), we can extend Fuglede’s result by showing that (2.21) and (2.22)
hold for all sets of finite perimeter, not merely for “almost all” sets in the sense
of Fuglede [39]. Although we don’t employ Fuglede’s theorem directly, his result
provided the motivation and insight for the development of our method.

The Gauss-Green formula for bounded divergence-measure fields over sets of
finite perimeter was obtained in Chen and Torres [21]. The product rule from
Lemma 2.31 was used to prove that

(2.23) (div F)(EY) :=/divF=— / 246 F -Vug,
E!l 0*E

where 2y g F - Vug is the weak-star limit of the measures 2y g F - Vuy. Another
objective of this paper is to obtain the trace measure as the limit of the normal trace
over smooth boundaries that approximate 0* E.

3 The Normal Trace and the Gauss-Green Formula
for DM Fields over Smoothly Bounded Sets

In this section we obtain the normal trace and the corresponding Gauss-Green
formula for a bounded divergence-measure field over any smoothly bounded set.
Although Lemma 3.1 below is sufficient to obtain our main result, the reason why
we give a proof of Theorem 3.3, which is much stronger than what our development
requires, is twofold: First, it gives a self-contained treatment of the Gauss-Green
formula for C! domains; second, it reveals the general outline of our method used
to obtain the main result, Theorem 5.2. It also underscores the fact that the normal
trace is indeed an interior normal trace in the sense that our definition is determined
by the behavior of F in the interior of U (see Definition 3.4). This method consists,
roughly speaking, in approximating the boundary of the given set by a family of
suitable surfaces for which the Gauss-Green theorem holds and then obtaining the
desired trace as the weak limit of the normal trace over the approximating surfaces.

LEMMA 3.1 Let F € DM%&([RN) whose distributional divergence is a measure
W, and let F ¢ be a mollification of F. Then the classical divergence theorem holds

whenever E € RY is a set of finite perimeter, namely,

3.1 /divFa . / Fo(y) - v()dHY 1 ().

E 0*E
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If, in addition, we assume the two conditions
(i) Fe— F HN la.e. on 9*E and
(i) w(IE) =0,

then

(3.2) W(E) = — / F()-v(0)dHY 1 ().
0*E

PROOF: First, the classical Gauss-Green formula (3.1) holds because F is

smooth (in particular, Lipschitz). Furthermore, since p := div F A divF = pu
in M(R™) and since F, |_ 9* E is uniformly bounded, we obtain from (3.1) that

he(E) = / div Fy = — / Fe()-v(ndHY ()

E *E

== [ FO vman o),
0*E
Ue(E) = w(E) (by assumption (ii)).

This establishes our result. O

The importance of this result is that, with assumptions (i) and (ii), we obtain
the Gauss-Green theorem for all sets of finite perimeter whenever F is a bounded,
measurable vector field with div F = . As stated earlier, our main objective is to
obtain the same result without assuming (i) and (ii) by defining a suitable notion of
normal trace for F on 0*E.

DEFINITION 3.2 Given a compact C I manifold M, we define the exterior deter-
mined by M to be that (connected) component I of RV \ M that is unbounded. The
interior determined by M, U, is defined to be everything else in the complement
of M ; namely,

o0
U = U By with By ¢ RY \ M is abounded component.
k=1

Thus,
o0
[RN\Mzuu(UBk)zuua
k=1

THEOREM 3.3 Let U C RY be the interior determined by a compact C manifold
M of dimension N — 1 with HN~Y(M) < oo. Then, for any F € DM (RV),

loc
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there exist a signed measure o supported on U = M witho < HN~1 | 9U and
a function F; - v : dU — R such that, for any ¢ € CCI(IRN),

/div(<pF)=/<pdiVF +/F-V<p

U U U

__ / odo = — / o (F; ) (dHY (),

au au

(3.3)

and
1Fi - v]oo < C||F |lco-

where C is a constant depending only on N and U.

DEFINITION 3.4 With v(y) denoting the interior unit normal to M at y, we may
regard J; - v as the interior normal trace of F on dU and thus write

Fi-v)»y)=F©)-v(y).
Hence, with this convention, it is convenient to abuse the notation and write (3.3)
as

(3.4) [ divwr) == [ oF () v a1,
U U

while bearing in mind that, since F is merely a measurable field and thus defined
only up to a Lebesgue null set, it may not even be defined on dU . We use the term
“interior normal trace” to suggest that F; - v is determined by the behavior of F in
the interior determined by the manifold M. The proof will reveal that, in a similar
way, it is possible to define the concept of “exterior normal trace.” This will be
discussed more fully below in Theorem 5.2.

First, we adapt a result of Whitney [67] to our situation in which the open set U
is the interior determined by a compact C ! manifold M of dimension N — 1 with
HN=1(M) < co. Whitney’s result states that an (N — 1)-dimensional manifold of
class C! has a C! vector field that is almost normal.

THEOREM 3.5 [67, theorem 10A, p. 121] Suppose that M := oU is an (N — 1)-
dimensional compact C' manifold in RN and let o > 0. Then there exist a unit
C vector field, A* : M — RN, and a number 0 < § < 1 (that depends on o)
with the following properties:
(i) If A*(p) = v, then |mp(v)| < a|v|, where ) : RNV — T,(M) denotes
the orthogonal projection onto the tangent plane of M at p. Thus, A*(p)
is close to v(p) when o > 0 is small, and
Sy = {qeRY g =tA*(p),0<t <8 CU.

We think of the vectors Q; := §A*(p) as quasi-normals and observe that
10,1 = 4.
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(i) As p ranges over M, the segments SI’; fill out a neighborhood U 8* of M in
a one-to-one way. That is,

U8* == U S*,
PEM
where S; N S; = & whenever p1, p» € M with p1 # pa.
(iii) The mapping 7* : Ug" — M defined by
n*(q):=p ifqeS,
is of class C' and has the property that
Vv*(q) := |n*(q) — ql < 2dist(q. M) forq € Uy
PROOF OF THEOREM 3.3: The proof is divided into ten parts.

Step 1. We begin with some preliminaries:

(1) The mapping 7* : Uy — dU = M may be considered as the projection of
Uy onto dU along the quasi-normal Q 7, and the number ¥ *(¢) is the distance
from ¢ to M, measured along S, where 7*(q) = p.

(2) The open set U, is defined, forall 0 < ¢ < §, as

U :=U\{qeUs :y*(q) <t}
All of the open sets Uy, 0 < t < §, are nested and contained in U with
limt_>0 Ul T U.
(3) Using the fact that ¥ * is continuous, we have
AU, Cc (v*) ' (t) forallt,

with equality holding whenever ¢ is not a critical value of ¥ *.
(4) We define M; := dU;. It will be shown that M, is a C! manifold in Step 3.

Step 2. The open sets Uy are sets of finite perimeter for almost all t € (0, §).

From (iii) in Theorem 3.5, we know that 7* is of class C! on U s > thus, so is
v* L (Ug\ M). Since y* is C 1 on the open set U}, it is therefore only locally
Lipschitz. We may employ the co-area formula in Theorem 2.33 to conclude that,
for any compact set A of finite perimeter, with u := ¥* |_ 4 € BV(RY),

/ HN QU N A)dt :/ HY Y= (1) N A)dt
0 0

_ [ Vuldx < Lipa)CN (U}) < oo.
A

Step 3. Forallt € (0,68), dU; := M, is a manifold of class C' and there exists
C(0U, N) independent of t such that

(3.5  HYNTY@U) = HY Y (W) T (0) < c@U, NyHN L @U).
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The set M; := dU; may be considered as a deformation of M = 90U along the
vector field Q*. To see this, consider the C! mapping h; : 0U = M — 0U; =
M, defined for 0 < ¢t < § as

q :=hi(p) =tA*(p) € IV,

so that hg(p) = p and w*(g) = p with |h;(p) — p| = .

For each 0 < ¢t < §, the map h; : M — M, is clearly of class C!; the
Jacobian J &y depends only on 7 and || DA *||eo. Therefore, since / is univalent, we
may invoke (2.20) to conclude the following global bound whenever A C M is an
HN~1_measurable set:

HY " (he(A)) = HY V(e (M 0 A))

= / Jhy dHN 71 (x)
(3.6) A
< C(t,||DA*||so)HN "1 (A N M)

< C6, [IDA*|so)HN 1(A).

Since 7* o hy = I (i.e., the identity), the chain rule implies that the differential of
h; is nonsingular everywhere on M. Thus, we see that /; is a diffeomorphism and
hence that M; is an (N — 1)-manifold of class C!. Then (3.5) is immediate from
(3.6).

Observe also that there exists a set N C (0, §) of £!-measure zero that includes
those countable values of ¢ for which ||div F || ((¥*)~1(¢)) # 0. Also, referring to
Lemma 2.34, it is clear that the values of ¢ for which condition (i) in Lemma 3.1
fails will be included in N and, for the rest of the proof, we consider only values
of ¢ outside of the exceptional set N.

Step 4. The signed measures defined by
0¢(B) := / F(y)-v(y)dHN=Y(y)  for each Borel set B C R,
BNaU;

= / F(y)-v(y)dHN Y (y) fora.e.t (by Theorem 2.32),

Bnu—1(r)

3.7

along with o,—" and o, , where o; = G,—" — o, , all converge, for a suitable subse-
quence ty — 0, weak-star to

(3.8) (o:]:,ot_k,otk) X (c*,07,0) in M(RV).

