ON THE STRUCTURE OF SOLUTIONS OF MULTIDIMENSIONAL
SYSTEMS OF CONSERVATION LAWS

MONICA TORRES

ABSTRACT. We obtain strong traces of solutions of multidimensional systems of
conservation laws assuming a weaker regularity property on the entropy solution u €
L> (R4t R™). More precisely, given any entropy function 1 and any hyperplane
{(t,x) : z € R}, we show that if u € L (R4 R™) is an entropy solution that
satisfies the vanishing mean oscillation property on half balls, then n(u) has strong
traces H?-almost everywhere on the hyperplane. For the general case, given any
set of finite perimeter F and v : *E — S its inner unit normal and assuming the
vanishing mean oscillation property on half balls, we show that the weak trace of
the vector field (n(u),q(u)) defined in Chen-Torres-Ziemer [7] is indeed strong, for

any entropy pair (n,q).

1. INTRODUCTION

In this paper we employ the theory of divergence-measure fields developed in Chen-
Torres-Ziemer [7] to obtain strong traces on hyperplanes of entropy solutions of the
system

(1.1) w, +div,f(u) =0, z € R | ue L®R"R™)

where £ = (f!, £, ... f™) and f' : R™ — R For the general case, given any set of
finite perimeter E and v : 9*E — S? its inner unit normal we show that the weak
trace of the vector field (n(u),q(u)) defined in [7] is indeed strong, for any entropy
pair (1, q). Our results assume a vanishing mean oscillation property of u on half balls
(see (3.1)), which was proven to be true for m = 1 in De-Lellis-Otto-Wesdickenberg
9] (see (3.2)).

More precisely, given any entropy function 7, we prove that n(u) has strong traces
He-almost everywhere on any hyperplane {(t,z) : * € R?} (see Theorem 3.9). For
the general case, given any set of finite perimeter £ and v : 9*F — S? its inner unit
normal , we show the existence of the strong trace of (n(u), g(u))-v(z) at z, for every
entropy pair (1, q) and H%almost every point z € 9*E (see Theorem 4.6).

Vasseur [18] obtained strong traces of entropy solutions of multidimensional scalar
conservation laws on any Lipschitz deformable boundary. The regularity of entropy
solutions of multidimensional scalar conservation laws was also studied in De-Lellis-
Otto-Wesdickenberg [9], were it was shown that u has the structure of a BV function
in the sense that the shock waves are supported on a codimension-one rectifiable
set where u has strong traces. In both [9] and [18], the analysis is done within the

framework of the kinetic formulation of conservation laws and assuming the following
1
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genuine nonlinearity condition on the flux function f :
(1.2) L'{v e R|f'(v) - € =0}) =0, for all £ € S

For m =1, d = 1 and general flux function f, strong traces for a class of functionals
of the entropy solution, on any Lipschitz deformable boundary, were obtained in
Kwon-Vasseur [19] (see also [13]).

For d > 1,m = 1 and assuming only continuity of the flux vector f, Panov [14]
obtained strong traces of entropy solutions on the hyperplane {¢ = 0} using techniques
of H-measures. We also refer to Chen-Rascle [5], where the strong trace at {t = 0}
was proven for m = 1, d = 1 using compensated compactness results.

In this paper we obtain the desired strong traces exploiting the connection between
the entropy inequality and divergence-measure fields (see §2.1). In particular, we use
the Gauss-Green formula for divergence-measure fields developed in Chen-Torres-
Ziemer [7] to show that the weak trace of the vector field

FRa(t, x) = (n(u(t, z)), q(u(t, x))),

defined in [7] is indeed an strong trace. Our results improve the regularity of en-
tropy solutions outside the shock waves obtained in De Lellis-Otto-Westdickenberg
[9], where it was shown that u has only the vanishing mean oscillation (VM O) prop-
erty outside the shock waves.

2. GAUSS-GREEN FORMULA FOR BOUNDED DIVERGENCE-MEASURE FIELDS

In this section we first introduce our definitions and then we present the Gauss-

Green formula that will be used to obtain our main results, Theorem 3.9 and Theorem
4.6.

2.1. Definition. A Radon measure on €2 is a signed regular Borel measure whose
total variation on each compact set K € €2 is finite, i.e. ||u||(K) < oo. The space of
Radon measures supported on an open set 2 is denoted by M(Q).

