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September 6, 2016

1 A 2.1 · · · · · · · · · · · · (3.5 pts)

a)[0.5 pts] Show that A ∪B = B if and only if A ⊂ B.
(⇒) ∀x ∈ A, since A ⊂ A ∪B,and A ∪B = B, then x ∈ B, thus A ⊂ B.
(⇐) since A ⊂ B, thus A∪B ⊂ B ∪B = B. Combined with B ⊂ A∪B, can get A∪B = B.

b)[0.5 pts] Show that A ∩B = A if and only if A ⊂ B.
(⇒) ∀x ∈ A, since A = A∩B, x ∈ A∩B. since A∩B ⊂ B, thus x ∈ B, which means A ⊂ B.
(⇐) since A ⊂ B, thus A = A ∩A ⊂ A ∩B. Combined with A ∩B ⊂ A, can get A ∩B = B.

c)[0.5 pts] Show that (A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C).
1),(A ∪ B) ∩ C ⊃ (A ∩ C) ∪ (B ∩ C) : A ∩ C ⊂ (A ∪ B) ∩ C and B ∩ C ⊂ (A ∪ B) ∩ C, thus

(A ∪B) ∩ C ⊃ (A ∩ C) ∪ (B ∩ C).
2),(A ∪ B) ∩ C ⊂ (A ∩ C) ∪ (B ∩ C) : ∀x ∈ (A ∪ B) ∩ C means x ∈ C and x ∈ A or B.

if x ∈ A, then x ∈ A ∩ C, then x ∈ (A ∩ C) ∪ (B ∩ C), if x ∈ B, then x ∈ B ∩ C, then x ∈
(A ∩ C) ∪ (B ∩ C), thus (A ∪B) ∩ C ⊂ (A ∩ C) ∪ (B ∩ C).

d)[0.5 pts] Show that (A ∩B) ∪ C = (A ∪ C) ∩ (B ∪ C).
from (c) we can get: (A ∪ C) ∩ (B ∪ C) = (A ∩ (B ∪ C)) ∪ (C ∩ (B ∪ C)) = ((A ∩B) ∪ (A ∩

C)) ∪ ((C ∩B) ∪ (C ∩ C)) = (A ∩B) ∪ (A ∩ C) ∪ (B ∩ C) ∪ (C ∩ C) = (A ∩B) ∪ C.

e)[0.5 pts] Show that (A ∪B) \ C = (A \ C) ∪ (B \ C).
by definition (A ∪B) \C = (A ∪B) ∩Cc. use (c), we can get (A ∪B) \C = (A ∪B) ∩Cc =

(A ∩ Cc) ∪ (B ∩ Cc) = (A \ C) ∪ (B \ C).

f)[0.5 pts] Show that (A ∩B) \ C = (A \ C) ∩ (B \ C).
(A \ C) ∩ (B \ C) = (A ∩ Cc) ∩ (B ∩ Cc) = A ∩ Cc ∩B ∩ Cc = A ∩B ∩ Cc = (A ∩B) \ C.

g)[0.5 pts] Show that {x ∈ R : x2 + x < 0} = (−1, 0).
{x ∈ R : x2 + x < 0} = {x ∈ R : x > 0 and x + 1 < 0} ∪ {x ∈ R : x < 0 and x + 1 > 0}. first

set is empty, second set equals to (-1,0). Then {x ∈ R : x2 + x < 0} = (−1, 0).

2 A 2.3 · · · · · · · · · (1.5 pts)

a)[0.5 pts] Describe ∪∞n=1(− 1
n ,

1
n ) and ∩∞n=1(− 1

n ,
1
n ).

∪∞n=1(− 1
n ,

1
n ) = (−1, 1).

∩∞n=1(− 1
n ,

1
n ) = {0}.
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b)[0.5 pts] Describe ∪∞n=1(−n, n) and ∩∞n=1(−n, n).
∪∞n=1(−n, n) = (−∞,∞).
∩∞n=1(−n, n) = (−1, 1).

c)[0.5 pts] Describe ∪∞n=1[n, n + 1] and ∩∞n=1[n, n + 1].
∪∞n=1[n, n + 1] = [1,∞).
∩∞n=1[n, n + 1] = ∅.