Since F € L™ and HN~1(dU) < oo, we see from (3.5) that HN ~1(dU;) < C
for some C > 0 independent of ¢, which yields that the measures oy, t > 0, form
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a bounded set in M(RY). Hence there exist a sequence {fy} — 0 and Radon
measures o, o7, and 0~ with o = 6 — ¢~ such that

(3.9) (07,07, 01) — (0F,07,0) in M(RV).
It should be kept in mind that the convergence in (3.9) means, for example, that

(3.10) 01, (9) — o (@) for each test function ¢ € C.(RY).

Step 5. The supports of the measures o+, 0=, and o are all contained in 9U .

To prove the claim for oF, we assume the contrary, and let x € spt(oc™) \ AU
and choose B(x, r) such that B(x,r) N dU = @. Since x € spt(c 1), there exists
@ € C(B(x,r)) such that [ ¢ do™ := o (¢) # 0. Then, since ¢ is continuous,
we find that ofk' () — ot (¢) # 0. This implies that Jfk' (¢) # O for all small
fx > 0, which leads to a contradiction since U;, C U, spt(at’;) C 90Uy, and
0U;, N B(x,r) = @. The proof of the claim for 6™~ and o can be done in the same
way.

+

Step 6. With t representing any of the three measures 6™, 6, and o, we have

(3.11) t;{iino 74, (U ) = t(M) = t(3U).

First, let T := 0. Observe that spt 74, C Uy, implies

(3.12) lim 7, (3U,) — 7(3V).
k—>

By Lemma 2.3 and Step 5,

(3.13) liminf z,, (U, ) = liminfz, (RY) > ¢(RY) = ¢ (3U).
tr—0 k—>o0

Now choose a compact set K O dU UdUj, . Then, again by Lemma 2.3 and Step 5,
we obtain

limsup 74, (0Uy, ) = limsup 74, (K)
(3.14) tx—0 tx—0
< 17(K) =1(dU) since K contains dU.

Thus, we obtain our desired result, (3.11), by (3.13) and (3.14). By taking t to
be the other positive measure T = ¢, we obtain (3.11) for 0~, and consequently
(3.11) holds for o as well.

Step 1. The measure o is well-defined.
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This can be seen as follows: Let U,}; be another sequence of open sets to which
Lemma 3.1 applies. Then, assuming that 75 > l‘]’c for all k, we have

w(Uy \ Uy) = /divF—/divF

Ut]’( Utk

. / F(y)-v()dHY " () + [ F(3)-v()dHY 1 (y)
aUt]/C 8Utk

=—oy (8Ut;c) + 04, (U, ).
Since Ut]/( \ Uy, C U \ Uy, is a monotone decreasing sequence of sets with U \

Uy, — 9, it follows that ||u||(Ut;( \ Us,) — 0 and therefore that Oy (aUt;Q) —
o0y, (0Uy, ) — 0, which shows that o is well-defined.

Step 8. o < HN=1| aU.
Let A C dU with HN~1(4) = 0. From (2.8), we have that |V yy || = HVN 1 L
dU and hence ||V xyu||(A) = 0. From general measure theory, we have

(3.15) 0=|Vyxel(A) =inf{[|[Vye[(G) : A C G, G open}

and thus there exists an open set G C RV, G O A4, such that HN~1(G N V) < «.
Moreover, using (3.6), we obtain

oz (G) = / [F () - vO)IdHY ()
GNAU;,

< |IF |l HN "G N dUy,)

< C(N.QU)||F "N~ (hy (G N 0UL,)).
where limy, o HY =1 (h;;1(G N aU,,)) = HN~1(G N 9U). Then,
loll(A) < [lofl(G) < litfcn_i)%fllorkll(G) = C|FllooH" (G L BU)
< eC|F |-

Since ¢ is arbitrary, we conclude ||o||(4) = 0, as desired.

Step 9. We apply Lemma 3.1 to the divergence-measure field ¢ F and take lim-
its to obtain (3.3).

From Theorem 2.31, it follows that, if ¢ € CC1 ([RN ), then @ F is also a diver-
gence-measure field and

(3.16) div(pF) = ¢ divF + F - V.
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An application of Lemma 3.1 shows that

(3.17) /div(q)F):— / oF (y)-v(y)dHN =1 (y) forallf ¢ N,
Uy, Uy,

where 1, := div(¢F) is a Radon measure. Therefore, since the sets U;, are
increasing, we have

(3.18) t,lfilo po(Us) = pe(U).

Thus, using (3.10) and (3.18) and letting k — oo in (3.17) yields

(3.19) /div(gpF) = —/godo'.
U au

Step 10. The Radon-Nikodym derivative of o with respect to HN~1 | 9U,
T (y), is by definition the normal trace of F, denoted by F; - v(y), and enjoys the
bound
|Fi -v(y)| = C(AU, N).
Since 0 « HN~1 | 9U, the Radon-Nikodym theorem implies that there exists an
HN ~Lintegrable function 7' : 9U — R such that (3.19) can be written as

/ divgF) = - f oTG)AHY ().
U 104

Note that T is the Radon-Nikodym derivative of o with respect to H¥N =1 | 9U
whose value at HV~l-a.e. y € U can be determined by Besicovitch’s differenti-
ation theorem [7]:

o(B(y.r))
HN-1QU N B(y,r))|
Since the balls B(y, r;) can be chosen such that ||o||(dB(y,r;)) = 0, we have
oy (B(y. 1))
HN=1U N B(y,rj))
faU,kmB(y,rj) F(y)- "(J’)dHN_l(J’)
HN=1QQU N B(y,rj))
N=1QU,, N B(y,r;
< |Flloo tim lim & _OUu 1 B.77))
rj—0tx—0 'HN_I(BU N B(y,rj))

. HNTYQU n B(y,r)))
= COUMINFlleo lim 2 5 50 7 By, rj))

IT()| = lim

—0

T (y)| = lim lim

r;—>0 tx—>0

= lim lim
r;—>0 tx—>0

A

(by (3.6))

= C(OU, N)||F || oo-
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Remark 3.6. In particular, when U is of class C?2, the interior normals to dU
themselves do not intersect in a sufficiently small neighborhood of dU. Therefore,
in the above proof, one may directly use the interior normals to dU as A;.

4 Almost One-Sided Smooth Approximation
of Sets of Finite Perimeter

We now proceed to establish a fundamental approximation theorem for a set
of finite perimeter by a family of sets with smooth boundary essentially from the
measure-theoretic interior of the set with respect to any Radon measure that is
absolutely continuous with respect to 7Y =1, That is, we prove that, for any Radon
measure 4 on RY such that u <« HN 1, the superlevel sets of the mollifications of
the characteristic functions of sets of finite perimeter provide an approximation by
smooth sets that are ||i4||-almost contained in the measure-theoretic interior of E.
This approximation and Lemma 3.1, after passage to a limit, lead to our main
result, Theorem 5.2.

LEMMA 4.1 Let it be a Radon measure on RN such that JTAR<Y HN-Y Let E
be a set of finite perimeter, and let uy be the mollification of yg. Then, for any
t € (0,1) and Ag,y == {y : ux(y) > t}, there exist ¢ = e(t) and k* = k*(e,1)
such that

@) llull(Ak;e \ E) < eift € 0, 3) and k = k*;

(@) [l (A \ EY) <eift € (3.1) and k > k*;

(i) (1l (E'\ Age) < e ift € (4, 1) and k > k*;

(V) |ill(E\ Agy) < eift € (0.%) and k > k*.

PROOF: We first show (ii). With ¢ € (%, 1), choose 0 < & <t — % Since uy,
is the mollification of y g, we know that ux(y) — ug(y) for H¥V'-ae. y and
therefore the same is true for ||| as well. By Egorov’s theorem, for any & > 0,
there exist k* = k*(e,t) and an open set U, such that ||u|(Us) < & and that
lur(y) —ug(y)| <eforall y & Ug and forall k > k*. On Ay \ U, we have

t <up(y).

Since ug(y) < ug(y) + € on RV \ U,, we have

1
S <t—e<up(y) = ug(y)=1= yekE'

This yields
Ak \Us CE' = A4, \E' C U,.
Since ||u||(Ug) < &, our desired result (ii) follows.

For the proof of (i), given ¢t € (0, %), we choose 0 < ¢ < t and proceed as
above.
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We next show (iv). With ¢ € (0, %), choose 0 < ¢ < % —t. For all large k, we
have |up(y) —ug(y)| < eforall y & Ug. Thus, on E \ U,,

1
3 —up(y) ug(y) —ug(y) <e

1
= uk(y)>§—8>t forally € £\ U,

which implies E\U; C Ay therefore, E\ Ag.; C Ug and thus ||p|[(E\Ag;) < &.

For the proof of (iii), given t € (%, 1), we choose 0 < ¢ < 1 —t and proceed as
above. U

COROLLARY 4.2 For eacht € (0, %) and ¢ < min{z, % — t}, there exists k* =
k*(s,t) > 0 such that

4.1 lull(Ak:  AE) <& whenever k > k*.

For eacht € (% 1) and & < min{t — % 1 —1t}, there exists k* = k*(e,t) > 0 such
that

4.2) |l (Ax s AEY) <& whenever k > k*.