2.2. Definition. We will use the notation

N :=d+1,
and

x = (t,z)
where z € R%.

2.3. Definition. Let 2 be an open set. A vector field F € LP(Q;RY), 1 < p <
00, is called a divergence-measure field, written as F € DMP(Q), if divF, in the
sense of distributions, is a (signed) Radon measure with finite total variation on €.

Furthermore, F is called a DM? (RY) if F € DMP(D), for any bounded open set
D C RV,
2.4. Definition. For every a € [0,1] and every £Y-measurable set E C RY | define

(2.1) E:={yecR" : D(E,y) = a},
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where

iy BB )
(2.2) D(B,y) = lim = P

Then E“ is the set where E has density a. We define the measure-theoretic boundary
of £, O™E, as

(2.3) O"E :=RN\ (E°U E").

2.5. Definition. A function u: 2 — R is called a function of bounded variation
if each partial derivative of u is a Radon measure with finite total variation in 2.
Notationally, we write u € BV (Q). Let E € € be an £Y-measurable subset. We
say that F is a set of finite perimeter if x, € BV (§2). Consequently, if E is a set of
finite perimeter, then VX, is a (vector-valued) Radon measure whose total variation
is denoted by ||[VX,]|-

2.6. Definition. Let E € () be a set of finite perimeter. The reduced boundary of F,
denoted as 0*F, is the set of all points y € Q such that

(i) [|VXll (Br(y)) > 0 for all r > 0;

(i) The limit vg(y) := lim,_ HVXE(B7-(y))

W exists and ’VE(y)’ =1.

The unit vector, v, (y), is called the measure-theoretic interior unit normal to E
at y (we sometimes write v instead of v for notational simplicity). In view of the
following, we see that v is aptly named because v is the interior unit normal to
E provided that £ (in the limit and in measure) lies in the appropriate half-space
determined by the hyperplane orthogonal to v; that is, v is the interior unit normal
to E at y provided that

(2.4) Dx:(x—y) v>0,x¢ E}U{x:(x—y) - v<0,x€ E},y)=0.

The following results concerning the structure of sets of finite perimeter were proved
by De Giorgi (see [2], Theorem 3.59, [20], Theorem 5.7.3 and [12], Chapter 3):

2.7. Theorem. Let E be a set of finite perimeter andy € O*E. Let IIT := {x € RV :
vly) - (x—y)>0} and - :={xeRY : v(y) - (x —y) < 0}. Forr >0 define

E, ={xcRY:r(x—y)cE}
Then

(1) Asr — 0 the set E, converges to II*, and moreover, for every set A such that
HN=HOANOIIT) = 0,

(A) = [Vxu+ [ (A) = HY (A nomTh).

hf% IVXE,

(2) lim, _or~N|EN B.(y)NII~| =0,
(3) lim, _orN|(R¥\ E)N B,(y) NI = 0.
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(4) The reduced boundary of E, 0*E, is an (N — 1)-rectifiable set which means
that there exists a countable family of C'-manifolds My, of dimension N — 1
and a set N of HN~! measure zero such that

0B C (U M)UN.

(5) The generalized gradient of X, enjoys the following basic relationship with
HN_l.'
VXl = HY L O*E
“ \Y B
el (B.(y)
r—0 a(N — 1)rN-1

where a(N — 1) is the Lebesque measure of the unit ball in RN 1.

=1,

The following result is due to Federer (see also [20], Lemma 5.9.5. and [2], Theorem
3.61):

2.8. Theorem. If E € () is a set of finite perimeter, then
(2.5) OECE: CO™E, HYYQ\(E°UJEUEY))=0.

In particular, E has density either 0 or 1/2 or 1 at HN '-a.e. x € Q and HN-a.c.
x € O*F belongs to O™E.

2.9. Remark. In view of Definition 2.5, (5) and (2.5) it is clear that if £ € 2 is a set
of finite perimeter then HY~1(9™FE) < oo. Conversely, it was proved by Federer (see
[11], 4.5.11) that if H¥1(0™F) < co then F is a set of finite perimeter.

