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a)[0.5 pts] Show that AU B = B if and only if A C B.
(=) Vz e A, since AC AUB,and AU B = B, then z € B, thus A C B.
(<) since A C B, thus AUB C BUB = B. Combined with B C AU B, can get AUB = B.

b)[0.5 pts] Show that AN B = A if and only if A C B.
(=) Vz e A, since A= ANB,x € ANB. since ANB C B, thus « € B, which means A C B.
(<) since A C B, thus A= AN A C AN B. Combined with AN B C A, can get ANB = B.

¢)[0.5 pts] Show that (AUB)NC =(ANC)U(BNC).

1),(AUB)NC D> (ANC)U(BNC): AnCCc(AuB)NC and BNC C (AU B)NC, thus
(AUB)NC D (ANC)U(BNC).

2,(AuB)NC Cc (ANnC)u(BNC):VYr € (AUB)NC means z € C and z € A or B.
if v € Ajthen x € ANC then x € (ANC)U(BNCQC),if v € B,then x € BN C,then x €
(AnC)u(BNQ),thus (AuB)NC Cc (ANC)U(BNC).

d)[0.5 pts] Show that (ANB)UC =(AUC)N(BUC).
from (c¢) we can get: (AUC)N(BUC)=(AN(BUC)HU((CNBUC))=(ANB)U(AN
oHu(CnBUICNC)=(AnB)UANC)U(BNC)U(CNC)=(AnB)UC.

e)[0.5 pts] Show that (AUB)\C = (A\C)U(B\ ().
by definition (AU B)\ C = (AU B) N C*. use (c), we can get (AUB)\C =(AUB)NC° =
(AnC)uU(BNC) =(A\C)U(B\C).

£)[0.5 pts] Show that (AN B)\ C = (A\ C)N (B\ O).
(A\NC)N(B\C)=(ANC)N(BNC®) =ANCNBNC*=ANBNC¢ = (ANB)\C.

g)[0.5 pts] Show that {z € R:2? + 2z <0} = (—1,0).
{zeR:2*+2<0}={z€R:z>0andz+1<0}U{z € R:x<0and z+1>0}. first
set is empty, second set equals to (-1,0). Then {z € R: 2% +z < 0} = (-1,0).

a)[0.5 pts] Describe US2 (=1, L) and NS, (-4, 1).
Unz (= %,%) (—=1,1).

Moy (=7 ) = {0}



b)[0.5 pts] Describe U2 (—n,n) and N2, (—n,n).
’i.Lo:l(inﬁ 77,) = (7007 OO)
;.10:1(_n7n) = (_]-7 1)
¢)[0.5 pts] Describe US4 [n,n + 1] and NS4 [n,n + 1].
U [n,n+1] =[1,00).

m%ozl[nan +1] = 0.

a), Show that f: R — R is one-to-one if and only if f(AN B) = f(A)N f(B). for all sets A, B.
(=), 1) since f(ANB) C [(A), f(B), thus [(ANB) C f(A)( f(B).
2)Yy € f(A)N f(B), means Ja € A,b € B s.t. f(a) = f(b) =y, since f is one-to-one,
thus a =b € AN B, then y € f(AN B). Thus, if { is one-to-one, then f(ANB) = f(A)N f(B).
(<), if f is not one-to-one, then Ja,b,y, s.t. a # b and f(a) = f(b) =y. Let A = {a},B =
{b}, AN B =0, thus f(AN B) = 0. However, f(A) = f(B) = {y}.Thus, it is contradictive with
F(ANB) = F(A) N F(B).

b), Show that f : R — R is one-to-one if and only if f(A) N f(B) = 0 for all sets A, B with
ANB=0.

(=), if ANB = Q,thenf(ANB) =0, from (a) we know, if { is one-to-one,then ) = f(ANB) =
F(A) N 1(B).

(<), if f is not one-to-one, then Ja,b,y, s.t. a # b and f(a) = f(b) =y. Let A = {a},B =
{b}, AN B =0, thus f(AN B) = (. However, f(A) = f(B) = {y} # 0. It is contradictive with
the assumption f(A)N f(B) =0 for all sets A, B with AN B = 0.

This exercise concerns the notion of preimage. If f: X — Yand F C Y , then
fHE)={z: f(z) =y for somey € E} C X

is called the preimage of E under f. [There may or may not be an inverse function here; f~1(E)
has a meaning even if there is no inverse function.]

a)[0.5 pts] Show that f(f~'E) C E for every set E C R.
Vy € f(f~H(E)), means Iz € f~1(E) s.t.f(x) =y, since z € f~1(E), by definition of f~!(E),
means that y = f(z) € E. thus f(f~1(FE)) C E for every set E C R.

b)[0.5 pts] Show that f~1(f(E)) D E for every set E C R.
Vz € Elet y = f(x) € f(E), since y € f(E), by definition z € f~1(f(E)), thus f~*(f(E)) D
E for every set £ C R.

¢)[0.5 pts] Can you simplify f~1(AU B) and f~1(AN B)?
f~Y(AU B) can be simplified as f~1(A) U f~1(B). f~1(AN B) can not be simplified.

d)[0.5 pts] Show that f : R — R is one-to-one if and only if f~1({b}) contains at most a
single point for any b € R.



(=) :if I € Rs.t.f~1({b}) contains at least two points z1,z2. Then by definition f(z1) =
f(xz2) = b which is contradictive with assumption f is one-to-one.

(<) : if f is not one-to-one, then Jxy,z9,y, s.t. f(x1) = f(r2) = y. Then it means
r1,72 € f~1({y}) which is contradictive with assumption f~!({b}) contains at most a single
point for any b € R.

e)[0.5 pts] Show that f : R — R onto, that is, the range of f is all of R if and only if f(f~*(E)) = F
for every set £ C R.
(=) : Vy € E, since f is onto, thus 3z € R,s.t. f(z) =y, thus by definition z € f~1(E), since
y= () € f(f(E)), thus £(F~(E)) > E. wing (a) f(f(E)) C B, get f(/~(E)) = .
(<) :if f is not onto, then Jy € R, s.t. Vo € R, f(z) # y. Then let E = {y}, fY(E) =
0, f(f"Y(E)) =0 +# E = {y}. Which is contradictive with assumption f(f~*(E)) = E for every
set & C R.