Remark 4.3. In the previous results, we have used the open superlevel sets Ag.; :=

{y 1 ux(y) > t}. However, we could have used the closed superlevel sets Zk;, =
{y : urp(y) > t} to obtain the same results. We also note that, for an arbitrary
Radon measure w, we have

(4.3) CU(Zk;t) - w(Ak;t) = a)(aAk;t) =0

for all but countably many ¢, for the reason that the family of sets {dAx.; : ¢ € R}
is pairwise disjoint and any Radon measure @ can assign positive values to only a
countable number of such a family.

COROLLARY 4.4 For almost every t > 0, there exist (t) and k* = k*(e,t) > 0
such that
@ ull(Ax AE) = ||pell(Ag AE) < eift € (0, 3) and k = k*;
(i) Il (A AEY) = |nll (g AEY) < eift € (3.1) and k > k*;
(iii) [|pll(@Aky AE) = |nll (i (1)AE) < e ift € (0, 5) and k > k*;
(V) il @A, AEY) = |ulu'()AEY) < gift € (5.1) and k = k*.

For the case t = % only (i) and (iii) in Lemma 4.1 remain valid. To see this,

we first show the following:

LEMMA 4.5 Let ju be a Radon measure on RY such that u < HN~1. Let E be a
set of finite perimeter, and let uy be the mollification of xg. Then, fort = % and
e > 0, there exists k* = k™ (&) such that

(4.4) ILI(EY\ Ak:1/2) <& and  ||u]|(Agiaj2 \ E) < e.
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PROOF: Since uy(y) — ug(y) for ¥ 1-ae. y, the dominated convergence
theorem implies that uy — ug in L' (RN, ||i||). Thus, given any & > 0, there
exists k* = k*(e) such that, when k > k*, we have

&
S
RN

S U E (1 - l) Il Agarj2).

2
El \Ak:1/2

(4.5)

which implies

(4.6) ILI(EN\ Agi1/2) < e.

In the same way, we compute

€ 1
an 5z [ sl = (5-0) ez \ £
Ag:1/2\E
which implies
(48) Il (g1 /2 \ E) <.

O

The following remark shows that, with ¢ = % and p = HY=1 L 0*E > 0, (ii)
and (iv) in Lemma 4.1 do not hold.

Remark 4.6. If we define E := {y € RV : |y| < 1}, then u;l(%) C RN\ E for
all k. Therefore, it is clear that

“.9)  HY W (Agap \EYHNI*E) = HVTLG*E) » 0 ask — oo.

If we now define E := {y € RN :|y| > 1}, then u,:l(%) C E for all k. Thus, we
have

(4.10) HNTV(E N\ Akay2) N*E) = HYNTVO*E) » 0 ask — oc.

LEMMA 4.7 There exists C < oo such that, for all positive integers k and almost
allt € (0,1),

4.11) HY Yt (n) < C.

PROOF: From Corollaries 4.2 and 4.4, it follows that, for almost all ¢ € (0, 1),
the sequence of smoothly bounded sets Ag,; = {ux > t} satisfies x4,., — g1

p-ae. if t € (%, 1), or ya,, — xeup-ae.ift € (0, %). Since p = HN-1 |
*E < HN-L, it follows that XA, — XE everywhere except for a set of
Lebesgue measure zero.
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We let V denote the Banach space C!(K) of vector fields ¥ on K endowed
with the norm

N
Io1i= sup (10001 + Y 1901
yekK i=1
where K is a compact set such that £ € K. Let

Tg(y) = /w(y)dy
E

and, for almost every ¢ € (0, 1), let

Tai= [ vy = [ v0idy forv e,
{yiug(y)>t} Akt
Then, for ¢ € V, we define the linear operators

0TE(Y) := Tg(divy) = /didey = — / U vdHN1
E 0*E
and

Tt (V) = T,y (divyp) = / divy dy = — / veovdHNTT,
Ak:t aAk;t
where v is the interior unit normal.
Since u;l (z) is a C*° manifold for almost every ¢, then

19Tkl == sup 8Tk (¥)| = HY " i ().
lvl<1
Indeed, with ¥ := v /|vg| defined on the manifold u;l (), the norm-preserving
extension of v to all of R by Whitney’s extension theorem yields the inequality

10T iell := sup 18T (W) = HV 7 i (1))
lvi<1
The opposite inequality is obvious.
Moreover, we find by the dominated convergence theorem that

klim 0Ty, (Y) — dTE(Y) fory €V,
—>00

and therefore
sup{ |07k, (¥)|} < oo fory € V.
k

By the uniform boundedness principle (Theorem 2.2), we see that, since 7%, is a
linear functional on V whose weak limit 07 g is independent of 7, we have

supHN_l(ulzl(t)) =sup || 0Ty || < C < oo,
k k

where C > 0 is independent of 7, which gives our desired result. U
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The above argument simply rephrases the following basic fact from the theory
of currents. We know that, since E has finite perimeter, Tg is an integral current.
Moreover, the currents Ty, converge to Tg weakly, and so do their boundaries,
0Ty,; — 0TE; that is,

/ odHN! = [ adHN_1—>/adHN_1
u; ' (@) Ak 0*E

for each smooth differential (N — 1)-form o. Appealing to Theorem 2.2 yields our
result.

LEMMA 4.8 Let u : Q@ — R be a Lipschitz function and E € Q2 a set of finite
perimeter. Then

HYYO*ENu~l (1)) =0 foralmostallt.

PROOF: This result follows directly from Lemma 2.34, since we know that
HN=1(3*E) < oo for any bounded set of finite perimeter E € 2. O

LEMMA 4.9 For almost every t € (%, 1), we have

4.12) HYNTY@*Enu (1) =0

and

(4.13) lim HN1@*E N Ay) = 0.
k—o00

PROOF: This can be seen as follows. If we use Corollary 4.2 with © = HN-T L
0*E, we obtain

lim w(Ag, \ EY) = lim HY 144, NI*E) = 0.
k—o0 ’ k—o00 ’

Clearly, (4.12) follows from Lemma 4.8 (see also Remark 4.3). Il

Now we can establish the main theorem of this section.
THEOREM 4.10 (Approximation Theorem) For almost every t € (% 1), we have

lim HY'(ECUO*E) nup (1) = 0.
k—>o00

PROOF: Since the Lebesgue measure is absolutely continuous with respect to

HN =1 then using (4.2) in Corollary 4.2 with s > % leads to
|AgsAEY — 0 ask — oo.

Therefore, if we define
Rk;s = Ak;s \ El,
it follows that

1
(4.14) |Rk.s| — 0 provided that s > 3
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Remark 4.3 indicates that we have the option of defining Ag.; 1= {y 1 ug(y) >t}
without altering the development. With this option in force, we have u;l(s) C
Ag.s, and consequently, by the co-area formula (Theorem 2.32),

1

f |Vuk|dy=/ HY 1w (1) N Ryp)dt
0

Rk;s

1
=/ HY " ') N (E° U O*E))dt.

N

Since Vuy X Vyg and ||Vur|1 < [Vxell (Lemma 2.16), it follows from
Vitali’s convergence theorem for s > % that

/ |Vug|dy — 0.
Ri:s
Thus, for a subsequence if necessary, we can conclude that, for a.e. t > s,
HY Yl () N (EC US*E)) - 0 ask — oc.

The dependence on the subsequence is illusory. The reason is that, if there were
a subsequence such that, for a.e. ¢,

HN_l(ulzl(t) N(E°UJ*E) »a#0 ask — oo,

one could then appeal to our previous argument to conclude that, for some further
subsequence and for a.e. f,

HY LM () N (ECUS*E)) - 0 ask — oo,

which is contrary to our assertion that o # 0.
Since s > % is fixed arbitrarily at the beginning of the proof, we conclude that,
forae.t > %,

HY Y () N (ECUD*E)) - 0 ask — .

5 Main Theorem

In this section we establish our main result of this paper, Theorem 5.2. Let
F € DM (2). We define, for almost every ¢, a measure oy, for all Borel sets
B € Qby

5.1) o (B) = / F(y)-v()dHY (),
BNOAk

where F (y) - v(y) denotes the classical dot product of F with the unit normal v.
We begin with a lemma that will lead to several of the assertions in Theorem 5.2.
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LEMMA 5.1 If E € Q is an arbitrary set of finite perimeter, then we have
1
(5.2) /F-Vukdy=/ / F v dHN~'dr
0

E Enugl(n)

for any F € LX(2), where uy denotes the mollification of x g as introduced in
Definition 2.11 and Lemma 2.15.

PROOF: Let \V be the set on which Vi = 0. Then

/F-Vukdyz / F-Vukdy—i—/F-Vukdy

E E\N N
F -Vu
- / Vag| Sk gy 4o
Vg
E\N
Z/IVuklgdy,
E
where g = %. Then, by the co-area formula, we have
1
[F-Vukdy :/ / gdHN"Vdr
0
E up ' (ON(E\W)
1
=/ / F -vidHN "V ds
0
up L(ON(E\N)
1
=/ / F v dHN1ds,
0
uy'NE
where we have used vy (y) = @z:ggl for y e u'(t) N (E \ N). O

With the help of Lemma 3.1 and the results in Section 4, we now establish our
main theorem.