We will refer to the sets E° and E' as the measure-theoretic exterior and interior of
E. We note that, in general, the sets E° and E' do not coincide with the topological
exterior and interior of the set £. We also note that (2.5) implies, for any set £ € Q2
of finite perimeter,

Q=FE'U0FEUE’UN
where HN"H(N) = 0.

From Definition 2.5 it follows that a set of finite perimeter £ may be altered by
a set of £LV- measure zero and still determine the same essential boundary 0™FE.
Throughout, we will choose a prefered representative for £ and thereby adopt the
following convention

2.10. Definition. E := E' UJ*E.

We will use the following Gauss-Green formula proved in Chen-Torres [6] and Chen-
Torres-Ziemer [7] (see also Silhavy [17]):

2.11. Theorem. Let F € DMXZ,(Q,RY) and let E € Q be a bounded set of finite
perimeter. Then, there exist functions &F; - v € L*(0*FE) and F. - v € L*(0*E) such
that
[ diveR) == [ o mmdrt ()
El

o*E
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and

[E div (pF) = — / o(Fe - v)(y)dH (y),

o*E
for every € C(Q). Moreover, |1%;- vl < | Fll.. and |F. - v|, < |[F]..

We have the following product rule for bounded divergence-measure fields ([7]):

2.12. Theorem. Let F' € DM>(Q) and g € BV () bounded with compact support.
Then

(2.6) div(gF)=g¢"divF + F - Vg,

where g* is the precise representative of g, F' - Vg is the weak™ limit of the measures
F - Vg, and g is a sequence of mollifications of g.

2.13. Remark. If F € DM () and ¢ € C§°(R2) then div(pF) = pdivF + F - V.
If F € DML (Q) then divF << HN™! (see [7], Lemma 2.25).

loc

2.1. Entropy solutions and divergence-measure fields.

2.14. Definition. Let P denote the set of all pairs (n,q) such that n : R™ — R is
convex, q € C*1(R™, RY) and

(2.7) Vai(u) = Vp(u)VE(u), k£=1,2,..d.
The pair (n,q) is called a convex entropy-entropy pair.

A bounded entropy solution u € L*®(R, x RY R™) of (1.1) is characterized by the
entropy inequality

(2.8) n(u)e + div,q(u) < 0in Dj,
for any convex entropy-entropy pair. If we define
FlA(t, x) == (n(u(t, ), q(u(t, z))),

then the entropy inequality (2.8) and Riesz representation theorem imply (see [10],
Corollary 1, Page 53) that there exists a measure p1, 4 € M(R; x R?) such that

: na _
divy . F3% = piy q-

2.15. Remark. In this paper we consider the entropy solution u of (1.1) defined in
all R%!. This can be done in view of the extension theorems for divergence-measure
fields proved in Chen-Torres-Ziemer [7] (Section 8). Indeed, setting u = 0 on R_ x R?
we have u defined in the whole space R and

F19(t, ) = (n(u(t,2)), a(u(t,2)), (7)€ R x R
satisfies:

(2.9) F?% ¢ DM (RY).

loc
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3. STRONG TRACES FOR MULTIDIMENSIONAL SYSTEMS OF CONSERVATION LAWS
ON HYPERPLANES

In this section we define strong traces for n(u) on any hyperplane parallel to {t = 0},
assuming property (3.1) below. We begin with some definitions:

3.1. Definition. We denote the open ball of radius r and center (7,y) as B,.(7,y).
For every (7,y) we denote by B;(7,y) as the intersection of B,.(7,y) with the set
™Y .= {(t,x) : t > 7}. We also define the cylinder

CH(1,y) = B,(1,y) x (0,7),
where B,.(7,y) denotes the intersection of B,.(7,y) with the set II™Y.

3.2. Remark. Since B;(7,y) can be inscribed in C;F(7,y), then the results in this
section can be stated for cylinders or balls.

3.3. Definition. We denote by @,(7,y) the vector in R”™ which is the average of u
over the half ball B (r,y).

3.4. Definition. We say that u satisfies the vanishing mean oscillation property on
OIT™¥ for half balls if, for any continuous q € C(R™, R%):
1 N

(3.1) lim 5 o la(u(t, z)) — q(u),(7,y)| dtdz = 0,

for H%-almost every (7,y) € OII"¥, where q(u), (7,y) is the vector in R? which is the
average of gq(u) over the half ball B (7, y).