3 A 2.6 · · · · · · · · · (2 pts)

a), Show that f : R→ R is one-to-one if and only if f(A ∩B) = f(A) ∩ f(B). for all sets A, B.
(⇒), 1),since f(A ∩B) ⊂ f(A), f(B), thus f(A ∩B) ⊂ f(A) ∩ f(B).

2),∀y ∈ f(A) ∩ f(B), means ∃a ∈ A, b ∈ B s.t. f(a) = f(b) = y, since f is one-to-one,
thus a = b ∈ A ∩B, then y ∈ f(A ∩B). Thus, if f is one-to-one, then f(A ∩B) = f(A) ∩ f(B).

(⇐), if f is not one-to-one, then ∃a, b, y, s.t. a 6= b and f(a) = f(b) = y. Let A = {a}, B =
{b}, A ∩ B = ∅, thus f(A ∩ B) = ∅. However, f(A) = f(B) = {y}.Thus, it is contradictive with
f(A ∩B) = f(A) ∩ f(B).

b), Show that f : R → R is one-to-one if and only if f(A) ∩ f(B) = ∅ for all sets A, B with
A ∩B = ∅.

(⇒), if A∩B = ∅,thenf(A∩B) = ∅, from (a) we know, if f is one-to-one,then ∅ = f(A∩B) =
f(A) ∩ f(B).

(⇐), if f is not one-to-one, then ∃a, b, y, s.t. a 6= b and f(a) = f(b) = y. Let A = {a}, B =
{b}, A ∩ B = ∅, thus f(A ∩ B) = ∅. However, f(A) = f(B) = {y} 6= ∅. It is contradictive with
the assumption f(A) ∩ f(B) = ∅ for all sets A, B with A ∩B = ∅.

4 A 2.7 · · · · · · · · · (3 pts)

This exercise concerns the notion of preimage. If f : X → Y and E ⊂ Y , then

f−1(E) = {x : f(x) = y for some y ∈ E} ⊂ X

is called the preimage of E under f. [There may or may not be an inverse function here; f−1(E)
has a meaning even if there is no inverse function.]

a)[0.5 pts] Show that f(f−1E) ⊂ E for every set E ⊂ R.
∀y ∈ f(f−1(E)), means ∃x ∈ f−1(E) s.t.f(x) = y, since x ∈ f−1(E), by definition of f−1(E),

means that y = f(x) ∈ E. thus f(f−1(E)) ⊂ E for every set E ⊂ R.

b)[0.5 pts] Show that f−1(f(E)) ⊃ E for every set E ⊂ R.
∀x ∈ E,let y = f(x) ∈ f(E), since y ∈ f(E), by definition x ∈ f−1(f(E)), thus f−1(f(E)) ⊃

E for every set E ⊂ R.

c)[0.5 pts] Can you simplify f−1(A ∪B) and f−1(A ∩B)?
f−1(A ∪B) can be simplified as f−1(A) ∪ f−1(B). f−1(A ∩B) can not be simplified.

d)[0.5 pts] Show that f : R → R is one-to-one if and only if f−1({b}) contains at most a
single point for any b ∈ R.
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(⇒) : if ∃b ∈ R,s.t.f−1({b}) contains at least two points x1, x2. Then by definition f(x1) =
f(x2) = b which is contradictive with assumption f is one-to-one.

(⇐) : if f is not one-to-one, then ∃x1, x2, y, s.t. f(x1) = f(x2) = y. Then it means
x1, x2 ∈ f−1({y}) which is contradictive with assumption f−1({b}) contains at most a single
point for any b ∈ R.

e)[0.5 pts] Show that f : R→ R onto, that is, the range of f is all of R if and only if f(f−1(E)) = E
for every set E ⊂ R.

(⇒) : ∀y ∈ E, since f is onto, thus ∃x ∈ R,s.t. f(x) = y, thus by definition x ∈ f−1(E), since
y = f(x) ∈ f(f−1(E)), thus f(f−1(E)) ⊃ E. using (a) f(f−1(E)) ⊂ E, get f(f−1(E)) = E.

(⇐) : if f is not onto, then ∃y ∈ R, s.t. ∀x ∈ R, f(x) 6= y. Then let E = {y}, f−1(E) =
∅, f(f−1(E)) = ∅ 6= E = {y}. Which is contradictive with assumption f(f−1(E)) = E for every
set E ⊂ R.
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