THEOREM 5.2 (Main Theorem) Let Q@ C RN be an open set. Suppose that F €

DMR(Q) withdivF = pu € M(R). Let E € Q be a set of finite perimeter.
Then

(i) For almost every s € (% 1), there exist a signed measure o; (independent
of s) and a family of sets Ag.s with smooth boundaries such that
@ ull(AgsAEY) = 0;
(b) the measure o; is the weak-star limit of the measures Oy
(¢) oj is carried by 0* E in the sense that ||o; ||(2 \ 0*E) = 0;
d) |loill « HN"1L9*E;
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(e) limg 00 HY 71 (3445 N (EC U I*E)) = 0;

() limg_, 00 ||Uk;s||(E0 UJ*E) = 0;

(g) the density of oj, denoted as F; - v, is called the interior normal trace
relative to E of F on 0* E and satisfies

(5.3) f divF = u(E') = —0; (" E) = — / @i ) NdHY T ();
E1 0*E

(h) if QF - Vuy)xE is considered as a sequence of measures, then this
sequence converges weak-star to the measure (F; - v)HN ™1 |_ 0*E,
ie.,

QF -Vup) g — (Fi -vyHVN VL 9*E  in M(Q);

@) loill = 1Fi - vlloosox v -1 < I FlloosE-
(ii) For almost every s € (0, %) there exist a signed measure o, (independent
of s) and a family of sets Ay.s with smooth boundaries such that
@ [|lnll(AgsAE) — 0
(b) the measure o is the weak-star limit of oy.s;
(¢c) oc is carried by 0* E in the sense that ||oe|(2 \ 0*E) = 0;
@) floell <« KNV L 9*E;
(e) l%mk—x)o HN_I(aAk;S NE) : limg 0 HN_I(”];I(S) NE)=0;
(f) limy_, o ||0k;s||(Q \ EO) = limy_, o ||(7k;s||(E) =0;
(g) the density of 0., denoted as F - v, is called the exterior normal trace
relative to E of F on 0* E and satisfies

(5.4) f div F = p(E) = —0o(9"E) = — [ Fe - ) ()AHN 1 ();
E 0*E

(h) if 2F - Vuy)xgo is considered as a sequence of measures, then this
sequence converges weak-star to the measure (Fe - vYHN ™1 | 9*E,
ie.,

QF -Vup) rgo — (Fe - vYHN 1L 9*E  in M(Q);
@ lloell = [1Fe - vlloo;o £, v -1 = [IF loo:2\E-

PROOF: We will prove only part (i), since the proof of part (ii) is virtually
identical. For notational simplicity, we will use the notation o rather than o; in
the proof of part (i). Throughout the proof, we will consider only those values of
s € (%, 1) for which u;l (s) is a smooth manifold for all £, Lemma 3.1 holds, and
the results in Section 4 are valid for all the mollifications uy of y g, thus omitting
at most a set S of measure zero. For the rest of the proof, fix s ¢ S.

We start with (a). We consider the sets Ag.; as in Lemma 4.1. The desired
result follows directly from Corollary 4.2.
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(b) Since F is bounded, Lemma 4.7 implies that there exists a constant C such
that

(5.5) lokss () < C.

which yields, as in (3.8), the existence of a signed measure o such that

(5.6) Ofis — 05 in M(Q).

Utilizing (4.2), we also obtain that p(Ag.s) — w(E 1), Since Lemma 3.1 yields
U(Ak.s) = —0y.5(£2), we obtain, after letting k — oo, that

(5.7) HW(EY) = —05(Q).

Since the left side of equation (5.7) is independent of s, we show next that oy
is also independent of s (and independent of the sequence in the weak-star con-
vergence (5.6)). To see this, we fix any ¢ € Cl(R2) and note that, since F is a
divergence-measure field, the product rule in Lemma 2.31 implies that ¢ F is also
a divergence-measure field. Proceeding as above with ¢ F instead of F, we obtain

(5.8) E/}div(qﬁF) = —Q/¢dos

for any ¢ € C1(Q2). Therefore, for any two measures o5 and oy with limits as
in (5.6), we have that [ ¢ dog = [ ¢ doy for any ¢ € C}(2) and thus we
conclude that oy = oy.

(c) Let A C Q\ 0*E be an arbitrary Borel set. Referring to (2.8), we see that

[Vxel(4) = 0.
On the other hand, we know
0= [Vxel(A)
(5.9) = inf{||Vxl|(U) : A C U. U open}

= inf{[|Vyg|(U) : A C U, U open, ||[Vyg|(3U) = 0}.

In order to prove that ||o||(4) = 0, we proceed by contradiction by assuming
lo]|(4) > 0. From (5.9), there is an open set U D A such that |V yg||(dU) = 0
and

ol (A)

(5.10) IVXEIW) < 5

From Lemma 5.1, we have

1
(5.11) /|F-Vuk|dy =[ / |F v |dHN 1 d1.
0
U

Unui' (o)



GENERALIZED GAUSS-GREEN THEOREM 37

Since U is open and oy X oin M(R),
1 1
o) <2 [ lol@dr <2 [ timint oy V)
1 % k—o00

2

1
< 2/ liminf ||og .|| (U)dt
0 k—oo ’
1
< 2liminf/ ok (U )dt
k—oo Jo ’

by Fatou’s lemma. Therefore, we have

1
oty =2timint [ [ 1FG)-vlar par

ugl(NU

= 2liminf/ |F - Vug|dy
k—o00
U

< 2||F||oo lim /|wk|dy
k—o0
U
— 2 F oo IV 2]l (U)

< lloll(4),

where we have used Lemma 2.15(iv) and the fact that |[Vyg|(dU) = 0. This
yields a contradiction and thus establishes our result.

(d) Let A C 3*E be a Borel set with ¥ ~1(A4) = 0. Then, appealing to (2.8),
we find that |V yg||(4) = 0. From this, the proof can proceed precisely as in (¢)
to yield our desired conclusion.

(e) This is the result of Theorem 4.10.

(f) In view of the definition
05 (B) = / F()-v0)dHY ()
0Ay.sNB

and the fact that F is bounded, the result follows immediately from (e).
(g) From (a), we have the existence of smoothly bounded sets such that

(5.12) il (Ag:sAEY) — 0 ask — oo,
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where s > % is fixed as in the beginning of the proof. From Lemma 3.1, we know
that our desired result holds for the sets Ay s:

61y )= [@F == [ F)sman o)
Ak:s 3Ak:s

We note that, with our notation in force, we may write (5.13) as

(5.14) W(Ag;s) = =05 () = —0k;5 (0Ak;s).

Since
(5.15) w(Ag:s) = W(EY) and 03.5(Q) — 0(Q) as k — oo,
we obtain

w(EY) = —0(3*E).

Because ||o| < HN 1L 9*E, we know that there exists F; - v € L1(3* E) such
that

o(B) = / @i - v)NdHY (),
BNO*E
which gives (5.3).

(h) From Lemma 5.1, we obtain

lim F-Vukdy=k

li
k—>o0 —>00

1

m fo f F() - ve()dHY " () ds
u '(ONE
1

= lim okt (E)dt.

k—00 Jo

Thus,

YeF -Vug() := lim /)(EF-Vukdy
k—o00
Q

= lim [ F -Vupdy
k—o00
E

1 1
= lim / ok (E)dt + lim / o (E%)dt  (by () above)
k—>00 % ’ k—00 %
1
= lim/ Ok (2)dt
k—o00 %

= %O(Q).
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Let ¢ be a function in CC1 (£2). Since ¢ F is also a bounded divergence-measure
field, we can proceed as above with the vector field ¢ F instead of F to conclude
that

(5.16) /wdm:%/(pda,
Q Q
which implies that o = 2y F - Vug.
(i) We have that, for HV "l-ae. y € 9*E,
o(B(y.r))

(5.17) YO = M s 1B

where we can choose the balls B(y, r) such that

IVXell@B(y.r)) = llof|(dB(y.r)) = 0.

Using a similar argument as in (c), we obtain

o]l (B(y.r))
1
=2 / loll By r))di

2

1
=2 lim / low [ (B(y. r)di
k—o0 %
1
=2 lim / (loxal(B(v.r) 1 E) + lowa [(B(y. 1) 1 (E® U 8* E)))dr
2

1
=2 lim/ ok | (B(y,r) N EY)dt
k—o00 %

k—oo J1

1
=2 lim / |F -v|dHN "V dr

ui ' ()NB(y,r)NE!

1
< 2||F || o1 lim / / dHN"Vdr,
7 k—o0 i
ug ' (HONB(y,r)
where, in proceeding from the third equality to the fourth, we have used the fact
that [|o/ [[(E® U 9*E) — 0 as k — oo for a.e. 1 > %
Therefore, from (5.17), we obtain

 ollBGL )
Fi - <1
i = M 5 £ 1B )

1 N-1
N fu,;l(t)mB(y,r) dHT dt
<2||F|loo:gt lim lim =
= r>0k—o0 fB(y,r) |[Vup|
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1 N—
Y fu;'(t)mB(y,r) dHN "l dt

= 2| F[|loo; £ }E}% khm i N1
oo fO fu;l(t)ﬂB(x,r) d'H dt

= ”F”oo;El = || F||oo;E - O

As a direct result, we obtain the Gauss-Green theorem for divergence-measure
fields over sets of finite perimeter. This also shows that our definition of the normal
trace is in agreement with that given in the sense of distributions, Definition 2.19.