3.5. Remark. For the scalar case (i.e. m = 1) and for any hyperplane II™¥, property
(3.1) follows from De Lellis-Otto-Westdickenberg [9], as we proceed to show next:

3.6. Theorem (De Lellis-Otto-Westdickenberg [9]). Let (7,9) € R4 If f € C*!
satisfies (1.2) and if u € L®°(R¥1 R) satisfies the entropy inequality (2.8), then for
He-almost every (1,y) € OII™Y,
1
/ lu(t, ) — u,(7,y)| dtdz = 0.
Bf ()

m ——
r—0 7"d+1

(3.2)

We can now prove the following

3.7. Lemma. Let (1,q) € P be any convex entropy-entropy pair and let (7, ) € RA+1,
Then for H-almost every (t,y) € OII7¥:
1 _

(3.3) lim i) la(u(t, z)) — q(u),(7,y)|dtdz = 0,

where q(u),(7,y) is the average of q(u) over the half ball B/ (1,y).

Proof. We fix (,y) € II"¥ for which (3.2) holds. Given any r, — 0 there exists a
subsequence (denoted again as ry) and a constant u7¥ (that depends on ) such that

([90):

(3.4) uf — uZ in L, (IT7Y),
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where

ud(t, ) = u(r + ity +mex),  (tx) € MM
Therefore, for a further subsequence,

ur¥(t,x) — ulY for L% -ae. (t,2) € B (0),
which yields, for any (n,q) € P, since q is continuous:
(3.5) q(ul?(t,z)) — q(ul?) for L -ae. (t,2) € B (0).
From (3.5), the dominated convergence theorem (recall that u is bounded) and per-
forming the change of variables o = 7 + rit, & = y + ryx we obtain:

1

d+1
Tk B (1y)

(3.6) la(u(e, §)) = q(uiy)|dad§ — 0 as rx — 0.

For simplicity we write ul¥ := us, and q(u),.(7,y) := q(u), in the rest of the proof.
We compute, for any r > 0,

(3,@1?1 /B . la(u(t, z)) — a(u),|dtdr < rd% la(u(t, ©)) — q(uc)|dtdz

B (my)

1 _
— — o) |dtdzx.
b a0, atu s

On the other hand, if w(d + 1) denotes the L4 -measure of the unit ball in R we
have

1 — wd+1) ——
i [, et lide = G, — )
1
- /B . alult. ) ~ au)is
1
(3.9 < [, et @)~ alon i
From (3.7) and (3.8) we conclude
1 — 1
prrs) . lq(u(t, z)) — q(u),|dtdr < 2@ . la(u(t, z)) — q(us)|dtdz,
and therefore (3.6) yields
1 S
(3.9) d_+1/ la(u(t,z)) — q(u),, |dtdz — 0 as ry — 0,
T B (ty)

which implies (3.3). The dependence of (3.3) on the subsequence is illusory. The
reason is that, if there where a subsequence r, — 0 such that

1 /
— q(u(t,z)) — q(u), |dtde — 1 # 0,
e Bmw)| (u(t, z)) — q(u),,|
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then one could appeal to the previous argument to conclude that, for some further
subsequence,

1
e [ Jatutt.o) - aa), deds — 0,
Tk B (Ty)
which is contrary to our assertion that [ # 0. 0
We will need the following result (see Giusti [12], Lemma 2.3):

3.8. Lemma. Let i be a positive Radon measure in Ry x R?. Then, for He-almost

every y € R,
i MG ()

=0.
r—0 ’r‘d

Assuming (3.1), the following theorem shows that n(u) has strong traces H%-almost
everywhere on hyperplanes.

3.9. Theorem. Let (n,q) be any convex entropy-entropy pair and let (5,7) € R
If u = (ut,u?,...,u™) € L®(R¥;R™) satisfies the entropy inequality (2.8) and
condition (3.1) on OII%Y then n(u) has a strong trace at ONSY; that is, there exists a
function n(u);, € L>®(O1%Y) such that, for He-almost every (s,y) € OII%Y,

(3.10) m !

lim — u(t,x))dtder = n(a)u(s,y).

gz [, ot ) dede = n(a)e(s.)

In particular, if we choose n = u', i = 1,...,m, we obtain the strong trace for each
component of u.

Proof. Step 1: We will apply the Gauss-Green formula given by Theorem 2.11 to

Fya(t,z) == (n(u(t,z)),q(u(t, z))),
which is a divergence-measure field. Indeed, as explained in §2.1, we have that
(3.11) F?% ¢ DM (RY).

loc

Without loss of generality, and to simplify the exposition, we will prove (3.10)
for the hyperplane II := {t = 0}. Theorem 2.11 gives the existence of a function
F - v € L*(II) which is the weak normal trace of the vector field F>9 on OIl. Let
G C II be the set of all Lebesgue points of & - v for which Lemma 3.8 and property
(3.1) holds. We have H(IT\ G) = 0. For the rest of the proof we identify (0,y) € II
with y. Also, to simplify our exposition and without loss of generality we can assume
0 € G. We define

(3.12) Cr:=Cr0)=B,(0) x (0,7).

From Theorem 2.11 we have

(3.13) / div, o (DFA(¢, 7)) dtdz — — / OF - vdH",
ct ac;H

for any ® € C}(R41). The following function

@,(t,2) = ¢ (%) (r=1), (ta) eRL0< 9 <1, supp  C Bi(0), / plx)de = 1,
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will be used as a test function in (3.13). We recall that the point (0,x) has been
identified with = and, for simplicity of notation, ®, will be denoted simply as .
After substituting ®, the right hand side of (3.13) becomes

/ div, . (PFLA(t, z))dtdr = —/ rY <£> F-v(r)dH(z).
ot B(0) T
The product rule for divergence-measure fields (2.6) yields
div(®FY) = F19. VO 4 ddiv F14
and hence (using the notation pu, 4 1= div F29):

X

d F19. Vodtdr = — “) T d,
/c;* al,un,q—i-/&+ v Vodtdr /zar(o)mp(?”)? v(x)dH

Therefore,

xz

/ Dy o +/ (n(u)®; + q(u) - V,P)dtdr = —/ T ( > J - v(r)dH?,
cf cf B,(0) r
and hence

1 1 1
— dd — P V. ®)dtder = ———
i [, Vet [ et Vi =~ |

Using the definition of ® we obtain
1 1 T
rd+1 @ =Tt <_> )

Also, since

Ny ORI O LR

T d
r B.-(0) T

the following equation is obtained:

1 x 1 x
vt =00 (D) dima = | e () ntutt 0)itds

r
(3.14) o / (W) V,ddtdr — —— (x)f; (a)dH
: pd+1 quu x T T BT(O)QD , vz .
Step 2: We will now show in (3.14) that, as r — 0,
1
and

1 x
(3.16) e (r =1y (;) djing = 0-
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We have
1
pd+1

q(u) - V,odtde =
B,(0)x(0,r)
! / (r — t)q(u(t,z)) - V (x) dtd
C— r—t)q(u(t,z)) - Vo | — x
it B-(0)x(0,r) r

[ =) Vap(@)drds
B1(0)x(0,1)

Sl 3=

N / (1 =7)q(u(rr, rg)) - Vap(&)drde,
B1(0)%(0,1)

where the following change of variables has been performed: ¢t = r7 and x = r§. If
q(u), denotes the average of q(u) in the cylinder B,(0) x (0,7) then

a(w), - /0 W [ /B . VM(&)dﬁ] dr =0,

since ¢ has compact support in B;(0). Therefore, with C; = B;(0) x (0, 1) and using
(3.1) we compute

=
— q(u) - V,®dtdx
T B (0)x(0.) S

1 —7)q(u(rr, r§)) - Vap(§)drdg

[ (
cf

- W), [ (1= nVaedras

[ 0= ratatrmre) — aw),) - Vas(€)drde

IN

/C+ q(u(rr, 7€) — q(u),|[Vep(§)|drde

¢ |, la((r.re) - alu) |drds

IN

= Oy [ latutt. o) — au v
— 0Oasr —0,

which proves (3.15). We now proceed to show (3.16). Using that 0 < ¢ < 1 we
compute