THEOREM 5.3 (Gauss-Green Theorem) Let @ C RY be an open set. Let F €

DM (2) and let E € Q be a bounded set of finite perimeter. Then,
(5.18) /godiVF—I-/F-Vgo:— / o(F; -v)dHN !
E! E! 0*E

forall ¢ € C°(82), where F; - v is the interior normal trace of F relative to E on

J0*E.

PROOF: From Theorem 2.31, it follows that ¢ F is a bounded divergence-
measure field and

(5.19) div(pF) = ¢divF + F - V.
Following the proof of Theorem 5.2 applied to ¢ F (instead of F), we obtain

(5.20) [div((pF) =— / o (Fi -v)dHN L,
E! 0*E
which, due to (5.19), gives the desired result. O

We conclude this section with the following remark.

Remark 5.4. Theorem 5.3 implies that, when E is an open set of finite perimeter,
our trace J; - v agrees with the one defined in (2.10).

6 The Divergence Measure of Jump Sets via the Normal Trace

In Theorem 5.2, we have defined the interior and exterior normal traces of F €
DM (2), F; -v and F, - v, over the boundary of a set of finite perimeter £ € Q2.
In order to obtain the interior normal trace of F on 8*E, where E := E° U 9" E,
we reproduce the proof of Theorem 5.2 and apply it to E. Therefore, the trace
measure, denoted by o, is obtained by using the level sets By.; = {vg > s} for

some § € (%, 1), where vy is the mollification of y 7. We note that, for all y € €,

pe * YE() + pex x5 (¥) =1,
and therefore
g (5) = up (1 —s),
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where 1 — s € (0, %). Since —v is the interior unit normal to £, we have

0_(Q) = —klim / F-vdHN"! = —klim F.vdHN™!
—00 —00

(6 1) aBk:s 3Ak;l—s

= — lim op1(RY) = —0,(Q).
k—o00

The following observation now becomes evident.

COROLLARY 6.1 The interior trace of F relative to E on 9*E is the same as
minus the exterior trace of F relative to E on 0*E.

In order to establish the relation between o; and 0., we subtract (5.4) from (5.3)
and obtain the following formula for u = div F.

COROLLARY 6.2  u(0*E) = / (Fi v =T -v)MdHN ().
I E

We offer the following simple example to illustrate our result. This example
also dramatically demonstrates the difference between the classical derivative and
the weak (distributional) derivative.

EXAMPLE 6.3 Consider the most elementary situation: N = 1, Q = (—1,2),
E :=[0,1], and f is a nondecreasing function defined on (—1, 2) that is contin-
uous everywhere except at y = 0, 1, at which points we assume that f is right-
continuous.

1) Case% < s < 1. Since f is in BV, we know that f’ = p for some
measure (. Then, according to Theorem 5.2,

1—
W(EY) = p((0, 1)) := . =3 -v(1) = F; - v(0),

where F; - v(1) = limy1— f(y) and F; - v(0) = f(0+). Indeed, the sets A,
with fixed s € (%, 1), form a nested family of open intervals contained in [0, 1].
The measures oy, correspond to f evaluated on the point masses located at yy;
thus, as in (5.15), f(yr) converges to a limit, F; - v(1).

(i) Case 0 < s < % Then the sets Ag.s, s € (0, %), form a nested family of
open intervals containing [0, 1]. Similar to the above, we have

1+

M(E) = p([0, 1]) := o f'=Fev(1) = Fe - v(0),

the measures g, correspond to f evaluated on the point masses located at yj, and
thus Je - v(1) = f(14) and T - v(0) = limy,0— f().



42 G.-Q. CHEN, M. TORRES, AND W. P. ZIEMER

7 Consistency of the Normal Trace with the Classical Trace

We now proceed to show the consistency of our normal trace with the classical
trace when F is continuous. First we have the following lemma:

LEMMA 7.1 Let u = div F for F € DM (RY) N C(RN; RN). Then

lnll(G) =0

for any set G that can be written as the graph of a Lipschitz function f.

PROOF: First we have
G:={(.fO):y eWw RV}

By regularity of u, it suffices to show that u(K) = 0 for any compact set
K C G. Givensuch K C G, let Uy C R¥ be a sequence of open sets satisfying

(7.1) el (Ur) = ([l (K.

Fix any set U;. We note by Besicovitch’s theorem that Uy can be written up to a
set of ||i]-measure zero as a countable union of disjoint open parallelepipeds 7 l-k
(the fact that we can use parallelepipeds instead of balls follows from Morse [53]).
Thus, we have

(7.2) | J1FcUr and |u] (Uk U Il-k) = 0.

i=1 i=1

Denote Uy, simply as U and 1 l.k as I;. We fix an i and note that, for ¢ small enough,

the graphs T; = {(y/, f(y')+1):y' € W Cc RN Yand B; :={(y', f()')—1) :
y' € W c R¥~1} are contained in I;. Let R; be the region inside I;, bounded
above and below by T; and By, respectively. We define

o = / F(y)- v(y)dHN_l(y) for a.e. t,
OR\(T;UBy;)

where v(y) is the interior unit normal to R; on dR; \ (Ty U B;). Since Lemma 3.1
applies to R; for a.e. t, we arrive at

W(R;) = /divF
R,

. f F(y)-v()dHV () — [ F()- v dHN () —ap =

B; T;
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— [ P20 v(0)aH )
T;
~ [ PO v )~
T;
— [0 =20 = FO3m) v )R 0) ~ .
T;
Since F is continuous and oy — 0 ast — 0, we find that there exists o (¢, F, G) >
0 such that
W(Ry) <e forallt <ty(e, F,G).
Then we have
w(l; N G) = lim u(R;) <,
t—0

which implies p(/; N G) = 0 since ¢ is arbitrary. Therefore, using (7.1) and (7.2),
we obtain

w(K) = lim > p(IFNG) =0.
() kl (1 )
O

THEOREM 7.2 If F € DM[? () is continuous and E € Q is a set of finite
perimeter, then o; = (F; - v)HN~1 | 0*E = F -Vug, where F -Vug is the
weak-star limit of the measures F - Vuy. Moreover, the normal trace F; - v is in
fact the classical dot product F -v, where v is the measure-theoretical interior unit
normal to E on 0*E.

PROOF: We recall that, by definition, E = E!U3*E. Denote E = EYUO*E.
Then we have

F -Vug = lim F -Vuy dy

k—o00
RN
= lim xeF - Vui dy + lim /)(EF-Vukdy.
k—o00 k—o00
RN RN

If vx denotes the convolution y z * py/k, since ux + v = 1, we obtain

F - -Vug = lim XeF -Vupdy — lim /XEF-Vvkdy
k—00 k—00

RV RY
o O 1 1
=5 + 5 =500 +0i = p@*E)) = 0; = 5 u(0"E).

where we have used Theorem 5.2(h) and Corollary 6.2.
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Since 0* E is an (N — 1)-rectifiable set (see (2.7)), it follows from Lemma 7.1

that
[l (@*E) =0,

that is,
F -Vug = o;.

Thus, for HVN"l-ae. y € 9*E,

G ow) = fim EEBO) e Jpen B Tedx
o0 IVAEl(BGnr)  r0kmoo Jaon dIVAE]D

Since Vuy — Vyg weak-star and F is continuous, and noting that r; can be
chosen such that |V yg|(0B(y,r;)) = 0, we obtain

. F -V)(E
@) = tim 20
J—>00 fB(y,rj)d“VXE”
; Jp@ryy F () -v(x) [V yE](x)
= l1im
j—oo fB(y,rj)d”VXE”(x)
=F(y)-v(y),

by differentiation of measures. U

The following corollary gives more information of the trace o; and the level
sets u,:l(s) when s — %—i—.

COROLLARY 7.3 The trace measure o; given in Theorem 5.2 satisfies

oi(RY)=2 lim | F-Vugpdy =2 lim lim F -Vu, dy
k—o00 k—ocos—>1/2+
E Ak:s
=2 lim F -Vuydy.
k—o00
Ak:1/2

PROOF: Theorem 5.2 (h) shows

(7.3) oi(RY)y =2 lim [ F-Vuydy.
k—o00
E
Using Lemma 5.1, we find
1 1
oi(RY)y =2 lim 0i(RM)dt =2 lim lim/ / F-vdH N 'dar
s—>1/24+ Jg s—>1/24+ k—o00 Jg
—1
u (@)

=2 lim lim F -Vui dy.
s—>1/24+ k—o0
Ak;s
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One can easily verify that the limits s — %+ and k — oo can be interchanged.
Noting that | -1/ Ak;s = Ak;1/2, we conclude

oi(RY) =2 lim lim / F -Vugdy =2 lim F -Vuy dy.
k—o00s—>1/2+ k—o00
Ak:s Ak:l/z

8 One-Sided Approximation of Sets of Finite Perimeter

It is well-known that a set of finite perimeter £ cannot be approximated by
smooth sets that lie completely in the interior of E. For example, consider the
open unit disk with a single radius removed, and let U be the resulting open set.
Then the Hausdorff measure of the boundary of U is 2w plus the measure of the
radius, while the Hausdorff measure of the reduced boundary is 27r. Thus, if Uy
is an approximating open subset of U, then its boundary will be close to that of U
and so its Hausdorff measure will be close to 2 plus 1. Adding more radii, say
m of them, will force the approximating set to have boundaries whose Hausdorff
measure is close to 2z plus m. In general, if we let K denote any compact subset
without interior and of infinite Hausdorff measure, then the approximating sets will
have boundaries whose measures will necessarily tend to infinity.