1 x
a1 /c;* (r—1t)p (;) dping

due to Lemma 3.8.
Step 3: From (3.14), (3.15), (3.16) we obtain, for any ¢ € C5°(B1(0)),
1 1
(3.17)  lim —— @ <£> n(u(t,x))dtde = lim —— © (E> F-v(r)dH?,
ct r B.(0)

r—0 ’r’d"'1 r—0 Td+1 r

1

T 1
+
< i o r ‘90 (;) ‘ dping < ] [tnall (CF7) — 0
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and performing the change of variables ¢t = r7 and = = r§ we obtain, for any ¢ €

Cg°(B1(0)),

(3.18) lim e(&)n(ua(rr,rg))drdé = lim 0(6)F - v(ré)dHe.
r—0 Cf_ r—0 B1(0)

Both limits in (3.18) exist because 0 is a Lebesgue point of the normal trace function
F-v. Since (3.18) holds for any test function ¢ with compact support in 5;(0), we can

choose a sequence @y € C§°(B;(0)) such that ¢ — 1 pointwise in B;(0). Therefore,
the following limits exist, for each k,

(3.19)  lim | p(Enlu(rr, ré))drdé = lim or(O)F - v(ré)dH.

r—0 Cik r—0 Bl (0)

We define

)= [ o@ntutn o)

1

and we note that hy — h uniformly on r, where
h(r) := / n(u(rr, ré))drdg.
of
Also, from (3.19) the following limit exists

A = lim or(En(u(rr, ré))drdg.

r—0 Ci&-
Therefore we conclude that (see, for example, Rudin [16], Theorem 7.11):

lim Aj exists

k—o0

and

(3.20) lim lim Ag(r) = lim lim hg(r).

r—0 k—oo k—o0 r—0

Proceeding in the same way with the right hand side of (3.19) we conclude:

lim lim o (6)F - v(r)dH? = lim lim o (6)F - v(re)dH?,

k—oo r—0 Bl (0) r—0 k—oo Bl (0)
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and therefore

lim n(u(rr,rf))drd§{ = lim lim ox(&)n(a(rr, re))drds

r—0 Cl+ r—0 k—oo Cfr

= lim lim | @p(§)n(a(rr,r€))drdE

k—oo0 r—0 ct
1

= lim lim or(O)F - v(ré)dH?

k—oo r—0 B1(0)

= lim lim or(6)F - v(ré)dH?

r—0 k—oo B1(0)

= lim T v(ré)dH

r—0 81(0)
Hence,
(3.21) lim [ n(u(rr,r€))drdé = lim T v(ré)dH.
r—0 C’fr r—0 B1(0)
Changing variables back in (3.21) yields
1 1
lim — n(u(t, z))dtdr = lim —/ F-v(r)dH?,
r—0 ’[“d+l B,(0)x(0,r) r—0 ’l“d B, (0)

and, since 0 is a Lebesgue point of ¥ - v, we conclude

lim 1 n(u(t,z))dtde = F - v(0).

r—0 Td+1 ot
T

4. STRONG TRACES ON SETS OF FINITE PERIMETER

We first introduce the following definitions:

4.1. Definition. If F is a set of finite perimeter, we define for H%almost every
z €Ok,
T(z) :={x:(x—12z) v(z) =0},
where v(z) is the inner unit normal at z. We also define the cylinder
Ct(z) := (B,(z) N'T(z)) x (0,7),
and
Co(2) == (B(2) N T(2)) x (—r,7).

4.2. Remark. Since the ball B,.(z) can be inscribed in the cylinder C,(z), then the
results in this section can be stated with balls or cylinders.
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4.3. Definition. Let E C R%*! be a set of finite perimeter. We say that u satisfies the
vanishing mean oscillation property on half balls if, for any continuous q € C(R™, R%)
and H%almost every z € 0*E:

) 1 —
(4.1) g v ], lan(t) - au), ) dide = 0,

where ¢(u),(z) is the vector in R? which is the average of q(u) over the half ball
Bt (z) .= B,(z) N {x: (x —z) - v(z) > 0}.

4.4. Remark. Condition (4.1) holds for the scalar case (i.e. m = 1) due to the rectifi-
ability of the set of shock waves, proven in De-Lellis-Otto-Westdickenberg [9] (recall
from Theorem 2.7 that 0*E' is also a d-rectifiable set).

We now proceed to extend Lemma 3.8 to the case of sets of finite perimeter:

4.5. Lemma. Let E be a bounded set of finite perimeter and let u be a positive Radon
measure in R such that u << H®. Then, for H%-almost every z € O*E,
n(D7)

(4.2) lim =52 = 0,

where D* = E*' N C,.(z).

Proof. Since u << H¢, Corollary 4.4 in Chen-Torres-Ziemer [7] gives the existence of
a sequence of smooth sets A; such that

(4.3) lim p(AAE") =0,
and
(4.4) Jim HYOA, N (O*EUE®) =0
Therefore, given any € > 0, there exists an smooth set A. such that
(4.5) w(EY\ A < e
We let

Sy ={z€dE: lir?jélp@ > %}

It is enough to show that H?4(S)) = 0 for each k. We let S denote the set of all
z € S) such that there exists r, so that

Dz C E'\ A..

Due to (4.3) and (4.4) we have that S;’, with ¢; — 0, is an increasing sequence of
sets and Sy, = US;'. Hence H(Sy) = lim; oo H¥(S}’). We now proceed to show that
H(S;') < ¢(N)ei, where ¢(N) is a constant that depends on dimension N = d + 1.
For each z € S}’ ( choosing smaller r, if necessary) the definition of Sy implies

wDy) 1
rd >2k'

(4.6)
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By choosing even smaller 7, if necessary we can also assume (see Giusti [12], Lemma
3.5, page 45):

(4.7) HYO*ENC(z)) < ¢(N)re

A covering argument yields a countable sequence z; C S such that the sets F}; :=
0*E N G, (z;),7; := 1y, are pairwise disjoints and S; C UG; where F; C G; and
HYG;) < o(N)HU(Fj). Thus, from (4.5), (4.6) and (4.7) we can estimate H¢(S}’) in
terms of u(E'\ A.,):

HUST) < e(N)Y HUF))

(N)
= o(N)) HUO"ENC, (2))
e(N)Y 1 < 2ke(N) Y u(D2)
< o(N)u(E'\ A.) < ¢(N)e;,
which implies H?(Sg) = lim,, o H4(S') < lim,, .o c¢(N)e; = 0. O

Given any bounded set of finite perimeter £ C R?*! Theorem 2.11 yields the
existence of the weak interior normal trace ¥ - v € L*(0*E) of the vector field

Fua(t x) = (n(u(t, z)), q(u(t, z)))
on 9*E. We note that H%almost every z € 9*E is a Lebesgue point of F-v. Assuming
(4.1) we show next that the weak trace of the vector field F2? is indeed strong:

4.6. Theorem. Let E C R*™! be a bounded set of finite perimeter. Ifu € L> (R R™)
satisfies the entropy inequality (2.8) and property (4.1) then there exists a function
F-v € L®(0*E) such that, for every convex entropy-entropy pair (n,q) € P and for
H-almost every z € O*F,

(4.8) lim L /ElmB ( )(n(u(t, z)),q(u(t,z))) -v(z)dtdr = F - v(z).

r—0 TdJrl

IA

Proof. Let ¥ - v denote the weak interior normal trace of the vector field

F9 = (n(u),q(u))
on 0*F given by Theorem 2.11. Let G C 0*E be the set of all Lebesgue points of
F - v that satisfy Lemma 4.5 and property (4.1). We have that H4(0*E \ G) = 0.
We split the proof in two steps:
Step 1: We first consider the case 0 € G and v(0) = (1,0, ...,0). Proceeding as in
§3 we can show

1 1
lim — n(u(t,z))dtde = lim —— n(u(t,z)),q(u(t,z))) - v(0)dtdz
g [ ) i [ (002, aw(t,0) - v(0)
(4.9) = J.v(0).