On the other hand, we have seen (Theorem 3.3) that one-sided approximation
is possible for open sets of class C!.

We have the following:

PROPOSITION 8.1 Let U C RY be an open set with HN=L(U) < oo. Then there
exists a sequence of bounded open sets U, C U C U such that
() |Uk| = |Ug:
(i) |Ug| — |U|;
(i) HNY~1QU,) — HNLOU).

PROOF: By definition, for each integer k, there exists a covering of U by balls

aU C U B; (r,-),
each with radius r;, such that
o0 o0 1
> HY @B () = Y oy T < HYTNOU) +
i=1 i=1

where wy_1 is the HY~1 measure of the boundary of the unit ball in RY. Since
dU is compact, the covering may be taken as a finite covering, say by m of them,
B1(r1), ..., Bm(rm). Then the open set V := | 7L B;(r;) has the property that

m
Wi € | 9Bi(r2)

i=1
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and therefore that

m o0
1
v < Y (o ) < Yo <Y 00) + 1

i=1 i=1

Thus, the open sets Uy := U \ V; C U satisfy our desired result. Note that they
are not smooth. U

Given an arbitrary set of finite perimeter E, we know from Section 4 that £
can be approximated by sets with smooth boundaries essentially from the measure-
theoretic interior of E, that is, a one-sided approximation can “almost” be achieved
(see Theorem 5.2(e)). On the other hand, the next result shows that, if £ is suffi-
ciently regular, there does, in fact, exist a one-sided approximation. The condition
of regularity we impose is similar to Lewis’s uniformly flat condition in potential
theory [49].

THEOREM 8.2 Suppose that E is a bounded set of finite perimeter with the property
that, for all y € 0E, there are positive constants co and ro such that

& E°0BO

. ——————~>— >¢o forallr <ry.
|B(y,r)|

Then there exists t € (0, 1) such that

(8.2) A € E forlargek.

PROOF: Choose a mollifying kernel p such that p = 1 on B(0, %). If y € 0F,
we have

1 xX—y
e_N XRN\E(X)P(g—)dX
k k
B(y.ek)

Uk (V) 1= XRN\E * e (V) =

1
S .
B(y,ex/2)

RV \ E) 0 B(y. &/2)]
e

_IECNBG e/l _ o _ -

= — C

8;{\[ - 2N = €0,
where 0 < ¢p < 1 depends only on the dimension N and is independent of the
point y. Note that ug (y) + vg(y) = 1 for all y € R¥. Therefore, for all y € JE,

up(y) =1—vg(y) =1 —co.

Thus, taking 1 — ¢p < ¢ < 1, we see that A¢.,; N 0E = &. Consequently, each
connected component of the open set Ag.; lies either in the interior of £ or in its
exterior and thus must lie in its interior. g
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COROLLARY 8.3 Let E be a bounded set of finite perimeter with uniform Lipschitz
boundary. Then there exists T € (0, 1) such that Ax.7 € E.

PROOF: Since E has a uniform Lipschitz boundary, for each x € JE, there
is a finite cone Cy with vertex x that completely lies in the complement of E.
Each cone Cy is assumed to be congruent to a fixed cone C. This implies that the
hypothesis of Theorem 8.2 is satisfied. Therefore, there exists 0 < T" < 1 such that
urp(y) < T forall k and all y € 0F. g

DEFINITION 8.4 An open set U C RY is called an extension domain for F &
DM>®(U) if there exists a field F* € DM (RY) such that F = F* on U.

THEOREM 8.5 An open set U satisfying HN ~1(dU) < oo is an extension domain
forany F € DM®(U). More generally, if F € DM (), then any open set of

loc
finite perimeter U € 2 is an extension domain for F .

PROOF: We define an extension of F by

F*(y):= yu(»)F(y) forally e RV,

According to Definition 2.18, it suffices to show that
sup{[F*-Wp el <1, @ ECCOO(RN)} < 0.
RN

We consider first the case HY ~1(U) < oo. Let Uy be the sequence of approxi-
mate sets given in Proposition 8.1. Therefore, for any ¢ € C®(RY) with |¢| < 1,
we employ our general Gauss-Green theorem, Theorem 5.2, to obtain

/F-V(pdy+/(pdivF=— / oF -vdrN L.
Uk Uk Uy

Thus,

/F~V(pdy=—/g0diVF— / oFi-vdHN !
Uk Uk AUy

< |ldiv F[|(Ug) + | F llooHY " (3Uk)
< |ldiv F [(U) + || F |ooeHV 1 (3U).
Letting k — oo, we obtain

fF Ve dy < |div F|(U) + | FleeHY 1 (0U) < oc.
U
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Thus,

/F*~V<pdy=/F-V(pdy < o0.
RN U
We now consider the case that U € 2 is a set of finite perimeter and F €
DM (S2). Proceeding as above and using Theorem 5.2,

/F*-V(pdy=/F-V(pdy
RN U
=—/(pdiVF— [ go&",wvd’HN_l
U U
< ||div F [(U) 4 || F oo HN 71 (3*U) < 0.
O

COROLLARY 8.6 Let U C RYN be a bounded and open set with HNLOU) < oo.
Let F1 € DM®U) and F» € DM (RN \ U). Then, with

Fi(y), yeU,

FO) = Fa(y). y €eRV\T,

we have

F € DM>(RYN).
PROOF: Applying the previous result to
F*:=yuy(y)Fi(y) forally e RV
and
F} = xgm\gF2(y) forally e RY,

we see that
F =F] +F3.

9 Cauchy Fluxes and Divergence-Measure Fields

The physical principle of balance law of the form

©.1) f FOvONdHN () + / b(y)dy =0
oE E

is basic in all of continuum physics. Here, v(y) is the interior unit normal to the
boundary 0F of E. In mechanics, f represents the surface force per unit area
on JE, while in thermodynamics, f gives the heat flow per unit area across the
boundary JF.
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In 1823, Cauchy [12] (also see [13]) established the stress theorem that is prob-
ably the most important result in continuum mechanics: If f(y, v(y)), defined for
each y in an open region 2 and every unit vector v, is continuous in y and b(y) is
uniformly bounded on €2, and if (9.1) is satisfied for every smooth region E € 2,
then f(y,v) must be linear in v. The Cauchy postulate states that the density
flux f through a surface depends on the surface solely through the normal at that
point. For instance, if f(y,v) represents the heat flow, then the stress theorem
states that there exists a vector field F such that

f,v)=F(y)-v.

Since the time of Cauchy’s stress result, many efforts have been made to gener-
alize his ideas and remove some of his hypotheses. The first results in this direction
were obtained by Noll [54] in 1959, who set up a basis for an axiomatic founda-
tion for continuum thermodynamics. In particular, Noll showed that the Cauchy
postulate may directly follow from the balance law. In [42], Gurtin and Martins in-
troduced the concept of Cauchy flux and removed the continuity assumption on f.
In [71], Ziemer proved Noll’s theorem in the context of geometric measure theory,
in which the Cauchy flux was first formulated at the level of generality with sets of
finite perimeter in the absence of jump surfaces, “shock waves.”

However, as we explain below, all the previous formulations of (9.1) do not
allow the presence of “shock waves”; one of our main intentions in this paper is to
develop a theory that allows the presence of “shock waves.”

In this section we first introduce a class of Cauchy fluxes that allows the pres-
ence of the exceptional surfaces or “shock waves,” and we then prove that such
a Cauchy flux induces a bounded divergence-measure (vector) field F so that the
Cauchy flux over every oriented surface can be recovered through F and the normal
to the oriented surface. Before introducing this framework, we need the following
definitions.

DEFINITION 9.1 An oriented surface in €2 is a pair (S, v) so that S € 2 is a Borel
setand v : RY — SV~1is a Borel measurable unit vector field that satisfy the
following property: There is a set £ € Q of finite perimeter such that S C d*E
and

v(y) =vEW)xs(y),

where yg is the characteristic function of the set S and vg(y) is the interior
measure-theoretic unit normal to £ at y.

DEFINITION 9.2 Two oriented surfaces (S;,v;), j = 1,2, are said to be compat-
ible if there exists a set of finite perimeter £ such that §; C 0*E and v;(y) =
vE(Y)xs,; (¥), j = 1,2. For simplicity, we will denote the pair (S, v) simply as
S, with the implicit understanding that S is oriented by the interior normal of some
set E of finite perimeter. We define —S = (.S, —v), which is regarded as a different
oriented surface.
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DEFINITION 9.3 Let Q2 be a bounded open set. A Cauchy flux is a functional F
that assigns to each oriented surface S := (S,v) € Q a real number and has the
following properties:

(1) F(S1US2) = F(S1)+ F(S2) for any pair of compatible disjoint surfaces
S1,5, € Q.
(ii) There exists a nonnegative Radon measure o in €2 such that

|F(*E)| <o(E")

for every set of finite perimeter £ € €2.
(iii) There exists a constant C such that

IF($) = CHYTH(S)
for every oriented surface S € €2.

This general framework for Cauchy fluxes allows the presence of exceptional
surfaces, “shock waves,” in the formulation of the axioms, on which the measure o
has support. On these exceptional surfaces, the Cauchy flux F has a discontinuity,
ie, F(S) # —F(—S). In fact, the exceptional surfaces are supported on the
singular part of the measure ¢ in general. When o reduces to the N-dimensional
Lebesgue measure LV, the formulation reduces to Ziemer’s formulation in [71],
and in this case o vanishes on any " ~!-dimensional surface, which excludes
shock waves.

The theory developed in this paper allows us to approximate the exceptional
oriented surfaces or “shock waves” with smooth boundaries and rigorously pass
to the limit to recover the flux on the exceptional oriented surfaces as the pre-
cise representative. This allows us to capture measure production density in the
formulation of the balance law and entropy dissipation for entropy solutions of
hyperbolic conservation laws. Once we know the flux across every surface, we
proceed to obtain a rigorous derivation of nonlinear systems of balance laws with
measure source terms from the physical principle of balance law in Section 10. The
framework also allows the recovery of Cauchy entropy fluxes through the Lax en-
tropy inequality for entropy solutions of hyperbolic conservation laws by capturing
entropy dissipation; see Section 11.

The main theorem of this section is the following:

THEOREM 9.4 Let F be a Cauchy flux in Q2. Then there exists a unique divergence-
measure field F € DM (2) such that

9.2) F(S) = —/Cﬂ cvdHN!
S

for every oriented surface (S,v) € Q, where F; - v is the normal trace of F to the
oriented surface.
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When o reduces to the N-dimensional Lebesgue measure £V, as in Ziemer’s
formulation, the vector field F satisfies div F € L® and F(S) = —F(-S) for
every surface S, which thus excludes shock waves where the Cauchy flux F has a
discontinuity, i.e., F(S) # —F(—S).

In order to establish Theorem 9.4, we need Lemma 9.6, which was first shown
in Degiovanni, Marzocchi, and Musesti [26]. Here we offer a simplified proof
of this fact for completeness. In particular, Lemma 9.6 is a direct application of
Theorem 9.5 (due to Fuglede) below. We also refer to Schuricht [60] for a different
approach in formulating the axioms in Definition 9.3. Our Theorem 9.4 follows
then by an approximation and Theorem 5.2.

The following theorem, due to Fuglede, is a generalization of Riesz’s theorem,
whose proof can be found in [38].

THEOREM 9.5 Let i be a nonnegative measure defined on a o-field V of subsets
of a fixed set X and X € V. Let ¢ be an additive set function defined on a system
of sets U C V such that all finite unions of disjoint sets from U, together with the
empty set, form a field F that generates V. Assume that t(A) < oo for every
A C U. Then there exists a function g(y) € LY (X, V, ) with the property that

0(A) = /g(y)d,u forevery A e U
A
if and only if the following hold:
(i) For every & > 0, there exists § > 0 such that ¥ ;_, |p(A;)| < & for every
finite system of disjoint sets Ay, ..., Ay fromU where Y ;_; n(4;) < 8.
(ii) There is a finite constant C such that Y i_, |@(A;)| < C for every finite
system of disjoint sets Ay, ..., Ay from U.

The function g is then essentially uniquely determined. Under the additional as-
sumption that 1(X) < oo, condition (ii) is a consequence of condition (i).
Let {7} be the collection of all closed cubes in RV of the form
I =la1,b1] x--- X [an,bn],
where ay,b1,...,an,by are real numbers. For almost every t; € [a;,b;], we
define
I;; ={yel:y =71}
We define the vectors eq,...,en so that the jth component of e; is —1 and the
other components are 0. We orient the surface /;; with the vector e;.

LEMMA 9.6 Let F be a Cauchy flux in 2. Then there exists a divergence-measure
field F € DML (Q) such that, for every cube I = [a1,b1] X ---x [an,bN] € Q
and almost every t; € [aj, bj],

Fly) = / F(y)-e; dHV71(y).

I,
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PROOF:
Step 1. Wefix j € {1,..., N}. For every cube I C €2, we define

. bj
w! (1) 2/ F(lg)dz;.
aj;
We have

©3) WD)l < /

b; b;
|F(I;)ldz; SC/ /dHN_ldtj = C|I|.
aj
I:.

J

J
Thus, from Theorem 9.5, there exists a function f/ € L!() such that

w' (1) = / f/dy forevery I.

I
In fact, inequality (9.3) implies that £/ € L% () since, for LV -a.e. y,
. T dx
Fo = aim L2 ¢
17l=o |1
yel

Fubini’s theorem implies that
. b . b :
94 W)= / Fly)dt; = / f/dy = / / fldHNVdx;.
a; aj
I I,
Let 7; € [a;,b;], ag, ;, and By ; be sequences such that
i =7 < Pr,j,

where oy _; is an increasing sequence that converges to 7; as k — oo, and B ; is a
decreasing sequence that converges to t; as k — oo. Thus, from (9.4), we obtain

1 b 1 b P N—1
9.5) 7/ f(l,j)drj=7/ [ff dHN "V dy.
ak,j — Br,j Ja, ok, — Br,j a
7

We let k — oo to obtain that, for a.e. 7;,

(9.6) F(ly) = / fldrN L.
I;.
J
Define
F:=(f'....f%).
Then we find, for almost every 7, j € {1,..., N},
©.7) Fo) == [ Fo)-gan ).

Iy,
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Step 2. We now prove that the divergence of F, in the sense of distributions, is
a measure. We define, for a.e. cube 7,

0.8) a(1) = — f F() - v()dHY (7).
al

where v is the interior unit normal to d/. From Step 1 and the definition of Cauchy
fluxes, we have

9.9) In()] =|F@D| <o(I') <a(l)

for almost all closed cubes. Thus, we can again apply Theorem 9.5 to conclude
that there exists a function g € L!(Q;0), uniquely defined in  up to a set of
o-measure zero, such that

9.10) 2 = — / F(y)-v()dHY "\ (y) = / ¢()do
ol 1

for almost every closed cube I C €2.
Denote by & the measure given by g do in Q. We now prove

9.11) divF =0
in the sense of distributions in any open set U € 2.
Let I € U be any closed cube. Then, for any ¢ € C! with support contained
inl,
9.12) /F-V¢dy=lim/Fg-Vqﬁdy=—1im[¢divF5dy,
e—0 e—0
U U U

where F, = F x p; and p is the standard mollifying kernel. We now prove that,
for LN -ae. y € U,

0s(y) = divF ¢(y),
where G, is the convolution of function p, with the measure ¢; that is,

.13) Ge(y) = (ps % 6)(y) = / pe(y — x)d5 ().
Q
From (9.9)—(9.10), we find that, for ¢ < dist(dU, 92),

/divFg(y)dy = —/Fg(y)-v(y)dy

1 al

= _/ / F(y —x)-v(y)pe(x)dx dy

oI RN

. / /F(y — %) v ()pe(x)dy dx =

RN oI



54 G.-Q. CHEN, M. TORRES, AND W. P. ZIEMER

- | ( / F(y)-v(y)dy)pgmdx

RN 0l

= [ sttopetx.
RN
where I, ={y:a; <y;—x; <b;, i =1,..., N}. We can consider the smooth
function ps as a measure in RV, say A, by defining A¢(4) = [ ps(x)dx for any

Borel set A. We can also extend the measure & by zero outside 2. Therefore, we
find

Ot [ 6pdx = G201 = e 26D = [ Ae(ldE ()
RN RN
From (9.14) and using (9.13), we compute

[ retinas = [radse = [ ( / pg(y>dy)d6<x)
RN Q

Q Iy
— [ [ oty =1y s
QI

-/ ( / ps(y—x)dam)dy
Q

1

- / (pe * 3)()dy
I

~ [ aa.
1
Therefore,

/dist(y)dy = /6s(y)dy-
7 I

Since the cube I € U is arbitrary, this shows that 5,(y) = div F¢(y) for £V-
a.e. y € U. Using this in (9.12), we obtain

/F-V(]ﬁdy:—lin})/qﬁ div F . dy
E—>
(9.15) v v

_ _Elg%/m dy = —/¢<y)d6<y),
U U

since the sequence of measures 6, converges locally weak-star to ¢ in 2 as ¢ — 0.
O
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PROOF OF THEOREM 9.4: Using Lemma 9.6, it follows that there exists an
F € DM (2) such that, for any cube I = [a1,b1] X --- x [an,bN] € 2,

0.16) .ﬂu»=—/F@yquM%w

Iy;

for almost every t; € [a;, b;].

Let (S, v) be an oriented surface. Then there exists a set of finite perimeter £
such that § C 0* E. We approximate S with closed cubes such that

o0
(9.17) S=()%.

i=1
where each J; is a finite union of closed cubes (which can be chosen so that (9.16)
holds for t; = a; and © = b;) centered at S and J; 11 C J;. Using Lemma 2.10,
we have 0*(J; N E) C (0*E N J;) U (0*J; N E) U (0*E N 0*J;). From (9.17)
and the fact that the cubes can also be chosen so that HY ~1(0* E N 9* J;) = 0, we
have

(9.18) [0*(J; N E)A[S U (9*J; N E)] = A,
where lim; oo HY~1(WN;) = 0. Since F(N;) < CHN~1(N;), we obtain
(9.19) lim F(N;) = 0.