Indeed, if we appy Theorem 2.11 to
D,.=EnNnC,,
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where (to simplify notation):

(4.10) C, = C,(0)

we obtain

(4.11) / div, (OF9(t, ))dtdz — — / OF - vaH",
(D)1 9" D,

for any ® € C}(R41). Choosing ® as in §3 and noting that
HY([0*D,JA[(0*ENC,) U (8°C, NE)]) =0
and
(D) =E'NnC,,
(4.11) becomes:

(4.12) / div, (OF(¢, 2))dtdz — — / OF - vdH.
E'NC; 8*ENC
From (4.12) and proceeding as in §3 we obtain
1 1 T
— ~ )¢ (5)d — (%) ntu(t,«))dta
Td+1 BlnC, (T )(10 r :unq Td+1 ENC, 90 r 77( ( .I')) T
1
— -V, ®dtd
T /ElﬂCr o)V )
1 T d
(4.13) - = 0 (—) T v(t,z)dH.
" Jo Enc, N

15

The difference between this case and the one considered in §3 is that 0*F is not
flat, but this can be overcome by using the regularity of the reduced boundary in

Theorem 2.7. In particular, Theorem 2.7 states that

[(E'N C)AC]
rdt1

— 0, asr — 0,

and therefore, using property (4.1) and proceeeding as in §3 we obtain

1
pd+1

(4.14) / q(u) - V,®dtdx — 0 as r — 0.
EINC:

Also, since fi,q << H? (see Remark 2.13), Lemma 4.5 implies

1 x |l (B N Cy)
el UL (F) dity.q < 2 - — 0, as 7 — 0.
Therefore, (4.13) reduces to
(4.16)

. 1 x . 1 x d
115% ) /];“1rWCT © (;) n(u(t, z))dtdr = lli% s /a*Ech © (;) F-v(t,x)dHe,

for any ¢ € C5°(B;1(0)). If we proceed now as in §3 we obtain

1 1
lim —/ n(u(t, z))dtde = lim —/ J - vdH,
E'NC, 9*ENC;

r—0 7"d+1 r—0 ’r‘d
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and, since 0 is a Lebesgue point of F - v, we conclude

1
lim — t dtde = F - v(0).
i [ ottt )iz = 7 - v(0)

Step 2: We now fix any z € G.
We perform the change of variables

(4.17) y = Yo, Y1, - yn) = T(x), x = (t, ),

so that T'(v(z)) = (1,0, ...,0) (this change of variables was used in [18] and [19] in the
scalar case) and, without loss of generality, we assume that T'(z) = 0. The equation
in the new coordinates is

divyf(a(y))) =0,
where
a(y) =u(x), x=T7T"'(y)
and (recall that £/ : R™ — R% i =1,...,m):

Fi(1, &) = T(EF (€1 oo b))y i= 1,0
We also define, for any entropy pair (1,q) (recall n : R™ — R and q : R™ — R%):

gr],q(fb L) £m> = T(n(gla (XS] €m)7 q(fla ceey gm))

and
C.=T(Cy(z)), E=T(E).
We define the vector field
F?;q(}’) = Gna(u(y)),
which is also a divergence-measure field in the new coordinates. In order to see this
we note that, since 7' is a rotation, we have:

P Vup()dx = [ (n(u(0),au(x) - Vxp(x)dx

RN

- / T(n(u(x)), q(u(x))) - TVxp(x)dx
_ / _R(a(y) - Vyp(y)dy

= Fy) - Vyp(y)dy
RN

for any ¢ € C5°(RY). Therefore, since F'4 € DM (RY) it follows that, for each
bounded open set D C R¥,
sup{F'," - Vyp : p € C5°(D), || < 1, spt(p) C D} < o0;

that is, F Z’q € DM (RY). We denote the normal trace of the divergence-measure

vector field F'. \(y) on OE as F - . Let © denote the normal to E. Since T is a
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rotation we have that T'(z) is a Lebesque point for F - & and 1 satisfies (4.1) on E.
Therefore, from Step 1 we obtain

1 ~

(4.18) lim —  &q(aly)) - #(0)dy = F - (0).

r—0 Td+1 E‘lﬂCT

Since 7' is a rotation we have

(4.19) £,q(08(y)) - 7(1(2) = grq(ux) - v(z), x=T"\(y)
and
(4.20) F-0(T(z) =F - v(z).
Changing variables in (4.18) and using that |det T'| = 1 we conclude
1
lim — . dx =% -
s pd+1 PG, (@) gnq(u(x)) - v(z)dx v(z),
which is our desired result:
1
lim —— (n(u(t,z)),a(u(t, z))) - v(z)dide = F - v(z).
r—0 Td+1 E'NCy(z)

O
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