The definition of Cauchy fluxes implies that
[F@*(Ji N E)| < o((Ji N E)Y).

The standard measure theory and (9.17) imply that

(9.20) lim o((J; N E)Y) =a(ﬂ]l~ ﬂE1> —o(SNEY =0,
1 —>00
since S C 0*E. Therefore, we have
9.21) lim |F(@*(J; N E))| = 0.
1 —>00
On the other hand, using Theorem 5.2, we have
(9.22) ‘— / Fi-vdHN ! = ' / div F | < |div F||((J; N E)Y).
0*(J;NE) (J;inE)!

which yields (from (9.20) with ||div F || instead of o):

(9.23) lim / F;-vdHN" =o.

i—>00
*(J;NE)
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Using (9.18), (9.21), and (9.16), we obtain
lim |F*(J; N E))|
1 —>00

= lim |F(S) + F(3*J; N E)|
1 —>00

9.24)
= lim ‘}"(S) - / F(y)-v(y)dHN"' =o.
1 —>00
*JiNE
From (9.18), (9.19), and (9.23), we have
(9.25) lim ‘— / F(y)-v(y)dHN! —/9,- vdHN T = 0.
1 —>00

*JiNE S

Combining (9.24) with (9.25) yields
F(S) = —/sf,- vdHNL
S
Assume now that there exists another vector field G = (g!, ..., g") such that

(9.2) holds. Then, for fixed j € {1,..., N}, we have

A bj .
/ff dy :/ /ff dHN "V dy;
1 4 1
Tj
bj . )
:/ /ngHN_ldtj:/gjdy
a; i, g

for any cube . This implies that

(9.26)

f/(y) =g/ (y) foralmostevery y.
U

Remark 9.7. In the proof of Theorem 9.4, working with E := E°U 0*E and
—S = (S, v), we obtain (see Corollary 6.1) that

]—"(—S)=—S/§"i'v=S/rfe"”

where F, ;i v and F, - v are the interior and exterior normal traces of F relative to E
and E, respectively. That is, the normal traces of F € DM[® (2) are the Cauchy
densities over all oriented surfaces.



GENERALIZED GAUSS-GREEN THEOREM 57

10 Mathematical Formulation of the Balance Law
and Derivation of Systems of Balance Laws

In this section we first present the mathematical formulation for the physical
principle of balance law (9.1). Then we apply the results established in Sections 3
through 9 to give a rigorous derivation of systems of balance laws with measure
source terms. In particular, we give a derivation of hyperbolic systems of conser-
vation laws (10.11).

A balance law on an open subset € of RV postulates that the production of
a vector-valued “extensive” quantity in any bounded measurable subset £ € 2
with finite perimeter is balanced by the Cauchy flux of this quantity through the
measure-theoretic boundary 0™ E of E (see Dafermos [22, 23]).

Like the Cauchy flux, the production is introduced through a functional P, de-
fined on any bounded measurable subset of finite perimeter £ C €2, taking value
in R¥ and satisfying the conditions

(10.1) P(E1U Ez) =P(E1) +P(Ex) ifEINE; =@,

(10.2) P(E)| < o(E).

Then the physical principle of balance law can be mathematically formulated as
(10.3) FO"E) =P(E)

for any bounded measurable subset of finite perimeter £ C €2.
Fuglede’s theorem, Theorem 9.5, indicates that conditions (10.1) and (10.2)
imply that there is a production density P € M (S2; R¥) such that

(10.4) mmzfpw.
E1
On the other hand, combining Theorem 5.2 with the argument in Section 9
yields that there exists F € DM (2; RV *K) such that

loc

(10.5) FO"E) = — / (F; -v)dHN ! = / div F (y)
ImE E!

for any set of finite perimeter £ € 2.

Then (10.3)—(10.5) yields the system of field equations
(10.6) div F(y) = P(y)
in the sense of measures on €2.

We assume that the state of the medium is described by a state vector field u,
taking value in an open subset U of R¥, which determines both the flux density

field F and the production density field P at the point y € 2 by the constitutive
equations

10.7) F(y):=Fu(y).y). P@):=Pu®).y.
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where F (u, y) and P(u, y) are given smooth functions defined on U x 2.
Combining (10.6) with (10.7) leads to the first-order, quasi-linear system of
partial differential equations

(10.8) div F (u(y),y) = P(u(y),y),

which is called a system of balance laws (cf. [22]).
If P = 0, the previous derivation yields

(10.9) div F (u(y),y) =0,
which is called a system of conservation laws. When the medium is homogeneous
F(u,y)=F(u):
that is, F' depends on y only through the state vector. Then system (10.9) becomes
(10.10) div F (u(y)) = 0.
In particular, when the coordinate system y is described by the time variable ¢
and the space variable x = (x1,...,Xp),

y=(0t,x1,...,xp) =(t,x), N=n+1,

and the flux density is written as

Fu) =, fi(w,.... fn@)) = (u, f(u)).

then we have the following standard form for the system of conservation laws:

(10.11) du+ V- fu) =0, xeR", ueRk.

11 Entropy Solutions of Hyperbolic Conservation Laws

We now apply the results established in Sections 3 through 9 to the recovery
of Cauchy entropy fluxes through the Lax entropy inequality for entropy solutions
of hyperbolic conservation laws by capturing entropy dissipation. We focus on
system (10.11), which is assumed to be hyperbolic.

DEFINITION 11.1 A function  : R¥ — R is called an entropy of (10.11) if there
exists ¢ : R — R” such that

(11.1) Vqi(u) =Vnu)Vim), j=1,...,n

Then the vector function g(u) is called an entropy flux associated with the en-
tropy 1(u), and the pair (n(u), g(u)) is called an entropy pair. The entropy pair
(n(u), g(u)) is called a convex entropy pair on the domain U C R¥ if the Hes-
sian matrix V2n(u) > 0 for any u € U. The entropy pair (7(u),q(u)) is called a
strictly convex entropy pair on the domain U if V?n(u) > 0 forany u € U.

Friedrichs and Lax [37] observed that most systems of conservation laws that
result from continuum mechanics are endowed with a globally defined, strictly
convex entropy. The available existence theories show that solutions of (10.11)
generally fall within the following class of entropy solutions.
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DEFINITION 11.2° A vector function u = u(t,x) € L (R4 x R") is called an

entropy solution of (10.11) if u(¢, x) satisfies the Lax entropy inequality
(11.2) dn(u(r, x)) + Vx - qu(t.x)) <0

in the sense of distributions for any convex entropy pair (1, q) : RF — R x R™.

Clearly, an entropy solution is a weak solution by choosing n(u) = =u in
(11.2).

One of the main issues in conservation laws is to study the behavior of entropy
solutions in this class to explore to the fullest extent possible all questions relating
to large-time behavior, uniqueness, stability, structure, and traces of entropy solu-
tions, with neither specific reference to any particular method for constructing the
solutions nor additional regularity assumptions. Because the distribution

A (u(t, x)) + Vx - q(u(t, x))

is nonpositive, we conclude that it is in fact a Radon measure; that is, the field
(n(u(t,x)),q(u(t,x))) is a divergence-measure field. Thus there exists u, €
M(R4 x R") with u, < 0 such that

(11.3) div(e, ) (n(u(r, X)), q(u(z, x))) = py.

For any L° entropy solution u, it was first indicated in Chen [14] that if the
system is endowed with a strictly convex entropy, then, for any C? entropy pair
(1, q), there exists u, € M(R4 x R™) such that

(11.4) div(,x) (n(u(t, x)), q(u(t. x))) = iy
We introduce a functional on any oriented surface S,

(11.5) Fy(S) = / (). qG0)) - v dH".
S

where (n(u),q(u)) - v is the normal trace in the sense of Theorem 5.2, since
(n(u), q(u)) € DM (R4 xR™). Itis easy to check that the functional F; defined

loc

by (11.5) is a Cauchy flux in the sense of Definition 9.3.

DEFINITION 11.3 (Cauchy Entropy Fluxes) A functional F; defined by (11.5) is
called a Cauchy entropy flux with respect to the entropy 1.

In particular, when 7 is convex,
Fn(S) =0

for any oriented surface S. Furthermore, we can reformulate the balance law of
entropy from the recovery of an entropy production by capturing entropy dissipa-
tion.
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Moreover, it is clear that understanding more properties of divergence-measure
fields can advance our understanding of the behavior of entropy solutions for hy-
perbolic conservation laws and other related nonlinear equations by selecting ap-
propriate entropy pairs. As examples, we refer the reader to [15, 16, 17, 19] for
the stability of Riemann solutions, which may contain rarefaction waves, contact
discontinuities, and/or vacuum states, in the class of entropy solutions of the Euler
equations for gas dynamics; to [15, 18] for the decay of periodic entropy solu-
tions for hyperbolic conservation laws; to [20, 65] for the initial and boundary
layer problems for hyperbolic conservation laws; to [16, 21] for the initial bound-
ary value problems for hyperbolic conservation laws; and to [11, 52] for nonlinear
degenerate parabolic-hyperbolic equations.

It is hoped that the theory of divergence-measure fields can be used to de-
velop techniques in entropy methods, measure-theoretic analysis, partial differ-
ential equations, and related areas.
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